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Abstract

The Applications of Alternating Minimization Algorithms on Deep Learning Models
By Junxiang Wang

Gradient Descent(GD) and its variants are the most popular optimizers for train-
ing deep learning models. However, they suffer from many challenges such as gradient
vanishing and backward locking, which prevent their more widespread use. To address
these intrinsic drawbacks, Alternating Minimization(AM) methods have attracted at-
tention from researchers as a potential way to train deep learning models. Their idea
is to decompose a neural network into a series of linear and nonlinear equality con-
straints, which generate multiple subproblems and they can be minimized alternately.
Their empirical evaluations demonstrate good scalability and high accuracy. They
also avoid gradient vanishing problems and allow for non-differentiable activation
functions, as well as allowing for complex non-smooth regularization and the con-
straints that are increasingly important for neural network architectures.

This dissertation discusses the applications of AM methods on deep learning
models, which can be categorized into three research topics: 1). AM methods on
Multi-Layer Perceptron(MLP), which includes deep learning Alternating Direction
Method of Multipliers(dIADMM), and monotonous Deep Learning Alternating Min-
imization(mDLAM). 2). AM methods on Graph Neural Network(GNN), which in-
cludes the Invertible Validity-aware Graph Diffusion(IVGD). 3). AM methods for
distributed neural network training, which includes parallel deep learning Alternat-
ing Direction Method of Multipliers(pdADMM), pd ADMM-G, and pd ADMM-G-Q.

For the dIADMM algorithm, parameters in each layer are updated in a back-
ward and forward fashion. The time complexity is reduced from cubic to quadratic
in(latent) feature dimensions for subproblems by iterative quadratic approximations
and backtracking. Finally, we provide the convergence guarantee of the dIADMM
algorithm under mild conditions with a sublinear convergence rate o(1/k).

For the mDLAM algorithm, our innovative inequality-constrained formulation in-
finitely approximates the original problem with non-convex equality constraints, en-
abling our convergence proof of the proposed mDLAM algorithm regardless of the
choice of hyperparameters. Our mDLAM algorithm is shown to achieve a fast linear
convergence by the Nesterov acceleration technique.

For the IVGD model, we unroll AM methods into GNN models for graph source
localization. Specifically, first, to inversely infer sources of graph diffusion, we propose
a graph residual scenario to make existing graph diffusion models invertible with the-
oretical guarantees; second, we develop a novel error compensation mechanism that
learns to offset the errors of the inferred sources. Finally, to ensure the validity of
the inferred sources, we unroll AM methods into the proposed validity-aware layers
to project inferred sources to feasible regions by encoding validity constraints. A lin-
earization technique is proposed to strengthen the efficiency of our proposed layers.
The convergence of the proposed IVGD is proven theoretically.

For the pd ADMM algorithm, we achieve model parallelism by breaking layer de-
pendency: parameters in each layer of neural networks can be updated independently



in parallel. The convergence of the proposed pd ADMM to a stationary point is the-
oretically proven under mild conditions with a sublinear convergence rate o(1/k).

For the pd ADMM-G algorithm and the pd ADMM-G-Q algorithm, in order to
achieve model parallelism, we extend the proposed pd ADMM algorithm to train the
GA-MLP model, named the pd ADMM-G algorithm. The extended pdADMM-G-Q
algorithm reduces communication costs by introducing the quantization technique.
Theoretical convergence to a (quantized) stationary point of two proposed algorithms
is provided with a sublinear convergence rate o(1/k).
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Deep learning has been the focus of the machine learning community during the
last decade. While conventional machine learning models such as Support Vector
Machine(SVM) require some assumptions(e.g., the margin should be as large as pos-
sible), and they have limited capacity to process natural data in their raw forms, deep
learning models have flexible forms and entail no requirement, and they are composed
of non-linear modules that can learn multiple levels of representations automatically
[59]. Because deep learning models perform surprisingly outstandingly on large-scale
datasets, they require efficient optimizers to obtain a feasible solution within realistic
time limits.

Gradient Descent(GD) was the most popular optimizer for training deep learning
models one decade ago due to its simplicity and effectiveness. However, it has some
drawbacks such as painful hyper-parameter tuning, and the possibility to plunge into
saddle points [27]. To address these issues, many variants of GD approaches have
been introduced and are well-known, including but not limited to GD momentum
[91], AdaGrad [28], AdaDelta [118] and Adam [52]. Among them, GD momentum,
AdaGrad, and AdaDelta improve GD via the first moment of the gradient, whereas

Adam improves them further via the second moment of the gradient. However, they
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suffer from many challenges that prevent their more widespread use: the gradient
vanishing is one major challenge, which means the error signal diminishes as the
gradient is backpropagated. For example, a deep Recurrent Neural Network(RNN)
model easily suffers from the gradient vanishing problem because activation functions
are sigmoid or tanh, and their derivatives are smaller than 1 [76]. Poor conditioning is
another challenge, where a small change of input leads to a drastic change in the gra-
dient. Even though researchers have proposed many solutions(e.g. Rectified Linear
Unit(ReLU) [1], skip connection [37] and batch normalization [45]), these problems
still exist because the nested structures of deep learning models amplify the effects of
existing challenges such as gradient vanishing and poor conditioning. For example, a
narrow Multi-Layer Perceptron(MLP) model with skip connections and ReLU may
still be prone to the gradient vanishing problem.

To tackle these intrinsic drawbacks of gradient descent optimization methods, Al-
ternating Minimization(AM) methods have started to attract attention as a potential
way to solve deep learning problems. A neural network problem is reformulated as a
nested function associated with multiple linear and nonlinear transformations across
multi-layers. This nested structure is then decomposed into a series of linear and
nonlinear equality constraints by introducing auxiliary variables and penalty hyper-
parameters. The linear and nonlinear equality constraints generate multiple subprob-
lems, which can be minimized alternately. Many recent AM methods have focused on
applying the Alternating Direction Method of Multipliers(tADMM) [93, 101], Block
Coordinate Descent(BCD) [120] and Method of Auxiliary Coordinates(MAC) [9] to
replace a nested neural network with a constrained problem without nesting, with
empirical evaluations demonstrating good scalability in terms of the number of layers
and high accuracy on the test sets. These methods also avoid gradient vanishing
problems and allow for non-differentiable activation functions such as binarized neu-

ral networks [22], as well as allowing for complex non-smooth regularization and the
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Table 1.1: Notations of the MLP training problem in this dissertation.

Notations Descriptions
L The number of layers.
W, The weight matrix for the [-th layer.
2 The output of the linear mapping for the [-th layer.
filz) The nonlinear activation function for the [-th layer.
a The output for the [-th layer.
x The input matrix of the neural network.
Y The predefined label vector.
R(zp,y) The risk function.
n; The number of neurons for the [-th layer.

constraints that are increasingly important for deep neural architectures that are
required to satisfy practical requirements such as interpretability, energy-efficiency,
and cost awareness [9]. The ADMM, as a representative of AM methods, has been
explored extensively for different neural network architectures. It was first used to
solve the MLP problem [93], and then was extended to other architectures such as
RNN [92].

This dissertation studies how AM methods can be utilized to train the MLP
model, which is the most fundamental model in deep learning. Table 1.1 lists im-
portant notations utilized in this dissertation. A typical MLP model is defined by
multiple linear mappings and nonlinear activation functions. A linear mapping for
the [-th layer is composed of a weight matrix W; € R™*™-1 where n,; is the number
of neurons for the [-th layer; a nonlinear mapping for the [-th layer is defined by a
continuous activation function fj(e). Given an input a;_; € R™-! from the (I — 1)-th
layer, the [-th layer outputs a; = f;(W;a;_1). Obviously, a;_; is nested in a; = fi(e).
By introducing z; which serves as the output of the linear mapping for the [-th layer,

the task of training the MLP model is formulated mathematically as follows:

Problem 1.

miny, ¢, R(20,y) st. zp=Wa1(l=1,--- L), ay = fi(z) I =1,--- ,L —1)
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In Problem 1, ag = x € R™ is the input of the MLP model where ng is the number
of feature dimensions, and y is a predefined label vector. R(zr,y) is a risk function
for the L-th layer, which is convex, continuous, and proper.

The goal of this dissertation is to develop optimization algorithms based on AM
methods to address Problem 1. While some existing papers such as [9, 93, 120] stud-
ied this problem, they suffer from several challenges, which will be addressed in this
dissertation: 1. The lack of theoretical guarantees. While many previous papers
have studied the convergence theory of AM methods on nonconvex problems, they
cannot be directly applied to neural networks. This is because a typical neural net-
work model is a nested formulation of nonlinear functions, which causes the objective
to be highly non-convex. 2. Expensive computations of subproblems. Some
subproblems generated by AM methods are computationally expensive to address.
This is because they involve matrix inversion. Computing an inverse matrix needs
further sub-iterations, and its time complexity is approximate O(n?), where n is a
feature dimension [6]. 3. Slow convergence toward solutions. For some AM
methods such as ADMM, their empirical convergence curves are long-tailed. In other
words, they usually take hundreds of iterations to converge to high accuracy, even for
simple examples [6]. It is often the case that they are stuck on a modest solution.
4. The lack of investigations to parallel training neural networks. Existing
state-of-the-art algorithms are still based on GD to achieve parallel training of neu-
ral networks. However, they are subject to the backward locking problem [44]: the
gradient calculations in one layer tightly depend on and have to wait for results of all
previous layers, which prevents gradients of different layers from being calculated in
parallel. While AM methods have great potential to address this drawback, they are
rarely explored, developed, and evaluated.

In order to address all these challenges, we propose several AM methods to han-

dle these challenges in the dissertation. They can be categorized into three research
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Layer
Parallelism

1. pdADMM
a 2. pdADMM-G
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Figure 1.1: The relationships among three research topics.

1. dIADMM <:|
2. mDLAM

Non-IID

topics illustrated by Figure 1.1, all of which are shown below:

1. AM methods on Multi-Layer Perceptron(MLP). Two AM methods,
the deep learning Alternating Direction Method of Multipliers(dIADMM) [101] and
monotonous Deep Learning Alternating Minimization(mDLAM) [106], are proposed
to train MLP models. They will be introduced in Chapters 2 and 3, respectively.

In the dJIADMM algorithm, parameters of a neural network are updated back-
ward and then forward so that the parameter information is exchanged efficiently(i.e.
address Challenge 3); the time complexity for subproblems is reduced from cubic to
quadratic in(latent) feature dimensions via a dedicated algorithm that utilizes itera-
tive quadratic approximations and backtracking(i.e. address Challenge 2). Finally, we
provide the first proof of global convergence for an ADMM-based method(dIADMM)
in a deep neural network problem under mild conditions(i.e. address challenge 1).

The mDLAM algorithm approximates the original problem by an innovative for-
mulation with inequality constraints, enabling our convergence proof of the proposed
mDLAM algorithm regardless of the choice of hyperparameters(i.e. address Chal-
lenge 1). It is shown to achieve a fast linear convergence by the Nesterov acceleration

technique(i.e. address Challenges 1 and 3).
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2. AM methods on Graph Neural Network(GNN). We extend the appli-
cations of AM methods from the MLP to the GNN because GNN models deal with
non-I1ID data (i.e. nodes and their connections in a graph), and the MLP can be con-
sidered as a special case of GNN models. GNN models incorporate node attributes
into models and learn node representations effectively by capturing network topology
and neighboring information [53]. Moreover, they can ”learn” rules from the data in
an end-to-end fashion. We devise GNN models via AM methods to fulfill graph learn-
ing tasks. For example, graph source localization aims to detect source nodes of a
graph given their future graph diffusion patterns. It covers a wide range of real-world
applications such as misinformation detection [46], Email virus localization [75], and
malware detection [49].

We propose a novel GNN-based model, Invertible Validity-aware Graph Diffu-
sion(IVGD), for graph source localization via unrolling AM methods into neural net-
works [104]. Specifically, first, to inversely infer sources of graph diffusion, we propose
a graph residual scenario to make existing graph diffusion models invertible with the-
oretical guarantees; second, we develop a novel error compensation mechanism that
learns to offset the errors of the inferred sources. Finally, to ensure the validity of
the inferred sources, we unroll AM methods into the proposed validity-aware lay-
ers to project inferred sources to feasible regions by encoding validity constraints.
A linearization technique is proposed to strengthen the efficiency of our proposed
layers(i.e. address Challenge 2). The convergence of the proposed IVGD is proven
theoretically(i.e. address Challenge 1). Extensive experiments on nine real-world
datasets demonstrate that our proposed IVGD outperforms state-of-the-art compar-
ison methods significantly.

3. AM methods for distributed neural network training. We extend AM
methods on MLP and GNN models to realize distributed training via model paral-

lelism (i.e. layerwise parallelism). The proposed AM methods include parallel deep
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learning Alternating Direction Method of Multipliers(pd ADMM) [103], the graph
pdADMM (pdADMM-G) [105], and the quantized graph pd ADMM (pdADMM-G-Q)
[105]. They will be introduced in Chapters 4 and 5, respectively.

The pd ADMM algorithm achieves layer parallelism via breaking layer dependency
among variables so that parameters in each layer of neural networks can be updated
independently in parallel(i.e. address Challenge 4). The convergence of the proposed
pdADMM to a stationary point is theoretically proven under mild conditions(i.e. ad-
dress Challenge 1).

We extend the pd ADMM algorithm to train Graph Neural Networks(GNNs) such
as the Graph-Augmented Multi-Layer Perceptron(GA-MLP) model, which leads to
the pd ADMM-G algorithm, and the pd ADMM-G-Q algorithm extends the pd ADMM-
G algorithm by the quantization technique, in order to reduce communication over-
heads(i.e. address Challenge 4). Theoretical convergence to a (quantized) stationary
point of the pd ADMM-G algorithm and the pd ADMM-G-Q algorithm is provided
with a sublinear convergence rate o(1/k), where k is the number of iterations(i.e.

address Challenge 1).

1.1 Contributions

The major proposed research contributions can be stated as follows.

The dIADMM Algorithm:

e We present a novel and efficient dIADMM algorithm to handle the
MLP learning problem. The new dIADMM updates parameters in a back-

ward and then forward fashion to speed up the convergence process.

e We propose the use of quadratic approximation and backtracking
techniques to avoid the need for matrix inversion as well as reduce

the computational cost for large-scale datasets. The time complexity of
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subproblems in AIADMM is reduced from O(n?) to O(n?).

We investigate several attractive convergence properties of dIADMM.
The convergence assumptions are very mild to ensure that most deep learning
applications satisfy our assumptions. dIADMM is guaranteed to converge to
a stationary point globally(i.e., whatever the initialization is) when the hyper-
parameter is sufficiently large. We also analyze the new algorithm’s sublinear

convergence rate.

We conduct experiments on several benchmark datasets to validate
our proposed dIADMM algorithm. The experimental results show that
the proposed dIADMM algorithm performs better than most existing state-of-

the-art algorithms, including GD and its variants.
mDLAM Algorithm:

We propose a novel formulation for neural network optimization. The
deeply nested activation functions are disentangled into separate functions in-

novatively coordinated by inherently convex inequality constraints.

We present an accelerated optimization algorithm. A quadratic approx-
imation technique is utilized to avoid matrix inversion. Every subproblem has a
closed-form solution. The Nesterov acceleration technique is applied to further

boost convergence.

We investigate the convergence of the proposed mDLAM algorithm
under mild conditions. The new mDLAM algorithm is guaranteed to con-
verge to a stationary point whatever hyperparameters we choose. Furthermore,
the proposed mDLAM algorithm is shown to achieve a linear convergence rate,

which is faster than existing methods.
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e Extensive experiments are conducted to demonstrate the effective-
ness of the proposed mDLAM algorithm. We test our proposed mDLAM
algorithm on four benchmark datasets. Experimental results illustrate that
our proposed mDLAM algorithm is linearly convergent on four datasets, and
outperforms consistently state-of-the-art optimizers. Sensitivity analysis of the
running time shows that it increases linearly with the increase of neurons and

hyperparameters.
The IVGD Model:

e Design a generic end-to-end framework for source location. We develop
a framework for the inverse of graph diffusion models, and learn the rules of
graph diffusion models automatically. It does not require hand-crafted rules
and can be used for source localization. Our framework is generic to any graph

diffusion model, and the code has been released publicly.

e Develop an invertible graph diffusion model with an error compen-
sation mechanism. We propose a new graph residual net with Lipschitz reg-
ularization to ensure the invertibility of graph diffusion models. Furthermore,
we propose an error compensation mechanism to offset the errors inferred from

the graph residual net.

e Propose an efficient validity-aware layer to maintain the validity of in-
ferred sources. Our model can ensure the validity of inferred sources by auto-
matically learning validity-aware layers. We further accelerate the optimization
of the proposed layers by leveraging a linearization technique. It transforms
nonconvex problems into convex problems, which have closed-form solutions.
Moreover, we provide the convergence guarantees of the proposed IVGD to a

feasible solution.
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Conduct extensive experiments on nine datasets. Extensive experiments
on nine datasets have been conducted to demonstrate the effectiveness and ro-
bustness of our proposed IVGD. Our proposed IVGD outperforms all compari-

son methods significantly on five metrics, especially 20% on F1-Score.
pdADMM Algorithm:

We propose a novel reformulation of the MLP training problem. The
formulation splits a neural network into independent layer partitions and allows

ADMM to achieve model parallelism.

We present a model-parallelism version of the ADMM algorithm to
train an MLP. All parameters in each layer can be updated in parallel to
speed up the training process significantly. All subproblems generated by the

pdADMM algorithm are discussed in detail.

We investigate the convergence properties of parallel ADMM. For the
common nonlinear activation functions such as the Rectified linear unit(ReLU),
we prove that the pdADMM converges to a state-of-the-art stationary point

with a sublinear convergence rate o(1/k).

We conduct extensive experiments on six benchmark datasets. Ex-
perimental results show the massive speedup of the proposed pd ADMM as well

as its competitive performance with state-of-the-art optimizers.
pdADMM-G and pdADMM-G-Q Algorithms:

We propose a novel reformulation of GA-MLP models. It splits a neural
network into independent layer partitions and allows ADMM to achieve model

parallelism.

We propose a novel pdADMM-G framework to train a GA-MLP

model. All subproblems generated by the ADMM algorithm are discussed.
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The extended pd ADMM-G-Q algorithm reduces communication costs by intro-

ducing the quantization technique.

e We provide the theoretical convergence guarantee of the proposed
pdADMM-G algorithm and the pdADMM-G-Q algorithm. Specifi-
cally, they converge to a(quantized) stationary point of GA-MLP models when
the hyperparameters are sufficiently large, and their sublinear convergence rates

are o(1/k).

e We conduct extensive experiments to show the effectiveness of two
proposed algorithms. Experiments on nine benchmark datasets show the
convergence, the massive speedup of the proposed pd ADMM-G algorithm and
the proposed pdADMM-G-Q algorithm, as well as their outstanding perfor-
mance when compared with all state-of-the-art optimizers. Moreover, the pro-
posed pdADMM-G-Q algorithm reduces communication overheads by up to
45%.

1.2 The Organization of the dissertation

The remaining dissertation is organized as follows: Chapter 2 proposes the AIADMM
algorithm. Chapter 3 presents the mDLAM algorithm. The pdADMM algorithm
is introduced in Chapter 4. The pdADMM-G algorithm and the pd ADMM-G-Q
algorithm are proposed in Chapter 5. Chapter 6 summarizes this dissertation and

discusses future work.
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Chapter 2

The dIADMM Algorithm

2.1 Introduction

As introduced in Chapter 1, Gradient Descent(GD) and its variants are state-of-
the-art optimizers for training deep learning models. But they suffer from many
limitations such as gradient vanishing and poor conditioning. Recently, the use of
the Alternating Direction Method of Multipliers(ADMM) has been proposed as an
alternative to GD. The ADMM splits a problem into many subproblems and coordi-
nates them globally to obtain the solution. It has been demonstrated successfully for
many machine learning applications [6]. The advantages of ADMM are numerous: it
exhibits linear scaling as data is processed in parallel across cores; it does not require
gradient steps and hence avoids gradient vanishing problems; it is also immune to
poor conditioning [93].

Even though the performance of the ADMM seems promising, there are still sev-
eral challenges at must be overcome: 1. The lack of global convergence guaran-
tees. Even though many empirical experiments have shown that ADMM converges
in deep learning applications, the underlying theory governing this convergence be-

havior remains mysterious. This is because a typical deep learning problem consists
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of a combination of linear and nonlinear mappings, causing optimization problems
to be highly nonconvex. This means that traditional proof techniques cannot be di-
rectly applied. 2. Slow convergence towards solutions. Although ADMM is
a powerful optimization framework that can be applied to large-scale deep learning
applications, it usually converges slowly to high accuracy, even for simple examples
[6]. It is often the case that ADMM becomes trapped in a modest solution and hence
performs worse than GD, as the experiment described later in this chapter in Section
2.5 demonstrates. 3. Cubic time complexity concerning feature dimensions.
The implementation of the ADMM is very time-consuming for real-world datasets.
Experiments conducted by Taylor et al. found that ADMM required more than 7000
cores to train a neural network with just 300 neurons [93]. This computational bot-
tleneck mainly originates from the matrix inversion required to update the weight
parameters. Computing an inverse matrix needs further sub-iterations, and its time
complexity is approximate O(n?), where n is a feature dimension [6].

To deal with these difficulties simultaneously, in this chapter we propose a novel
optimization framework for a deep learning Alternating Direction Method of Multi-
pliers(dIADMM) algorithm. Specifically, our new dIADMM algorithm updates pa-
rameters first in a backward direction and then forwards. This update approach
propagates parameter information across the whole network and accelerates the con-
vergence process. It also avoids the operation of matrix inversion using the quadratic
approximation and backtracking techniques, reducing the time complexity from O(n?)
to O(n?). Finally, to the best of our knowledge, we provide the first proof of the
global convergence of the ADMM-based method(dIADMM) in a deep neural network
problem. The assumption conditions are mild enough for many common loss func-
tions(e.g. cross-entropy loss and square loss) and activation functions(e.g. Rectified
Linear Unit(ReLU) and leaky ReLU) to satisfy. Our proposed framework and conver-

gence proof are highly flexible for Multi-Layer Perceptron(MLP) neural networks, as
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well as being easily extendable to other popular network architectures such as Convo-
lutional Neural Networks [54] and Recurrent Neural Networks [69]. Our contributions

in this chapter include:

e We present a novel and efficient AIADMM algorithm to handle the MLP training
problem. The new dAIADMM updates parameters in a backward-forward fashion

to speed up the convergence process.

e We propose the use of quadratic approximation and backtracking techniques to
avoid the need for matrix inversion as well as to reduce the computational cost
for large-scale datasets. The time complexity of subproblems in dAIADMM is
reduced from O(n3) to O(n?).

o We investigate several attractive convergence properties of dIADMM. The con-
vergence assumptions are very mild to ensure that most deep learning applica-
tions satisfy our assumptions. dIADMM is guaranteed to converge to a station-
ary point globally(i.e., whatever the initialization is) when the hyperparameter
is sufficiently large. We also analyze the new algorithm’s sublinear convergence

rate.

e We conduct experiments on several benchmark datasets to validate our proposed
dIADMM algorithm. The results show that the proposed dAIADMM algorithm
performs better than most existing state-of-the-art algorithms, including GD

and its variants.

The rest of this chapter is organized as follows. In Section 2.2, we summarize recent
research related to this topic. In Section 2.3, we present the new dIADMM algorithm,
quadratic approximation, and the backtracking techniques utilized. In Section 2.4,
we introduce the main convergence results for the Proposed dIADMM algorithm. The

results of extensive experiments conducted to show the convergence, efficiency, and
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effectiveness of our proposed new dIADMM algorithm are presented in Section 2.5,

and Section 2.6 concludes this chapter by summarizing the research.

2.2 Related Work

Previous literature related to this research includes optimization for deep learning
models and ADMM for nonconvex problems.

Optimization for Deep Learning Models: The GD algorithm and its vari-
ants play a dominant role in the research conducted by the deep learning optimiza-
tion community. The famous back-propagation algorithm was firstly introduced by
Rumelhart et al. to train the neural network effectively [85]. Since the superior per-
formance exhibited by AlexNet [54] in 2012, deep learning has attracted a great deal
of researchers’ attention and many new optimizers based on GD have been proposed
to accelerate the convergence process, including the use of Polyak momentum [80], as
well as research on the Nesterov momentum and initialization by Sutskever et al. [91].
Adam is the most popular method because it is computationally efficient and requires
little tuning [52]. Other well-known methods that incorporate adaptive learning rates
include AdaGrad [28], RMSProp [95], and AMSGrad [82]. Recently, the Alternating
Direction Method of Multiplierst ADMM) has become popular with researchers due
to its excellent scalability [93]. However, even though these optimizers perform well
in real-world applications, their convergence mechanisms remain mysterious. This
is because convergence assumptions do not apply to deep learning problems, which
often require non-differentiable activation functions such as RelLU.

Convergence Analysis of Nonconvex ADMM: Despite the outstanding per-
formance of the nonconvex ADMM, its convergence theory is not well established
due to the complexity of both coupled objectives and various inequality and equality

constraints. Specifically, Magnusson et al. provided new convergence conditions of
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ADMM for a class of nonconvex structured optimization problems [67]; Li and Pong
investigated the properties of the nonconvex ADMM on the composite optimization
problem [60]; Wang et al. presented mild convergence conditions of the nonconvex
ADMM where the objective function can be coupled and nonsmooth [107]; Hong et
al. proved that the classic ADMM converges to stationary points provided that the
penalty parameter is sufficiently large [40]; Wang et al. proved the convergence of the
multi-convex ADMM [100]; Liu et al. proved the convergence properties of a parallel
and linearized ADMM [64]; Xie et al. proposed a deep-learning-based ADMM algo-
rithm to study the constrained optimization problems [113]. For more work, please

refer to [14, 33, 34, 94, 98, 102].

2.3 dIADMM

We present our proposed dIADMM algorithm in this section. Section 2.3.1 formu-
lates the deep neural network problem, Section 2.3.2 introduces how the Proposed
dIADMM algorithm works, and the quadratic approximation and backtracking tech-

niques used to solve the subproblems are presented in Section 2.3.3.

2.3.1 Problem Transformation

Problem 1 is difficult to solve because of the nonlinear constraint a; = fi(z). To
address this, we can relax Problem 1 by adding an {5 penalty to address Problem 2

as follows:

Problem 2.

