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Abstract

On Spanning Trees with few Branch Vertices

By Warren Shull

Hamiltonian paths, which are a special kind of spanning tree, have long been of
interest in graph theory and are notoriously hard to compute. One notable feature
of a Hamiltonian path is that all its vertices have degree at most two in the path. In
a tree, we call vertices of degree at least three branch vertices. If a connected graph
has no Hamiltonian path, we can still look for spanning trees that come “close,” in

particular by having few branch vertices (since a Hamiltonian path would have none).

A conjecture of Matsuda, Ozeki, and Yamashita posits that, for any positive integer
k, a connected claw-free n-vertex graph GG must contain either a spanning tree with at
most k branch vertices or an independent set of 2k + 3 vertices whose degrees add up
to at most n—3. In other words, G has this spanning tree whenever ogx13(G) > n—2.

We prove this conjecture, which was known to be sharp.
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Chapter 1

Introduction

For this thesis we assume a basic knowledge of graph theory; for terms and concepts
not defined see [2]. Also, we consider only simple graphs. For a graph G the graph
H is a subgraph, denoted H C G, if V(H) C V(G) and E(H) C E(G). We call
H a spanning subgraph if V(H) = V(G), and we call H an induced subgraph if
E(H) ={zy:z € Hyy € Hyzy € E(G)}. The set of neighbors in G of a vertex
v is called the neighborhood of v and is denoted N(v). The degree of v is |N(v)],
denoted deg(v). For two vertices u and v in a graph G, a u — v path P is a sequence
of vertices in G beginning with v and ending at v such that consecutive vertices in
P are adjacent in G and no vertex is repeated. A graph G is connected if there is
a u — v path for every pair of vertices u,v € V(G). The graph in which every two
distinct vertices are adjacent is the complete graph of order n, denoted K, having
(g) edges. The path P, is a graph of order n and size n — 1 whose vertices can be
labeled by vy, vs, ..., v, and whose edges are v;v;41 for t =1,2,...,n — 1. The cycle
C, is a graph of order n and size n, for integer n > 3, whose vertices can be labeled
by vy, vs, ..., v, and whose edges are vyv, and v;v;4; fori =1,2,... , n— 1.

If a graph T is connected, and no subgraph of T" is a cycle, we say T is a tree. If T’

is a spanning subgraph of some other graph, we call it a spanning tree. We invite the



reader to verify that every connected graph has a spanning tree. Note that paths are
a special kind of tree; if a spanning tree is a path, we call it a Hamiltonian path. The
problem of checking a graph for Hamiltonian paths is well known to be NP-complete.
Consequently, sufficient conditions for the existence of such a path are widely sought.
One condition that has helped repeatedly is if a graph is claw-free, meaning it has
no claw as an induced subgraph. (A claw consists of four vertices a, b, ¢, d with edges
ab, ac, ad.)

In a tree, vertices of degree one and vertices of degree at least three are called leaves
and branch vertices, respectively. A Hamiltonian path can be regarded as a spanning
tree with maximum degree at most two, a spanning tree with at most two leaves,
or a spanning tree with no branch vertex. Sufficient conditions for a Hamiltonian
path may, therefore, be extendable to sufficient conditions for a spanning tree that is
“almost” a Hamiltonian path in one or more of these ways.

We denote by 0,,(G) the smallest possible sum of degrees of an independent set
of m vertices in G. If there is no such independent set, we say 0,,(G) = oco. This
parameter will be central to our own results and those leading up to them. We also
denote by G[V]| = G|uvy, v, ..., v the subgraph induced by V' = {vy, vs,..., v} for
any V C V(G), as will be helpful in our proofs.

Many researchers have investigated conditions for spanning trees with low maxi-

mum degree [4 1], 13, 15, I7]; we give a good example below.

Theorem 1. [I7] Let k > 2 and let G be a connected graph. If G — S has at most
(k—2)|S|42 components for all S C V(G), then G has a spanning tree with mazimum

degree at most k.

Spanning trees with few leaves have also been widely sought [1} 10} 14, 16]. The

following such instance is particularly useful to us.

Theorem 2. [10] Let k be a non-negative integer and let G be a connected claw-free

graph. If ox.3(G) < n—k—2, then G has a spanning tree with at most k + 2 leaves.
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Figure 1.1: Any spanning tree of this graph G must contain more than k branch
vertices, while a maximum independent set contains 2k + 3 vertices with degrees
adding up to at least |V(G)| — 3.

From this point forward, we turn our attention to bounds on the number of branch
vertices in a graph. Examples can be found in [3 5, 6] [7, T2]. In particular, a paper of
Matsuda, Ozeki, and Yamashita [12] conjectures a condition on connected claw-free

graphs which ensures the existence of a spanning tree with at most k& branch vertices.

Conjecture 1. [12] Let k be a non-negative integer and let G be a connected claw-free
graph of order n. If oox13(G) > n — 2, then G has a spanning tree with at most k

branch vertices.

A weaker version of this result, which requires just as large an independent set

(v denotes independence number) but ignores its degree sum, was shown in the same

paper:

Theorem 3. [12] Let k be a non-negative integer. A connected claw-free graph G has

a spanning tree with at most k branch vertices if a(G) < 2k + 2.

Both of the above statements are shown to be best possible by the example in
Figure|l.1
The k = 0 case of Conjecture [I] follows from Theorem [2] The conjecture’s authors

prove the k = 1 case in the same paper.

Theorem 4. [12] Suppose that a connected claw-free graph G of order n satisfies

05(G) > n—2. Then G has a spanning tree with at most one branch vertex.
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Figure 1.2: A path between vertices u and v within some tree T', as described in
Definition 2| showing g(e,v) as described in Defintion . If T is a spanning tree of

some graph G, note that v is an oblique neighbor of e with respect to T if and only
if vg(e,v) € E(G).

In Chapter 2, we prove the k = 2 case.

Theorem 5. [8] Suppose that a connected claw-free graph G of order n satisfies

07(G) > n—2. Then G has a spanning tree with at most two branch vertices.

The proofs of Theorem 4] and Theorem [5] make use of Theorem [2 It was not,

however, needed for our proof of the entire conjecture.

Theorem 6. [9] Let G be a connected, claw-free graph on n vertices, and let k be a
non-negative integer. If oopr3 > n — 2, then G has a spanning tree with at most k

branch vertices.

An essential concept for the above result is that of pseudoadjacency and pseudoin-
dependence, which mean something very particular in this context. These require a
concept of oblique neighbors; the three terms are defined below along with some use-
ful notation. These concepts are new, to our knowledge, and only make sense with

respect to a fixed spanning tree.

Definition 1. Let T' be a spanning tree of a graph G and letv € V(G) and e € E(T).
Denote g(e,v) as the vertex incident to e farthest away from v in T. We say v and

e are oblique neighbors with respect to T if vg(e,v) € E(G). See Figure[1.3



Definition 2. Any two vertices of a tree T, say u and v, are joined by a unique path,
denoted uTv, and we denote dr(u,v) = |E(uTv)|. Now ife € E(T), then eT'v denotes
the unique shortest path containing v and one of the vertices incident to e, but not
the edge e itself. We also denote u, := V(uTv) N Nrp(u) and e, as the vertex incident
to e in the direction toward v. If e, # v, then we denote e,, := V(e,Tv) N Nr(e,),

similar to the u, notation. See Figure[1.2,

Note that both vertices incident to a given edge of T' are among its oblique neigh-

bors.

Definition 3. Let T be a spanning tree of a graph. Two vertices are pseudoadja-
cent with respect to T if there is some e € E(T) which has them both as oblique
neighbors. Similarly, a vertex set is pseudoindependent with respect to T if no two

vertices in the set are pseudoadjacent with respect to T'.

Note that pseudoadjacency (with respect to any tree) is implied by adjacency and
is thus a weaker condition, while pseudoindependence is a stronger condition than
independence. We also include an equally useful, but less novel, set of notations for

trees:

Definition 4. Let B = B(T) denote the set of branch vertices of a tree T, and let
L(T) denote the set of leaves. Let B, (T) denote the set of branch vertices of T with
degree ezactly n, and let B<,(T) (Bsn(T)) denote the set of branch vertices of T
with degree at most (at least) n. Lastly, we call the set Sy = U uT'v the internal

u,vEB
subtree of T.



Chapter 2

Proof for k£ =2

In this chapter, we prove Theorem [5| which proves the k = 2 case of Conjecture [1}

We restate the theorem below.

Theorem [5] [8] Suppose that a connected claw-free graph G of order n satisfies o7(G) >

n — 2. Then G has a spanning tree with at most two branch vertices.

We separate this result into more specific ones based on the structure of a carefully
chosen “minimal” spanning tree, as we explain below. All notations given in Definition
apply here. Also, in this proof, [t] refers to the set of all positive integers less than

or equal to t. Some additional notation will be helpful.

Definition 5. Let v € V(T)\ V(Sr). The induced subgraph of T given by those
vertices in the same component of T[V(T)\ V(St)| as v must form a path, which we
call M,,. We denote the end of this path which is a leaf in T as l,, and the other end
as u,. We define b, = Np(u,) NV (St). Furthermore, we define vt = Np(v) NoTh,,
and if v is not a leaf we define v~ = Np(v) NvTl,. See Figure[2.1]

To prove Theorem , let G be a connected claw-free graph. Assume o07(G) > n—2.
By way of contradiction, assume every spanning tree of G has at least 3 branch

vertices.
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Figure 2.1: A vertex v outside the internal subtree Sy and some nearby vertices. In
this diagram, only deg;(b,) > 3 while deg,(l,) = 1, and all other vertices in the
diagram have degree 2. The only vertex of St shown in this diagram is b,,.

By Theorem 2] with £ = 4, G has a spanning tree with at most 6 leaves. Among

all spanning trees of G with at most 6 leaves, choose a spanning tree T also satisfying;:
(T1) T has as few branch vertices as possible.
(T2) T has as few leaves as possible, subject to (T1).

Given that T has at most six leaves, it must have at most four branch vertices.
Define the derived tree 7 = 7(T') by homeomorphically reducing 7" (so there are no
more degree two vertices) and deleting all leaves. It is not hard to show that 7 is also
a tree, as any cycle in 7 would correspond to a cycle in T, of which there are none.
Now since T has at most six leaves, it can have either three or four branch vertices.
If T has only three branch vertices, then necessarily 7 = P3, and at most one of the
branch vertices of T' has degree four in 7. If one vertex of T has degree 4, it can
correspond to either the middle vertex of 7(7") or an end vertex. We can thus impose

two more conditions (the second of which applies regardless of the structure of T'):

(T3) Suppose two trees A and B exist satisfying (T2), each with exactly one vertex
of degree 4, and suppose the middle vertex of 7(A) corresponds to the degree 4
vertex of A, while an end vertex of 7(B) corresponds to the degree 4 vertex of

B. We select A over B.
(T4) Sr is as small as possible, subject to (T3) if applicable or (T2) otherwise.

Once this T is chosen, several lemmas follow.



2.1 Lemmas
Lemma 1. If Ny(v) = {a,b,c} and a,b & St, then ab € E(G).

Proof. Let v € V(G) such that Np(v) = {a,b,c}, and assume a,b ¢ Sy. Since T has
more than one branch vertex, ¢ € Sp. Now if ac € E(G), then 7" := T — {va} + {ac}
either has fewer branch vertices than T' (if ¢ € B(T')) or else it has the same number

of branch vertices and leaves as T', with the same structure, but a smaller internal

subtree. Thus either (T1) or (T4) is violated. O

Lemma 2. Ifv € V(T)\ V(Sr) and vtl, € E(GQ), then vl ¢ E(G) ifl is any leaf of

T other than l,. In particular, L(T') is an independent set.

Proof. Let v € V(T)\ V(Sr), and assume vtl, € E(G). Let [ be a leaf of T other
than [,. Then 7" :=T — {vv*, b,u,} + {vl, [,v"} has no more branch vertices than T’

and fewer leaves, violating either (T1) or (T2). O

Lemma 3. Ifv € V(T)\ V(Sr), v, € E(G), and degy(b,) = 3, then vb ¢ E(G)
if b is any branch vertez of T other than b,. In particular, if b € B(T) and l € L(T)
such that degp(b)) = 3 and b # by, then b & E(G).

Proof. Let v € V(T)\ V(Sr), and assume v*l, € F(G) and deg,(b,) = 3. Let b be a
branch vertex of T other than b,. Then 7" := T — {vv™*, byu, } + {vd, l,v*} has fewer

branch vertices than T', violating (T1). ]

Lemma 4. Let v € V(T)\V(Sr) such that degy(b,) = 3, vb, € E(G), and |Ny(b,) N
Sr| = 1. Then vtl, & E(G). In particular, if | € L(T) such that degp(b) = 3 and
|NT(bl) N ST| = 1, then lbl ¢ E(G)

Proof. Suppose v*l, € E(G). Define v’ = Nr(b,)\ (SU{u,}), so Lemmall] gives that
u,t' € E(G). Tt follows that T" := T — {vv™, byuy, byu'} + {vb,, vTl,, u,u'} violates

(T1). O



Lemma 5. If a,c € L(T) and v € V(T)\ V(Sr) and ¢ # 1, # a, then v & Ng(a) N

Ng<C).

Proof. Suppose av,cv € E(G) for some a,c,v as above. Since v is not a leaf (by
Lemma , there exists v~. Since G[v,v™,a,c| is not a claw and Lemma [2| ensures
that ac ¢ E(G), it follows that either av~ € E(G) or cv™ € E(G). Without loss of
generality, assume av~ € E(G). Then 7" := T — {vv~, u,b, } + {av~, cv} has no more

branch vertices than 7" and fewer leaves, violating either (T1) or (T2). O

Lemma 6. Let | € L(T), b € B(T), and v € V(T) \ V(Sr) such that | # 1,
by #b#b, Ibg E(G), and degy(b,) = 3. Then v & Ng(I) N Ng(b).

Proof. Assume lv,bv € E(G) for some [,b,v as above. Lemma [2| ensures that v is
not a leaf, so there exists v~. Since G[v,v™,[,b] is not a claw and Ib ¢ E(G), either
v € E(G) or v~ € E(G). If lv™ € E(G), then T" := T — {vv~, byu, } + {lv~,bv}
has fewer branch vertices than T, violating (T1). Otherwise bv~ € E(G), so T :=

T —{vv~, byu, } + {lv,bv~ } has fewer branch vertices than 7', still violating (T1). [

Lemma 7. Let u € V(T)\V(St) such that ub, € E(T), and letl, #1 € L(T). Then
ul € E(G).

Proof. Suppose ul € E(G) for some u,l as above. Then 7" := T — {ub, } + {ul} has

no more branch vertices than 7" and fewer leaves, violating either (T1) or (T2). O

Lemma 8. Let u € V(T')\ V(St) such that ub, € E(T) and degp(b,) = 3, and let
by #be B(T). Then ub ¢ E(G).

Proof. Suppose ub € E(G). Then T" := T — {ub,} + {ub} has fewer branch vertices
than T, violating (T1). O

We now prove several results about 7', ruling out one at a time the possible

structures it could have.
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Figure 2.2: If 7 = P3;, T may have a degree 4 vertex corresponding to the middle
vertex of 7. Each vertex labeled b; is also called b; 3.

2.2 First Structure

Proposition 1. It is not the case that 7(T) = Ps with its middle vertex corresponding

to a degree 4 vertex of T.

Proof. By contradiction, suppose 7(71) = P; with its middle vertex corresponding
to a degree 4 vertex of T. Then we may represent 7' with Figure 2.2l As shown
in Figure 2.2 we select two leaves with the same nearest branch vertex, which has
degree three, and call them [y and [;,. We then call the other two such [, and 5. We
also call the two leaves whose nearest branch vertex has degree four I3 and lg, and
we then abbreviate w;, as u;, and b;, as b;, and M, as M;, for each i € [6]. We also
define w; = Np(bs) NV (b3Th;) and Q; = w,;Th; for each j € [2]. Note that by = bg is

in none of the labeled paths.

Since G is claw-free, there can be no induced claw centered at b3. Among the four
vertices of Np(bs), therefore, there must be two disjoint cliques whose union is all
of Nr(bs). If these are a singleton and a triplet, the singleton cannot be wug; for any
i € [2], since otherwise T" := T — {ug_3;b3, b3ws } + {ug_3;wy, wiwy} violates either
(T1) or (T4). Therefore either usug € E(G) or uswy, ugwy € E(G) or uzws, ugw; €
E(G). Also, uy,ug,ugq, us ¢ St are neighbors of b; and by, so Lemma [1] gives that

U1Uyg, U2Us € f;((;).

Claim 1. The vertex set X := {ly,ls,13,14,15,15,b3} is independent.
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Proof. By Lemmas [2| and 3| and symmetry, we need only show that l3bs € E(G), so
suppose I3bs € E(G). If usug € E(G), then T" := T — {bgus, bsug} + {usug, bsls}
has the same number of branch vertices as 7' but fewer leaves, violating (T2). On
the other hand, if usug ¢ F(G), then without loss of generality we may assume
uswy € E(G), so T" := T — {bsus, b3w, } + {uswy, bsl3} has the same number of branch

vertices as T' but fewer leaves, still violating (T2). O
Claim 2. For every h € [6], (Ng(ln) NV (M)~ N Ng(bs) = 0.

Proof. Suppose some v € (Ng (1) NV (My))~ N Ng(bs). By Lemmal3] we may assume
3 | h. Now if ugug € E(G), then we may assume h = 3 without loss of generality,
so T" := T — {vv", ugbs, ughs} + {vbs, vTl3, usug} has the same number of branch
vertices as T' and one less leaf, violating (T2). Otherwise, either usw,, ugws € E(G)
or uzwsy, ugw; € E(G). Without loss of generality, we may assume h = 3 and uzw;, €
E(G). Then T" := T — {vv™, byus, bswy } + {bsv, l3v™, uzw, } has the same number of

branch vertices as T' and one less leaf, violating (T2). O
Claim 3. If i # h, then Ne(l;) NV (M) N Na(by) = 0.

Proof. Suppose v € Ng(l;) N V(M) N Ne(bs). Lemma [6] ensures that either 3 | k or

3| i. Consider cases:

Case 1: Suppose 31 h. Then 3 | 4, and since v # I, by Lemma 2] there exists v™.
Since Glv,v™, b, ;] is not a claw and b3l; ¢ E(G) by Claim [1] either byv~ € E(G)
or jv- € E(G). If v~ € E(G), then T" := T — {vv~,byup} + {vl;,b3v~} has
fewer branch vertices than 7', violating (T1). Otherwise l,v= € E(G), so T' =

T — {vv~, byup} + {vbs, l;u~} has fewer branch vertices than T, still violating (T1).

Case 2: Suppose 3 ti. Then 3 | h, and since v # [, by Lemma , there exists v™.
Since G[v,v™,1;, b3] is not a claw and ;b5 ¢ E(G), it follows that either [;v~ € E(G)
or byv~ € E(G). If by~ € E(G), then T" := T — {vo—,w;b;} + {bsv, v} has
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fewer branch vertices than T, contradicting (T1). On the other hand, if [;uv~ €
E(G), we consider whether or not usug € E(G). If usug € E(G), then T" := T —
{vv™, byus, bsug} + {liv~, b3v, usug} has the same number of branch vertices as 7" but
fewer leaves, contradicting (T2). If usus ¢ E(G), then upw; € E(G) for some j € [2],
and T" := T — {bsup, bsw;,vv~ } + {upw;, bsv, [;v~} has the same number of branch

vertices as T' but fewer leaves, contradicting (T2).

Case 3: Suppose both 3 | i and 3 | h. Without loss of generality, assume h = 3 and
i =6,s0v € V(Ms) and vbs,vlg € F(G) (and there exists v~, as before). Consider

cases:

Case 3a: Suppose w;uz € E(G) for some i € [2]. Since G[v,v™,bs,lg] is not a
claw and b3l € E(G), either lgv~ € E(G) or bsv~ € E(G). If lsjv~ € E(G), then
T :=T—{vv~, byus, bsw; } +{lgv~, bgv, usw; } has the same number of branch vertices
as T and fewer leaves, contradicting (T2). On the other hand, if bsv~ € E(G), then
T :=T—{vv~,bzus, bsw; } +{bsv ™, lgv, usw; } has the same number of branch vertices

as T but fewer leaves, still contradicting (T2).

Case 3b: Suppose w;ug € E(G) for some i € [2]. Since Glv,v™, b3, lg] is not a
claw and bslsg € E(G), either [gv~ € E(G) or bsv~ € E(G). If lsv~ € E(G), then
T :=T —{vv~, byug, bsw; } + {lgv~, lgv, ugw; } has the same number of branch vertices
as T and fewer leaves, contradicting (T2). On the other hand, if by~ € E(G), then
T :=T—{vv~, byug, bsw; } +{bsv ™, lgv, ugw; } has the same number of branch vertices

as T but fewer leaves, still contradicting (T2).

Case 3c: Suppose wqug, wug, waug, wotg ¢ E(G). In this case, since Gbs, wy, us, ug)
is not a claw and uswy,ugw; ¢ E(G), it follows that uzus € E(G). Also, since
Glbs, wy,we, ug) is not a claw and wyus, weug ¢ E(G), it follows that wywy € E(G).
As before, since Glv, v, bs, lg] is not a claw and bsls & E(G), either lgv~ € E(G) or
b3v~ € E(G). If lgv~ € E(G), then T" := T — {bsug, bsug, vv~ } + {ugug, bsv, lsv~ } has
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the same number of branch vertices as T but one less leaf, contradicting (T2). We

consider separately the case where b3v~ € E(G):

Case 3c”: Suppose ugug, wiws, bsv~ € E(G). For each i = 0 (mod 3), j € [2], since
Glbs, v, u;, wj] is not a claw and ww; ¢ E(G), it follows that either v-u; € E(G)
or v w; € E(G). In other words, there does not exist a pair (i,j) such that
v u;, v wj € E(G). Therefore either v-wy, v~ wy € E(G), or else v™uz, v ug € E(G).
Ifv-wy, v we € E(G), then T" := T —{vv~, b3ws, byus, b3ue } +{w1v™, wyws, b3v, usug}
is a tree with the same number of branch vertices (barring w; = by, which would vio-
late (T1)) and leaves, with the same structure, but |V (Sr)| < |V (S7)|, contradicting
(T4). On the other hand, if v uz, v us € FE(G), then T" := T — {vv~,bzus} +
{lgv,v"us} has the same number of branch vertices at T' and fewer leaves, contra-

dicting (T2) and completing the proof of Claim [3| O
Claim 4. Ifi = j(mod 3), then Ng(l;) NV (Q;) = 0.

Proof. Suppose v € Ng(l;) NV (Q;). Then v # b; by Lemmald] so 77 := T — {bju;} +
{vl;} has the same number of branch vertices and leaves as T, still with the same

structure, but |V (Sr)| < |V(S7)|, violating (T4). O
Claim 5. Ifi+ j = h = 0(mod 3), then Ng(l;) NV (Q;) N Na(ly) = 0.