: L=t 2 2
minyy, .o F(W,2,8) = R(zz,9) + (#/2) )~ (a0 = Wiarallz + lla = fi(=)]13)

s.t. 2L = WLCLL_1
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where W = {W,}E,, z = {z}F,, a = {@}}2' and v > 0 is a tuning parameter.
Compared with Problem 1, Problem 2 has only a linear constraint z;, = Wray_; and
hence is easier to solve. It is straightforward to show that as v — oo, the solution to

Problem 2 approaches that of Problem 1.

2.3.2 the Proposed dIADMM Algorithm

We introduce the Proposed dAIADMM algorithm to solve Problem 2 in this section.
The traditional ADMM strategy for optimizing parameters is to start from the first
layer and then update parameters in the following layer sequentially [93]. In this
case, the parameters in the final layer are subject to the parameter update in the
first layer. However, the parameters in the final layer contain important information
that can be transmitted to the previous layers to speed up convergence. To achieve
this, we propose our novel dIADMM framework, as shown in Figure 2.1. Specifically,
the Proposed dAIADMM algorithm updates parameters in two steps. In the first, the
Proposed dAIADMM begins updating from the L-th(final) layer and moves backward
toward the first layer. The update order of parameters in the same layer is a; — z; —
W;. In the second, the Proposed dAIADMM reverses the update direction, beginning
at the first layer and moving forward toward the L-th(final) layer. The update order
of the parameters in the same layer is W; — z; — ;. The parameter information for
all layers can be exchanged completely by adopting this update approach.

Now we can present our dAIADMM algorithm mathematically. The augmented

Lagrangian function of Problem 2 is shown in the following form:
L,(W,z,a,u) = R(z1,y) + ¢(W,z,a,u) (2.1)

where ¢(W, z,a,u) = (v/2) lezl(HZl—W/l@zle%—i-Hal—fz(zl)Hg)+UT(ZL—WLOLL71)+

(p/2)|lz. — Wrar 1|3, v is a dual variable and p > 0 is a hyperparameter of the
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a, > Z; > wy
1.update backward

hidden layer hidden layer
Zy=wia_q ———» wa Al F fl(Zl)

output layer

—) 2 .update forward

W, =7 = q

Figure 2.1: The overview of the proposed dIADMM algorithm.

Proposed dIADMM algorithm. We denote Wfﬂ, Z7™ and @™ as the backward
update of the Proposed dIADMM for the [-th layer in the (k + 1)-th iteration |,
while W/ 2+ and af™ are denoted as the forward update of the Proposed

dIADMM for the [-th layer in the (k + 1)-th iteration. Moreover, we denote Wfﬂ =

1 ==k+1 _ 1 _ 1 _
{{VVzk i‘:}? Wz’ z'L:l}a Z;H_l - {{sz 2:17{Z§+1 zL:l ’ af—H - {{af é:i’{af—i_l}z{::ll )
—k+1 _
Wf“ = {{VVik+1}é:17 w; z‘L:l+1}> Zf“ = {{szJrl}é:la {Zfﬂ iL:l—H )
_ _ —kt1 —kt1 _ _ _
afﬂ = {{afﬂ 2:17{6‘?“}5:111}7 W = {W; iL:17 zZ" = {Z;Hl iLzlv at! =

k1 L—1 k1 k1L k+1 _ [ k+INL k+1 _ (o kt1yL—1
{@; "}, Wi ={W/ 2, = = {277 };2y, and "t = {a;" };7;". Then the

Proposed dAIADMM algorithm is shown in Algorithm 1. Specifically, Lines 5, 6, 10,

13, 15, and 16 solve six subproblems, namely, Ef“, 2;“’1, Wfﬂ, VVf“, zlkJrl and af“,
respectively. Lines 21 and 22 update the residual 7**! and the dual variable u**1,

respectively.
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Algorithm 1: The proposed dIADMM algorithm

Require: y, ag =z, p, v.

Ensure: ¢(l=1,--- ,L—-1),W,(l=1,---,L),z(l=1,---

1: Initialize k = 0.
2. while W**! zF+1 k41 not converged do

3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

for [ =L to1ldo
if [ < L then
Update @™ in Equation (2.3).
Update z;™ in Equation (2.4).
else
Update Zi! in Equation (2.5).
end if
Update Wf“ in Equation (2.7).
end for
for [ =1to L do
Update W/ in Equation (2.9).
if [ < L then
Update z*! in Equation (2.10).
Update a; ™ in Equation (2.12).

else
Update 25%! in Equation (2.11).
R A A
uF Lk 4 pritt
end if
end for
k<« k+1.

24: end while
25: Output W, z, a.
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2.3.3 The Quadratic Approximation and Backtracking

The six subproblems in Algorithm 1 are discussed in detail in this section. Most
can be solved by quadratic approximation and the backtracking techniques described

above, so the operation of the matrix inversion can be avoided.

1. Update @™

The variables @, *'(l = 1,--- , L — 1) are updated as follows:

—k+1 : Wit okl g kyi-1 —k+1yL—1  k
a; " < argming, L,(Wyy 2z 7 {ag bty an {@ T Hog, v
The subproblem is transformed into the following form after it is replaced by
Equation (2.1).
_ . ookl _ _ .
@, argming, (W, ,zfj_rll, {af}2h a {@™ iL:l—1H7 u") (2.2)
Because a; and Wy, are coupled in ¢(e), in order to solve this problem, we must
compute the inverse matrix of lell, which involves sub-iterations and is computa-
tionally expensive [93]. In order to handle this challenge, we define Q,(a;; 7 ™) as a

quadratic approximation of ¢ at a¥, which is mathematically reformulated as follows:

—_— _ —k+1 _ _ —k+1 _ _
Ql(al; Terl) = ¢(Wl+1 ) Zf—tll7 af—ill? uk> + (Vaf ¢)T(Wl+1 7Z§€i117 af—?—rllv uk>(al - a?)

+7 o (@ — a)?1/2

where ?f“ > 0 is a parameter vector, o denotes the Hadamard product(i.e. the

elementwise product), and a®® denotes a to the Hadamard power of b and || e ||; is
: : — ra) L =k—+1 £ VA R G |
the {1 norm. V¢ is the gradient of @ at af. Qaf; ) = o(Wi iy, z7 & o).

Rather than minimizing the original problem in Equation (2.2), we instead solve the
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following problem:

a1 arg ming, Q) (a; 7H) (2.3)

k+1)

Because Q,(a;; is a quadratic function with respect to a;, the solution can be

obtained by

—k—l—l — al k¢/_k+1

+1

given a suitable Tk Now the main focus is how to choose ?f“. Algorithm 2 shows

k+1

the backtracking algorithm utilized to find a suitable 7;7". Lines 2-5 implement a

while loop until the condition ¢(Wl+11,_fjll,_k+1, By < Q@ 7t is satisfied. As

k+1 —k+

becomes larger and larger, @, ' is close to af and a satisfies the loop condition,
which precludes the possibility of the infinite loop. The time complexity of Algorithm

2 is O(n?), where n is the number of features or neurons.

Algorithm 2: The Backtracking Algorithm to update ak+1

o _
Require: Wz WLz At w, p, some constant 7 > 1.

k+1 k+1

Ensure: 7,

1: Pick up t and B =af — k¢/f

2: W}_lile ?(Wf—i-llv_ﬁ_llv {ak i %’_ {ak—H zL ll+17uk) > @l(ﬁ? %) do
3t 1m.

4: B — af - Va;c(ﬁ/z

5: end while

6: Output 7! « 7.,

7: Output akJrl «— B.

2. Update z}™

The variables Zy™!(1 = 1,--- , L) are updated as follows:

—k+1 k1l—1

k+1 k41 L k1
< argmin,, L,(W, 1, {z }i21,

<l {Z = l+17al 7uk)
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which is equivalent to the following forms: for zZ7 ™ (1 =1,--- | L — 1),
241 argmin,, ¢(Wz+1 (L g (R, A k) (2.4)
and for zkH,
Zhth « argmin,, g(W* {2F 5 20 a% u”) + R(z21,y) (2.5)

Equation (2.4) is highly nonconvex because the nonlinear activation function f(z;)
is contained in ¢(e). For common activation functions such as ReL.U and leaky ReL.U,
Equation (2.4) has a closed-form solution; for other activation functions like sigmoid
and hyperbolic tangent(tanh), a look-up table is recommended [93].

Equation (2.5) is a convex problem because ¢(e) and R(e) are convex with regard
to zr. Therefore, Equation (2.5) can be solved by Fast Iterative Soft-Thresholding
Algorithm(FISTA) [2].

3. Update Wf“

The variables Wf“(l =1,---,L) are updated as follows:

+1 . k Tkl Zhtl ghtl
W, < argminy, L ({W - 1,VV;,{W il l+1, z, A, u)

1

which is equivalent to the following form:

—5k+1 . —k+1 _ —
Wl = argmlnwl ({Wk i= 17VV1’{W i= l+1>zf+1 af+17uk) (2'6)

)

Due to the same challenge in updating @ ™, we define P;(W;; 5?“) as a quadratic

approximation of ¢ at W}. The quadratic approximation is mathematically reformu-
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lated as follows [2]:

k1

—k+1 - k+1 _ _ _ —
) ¢(Wl+1 ) k+17 agﬁ_lv uk) + (lekgb) (Wl+1 ) k+1a agﬁ_l) k)(vvl - mk)

P (VV[,@Z

—k+1

+ 16 o (W = Wi)2 /2

where 9?“ > 0 is a parameter vector, which is chosen by the Algorithm 3. Instead

of minimizing the Equation (2.6), we minimize the following:

—k+1

7 arg minyy, Pi(Wi; 0]

W, ) (2.7)

Equation (2.7) is convex and hence can be solved exactly.

Algorithm 3: The Backtracking Algorithm to update Wf“

Require: WH1 ,zy Tt artt uk p, some constant 7 > 1.

I
Ensure: 6, W,

1: Pick up @ and ¢ = W} — Vyro/a.

2: while ¢({WF}.Z1 ¢ C AW Lozt att ok > Py(¢a) do
3 a<—an.

4:  Solve ¢ by Equation (2.7).

5. end vvhi_l]Srl

6: Output 0, <« a.

7: Output Wfﬂ (.

4. Update W}*!
The variables W,"*'(I = 1,--- , L) are updated as follows:

k+1 : k+1 T ghHl gk+l ok
VV[ A argmanz ({W }z 1aI/Vl7{W i= l+17 -1, _1,U )
which is equivalent to

. —k+1
W — argminw oW HIL WL AW Yonn gt alt df) o (28)
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—5k+1

Similarly, we define P,(W/; 91k+1) as a quadratic approximation of ¢ at W, . The

quadratic approximation is then mathematically reformulated as follows [2]:

(I/Vl; 8k+1) qb(wgﬁ—ll? Zerll? af+117 k)
—k+1

+(vaﬂgb)T(Wf:laZf+1laaf+117 u) W =W, )

k+1 o
+ (167 o (W — )?1/2

where Qlk“ > ( is a parameter vector. Instead of minimizing the Equation (2.8), we

minimize the following:
WFH < arg minyy, P (W; 07) (2.9)

The choice of 0;““ is discussed in Section A.l in the Appendix.
5. Update zf“

The variables zf*!(l = 1,--- , L) are updated as follows:

k41 . E+1p k+1yi—1 —k+11 L k1 b
2z« argmin,, L,(W; 1% — 2% —lr1 Q15U )

which is equivalent to the following forms for z (I =1,--- ;L — 1):

ZZkH < argmin,, ¢(Wk+l {~ kH}z 1~ {_kﬂ}z I+1 af+117 k) (2.10)
and for zy:

k+1 < argmin;, ¢(Wk+1 {z k+1}z 1 czp,ay_p,u*) + R(zr,y) (2.11)

Solving Equations (2.10) and (2.11) proceeds exactly the same as solving Equations
(2.4) and (2.5), respectively.

6. Update o™
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The variables ay*'(l = 1,--- , L — 1) are updated as follows:

a; "t < argming, L,(Wi ™t 27" {al 0], a, {a 1SS =+ U ut)

1=

which is equivalent to the following form:

1 . k+1 1 g k-1 —k+IVL—1  k
a; ™!+ arg min,, (W, z + Aabion an @i e U

k+1

Qi (ay; le+ ) is defined as the quadratic approximation of ¢ at ;" as follows:

Quars ) = (WM 2L @l o) + (F00)T (WP, 2 2l ) (e — af )

+5 o (@ — @) /2

and we can solve the following problem instead:

k“ — arg min,, Q;(a; lk“) (2.12)
where 7/ > 0 is a parameter vector. The solution to Equation (2.12) can be
obtained by ak+1 — af“ ka 19/ 7] F1 The choice of an appropriate le+1 is shown

in Section A.1 in the Appendix.

2.4 Convergence Analysis

In this section, the theoretical convergence of the proposed dAIADMM algorithm is an-
alyzed. Before we formally present the convergence results of the Proposed dIADMM
algorithms, Section 2.4.1 presents the necessary assumptions to guarantee the global
convergence of dAIADMM. In Section 2.4.2, we prove the global convergence of the
Proposed dIADMM algorithm.
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2.4.1 Assumptions

Assumption 1 (Closed-form Solution). There exist activation functions a; = fi(2)
such that Equations (2.4) and (2.10) have closed form solutions
= E(Wﬁf,ﬁf“) and 2" = (W af ), respectively, where h(e) and h(e)

are continuous functions.

This assumption can be satisfied by commonly used activation functions such as
ReLU and leaky ReLLU. For example, for the ReLU function a; = max(z;,0), Equation

(2.10) has the following solution:

min(ﬂflkﬂaffll, 0) ZlkH <0

max((W/ ™ o/ + @) /2,0) 21 >0

Assumption 2 (Objective Function). F'(W,z,a) is coercive over the nonempty set
G={(W,z,a): z,—Wrar_1 = 0}. In other words, F(W,z,a) — o0 if (W,z,a) € G
and ||(W,z, a)|| — oo. Moreover, R(zy,y) is Lipschitz differentiable with Lipschitz

constant H > 0.

The Assumption 2 is mild enough for most common loss functions to satisfy. For

example, the cross-entropy and square loss are Lipschitz differentiable.

2.4.2 Key Properties

We present the main convergence result of the proposed dIADMM algorithm in this
section. Specifically, as long as Assumptions 1-2 hold, then Properties 1-3 are satis-
fied, which are important to prove the global convergence of the proposed dAIADMM
algorithm. The proof details are included in Section A.3 and Section A.4 in the

Appendix.
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Property 1 (Boundness). If p > @H, then {W* z* a* u*} is bounded, and

Lp(Wk, z¥ a* u*) is lower bounded.

Property 1 concludes that all variables and the value of L, have lower bounds. It
is proven under Assumptions 1 and 2, and its proof can be found in Section A.3 in

the Appendix.

Property 2 (Sufficient Descent). If p > @H so that Cy, = p/2—H/2—2H?/p > 0
and Cy = p/2 —2H?*/p > 0, then

L (Wk z" ak uf) - L (Wk+1,zk+1,ak+1,uk+1)

—k+1

ZEHL k+1 o —k+1
> Z (e, = W2 /2 + (1677 o (W,

=W )Zh/2

FIF <—f+l af)? /24 7+ o (@l = a0 /2)

+Collz ™ = 2LlE + Cull ™ =23 (2.13)

Property 2 depicts the monotonic decrease of the objective value during iterations.

The proof of Property 2 is detailed in Section A.3 in the Appendix.

Property 3 (Subgradient Bound). There exist a bounded C**! > 0 and g €
OL,(W*HLzF+1ak+1) such that

lgll < CHEIWET = W 4 (|25 — 25 4 b — & 4 |2 - 2]

(2.14)

Property 3 ensures that the subgradient of the objective function is bounded by
variables. The proof of Property 3 requires Property 1 and the proof is elaborated in
Section A.3 in the Appendix. Now the global convergence of the Proposed dIADMM
algorithm is presented. The following theorem states that Properties 1-3 are guaran-

teed.



2.4. CONVERGENCE ANALYSIS 28

Theorem 1. For any p > @H , if Assumptions 1 and 2 are satisfied, then Prop-

erties 1-3 hold.

Proof. This theorem can be concluded by the proofs in Section A.3 in the Appendix.
0

The next theorem presents the global convergence of the Proposed dIADMM al-

gorithm.

Theorem 2 (Global Convergence). If p > YA [ and {gfﬂ}le, {9 E F
and {7/t'}7! are bounded, then for the variables (W, z,a,u) in Problem 2, starting

0 a% u?), it has at least a limit point (W*, z* a* u*), and any limit

from any (W?,z
point (W, z* a*, u*) is a stationary point of Problem 2(i.e. 0 € OL,(W*,z*, a*, u*)).

Or equivalently,

2= Wil 0 € Ow-L,(W*,z",a", u")

0 € 0y« L,(W™, 2", 2", u") VarL,(W*, 2", a", u") =0

Proof. Because (W* z* a¥ u¥) is bounded, there exists a subsequence (W*, z*, a*, u?)
such that (W?® z° a® u®) — (W™, z* a* u*) where (W™, z*, a*, u*) is a limit point. By
Properties 1 and 2, Lp(Wk, z¥ ak u*) is non-increasing and lower bounded and hence
converges. By Property 2, we prove that HWHI — W¥| — 0, |2 — a*|| — 0,
[WH — W = 0, and [|a"*! — &1 — 0, as k — oco. Therefore |[W* —
W*| — 0, and ||a*** — a¥|| — 0, as k — co. Moreover, from Assumption 1, we
know that z"t!' — z* and z**' — Z**! as k — oo. Therefore, z"' — zF. We
infer there exists g* € 9L,(W", z* a* u*) such that ||g°| — 0 as k — oo based
on Property 3. Specifically, ||g°|] — 0 as s — oo. According to the definition of
general subgradient(Defintion 8.3 in [84]), we have 0 € 9L,(W™, z*,a*, u*). In other
words, the limit point (W™, z*, a*, u*) is a stationary point of L, defined in Equation

(2.1). 0
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Theorem 2 shows that our dIADMM algorithm converges globally for sufficiently
large p, which is consistent with previous literature [51, 107]. The next theorem
shows that the Proposed dIADMM converges globally with a sublinear convergence
rate o(1/k), where k is the number of iterations.

Theorem 3 (Convergence Rate). For a sequence (W*, z* a* u*), define

. L Al it o i —itl =it

cr = mino<i<ck (1, (10, o (W = WE2 /2 + 107 o (W, = Wy )*2(11/2) +
L—1||=i —i iYo i i —i+1vo i i

o (o @ = a)? /2 + 177 o (@t — @) /2) + CollZE T — 2l +

Cy |25 — Z01|2), then the convergence rate of ¢ is o(1/k).

Proof. The proof of this theorem is included in Section A.4 in the Appendix. m

2.5 Experiments

In this section, we evaluate the dIADMM algorithm using benchmark datasets. The
effectiveness, efficiency, and convergence properties of dIADMM are compared with
state-of-the-art methods. All experiments were conducted on 64-bit Ubuntul6.04
LTS with Intel(R) Xeon processor and GTX1080Ti GPU.

2.5.1 Experiment Setup
Dataset

In this experiment, two benchmark datasets were used for performance evaluation:
MNIST [58] and Fashion MINIST [112]. The MNIST dataset has ten classes of
handwritten-digit images, which was firstly introduced by Lecun et al. in 1998 [58].
It contains 55,000 training samples and 10,000 test samples with 784 features each,
which is provided by the Keras library [18]. Unlike the MNIST dataset, the Fash-
ion MNIST dataset has ten classes of assortment images on the website of Zalando,
which is Europe’s largest online fashion platform [112]. The Fashion-MNIST dataset

consists of 60,000 training samples and 10,000 test samples with 784 features each.
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Experiment Settings

We set up a network architecture that contained two hidden layers with 1,000 hid-
den units each. The ReLU was used for the activation function for both network
structures. The loss function was set as the deterministic cross-entropy loss. v was
set to 107%. p was initialized as 107% and was multiplied by 10 every 100 iterations.
The number of iterations was set to 200. In the experiment, one iteration means one

epoch.

Comparison Methods

Since this chapter focuses on the MLP model, GD and its variants and ADMM are
state-of-the-art methods and hence served as comparison methods. For GD-based
methods, the full batch dataset is used for training models. All parameters were cho-
sen by the accuracy of the training dataset. The baselines are described as follows:

1. Gradient Descent(GD) [4]. The GD and its variants are the most popular deep
learning optimizers, whose convergence has been studied extensively in the literature.
The learning rate of GD was set to 107¢ for both the MNIST and Fashion MNIST
datasets.

2. Adaptive gradient algorithm(Adagrad) [28]. Adagrad is an improved version
of GD: rather than fixing the learning rate during iteration, it adapts the learning
rate to the hyperparameter. The learning rate of Adagrad was set to 1072 for both
the MNIST and Fashion MNIST datasets.

3. Adaptive learning rate method(Adadelta) [118]. As an improved version of the
Adagrad, the Adadelta is proposed to overcome the sensitivity to hyperparameter
selection. The learning rate of Adadelta was set to 0.1 for both the MNIST and
Fashion MNIST datasets.

4. Adaptive momentum estimation(Adam) [52]. Adam is the most popular opti-

mization method for deep learning models. It estimates the first and second momen-
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tum to correct the biased gradient and thus makes convergence fast. The learning
rate of Adam was set to 1073 for both the MNIST and Fashion MNIST datasets.

5. Alternating Direction Method of MultiplierstADMM) [93]. ADMM is a pow-
erful convex optimization method because it can split an objective function into a
series of subproblems, which are coordinated to get global solutions. It is scalable to
large-scale datasets and supports parallel computations. The p of ADMM was set to
1 for both the MNIST and Fashion MNIST datasets.

2.5.2 Experimental Results

In this section, experimental results of the Proposed dAIADMM algorithm are analyzed

against comparison methods.

Convergence
12.01
—— MNIST 10.04 —_— MNIST
811-5‘ —— Fashion MNIST 751 +— Fashion MNIST
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Figure 2.2: Convergence curves of the proposed dAIADMM algorithm on two datasets
when p = 1.

First, we show that our proposed dIADMM algorithm converges when p is suf-
ficiently large and diverges when p is small for both the MNIST dataset and the
Fashion MNIST dataset.



2.5. EXPERIMENTS 32

16 —— MNIST
5 4 —<— Fashion MNIST
2 —~ 141
g g
g T 121
o 0 3
> 2
is] O 10+
Qo ©
3
—— MNIST 81
—41 —— Fashion MNIST
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Iteration Iteration
(a). Objective value (b). Residual

Figure 2.3: Divergence curves of the proposed dAIADMM algorithm on two datasets
when p = 1076,

The convergence and divergence of AIADMM algorithm are shown in Figures 2.2
and 2.3 when p = 1 and p = 107% respectively. In Figures 2.2(a) and 2.3(a), the X
axis and Y axis denote the number of iterations and the logarithm of objective value,
respectively. In Figures, 2.2(b) and 2.3(b), the X-axis and Y-axis denote the number
of iterations and the logarithm of the residual, respectively. Figure 2.2, both the
objective value and the residual decreased monotonically for the MNIST dataset and
the Fashion-MNIST dataset, which validates our theoretical guarantees in Theorem
2. Moreover, Figure 2.3 illustrates that both the objective value and the residual di-
verge when p = 107%. The curves fluctuated drastically on the objective value. Even
though there was a decreasing trend for the residual, it still fluctuated irregularly and

failed to converge.

Performance

Figure 2.4 and Figure 2.5 show the curves of the training accuracy and test accuracy
of our proposed dIADMM algorithm and baselines, respectively. Overall, both the
training accuracy and the test accuracy of our proposed dAIADMM algorithm outper-

formed most baselines for both the MNIST dataset and the Fashion MNIST dataset.
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Figure 2.4: Performance of the proposed dIADMM algorithm against all comparison
methods on the MNIST dataset.
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Figure 2.5: Performance of the proposed dAIADMM algorithm against all comparison
methods on the Fashion MNIST dataset.

Specifically, the curves of our dIADMM algorithm soared to 0.8 at the early stage and
then raised steadily towards 0.9 or more. The curves of the most GD-related methods,
GD, Adadelta, and Adagrad, moved more slowly than our proposed dIADMM algo-
rithm. The curves of the ADMM also rocketed to around 0.8 but decreased slightly

later on. Only the state-of-the-art Adam performed better than dAIADMM slightly.

Scalability Analysis

In this subsection, the relationship between running time per iteration of our proposed

dIADMM algorithm and three potential factors, namely, the value of p, the size of
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MNIST dataset: From 200 to 1,000 neurons

neurons

, 200 | 400 | 600 800 1000
100 1.9025 | 2.7750 | 3.6615 | 4.5700 | 5.7988
105 98778 | 4.6197 | 6.3620 | 8.2563 | 10.0323
102 92761 | 3.9745 | 5.8645 | 7.6656 | 9.9221
103 94361 | 4.3284 | 6.5651 | 8.7357 | 11.3736
102 97912 | 5.1383 | 7.8249 | 10.0300 | 13.4485
Fashion MNIST dataset: From 200 to 1,000 neurons

, NOUTONS 900 | 400 | 600 800 1000
100 2.0069 | 2.8694 | 4.0506 | 5.1438 | 6.7406
105 3.3445 | 5.4190 | 7.3785 | 9.0813 | 11.0531
102 94974 | 4.3729 | 6.4257 | 8.3520 | 10.0728
103 97108 | 4.7236 | 7.1507 | 9.4534 | 12.3326
102 20577 | 5.4173 | 8.2518 | 10.0945 | 14.3465

Table 2.1: The relationship between running time per iteration(in second) of the
proposed dAIADMM algorithm and the number of neurons as well as the value of p.

MNIST dataset: From 11,000 to 55,000 training samples

, 7€ 111,000 | 22,000 | 33,000 | 44,000 55,000
106 | 1.0670 | 2.0632 | 3.3089 | 4.6546 57709
10°° | 2.3981 | 3.9086 | 6.2175 | 7.0188 10.2741
1007 [ 21290 | 3.7891 | 5.6843 | 7.7625 9.8843
10 [ 2.1295 | 4.1939 | 6.5039 | 8.8835 11.3368
102 | 25154 | 4.9638 | 7.6606 | 10.4580 13.4021

Fashion MNIST dataset: From 12,000 to 60,000 training samples

, 7€ 112,000 | 24,000 | 36,000 | 48,000 60,000
106 | 1.2163 | 2.3376 | 3.7053 | 5.1491 6.7298
10°° | 25772 | 4.3417 | 6.6681 | 8.3763 11.0292
107 [2.3216 | 4.1163 | 6.2355 | 8.3819 10.7120
10° | 2.3149 | 4.5250 | 6.9834 | 9.5853 12.3232
102 | 2.7381 | 5.3373 | 8.1585 | 11.1992 14.2487

Table 2.2: The relationship between running time per iteration(in second) of the
proposed dAIADMM algorithm and the size of training samples as well as the value of

p-
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training samples, and the number of neurons was explored. The running time was
calculated by the average of 200 iterations.