Proof. Suppose some v € Ng(l;) NV (Q;) N Ng(l,). Lemma |3 ensures that v # b;, so
T :=T — {bju;, bgup} + {l;v, l,v} matches the structure of T but |V (S)| < |V (S7r)|,
violating (T4). O

Claim 6. If i+ j = 0(mod 3), then (Ng(bs) NV (Q;))” N Na(l;) = 0.

Proof. Suppose some v € (Ng(bs) NV (Q;))” N Ng(l;). Then vtbs € E(G), so T :=

T — {vv™, bu;} + {vTbhs, v} violates (T1). O
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Proof. Suppose some v € Ng(l;) N V(Q;) N Ng(livs). Then T := T — {bu;, bsw; } +
{l;v,1;,3v} violates (T4) since |V (Sg/)| < [V (ST)]. O

Claim 8. For every j € [2], Ng(l3) NV (Q;) N Na(lg) = 0.

Proof. Suppose v € Ng(l3) N V(Q;) N Ne(ls). Now if ugug € E(G), then T :=
T — {bsus, bsug} + {vl3, usug} has no more branch vertices than 7" and fewer leaves,
violating either (T1) or (T2). Otherwise, either uzwy, ugwy € E(G) or ugws, ugw; €
E(G). Without loss of generality, assume uzw;,uswy € F(G) and j = 1. Then
T := T — {bzug, bgwy} + {vls, ugwy} has at most as many branch vertices as T' and

fewer leaves, again violating (T1) or (T2). O
Claim 9. If 3i, then (Ng(bs) NV (Q;))” N Ng(l;) = 0.

Proof. Suppose v € (Ng(bs) N V(Q;))” N Ng(l;). Then vtby € E(G), so T' :=
T — {vv*, byw;} + {l;v,v7bs} violates (T4) since |V (S})| < |V (ST)]. O

Claim [1] gives an independent 7-vertex set X := {ly,ls,13,14,15,05,b3}. For every
h,i € [6] with ¢ # h, (Ng(ln) NV (M)~ is disjoint from both Ng(l;) NV (M},) and
Ne(bs) N'V(My), by Lemma [2] and Claim [2] respectively. Lemma [f] gives that the
five sets Ng(l;) N V(M) are disjoint from each other, and Claim [3| ensures that
Na(b3) NV(M,) is disjoint from any of them. Therefore, for every h € [6], the seven
sets (Ng(ln) N V(My))~, Ng(bs) NV (My,), and Ng(l;) NV (My,) for each @ # h are all
disjoint. Furthermore, Lemmas |7| and [8| show that wy, is in none of these sets if 3 1 h.

Therefore:
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> INa(v) NV (My,)]

= [Na(bs) N V(Mp)| + [ Na(ln) N V(M| + ) | Na(li) NV (M,)]
i#h
= [Na(bs) NV (My)| + [(Ne(ln) N V(M) ™|+ Y [Na(l) N V(M)
i#h
|V (M) h = 0(mod 3)

IN

|V(My)| —1 k% 0(mod 3).

Claim meanwhile, shows that for each j € [2] the only possible neighbors
of vertices in V(Q);) in X are l3_;, ls_j, I3, lg, and y3; Claims show that for
each j € [2], the five sets Ng(ls—;) N V(Q;), Na(ls—;) N V(Q;), Na(ls) NV(Q;),
Ne(ls) NV (Q,), and (Ng(bs) NV (Q;))~ are all disjoint. Therefore, for each j € [2]:

> INa(w) NV(@Q))| = INa(ls—;) N V(Q)| + [Na(ls—;) NV (Q))| + [Na(ls) N

- V(@) + [Na(ls) N V(Q))] + [(Na(bs) N V(@) | < V(@)

Since b3 € X, no vertex of X is adjacent to bz in G, so we can sum these inequalities

to Z degq(v) < n — 4, contradicting the assumption that o7(G) > n — 2.

2.3 Second Structure

Proposition 2. There is no degree 4 vertex in T

Proof. Suppose there is a degree 4 vertex in 7. Proposition (1| gives that it cannot
correspond to the middle vertex of 7(T), so it must correspond to an end vertex. We
call the degree 4 vertex b, and we call the middle branch vertex x and the remaining

one y. The three leaves whose nearest branch vertex is b shall be called [y, l5, and



16

lo I3 w Y2
My M; P Ry

My, 2R A Q) Q@ S R
up p Yy wr

3
I Ty T To hn

Figure 2.3: If 7 = P3, T may have a degree 4 vertex corresponding to an end vertex
of 7.

I3, and we abbreviate u;, as u; and M, as M; for each i € [3]. The other leaves and
branch vertex neighbors are labeled as shown in Figure [2.3] with the labeled paths
running only between nearest labeled vertices, similar to Figure (for example,

Q1 = bT'xy), with one important exception: P = wT'z.

Recall condition (T3), which prefers trees whose middle branch vertex has degree
4 over trees with an “end” branch vertex of degree 4. This condition, together with
our choice of T, rules out the existence of any spanning tree of G whose middle branch

vertex (of three) has degree 4.

Once this T' is chosen, since G is claw-free, there can be no induced claw centered
at b. Define b" := Np(b) N V(bTx). If there are two distinct 7,7 € [3] such that
u;b™, u;b" € E(G), then consider T" := T—{bu;, bu; } +{u;b*, u;b"}. If b* = z, then T”
has fewer branch vertices than 7', violating (T1). Otherwise 7" has the same number
of branch vertices and leaves as T', with the same structure, but |V (Sp)| < [V (Sr)],
violating (T4). Therefore there is at most one i € [3] such that u;b™ € F(G). If such
an ¢ exists, let {j,k} = [3] \ {¢}, so it is easily seen that u;u;, € E(G). Otherwise, it

is easily seen that {u;, us,us} is a clique. Also, Lemma [1] gives that wjwy € E(G).

Claim 1. The vertex set X = {ly,ls,l3,w, 41, Y2, b} is independent.

Proof. By Lemmas 2] and [3] we need only show that i;b ¢ E(G) for each i € [3].
Assume [;b € E(G). Then either w;b" € E(G) or u;u; € E(G) for some j # i. If
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u;b™ € E(G), then T" :=T — {bb*, bu; } + {b*u;,[;b} has the same number of branch
vertices as T" but fewer leaves, violating either (T1) or (T2). Otherwise w;u; € E(G)
for some j # i, so 1" := T — {bu;, bu;} + {bl;, u;u;} has the same number of branch

vertices as T but fewer leaves, violating (T2). O
Claim 2. For every h € [3], (Ng(ln) NV (M)~ N Ng(b) = 0.

Proof. Suppose v € (Ng(l,) NV (M)~ N Ng(b). Then vt € Ng(l,) NV (M), and
either upb™ € E(G) or upu; € E(G) for some i # h. If upb™ € E(G), then T :=
T — {bb*, buy, vvt} + {vtl,, vb,bTu,} has the same number of branch vertices as
T and fewer leaves, violating (T2). Otherwise uyu; € E(G) for some i # h, so
T =T — {vv", bup, bu;} + {vb, vy, upu;} has the same number of branch vertices

as T and fewer leaves, violating (T2). O
Claim 3. For every i € [3], Ng(l;) "V (P) N Ng(b) = 0.

Proof. Suppose v € Ng(I;) NV (P)NNg(b). Now if v = x, then consider Gz, x~, b, [;].
We have bl; ¢ E(G) by Claim [1} 271; ¢ E(G) by Lemma [7} and z7b ¢ E(G) by
Lemma . This makes G|z, 27, b,1;] an induced claw, which is a contradiction. On
the other hand, if v # x, then since v # w, there exists v~. Since Glv,v™,b,1;] is
not a claw and bl; ¢ E(G), it follows that either v=b € E(G) or v~ {; € E(G). If
v'be E(G), then T" := T — {vv~,za~ } + {v~b,vl;} has fewer branch vertices than
T; otherwise v=I; € E(G), so T" := T — {vv—,zx"} + {bv,l;v~} has fewer branch

vertices than 7T'. Either way (T1) is still violated. O
Claim 4. For every i € [3] and h € [2], Ng(l;) " V(Ry) N Ng(b) = 0.

Proof. Suppose v € Ng(l;) N V(Rp) N Ng(b). Since v # yp, there exists v~. Since
Glv,v7,b,1;] is not a claw and bl; ¢ E(G), either buv~ € E(G) or ljv~ € E(G). If

bv~ € E(G), then T" := T — {vv~,ywp } + {bv~, [;v} has fewer branch vertices than
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T; otherwise v~ € E(G), so T := T — {vv~,ywy} + {bv,l;v~} has fewer branch

vertices than T'. Either way (T1) is violated. O
Claim 5. For every h € [3], Ng(w) NV (M) N Ng(b) = 0.

Proof. Suppose v € Ng(w)NV (M) N Ng(b). Now either u,b™ € E(G) or there exists

some i € [3] \ {h} such that u,u; € E(G). Consider two cases:

Case 1: Suppose upb™ € E(G). Now if bt = x, then T" := T — {buy} + {zus}
corresponds to Figure [2.2] violating (T3). If b™ # z, then 7" := T — {buy, bb*, w1 } +
{vw, vb, bTuy} corresponds to Figure violating (T3).

Case 2: Suppose upu; € E(G). Since v # I, there exists v, and since G[v,v™, b, w]
is not a claw and bw ¢ E(G), it follows that either b~ € E(G) or wv™ € E(G). Now
if v~ € E(G), then T :=T — {vv~, bup, bu; } + {bv~, wv, upu,; } has the same number
of branch vertices as T' but fewer leaves, violating (T2). Otherwise wv~ € E(G), so
T =T — {vv~, bup, bu;} + {upu;, bv,wv~} has the same number of branch vertices

as T but fewer leaves, violating (T2). O
Claim 6. For every h € [3] and i € [2], Ng(y;) NV (M) N Ng(b) = 0.

Proof. Suppose v € Ng(y;) NV (M) N Ng(b). Now either uyb™ € E(G) or there exists

some j € [3] \ {h} such that upu; € E(G). Consider two cases:

Case 1: Suppose upb™ € E(G). Now if bt = x, then T" := T — {buy} + {zus}
corresponds to Figure 2.2} violating (T3). Otherwise, 7" := T — {buy, bb", zzo} +

{vy;, vb, b uy} corresponds to Figure [2.2] again violating (T3).

Case 2: Suppose upu; € E(G). Since v # [y, there exists v~, and since G[v, v, b, y;]
is not a claw and by; ¢ E(G), it follows that either bv~ € E(G) or y;v~ € E(G). Now
if v~ € E(G), then T" := T — {vv~, buy, bu; } + {bv™, y;v, upu; } has the same number

of branch vertices as T but fewer leaves, violating (T2). Otherwise, y;,v~ € E(G), so
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T :=T — {vv™, bup, bu; } + {upu;, bv,y;v~ } has the same number of branch vertices

as T but fewer leaves, again violating (T2). O
Claim 7. If h # i, then Ng(l;) NV (M) N Ne(b) = 0.

Proof. Suppose v € Ng(l;) NV (My) N Ng(b). Choose j € [3]\{h,i} and consider two

cases:

Case 1: Suppose u;b™ ¢ E(G). Then either uju; € E(G) or wju, € E(G).
If wju; € E(G), then T" := T — {bu;, bu;} + {uju;,vl;} has the same number of
branch vertices as 7' but fewer leaves, violating (T2). Otherwise uju, € E(G), so
T":=T — {buy, bu;} + {upu;,vl;} has the same number of branch vertices as 7" but

fewer leaves, still violating (T2).