Firstly, when the training size was fixed, the computational result for the MNIST
dataset and Fashion MNIST dataset is shown in Table 2.1. The number of neurons
for each layer ranged from 200 to 1,000, with an increase of 200 each time. The value
of p ranged from 107% to 1072, multiplying by 10 each time. Generally, the running
time increased as the number of neurons and the value of p became larger. However,
there were a few exceptions: for example, when there were 200 neurons for the MNIST
dataset, and p increased from 107 to 10™%, the running time per iteration dropped
from 2.8778 seconds to 2.2761 seconds.

Secondly, we fixed the number of neurons for each layer as 1,000. The relationship
between running time per iteration, the training size, and the value of p is shown in
Table 2.2. The value of p ranged from 107 to 1072, multiplying by 10 each time. The
training size of the MNIST dataset ranged from 11,000 to 55,000, with an increase
of 11,000 each time. The training size of the Fashion MNIST dataset ranged from
12,000 to 60,000, with an increase of 12,000 each time. Similar to Table 2.2, the
running time increased generally as the training sample and the value of p became

larger and some exceptions exist.

2.6 Conclusion

The ADMM is a good alternative to GD for deep learning problems. In this chap-
ter, we propose a novel dIADMM algorithm to address some previously mentioned
challenges. Firstly, the Proposed dIADMM updates parameters from backward to
forward to transmit parameter information more efficiently. The time complexity is
successfully reduced from O(n?) to O(n?) by iterative quadratic approximations and

backtracking. Finally, the Proposed dAIADMM is guaranteed to converge to a station-
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ary solution under mild conditions. Experiments on benchmark datasets demonstrate
that our proposed dAIADMM algorithm outperformed most of the comparison meth-

ods.
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Chapter 3

The mDLAM Algorithm

3.1 Introduction

In Chapter 2, we proposed a novel ADMM-based algorithm to train the MLP training
problem efficiently with convergence guarantees. We extend this idea to Alternating
Minimization(AM) methods in this chapter. However, as an emerging domain, AM for
deep model optimization suffers from several unsolved challenges including 1. Con-
vergence properties are sensitive to penalty parameters. Even though the
dIADMM algorithm is guaranteed convergence in the MLP problem, such convergence
guarantee is dependent on the choice of penalty hyperparameters: the convergence
cannot be guaranteed anymore when penalty hyperparameters are small. 2. Slow
convergence rate. To the best of our knowledge, almost all existing AM methods
can only achieve a sublinear convergence rate. For example, the convergence rate of
the ADMM and the BCD is proven to be O(1/k), where k is the number of iterations
[101, 100, 120]. Therefore, there is still a lack of a theoretical framework that can
achieve a faster convergence rate.

To simultaneously address these technical problems, we propose a new formulation

of the neural network problem, along with a novel monotonous Deep Learning Alter-
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nating Minimization(mDLAM) algorithm. Specifically, we, for the first time, trans-
form the original neural network optimization problem into an inequality-constrained
problem that can infinitely approximate the original one. Applying this innovation
to an inequality-constraint-based transformation not only ensures the convexity and
hence easily ensures global minima of all subproblems but also prevents the out-
put of a nonlinear function from changing much and reduces sensitivity to the input.
Moreover, our proposed mDLAM algorithm can achieve a linear convergence rate the-
oretically, and the choice of hyperparameters does not affect the convergence of our
mDLAM algorithm theoretically. Extensive experiments on four benchmark datasets
show the convergence, effectiveness, and efficiency of the proposed mDLAM algo-

rithm. Our contributions in this chapter include:

e We propose a novel formulation for neural network optimization. The deeply
nested activation functions are disentangled into separate functions innovatively

coordinated by inherently convex inequality constraints.

e We present an efficient optimization algorithm. A quadratic approximation
technique is utilized to avoid matrix inversion. Every subproblem has a closed-
form solution. The Nesterov acceleration technique is applied to further boost

convergermnce.

e We investigate the convergence of the proposed mDLAM algorithm under mild
conditions. The new mDLAM algorithm is guaranteed to converge to a sta-
tionary point whatever hyperparameters we choose. Furthermore, the proposed
mDLAM algorithm is shown to achieve a linear convergence rate, which is faster

than existing methods.

e Extensive experiments have been conducted to demonstrate the effectiveness of
the proposed mDLAM algorithm. We test our proposed mDLAM algorithm

on four benchmark datasets. Experimental results illustrate that our proposed
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mDLAM algorithm is linearly convergent on four datasets, and outperforms
consistently state-of-the-art optimizers. Sensitivity analysis of the running time
shows that it increases linearly with the increase of neurons and hyperparame-

ters.

The rest of this chapter is organized as follows: In Section 3.2, we summarize recent
related research work to this chapter. In Section 3.3, we formulate the MLP train-
ing problem and present the proposed mDLAM algorithm to train the MLP model.
Section 3.4 details convergence properties of the proposed mDLAM algorithm. Ex-
tensive experiments on benchmark datasets are shown in Section 3.5, and Section 3.6

concludes this work.

3.2 Related Work

All existing works on deep learning optimization methods fall into two major cate-
gories: GD methods and AM methods, which are shown as follows:

GD Methods: The renaissance of GD can be traced back to 1951 when Robbins
and Monro published the first paper [83]. The famous back-propagation algorithm
was introduced by Rumelhart et al. [85]. Many variants of GD methods have since
been presented, including the use of Polyak momentum, which accelerates the conver-
gence of iterative methods [80], and research by Sutskever et al., who highlighted the
importance of Nesterov momentum and initialization [91]. During the last decade,
many well-known GD methods which are incorporated with adaptive learning rates
have been proposed by the deep learning community, which include but are not lim-
ited to AdaGrad [28], RMSProp [95], Adam [52], AMSGrad [82], Adabelief [128] and
Adabound [65].

Applications of AM Methods for Deep Learning: Many recent works have

applied AM algorithms to specific deep learning applications. For example, Taylor et
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al. presented the ADMM to solve an MLP training problem via transforming it into
an equality-constrained problem, where many subproblems split by ADMM can be
solved efficiently [93], Zhang et al. handled Very Deep Supervised Hashing(VDSH)
problems by utilizing an ADMM algorithm to overcome issues related to vanishing
gradients and poor computational efficiency [125]. Zhang and Bastiaan trained a deep
neural network by utilizing ADMM with a graph [121] and Askari et al. introduced
a new framework for MLP models and optimize the objective using BCD methods
[71]. Li et al. proposed an ADMM algorithm to achieve distributed learning of Graph
Convolutional Network(GCN) via community detection [61]. Qiao et al. proposed an
inertial proximal AM method to train MLP models [81].

Convergence of AM Methods for Deep Learning: Aside from applications,
the other branch of works mathematically proves the convergence of the proposed AM
approaches. For instance, Carreira and Wang proposed a method involving the use of
auxiliary coordinates to replace a nested neural network with a constrained problem
without nesting [9]. Lau et al. proposed a BCD optimization framework and proved
the convergence via the Kurdyka-Lojasiewicz(KL) property [57], while Choromanska
et al. proposed a BCD algorithm for training deep MLP models based on the concept
of co-activation memory [19], and a BCD algorithm with R-linear convergence was
proposed by Zhang and Brand to train Tikhonov regularized deep neural networks
[124]. Jagatap and Hegde introduced a new family of AM methods and prove their
convergence to a global minimum [47]. Yu et al. proved the convergence of the pro-
posed ADMM for RNN models [92]. However, to the best of our knowledge, there
is a lack of a flexible framework that allows for different activation functions and

guarantees a linear convergence rate.
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3.3 Model and Algorithm

3.3.1 Inequality Approximation for Deep Learning

In this section, we propose our problem transformation to address Problem 1. The
equality constraint a; = f(2;) is the most challenging one to handle here because
common activation functions such as sigmoid [31] are nonlinear. This makes them
nonconvex constraints and hence it is difficult to obtain the optimal solution when
solving the z-subproblem [93]. Moreover, there is no guarantee for AM methods
to solve the nonlinear equality constrained Problem 1 [99]. To deal with these two

challenges, the following assumption is required for problem transformation:
Assumption 3. fi(z) (I =1,...,n) are quasilinear.

The quasilinearity is defined in Section B.1 in the Appendix. Assumption 3 is so
mild that most of the widely used nonlinear activation functions satisfy it, including
tanh [117], sigmoid [31], and the Rectified Linear Unit(ReLU) [66]. Then we innova-
tively transform the original nonconvex constraints into inequality constraints, which
can be an infinite approximation of Problem 1. To do this, we introduce a tolerance

e > 0 and reformulate Problem 1 to the following:

minyy, », o, R(21, )

s.t. 2 = I/Vlal_l(l = 1,~ . ,L), fl(zl) — & S ap S fl(zl) +€<l = 1,' c ,L - 1)

For the linear constraint z; = Wja;_1, this can be transformed into a penalty term
in the objective function to minimize the difference between z; and Wja;_;. The

formulation is shown as follows:
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Problem 3.

L
mian,Zlaal F(W7 z, a) = R<ZL7 y) + Zl:l gb(al—l; VVh Zl)a

st. filz) —e <a < filz) +e(l=1,---,L—1).

The penalty term is defined as ¢(a;—1, Wi, ) = 5|z — Wia;_1||3, where p > 0 a
penalty parameter. W = {W,}, z = {z}F ,a = {a}}5'. As p = oo and £ — 0,
Problem 3 approaches Problem 1.

The introduction of € is to project the nonconvex constraints to e-balls, thus
transforming the nonconvex Problem 1 into Problem 3. Even though Problem 3 is
still nonconvex because f;(z;) can be nonconvex(e.g. tanh and smooth sigmoid), it
is convex concerning one variable when others are fixed(i.e. multi-convex), which is
much easier to solve by AM [115]. For example, Problem 3 is convex with regard to

z when W, and a are fixed.

3.3.2 Alternating Optimization

We present the mDLAM algorithm to solve Problem 3 in this section. A potential
challenge to solving Problem 3 is a slow theoretical convergence rate. For example,
the convergence rate of the proposed dIADMM algorithm in Chapter 2 to solve Prob-
lem 3 is sublinear o(1/k), where k is the number of iterations [101]. To address this
challenge, we apply the famous Nesterov acceleration technique to boost the con-
vergence of our proposed mDLAM algorithm, and we prove its linear convergence
theoretically in the next section.

Algorithm 4 shows our proposed mDLAM algorithm. To simplify the nota-
tion, W = ((WF), (WFY ), 25 = ({89, (5, ) and &t =
{{a; ™Y, {a} 51} In Algorithm 4, Lines 6, 10, and 21 apply the Nesterov ac-

celeration technique and update W, z; and a;, respectively. the proposed mDLAM
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Algorithm 4: The proposed mDLAM algorithm

Require: y, ag = .
Ensure: a;, W, z(l=1,---,L).
1: Initialize p, k = 0, s = 0.

2: repeat

40wk« Sk_l

5: forl—ltoLdo

6: Wl te W+ (WF — W} hw* and update W' in Equation (3.3).
T if F<W’ZJ{17 ]?lrlp 1211) 2 F(W’?{lla 12117211211) then
8: Wf“ < W} and update W} in Equation (3.3).

9: end if

10: 2t of 4 (F = 2wk

11: 1f =1L then

12: Update 25*! in Equation (3.5).

m i F<wz+;, A4 a5 ) > F(WER 2550 k) ) then
14: 7t « 2k and update zf™ in Equation (3.5).

15: end if

16: else

17: Update 2™ in Equation (3.4).

R el > (WA 2 el then
19: Z7t « 2F and update 27" in Equation (3.4).

20: end if

21: a ™t af + (af — af")w* and update af ™! in Equation (3.6).
22: 1f F(W’Z’l,zlgl,agl) > F(nglﬂ?zgl,a@ll) then

23: @™ < af and update af™ in Equation (3.6).

24: end if

25: end if

26:  end for

21 k<« k+1.

28: until convergence.
29: Output a;, Wi, z;.
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algorithm guarantees the decrease of objective F': for example, if the updated VV'“Jrl
in Line 7 of Algorithm 4 increases the value of F, i.e. F(ngl,zlgll,algll) >
F(WETL, zl?lrll, a’?{ll) then W/ is updated again by setting Wl = W} in Line
8 of Algorithm 4, which ensures the decline of F'. The same procedure is applied in
Lines 13-15, Lines 18-20, and Lines 22-24 in Algorithm 4, respectively.

Next, all subproblems are shown as follows:
1. Update WV,

The variables W;(I = 1,--- , L) are updated as follows:
W « arg miny, ¢(af "}, Wi, 2F). (3.1)

Because W, and a;_; are coupled in ¢(e), solving W requires an inversion operation
of affll, which is computationally expensive. Motivated by the proposed dIADMM
algorithm in Chapter 2, we define PlkH(I/Vl; 9;”1) as a quadratic approximation of ¢

at W} as follows:

k1
— k1, O

k+1 k+1
PI W50 = o), W, 20) 4 (Vg @) (We = W) + =W — 12,

where 9;’““ > 0 is a scalar parameter, which can be chosen by the backtracking

algorithm [101] to meet the following condition
PEH WL 0740 > olap™, Wi 27). (3:2)
Rather than minimizing Equation (3.1), we instead minimize the following:

W « arg minyy, PF(W; 07). (3.3)
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2. Update z

The variables z/(l = 1, - , L) are updated as follows:

2 argming, ¢(a) LW 2), st fi(z) —e <a < filz) el < L).

A e argmin,, ¢(akTt W 20) 4+ Rz, y).
Similar to updating W;, we define V**!(2;) as follows:

V() = (el WAL ) 4 (V) = 31) 4 Bl — 4113
Hence, we solve the following problems:

2P« argmin,, VF(2), sit. filz) —e < a < fi(z) +e (I < L). (3.4)

ZE—H < arg minZL VLk—H(ZL) + R(ZL, y) (35)

As for z(l =1,--- 1 — 1), the solution is

27T min(max(By Y,z — Ve, k+1/p) BT,

where B¥*! and B4'! represent the lower bound and the upper bound of the set
{21fi(z) —e < aFf < fi(z) + ¢}. Equation (3.5) is easy to solve using the Fast
Iterative Soft Thresholding Algorithm(FISTA) [2].

3. Update ¢

The variables q;(l = 1,--- ,L — 1) are updated as follows:

a; "« argmin,, ¢(alaVVl+pzz+1) st filz ™) —e <a < i) e
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Similar to updating WF, QF*(a;; 7F™) is defined as

le+ 1

e = 0@ Wik #) + (V) (e — @) + =5

lar — a2,

and this allows us to solve the following problem instead:

ay ™ argming, QT (a; 7Y, st fi(2 ) —e <y < filzfTY) e (3.6)

where Tf“ > 0 is a scalar parameter, which can be chosen by the backtracking

algorithm [101] to meet the following condition:
D@t ) > ol VVllj-lv Zlk-i-l)’
The solution can be obtained by

af“ — min(max(fl(zlk“) — 5,55“ - Vafﬂgb/qk“), fl(zlk“) +e).

3.4 Convergence Analysis

In this section, the convergence of the proposed algorithm is analyzed. Due to space
limit, all proofs are detailed in Section B.2 and Section B.3 in the appendix. The
following mild assumption is required for the convergence analysis of the proposed

mDLAM algorithm:

Assumption 4. F(W,z, a) is coercive over the domain {(W,z,a)|f(z) —e < a; <

fl(Zl)+€(l:1,-" ,L—l)}

The coercivity is defined in Section B.1 in the Appendix. Assumption 4 is also mild
such that common loss functions such as the least square loss and the cross-entropy

loss satisfy it [101].
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3.4.1 Convergence Properties

Firstly, the following preliminary lemma is useful to prove the convergence properties

of the proposed mDLAM algorithm.

Lemma 1. In Algorithm 4, there exist af, v¥, 67 > 0 such that for Vk € N, W}, 2F(l =

172a"' 7L)7 and af(l = 1,2,"' ,L— 1), it holds that

k+1
«
FWEL, 200, alh) - F(WE 20 ally) > == Wi = WEE, - (3.7)

k+1
7
F(WE' 250, alh) = FIWE 28 ally) = o= = =1, (38)
5k+1
F(WE 28 alfh) = FIWE 251 alf!) > = [laf™ = af3. (3.9)

It shows that the objective decreases when all variables are updated. Based on
Assumption 4 and Lemma 1, three convergence properties hold, which are shown in

the following:

Lemma 2 (Objective Decrease). In Algorithm 4, it holds that for any k£ € N,
F(WF zF aF) > F(WHH zk+1 ak+1) Moreover, F is convergent. That is,

F(W* zF a¥) — F* as k — oo, where F* is the convergent value of F.
This lemma guarantees the decrease and hence convergence of the objective.

Lemma 3 (Bounded Objective and Variables). In Algorithm 4, it holds that for any
keN

(a). F(W*, z* a*)is upper bounded. Moreover, limy_,oc W*™—W* =0, lim;,_, . z*+!—
z¥ =0, and lim;,_,, a**' —a* = 0.

(b). (W*, zF a*) is bounded. That is, there exist scalars MM, and M, such that

W < Mw, |l2"[| < M, and [a*|| < Ma.

This lemma ensures that the objective and all variables are bounded in the pro-
posed mDLAM algorithm. Moreover, the gap between the same variables in the

neighboring iterations(e.g. W*™* and W*) is convergent to 0.
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Lemma 4 (Subgradient Bound). In Algorithm 4, there exist Cy = max(pM,, pM2 +

o5 pM2 + 05T oo pM2 + 05T and gF ™ € Oggrir Fosuch that for any k € N

L™ I < Co(I[WHH = W[+ ||z — 2F] + W — W),

The above lemma states that the subgradient of the objective is bounded by its
variables. This suggests that the subgradient is convergent to 0, and thus proves its

convergence to a stationary point.

3.4.2 Convergence of the Proposed mDLAM Algorithm

Next we discuss the convergence of the proposed mDLAM algorithm. The first theo-

rem guarantees that the proposed mDLAM algorithm converges to a stationary point.

Theorem 4 (Convergence to a Stationary Point). In Algorithm 4, for W in Problem
3, for any p > 0 and € > 0, starting from any W° | any limit point W* is a stationary

point of Problem 3. That is, 0 € Ow+F.

As stated in Theorem 4, the convergence always holds no matter how W is ini-
tialized, and whatever hyperparameters p and € are chosen. It is better than the
proposed dIADMM algorithm in Chapter 2, which requires the hyperparameter to be

sufficiently large.

Theorem 5 (Linear Convergence Rate). In Algorithm 4, if F' is locally strongly
convex, then for any p, there exist € > 0, k; € N and 0 < ('} < 1 such that it holds

for k > k; that

F(WFH g abthy — pr < Oy (F(WF 281 ab ) — ).
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Theorem 5 shows that the proposed mDLAM algorithm converges linearly for
sufficiently large iterations. Common loss functions like the square loss or the cross-
entropy loss are locally strongly convex [115], which make F' locally strongly convex.
Therefore, Theorem 5 covers a wide range of loss functions. Compared with existing
AM methods(e.g. AIADMM in Chapter 2) with a sublinear o(1/k) convergence rate,
the proposed mDLAM algorithm achieves a theoretically better linear convergence

rate.

3.4.3 Discussion

We discuss convergence conditions of the proposed mDLAM algorithm compared with
GD-type methods and the proposed dIADMM algorithm in Chapter 2. The compar-
ison demonstrates that our convergence conditions are more general than others.
1. mDLAM versus GD

One influential work by Ghadimi et al. [30] guaranteed that the GD converges to a
stationary point, which is similar to our convergence results. While the GD requires
the objective function to be Lipschitz differentiable, bounded from below [30], our
mDLAM allows for non-smooth functions such as ReLU. Therefore, our convergence
conditions are milder than GD.
2. mDLAM versus dIADMM

Assumptions of our proposed mDLAM are milder than those of the proposed
dIADMM in Chapter 2: the mDLAM requires activation functions to be quasilinear,
which includes sigmoid, tanh, ReLU, and leaky ReLLU, while the proposed dIADMM
assumes that activation functions make subproblems solvable, which only includes
ReLU and leaky ReLLU. The such difference originates from different ways of address-
ing nonlinear activations: the proposed dIADMM treats them as L, penalties. For
tanh and sigmoid, subproblems are difficult to solve and may refer to lookup tables

[101]. However, the mDLAM relaxes them via inequality constraints, and subprob-
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Dataset Node# | Edge# | Class# | Feature#
Cora 2708 5429 7 1433
Pubmed 19717 | 44338 3 500
Citeseer 3327 4732 6 3703
Coauthor CS | 18333 | 81894 15 6805

Table 3.1: Statistics of four benchmark datasets.

Method Hyper- Cora Pubmed | Citeseer Coauthor
parameters CS

mDLAM p 1x1073% | 0.01 5x 1073 | 1 x107*

GD a 0.01 0.01 0.01 5x 1073
Adadelta « 0.01 0.1 0.01 0.05

Adagrad o 5x 1072 | 5 x 1073 0.01 5x107°

Adam a 1x103[5x107% | 1x1072 | 1 x 1073

dIADMM P 1x10 0 [1x100|1x100| Ix10°°

Table 3.2: Hyperparameter settings on four benchmark datasets.

lems have closed-form solutions.

3.5 Experiments

In this section, we evaluate the proposed mDLAM algorithm on four benchmark
datasets. Convergence and efficiency are demonstrated. The performance of the
proposed mDLAM algorithm is compared with several state-of-the-art optimizers.

All experiments were conducted on a 64-bit machine with Intel(R) Xeon(R) Silver

4110 CPU and 64GB RAM.

3.5.1 Datasets and Parameter Settings

An important application of the MLLP model is node classification on a graph based
on augmented node features [15]. Specifically, given an adjacency matrix A and a

node feature matrix H of a graph, we let the k-th augmented feature X* = HA*(k =
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0,1,---,4), which encodes information of graph topology via A* and then concate-
nate them into the input X = [Xj, -+, Xy] [15]. The MLP model is used to predict
the node class based on the input X. We set up an architecture of three layers, each
of which has 100 neurons. The activation function was set to ReLU. The number of
epochs was set to 200. We test our model on four benchmark datasets: Cora [86],
Pubmed [86], Citeseer [86] and Coauthor CS [89], whose statistics are shown in Table
3.1.

Gradient Descent(GD) [4], Adaptive learning rate method(Adadelta) [118], Adap-
tive gradient algorithm(Adagrad) [28], Adaptive momentum estimation(Adam) [52],
and the proposed dIADMM in Chapter 2 are state-of-the-art methods and hence were
served as comparison methods. The full batch dataset was used for training models.
All parameters were chosen by maximizing the accuracy of training datasets. Table
3.2 shows hyperparameters of all methods: for the proposed mDLAM algorithm, p
controls quadratic terms in Problem 3; « is a learning rate in the comparison meth-
ods except for the proposed dAIADMM. p controls a linear constraint in the proposed
dIADMM algorithm. The other hyperparameter ¢ is chosen adaptively as follows:
eftl = max(e¥/2,0.001) with €* = 100. This makes inequality constraints relaxed
at the early stage(i.e. €* is large and hence constraints are easy to satisfy) and then

tightens them as the mDLAM iterates.

3.5.2 Convergence

Firstly, we investigate the convergence of the proposed mDLAM algorithm on four
benchmark datasets using the hyperparameters summarized in Table 3.2. The re-
lationship between the objective and the number of epochs is shown in Figure 3.1.
Overall, the objectives on the four datasets all decrease monotonically, which demon-
strates the convergence of the proposed mDLAM algorithm. Nevertheless, objective

curves vary in tendency: the curves on the Cora and Pubmed datasets drop drasti-
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Figure 3.1: Convergence curves of the proposed mDLAM algorithm on four datasets.

cally at the beginning and then reach the plateau when the epoch is around 75, while
the curves on the other two datasets keep a downward tendency for the entire 200
epochs. Moreover, the objective on the Pubmed dataset is the lowest at the end of
the training, while the objective on the Citeseer dataset is in the vicinity of 80, at
least 60% higher than the objectives on the remaining datasets. It is easy to observe
that all curves decline linearly when the epoch is higher than 100. This validates the

linear convergence rate of our proposed mDLAM algorithm(i.e. Theorem 5).

3.5.3 Performance

Next, the performance of the proposed mDLAM algorithm is compared against five
state-of-the-art methods, as is illustrated in Figure 3.2. The X-axis and Y-axis repre-
sent epoch and test accuracy, respectively. Overall, the proposed mDLAM algorithm

is superior to all other algorithms on four datasets, which has not only the highest test
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Figure 3.2: Test accuracy of the proposed mDLAM algorithm against all comparison

methods.
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Figure 3.3: The relationship between the running time of the proposed mDLAM
algorithm and:(a) the number of neurons;(b) the value of p.

accuracy but also the fastest convergence speed. For example, the proposed mDLAM
achieves 70% test accuracy on the Cora dataset when the epoch is 100, while GD
only attains 60%, and the Adadelta reaches the plateau of around 40%; As another
example, the test accuracy of the proposed mDLAM on the Coauthor CS dataset is
over 80% at the 25-th epoch, whereas most comparison methods such as Adam and
GD reach half of its accuracy(i.e. 40%). The Adadelta algorithm performs the worst
among all comparison methods: it converges to a low test accuracy at the early stage,
which is usually half of the accuracy accomplished by the proposed mDLAM algo-
rithm. The other four comparison methods except Adagrad are on par with mDLAM
in some cases: for example, the curves of AIADMM and GD are marginally behind
that of mDLAM on the Coauthor CS dataset, and the performance of Adam almost
reaches that of mDLAM on the Cora dataset. It is interesting to observe that curves
of some methods decline at the end of 200 epochs such as the Adagrad on the Pubmed

dataset and the Adam on the Coauthor CS dataset.
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3.5.4 Sensitivity Analysis

We explore concerning factors of the running time and the test accuracy in this

section.

Running Time

Moreover, it is important to explore the running time of the proposed mDLAM con-
cerning two factors: the number of neurons and the value of p. The running time was
averaged by 200 epochs. Figure 3.3(a) depicts the relationship between the running
time and the number of neurons on four datasets, where the number of neurons ranges
from 100 to 1,000. The running times on all datasets are below 1 second per epoch
when the number of neurons is 100, and increase linearly with the number of neurons
in general. However, the rates of increase vary on different datasets: the curve on the
Coauthor CS dataset has the sharpest slope, which reaches seven seconds per epoch
when 1000 neurons are applied, while the curve on the Pubmed dataset climbs slowly,
which never surpasses 1 second. The curves on the Cora and the Citeseer datasets
demonstrate a steady increase.

To investigate the relationship between the running time per epoch and the value
of p, we change p from 107% to 1 while fixing others. Similar to Figure 3.3(a), the
running time per epoch demonstrates a linear increase concerning the value of p in
general, as shown in Figure 3.3(b). Specifically, the curve on the Coauthor CS dataset
is still the highest in slope, whereas the slope on the Pubmed dataset is the lowest.
Moreover, the effect of the value of p is less obvious than the number of neurons. For
example, in Figure 3.3(b) when p is enlarged from 107% to 1072, the running time on
the Coauthor CS dataset merely ascends from around 0.65 to 1.6, while the incre-
ment of the running time on other datasets is less than 0.2. Moreover, a larger p may
reduce the running time. For instance, when p increases from 1072 to 1, the running

time on the Coauthor CS dataset drops slightly from 1.6 seconds to 1.5 seconds per
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Cora

Epoch 40 80 120 160 200
p=1x10"%10.677 | 0.695 | 0.695 | 0.693 | 0.692
p=1x10730.664 | 0.701 | 0.721 | 0.737 | 0.742
p=1x10"%0.562 | 0.581 | 0.604 | 0.623 | 0.638
Pubmed

Epoch 40 80 120 160 200
p=1x10"*0.471 | 0.407 | 0.407 | 0.407 | 0.407
p=1x10730.663 | 0.645 | 0.640 | 0.650 | 0.649
p=1x10"20.743 | 0.758 | 0.762 | 0.768 | 0.773
Citeseer

Epoch 40 80 120 160 200
p=1x10"%0.528 | 0.529 | 0.530 | 0.531 | 0.535
p=1x1073|0.651 | 0.665 | 0.664 | 0.664 | 0.666
p=1x10"20.631 | 0.638 | 0.642 | 0.648 | 0.653
Coauthor CS

Epoch 40 80 120 160 200
p=1x10"%0.843 | 0.881 | 0.888 | 0.896 | 0.894
p=1x10730.780 | 0.807 | 0.825 | 0.839 | 0.835
p=1x10"20.688 | 0.719 | 0.724 | 0.737 | 0.738

Table 3.3: The effect of p on the test accuracy of the proposed mDLAM algorithm
on four datasets.

epoch. The running times on the Cora and the Citeseer datasets climb steadily.

Test Accuracy

Finally, we investigate the effects of hyperparameters on test accuracy, namely, the
value of p and e. Because ¢ is dynamically set, we test its initial value €°. Table 3.3
demonstrates the relationship between test accuracy and p on four datasets. p was
chosen from {1 x 1071 x 1073, 1 x 1072}. Overall, the choice of p has a significant
effect on the test accuracy. For example, when p is changed from 1 x 107* to 1 x 1073
on the Pubmed dataset, the performance has improved by approximately 60%, and
the gain of performance is even roughly 90% if it is modified to 1 x 1072. On other
datasets, the change of p affects test accuracy by around 20%. For instance, the test

accuracy on the Cora dataset and the Coauthor CS dataset can be improved to 0.74
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Cora
Epoch 40 80 120 160 200
=1 10620 0.679 | 0.712 | 0.735 | 0.743
€9 =10 | 0.646 | 0.689 | 0.718 | 0.741 | 0.741
€9 =100 | 0.664 | 0.701 | 0.721 | 0.737 | 0.742
Pubmed
Epoch 40 80 120 160 200
%=1 |0.717 | 0.744 | 0.756 | 0.759 | 0.763
e®=10 | 0.731 | 0.753 | 0.759 | 0.762 | 0.765
€9 =100 | 0.743 | 0.758 | 0.762 | 0.768 | 0.773
Citeseer
Epoch 40 80 120 160 200
9 =1 ]0.564 | 0.615 | 0.638 | 0.653 | 0.663
€9 =10 | 0.584 | 0.626 | 0.643 | 0.657 | 0.662
€% =100 | 0.640 | 0.656 | 0.664 | 0.663 | 0.668
Coauthor CS
Epoch 40 80 120 160 200
%=1 ]0.834|0.875 | 0.887 | 0.893 | 0.894
9 =10 | 0.852 | 0.866 | 0.892 | 0.893 | 0.893
€% =100 | 0.843 | 0.881 | 0.888 | 0.896 | 0.894

Table 3.4: The effect of the initial value of e(i.e. &%) on the test accuracy of the
proposed mDLAM algorithm on four datasets.

and 0.89 if we set p =1 x 1073 and p = 1 x 1074, respectively. The test accuracy on
the Citeseer dataset is relatively robust to the change of p. As p varies from 1 x 1073
to 1 x 1072, the test accuracy remains stable. The test accuracy generally increases
as the proposed mDLAM algorithm iterates. However, there are some exceptions: for
example, the test accuracy has dropped slightly from 0.66 to 0.65 when p = 1x1073 on
the Pubmed dataset. Table 3.4 shows the relationship between test accuracy and
the initial value of (i.e. ") on four datasets. £° was chosen from {1,10,100}. The
test accuracy is resistant to the change of €°. For example, the test accuracy on the
Coauthor CS dataset is in the vicinity of 0.89 no matter which ¢ is chosen. Moreover,
the larger a €° is the faster convergence speed the proposed mDLAM algorithm gains.
For instance, when € = 100, the test accuracy is 0.08 better than that in the case

where € = 1 on the Citeseer dataset. Compared with Tables 3.3 and 3.4, the effect of
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p is more significant than that of £°.

3.6 Conclusion

In this chapter, we propose a novel formulation of the original neural network problem
and a novel monotonous Deep Learning Alternating Minimization(mDLAM) algo-
rithm. Specifically, the nonlinear constraint is projected into a convex set so that all
subproblems are solvable. The Nesterov acceleration technique is applied to boost the
convergence of the proposed mDLAM algorithm. Furthermore, a mild assumption is
established to prove the convergence of our mDLAM algorithm. Our mDLAM algo-
rithm can achieve a linear convergence rate, which is theoretically better than existing
AM methods. The effectiveness of the proposed mDLAM algorithm is demonstrated
via the outstanding performance on four benchmark datasets compared with state-

of-the-art optimizers.
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Chapter 4

The pdADMM Algorithm

4.1 Introduction

Due to wide applications and significant success in various applications, the training
of Deep Neural Network(DNN) models has gained ever-increasing attention from the
machine learning community. In recent years, the constant improvement of DNNs’
performance is accompanied by a fast increase in models’ complexity and size, which
indicates a clear trend toward larger and deeper networks. Such a trend leads to
severe challenges for large models to fit into a single computing unit(e.g., GPU), and
raises urgent demands for partitioning the model into different computing devices
to parallel training. However, the inherent bottleneck from GD which prevents the
gradients of different layers from being calculated in parallel. This is because in GD
gradient calculations of one layer tightly depend on and have to wait for the calcu-
lated results of all previous layers, which prevents the gradients of different layers
from being calculated in parallel.

To work around the drawback of gradient-based methods, alternating minimiza-
tion methods have caught fast increasing attention in recent years. Amongst them

for deep learning optimization, ADMM-based methods are deemed to have great po-
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tential for parallelism of deep neural network training, due to their inherent nature,
which can break an objective into multiple subproblems, each of which can be solved
in parallel [6].

Despite the potential, a parallel algorithm based on ADMM for deep neural net-
work training has rarely been explored, developed, and evaluated until now, due to the
layer dependency among subproblems of ADMM. Even though the ADMM reduces
the layer dependency compared with GD, one subproblem of ADMM is dependent
on its previous subproblem. Therefore, existing ADMM-based optimizers still update
parameters sequentially.

To handle the difficulties of layer dependency, in this chapter we propose a novel
parallel deep learning Alternating Direction Method of Multipliers(pdADMM) opti-
mization framework to train large-scale neural networks. Our contributions in this

chapter include:

e We propose a novel reformulation of the Multi-Layer Perceptron(MLP) neural
network problem, which splits a neural network into independent layer partitions

and allows for ADMM to achieve model parallelism.

e We present a model-parallelism version of the ADMM algorithm to train an
MLP neural network. All parameters in each layer can be updated in parallel
to speed up the training process significantly. All subproblems generated by the

pdADMM algorithm are discussed in detail.

e We investigated the convergence properties of parallel ADMM in the common
nonlinear activation functions such as the Rectified linear unit(ReLLU), and we
prove that the pd ADMM converges to a state-of-the-art stationary point with

a sublinear convergence rate o(1/k).

e We conduct extensive experiments on six benchmark datasets to show the mas-

sive speedup of the proposed pdADMM as well as its competitive performance
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with state-of-the-art optimizers.

The organization of this chapter is shown as follows: In Section 4.2, we summarize
recent related research work to this chapter. In Section 4.3, we formulate the novel
pdADMM algorithm to train a MLP neural network. In Section 4.4, the convergence
guarantee of pdADMM to a stationary point is provided. Extensive experiments
on benchmark datasets to demonstrate the convergence, speedup and comparable
performance of pdADMM are shown in Section 4.5, and Section 4.6 concludes this

work.

4.2 Related Work

Distributed ADMM: ADMM is one of the commonly applied techniques in dis-
tributed optimization. Overall, the previous works on distributed ADMM can be
classified into two categories: synchronous problems and asynchronous problems.
Synchronous problems usually require workers to optimize parameters in time be-
fore the master update the consensus variable, while asynchronous problems allow
some workers to delay parameter updates. Most literature focused on the applica-
tion of the distributed ADMM to synchronous problems. For example, Mota et al.
utilized the distributed ADMM for the congestion control problem [70]; Makhdoumi
and Ozdaglar studied the convergence properties of the distributed ADMM on the
network communication problem. For more work, please refer to [10, 11, 90, 116, 126].
On the other hand, a handful of papers investigated how asynchronous problems can
be addressed by distributed ADMM. For instance, Zhang et al., Wei et al., Chang
et al and Hong proved the convergence of the distributed ADMM on asynchronous
problems [12, 13, 39, 123, 108]. Kumar et al. discussed the application of the ADMM
on multi-agent problems over heterogeneous networks [56]. However, there still lacks

a general framework for ADMM to train deep neural networks in a distributed fash-
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ion.

Distributed Deep Learning: With the increased volume of data and layers of
neural networks, there is a need to design distributed systems to train a deep neural
network for large-scale applications. Most recent papers have proposed gradient-based
distributed systems to train neural networks: For example, Wen et al. proposed Tern-
grad to accelerate distributed deep learning in data parallelism [109]; Sergeev et al.
presented an open-source library Horovod to reduce communication overhead [88].
Other systems include SINGA [77], Mxnet[16], TicTac [36] and Poseidon [122].
Data and Model Parallelism: Data parallelism focuses on distributing data across
different processors, which can be implemented in parallel. Scaling GD is one of the
most common ways to reach data parallelism [129]. For example, the distributed ar-
chitecture, Poseidon, is achieved by scaling GD through overlapping communication
and computation over networks. The recently proposed ADMM [93, 101] is another
way of data parallelism: each subproblem generated by ADMM can be solved in
parallel. However, data parallelism suffers from the bottleneck of a neural network:
for GD, the gradient should be transmitted through all processors; for ADMM, the
parameters in one layer are subject to these in its previous layer. As a result, this
leads to heavy communication costs and time delays. Model parallelism, however,
can solve this challenge because model parallelism splits a neural network into many
independent partitions. In this way, each partition can be optimized in parallel and
hence reduce time delay. For instance, Parpas and Muir proposed a parallel-in-time
method from the perspective of dynamic systems [79]; Huo et al. introduced a fea-
ture replay algorithm to achieve model parallelism [43]. Zhuang et al. broke layer
dependency by introducing the delayed gradient [127]. However, to the best of our
knowledge, there still lacks an exploration of how to achieve model parallelism via

ADMM.
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4.3 pdADMM

We propose the pd ADMM algorithm in this section. Specifically, Section 4.3.1 in-
troduces the existing deep learning ADMM method, reformulates the problem, and
presents the pdADMM algorithm in detail. Section 4.3.2 discusses all subproblems
generated by pdADMM and the strategy to train a large-scale deep neural network
via pd ADMM.

4.3.1 Problem Reformulation

Problem 1 has been addressed by the proposed dIADMM and mDLAM in Chapters 2
and 3, respectively. However, parameters in one layer are dependent on its neighboring
layers and hence can not achieve parallelism. For example, the update of a;; on the
(I 4+ 1)-th layer needs to wait before z; on the [-th layer is updated. In order to

address layer dependency, we relax Problem 1 to Problem 4 as follows:

Problem 4.

. L L-1
ming wq F(0, W, 2, a)= Rz, )+ (/20 lla - WipdE+ 32 lla = fi()[3)

st.pi1=q.

where p; and ¢; are the input and the output of the i-th layer, respectively, p =
{pd,, W= {W},, z={a},, a={a}=", and v > 0 is a tuning parameter.
We reduce layer dependency by splitting the output of the [-th layer and the input of
the (I + 1)-th layer into two variables p;,1 and g, respectively. As v — oo, Problem
4 approaches Problem 1.

The high-level overview of the pd ADMM algorithm is shown in Figure 4.1. Specif-
ically, by breaking the whole neural network into multiple layers, each of which can

be optimized by an independent worker. Therefore, layerwise training can be imple-
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mented in parallel. Moreover, the gradient vanishing problem can be avoided in this
way. This is because the accumulated gradient calculated by the backpropagation
algorithm is split into layerwise components.

Now we follow the ADMM routine to solve Problem 4, the augmented Lagrangian

function is formulated mathematically as follows:

Ly(p,W,2,q,u)
L-1
=F(p.W.z,q)+ ) (uf (o1 — @) + (p/2) [P — aill3)
L
= R(zr,y) + ¢(p1, W1, 21) + Zl:2 oo, Wi, 21, qi-1, 1)

w23l A3

where ¢(p1, Wi, 21) = (v/2) |21 = Wap |3, d(pe. Wi, 21, i1, wi-1) = (v/2) [0 — Wil |3+
ul (p—q1) + (p/2)lpe — @13, w(l = 1,--- L — 1) are dual variables, p > 0 is
a parameter, and u = {ul}lL:_ll. The detail of the pdADMM is shown in Algorithm
5. Specifically, Lines 5-8 update primal variables p, W, z and q, respectively, while
Line 11 updates the dual variable u. the discussion on how to solve subproblems

generated by pdADMM is detailed in the next section.

Algorithm 5: The proposed pdADMM algorithm
Require: y, p1 = x, p, v.
Ensure: p,W,z,q.
Initialize k£ = 0.
while p*, W*, z* ¢* not converged do
Update pf“ of different [ by Equation (4.1) in parallel.
Update W;*t* of different | by Equation (4.2) in parallel.
Update 27" of different [ by Equations (4.3) and (4.4) in parallel.

Update ¢! of different I by Equation (4.5) in parallel.

T pfjll — @ =1,---,L) in parallel # Compute residuals.
Update uf ™ of different | by Equation (4.6) in parallel.
k<« k+1.

end while

Output p, W, z,q.
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Figure 4.1: The overview of the proposed pdADMM algorithm.

4.3.2 Solutions to All Subproblems

In this section, we discuss how to solve all subproblems generated by pdADMM in
detail.
1. Update p**!

The variable p**! is updated as follows:

prrl A arg minﬁm Lp(p7 Wk? Zkv qk7 uk) = ¢(pl7 I/Vlk’ Zlkv qlkflv uéil)
Because W, and p; are coupled in ¢, solving p; should require the time-consuming
operation of matrix inversion of W;. To handle this, we apply similar quadratic

approximation techniques as used in AIADMM [101] as follows:

pf“ + arg Hzl,iln Ui(pi; le+1) (4.1)
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where Uy(pr; 7/) = ¢(pf, W 2 af g, up ) + (Vo0 WE 28 gy, 0) (o= pp) +

k+1

(771 /2) o — pFl|2, and 71! > 0 is a parameter. 7! should satisfy

gb( MELWE 2F qf L uf ) < UpFt 7). The solution to Equation (4.1) is: pit! <

-V kqb(plavvl 7Zl 7QZ 17ul l)/ k+1'
2. Update W**!

The variable W*™! is updated as follows:

W« argminy, L,(p*™', W, 2", ¢*, u")
¢( s W1721> =1

= arg minyy,
¢( pr VVlvzlvql 17u;C 1) 1<ZSL

Similar to updating p;, the following subproblem should be solved instead:
WF < arg minyy, Vi(W;; 07 1) (4.2)
where

Vl(Wl;elfH) = ¢(py T W1>Z1) +VW ¢ (P} P W1721)(W1 W1k)
+ (07 /2) Wy — W3
W(m;ef+1):¢( i VVZ 72! 7ql 1>ul 1)+ka¢T( k+1vm/lkvzlk7qg€—17uf—1)(w/l - I/Vlk)

+ (077 /2) W = WL

and 7 is a parameter, which should satisfy ¢(pit!, WE 28) < V(W 08 and

d(pf T W 2F gF ul ) < V(WFT 05 (1 < 1 < L). The solution to Equation
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(4.2) is shown as follows:

E+1 ik kY /ok+1 B
Wlk+1 “ Wlk o VWfqb(pl =W1721)/91 =1

le’“QS(pf-’_la VVlka Zlk? QZk—D u;f—l)/egﬁ_l 1< l S L

3. Update z"!

The variable z**! is updated as follows:

g e argming, (v/2) ||z — W R + (v/2)llaf — filz)]13 + (v/2) 2 = 2113
(Il<L) (4.3)

" argming, Rz, y) + (v/2) |z — W pp 2 (4.4)

where a quadratic term (v/2)|z — 2|2 is added in Equation (4.3) to control zf!
to close to 2. Equation (4.4) is convex, which can be solved by Fast Iterative Soft
Thresholding Algorithm(FISTA) [2].

For Equation (4.3), nonsmooth activations usually lead to closed-form solutions [101,
99]. For example, for ReLU fi(2;) = max(z;,0), the solution to Equation (4.3) is
shown as follows:

oy (7P 4 2)/2,0) A <o.

max (W pitt + gf + 2F)/3,0) 27+ > 0.

For smooth activations such as tanh and sigmoid, a lookup-table is recommended
[101].

4. Update g**!
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The variable g**! is updated as follows:

q{““  arg ming, Lp(pk“, WHEHL ZE+H ¢, uk) = argmin,, qb(pfjll, I/Vlk:;l, zlkjll, q, uf)
(4.5)
Equation (4.5) has a closed-form solution as follows:
gt (oo F v AGT) (0 v)
5. Update u**!
The variable u**! is updated as follows:
w g ) = gt (4.6)

Finally, Our proposed pd ADMM can be efficient for training a deep MLP neural
network. To achieve this, we begin by training a swallow neural network with the first
few layers of the deep neural network, then more layers are added for training step by
step until finally all layers are involved in the training process. The pdADMM can

achieve good performance as well as reduce training costs with this strategy.

4.4 Convergence Analysis

In this section, the theoretical convergence of the proposed pdADMM algorithm.

Firstly, the Lipschitz continuity and coercivity are defined as follows:

Definition 1. (Lipschitz Continuity) A function g(z) is Lipschitz continuous if there



4.4. CONVERGENCE ANALYSIS 69

exists a constant D > 0 such that Vx, x5, the following holds

lg(z1) = g(w2)|| < Dljzy = 22].

Definition 2. (Coercivity) A function h(x) is coerce over the feasible set .# means

that h(z) — oo if z € .Z and ||z| — oo.
Then the following assumption is required for convergence analysis.

Assumption 5. fi(z;) is Lipschitz continuous with coefficient S > 0, and F' is coer-

cive. Moreover, df;(z) is bounded, i.e. there exists M > 0 such that ||0f;(z)] < M.

Assumption 5 is mild to satisfy: most common activation functions such as ReLLU
and leaky ReLU satisfy Assumption 5. No assumption is needed on the risk func-
tion R(zr,y), which shows that the convergence condition of our proposed pd ADMM
is milder than that of the dIADMM, which requires R(zp,y) to be Lipschitz dif-
ferentiable [101]. Due to space limit, the detailed proofs are provided in Section
C.1 and Section C.2 in the Appendix. The technical proofs follow a similar routine
as dIADMM [101]. The difference consists in the fact that the dual variable u; is
controlled by ¢; and z;(Lemma 21 in Section C.1 in the Appendix), which holds un-
der Assumption 5, while u; can be controlled only by z; in the convergence proof
of AIADMM. The first lemma shows that the objective keeps decreasing when p is

sufficiently large.

Lemma 5 (Decreasing Objective). If p > max(4vS?, (V17 + 1)v/2), there exist
Ci=v/2—-20%5%/p>0and Cy = p/2 — 202 /p — v/2 > 0 such that it holds for any
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k € N that

L (pk Wk Zk,qk uk) — L <pk+1 Wk+1 zkH,qu,ukH)
> Z (71 /2)llpi ™ = i ||2+Z O /2N = WL

Z LGl - R /2l - IR Zl ) Collgt 3 @)

The second Lemma illustrates that the objective is bounded from below when p

is large enough, and all variables are bounded.

Lemma 6 (Bounded Objective). If p > v, then Lp(pk,Wk,zk,qk,uk) is lower
bounded. Moreover, p*, W¥, z¥ g*.and u* are bounded, i.e. there exist Ny, Nw,
N,, Ng, and Ny > 0, such that [[p*|| < Np, [W*|| < Ny, [|2*] <N,, [[¢*|| < Ng, and

lu*[] < Ny.

Based on Lemmas 5 and 6, the following theorem ensures that the objective is

convergent.

Theorem 6 (Convergent Objective). If p > max(4vS?, (v/17 4 1)r/2), then

e

limyg_oo [[WFH — WE|2 = 0, limy_o0 |2 — 27|13 = 0, limg_soo [|[@"F' — ¢¥||2 = 0,

Lp(pk,Wk,zk7 q",u”) is convergent. Moreover, limy_ .. |p

lim o [Ju4 — [ =

Proof. From Lemmas 5 and 6, we know that Lp(pk’,Wk,zk,qk,uk) is convergent
because a monotone bounded sequence converges. Moreover, we take the limit on

both sides of Inequality (4.7) to obtain

k+1 WkJrl Zk+1 qk-i-l uk-‘rl)
b )

0= hmk—)oo Lp(pka Wka Zk? qka uk> - hmk—>oo Lp(p
L
> hmk—wo(zlf?(ﬁkﬂ/ My =I5 + Z O/ 2IW = WS

3Ol = R 2 = Y Callg a3 > 0
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Because L,(p*, W zF g u”) is convergent, then lim,_,, [|[p*™ — p*||2 = 0,
limy, o0 [[WHH — WH||2 = 0, limy, o |27 — 2¥||2 = 0, and limy_. [|[¢"+! — ¢ ||2 = 0.

RHL k|2

limg o [Ju = 0 is derived from Lemma 21 in Section C.1 in the Appendix.

]

The third lemma guarantees that the subgradient of the objective is upper bounded,

which is stated as follows:

Lemma 7 (Bounded Subgradient). There exists a constant C' > 0 and ¢gF*! €

aLp(karlv WHH g q", u*t1) such that

lg* I < CUIp™" = P+ W = WE + [l = 28] + [la™" — o

+ ut — )

Now based on Theorem 6, and Lemma 7, the convergence of the pd ADMM algo-

rithm to a stationary point is presented in the following theorem.

Theorem 7 (Convergence to a stationary Point). If p > max(4vS?, (V17 + 1)v/2),
then for the variables (p, W,z,q,u) in Problem 4, starting from any initialization
(p°, W?, 2% q°,u®), (p¥, W*, z*, ¢*, u*) has at least a limit point (p*, W*,z*,q*, u*),
and any limit point is a stationary point of Problem 4 (i.e. 0 € 0L,(p*, W™, z*, q*,u*)).

In other words,

pszrl = ql*7 VP*LP(p*7W*7Z*7q*>U*) = 07 VW*LP<p*7W*7Z*’q*’u*) - O’

0 € 0, L,(p", W", 2", q",u"), Vg-L,(p*, W, 2", q",u") = 0.

Proof. From Lemma 6, (p*, W* z*, g, u*) has at least a limit point(p*, W*, z*, q*, u*)
because a bounded sequence has at least a limit point. From Lemma 7 and Theorem

6, ||g""t|| — 0 as k — oco. According to the definition of general subgradient(Defintion
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8.3 in [84]), we have 0 € OL,(p*, W*,z*,q",u*). In other words, every limit point

(p*, W*,z*, g%, u*) is a stationary point. O

Theorem 7 shows that our proposed pdADMM algorithm converges for sufficiently
large p, which is consistent with previous literature [101]. Next, the following theorem
ensures the sublinear convergence rate o(1/k) of the proposed pd ADMM algorithm,

whose proof is in the Appendix.

Theorem 8 (Convergence Rate). For a sequence (p*, W¥ z* q* u), define ¢;, =
: L i i ; L (i i i L-1 i

manSiSk‘(Zl:Q(Tl+1/2)||pl+1 —pill3 + Zl:1(8l+1/2>”VVl+1 - Wi + Do C(1||ZlJrl -

A3+ /22" = 2113+ 205 Collg — gil13) where Gy = v/2 — 2025%/p > 0 and

Cy=p/2—20%/p—1v/2 >0, then the convergence rate of ¢, is o(1/k).

4.5 Experiments

In this section, we evaluate the performance of the proposed pdADMM using six
benchmark datasets. Speedup, convergence, and accuracy performance are compared
with several state-of-the-art optimizers. All experiments were conducted on a 64-bit

machine with Intel Xeon(R) silver 4114 Processor and 48GB RAM.

4.5.1 Datasets

In this experiment, six benchmark datasets were used for performance evaluation:

1. MNIST [58]. The MNIST dataset has ten classes of handwritten-digit images,
which was firstly introduced by Lecun et al. in 1998 [58]. It contains 55,000 training
samples and 10,000 test samples with 196 features each, which is provided by the
Keras library [17].

2. Fashion MNIST [112]. The Fashion MNIST dataset has ten classes of assortment
images on the website of Zalando, which is Europe’s largest online fashion platform

[112]. The Fashion-MNIST dataset consists of 60,000 training samples and 10,000
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test samples with 196 features each.