Case 2: Suppose u;b™ € E(G). Then upu; € E(G), and since v # [, there exists
v™. Since G[v,v7,b,[;] is not a claw and bl; ¢ E(G), it follows that either ;= € E(G)
or v~ € E(G). If v~ € E(G), then T" := T — {buy, bu;, vo~ } + {bv, upu;, l;v~} has
the same number of branch vertices as T' but fewer leaves, violating (T2). Otherwise
bv~ € E(G), and since G[b,up,v,b"] is not a claw and upb™ ¢ E(G), it follows
that either u,v™ € E(G) or btv™ € E(G). If upv~ € E(G), then T" := T —
{vv~, bup } +{l;v, upv~} has the same number of branch vertices as T but fewer leaves,
violating (T2). Otherwise b*v~ € E(G), so consider 7" := T — {vv™, buy, bu;} +
{oFv=, b , v}, If bT =z, then T" has fewer branch vertices than 7', violating (T1).
Otherwise, T” has the same number of branch vertices and leaves as T', with the same

structure, but |V (Sr)| < |V(S7)|, violating (T4). O
Claim 8. If h,i € [2], then Ng(y;) N V(Qp) = 0.

Proof. Suppose v € Ng(y;) N V(Qr). Choose j € [2] \ {i} and consider T" := T —

{yw;, yw;} + {vy;, wyw;}. If v =b or v =y, then T" has fewer branch vertices than
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T, violating (T1). Otherwise, 7" has the same number of branch vertices and leaves

as T, both matching Figure but |V (S)| < |[V(Sr)|, violating (T4). O
Claim 9. Ifi # j, then Ng(l;) NV (Q1) N Ne(l;) = 0.

Proof. Suppose v € Ng(l;) N V(Q1) N Ng(l;). Then v # b, so T" := T — {bu;, bu; } +
{vl;,vl;} has the same number of branch vertices and leaves as 7', with the same

structure, but |V (Sr)| < |V(S7)|, violating (T4). O
Claim 10. If i # j, then Ne(l}) N V(Qs) N Na(l;) = 0.

Proof. Suppose v € Ng(l;) N V(Q2) N Ne(l;). Then consider 7" := T — {bu;, bu; } +
{vl;,vl;}. If v =y, then T" has fewer branch vertices than T, violating (T1). Other-

wise 7" corresponds to Figure 2.2} violating (T3). O
Claim 11. Ifi € [3] and h € [2], then Ng(l;) N V(Qn) N Ng(w) = 0.

Proof. Suppose v € Ng(l;) NV (Qr) N Ng(w). Then v # b, and it is easily verified that
v#y, s0T =T — {bu;,za~ } + {vw,vl;} has corresponds to Figure 2.2] violating
(T3). O

Claim 12. Ifi € [3], then (Ng(b) NV (Q1))” N Ng(l;) = 0.

Proof. Suppose v € (Ng(b) N V(Q1))” N Ng(l;). Then vt € Ng(b) N V(Q1), so
T :=T — {vu,bbT} + {l;u,bu '} has the same number of branch vertices and leaves

as T', with the same structure, but |V (Sp)| < |V (Sr)|, violating (T4). O
Claim 13. We have (Ng(b) NV (Q1))™ N Ng(w) = 0.

Proof. Suppose v € (Ng(b) N V(Q1))” N Ng(w). Then vt € Ng(b) N V(Q1), so

T :=T—{vvt, za~ }+{vw,vTb} has fewer branch vertices than T, violating (T1). O

Claim 14. Ifi € [3], then (Ng(b) NV (Q2))” N Ng(l;) = 0.
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Proof. Suppose v € (Ng(b) N V(Q2))” N Ng(l;). Then vt € Ng(b) N V(Q2), so

T :=T—{vvt, xxy}+{bv™, [;u} has fewer branch vertices than T, violating (T1). [
Claim 15. We have (Ng(b) NV (Q2))” N Ng(w) = 0.

Proof. Suppose v € (Ng(b) N V(Q2))” N Ng(w). Then vt € Ng(b) N V(Q2), so

T :=T—{vv", zxy}+{wv, bv™} has fewer branch vertices than T', violating (T1). O
Claim 16. We have wz € E(G).

Proof. Suppose wx € E(G). Since G[z,z~, x1, z5| is not a claw, either 27z, € E(G)
or t-xy € E(G) or 129 € E(G). If a7x1 € E(G), then T' := T — {aa™,za1} +
{wzx,z" 21} violates (T1). If x7xy € E(G), then T" :=T — {axx™, zx2} + {wx, 2~ x5}

violates (T1). Otherwise z129 € E(G), so T' := T —{zx1 } + {122} violates (T4). O

Lemma 2 ensures that (Ng(w)NV(P))~ is disjoint from Ng(y;) NV (P) for each i €
2] and from Ng(1;) N V(P) for each j € [3]. Lemma [3 ensures that (Ng(w) NV (P))~
is disjoint from Ng(b) NV (P). Lemma 5| ensures that the five sets Ng(y;) NV (P) for
each i € [2] and Ng(l;) NV (P) for each j € [3] are all disjoint. Lemma [6|ensures that
Ne(b) N V(P) is disjoint from Ng(y;) N V(P) for each i € [2], and Claim 3| ensures
that Ng(l;) N V(P) is disjoint from Ng(b) N V(P) for each j € [3]. Therefore the
seven sets (Ng(w)NV(P))~, Na(y;) NV (P) for i € [2], Ne(l;) NV (P) for j € [3], and
Ne(b) N V(

that none of them contain z~, so the sum of their cardinalities is at most |V (P)| — 1.

P) are all disjoint. Furthermore, Lemmas [7] and [§ and Claim [16] ensure

Similarly, for each h € [2], Lemma [2| ensures that (Ng(yn) N V(Ry))™ is disjoint
from any of Ng(ys—n) NV (Rp), Ne(w)NV(Ry), and Ng(l;) NV (Ry) (for j € [3]), and
Lemma |3 ensures that (Ng(yn) NV (Ry))™ is disjoint from Ng(b) NV (R). Lemma
ensures that the five sets Ng(ys—n) WV (Rp), No(w)NV (Ry), and Ng(l;)NV (Ry,) are all
disjoint. Lemmal6]ensures that N (b) NV (Ry) is disjoint from both N (ys—n) NV (Ry)
and Ng(w) N V(Ry), while Claim [| ensures that Ng(b) N V(Ry) is disjoint from
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Ne(lj) N V(Ry). Therefore the seven sets (Ng(yn) NV (RR))™, Na(ys—n) NV (Ry),
Ne(w) NV (Rp), Ne(l;) NV(Ry) for j € [3], and Ng(b) NV (R),) are all disjoint. Now
Lemmas 7] and [§ ensure that none of them contain wy, so the sum of their cardinalities

is at most |V (R,)| — 1.

Similarly, for each h € [3], Lemma [2| ensures that (Ng(ly) N V(M,))~ is disjoint
from any of Ng(l;) NV (M,) (for i # h), Ne(w) NV (M), and Ng(y;) NV (M) (for
j € [2]), and Claim [2]ensures that (Ng(l,) NV (My,))~ is disjoint from N (b) NV (My,).
Meanwhile, Lemma [ ensures that the five sets Ng(l;) NV (M},) for i # h, Ng(w) N
V(Mp), and Ng(y;) NV (M) are all disjoint. Now Ng(b) N'V(M},) is disjoint from
Ne(y;) N V(M) (by Claim [6), Ne(w) N'V/(My) (by Claim [f]), and Ne(l;) NV (M)
(by Claim[7). Therefore the seven sets (Ng(In) NV (My))~, Ne(l;) NV (My,) for i # h,
Ne(w) NV (M), Na(y;) NV (M) for j € [2], and Ng(b) NV (M,) are all disjoint, so

the sum of their cardinalities is at most |V (M},)].

Finally, for each h € [2], Claim [§] gives that the two sets Ng(y;) NV (Qy) are
empty, and Claims [9415| give that the five sets Ng(l;) NV (Qr), Ne(w) NV (Q4), and

(Na(b)NV(Qp))~ are all disjoint, so the sum of their cardinalities is at most |V (Qp)]-

Summing these inequalities gives Z dege(v) < n — 3, contradicting the assump-

veEX
tion of the theorem. O

We now know that 7" has no degree 4 vertices.

2.4 Third Structure

Proposition 3. Our tree T' has at least four branch vertices.

Proof. By contradiction, suppose T" has only three branch vertices. Since Proposition

requires that they all have degree 3, we label vertices and paths as shown in Figure
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Figure 2.4: If 7 = P;, T may have no degree 4 vertices. Each vertex labeled b; is also
called b; 3.

2.4 with each labeled path connecting only the nearest labeled vertices, as with
the other figures, with one important exception: M3 = xTl3. Lemma [l gives that
urug, uguy € E(G). Furthermore, (T4) gives that wywy ¢ E(G), so either wyz~ €
E(G) or wez™ € E(G).

Claim 1. The vertex set X = {l,la, 13, 14,15, b1, b2} is independent.

Proof. By Lemmas 2} [3] and ] we need only show that biby & E(G). If biby € E(G),

then 7" :=T — {wyx} + {b1by} has fewer branch vertices than 7', violating (T1). O
Claim 2. If h # i and j € [2], then Ng(l;) N V(M) N Ng(b;) = 0.

Proof. Suppose v € Ng(l;) NV (M) N Ng(b;). Lemma [6] requires that either h =

j(mod 3) or i = j(mod 3), and since v # [y, there exists v~. Consider cases:

Case 1: Suppose h = i = j(mod 3). Since Glv,v™,1;,b;] is not a claw and
Lib; & E(G), it follows that either L;v~ € E(G) or bju~ € E(G). If [v~ € E(GQ),
then 7" := T — {b;up, bju;, vo~ } + {l;v~, bjv, upu; } has fewer branch vertices than T,
violating (T1). Otherwise bjv~ € E(G), so since G[b;,v™,up,b)] is not a claw and
upb; & E(G), it follows that either bj v~ € E(G) or upv~ € E(G). If bjv~ € E(G),
then 7" := T — {vv™, bjun} + {liv,b] v} either has fewer branch vertices than T
(if b7 = x) or else the same number of branch vertices and leaves, with the same

structure, but with a smaller internal subtree. Otherwise upv~ € E(G), so T" :=
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T — {vv~, bjup} + {l;v,upv™} has fewer branch vertices than T'. In each case, (T1) or

(T4) is violated.

Case 2: Suppose h = j # i(mod 3). If i = 3, then 7" := T — {xz~, bjuy,,
bjujrs} + {u;ujys, vl;, vb;} has fewer branch vertices than 7. If i # 3, then 7" :=
T — {bu;, bjuj, bju;rs} + {uju;rs, vl;, vb;} has fewer branch vertices than 7'. Either

way (T1) is violated.

Case 3: Suppose h = 3. Then i = j(mod 3), so 7" := T — {zx~, bju;,bjuji3} +

{bjv, liv, uju;y3} has fewer branch vertices than 7', violating (T1).

Case 4: Suppose 3 # h # j = i(mod 3). Then 17" := T — {bju;, bju,i3, zw;} +
{vb;,vl;, ujujy3} has fewer branch vertices than 7', violating (T1) and proving the

claim. ]
Claim 3. For every h € [5], Ng(b1) NV (M) N Ng(by) = 0.

Proof. Suppose v € Ng(by) N V(M) N Ng(bg). Since v # I, by Claim 1, there exists

v~ . Consider cases:

Case 1: Suppose h # 3. Without loss of generality, suppose h = 1. Since
Glv, v, by, by] is not a claw, either v=b; € E(G) orv~by € E(G). If v™b € E(G), then
T =T —{vv, byuy, byus} + {bov, byv~, ujus } has fewer branch vertices than 7', vio-
lating (T1). Otherwise v by € E(G), so T" := T —{vv ™, byuy, byug }+{b1v, bov ™, uquy }

similarly violates (T1).