3. Kuzushiji-MNIST(kMNIST) [20]. The kMNIST dataset has ten classes, each of
which is a character to represent each of the 10 rows of Hiragana. The kMNIST
dataset consists of 60,000 training samples and 10,000 test samples with 196 features
each.

4. Street View House Numbers(SVHN) [72]. The SVHN dataset is obtained from
house numbers in Google Street View images. It consists of ten classes of digits. In
our experiments, we use three classes ’0’, 1’ and ’'2’. The number of training data
and test data are 24,446 and 9,248, respectively, with 768 features each.

5. CIFARI10 [55]. CIFARIO is a collection of color images with 10 different classes.
In our experiments, we use two classes ‘0’ and ’6’. The number of training data and
test data are 12,000 and 2,000, respectively, with 768 features each.

6. CIFAR100 [55]. CIFAR100 is similar to CIFAR10 except that CIFAR100 has 100
classes. In our experiments, we use two classes ‘0’ and '2’. The number of training

data and test data are 5,000 and 1,000, respectively, with 768 features each.

4.5.2 Speedup

MNIST dataset

Neurons# | Serial pd ADMM(sec) | pdADMM(sec) | Speedup
1500 237.66 26.78 8.87
1600 348.70 31.78 10.97
1700 390.51 35.79 10.91
1800 475.60 41.37 11.50
1900 465.57 45.87 10.15
2000 570.90 50.70 11.26
2000 570.9 50.7 11.26
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2100 570 54.91 10.38
2200 678.83 63.59 10.68
2300 710.3 70.36 10.10
2400 766.82 62.5 12.27

Fashion MNIST dataset

Neurons# | Serial pd ADMM(sec) | pdADMM(sec) | Speedup

1500 358.68 32.65 10.99
1600 407.71 37.90 10.76
1700 476.79 44.75 10.65
1800 539.51 50.50 10.68
1900 099.42 53.88 11.13
2000 645.87 58.68 11.01
2100 740.39 67.91 10.90
2200 818.58 74.17 11.03

kMNIST dataset

Neurons# | Serial pd ADMM(sec) | pd ADMM(sec) | Speedup

1500 354.85 32.65 10.87
1600 407.73 37.11 10.99
1700 472.4648 42.58 11.10
1800 939.52 48.78 11.06
1900 296.84 95.56 10.74
2000 660.58 56.10 11.78
2100 737.78 66.95 11.02
2200 806.74 76.16 10.59

CIFAR10 dataset

Neurons# | Serial pd ADMM(sec) | pd ADMM(sec) | Speedup
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1500 326.62 25.00 13.06
1600 374.82 28.96 12.94
1700 433.46 33.99 12.75
1800 485.86 38.66 12.57
1900 544.11 43.10 12.62
2000 572.33 46.90 12.20
2100 602.65 55.25 10.91
2200 732.79 59.27 12.36
2300 784.87 56.26 13.95
2400 854.47 63.1 13.54
CIFARI100 dataset
Neurons# | Serial pd ADMM(sec) | pd ADMM(sec) | Speedup
1500 334.55 25.39 13.18
1600 382.24 29.3 13.05
1700 445.23 34 13.09
1800 500.00 38.38 13.03
1900 549.77 43.25 12.71
2000 576.10 42.47 13.56
2100 666.06 47.43 14.04
2200 735.63 52.41 14.04
2300 793.03 56.73 13.98
2400 857.41 62.3 13.76

75

Table 4.1: The relationship between the speedup of the proposed pdADMM algorithm
and the number of neurons on five datasets.

In this experiment, we investigate the speedup of the proposed pdADMM algo-

rithm concerning the number of layers and the number of neurons on large-scale deep
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Figure 4.2: The relationship between the speedup of the proposed pd ADMM algo-
rithm and the number of layers on five datasets.

neural networks. The activation function was set to ReLLU. The loss function was the
cross-entropy loss. The running time per epoch was the average of 10 epochs. p and
v were both set to 1074

Firstly, we investigated the relationship between speedup and the number of lay-
ers. We set up an MLP neural network with a different number of hidden layers,
which ranges from 11 to 19. The number of neurons in each layer was fixed to 2,400.
The SVHN dataset was not tried due to memory issues. Figure 4.2 shows that the
speedup increases linearly with the number of layers. Specifically, the speedup reached
11 when 19 hidden layers were trained. This indicates that the deeper a neural net-
work is, the more speedup our proposed pd ADMM can gain.

Secondly, the relationship between speedup and the number of neurons was stud-
ied. Specifically, we test our proposed pdADMM algorithm on an MLP neural net-
work with 19 hidden layers. The number of neurons in each layer ranges from 1,500

to 2,400. The speedup was shown in Table 4.1 on the MNIST and Fashion MNIST
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Figure 4.3: Convergence curves of the proposed pd ADMM algorithm.

datasets. Specifically, the speedup remains stable at around 10 no matter how many
neurons were trained. This concludes that the speedup of the proposed pd ADMM is

independent of the number of neurons.

4.5.3 Convergence

To validate the convergence of the proposed pd ADMM, we set up an MLP neural
network with 9 hidden layers, each of which has 500 neurons. The ReLU was used
for the activation function for both network structures. The loss function was set as
the cross-entropy loss. The number of the epoch was set to 100. v and p were both
set to 0.1. As shown in Figure 4.3, the objective keeps decreasing monotonically on
all six datasets, and the residual converges sublinearly to 0, which is consistent with

Theorems 7 and 8.

4.5.4 Performance
Experimental Settings

To evaluate the performance of the proposed pd ADMM algorithm, we used the same
architecture as the previous section. v and p were set to 10~* in order to maximize

the performance of training data. The number of the epoch was set to 100. In this
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Figure 4.4: Training accuracy of the proposed pdADMM algorithm against all com-
parison methods on six datasets.
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experiment, the full batch was used for training. As suggested by the training strategy
in Section 4.3.2, we firstly trained an MLP neural network with five hidden layers,

and then all layers were involved in training.

Comparison Methods

GD and its variants are state-of-the-art methods and hence served as comparison
methods. For GD-based methods, the full batch dataset is used for training models.
All parameters were chosen by maximizing the accuracy of training datasets. The
baselines are described as follows:

1. Gradient Descent(GD) [4]. The GD and its variants are the most popular deep
learning optimizers, whose convergence has been studied extensively in the literature.
The learning rate of GD was set to 0.01.

2. Adaptive learning rate method(Adadelta) [118]. The Adadelta is proposed to
overcome the sensitivity to hyperparameter selection. The learning rate of Adadelta
was set to 1.

3. Adaptive gradient algorithm(Adagrad) [28]. Adagrad is an improved version of
GD: rather than fixing the learning rate during training, it adapts the learning rate
to the hyperparameter. The learning rate of Adagrad was set to 0.1.

4. Adaptive momentum estimation(Adam) [52]. Adam is the most popular opti-
mization method for deep learning models. It estimates the first and second momen-
tum to correct the biased gradient and thus makes convergence fast. The learning
rate for Adam was set to 0.001.

5. Deep learning Alternating Direction Method of Multipliers(dIADMM) [101].
The dIADMM is an improvement of the previous ADMM implementation [93]. It is
guaranteed to converge to a stationary point with a rate of o(1/k). p and v were both

set to 1076.
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Performance

In this section, the performance of the proposed pdADMM is analyzed against com-
parison methods. Figures 4.4 and 4.5 show the training and test accuracy of the
proposed pdADMM against comparison methods on six datasets, respectively. The
X-axis and Y-axis represent epoch and training accuracy, respectively. Overall, the
pdADMM outperformed most of the comparison methods: it performed the best on
the SVHN, CIFAR10, and CIFAR100 datasets, while was only secondary to Adam
on the MNIST, Fashion MNIST, and kMNIST datasets. The performance gap is
particularly obvious in the CIFAR100 dataset. Most GD-type methods suffered from
gradient vanishing in the deep neural network, and struggled to find an optimum: for
example, GD can only reach 10% training accuracy on the MNIST dataset; Adagrad
and Adadelta performed better than GD, but took many epochs to escape saddle
points. The dIADMM can avoid the gradient vanishing problem, however, it per-
formed worse than the proposed pd ADMM on all datasets. Adam performed the best
on three MNIST-like datasets but performed worse than the proposed pd ADMM on
three other datasets, which are hard to train with high accuracy than three MNIST-
like datasets. This indicates that the proposed pd ADMM may be more suitable for

training hard datasets than Adam.

4.6 Conclusion

The ADMM is considered to be a good alternative to GD for training deep neural
networks. In this chapter, we propose a novel parallel deep learning Alternating Direc-
tion Method of Multipliers(pdADMM) to achieve layer parallelism. It is guaranteed
to converge to a stationary solution under mild conditions. Experiments on bench-
mark datasets demonstrate that our proposed pdADMM not only leads to a huge

speedup for deep MLPs, but also outperforms others on six benchmark datasets.
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Chapter 5

The pdADMM-G and
pdADMM-G-Q Algorithms

5.1 Introduction

In Chapter 4, we demonstrate the effectiveness of the proposed pdADMM algorithm.
In this Chapter, we extend our proposed pd ADMM to graph applications, which can
be possibly achieved by Graph Neural Networks(GNNs). They have accomplished
state-of-the-art performance in various graph applications such as node classification
and link prediction. This is because they handle graph-structured data via aggre-
gating neighbor information and extending operations and definitions of the deep
learning approach [53]. However, their performance has significantly been restricted
via their depths due to the over-smoothing problem(i.e. the representations of differ-
ent nodes in a graph tend to be similar when stacking multiple layers) [15], and the
over-squashing problem(i.e. the information flow among distant nodes distorts along
the long-distance interactions) [96]. These challenges still exist even though some
models such as GraphSAGE [35] have been proposed to alleviate them.

On the other hand, the Graph Augmented Multi-Layer Perceptron(GA-MLP)
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models have recently received fast-increasing attention as an alternative to deal with
the aforementioned drawbacks of conventional GNNs via the augmentation of graph
features. GA-MLP models augment node representations of graphs and feed them
into Multi-Layer Perceptron(MLP) models. Compared with GNNs; GA-MLP mod-
els are more resistant to the over-smoothing problem [15] and therefore demonstrate
outstanding performance. For example, Wu et al. showed that a two-layer GA-MLP
approximates the performance of the GNN models on multiple datasets [110].

GA-MLP models are supposed to perform better with the increase of their depths.
However, similar to GNNs, GA-MLP models still suffer from the gradient vanishing
problem, which is caused by the mechanism of the classic backpropagation algorithm.
This is because gradient signals diminish during the transmission among deep layers.
Moreover, while the models go deeper, efficiency will become an issue, especially for
medium- and large-size graphs. Compared to the data such as images and texts, where
identically and independently distributed(i.i.d.) samples are assumed, efficiency issues
in graph data are much more difficult to handle due to the dependency among data
samples(i.e., nodes in graphs). Such dependency seriously troubles the effectiveness
of using typical acceleration techniques such as sampling-based methods, and data-
parallelism distributed learning in solving the efficiency issue. Therefore, parallelizing
the computation along layers is a natural workaround, but the backpropagation pre-
vents the gradients of different layers from being calculated in parallel. This is because
the calculation of the gradient in one layer is dependent on its previous layers.

To handle these challenges, we extend the proposed pdADMM algorithm to train
large-scale GA-MLP models, named the graph pd ADMM(pdADMM-G) algorithm,
and the quantized graph pd ADMM (pdADMM-G-Q) algorithm reduces communica-
tion costs of the pd ADMM-G algorithm by the quantization technique. Our contri-

butions to this chapter include:

e We propose a novel reformulation of GA-MLP models. It splits a neural
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network into independent layer partitions and allow for ADMM to achieve model

parallelism.

¢ We propose a novel pdADMM-G framework to train a GA-MLP
model. All subproblems generated by the ADMM algorithm are discussed.
The extended pd ADMM-G-Q algorithm reduces communication costs by intro-

ducing the quantization technique.

e We provide the theoretical convergence guarantee of the proposed
pdADMM-G algorithm and the pdADMM-G-Q algorithm. Specifi-
cally, they converge to a(quantized) stationary point of GA-MLP models when
the hyperparameters are sufficiently large, and their sublinear convergence rates

are o(1/k).

e We conduct extensive experiments to show the effectiveness of two
proposed algorithms. Experiments on nine benchmark datasets show the
convergence, the massive speedup of the proposed pd ADMM-G algorithm and
the pd ADMM-G-Q algorithm, as well as their outstanding performance when
compared with all state-of-the-art optimizers. Moreover, the pd ADMM-G-Q

algorithm reduces communication overheads by up to 45%.

The organization of this chapter is shown as follows: In Section 5.2, we summarize re-
cent related research work to this chapter. In Section 5.3, we propose the pd ADMM-G
algorithm and the pd ADMM-G-Q algorithm to train deep GA-MLP models. Section
5.4 details the convergence properties of the proposed pdADMM-G algorithm and
the pd ADMM-G-Q algorithm. Extensive experiments on nine benchmark datasets to
demonstrate the convergence, speedup, communication savings, and outstanding per-
formance of the pd ADMM-G algorithm and the pd ADMM-G-Q algorithm are shown

in Section 5.5, and Section 5.6 concludes this work.
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5.2 Related Work

This section summarizes existing literature related to this chapter. One branch of
related research is distributed deep learning, which has been discussed in Section 4.2
in Chapter 4. The other branch of related papers are deep learning on graph, which
is shown as follows:

Deep Learning on Graphs: Graphs are ubiquitous structures and are pop-
ular in real-world applications. There is a surge of interest to apply deep learn-
ing techniques to graphs. For a comprehensive summary please refer to [111]. It
classified existing GNN models into four categories: Recurrent Graph Neural Net-
works(RecGNNs), Convolutional Graph Neural Networks(ConvGNNs), Graph Au-
toencoders(GAEs), and Spatial-Temporal Graph Neural Networks(STGNNs).
RecGNNs learn node representation with recurrent neural networks via the message
passing mechanisms [23, 29, 63]; ConvGNNs generalize the operations of convolution
to graph data and stack multiple convolution layers to extract high-level node features
[7, 25, 38]; GAEs encode node information into a latent space and reconstruct graphs
from the encoded node representation [8, 78, 97]; the idea of STGNNs is to capture

spatial dependency and temporal dependency simultaneously [48, 62, 87].

5.3 The pdADMM-G Algorithm

We propose the pd ADMM-G algorithm to solve GA-MLP models in this section.
Specifically, Section 5.3.1 formulates the GA-MLP model training problem, and Sec-
tion 5.3.2 proposes the pd ADMM-G algorithm. Section 5.3.3 extends the proposed
pdADMM-G algorithm to the pd ADMM-G-Q algorithm for quantization.
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Notations Descriptions
L Number of layers.
Wi The weight matrix for the [-th layer.
b The intercept vector for the [-th layer.
2 The auxiliary variable of the linear mapping for the I-th layer.
filz) The nonlinear activation function for the I-th layer.
1Y The input for the [-th layer.
q The output for the [-th layer.
X The node representation of the graph.
A The adjacency matrix of the graph.
Yy The predefined label vector.
R(zp,y) The risk function for the L-th layer.
n; The number of neurons for the [-th layer.
Uy The dual variable for the [-th layer.

Table 5.1: Important Notations

5.3.1 Problem Formulation

Consider a graph G = (V, E), where V and F are sets of nodes and edges, respectively,
|V'| is the number of nodes, let W = {¢1(A),--- ,¥k(A)} be a set of(usually multi-
hop) operators ¥;(A) : RVl — RIVI(i = 1,... | K) that are functions of the adjacency
matrix A € {0, 1}Vl and RVl is the domain of ¢;(A) (i = 1,--- ,K). x; =
Hy(A) is the augmentation of node features by the k-hop operator, where H € RV
is a matrix of node features, and d is the dimension of features. xp(k = 1,---, K)
are stacked into x = [z1;-- - ; k] by column. Then the GA-MLP training problem is

formulated as follows [15]:

Problem 5.

minWhZhPl R(ZLJJ)» sit. zp = Wipr, pig1 = fl(Zl)(l =1,---,L— 1),

where p; = X € R™*IVl i the input of deep GA-MLP models, where ng = Kd is
the dimension of input and y is a predefined label vector. p; € R™*IVl is the input of
the [-th layer, also the output for the (I —1)-th layer, and n; is the number of neurons

for the [-th layer. R(zp,y) is a risk function of the L-th layer, which is convex and
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continuous; z; = Wyp, and p;11 = fi(2) are linear and nonlinear mappings of the [-th
layer, respectively, and W; € R™*™-1 is the weight matrix of the [-th layer.

In Problem 5, ¥ can be considered as a prepossessing step to augment node
features via A, and hence it is predefined. One common choice can be
U= {IA A% ... AE-1}

We apply the pd ADMM algorithm in Chapter 4 to Problem 5 to realize model

parallelism training. To achieve this, we relax Problem 5 to Problem 6 as follows:

Problem 6.

L L—-1
ming woq F(p.W.2,6) = R(z.0)+(0/2)(Y Nl = WipdB+ 3l — fiz)1B).

st. pi1 = q.

where p = {pi},, W= {Wi}r,, z={z},, a={q}', and v > 0 is a tuning
parameter. We reduce layer dependency by splitting the output of the [-th layer and
the input of the(l+ 1)-th layer into two variables p;,1 and g, respectively. As v — oo,

Problem 6 approaches Problem 5.

5.3.2 The pdADMM-G Algorithm

The high-level overview of the pd ADMM-G algorithm is shown in Figure 5.1. Specif-
ically, the inputs of GA-MLP models are augmented by Hyy(A) (k=1,--- , K), and
then GA-MLP models are split into multiple layers, each of which can be optimized
by an independent client. Therefore, layerwise training can be implemented in par-
allel. Moreover, the gradient vanishing problem can be avoided in this way. This
is because the accumulated gradient calculated by the backpropagation algorithm is
split into layerwise components.

Now we follow the ADMM routine to solve Problem 6. The augmented Lagrangian
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Figure 5.1: The overview of the proposed pd ADMM-G optimization algorithm.

function is formulated mathematically as follows:

L,(p,W,z,q,u)

1
=F(p.W,2,0)+ Y (@ (pra—a)+(o/2) o — al)

- e o mm e e mm e mm mm

L L—1 9
:R<ZL7 y)+¢(p17 W17 Zl)+zl:2¢<pl7 VVl7 21, q1-1, Ul_1)+(l//2) Zl:l ”ql_fl(zl)H%

where ¢(p1, Wi, z1) = (v/2)||z1 —Wipil|3, o1, Wi, 21, qor, wimr) = (v/2)]| 20— Wipl||3+

ul ((;— @) + (p/2)lpe — @-ill3, w(l = 1,--- L — 1) are dual variables, p > 0 is

a parameter, and u = {ul}lL:’f. The detail of the pd ADMM-G algorithm is shown in

Algorithm 6. Specifically, Lines 5-8 update primal variables p, W, z and q, respec-

tively, while Line 10 updates the dual variable u. The details of all subproblems are

shown in Section 4.3 in Chapter 4.

Our proposed pdADMM-G algorithm can be efficient for training deep GA-MLP
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Algorithm 6: The proposed pd ADMM-G algorithm
Require: y, p; = X, p, v.
Ensure: p, W,z q.
Initialize k& = 0.
while p*, W*, z* q* not converged do
pt < argmin, L,(p, W*, 2", ¢*,u*) for different [ in parallel.
W« arg miny, L,(p**', W, z*, q*, u*) for different [ in parallel.
zlkJrl + argmin,, L,(p"™, Wz qF, u*) for different [ in parallel.

¢+ argmin, L,(pF*tt, Wt 2+l q u¥) for different [ in parallel.
rf—pit =i (=1, , L) in parallel # Compute residuals.
u e~ uf + p(p)t — gt for different [ in parallel.
k<« k+1.
end while

Output p, W, z,q.

models via the greedy layerwise training strategy [3]. Specifically, we begin by train-
ing a shallow GA-MLP model. Next, more layers are increased to the GA-MLP model
and their parameters are trained, then we introduce even more layers and iterate this
process until the whole deep GA-MLP model is included. The pd ADMM-G algorithm
can achieve excellent performance as well as reduce training costs by this strategy.
Last but not least, we compare the computational costs of the proposed pd ADMM-
G algorithm with the state-of-the-art backpropagation algorithm, on which the gra-
dient descent is based. We show that they share the same level of computational
costs. For the backpropagation algorithm, the most costly operation is the matrix
multiplication z; = W;p; in the forward pass, where W, € R"*™-1 and p; € R-1xIV1,
which requires a time complexity of O(n;n;—1|V]) [21]; for the proposed pd ADMM-G
algorithm, the most costly operation is to compute the derivative Vyy, ¢, and it also in-
volves the matrix multiplication, and hence its time complexity is again O(n;n;—1|V]).
However, the proposed pd ADMM-G algorithm trains the whole GA-MLP model in
a model parallelism fashion [103], and therefore all computational costs can be split
into different independent clients for parallel training; whereas the backpropagation

algorithm is implemented sequentially, and thus it is less efficient than the proposed
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pdADMM-G algorithm.

5.3.3 Quantization Extension of pdADMM-G(pdADMM-G-

Q)

In the proposed pdADMM-G algorithm, p; and ¢, are transmitted back and forth
among layers(i.e. clients). However, the communication overheads of p; and ¢, surge
for a large-scale graph GG with millions of nodes. To alleviate this challenge, the quan-
tization technique is commonly utilized to reduce communication costs by mapping
continuous values into a discrete set [42]. In other words, p; is required to fit into a

countable set A, which is shown as follows:

Problem 7.

. L
mlnp,W,Z,qF(p7Wa z, q) = R(ZLa y) + (V/Q)(lel ||Zl - Vlel“g
L-1

_ 2
+Zl:1 la — fi(z0)13),

s.t. Di+1 = q, DI € A = {51, R ,5m},

where 6;(i = 1,--- ,m) € A are quantized values, which can be integers or low-
precision values. m = |A| is the cardinality of A. To address Problem 7, we rewrite

it into the following form:

) L L L1
ming woaq Rz y) + 3 1) + @/ e =Wl + 3" lla— fit=)[3).

st Py = @,

where the indicator function I(p;) is defined as follows: I(p;) = 0 if p, € A, and

I(p;) = +o0 if p; € A. The augmented Lagrangian of Problem 7 is shown as follows:

L
By(p, W, z,q,u) = L,(p, W,z,q,u) + Y I(p),
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where L, is the augmented Lagrangian of Problem 6. The extended pd ADMM-G-Q
algorithm follows the same routine as the pd ADMM-G algorithm, where L, is re-
placed with 3,. Obviously, the only difference between the pd ADMM-G-Q algorithm
and the pd ADMM-G algorithm is the p;-subproblem, which is outlined in the follow-

ing:

pf“ + argmin,, U(p;; le+1) +1(p), (5.1)

where U; follows Equation (4.1). The solution to Equation (5.1) is [42]: pf*t! «
arg minge |15 — (pf — Ve d(pk, WEL B, 2F, gy ) /)l

For the pd ADMM-G-Q algorithm, the variable p is only required to be quan-
tized(i.e. p; € A) when the p-subproblem is solved(i.e. Equation (5.1)), and the
variable q can be any real number when it is updated. However, q is guaranteed to fit
into A by the linear constraint p;.; = ¢;. This design is convenient for the convergence
analysis, which is detailed in the next section. One variant of the pd ADMM-G-Q al-
gorithm is to quantize p and q(i.e. p;, ¢ € A) when they are updated. In this case, the

solution to ¢; subproblem is ¢/ ™" « argmingen [|6 — (pp +uf +v fi(zfT)) /(p+ V)]

5.4 Convergence Analysis

In this section, the theoretical convergence of the proposed pd ADMM-G algorithm
and the pd ADMM-G-Q algorithm is provided. Due to space limit, we only provide
sketches of proofs in this section, and their details are available in Section D.1 in
the Appendix. Our problem formulations are more difficult than existing ADMM
literature: the term ||¢; — fi(2)]|3 is coupled in the objective, while it is separable in

the existing ADMM formulations. To address this, we impose a mild condition that
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0fi(z) is bounded in Assumption 6, and prove that w; is controlled via ¢ and z; in
Lemma 25 in Section D.1 in the Appendix.
Firstly, the proper function, Lipschitz continuity, and coercivity are defined as

follows:

Definition 3 (Proper Functions). [84]. For a convex function g(z) : R — R |J{£o00},

g is called proper if Vo € R, g(x) > —oo, and Jzy € R such that g(zg) < +o0.

Definition 4. (Lipschitz Continuity) A function g(z) is Lipschitz continuous if there

exists a constant D > 0 such that Vx, xs, the following holds

lg(z1) — g(z2)|| < Dz — 24|

Definition 5. (Coercivity) A function h(z) is coerce over the feasible set .# means

that h(x) = oo if z € F and ||z|| — oo.
Next, the definition of a quantized stationary point [42] is shown as follows:

Definition 6. (Quantized Stationary Point) The p; is a quantized stationary point

of of Problem 7 if there exists 7 > 0 such that

P € argmingea ||0 — (o — V), F(p, W, 2,q)/7)]|.

The quantized stationary point is an extension of the stationary point in the
discrete setting, and any global solution p; to Problem 7 is a quantized stationary
point to Problem 7(Lemma 3.7 in [42]). Then the following assumption is required

for convergence analysis.

Assumption 6. fj(z;) is Lipschitz continuous with coefficient S > 0, R(zr,y) is
proper, and F'(p, W, z, q) is coercive. Moreover, df;(z;) is bounded, i.e. there exists

M > 0 such that [|0f;(z)] < M.
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Assumption 6 is mild to satisfy: most common activation functions such as Rec-
tified Linear Unit(ReLU) [103] and leaky ReLU[114] satisfy Assumption 6. The risk
function R(zp,y) is only required to be proper, which shows that the convergence
condition of our proposed pd ADMM-G is milder than that of the dIADMM, which
requires R(zy,y) to be Lipschitz differentiable [101]. Due to the space limit, detailed
proofs are provided in Section D.1 in the Appendix. The technical proofs follow a
similar routine as dIADMM [101]. The difference consists in the fact that the dual
variable v; is controlled by ¢; and z;(Lemma 26 in Section D.1 in the Appendix), which
holds under Assumption 6, while u; can be controlled only by z; in the convergence
proof of AIADMM. The first lemma shows that the objective keeps decreasing when

p is sufficiently large.