Case 2: Suppose h = 3. If v = z, then without loss of generality, assume x~w;, €
E(G), so it is easily seen that by # wy, so T" := T — {xax™,xwi} + {xby, x " w;} has
fewer branch vertices than 7', violating (T1). If v # z, then since Gv,v™, by, bo] is
not a claw, and b1by € E(G), either v™b; € E(G) or v™by € E(G). Without loss of
generality, assume v~b; € E(G), so T" := T — {vv~,zz~} + {v~ by, vby} has fewer

vertices than 7', violating (T1) and proving the claim. O
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Claim 4. Ifi # 3, then Ng(l;) NV (Q;) = 0.

Proof. Suppose v € Ng(l;) N V(Q;) for some i # 3. For T" :=T — {bu; } + {vl;}, we
have |V (S7/)| < |V (Sr)|, violating (T4). O

Claim 5. For every j € [2], (Ng(b;) NV (Q;))” N Nea(ls).

Proof. Suppose v € (Ng(b;) NV (Q;))” NNg(l3). Then vt € Ng(b;)NV(Q;), s0 T" :=

T — {vvt, zx~} + {v"b;,vl3} has fewer branch vertices than 7', violating (T1). O
Claim 6. If {i,j} = {1,2}, then (Ng(b;) NV (Q;))~ N Ng(b;) = 0.

Proof. Suppose v € (Ng(b;) NV (Q;))” N Ng(b;). Then vt € Ng(bj) N V(Q;), so

T :=T—{vv", zw; }+{v"b;, vb;} has fewer branch vertices than T, violating (T1). [
Claim 7. If {i,j} = {1,2}, then Ng(b;) NV (Q;) N Ng(l5) = 0.

Proof. Suppose v € Ng(b;) NV (Q;) N Ng(l3). Then since b;ls € E(G), v # bj so there
exists v~. Since Glv,v™,b;, 3] is not a claw and b;ls € E(G), either v7b; € E(G)
or vily € E(G). If vily € E(G), then T" := T — {vv™,2w;} + {bv,l3v~} has
fewer branch vertices than T', violating (T1). Otherwise v=b; € E(G), so T" =

T—{vv™, zw; }+{l3v, b;v~ } has fewer branch vertices than T, again violating (T1). [
Claim 8. We have zl3 ¢ E(G).

Proof. We already know x~w; € E(G) for some i € [2], so if zl3 € E(G), then T" :=

T — {zx~,zw;} + {x~w;, zl3} has fewer branch vertices than 7', violating (T1). [
Claim 9. If {i,j} = [2], then w; & Ng(b;) U Ng(l3).

Proof. Suppose w; € Ng(b;) U Ng(l3). Then either w; € Ng(b;) (in which case
T =T — {zw;} + {biw,} violates (T1)) or else w; € Ng(l3) (in which case T" :=
T — {zw;} + {lsw;} violates (T1)). O
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For every i # h € [5], Lemma [2] ensures that (Ng(ln) NV (M)~ is disjoint
from Ng(l;) N V(My). Lemma |3 ensures that (Ng(ln) NV (M)~ is disjoint from
Ne(bj) N V(M) when h # j(mod 3), and Lemma {| ensures the same when h =
j(mod 3). Lemma [5| ensures that the four sets Ng(l;) N V(M) are all disjoint,
and Claim [2| ensures that each Ng(l;) N V(M) with ¢ # h is disjoint from each
Ne(bj) N V(My,). Finally, Claim [3| ensures that Ng(by) N V(M) does not intersect
Ne(be) NV (My), so the seven sets (Ng(lp) NV (My))~, Na(l;) NV (M) (for each
i # h), and Ng(b;) NV (My,) (for j € [2]) are disjoint, so the sum of their cardinalities
equals the cardinality of their union, which cannot exceed the cardinality of V' (M},).

Furthermore, none of these contain 2~ by Lemmas [7] and [§ and Claim [§] so:

> " [Ne(w) NV (M)

UEX

_Z|NG )NV ( Mh|+Z|NG ) NV (M)

7j=1

= [Na(ln) NV (Ma)| + > INa(l:) N V(M) !+Z|NG ) NV (M,,)]
1#h J=1

= |(Na(ln) N V(M)~| + > [Na(l; ﬂVMh|+Z|NG )NV (M)
i#h Jj=1

|V (My)| h#3
V(M) -1 h=3.

< [V(Mp) \{z" } =

Meanwhile, for each j € [2] (and {i} = [2] \ {j}), Claim {4 gives that b, by,
and [3 are the only vertices in X that can be adjacent to any vertex of V(Q;), and
Claims [5] [6] and [7] give that the three sets (Ng(b;) N V(Q;))™, Na(ls) NV(Q;), and

Ng(b;) NV (Q;) are disjoint, and none of them contain w; by Claim [J} so the sum of
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et b b

Uy bl w3 bg bg U2

Figure 2.5: If T" has 4 branch vertices, we may have 7 = P,. Here, b; is also called
by, while by is also called bs.

their cardinalities is at most |V (Q;) \ {w;}| = |[V(Q;)| — 1, so

)

> INa(v) NV(Qy)]

= Y INe(l) NV(@Q)| + Z [Ne(br) NV (Q;)]
[ Nells) N V@) + [Nolb) N V(@) + INa(b) N V@)
= |Na(ls) N V(Q))| + [Na(b) N V(Q))] + [(Na(b) N V(Q;)) |

< V(@) -1

Summing these inequalities gives Z deg(v) < mn — 3, contradicting the assump-

veX
tion of the theorem. O

Therefore T must have at least 4 branch vertices (all with degree 3 of course), so

either 7 = P, or 7 is a claw.

2.5 Fourth Structure
Proposition 4. The derived tree 7(T) 2 P;.

~Y

Proof. By contradiction, suppose 7(T') = P;. We then label vertices and paths as
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shown in Figure 2.5l Note that each vertex is in exactly one labeled path. Once this

T is chosen, we choose a (potentially different, but still with 7 = P,) T" such that
(T5) P is as short as possible.

By Lemma [l ujus € E(G) and upus € E(G). Similarly, since no induced claw is
centered at bs; for any ¢ € [2], (T4) and (T5) give that usws; € E(G). Meanwhile,
Lemmas [2| 3] and [] ensure that X := {l1,15,15,1s,15,16,b1} is an independent set.
Define b] = Np(by) NV (Sr).

Claim 1. If h # i, then Ng(1;) NV (My) N Ne(by) = 0.

Proof. Suppose v € Ng(l;) NV (M) N Ng(b1). By Lemma [f] we may assume h =

1(mod 3) or i = 1(mod 3). Consider several cases:

Case 1: Suppose ¢ Z 1 = h(mod 3). Then 7" := T — {bju;,byus, bjus} +

{uyug, vby,vl;} has fewer branch vertices than T, violating (T1).

Case 2: Suppose ¢ = 1 # h(mod 3). Then T := T — {byun, byus, byus} +

{uyug, vby,vl;} has fewer branch vertices than T', violating (T1).

Case 3: Suppose i = 1 = h(mod 3). Since v # [, there exists v~. Since
Glv, b, l;,v™] is not a claw and byl; &€ E(G), either v=1; € E(G) or v=b; € E(G). Now
if v=l; € E(G), then T" := T — {vv~, byuy, byug} + {uguy, vby,v=1;} has fewer branch
vertices than T, violating (T1). Otherwise v=b; € E(G), then since G[by, b, v, uy]
is not a claw and bju;, € E(G), it follows that either b v~ € E(G) or upv~ € E(G).
If bjv~ € E(G), then T" := T — {vv, byup} + {bfv™,l;v} either has fewer branch
vertices than T' (if b = b3) or else has the same number of branch vertices and leaves
as T with |V (S7/)| < |V (Sr)|, so either (T1) or (T4) is violated. On the other hand,
if upv™ € E(G), then T" := T — {byup,vv~ } + {l;v,upv~} has fewer branch vertices

than T, violating (T1). O
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Claim 2. The following statements hold:
Part 1. Ifi # 0(mod 3), then Ng(l;) NV (Q;) = 0.
Part 2. We have Ng(b1) NV (Qg) N Ng(l3) = 0.
Part 3. We have Ng(by) NV (Qg) N Ng(ls) = 0.
Part 4. Ifi € [2], then Ng(l3) NV (Q3;) N Na(lg) = 0.
Part 5. We have (Ng(by) NV (Q3))™ N Ng(l3) = 0.
Part 6. We have (Ng(b) NV (Q3))” N Ng(lg) = 0.

Part 7. We have Ng(l;) NV (P) =0 for each i € [6].

Proof. To prove Part , suppose v € Ng(l;) NV(Q;). By symmetry, v # b3, so
T":=T —{bju;} + {l;v} has the same number of branch vertices and leaves as T" with
\V(Sr)| < |V(Sr)]|, violating (T4). To prove Part [2| suppose v € Ng(b1) NV (Qg) N
Ne(l3). By symmetry, v # by, so T := T — {w3bs, webe } + {vl3, vb; } has fewer branch
vertices than 7", violating (T1). To prove Part [3| suppose v € Ng(b1)NV (Qs)NNe(ls).
By symmetry, v # by, so T" := T — {wsbs, webg } + {vls, vby } has fewer branch vertices
than 7", violating (T1). To prove Part[d] let i € [2] and suppose v € Ng(l3)NV (Q3:) N
Ng(lg). Then T' := T — {usbs, ugbs} + {vl3,vls} has fewer branch vertices than T,
violating (T1). To prove Part |5, suppose v € (Ng(by) NV (Q3))” N Ng(l3). Then
vt € Ng(b)NV(Q3),s0 T" :=T —{vv", bguz} + {l3v,byv*} has fewer branch vertices
than T, violating (T1). To prove Part [6] suppose v € (Ng(b1) NV (Q3))~ N N (ls).
Then vt € Ng(b) NV(Q3), so T :=T — {vv™, bgug} + {lsv, byv™} has fewer branch
vertices than 7T, violating (T1). To prove Part |7, suppose v € Ng(l;) NV (P). Now if
v € {b3, b6}, Lemma[3|ensures that i = 0(mod 3) and v = b;, so T" := T'—{byw;, byu; } +
{bil;, u;w;} has fewer branch vertices than 7', violating (T1). Otherwise, b3 # v # bg,

so T":=T — {bu;} + {vl;} has the same number of branch vertices and leaves as T,
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and |Sr| = S|, but P is shorter for 7" than it is for T, violating (T5) and proving

the claim. []

Lemma 2] ensures that (Ng(l,)NV (M)~ is disjoint from N (I;)NV (My,) (for each
i # h). Lemma [3|ensures that (Ng(I,) NV (My))~ is disjoint from Ng(by) NV (Mj,) for
h # 1(mod 3). Lemma [4] ensures the latter for 2 = 1(mod 3). Lemma [5] and Claim
ensure that the five sets Ng(l;) NV (M},) are disjoint from each other and Ng(by) N
V(My), respectively. Therefore the seven sets (Ng(ln) NV (My))~, Na(by) NV (My),
and Ng(l;) NV (M) for i # h are all disjoint, and by Lemmas [7] and [ none of them
contain uy, if h Z 1 (mod 3). Therefore:

= |Ng(b) N V( Mh\+Z|NG )NV (M)

= [Na(b) NV (My)| + [ Na(ln) O V(M| + > INa(l:) NV (M,)]
i#h

= [Na(b)) N V(My)] + |(Ne(ln) NV (M)~ + Y [Na(l:) 0V (My)]
i#h

V(M) —1 h# 1(mod 3)
|V (M) h = 1(mod 3).

By Claim [2| Part [1] for i € [2], the only vertices of X that can be adjacent to Qs
are ls, lg, and by. By Parts[2] B and[4] the three sets N (13) NV (Qs), Na(ls) NV (Qs),
and Ng(b1) NV (Qs) are disjoint. By Parts[d] B and[6] the three sets N (I13) NV(Qs),
Ng(lg) NV (Q3), and (Ng(by) NV(Q3))~ are disjoint. Therefore:
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> INa(v) N V(Qo)|
= [Na(ls) NV(Qs)| + [Na(ls) NV (Qs)| + [ Na(b1) N V(Qs)]
< |V(Qs)]
and:
> ING(v) NV(Qs)]

= [Na(l3) N V(Qs)| + [Na(ls) N V(Q3)] + [Na(br) N V(Qs3)]
= [Na(l3) N V(Qs)| + [Na(ls) N V(Q3)] + [(Na(bi) NV (Q3))" |

< [V(@s)l

By Claim [2] Part [7], b; is the only vertex of X that can be adjacent to any of P, so

> [Na(v) N V(P)| = [Na(bi) NV(P)| < [V(P)].
veX
Summing these inequalities gives Z dege(v) < n — 4, contradicting the assump-

veEX
tion of the theorem. O

2.6 Fifth Structure

Proposition 5. The derived tree T is not a claw.

Proof. By contradiction, suppose 7 is a claw. We label vertices and paths as shown

in Figure 2.6 Since u;b; € E(T) and u; & Sy for every i € [6], Lemma [I] gives that



32

Ms b3 Me l5
us Ug lg
Ms
Us
M,
®
L Ui by by U2 ly

Figure 2.6: If T has 4 branch vertices, 7 may be a claw. Each vertex labeled b; is also
called b; 3.

uiuirg € E(Q) for each i € [3]. Furthermore, the vertex set X := {ly,ls, 13,14, 15,16, b3}

is independent by Lemmas 2] 3] and [4]
Claim 1. Ifi # h, then Ng(l;) NV (M) N Ng(bs) = 0.

Proof. Suppose v € Ng(l;)NV (M;,)NNeg(bs). By Lemmal6], we may assume that either
3|i or 3|h. Now if i = 0 # h(mod 3), then 7" := T'— {bsus, byug, bpuy } +{vl;, vbs, usug}
has fewer branch vertices than 7', violating (T1). On the other hand, if h = 0 #
i(mod 3), then 7" := T — {bsug, bsug, b;u; } + {vbs, vl;, usug} has fewer branch vertices
than T, violating (T1). Otherwise, h = ¢ = 0(mod 3), so since v # [, there exists v™.
Since Gv, v, bs,[;] is not a claw and bsl; ¢ E(G), it follows that either v=1; € E(G)
orv by € E(G). fvl; € E(G), then T := T — {vv~, byup, bsu; } + {vbs, upu;, v~}
has fewer branch vertices than T, violating (T1). Otherwise, v~ b3 € E(G), and since
G|b3, b3, up,v~] is not a claw and upbs € E(G), it follows that either v=u;, € E(G)
or v=by € E(G). If vu, € E(G), then T' := T — {bgup,vv~} + {vl;,v"us} has
fewer branch vertices than T', violating (T1). Otherwise, v"by € F(G), so T" :=
T — {vv~,b3u;} + {v=b3,vl;} either has fewer branch vertices than T' (if b = ) or
else has the same number of branch vertices and leaves as T', but |V (S)| < |V (Sr)|,

so either (T1) or (T4) is violated, so we have proven our claim. O

Claim 2. Ifi € [6], then Ng(L;) NV (Sy) = 0.
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Proof. Suppose v € Ng(l;) NV (Sr). By Lemmald] v # b;, so T" := T — {bju; } + {vl;}
may have fewer branch vertices than 7', violating (T1), or the same number of branch

vertices and leaves, violating (T4) since |V (St)| < [V (S7)|. O

For any h € [6], Lemma 2 ensures that (Ng(I,) NV (My))~ is disjoint from N (1;)N
V(M) for i # h. Lemma 3 ensures that (Ng(l,) NV (My))~ is disjoint from Ng(bs) N
V(My) for h # 0(mod 3). Lemma {4 ensures that the latter are disjoint for h =
0(mod 3). Lemma [5] and Claim [I]ensure that the five sets Ng(l;) NV (M),) with i # h
are disjoint from each other and from Ng(bs) NV (M},) respectively. Therefore the
seven sets (Ng(ln) NV (My))~, Ng(bs) NV (M), and Ng(l;) NV (M) for i # h are
all disjoint. Furthermore, if 34 h, Lemmas [7| and [§] give that uy, is not in any of these

sets. Therefore:

> INa(v) NV (My,)]

= |Ng(bs) N V(Mp) |+Z|NG ) NV (My)|
= [Na(bs) NV (M)| + [Na(ln) N V(M| + Y | Na(li) NV (M,)]
i1#£h
= [Na(bs) NV (My)| + [(Na(ln) NV (M)~ + Y [Na(l) NV (M)
i#h

[V (My)] 3[h
‘V(Mh) \ {Uh}| = |V(Mh)| -1 3th~

IN

Meanwhile, Claim 2| gives that b3 is the only vertex of X that can be adjacent to

any vertex of Sr. Therefore

> ING(v) NV (Sr)| = [Na(bs) NV (Sr)| < [V(Sr)\ {bs}] = [V(Sr) — 1

veX
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Summing these inequalities gives Z dege(v) < mn — 5, contradicting the assump-

veEX
tion of the theorem. O]

By Propositions [3, 4, and [5], the 7" we have chosen must have four branch vertices
but cannot have any of the possible structures on four branch vertices, and therefore

cannot exist. This is a contradiction, so Theorem [5] is proven. Thus Conjecture

holds when k = 2.
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Chapter 3

General Case

In this chapter, we prove Conjecture [I]in full as Theorem [6] which we now restate:

Theorem @ [9] Let G be a connected, claw-free graph on n wvertices, and let k be a
non-negative integer. If oopr3 > n — 2, then G has a spanning tree with at most k

branch vertices.

Our proof uses the concept of pseudoadjacency mentioned in the introduction.
We also make use of definition [4]
Suppose some G as described in the theorem has no spanning tree with at most

k branch vertices. Choose some spanning tree 1" of G such that:

(T1) B(T) is as small as possible.

L
A ML

Figure 3.1: An example of a tree T. Its internal subtree, in this case, is the path
b1 Thy.
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(T2) We select trees with at least one degree 3 vertex over those with none, subject

o (T1).
(T3) If (T2) allows no trees with a degree 3 vertex, L(T') is as small as possible.

(T4) If (T2) allows a tree with at least one degree 3 vertex, the sum total of the

degrees in T of the vertices of B>5(T) is as small as possible. That is,

Z degy(v)

’UEBZ5(T)

is as small as possible.

We begin by showing that 7" must have at least one vertex of degree 3. Suppose

T has no vertices of degree 3. The number of leaves in T is therefore:
IL(T)| =2+ Z (degp(b) —2) =2+ > (2) =2+ (k+1)(2) = 2k + 4.

We will first establish that L(T") is independent, and then that it is pseudoinde-

pendent.

Suppose two leaves s and t are adjacent in G. Then s has some nearest branch
vertex b, so T" := T — {bb,} + {st} has fewer leaves than T, violating either (T2) or

(T3) depending on degy(b). Therefore L(T') must be independent in G.

Suppose two leaves s and t are pseudoadjacent with respect to T'. Then there is

some edge e € E(T) such that sg(e, s),tg(e,t) € E(G). Consider two cases.

Case 1: Suppose g(e,s) = g(e,t). Define a = g(e,s) = g(e,t), so V(sTt) N
V(sTa)NV (tTa) = w & {s,t,a}. Since G|a, e, s,t] is not a claw, either se,, € E(Q)
or te, € E(G) (we know st € E(G) since L(T) is independent). We may assume the
first by symmetry, so 7" := T' — {e, ww; } + { sey, ta} violates either (T2) or (T3) since

two leaves are lost (s and t) while at most one is gained (ws).
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Case 2: Suppose g(e,s) # g(e,t). The e; = g(e,t) and e; = g(e, s), so se;, tes €
E(G). This implies that eg,e; € V(sTt). Choose an arbitrary branch vertex b €
V(sTt); assume b € V(eTt) by symmetry. Then 7" := T — {e,bb;} + {seq, tes}
violates either (T2) or (T3) since two leaves are lost (s and ¢) while at most one is

gained (by).

Therefore L(T) is pseudoindependent with respect to 7', so no edge of T" has more
than one leaf of T" as an oblique neighbor. We next find two edges of T' that have no
leaves of T' as oblique neighbors. Choose a leaf of S7 (note that it is a branch vertex
of T') and call it b. As T has no vertices of degree exactly 3, then deg,(b) > 4 and
N7 (b) NSy =1, so |[Np(b) \ Sr| > 3. Choose three of these vertices and call them
u,v,w. Since G[b,u,v,w] is not a claw, {u,v,w} cannot be independent in G. By
symmetry, assume uv € F(G). We will show that bu and bv have no leaves as oblique

neighbors.

Since u ¢ St, there is some z € L(T) such that u = b,. If some leaf [ # 2
is an oblique neighbor of bu, then lu € E(G), so T := T — {bu} + {lu} violates
either (T2) or (T3) via [. If z is an oblique neighbor of bu, then bz € E(G), so
T :=T — {bu,bv} + {bz,uv} violates either (T2) or (T3) via z. Therefore bu has no

leaves as oblique neighbors, and by the same argument, neither does bv.

For any v,z € V(G), we have va € E(G) if and only if v is an oblique neighbor of
xx,. Therefore the number of edges with v as an oblique neighbor equals the degree
of v. Since no edge has more than one leaf as an oblique neighbor, and two of them
have no leaves as oblique neighbors, the degrees of the leaves can add up to at most

|[E(T)| —2=(n—1) —2=mn— 3, contradicting the assumption of the theorem.

Therefore T" must have at least one vertex of degree 3, so we can choose a root
r € Bs(T), denoting Np(r) =: {ry,ra,73}. Since no claw can be centered at r, we

may assume by symmetry that rry € E(G). We denote the branch vertex closest
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to any e € E(T) toward the root as p = p(e), and denote the branch vertex or leaf
closest to e the opposite direction as x = z(e). For each i € [3], define z; = z(rr;).

We will need one more definition.

Definition 6. For any rooted spanning tree T with root r € Bs(T'), denoted (T,r),
each branch vertexr x € B(T) \ {r} has a distance-degree pair (d(x,r),degr(z)).
We define a pair sequence on the entire set B(T'), which contains the distance-degree
pairs of all vertices of B(T) in lexicographically increasing order (shortest distance

first, and smallest degree first given equal distance).

Since such an r must exist, choose (7',7) such that:

(T5) The sequence of distance-degree pairs of B(T)\ {r}, as defined above, is lexico-
graphically as small as possible. That is, given a tree Ty with its root r4, and
another tree Tg with its root rg, we select (T4, 74) over (T, rg) if and only if the
earliest entry that differs in their pair sequences is “smaller” (lexicographically,

as described in Definition @ for (T'a,r4) than it is for (Ts,rp).

Before completing the proof of Conjecture |1, we introduce three useful lemmas.
Lemma 9. Ifa is a child of b € B(T), then a is adjacent in G to some ¢ € Np(b)\{a}.

Proof. Suppose there is no such c¢. To avoid claws centered at b, N7 (b) \ {a} must be
acliquein G, s0o 7" :=T —{bd : b =d,,d # a} + {b,d : b = d,,d # a} violates (T1)
if b, € B(T), or (T5) otherwise since d(b,,r) < d(b,r). O

Lemma 10. Let a,z,y € V(G). If degp(z) = 3, degr(y) # 2, a € V(rTx), and
x € V(rTy), then ya & E(G).