Lemma 8 (Objective Decrease). For both the pd ADMM-G algorithm and the
pdADMM-G-Q algorithm, if p > max(4vS?, (V17 + 1)v/2), there exist C; = v/2 —

2025%/p > 0 and Cy = p/2 — 2v?/p — v/2 > 0 such that it holds for any k € N that

L (pk Wk Zk qk uk)_L ( k1 Wk:—H ZkJrl qurl ukJrl)

> Z (" 2) |l —pp Hﬁz (77 /2) W =W Hﬁz e Frame
+(v/2)|lz" = 213 + Z “Collgtt - I, (5.2)

ﬁp(pk Wk zk,q u )_Bp( k+H Wk—i—l zk—i—l7 qk—i-l uk—H)

>Z (O /2) W = W3 +Z Ol = (/225 — kS

3 Gl - g (5.3)

Sketch of Proof: They can be proven via the optimality conditions of all
subproblems, and Assumption 6. []
Lemma 9 shows that the objective is bounded from below when p is large enough,

and all variables are bounded.
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Lemma 9 (Bounded Objective). (1). For the pdADMM-G algorithm, if p > v,
then Lp(p’“,Wk,zk,qk,uk) is lower bounded. Moreover, p*, W¥ z¥ g* and u* are
bounded, i.e. there exist N, Nyw, N,, Ny, and N, > 0, such that [|p*| < N,
IW*|| < Nw, [l2"]] <N, [lg"|| < Ng, and [u*]| < Nu.

(2). For the pd ADMM-G-Q algorithm, if p > v, then 5p(pk,Wk, z¥ ¥, u) is lower
bounded. Moreover, W*, z¥ ¥ and u” are bounded, i.e. there exist Ny, N,, Nq, and

Ny > 0, such that [|[W*|| < Nw, ||z"|] £ N,, [|d*|| £ Ng, and |[u¥|| < N,.

Sketch of Proof: We only show the sketch proof of(1) because(2) follows
the same routine as(1). In order to prove the boundness of L,, we should prove the

following:

Lp(pkawkazkaqkﬂuk)
> F(p*, W*, 28, q) + ((p — v)/2) I}y — 4|13

> —00,

where pf,; = ¢;. Therefore, F(p*, W*,z* q') and ((p — v)/2)|pf., — ¢F||3 are upper
bounded by L,(p*, W*, z*, q*,u*) and hence L,(p°, W 2%, q°, u’)(Lemma 8). The
boundness of variables can be obtained via Assumption 6. [

Based on Lemmas 8 and 9, the following theorem ensures that the objective is

convergent.

Theorem 9 (Convergent Objective). (1). For the pd ADMM-G algorithm, if p >
max(4vS%, (V17 + 1)v/2), then L,(p*, W* z* ¢*,u*) is convergent. Moreover,

limy_oo [|[PFH! — PFII2 = 0, limpoao [[WHT — WH|12 = 0, limy_,oo |2 — 2¥|)2 = 0,

limy oo || — @F]|2 = 0, limy o [[u*T! — u¥||2 = 0.

2). For the p -G-Q algorithm, if p > max(4v 5S4, (V17 4+ 1)v/2), then
For the pd ADMM-G-Q algorithm, if 482, (V17 h

B,(p*, W* zF g, u¥) is convergent. Moreover, limy_,o. [|[W*™ — W*||2 = 0,

limy o0 (|27 — 2813 = 0, limpso |94 — F[[3 = 0, limyso [0 — u®[|5 = 0.
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Sketch of Proof: This theorem can be derived by taking the limit on both sides
of Inequality (5.2). O
The third lemma guarantees that the subgradient of the objective is upper bounded,

which is stated as follows:

Lemma 10 (Bounded Subgradient). (1). For the pd ADMM-G algorithm, there exists

a constant C' > 0 and g"+! € 9L, (p**!, WFH zF+1 gF+! ub+1) such that

lg" I < CAIp™" = p*ll + W = WH| 4 |25 — 2% + lg"*" — o]

+ [lutt —ut)).

(2). For the pd ADMM-G-Q algorithm, there exists a constant C' > 0, gar' €
Vi1 B, (PP, WHFL ghH1 g+l b1y

ylzf—i-l c 8zk+1/8p(pk+l7wk+l,Zk+1,qk+l,uk+1),

§(IZ+1 c quﬂﬁp(pkH,WkH, Zk+17 qk"'l, uk;+1>7

it € Ven B, (pFHL, WHT zb1 gf+1 ub+1) such that

lgw I < COW™ = W+ [[25 — 28] + g — qf|| + ™" —uf]),
771 < CUWHE = WH| 4 1257 — 2] + [lg™ — g + [[u™" — ),
176" < CUWHE = WH| + 1257 — 2] + [lg™ — g + [[u™" —u®[]),

7" < CUWH = WH| 4[24 — 2] + (g™ — o] + [Ju™ —u®]]).

Sketch of Proof: To prove this lemma, the subgradient is proven to be upper
bounded by the linear combination of ||p*t' — p¥||, ||[W*t — W¥||, ||z*! — 2F|,
la1 = a¥ll, and [ju*+! = u*]. O

Now based on Theorem 9, and Lemma 10, the convergence of the pd ADMM-G

algorithm to a stationary point is presented in the following theorem.

Theorem 10 (Convergence of the pd ADMM-GC algorithm). If p > max(4v.S?, (v 17+
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1)v/2), then for the variables (p, W, z,q,u) in Problem 6, starting from any
(p°, W?, 2% q°,u°), (p¥, W*, z* ¥, u*) has at least a limit point (p*, W*,z*,q*, u*),
and any limit point is a stationary point of Problem 6. That is,

0 € dL,(p*, W*, z*,q*, u*). In other words,

P?H = QI*7 vp*Lp(p*a W*7 Z*u q*a 11*) :O’ VW*Lp(p*7W*7 Z*a q*a U*) :07

0€0,-L,(p"\ W™, 2", q",u"),Vg-L,(p",W", 2", q", u") =0.

Sketch of Proof: This theorem can be derived directly from Lemma 9 and
Lemma 10. [J

Theorem 10 shows that our proposed pd ADMM-G algorithm converges for suf-
ficiently large p, which is consistent with previous literature [101]. Similarly, the

convergence of the proposed pd ADMM-G-Q algorithm is shown as follows:

Theorem 11 (Convergence of the pd ADMM-G-Q algorithm). If p > max(4v.5?,
(V17 4 1)1/2), then for the variables (p, W, z, q, u) in Problem 7, starting from any
(p°, WY 2, q°,u’), (p*, W", zF qF, u¥) has at least a limit point (p*, W*, z*, q*, u*),
and any limit point (W*,z*, q*,u*) is a stationary point of Problem 7. Moreover, if
le+1 is bounded, then p* is a quantized stationary point of Problem 7. That is
Py = a4 VwBp(p", W" 2", q",u’) = 0,0 € 0,-5,(p", W, 2", q", u"),

Vg Bo(p*, W, 2", q",u") = 0,p; € argminsea [|6 — (pj — Vp: F(p*, W", 2%, q7) /7).

where 7/ is a limit point of 7}*.

Sketch of Proof: This theorem is proven using a similar procedure as Theorem
10, and the definition of the quantized stationary point. [
The only difference between Theorems 10 and 11 is that p* is a stationary point

in Problem 6 and a quantized stationary point in Problem 7. Next, the following
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theorem ensures the sublinear convergence rate o(1/k) of the proposed pd ADMM-G
algorithm and the pd ADMM-G-Q algorithm.

Theorem 12 (Convergence Rate). (1). For the pd ADMM-G algorithm and a se-

quence (p*, W¥, 2%, ¥, ut), define ¢ = minge i< (S50 (11 /2) /1 — i

ESE O /IR I3+ 0 Cull = 3+ (0/2) 25 =24 3+ 05 Gl

¢ ||3) where Cy = v/2 — 21252 /p > 0 and Cy = p/2 — 2v?/p — v/2 > 0, then the con-

vergence rate of ¢ is o(1/k).

(2). For the pd ADMM-G-Q algorithm and a sequence (W*, z*, g%, u*), define d;, =

mingsick (S5 OF /2 WA = WiE + S5l — #413 + (/2| — 2413 +
lL;f Collgitt —gt]|2) where Cy = v/2—21252/p > 0 and Cy = p/2—21%/p—v /2 > 0,

then the convergence rate of dy, is o(1/k).

Sketch of Proof: (1). In order to prove the convergence rate o(1/k), ¢ satisfies
three conditions:(a) ¢ > g1, (b) > ek is bounded, and(c) ¢, > 0.

(2). di can be proven using a similar procedure as(1). O

5.5 Experiments

In this section, we evaluate the performance of the proposed pd ADMM-G algorithm
and the proposed pd ADMM-G-Q algorithm on GA-MLP models using nine bench-
mark datasets. Convergence and computational overheads are demonstrated on differ-
ent datasets. Speedup and test performance are compared with several state-of-the-
art optimizers. All experiments were conducted on the Amazon Web Services(AWS)
p2.16xlarge instance, with 16 NVIDIA K80 GPUs, 64vCPUs, a processor Intel(R)
Xeon(R) CPU E5-2686 v4 @ 2.30GHz, and 732GiB of RAM.
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Training | Validation | Test
Dataset Node# | Edge# | Class# | Feature# Set Set Set
Cora 2485 10556 7 1433 140 500 1000
PubMed | 19717 | 88648 3 500 60 500 1000
Citeseer 2110 9104 6 3703 120 500 1000
Amazon | ga0) | 491799 10 767 200 1000 1000
Computers
Amazon 7487 | 238162 8 745 160 1000 1000
Photo
Coauthor
oS 18333 | 163788 15 6805 300 1000 1000
Coauthor | o\ 195 | 495924 5 8415 100 1000 1000
Physics
Flickr 89250 | 899756 7 500 44625 22312 | 22313
Ogbn-Arxiv | 169343 | 1166243 | 40 128 90 941 29799 | 48603

Table 5.2: Statistics of eight benchmark datasets.

5.5.1 Datasets and Settings

Nine benchmark datasets were used for experimental evaluation, whose statistics are
shown in Table 5.2. Each dataset is split into a training set, a validation set, and a
test set. The details are below:

1. Cora [86]. The Cora dataset consists of 2708 scientific publications classified into
one of seven classes. The citation network consists of 5429 links. Each publication in
the dataset is described by a 0/1-valued word vector indicating the absence/presence
of the corresponding word from the dictionary. The dictionary consists of 1433 unique
words.

2. PubMed [86]. PubMed comprises 30M+ citations for biomedical literature that
have been collected from sources such as MEDLINE, life science journals, and pub-
lished online e-books. It also includes links to text content from PubMed Central and
other publishers’ websites.

3. Citeseer [86]. The Citeseer dataset was collected from the Tagged.com social net-
work website. It contains 5.6 million users and 858 million links between them. Each

user has 4 features and is manually labeled as “spammer” or “not spammer”. Each
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link represents an action between two users and includes a timestamp and a type. The
network contains 7 anonymized types of links. The original task on the dataset is to
identify(i.e., classify) the spammer users based on their relational and non-relational
features.
4. Amazon Computers and Amazon Photo [68]. Amazon Computers and Amazon
Photo are segments of the Amazon co-purchase graph, where nodes represent goods,
edges indicate that two goods are frequently bought together, node features are bag-
of-words encoded product reviews, and class labels are given by the product category.
5. Coauthor CS and Coauthor Physics [89]. Coauthor CS and Coauthor Physics are
co-authorship graphs based on the Microsoft Academic Graph from the KDD Cup
2016 challenge 3. Here, nodes are authors, that are connected by an edge if they co-
authored a paper; node features represent paper keywords for each author’s papers,
and class labels indicate the most active fields of study for each author.
6. Flickr [119]. In Flickr, one node in the graph represents one image uploaded to
Flickr. If two images share some common properties(e.g., same geographic location,
same gallery, comments by the same user, etc.), there is an edge between the nodes
of these two images. Node features are bag-of-word representation of the images and
labels are classes of images.
7. Ogbn-Arxiv [41]. The Ogbn-Arxiv dataset is a directed graph, representing the
citation network between all Computer Science(CS) ARXIV papers indexed by MAG.
Each node is an ARXIV paper and each directed edge indicates that one paper cites
another one. Each paper comes with a 128-dimensional feature vector obtained by
averaging the embeddings of words in its title and abstract. In addition, all papers
are also associated with the year that the the corresponding paper was published.
When it comes to experimental settings, we set K = 4 for the multi-hop operator
U, and defined a diagonal degree matrix D where D;; = ZL‘Q A;j;, and a renormalized

adjacency matrix A = (D + I)""2(A + I)(D + I)~'/? € RIVXIVI[53]. Moreover, we
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set W = {I, A, A%, A%} [15]. For all GA-MLP models, the activation function was set
to ReLLU. The loss function was set to the cross-entropy loss. For the pd ADMM-G-Q

algorithm, A = {—1,0,1,---,20} in Problem 7, and p was quantized by default.

5.5.2 Comparison Methods

GD and its variants are state-of-the-art optimizers and hence served as comparison
methods. For GD-based methods, all datasets were used for training models in a
full-batch fashion. All hyperparameters were chosen by maximizing the performance
of validation sets. Due to space limit, hyperparameter settings of all methods are
shown in Section D.2.1 in the Appendix. The following are their brief introductions:

1. Gradient Descent(GD) [4]. The GD and its variants are the most popular deep
learning optimizers. The GD updates parameters simply based on their gradients.

2. Adaptive learning rate method(Adadelta) [118]. The Adadelta is proposed to
overcome the sensitivity to hyperparameter selection.

3. Adaptive gradient algorithm(Adagrad) [28]. Adagrad is an improved version of
GD: rather than fixing the learning rate during training, it adapts the learning rate
to the hyperparameter.

4. Adaptive momentum estimation(Adam) [52]. Adam is the most popular opti-
mization method for deep learning models. It estimates the first and second momen-
tum in order to correct the biased gradient, and thus accelerates empirical conver-

gence.

5.5.3 Convergence

Firstly, in order to validate the convergence of two proposed algorithms, we set up
a GA-MLP model with 10 layers, each of which has 1000 neurons. The number of
epochs was set to 100. v and p were set to 0.01 and 1, respectively.

Figure 5.2 demonstrates objectives and residuals of two proposed algorithms on
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Figure 5.2: Convergence curves of the pd ADMM-G algorithm and the pd ADMM-G-Q
algorithm on four datasets.
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Figure 5.3: The speedup of the proposed pd ADMM-G on different datasets concerning
the number of layers(i.e. a weak-scaling study).

four datasets. Overall, the objectives and residuals of the two proposed algorithms
are convergent. From Figure 5.2(a) and Figure 5.2(c), the objectives of the two
proposed algorithms decrease drastically at the first 50 epochs and then drop smoothly
to the end. The objectives on the PubMed dataset achieve the lowest among all
four datasets, whereas these on the Coauthor CS dataset are the highest, which still
reach near 10° at the 100-th epoch. As for residuals, even though the residuals
of the pdADMM-G-Q algorithm are higher than these of the pd ADMM-G algorithm
initially, they both converge sublinearly to 0, which is consistent with Theorem 10 and
Theorem 11. Specifically, as shown in Figure 5.2(b) and Figure 5.2(d), the residuals on
the Cora dataset decrease more slowly with fluctuation than these on other datasets,
while residuals on the Amazon Computers and Amazon Photo datasets demonstrate
the fastest decreasing speed at the first 40 epochs before reaching a plateau less than
107%. The residuals on the PubMed dataset accomplish the lowest values among all

four datasets again with a value of less than 1077,
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Figure 5.4: The speedup of all methods on two large datasets concerning the number
of GPUs(i.e. a strong-scaling study).

5.5.4 Speedup

Next, we investigate the speedup of the pd ADMM-G algorithm in the large deep GA-
MLP models. The running time per epoch was an average of 10 epochs. p and v were
both set to 1072, We investigate the speedup concerning two factors: the number of
layers(i.e. weak-scaling study) and the number of GPUs(i.e. strong-scaling study).
For the relationship between the speedup and the number of layers, the pd ADMM-
G algorithm in the GA-MLP models with 4000 neurons was tested. The number of
layers ranged from 8 to 17. The speedup on small datasets and large datasets are
shown in Figure 5.3(a) and Figure 5.3(b), respectively. Overall, the speedup of the
proposed pdADMM-G increases linearly with the number of layers. For example, the
speedups on the Cora dataset and the Amazon Computers dataset rise from 3 and 3.5
gradually to 4 and 4.5, respectively. The speedup on the PubMed dataset achieves
the lowest with a value of less than 3, whereas that on the Coauthor CS dataset
at least doubles that on any other small dataset, with a peak of 6. Moreover, the
speedup is more obvious on large datasets. For example, when the slopes of speedups

are compared, the slope on the Flickr dataset is at least five times much steeper than
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Figure 5.5: Communication overheads of two proposed algorithms on three datasets.

that on the Coauthor CS dataset. The same trend is applied to the Ogbn-Arxiv
dataset. This means that our proposed pd ADMM-G algorithm is more suitable for
large datasets.

For the relationship between the speedup and the number of GPUs, we set up a
large GA-MLP model with 16 layers and 4000 neurons and kept all hyperparameters
in the previous experiment. The speedup of our proposed pdADMM-G algorithm
was compared with all comparison methods. Figure 5.4 shows all speedups on two
large datasets. The proposed pd ADMM-G algorithm achieves a higher speedup than
any GD-based method. For example, the speedups of 8 GPUs are nearly 8 on the
Flickr dataset and the Ogbn-Arxiv dataset, while the best speedups achieved via
comparison methods are in the vicinity of 6 and 5 on two datasets, respectively.
We also observe that while speedups of all methods scale linearly with the number
of GPUs, the slopes of our proposed pd ADMM-G algorithm are steeper than these
of any comparison method. For example, the slope of our proposed pd ADMM-G
algorithm on the Flickr dataset is more than 10 times steeper than that of Adam. All
comparison methods show similar flat slopes, and they achieve a higher slope of the
speedup on the Ogbn-Arxiv dataset than that on the Flickr dataset.

In summary, the speedup of our proposed pd ADMM-G algorithm scales linearly
with the number of layers and the number of GPUs. Moreover, its speedup is superior

to any other comparison method significantly by more than 10 times.
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5.5.5 Communication Overheads

Then, it is necessary to explore how many communication overheads can be reduced
using the proposed quantization technique on different quantization levels. To achieve
this, we established a large GA-MLP model with 10 layers, each of which consists of
1000 neurons. We set up three quantization cases: no quantization, the quantization
concerning p only, and the quantization concerning both p and q. For every quanti-
zation case, we also set up two different quantization sizes: 8 bits and 16 bits. Figure
5.5 demonstrates the relationship between the test accuracy and communication over-
heads for different quantization cases and sizes on three datasets. Overall, communi-
cation overheads can be reduced significantly by the proposed quantization technique.
The amount of reduction depends on different quantization cases and sizes. Generally
speaking, the more variables are quantized and the fewer bits are compressed, then
the more savings in communications can be achieved. Take the Citeseer dataset as an
example, while all algorithms reach the same test accuracy above 70%, the proposed
pdADMM-G(i.e. no quantization) consumes the most communication costs with the
value of around 1.4 x 10° bytes. If the variable p is quantized using 16 bits, the com-
munication overhead drops by 10%, and then using 8 bits saves another 5%. When
variables p and q are both quantized, the communication overhead tumbles down to
1.2 x 10? bytes, which means decreases by 16.7% when it is compared with the case
where only p is quantized. When variables are compressed to 8 bits instead of 16
bits, the communication overhead slips further to 1.1 x 10%, a nearly 30% decline.
The same trend is applied to the other two datasets, and they accomplish a shrink of
communication overheads by 33% and 45%, respectively. This demonstrates that our
proposed quantization technique is effective for reducing unnecessary communication
costs without loss of performance. We also observe that the Coauthor CS dataset is
the largest dataset among the three, and it accomplishes the greatest communication

reduction.
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5.5.6 Performance

Finally, we evaluate the performance of two proposed algorithms against all compar-
ison methods on nine benchmark datasets. We set up two standard GA-MLP models
with 10 layers but different neurons: the first model has 100 neurons, while the sec-
ond model has 500 neurons. Following the greedy layerwise training strategy [3], we
firstly trained a two-layer GA-MLP model, and then three more layers were added
to training, and finally, all 10 layers were involved. The number of epochs was set to
200. We repeated all experiments five times and reported their means and the stan-
dard deviations. Due to space limit, hyperparameter settings and the performance of

validation sets are shown in Section D.2.1 and D.2.2 in the Appendix, respectively.

Table 5.3 demonstrates the performance of all methods when the number of neu-
rons is 100. In summary, the two proposed algorithms outperform all comparison
methods slightly: they occupy the best algorithms on eight datasets out of the total
nine datasets. For example, they both achieve 78% test accuracy on the Cora dataset,
whereas the best comparison method is GD, which only reaches 73% test accuracy,
and is at least 6% lower than the two proposed algorithms. As another example,
two proposed algorithms accomplish 78% test accuracy on the PubMed dataset, 4%
better than that achieved by Adagrad, whose performance is the best aside from the
two proposed algorithms. The Citeseer dataset shows the largest performance gap
between the two proposed algorithms and all comparison methods. Two proposed
algorithms reach the level of 70% test accuracy, whereas all comparison methods fall
in the vicinity of 60% test accuracy. In other words, the two proposed algorithms out-
perform all comparison methods by more than 10%. For two proposed algorithms, the
proposed pdADMM-G algorithm outperforms marginally the proposed pd ADMM-G-
Q algorithm due to the quantization technique. Their largest performance gap is 5%,

which is achieved on the Amazon Computers dataset. The Adam is the best compar-
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Dataset Cora PubMed Citeseer
GD 0.730+0.022 | 0.638+ 0.080 0.63740.040
Adadelta 0.671+0.064 | 0.705+0.038 0.62040.016
Adagrad 0.726+0.025 | 0.753+ 0.015 0.60140.037
Adam 0.725+0.036 | 0.742+0.007 0.6314+0.018
pdADMM-G 0.78440.003 | 0.7844+0.004 0.70940.003
pdADMM-G-Q | 0.788+0.003 | 0.782+0.003 | 0.712+ 0.001
Dataset Amazon Amazon Coauthor
Computers Photo CS
GD 0.646+0.032 | 0.735+ 0.169 0.88440.010
Adadelta 0.136+0.060 | 0.369+ 0.045 0.78740.086
Adagrad 0.688+0.023 | 0.813+ 0.018 0.88740.007
Adam 0.7244+0.010 | 0.855+0.009 0.88340.009
pdADMM-G | 0.735+0.006 | 0.856+0.011 | 0.915+0.004
pdADMM-G-Q | 0.6874 0.054 | 0.83240.010 0.91440.003
Dataset Coauth o Flickr Ogbn-Arxiv
Physics
GD 0.909+0.007 | 0.466=0.007 0.36140.063
Adadelta 0.915+0.014 | 0.461+0.008 | 0.5234 0.030
Adagrad 0.916+0.012 | 0.481+0.003 0.56740.016
Adam 0.912+0.016 | 0.512 +0.004 | 0.674=+ 0.006
pdADMM-G | 0.921+£0.003 | 0.513+0.002 | 0.647+0.002
pdADMM-G-Q | 0.919+0.002 | 0.507+0.003 0.65540.002

Table 5.3: Test performance of all methods when the number of neurons is 100.
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Dataset Cora PubMed Citeseer
GD 0.75740.024 0.699+0.655 0.680+0.014
Adadelta 0.717£0.063 0.72240.696 0.564+0.028
Adagrad 0.776+0.013 0.759+0.761 0.650 £0.038
Adam 0.771£0.020 0.778=+0.767 0.662 £0.021
pdADMM-G | 0.786+0.005 | 0.786+0.786 | 0.713+0.007
pdADMM-G-Q | 0.786+0.005 | 0.788+0.787 | 0.712+0.005

Dataset Amazon Amazon Coauthor

Computers Photo CS
GD 0.707£0.012 0.81740.005 0.906+0.005
Adadelta 0.2434+0.063 0.380£0.069 0.880+0.011
Adagrad 0.753+0.009 | 0.866+0.007 0.91140.003
Adam 0.73940.022 | 0.880+ 0.016 | 0.898+0.013
pdADMM-G 0.751£0.008 0.87340.004 | 0.920+0.002
pdADMM-G-Q | 0.748+0.004 0.865+0.007 0.919£0.003
Dataset Coauth o Flickr Ogbn-Arxiv
Physics

GD 0.91740.004 0.466+0.001 0.43640.042
Adadelta 0.917+0.004 0.4624+0.001 0.584+0.031
Adagrad 0.91440.004 0.487+0.005 0.630£0.016
Adam 0.91440.002 | 0.517£0.002 | 0.682+0.010
pdADMM-G | 0.918+0.003 | 0.51540.002 0.655+0.001
pdADMM-G-Q | 0.918+0.002 | 0.512+0.003 0.65740.002
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Table 5.4: Test performance of all methods when the number of neurons is 500.

ison method overall, and it serves as the best algorithm on the Ogbn-Arxiv dataset.
The Adadelta performs the worst among all comparison methods, whose performance
is significantly lower than any other method on several datasets such as the Amazon
Computers dataset, the Amazon Photo dataset, and the Coauthor CS dataset. Last
but not least, the standard deviations of all methods remain low, and this shows that

they are robust to different initializations.

Table 5.4 shows the performance of all methods when the number of neurons
is 500. In general, two proposed algorithms still reach a better performance than
all comparison methods, but the gap is more narrow. For example, in Table 5.3,

the proposed pdADMM-G algorithm achieves the best on the Amazon Computers
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dataset. However, it is surpassed by Adagrad slightly in Table 5.4. We also observe
that a GA-MLP model with 500 neurons performs better than that with 100 neurons,
which are trained by the same algorithm. This makes sense since the wider a model

is, the more expressiveness it is equipped with.