Proof. If ya € E(G), then T" := T — {zx,} + {ya} violates (T1) if a € B(T') or
x, € B(T), or (T5) otherwise. O

Corollary 1. If z € B3(T) \ {r}, then the two children of x are adjacent in G.
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Figure 3.2: An example of a rooted spanning tree (7', 7) of a connected claw-free graph
G with pair sequence ((3,4),(4,3),(4,5),(5,4),(7,6)). Since G[r, 11,79, 73] cannot be
a claw, we assume by symmetry that riry € E(G) (shown as a squiggly line segment).
Note that Z degy(v) = 11.

UGBz5(T)
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Proof. By Lemma (10} neither child of = is adjacent to z,.. Since no claw can be

centered at x, this requires that the two children are adjacent. O

Lemma 11. Ify,z € L(T)UB3(T)\{r} are both oblique neighbors of some e € E(T),

then p = p(e) # r.

Proof. Suppose p = r, implying = = x; for some i € [3]. If both y and z are separated
from = by r, we consider whether or not e = rr;. If so, then 77 := T — {e} + {yr;}
violates (T1) via r. Otherwise, since Gle,, e,, 9, 2] is not a claw, either ye, € E(G) or
ze, € E(G). We may assume the first by symmetry, so 7" := T — {e, rr, } + {ye,, ze, }
violates (T1) via r. Now if exactly one of the two (say y) is separated from x by r,
then we again consider whether or not e = rr;. If so, then 7" := T — {e} + {yr;}
violates (T1) via r. Otherwise T" := T — {e,rr,} + {ye., ze, } violates (T1) via r.
The remaining possibility is that neither y nor z is separated from x by r. Then
r & V(yT'z), and Lemma [10| ensures that y ¢ V(rTz) and z € V(rTy). We may
therefore denote V. (rTy) NV (rTz) NV (yTz) =: w & {r,y,z}. Now Lemma [10] also
requires that degp(w) > 4. If degp(w) = 4, then 7" := T — {zx,, zx.} + {ye,, ze, }
violates (T1) if e = rr;, or (T5) if not. Otherwise deg,(w) > 5, and since {e,, e,,y, 2}
is not a claw, either ye, € E(G) or ze, € E(G). We assume the first by symmetry,
so 1" :=T — {e,ww, } + {ye,, ze, } violates (T4). O

Lemma 12. If y,z € L(T) U Bs(T) \ {r} are both oblique neighbors of e € E(T),

then e, = e, = e, (where p = p(e) as described above).

Proof. If this is not the case, then either e, = e, = e, (where z = z(e) as described
above), or {e,,e,} = {e,,e,}. Note that x € B>4(T) by Lemma (10| in both cases.

Consider both these cases.

Case 1: Suppose e, = e, = e,. Then either y € V(2T2), or z € V(2Ty), or

neither, so consider both cases.
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Subcase la: Suppose neither inclusion is true, meaning V(zTy) N V(2Tz) N
V(yTz) =:w & {y, 2z} (though it could be that w = x), and deg;(w) > 4 by Lemma
[0l If w € By(T), then T" := T — {ww,, ww.} + {ye,, ze,} violates (T1) if e, = p
or (T5) if not. Otherwise w € B>5(T"), and then we note that Gle,, e,,y, 2] is not a
claw, so either ye, € E(G) or ze, € F(G). We may assume the first by symmetry, so

T =T —{e,xx,} + {ye,, ze,} violates (T4) via w.

Subcase 1b: Suppose one of the two inclusions is true, say y € V(zTz). We
define y* = Nr(y) \ {yr,y.}. Corollary [l] requires that y,y* € E(G), and then
T =T — {xxy, yy., yy*} + {ye,, ze,, y.y*} violates (T1) if e, = p, or else it violates
(T4) if & € Bss(T), or (T5) if o € By(T).

Case 2: Suppose e, = ¢, but e, = e, (or vice versa, by symmetry). Depending
on the location of y, we may have r € V(yTp), or p € V(rTy), or y € V(rTp),
or none of the above. If r € V(yT'p), then T" := T — {e,rr,} + {ye,, ze,} violates
(T1) via r. If p € V(rTy), then T" := T — {e,pp,} + {yes, ze,} violates (T1) if
p € B3(T), or (T4) if p e B>5(T), or (Th) if p € By(T). If y € V(rTp), we can define
y* = Nr(y) \ {yr, yp}; we then have from Corollary[I] that y,y* € E(G), implying that
T =T —{e,yyp, yy*} +{ves, zep, ypy* } violates (T1) via y. Since we’ve ruled out all
three inclusions, we may denote V (rTp)NV (rTy)NV (pTy) =: w & {r,p,y}, and then
T =T — {e,ww,} + {ye., ze,} violates (T1) if w € B3(T), or (T4) if w € B>5(T),

or (T5) if w € By(T). O

Lemma 13. Ify,z € L(T)UB3(T)\{r} are both oblique neighbors of some e € E(T),

then neither y nor z is separated from p = p(e) by r.

Proof. Suppose at least one of y and z is separated from p by r. If they both are,
then to avoid a claw centered at e,, we must have either ye, € E(G) or ze, € E(G).
We may assume the first by symmetry; therefore 77 := T — {e,rr,} + {ye,, ze. }

violates (T1) via r. Therefore only one of them is separated from p by r (say r €



42

V(pT2)\V (pTy)), and we note that e, # = (otherwise 7" := T — {rr, } +{zx} violates
(T1)), so e, exists. We will categorize the location of y by its relation to p and r

(noting that r € V(pTy)).

Case 1: Suppose V(rTp) NV (rTy)NV (pTy) =: w & {r,p,y}. Since Gle,, €xs, Y, 2]
is not a claw, either ye,, € E(G) or ze,, € E(G). If ye,, € E(G), then T" :=
T —{es€ss, 77} + {y€ss, ze, } violates (T1) via r. Otherwise ze,, € E(G), and either
ze€ L(T)orz € Bs(T). If z € Bs(T), then T" := T —{ ey, 77 } +{2€4, 264, } Violates
(T1) via r. Otherwise z € L(T) and then 7" := T'—{e, e, wwy } +{ye,, ze,, } violates

either (T1) if w € B3(T'), or (T4) if w € B>5(T), or (T5h) if w € By(T).

Case 2: Suppose y € V(rT'p,). Define y* = Nr(y)\{y, yp}, s0 Corollaryrequires
that y,y* € E(G), so T" :=T — {yy,, yy*, 11y} + {yes, ze., ypy*} violates (T1) since

at least two branch vertices are lost (r and y) while only one is gained (e,).

Case 3: Suppose y = p (ensuring p € B3(T)). Define p* = Nr(p) \ {pr,p:}, so
Corollary |1f ensures that p,p* € E(G), so T" := T — {pp., pp*, rrp} + {pe., ze., p.p*}
violates (T1) since at least two branch vertices are lost (r and p) while only one is

gained (e;).

Case 4: Suppose p € V(rTy). Note that Lemma |12 guarantees that p € V (zT'y).
Since Gley, €4, Y, 2] is N0t a claw, either ye,, € E(G) or ze,, € E(G). lfye,, € E(G),
then 7" := T — {ey€4s, 77 } + {Y€us, z€, } violates (T1) via r. Otherwise ze,, € E(G),
and either z € L(T) or z € B3(T). If z € B3(T), then T" := T — {e,€44,77,} +
{ze,, ze . } violates (T1) viar. Otherwise z € L(T'), and then T" := T'—{e €44, pp. } +
{yes, ze .} violates (T1) if p € Bs(T'), or (T4) if p € B>5(T), or (T5) if p € By(T).

O

Define X = L(T) U B3(T) \ {r}. We first show that |X| > 2k + 3. Define
m = |Bs(T)|, so |B>4(T)| > k+1—m. Now:
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L(T)| =2+ Y (degy(b)—2) > 24+m+2(k+1—m) = 2+m+2k+2—2m = 2k+4—m
beB(T)

hence:

X| = |L(T)| + | Bs(T)\ {r}| > (2k + 4 —m) + (m — 1) = 2k + 3.

We next show that X is independent. Let u,v € X and assume uwv € E(G).
Now if r € V(uTw), then T" :== T — {rr, } + {uv} violates (T1). If u € V(rTw) (or,
symmetrically, v € V(rT'u)), then v € B3(T), so define u* := Nr(u) \ {u,, u,}. Now
Corollary [1] gives that u,u* € E(G), so T" := T — {uu,, vu*} + {uv, u,u*} violates
(T1). The remaining possibility is that V (rTu) NV (rTv) NV (uTv) = w & {r,u,v}.
Now consider 7" := T — {ww, } + {uv}. If w € B3(T), then T" violates (T1) since w
is no longer a branch vertex. If w € B>5(T'), then T" violates (T4) since w decreases
the sum total but neither u nor v increase it (their degrees were originally at most
3 and are now at most 4). The remaining case is that w € By(T), in which case 7"
violates (T5) since w, which is closer to r than either u or v, has its distance-degree

pair decreased.

To limit the degree sum of X, we will show that X is pseudoindependent, and
then find two edges of T" with no oblique neighbors in X, as we did for the case
B3(T) = (. Suppose some y,z € X are pseudoadjacent with respect to T, so they
are both oblique neighbors of some e € E(T). As before, we denote p = p(e) and
x = x(e). Now either both y and z are on the path rT'p, or exactly one of them is, or

neither of them is, so consider all three cases.

Case A: Suppose y,z € V(rTp). Then y,z € Bs(T). By symmetry, we may
assume y € V(rTz). Define y* = Np(y) \ {yr,yp} and 2* = Np(2) \ {2, 2}, so
Corollary |1| requires that y,y*, z,2* € E(G). Now T" := T — {yy,, yy*, 22, 22"} +
{yes, zex, ypy*, z,2*} violates (T1) since two branch vertices are lost (y and z) while

at most one is gained (e,). (See Figure 3.3])
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path path

° ° ° ° °
r Y 4 P x
y* Z*
° Q ° € °
r Y Yp zZ 2 D e €y x
° I I s € °
r Y Yp Z 2 D ep €y x

Figure 3.3: These pictures show how one might visualize Case A. The first picture
shows the relative positions of important vertices, as they are assumed in this case.
In the second picture, the straight-line edges are part of the tree, while the curved

and jagged edges are known to exist in the graph. The third picture shows 7", which
has one less branch vertex than 7'
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Case B: Suppose y € V(rT'p) but z ¢ V(rT'p). Either y = p or y # p, so consider

both cases.

Subcase Bl: Suppose y = p (ensuring p € B3(T)). Define p* = Np(p) \ {pr, 0=},
so Corollary |1 requires that p,p* € E(G). Now either p € V(rTz) or p & V(rTz), so

consider both cases.

Subcase Bla: Suppose p € V (rT'z), so p, = p*. We can see that e # pp, (otherwise
T :=T —{pp.} + {zp.} violates (T1)), and e, # p, (otherwise " :=T — {pp,, e} +
{pup:, ze, } violates (T1)). Since Gle,, ey, p, 2] is not a claw, either pe, € E(G) or
ze, € E(GQ). If pe, € E(G), then T" := T — {e, pp., pp.} + {pey, z€,, p.p.} violates
(T1) via p. Otherwise ze, € E(G). Since G[p, py, Ps, €;] is not a claw and Lemma
implies p,p, ¢ E(G), either p.e, € E(G) or pye, € E(G). If p.e, € E(G), then
T =T —{e,pp.} + {pres, ze, } violates (T1) if p, € B(T), or (T5) if not. Otherwise

pu€s € E(G),s0 T :=T — {e,pp,} + {ps€, ze,} violates (T1) via p.