5.6 Conclusion

The GA-MLP models are attractive to the deep learning community due to potential
resistance to some problems of GNNs such as over-smoothing and over-squashing. In
this chapter, we propose a novel pd ADMM-G algorithm to achieve parallel training of
GA-MLP models, which is accomplished by breaking the layer dependency. The ex-
tended pd ADMM-G-Q algorithm reduces communication overheads by the introduc-
tion of the quantization technique. Their theoretical convergence to a(quantized) sta-
tionary point of the problem is guaranteed with a sublinear convergence rate o(1/k),
where £ is the number of iterations. Extensive experiments verify that the two pro-
posed algorithms not only converge in terms of objectives and residuals, and acceler-
ate the training of deep GA-MLP models, but also stand out among all the existing
state-of-the-art optimizers on nine benchmark datasets. Moreover, the pd ADMM-G-
Q algorithm reduces communication overheads by up to 45% without loss of perfor-

mance.
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Chapter 6

Conclusion and Future Works

The goal of this dissertation is to develop AM methods to train deep learning models
as an alternative to GD. We focus on three research topics: In the topic of AM meth-
ods on Multi-Layer Perceptron(MLP), we devise two algorithms: deep learning Alter-
nating Direction Method of Multipliers(dIADMM) and monotonous Deep Learning
Alternating Minimization(mDLAM). In the topic of AM methods on Graph Neural
Network(GNN), we propose the Invertible Validity-aware Graph Diffusion(IVGD) for
graph source localization. In the topic of AM methods for distributed neural network
training, we propose three algorithms: parallel deep learning Alternating Direction
Method of Multipliers(pdADMM), graph pd ADMM(pdADMM-G), and quantized
graph pdADMM (pdADMM-G-Q).

For the dIADMM algorithm, the parameters in each layer are updated backward
and then forward so that the parameter information in each layer is exchanged ef-
ficiently. The time complexity is reduced from cubic to quadratic in(latent) feature
dimensions via a dedicated algorithm design for subproblems that enhances them
by utilizing iterative quadratic approximations and backtracking. Finally, we pro-
vide the first proof of global convergence for an ADMM-based method(dIADMM) in

a deep neural network problem under mild conditions. Experiments on benchmark
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datasets demonstrated that our proposed dAIADMM algorithm outperforms most of
the comparison methods. Future work will further extend this method from Multi-
Layer Perceptron(MLP) models to other architectures such as Graph Convolutional
Network(GCN) models.

For the mDLAM algorithm, our innovative inequality-constrained formulation in-
finitely approximates the original problem with non-convex equality constraints, en-
abling our convergence proof of the proposed mDLAM algorithm regardless of the
choice of hyperparameters. Our proposed mDLAM algorithm is shown to achieve
a fast linear convergence by the Nesterov acceleration technique. Extensive exper-
iments on multiple benchmark datasets demonstrate the convergence, effectiveness,
and efficiency of the proposed mDLAM algorithm.

For the IVGD model, we make a graph diffusion model invertible by restricting
its Lipschitz constant for the residual GNNs, and thus an approximate estimation of
source localization can be obtained by its inversion, and then a compensation mod-
ule is presented to reduce the introduced errors with skip connection. Moreover, we
leverage the unrolled optimization technique to integrate validity constraints into the
model, where each layer is encoded by a constrained optimization problem. To com-
bat efficiency and scalability problems, a linearization technique is used to transform
problems into solvable ones, which can be efficiently solved by closed-form solutions.
Finally, the convergence of the proposed IVGD to a feasible solution is proven the-
oretically. Extensive experiments on nine datasets show that our proposed IVGD
outperforms all comparison methods significantly on five metrics, especially 20% on
F1-Score.

For the pd ADMM algorithm, we achieve model parallelism training by breaking
layer dependency among variables: parameters in each layer of neural networks can
be updated independently in parallel. The convergence of the proposed pd ADMM

to a stationary point is theoretically proven under mild conditions. The convergence
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rate of the pd ADMM is proven to be o(1/k), where k is the number of iterations.
Extensive experiments on six benchmark datasets demonstrated that our proposed
pdADMM can lead to more than a 10 times speedup for training large-scale deep
neural networks, and outperformed most of the comparison methods.

For the pd ADMM-G algorithm and the pd ADMM-G-Q algorithm, they are ex-
tended from the proposed pd ADMM algorithm to train GA-MLP models in parallel:
the pd ADMM-G algorithm breaks layer dependency similar to the pd ADMM al-
gorithm. The extended pd ADMM-G-Q algorithm reduces communication costs by
introducing the quantization technique. Theoretical convergence to a(quantized) sta-
tionary point of the pdADMM-G algorithm and the pdADMM-G-Q algorithm is
provided with a sublinear convergence rate o(1/k), where k is the number of iter-
ations. Extensive experiments demonstrate the convergence of two proposed algo-
rithms. Moreover, they lead to a more massive speedup and better performance than
all state-of-the-art comparison methods on nine benchmark datasets. Last but not
least, the proposed pd ADMM-G-Q algorithm reduces communication overheads by

up to 45% without loss of performance.

6.1 Research Tasks

The major research tasks are described as follows. The current status of these tasks

is listed in Table 6.1.

6.1.1 The dIADMM Algorithm

e Definition of the MLP training problem and problem transforma-
tion(A1). We mathematically formulate the MLP training problem, and then
transform the nonlinear constraints of this problem to ¢5 penalties in the objec-

tive.
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Task Description Status
Research Work A | The dIADMM Algorithm Completed
Al Problem definition and transformation Completed
A2 Proposal of the dIADMM algorithm Completed
A3 Discussion of solutions to all subproblems Completed
A4 Convergence proof of the proposed dIADMM algorithm | Completed
A5 Validation on the benchmark datasets Completed
Research Work B | The mDLAM Algorithm Completed
B1 Problem transformation and relaxation Completed
B2 Proposal of the mDLAM algorithm Completed
B3 Convergence proof of the proposed DLAM algorithm Completed
B4 Validation on the benchmark datasets Completed
Research Work C | The pd ADMM Algorithm Completed
C1 Problem definition and transformation Completed
C2 Proposal of the pd ADMM algorithm Completed
C3 Convergence proof of the proposed pd ADMM algorithm | Completed
C4 Validation on the benchmark datasets Completed
The pd ADMM-G-Q Algorithm
Research Work D and the pd ADMM-G- Qg Algorithm Completed
D1 Problem definition and transformation Completed
Proposal of the pd ADMM-G algorithm and the
b2 pdADMM-G-Q algorithm Completed
D3 Convergence proofs of two proposed algorithms Completed
D4 Validation on the benchmark datasets Completed
Research Work E | The IVGD Model
E1l Definition of the graph source localization problem Completed
E2 Proposal of invertible graph residual network Completed
E3 Proposal of graph validity-aware layers Completed
E4 Convergence proof of the proposed IVGD model Completed
E5 Validation on the real-world datasets Completed
F Dissertation writing and revision Completed

Table 6.1: Research tasks and status
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e Proposal of the dIADMM algorithm(A2). We present a novel and effi-
cient dIADMM algorithm to handle the MLP training problem. The proposed
dIADMM updates parameters in a backward-forward fashion, in order to accel-

erate the convergence process.

e Discussion of solutions to all subproblems(A3). We discuss solutions
to all subproblems generated by the proposed dAIADMM algorithm. For some
subproblems, we propose quadratic approximation and backtracking techniques
to avoid matrix inversion as well as reduce computational costs for large-scale
datasets. The time complexity of subproblems in the proposed dIADMM is
reduced from O(n?) to O(n?).

e Convergence proof of the proposed dIADMM algorithm(A4). We in-
vestigate several convergence properties of the proposed dIADMM. The conver-
gence assumptions are very mild to ensure that most deep learning applications
satisfy our assumptions. The proposed dAIADMM is guaranteed to converge to
a stationary point sublinearly whatever the initialization is when the hyperpa-

rameter is sufficiently large.

e Validation on the benchmark datasets(A5). We conduct experiments on
several benchmark datasets to validate our proposed dIADMM algorithm. Ex-
perimental results show that the proposed dIADMM algorithm performs better
than most GD-based optimizers. Moreover, we also demonstrate the conver-

gence and the efficiency of the proposed dIADMM algorithm.

6.1.2 The mDLAM Algorithm

e Definition of the MLP training problem and problem relaxation(B1).
We transform the original MLP training problem into an inequality-constrained

problem that can infinitely approximate the original one. Applying this inno-
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vation to an inequality-constraint-based transformation not only ensures the

convexity of all subproblems but also reduces sensitivity to the input.

e Proposal of the mDLAM algorithm(B2). We present an efficient mDLAM
algorithm. The Nesterov acceleration technique is applied to further boost
convergence. The quadratic approximation technique is utilized to avoid matrix

inversion, and all subproblems have closed-form solutions.

e Convergence proof of the proposed DLAM algorithm(B3). We investi-
gate several convergence properties of the proposed mDLAM algorithm under
mild conditions. It is guaranteed to converge to a stationary point with linear
convergence whatever hyperparameters are initialized. The convergence rate
and the hyperparameter conditions of the proposed mDLAM algorithm are

better than these of the previously proposed dIADMM algorithm.

e Validation on the benchmark datasets(B4). Extensive experiments on
four benchmark datasets have been conducted to demonstrate the convergence,
effectiveness, and scalability of the proposed mDLAM algorithm. It achieves
a linear convergence as expected, and outperforms consistently state-of-the-art

optimizers.

6.1.3 The pdADMM Algorithm

e Definition of the MLP training problem and problem transforma-
tion(C1). We propose a novel transformation of the MLP training problem by
breaking the layer dependency, which splits a neural network into independent

layer partitions and allows for the ADMM to achieve parallel training.

e Proposal of the pd ADMM algorithm(C2). We propose a novel pd ADMM

algorithm to train the deep MLP model in parallel. All parameters in each layer
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can be updated independently. All subproblems generated by the proposed

pdADMM algorithm have closed-form solutions.

e Convergence proof of the proposed pd ADMM algorithm(C3). Similar
to the previously proposed dIADMM algorithm, we investigate the convergence
properties of the proposed pd ADMM algorithm under convergence assumptions,
which are milder than these of the previously proposed dAIADMM algorithm. We
prove that it converges to a stationary point with sublinear convergence when

the hyperparameters are sufficiently large.

e Validation on the benchmark datasets(C4). We conduct extensive exper-
iments on six benchmark datasets to show the massive speedup of the proposed
pdADMM as well as its competitive performance with state-of-the-art optimiz-
ers. The speedup of the proposed pd ADMM algorithm increases linearly with

the number of layers.

6.1.4 The pdADMM-G and pdADMM-G-Q Algorithms

e Definition of the GA-MLP training problem and problem transfor-
mation(D1). We mathematically formulate the GA-MLP training problem,
and then break layer dependency to achieve parallel training, which is similar

to the previously proposed pdADMM algorithm.

e Proposal of the pdADMM-G algorithm and the pdADMM-G-Q al-
gorithm(D2). We extend the previously proposed pd ADMM algorithm to
train the GA-MLP model, named the pdADMM-G algorithm. The extended
pdADMM-G-Q algorithm reduces communication costs by introducing the quan-

tization technique.

e Convergence proofs of two proposed algorithms(D3). We provide the

theoretical convergence guarantees of two proposed algorithms. Specifically, we
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investigate their several convergence properties and prove that they converge to
a(quantized) stationary point of GA-MLP models sublinearly when the hyper-

parameters are sufficiently large.

e Validation on the benchmark datasets(D4). We conduct extensive ex-
periments on nine benchmark datasets to show the convergence, the massive
speedup of two proposed algorithms, as well as their outstanding performance.
Moreover, the proposed pd ADMM-G-Q algorithm reduces communication over-

heads significantly by up to 45%.

6.1.5 The IVGD Model

e Definition of the graph source localization problem(E1). We define the
graph source localization problem where the prior knowledge of the graph diffu-
sion model is available. Our goal is to design a graph source localization model

constrained by graph validity constraints via utilizing such prior knowledge.

e Proposal of invertible graph residual network(E2). We propose a new
graph residual network with Lipschitz regularization to ensure the invertibility
of graph diffusion models. Furthermore, we propose an error compensation

mechanism to offset the errors inferred from the graph residual network.

e Proposal of graph validity-aware layers(E3). We ensure the validity of
inferred sources by automatically learning validity-aware layers. We further
accelerate the optimization of the proposed layers by leveraging a linearization
technique. It transforms nonconvex problems into convex problems, which have

closed-form solutions.

e Convergence proof of the proposed IVGD model(E4). We prove the

convergence of the proposed IVGD model for linear validity constraints. It con-



6.2. DISCUSSION 117

verges asymptotically to a feasible solution when the number of graph validity-

aware layers goes to infinity.

e Validation on the real-world datasets(E5). Extensive experiments on nine
datasets have been conducted to demonstrate the effectiveness and robustness of
our proposed IVGD. Our proposed IVGD outperforms all comparison methods

significantly on five metrics.

6.2 Discussion

Finally, we summarize some recent training methods in parallel to our publications.
These training methods can be either serial training methods or parallel training
methods. Serial training methods are classified into two categories: 1). Stochastic
Approximation(SA). This type of method trains a neural network in a stochastic
manner. For example, Newman et al. proposed an algorithm called slimTrain, which
automatically adapted regularization parameters for linear weights [74]. 2). Sample
Average Approximation(SAA). SAA methods update the parameters of neural net-
works in a full-batch fashion, where our proposed AM methods fall. As an example,
Newman et al. proposed the GNvpro by extending the idea of variable projection
in the nonlinear least-square problem to train Deep Neural Network(DNN) training
[73]. The main difference between our proposed AM methods and theirs consists in
the separability of neural networks: slimTrain and GNvpro split a neural network
into a nonlinear feature extractor followed by an affine mapping, while our proposed
AM methods have a finer granularity of decomposition: they decompose a neural
network into layerwise training modules. Such difference leads to several advantages:
firstly, our proposed AM methods are proven to converge for non-differentiable acti-
vations(e.g. ReLU) [101, 106], while no such convergence guarantees are provided for

slimTrain and GNvpro; secondly, they can avoid gradient vanishing/exploding prob-
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lems for any neural network architecture [93, 92|, whereas slimTrain and GNvpro
require delicate designs of neural networks (e.g. hyperbolic neural networks); thirdly,
these training modules usually have analytic solutions and hence facilitate efficient
training, and our proposed AM methods converge to modest accuracy within tens of
iterations, which are sufficient for real-world applications [6].

As for parallel training methods, they can be categorized into data parallelism and
model parallelism. We have summarized their recent development in Chapters 4 and
5. One important related work is an MGRIT-based method proposed by Gunther et
al. [32], as their method is also layerwise-based. Specifically, they substitute a paral-
lel nonlinear multigrid iteration applied to the layer domain for the backpropagation
algorithm. While their mechanism is different from our proposed AM methods, they
share a common characteristic: they both forsake model precision for speedup: the
MGRIT-based method employs a relaxation scheme to approximate the true solution
on the fine grid; our proposed AM methods relax original training problems via im-
posing constraints as penalties on the objectives. One potential future direction is to
combine their idea with ours to accelerate model training further.

It is important to compare our proposed AM methods with Block Coordinate
Descent(BCD) methods. This is because they are important components of SAA
methods and share some commonalities with our AM methods, which have been in-
vestigated recently to train neural networks [19, 120, 124]. Please refer to Chapter
3 for recent development. While they have achieved excellent performance on many
datasets, their usage is restricted by the challenges of the ill-conditioning and cou-
pled variables [73, 74]. For our proposed AM methods in this dissertation, they solve
subproblems approximately: we replace each subproblem with a quadratic approxi-
mation, and optimal learning parameters are selected via iterative backtracking, and

therefore, we can choose accurate directions toward solutions.
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6.3 Current Publications

6.3.1 Contributions of Published Papers Contributing to dis-

sertation

The following is a list of published papers that contribute to the dissertation and

author contributions:

1. Junxiang Wang, Fuxun Yu, Xiang Chen, and Liang Zhao. ADMM for Efficient
Deep Learning with Global Convergence. in Proceedings of the 25th ACM
SIGKDD Conference on Knowledge Discovery and Data Mining(KDD 2019),
research track(acceptance rate: 14.2%), Alaska, USA, Aug 2019.

Junxiang Wang proposed the dIADMM algorithm, proved the convergence of
the dAIADMM algorithm, led the experimental design and analysis and drafted
the manuscript. Fuxun Yu participated in the experimental design, and Xiang

Chen and Liang Zhao provided support and manuscript editing.

2. Junxiang Wang, Hongyi Li, and Liang Zhao. Accelerated Gradient-free Neural
Network Training by Multi-convex Alternating Optimization. Neurocomput-
ing,(impact factor: 5.719), 2022.

Junxiang Wang proposed the mDLAM algorithm, proved the convergence of
the mDLAM algorithm, led the experimental design and analysis and drafted
the manuscript. Hongyi Li participated in the experimental design, and Liang

Zhao provided support and manuscript editing.

3. Junxiang Wang, Zheng Chai, Yue Cheng, Liang Zhao. Toward Model Paral-
lelism for Deep Neural Network based on Gradient-free ADMM Framework.
in Proceedings of the IEEE International Conference on Data Mining(ICDM
2020), regular paper(acceptance rate: 9.8%), Sorrento, Italy, Nov 2020.

Junxiang Wang proposed the pd ADMM algorithm, proved the convergence of
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the pdADMM algorithm, led the experimental design and analysis and drafted
the manuscript. Zheng Chai participated in the experimental design, and Yue

Cheng and Liang Zhao provided support and manuscript editing.

4. Junxiang Wang, Hongyi Li, Zheng Chai, Yongchao Wang, Yue Cheng, and Liang
Zhao. Towards Quantized Model Parallelism for Graph-Augmented MLPs Based
on Gradient-Free ADMM Framework, IEEE Transactions on Neural Networks
and Learning Systems(TNNLS),(impact factor: 14.425).

Junxiang Wang proposed the pd ADMM-G algorithm and pd ADMM-G-Q al-
gorithm, proved the convergence of the two proposed algorithms, participated
in the experimental design and drafted the manuscript. Hongyi Li led the ex-
perimental design and analysis. Zheng Chai participated in the experimental
design. Yongchao Wang, Yue Cheng, and Liang Zhao provided support and

manuscript editing.

5. Junxiang Wang, Junji Jiang, and Liang Zhao. An Invertible Graph Diffusion
Neural Network for Source Localization. 31st International World Wide Web
Conference (WWW 2022), (acceptance rate: 17.7%), Lyon, FR, Apr 2022.
Junxiang Wang proposed the IVGD framework, proved the convergence of
the proposed IVGD, led the experimental design and analysis and drafted the
manuscript. Junji Jiang participated in the experimental design. Liang Zhao

provided support and manuscript editing.

6.3.2 Published Papers During My Ph.D.

Conference Papers

1. Chen Ling, Tanmoy Chowdhury, Junji Jiang, Junxiang Wang, Xuchao Zhang,
Haifeng Chen, and Liang Zhao. DeepAR: Deep Graph Representation Learn-

ing and Optimization for Analogical Reasoning. in Proceedings of the IEEE
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International Conference on Data Mining(ICDM 2022), short paper(acceptance
rate: 20%), Orlando, FL, USA, Nov 2022.

2. Chen Ling, Junji Jiang, Junxiang Wang, and Liang Zhao. SL-VAE: Variational
Autoencoder for Source Localization. in Proceedings of the 28th ACM SIGKDD
Conference on Knowledge Discovery and Data Mining(KDD 2022), research
track(acceptance rate: 15.0%), Washington D.C, USA, Aug 2022.

3. Junxiang Wang, Junji Jiang, and Liang Zhao. An Invertible Graph Diffusion
Neural Network for Source Localization. 31th International World Wide Web

Conference(WWW 2022),(acceptance rate: 17.7%), Lyon, FR, Apr 2022.

4. Junxiang Wang and Liang Zhao. Convergence and Applications of ADMM on
the Multi-convex Problems. 26th Pacific-Asia Conference on Knowledge Dis-
covery and Data Mining(PAKDD 2022),(acceptance rate: 19.3%), Chengdu,

China, May 2022.

5. Junxiang Wang, Zheng Chai, Yue Cheng, Liang Zhao. Toward Model Paral-
lelism for Deep Neural Network based on Gradient-free ADMM Framework.
in Proceedings of the IEEE International Conference on Data Mining(ICDM

2020), regular paper(acceptance rate: 9.8%), Sorrento, Italy, Nov 2020.

6. Junxiang Wang, Fuxun Yu, Xiang Chen, and Liang Zhao. ADMM for Efficient
Deep Learning with Global Convergence. in Proceedings of the 25th ACM
SIGKDD Conference on Knowledge Discovery and Data Mining(KDD 2019),

research track(acceptance rate: 14.2%), Alaska, USA, Aug 2019.

7. Junxiang Wang, Liang Zhao, and Yanfang Ye. Semi-supervised Multi-instance
Interpretable Models for Flu Shot Adverse Event Detection. 2018 IEEE In-

ternational Conference on Big Data(BigData 2018)(acceptance rate: 18.9%),
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10.

Seattle, USA, Dec 2018.

Junxiang Wang, Yuyang Gao, Andreas Zufle, Jingyuan Yang, and Liang Zhao.
Incomplete Label Uncertainty Estimation for Petition Victory Prediction with
Dynamic Features. in Proceedings of the IEEE International Conference on
Data Mining(ICDM 2018), regular paper(acceptance rate: 8.9%), Singapore,
Dec 2018.

Junxiang Wang and Liang Zhao. Multi-instance Domain Adaptation for Vac-
cine Adverse Event Detection. 27th International World Wide Web Confer-

ence(WWW 2018),(acceptance rate: 14.8%), Lyon, FR, Apr 2018.

Liang Zhao, Junxiang Wang, and Xiaojie Guo. Distant-supervision of hetero-
geneous multitask learning for social event forecasting with multilingual indi-
cators. Thirty-Second AAAI Conference on Artificial Intelligence(AAAT 2018),
Oral presentation(acceptance rate: 11.0%), pp. 4498-4505, New Orleans, US,

Feb 2018.

Journal Papers

1.

Junxiang Wang, Hongyi Li(first-coauthor), Zheng Chai, Yongchao Wang, Yue
Cheng, and Liang Zhao. Towards Quantized Model Parallelism for Graph-
Augmented MLPs Based on Gradient-Free ADMM Framework. IEEE Trans-
actions on Neural Networks and Learning Systems(TNNLS),(impact factor:
14.225).

Junxiang Wang, Hongyi Li, and Liang Zhao. Accelerated Gradient-free Neural
Network Training by Multi-convex Alternating Optimization. Neurocomput-

ing, (impact factor: 5.719), 2022.

3. Junxiang Wang and Liang Zhao. Nonconvex Generalization of Alternating Di-
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rection Method of Multipliers for Nonlinear Equality Constrained Problems.

Results in Control and Optimization 2: 100009, 2021.

4. Junxiang Wang, Liang Zhao, Yanfang Ye, and Yuji Zhang. Adverse event
detection by integrating Twitter data and VAERS. Journal of Biomedical Se-

mantics,(impact factor: 1.845), 2018.

5. Liang Zhao, Junxiang Wang, Feng Chen, Chang-Tien Lu, and Naren Ramakr-
ishnan. “Spatial Event Forecasting in Social Media with Geographically Hier-
archical Regularization”. Proceedings of the IEEE(impact factor: 9.237), vol.
105, no. 10, pp. 1953-1970, Oct. 2017.

6.3.3 Papers Published Before Ph.D.

1. Junxiang Wang, Weiming Yu, Zhibin Chen, Hengda Li, Zhenran Jiang. Pre-
dicting Drug-Target Interactions of Nuclear Receptors Based on Molecular De-
scriptors Information. Letters in Drug Design and Discovery 10(10), 989-994,
2013.

2. Weiming Yu, Yan Yan, Qing Liu, Junxiang Wang, and Zhenran Jiang. Pre-
dicting drug-target interaction networks of human diseases based on multiple

feature information. Pharmacogenomics 14(14), 1701-1707, 20, 2013.

3. Zhenran Jiang, Ran Tao, Lei Du, Weiming Yu and Junxiang Wang. Using
Network-Based Approaches to Predict Ligands of Orphan Nuclear Receptors.
Current Bioinformatics 7(4), 411-414, 2012.

4. Ran Tao, Zhenran Jiang, Weiming Yu and Junxiang Wang. Predicting Cou-
pling Specificity of GPCRs Based on the Optimization of the Coupling Regions.
Combinatorial Chemistry and High Throughput Screening 15(9), 770-774, 2012.
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5. Weiming Yu, Zhengyan Jiang, Junxiang Wang, and Ran Tao. Using feature
selection technique for drug-target interaction networks prediction. Current

medicinal chemistry 18(36), 5687-5693, 2011.

6.3.4 Submitted and In-preparation Papers

1. Junxiang Wang, Hongyi Li, and Liang Zhao. Proximal ADMM Algorithms
for Multi-convex Problems. International Journal of Data Science and Analyt-

ics(Submission)

2. Junxiang Wang, Junji Jiang, and Liang Zhao. An Invertible Bi-Lipschitz Surro-

gate Model for Black-box Graph Inverse Problems. NeurIPS 2022(Submission)

3. Hongyi Li, Junxiang Wang, Yongchao Wang, Yue Cheng, and Liang Zhao.
Community-based Layerwise Distributed Training of Graph Convolutional Net-
works. IEEE Transactions on Neural Networks and Learning Systems(TNNLS)

(Submission)

4. Chen Ling, Junji Jiang, Junxiang Wang, Renhao Xue, and Zhao Liang. DeepIM:
Deep Graph Representation Learning and Optimization for Influence Maximiza-

tion. WSDM 2023(In Preparation)

5. Junxiang Wang, Hongyi Li, Liang Zhao. A Convergent ADMM Framework for
Efficient Neural Network Training. IEEE Transactions on Knowledge and Data

Engineering(TKDE)(In Preparation)

6. Yuyang Gao, Junxiang Wang, Wei Wang, Xin Deng, Hamed Zamani, Xiaohan
Yan, Yan Guo, Ahmed Awadallah, Yanfang Ye, and Liang Zhao. Asynchronous
Semi-supervised Representation Learning for Email Heterogeneous Networks.

CIKM 2022(Submission)
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7. Johnny Torres, Guangji Bai, Junxiang Wang, Liang Zhao, Carmen Vaca, Cristina

Abad. Sign-regularized Multi-task Learning. Neurocomputing(In Preparation)

6.4 Future Research Directions

6.4.1 Parallel Training of Graph Neural Networks on Large-

Scale Graphs

The GCN is one of the most popular graph learning models: it demonstrates the
ability to express nodes and graphs effectively via the message-passing mechanism.
Despite its effectiveness, it is challenging to train large-scale GCN models. This is
because the space complexity and the time complexity to handle graphs are quadratic
with respect to their nodes. Therefore, a graph with millions or billions of nodes may
not fit in memory. Potential future work is to devise AM algorithms to address

parallel training on large-scale graphs.