Subcase Blb: Suppose p € V(rTz). Lemma [13|implies that r» ¢ V(pT'z) and we
began Case B by assuming z € V (rT'p). We may therefore denote V (rT'p) NV (rTz)N
V(pTz) =2 w & {r,p,z}. If e = pp,, then T" := T — {e} + {zp,} violates (T1) via
p. Otherwise, since Gle,,e,, D, 2| is not a claw, either pe, € E(G) or ze, € E(G).
If pe, € E(G), then T" := T — {e,pp., pp*} + {pep, z€x, p.p*} violates (T1) via p.
Otherwise ze, € E(G), so T" :=T — {e, pp., pp*} + {pe., ze,, p,p*} violates (T1) via

D.

Subcase B2: Suppose y # p. Define y* = Nr(y) \ {y:, yp}, so Corollary |1| requires
that y,y* € E(G). If e, =z, then T" := T — {yy,, yy*} + {2y, y,y*} violates (T1) via
y, SO we may assume e, exists. Recalling that r ¢ V(pT'z) by Lemma [13] and that

x & V(pTz) by Lemma[12] consider two cases for the location of z.

Subcase B2a: Suppose p € V(rTz). By Lemma D> # Pe. Since Gley, €4p, Y, 2]
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is not a claw, either ye,, € E(G) or ze,, € E(G). If ze,, € E(G), then T" :=
T — {exeus, YYp, yy*} + {v€s, 262z, ypy*} violates (T1) via y. Otherwise ye,, € E(G),
and we consider deg,(p). If p € B>5(T), then T" := T — {ey€sz, PPz} + {Y€sz, 2€x }.
Otherwise p € B<4(T), and then Lemma @ requires that p, has some neighbor in
G among the remaining vertices of Np(p). If this neighbor is p,, then 7" := T —
{€s€uu, DDz, DDr } +{YCsz, €4, pupr } Violates (T1) if p € B<y(T), or (T4) if p € B>5(T).
If this neighbor is p,, then 7" := T — {e €z, DDz, PP2 } +{V€s, Y€rs, P2p. } violates (T1)
via p. Otherwise this neighbor must be p*, where Nr(p) =: {p;, pz, 0., p*}, and then

T =T — {ezeps, PPu, pP* } + {y€ss, 2€s, p.p*} violates (T1) via p.

Subcase B2b: Suppose p € V(rTz). Lemma |13 implies that r & V(pT'z), and we
began Case B by assuming z ¢ V (rTp). We may therefore denote V (rTp) NV (rTz)N

V(pTz) =:w & {r,p, z}. Consider three cases for the location of w relative to y.

Subcase B2b (i): Suppose w € V(rTy,). Then T" := T — {ww,, yy,, yy*} +
{yes, zeq, ypy*} violates (T1) if w € Bs(T), or (T4) if w € B>5(T'), or (T5) if w €

By(T), since at least one branch vertex is lost (y) while exactly one is gained (e,).

Subcase B2b (ii): Suppose w = y. Note that y* = y,. Since Gles, €rs, Y, 2]
is not a claw, either ye,, € E(G) or ze,, € E(G). If ze,, € E(G), then T" :=
T —{ewlus, YYp, Y-} + {yew, 2€22, Ypy. } violates (T1) via y. Otherwise ye,, € E(G),
so since Gy, Yr, Yp, €22] 1S DOt a claw, either y.e,, € E(G) or ype,, € E(G). If
Yplzz € E(G), then T" := T'—{es€ss, YYp } +{VYp€us, z€, } violates (T1) via y. Otherwise
Yreze € E(G), and then T := T — {e €0, yy.} + {yr€ss, z€,} violates (T1) if y, €
B(T), or (T5) otherwise.

Subcase B2b (iii): Suppose w € V(y,T'p). Since Gle,, €4, y, 2] is not a claw, either
yers € E(G) or ze,, € E(GQ). If zey, € E(G), then T := T — {es€40, yYp, yy* } +
{yes, z€z2, ypy*} violates (T1) via y. Otherwise ye,, € E(G), and then we consider

degp(w). If w € Bss(T), then T" :=T — {e €4y, ww,. } + {yess, ze, } violates (T4) via
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w. Otherwise w € B<4(T'), so Lemma @ requires that w, must have some neighbor
in G among the remaining vertices of Np(w). If this neighbor is w,, then 7" := T —
{exers, WW,, WW, } +{Y€sz, z€;, wyw, } violates (T1) via w. If, instead, this neighbor is
wy, then T" := T — {ege45, Wwy,, Ww, } + {y€s, Y€y, wyw, } violates (T1) via w. If this
neighbor is neither w, nor w,, then it must be w*, where Nr(w) =: {w,, w,, w,, w*},

and then 77 := T — {e €0, Ww,, ww*} + {yeys, z€,, w,w*} violates (T1) via p.

Case C: Suppose y,z &€ V(rTp). Recall that p # r by Lemma and that
r & V(pTy) UV (pTz) by Lemma[13] Now either both y and z are separated from r

by p, or one of them is, or neither of them is, so consider all three cases.

Subcase C1l: Suppose both y and z are separated from r by p, so p € V(rTy) N
V(rTz). Since Gle,, e,,y, 2] is not a claw, either ye, € E(G) or ze, € E(G). We
may assume the first by symmetry, so 7" := T — {e, pp. } + {ye,, ze, } violates (T1) if
p € B3(T), or (T4) if p € B>5(T), or (T5) if p € By(T).

Subcase C2: Suppose exactly one of y and z is separated from r by p. By symmetry,
we may assume p € V(rTz) but p & V(rTy). Note that Lemma |13 implies that r ¢
V(pTy), while in Case C we began by assuming y ¢ V (rTp). We may therefore denote
V(irTp) NV (rTy)NV(pTy) = w & {r,p,y}. If e, =z, then T" := T — {ww, } + {zy}
violates (T1) if w € B3(T), or (T4) if w € B>5(T), or (T5) if w € B4(T). We may
therefore assume e,, exists. Since Gle,, €., Y, 2] is not a claw, either ye,, € E(G) or
zezs € E(G). If zey, € E(G), then T :=T — {e,e,,, ww, } +{ye,, ze,, } violates (T1)
if we Bs(T), or (T4) if w € B>5(T), or (T5) if w € By(T). Otherwise ye,, € E(G),
and then we consider deg,(p). If p € B>5(T), then T" := T —{ e €ys, PPz } +{YCss, 2€4 }
violates (T4) via p. Otherwise p € B<4(T'), and then Lemma [J ensures that p, is
adjacent in G to at least one other vertex of Np(p). If p,p, € E(G), then T" :=
T — {ewCus, PPr, PPx } + {Y€ss, 24, prps } violates (T1) via p. If p,p* € E(G) for some

p* € Nr(p) \ {pr, Pz, -}, then T" := T — {epeps, DDz, pP*} + {Y€ss, €4, P2p*} violates
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(T1) via p. Otherwise p,p, € E(G). Now if y € L(T), then T" := T — {e €ys, PPz} +
{y€ss, ze,} violates (T1) if p € B3(T'), or (T5) if p € B4(T). Otherwise y € Bs(T),

and then 7" := T — {e €y, PPz, DD~} + {Y€s, Y€z, D=p. } violates (T1) via p.

Subcase C3: Suppose neither y nor z is separated from r by p. This means p &
V(rTy),V(rTz), while Lemma 13| implies that » & V(pTy),V (pTz). Furthermore,
we began Case C by assuming y,z ¢ V(rTp). We may therefore denote V(rTp) N
V(irTy) NV (pTy) = w & {r,p,y} and V(rTp) NV (rTz)NV(pTz) = u & {r,p, z}.
Suppose u = w. Since Gle,, ep,y, 2] is not a claw, either ye, € E(G) or ze, € E(G).
We may assume the first by symmetry, so 7" := T — {e,ww,} + {ye,, ze, } violates
either (T1), (T4), or (T5), depending on deg,(w). Otherwise u # w, and we may
assume u € V(rTw) by symmetry. If e, = z, then 7" := T — {uu.} + {zz} violates
(T1) if u € B3(T), or (T4) if u € B>5(T), or (T5) if u € B4(T). We may thus assume
ez, exists, and since Gle,, €,., ¥, 2| is not a claw, either ye,, € E(G) or ze,, € E(G).
If ye,, € E(G), then T" := T —{ ey €4y, utty } +{y€ss, 26, } violates either (T1), (T4), or
(T5), depending on degy(u) as before. Otherwise ze,, € E(G), and then we consider
degp(w). If w € Bss(T'), then T" := T — {ey€4., wwy } + {yes, z€,, } violates (T4) via
w. Otherwise w € B<4(T), and then Lemma @ ensures that w, is adjacent in G to at
least one other vertex of Np(w). If w,w, € E(G), then T" := T — {e €4, ww,, ww, } +
{yes, zeyy, wywy} violates (T1) via w. If w,w, € E(G), we consider degy(z). If
z € L(T), then T" := T — {ege,, wwy} + {ye,, ze,, } violates (T1) if w € Bs(T),
(T4) if w € B>5(T), or (T5) if w € By(T'). Otherwise z € B3(T), and then 7" :=
T — {er€ss, Wwy, wwy} + {z€,, 264, wyw, } violates (T1) via w. Suppose w,w*, where
Nr(w) = {w,,wp,wy,w*}. Then T' := T — {ezeps, ww,, ww*} + {ye,, 264, wyw*}

violates (T1) via w.

Therefore X is a pseudoindependent set. We will now show that rr (and 77y,

by symmetry) has no oblique neighbors in X. Suppose some z € X is an oblique
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neighbor of rr;. Now either r € V(riTx) or ry € V(rTx). If r € V(riTz), then
axry € E(G),so T :=T — {rr1} + {xr,} violates (T1) via r. Otherwise r; € V(rTx),

and then zr € E(G), so T" :=T — {rry,rra} + {xr,r1ry} violates (T1) via r.

Therefore rry and rry have no oblique neighbors in X. As before, the number of
edges with any v € X as an oblique neighbor equals the degree of v, so the degrees of
X add up to at most |E(T)| —2 = (n—1) —2 = n — 3, contradicting the assumption

of the theorem. Therefore the theorem is proven.
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Chapter 4

Future Work

Looking at the sharpness example in Figure [1.1] one might notice that many of its
vertices have degree 3 (in the whole graph). A natural question is: how much stronger
is our result if we require the graph to have a minimum degree of 4 or larger? If our
graph must have minimum degree at least ¢, then Figure [4.1| shows that we cannot
guarantee an independent set any larger than before, though we might be able to
make their degrees add up to a smaller number.

Given the above example, the following corollary to Theorem [3]and new conjecture

are sharp, no matter how high a minimum degree we require:

} k+1 {

() () () (k) ()
@A@A@A@ . @A@A@

Figure 4.1: This graph has minimum degree ¢ and contains no spanning trees with
at most k£ branch vertices. A maximum independent set contains 2k + 3 vertices as
before, and their degrees must add up to at least |V(G)| — 2k — 3.
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Corollary 2. Let G be a connected claw-free graph with minimum degree at least
4. Then G contains either a spanning tree with at most k branch vertices or an

independent set of 2k + 3 wvertices.

Conjecture 2. Let G be a connected claw-free n-vertex graph with minimum degree
at least 4. Then G contains either a spanning tree with at most k branch vertices or

an independent set of 2k + 3 vertices whose degrees add up to at most n — 2k — 3.

Going forward, I will be considering ways to modify our argument so as to reduce
this sum of degrees from its current level at n — 3, or to prove Conjecture [2| for small
values of k. An instrumental tool for the small cases of Conjecture [I] was Theorem
2l This result, either in its current form or improved for graphs of larger minimum

degree, is likely to be helpful toward Conjecture [2| at least for small values of k.
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