6.4.2 Stochastic AM Algorithms for Large-Scale Datasets

On one hand, the full-batch GD is popular in the small machine learning problems,
they suffer from memory issues on the large-scale datasets, which is also potentially a
challenge of SSA methods, including our proposed AM methods. On the other hand,
however, stochastic algorithms such as Stochastic Gradient Descent(SGD) are more
prevalent for large-scale datasets [5]. This motivates us to extend our proposed AM
methods to stochastic formats by some variance reduction techniques such as SVRG
[50] and SAGA [24]. We will investigate their theoretical convergence rates as well as

verify their performance on large-scale datasets.
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Appendix A

Appendix of the dIADMM

Algorithm

A.1 Algorithms to Update W)™ and o/

The algorithms to update VVZICJrl and af“ are described in the Algorithms 7 and 8,

respectively.

Algorithm 7: The Backtracking Algorithm to Update WW,**!

Require: Wit! zit! aFtluk o some constant v > 1.

Ensure: Ql’““,I/VlkH.
1: Pick up o and ¢ = Wf“ — VWf+1¢/O{.

while g({W/ Y= ¢ {WEYE L 28, 2l ub) > B(Ga) do
a4 ay.
Solve ¢ by Equation (2.9).

end while

Output OF™ + a.

Output W/ « ¢.

A.2 Preliminary Lemmas

The following several lemmas are preliminary results.
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Algorithm 8: The Backtracking Algorithm to Update a’“rl

Require: Wt zit! al Ly p some constant 7 > 1.

Ensure: le+1 af“.

Output 7 « ¢.
Output akJrl «— B.

1: Pickup t and 8 = af“ k+1¢/t

2: while ¢(W§€-i_-‘—117 f—|—-_11>{ k+1} =D 7{—k+1}1 1+10 U ) > Ql(ﬂ;t) do
3 T4 1n.

4 Beaqytt = Voot

5: end whlle l

6:

7

Lemma 11. VZER(ZE; y) +uf =0 for all k € N.

Proof. The optimality condition of z¥ in Equation (2.11) gives rise to
V. R(z5y) + plzf — Wiag ) +u* =1 =0

Because u* = uf~1 + p(2% — WFa%_|), then we have VzﬁR(Zf3 y) +uf = 0. O

Lemma 12. Tt holds that Vzy 1,212 € R",

R(zp1;y) < R(zpo:y) + VZHR (20.2;9) (201 — 202) + (H/2)||201 — 212

— R(zp1;y) < —R(zp2;y) — VZLQR (zr2;y) (20 — 2z02) + (H/2)||201 — 2127

Proof. Because R(zp;y) is Lipschitz differentiable by Assumption 2, so is —R(z1; ).

Therefore, this lemma is proven exactly as same as Lemma 2.1 in [2]. ]
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Lemma 13. It holds that for Vk € N,

L, (Wi 2 aitt k) — LW i afth o)

> 7+ o (@t — af)? /200 =1, L — 1) (A1)
L(Wp,) i & k) > LWz a )i =1, ,L-1)  (A2)
L,(W* 2" 2" ub) — L(W* 25 ab u¥) > (p/2)||75 — 252 (A.3)

ST Vi —k+1 FhHL ok S VA Zh+1 —k:+1 k
LW .z, &, u") — L,(W, 7 ,u”)

7

—k+1

—k+1
> |16,

o (W) = WEHE/200=1,--- L) (A4)
L (Werllv f+11,af+11,uk) L (Wkﬂ, f+1laaf+11auk)

> 05 o (WL =W R /200 =1, L) (A5)
LP<W§€+1 Zf+11>af+11> ) > L (WkH i agwll’ )(l =1,---,L—-1) (A.6)

L (Wk-i-l k+1 aerll; k) L (Wk—H k+1 aéchl,uk)

> [ o (af* = a2 = 1+ L= 1) (A7)

Proof. Essentially, all inequalities can be obtained by applying optimality conditions

_ —k+1
k—&-l’ k+1 Wl Wk+l Zk+1

of updating @ T, 2 and akH, respectively. We only prove

Inequality (A.3), (A.5), and (A.6). This is because Inequalities (A.1), (A.4) and
(A.7) follow the routine of Inequality (A.5), and Inequality (A.2) follows the routine
of Inequality (A.6).

Firstly, we focus on Inequality (A.3).

L,(WF zF a uF) — L,(WF Zht ak o)
= R(zf;y) + ()T (2] = Wi _y) + (p/2)||2f — WEag I3

— Rz y) = (WM = WidE ) = (p/2)|77 = WEaG I3
= R(zf;y) — RZESy) + (W) (20 =20 + (/21125 = ZE 3

+P(EIZ+1 Wy aL 1) (ZE _z’ZH) (A.8)
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where the second equality follows from the cosine rule |28 — Wkak | [|2 — ||Z6+! —
Whah 3 = 257 — 2618 + (25 — Whah_)T(2 — 26),

According to the optimality condition of Equation (2.5), we have szzﬂ R(z’;“; y)+
uP + p(Z¥ —Wkak ) = 0. Because R(zr;y) is convex and differentiable with regard
to zr, its subgradient is also its gradient. According to the definition of subgradient,

we have

R(z;y) = RELy) + Vo R (2 ) (2 — 27)

= R(z;y) — (WF + p(FL = Wiap, ) (2 —Z) (A.9)

We introduce Equation (A.9) into Equation (A.8) to obtain Equation (A.3).
Secondly, we focus on Inequality (A.5). The choice of §;*! in Algorithm 7 shows

that
¢(Wf+1,zf_+11, affll, “k) < Pz(W/““% 65“» (A.10)
Moreover, the optimality condition of VV/“Jrl shows that
(Vi) (WEL 27 al ) + 07 o (W= W) =0 (A1)
Therefore, we have

Ly (Wit 2 e u®) — Ly (Wit gt artl o)
= p(Witl 2l al b)) — o(With 2P altl wF)  (Definition of L,)
> Qb(ijlla ijllv afjllvuk> - Pl(VVzkH% 9?“) (Equation (A.10))
k1 —kt1y,
= =V (W =W, ) = 107 o (W = W), /2

— (|05 o (W — T )21 /2 (Equation (A.11)).
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Finally, we focus on Equation (A.6). This follows directly from the optimality of zf“

in Equation (2.10). O

Lemma 14. If p > @H so that Cy = p/2 — H/2 —2H?/p > 0, then it holds that

k1 k41 k+1 K k1 k1 _k+1 , k+1
L,(W" z7 a ™ u) — Ly (WP 2" a™ o)

> Cillzpt =zl — 27 /p)IZ " — ZLl2- (A.12)

Proof.

L,(WHH ghtl gl by ] (WD ghtl ghtl g el
= R(z™y) — R(zpy) + (T EET = 207 + (p/2) 10 = 2503
—(1/p) [+ — |3
= R(EZy) = R y) + Voen R y) (™ =207 + (o/2) |0 = 2713
— (1/p) "+ — u*||3( Lemma 11)

> (—H/2)lz, =25+ (/2N =2 — (/) Vs R(21 5 )
— VZQR(zL, Y)|I3(—R(z1;y) is Lipschitz differentiable, Lemmas 11 and 12)

> (—H/2)lz =25+ (/22 =2 — (P o)l = #E13
(Assumption 2)

> (—H/2)lz =25+ (/2N =20 — (212 /o)l = 2075

— (2H?/p)||Z5tt — 25|12 (Mean Inequality)

= Cillzpt =z — 2/ p)IZ " — ZLl2-

We choose p > @H to make C7 > 0. [
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A.3 Proof of Theorem 1

Proving Theorem 1 is equal to proving jointly Theorem 13, 14, and 15, which are

elaborated in the following.

Theorem 13. Given that Assumptions 1 and 2 hold, the dIADMM satisfies Property
1.

Proof. There exists z; such that z; — Wrak | = 0. By Assumption 2, we have
F(W* {2}, 2p,a") > min § > —o0

where S = {F(W,z,a) : z;, — Wrar_1 = 0}. Then we have

= F(W*, 2", a%) + (u*)" (2] = Wiaj_y) + (p/2)ll2 — WEal I3

= F(W", 2" a") + (u")" (2] — 21) + (p/2) |2, — Wiag 3

(ZIL — Wiaj_, =0)

= F(W* 2", a") + V4 RT(21:y) (2, — 21) + (p/2)l|2] — Wiag |3
(Lemma 11)

= /) 3 1t = Wil 13+l = FGERIE) + R(Eiw)

+ VZERT(ZE; V) (2, — 28 4 (p/2)]|2F — WEak _||> (The definition of F)
> (w/2) 3l — Wl + laf — FGDIB) + R(z,iv)

+(p— H/2)|lzf — Wiag 4|3

(Lemmas 11 and 12, R(zy;y) is Lipschitz differentiable)

> —00

It concludes from Lemma 13 and Lemma 14 that Lp(Wk, z¥ ak u*) is upper bounded

by L,(W 2%, %, u’) and so are (v/2) 327 (|l=f — Wlaf |l + llaf — f(f)]3) and
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|28 — Wkak | ||3. By Assumption 2, (W* z* a*) is bounded. By Lemma 11, it is

obvious that u* is bounded as well. O

Theorem 14. Given that Assumptions 1 and 2 hold, the dIADMM satisfies Property
2.

Proof. This follows directly from Lemma 13 and Lemma 14. O]

Theorem 15. Given that Assumptions 1 and 2 hold, the dIADMM satisfies Property
3.

Proof. We know that

8Lp(Wk+1, ZkJrl’ ak+1, uk+1)

— (awk+l LP? azk+l LP? Vak+l LP? Vuk+1 Lp)

where Owr+1 L, = {Qy i1 L}y, Oppri Ly = {051 Ly}, and
Var1 L, = {Vgr1 Lp}lL:_l1 . To prove Property 3, we need to give an upper bound of
Owr+1 Ly, Oprr1 Ly, Vari1 L, and V ki1 L, by a linear combination of [WHhHT — WkHH,

24+t =z, ! — & and [z — 2]
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For WFH(1 < L),

k41 k41 _k+t1l  k+l

aWzkHLp = VWlk+l¢(W + ,Z + ,a + , U + )
_ k41 k+1 E41y/ k41
=v(W, "/ — 27 ) () 1)

k+1 kl k+1 |k
= Wk+1¢(W+ + al+1,u)

k+1 _k+1 _k+1 , k k+1 k+1 TR+l
—ka“(b(Wl 1> l+1,al+1,u )+91+ O(Wz+ -W;)

—k+1
_ elk’-i-l ° (VVlk+1 Wl )

k+1 _k+1 _Jk+1 |k
— VW;@+1¢(WI Lzt artt )
+ Ve oW 2™ aitl o)

= V—k+l¢(W;€+11, fﬂla aﬁf: uk> + elkJrl © (VVlkH Wfﬂ)
_ 9l1c+1 o (I/Vlk+1 . W;@H) (WkJrlakJrl ZlkJrl)(a;chll)T

—k+1 -
—v(W, ey =7 ) ()"

Because

I _9k+lo(Wk+1 Wk+1)—|— (Wk+1 k+1 _ k+1)( k-l—l) (WkH k:+1 k+1)( k+1)T”

l ! v a1 — 4 ap_4q 2] ar_4
k k k1 k Tkt K k k _k k

= || - 01 o (VVI 1 - W, ) + V(W 1 - W, ) l+11( l+11) ( z+1 l+1)(az +11)TH
k k k+1 k —7k+1\ Kk k

<67 o (W — M+l (W =W a7

+vl|(2f = 2 (@i tHT)| (Triangle Inequality)
k k k+1 k *kH k k k k

<67 o (W — )+ vl Wt — e F a3+ vl =2z el

(Cauchy-Schwarz inequality)

Because a)"]' is bounded by Property 1 and Equation (A.11) holds, ||6Wk+lL || can

be upper bounded by a linear combination of ||/ — W, and |2 —Z ).
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k+1
For W;™",

— k+1 _k+1 _k+1 | k+1
anH Lp = VWEH gb(W ,Z ,a u )

9

k+1 k 1 k+l K k+1 k+1 _ 1Tl
k+1 k+1 Tkt k+1 _k+1 _k+1 Kk
— O o (Wi =W, ) — VW’E+1¢(WLJ£17ZL+17& )

+ VW£+1¢(WI€+1, Zk—i—l al~c-|—1 uk-l—l)

? Y

k+1 _k+1 _k+1 Kk k+1 k+1  Troktl
— VWE+1¢(WL_1,ZL+1,a )+ 07 o (W =W, )

—k+1

=05 o (Wi = W)+ p(WiHapty — 27 — " /p)(ap )"

— oWty — 25— b/ p) (akH))T

Because

—k+1
| — 9§+1 o (Wf—i—l W, + )—i—p(WfHa]ZHl zﬁ“ k+1/p)( k+1)

Tkl k —k k k
—p(Wp afty —zpt =¥ /p) (af )]

k k k1 k Tkt K k k —k k
= || - GLH © (WLH Wi, ) P(VVL+1 1487 ) L+11(aLt11) P(ZLJrl - ZL+1)(aL+11)

k kY (K
= (@ ") (o)l

k k k+1 7k+1
< o5t o (Wi — )+ pll(WEH =W ) af (a7l
+pll (A =2 @D + (! = uF) (@) (Triangle Inequality)
k+1 k+1 k+1 k+1 *kr+1 k k k _k k
< |5t o (W — )+ oW Maf T Mas i+ pllzf ™ =2z el

k k
+Hllzg ™ = 2 |llaz |

(Cauchy-Schwarz inequality, Lemma 11, R(zy;y) is Lipschitz differentiable)

Because a¥*! is bounded by Property 1 and Equation (A.11) holds, H&WIM L,|| can
be upper bounded by a linear combination of ||[WF+! — k+1|| |25 — 25| and
k1

lzp™ = 2Ll
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For zF (1 < L),

azlkHLp _ 0zlk+1¢(WkH, g+ b+l k)
=v(g = W) v fi( ) o (F() — o)
_ 5zf+1¢(Wf“> 2+ Al k)
= 0 BWEL 241, ) — 0, (W, 20, a5, 1)
+ azl’“+1¢(wf+l’ Zéﬁ_l’ a;cj11> uk)

= VS ) o @ — af ) + 0, oW 2 al ] )

because 27 is bounded and fi(z) is continuous and hence f;(2;™) is bounded, and

the optimality condition of Equation (2.10) yields
0e 8Zlk+1 ¢(Wé€+1, Z;H—l, affll, uk)

Therefore, ||0zlk+1 L,| is upper bounded by [af™ —a;t|.

k+1
For z; ™,

VL, = Ve R(zp M y) + Vo g( W 2571 2t o4
Vo R y) Ve oW 25 2
o vzi+1¢(wk+l, Zk+1, ak+17 uk) 4 vzi+1¢(wk+l7 Zk+1, ak+1, Uk+1)

= VZEHR(ZEH; y) + VZE_HQS(WkJrl’ ZFHL ab+L k) Rtk
The optimality condition of Equation (2.11) yields

0e VZ§+1R(Z§+1; y) + vzi‘*'lqb(WkJrla Zk+1a ak+17 uk)
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and

[t — o) = Ve R y) = Vo Ref )| (Lemma 1) < H|j25 - 2|

(Cauchy-Schwarz inequality, R(zy;y) is Lipschitz differentiable)

k+1

Therefore ||V k+1Lp|| is upper bounded by ||z} — 2¥].

For af*(1 < L — 1),

vak+1¢(wk+l, Zk—l—l7 ak+17 uk+1)
=v(WEDT W ™ = 58 + vl = ™))

Rl kel gkt k
Vaf+1¢(wl+1>zl+1 a,ut)

k+1 o (G;H—l —k-‘rl) + V. k+1¢(W’““ k+1 aéC-‘rll7 k) . le-i- (aéc-‘rl —§€+1)

klkl k-1 k1 _k+1 _k+1 K
—Vk+1¢(W+ * al+17 )+Va’“+1¢(wli17 li—l az+a )

— le—&-l o (CL;H—l —k+1) + V.o k+1¢(Wk+1 k+1 aéc—&—ll?uk) o 7_lk;+ (aéc—&-l afz-{-l)

T S I _ _
(Wz+1) (WI—H at! Zﬁ_ll) - y(af“ - fl(zzkﬂ))

+ (WD T W ™ — 200 + vl = fi(™)

Because
_ AN e _ _
| _Tszr (afﬂ af“) (Wl+1) (WI—H a ! _Zﬁf) - V(@fﬂ fl(zzkﬂ))
+uv(WEDTWE af ™ = 2500 + v(a™ = A
_ k41 _
<o (™ =@+ vllar T =@+ v [(WERDT2E — (W) Tz

TN T
+U|(WES T WE ™ = (W) W@l

(Triangle Inequality)

Then we need to show that v||(WEL)T 250 — (W) 7254 | and v ]| (WD TWE b+ —

(W;?_Lll) Wﬁfaf“” are upper bounded by |[W*T! — WkHH, |25+ — Z"H], and
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||ak+1 o §k+1||.

—=k+1\7_
v (WD 2 — W)zl

—k+1 —k+1 k17—
= V||(M/l]ﬁ1>Tzlkj11 - (Wz+1 )Tzlkjll + (Wl+1 )Tzlkjf - <W1+1 )TZ;tLll”

—k+1 —k+1 _
< vl W = W I+ v W = =250

(Triangle Inequality, Cauchy-Schwarz inequality)

—k+1

kA1 - :
Because |2/ and |[W,.; || are upper bounded, v||(W/ )72 — (W, 1) 2R is

therefore upper bounded by a combination of ||W/*! — ijll | and ||z =z

AIVES W el — (W) W

= v[|(WE) Wi o™ — (WD W@ + (WD Wi

— (WY a VDT a - (WD

< I WETWER (@ —al )|+ | WS WS — T yaf |

+v||(WiH - Wﬁll)TijllﬁfH ||(Triangle Inequality)

< v WESIIWES Illaf = @)+ v WA TIWES = W it |

+ WS = WS W | [af ! |[(Cauchy-Schwarz Inequality)
Because ||[W/H, HW;:IH and ||@;*!| are upper bounded, v||(W/AH W/ et —
(Wfill)TWf:fach | is therefore upper bounded by a combination of ||[W/H! — Wfrll I
and [laft — atH)
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k+1

For a7™},

k41 k+1 k41 k+1
Valztllgb(w R Attt it
K+l k1l —kt1 k41 k+1 _k+1 Kk k+1 k1 —k+1
=7 0(aphy —apty) + Va’zt11¢(WL—1> u’) =70 )

Z;_q,45 o, ap 1 — a4

B+l k1 okl ok k1 kel okl kel
— Va1 9(W7Ty, 277, a7 h, u) + Ve o(WH, 257 a o )

— 7t o (G — T 4 Vo o(WET 2B et k) — rfH o (abH bt
—k+1 —k+1__ _ _
—p(Wy )W, apty =25 =¥ p) —v(@ity — fua(211)

+ pWET(WE L, — 2 — ) + (el — fa(247Y)

Because
_ k41 p k1 _
| — it o (afty —aft)) — p(W, )T (W, apt =z —u/p)
— @ — () + pWET Ve — 2 — )
+v(af Ty = foa(ZEE)))

< rptio (apty = @)l + vilapty — il

+ | (WERT 21— (T2 | (WE T — () Tk

+ p| (WETWEH b, — (W TW @ | (Triangle Inequality)

Then we need to show that p||(Wr)7 25 — (W’ZH)TE’ZHH,

—k+1 —k+1\ pk+1_
IWEE) Tl = (W, )Tk and p| (W)W Hag ™y — (W, )TW,, " @t || are up-

per bounded by [WHT — W[, ||z51 — 25|, [la**+! — &F+1|| and [|z+! — z*|).

—k+1.p__
Pl (W25 — (T2
— p||((WEHYT AL (T (W, T2k — (W )72k

—5k+1 —k+1 —
< pllgHNIWES =W+ W lll2E =zl

(Triangle Inequality, Cauchy-Schwarz inequality)
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Because ||251!(| and ||W]z+1|| are upper bounded, pl|(WFtHT 5+ — (WIZH)TZIEHH is

therefore upper bounded by a combination of W — W, ™| and ||z5+! — 25+,
[(WE Wk — (k||
— (W) TuF = (WEY T 4 (W) Tk — (W )Tk
< [WEDT (@M — B[] 4+ [(WE = W) k|| (Triangle Inequality)
—k+1

< [WERH | — w®|| + W — W, ||[[u®||(Cauthy-Schwarz inequality)

—7k+1
= WL NV e R(zE 5 y) = Vg Rz )|+ W = W ||[|uf[| (Lemma 11)

k+1
< H|WiH g™ = 2+ gt - ]

(R(zr;y) is Lipschitz differentiable)

Because |[W; ™| and ||u*|| are bounded, ||(WFT) o+ — (Wk+1)Tuk|| can be upper
bounded by a combination of |25+ — 2¥|| and |[WFH! —W .

pH(Wk—l-l)TWk—i-l k+1 (W?Ll) k+1—k+1 ||

= pl (W) W agty — (W)W apt + (W) Wt

k417 k+1_k+1 i

k+1_ k+1__
(Wk—f—l)TW k+1_|_(Wk+1)TW k+1 (WL )

k+1 _
< pll (W Wi e —apt)ll + ol (W) (W =W, )@ |

7k+1\T

+p| (W W, ) Wk+1_k+1||(Tr1angle Inequality)

_ TR =
< Pl IIWE S a2y — apsall + el W W = W i@ |

—5k+1, \5k+1,—
@z

+ p|WERL =W I Cauchy-Schwarz inequality)

Because ||WiH], HWIZHH and @it} are upper bounded, p||(W)TWittaht! —
(W, )W, @t || is therefore upper bounded by a combination of [|[WF — W, ™|

and HakJrl _lerlH'
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For u*+1,

k+1 1 1 1
Vp1Ly =V p1 (W TRt gkt gk
_ k41 k+1 _k+1

=z; — Wi ay

= (/)" =)

= (1/p) (Vs R(z159) = V s R(z EL ) (Lemma 11)

Because
1(1/p) (Vi (2L y) = Ve Rz w)l
< (H/p)||z5™" — 2E||(R(21; y) is Lipschitz differentiable)
Therefore, |V, e L ,|| is upper bounded by ||z} — 2%|. O

A.4 Proof of Theorem 3

Proof. To prove this theorem, we will first show that ¢ satisfies two conditions: (1).
Cr > Cpt1- (2). Doy ¢k is bounded. We then conclude the convergence rate of o(1/k)

based on these two conditions. Specifically, first, we have

. —i+1 —i+1 ° i —i+1 —i+1\,
Ck = mmOSisk(Z (”91 o (W, = WF2 /2 + ||91Jrl o (W, =W, )?[1/2)
+F o @ = a)? /2 + I o (™ =@ ) 1/2) + CollZLT - 2113

+ Gl =2 )

—i+1

> mino<z‘<k+1(z (||Ql

+le (7 o @™ —a) /2 + I o (™ =@ ") 1/2) + Collz — 2L 5

—i+1

—i+1
o (W,

o 4 —i+1\o
— W22+ 16 o (W, =W )21/2)

+ il =7 R)

= Ck+1
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Therefore ¢, satisfies the first condition. Second,

D o

=3 mingeia (3 (8o (W = W2+ 65+ o (W, W) /2)
3 o @ = a2+ o (0~ a ) /2) + CallE —
+ Ol — =)

<3 S AT (T W2 4 6 o (T - TR 2)
3 o @ - a) /2 I o (@l — ) /2) + CallEh —
+ C sz+1 —k+1H2)

< L,(W° 2% a’%u°) — L,(W* z* a*,u*) (Property 2)

So ZZOZO ¢, is bounded and ¢, satisfies the second condition. Finally, it has been
proved that the sufficient conditions of convergence rate o(1/k) are: (1) ¢t > cpy1,
and (2) > 7, ¢ is bounded, and (3) ¢, > 0 (Lemma 1.2 in [26]). Since we have
proved the first two conditions and the third one ¢; > 0 is obvious, the convergence

rate of o(1/k) is proven. O
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Appendix B

Appendix of the mDLAM

Algorithm

B.1 Definition

Several definitions are shown here for the sake of convergence analysis.

Definition 7 (Coercivity). Any arbitrary function G5(z) is coercive over a nonempty
set dom(Gy) if as ||z|| — oo and x € dom(Gs), we have Go(z) — oo, where dom(Gs)

is a domain set of Gs.

Definition 8 (Multi-convexity). A function f(z1,xg, - ,Z,,) is a multi-convex func-

tion if f is convex with regard to x;(i = 1,--- ,m) while fixing other variables.

Definition 9 (Lipschitz Differentiability). A function f(z) is Lipschitz differentiable

with Lipschitz coefficient L > 0 if for any z1, x5 € R, the following inequality holds:
IVf(@1) = V()| < Lfjwy — 22|

For Lipschitz differentiability, we have the following lemma (Lemma 2.1 in [2]):
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Lemma 15. If f(z) is Lipschitz differentiable with L > 0, then for any z;,z, € R
T L 2
flwy) < fl2) + VT (22) (@1 = 22) + 5 |21 — 2o

Definition 10 (Fréchet Subdifferential). For each x; € dom(u;), the Fréchet sub-
differential of u; at x{, which is denoted as o, (x1), is the set of vectors v, which
satisfy

lim inf (ug(x2) —ui(z1) — UT(:U2 —x1))/||x2 — x1]] > 0.
ToFT] T2—T1

The vector v € duy (x1) is a Fréchet subgradient.

Then the definition of the limiting subdifferential, which is based on Fréchet sub-

differential, is given in the following [84]:

Definition 11 (Limiting Subdifferential). For each x € dom(usy), the limiting subd-

ifferential (or subdifferential) of usy at x is

Ous(z) ={v1|3 2" = z, s.t. us(2¥) = us(z), 0" € Dus(z®),v* — v}.

k k

where 2% is a sequence whose limit is x and the limit of wug(2*) is uy(z), v* is a
sequence, which is a Fréchet subgradient of us at 2* and whose limit is v. The vector

v € Jua(x) is a limiting subgradient.

Specifically, when u, is convex, its limiting subdifferential is reduced to regular

subdifferential [84], which is defined as follows:

Definition 12 (Regular Subdifferential). For each x; € dom(f), the regular subdif-

ferential of a convex function f at x;, which is denoted as 0 f(z1), is the set of vectors
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v, which satisfy

flaa) > f(x1) + 07 (20 — 11).

The vector v € df(x) is a regular subgradient.

Definition 13 (Quasilinearity). A function f(x) is quasiconvex if for any sublevel
set S, (f) = {z|f(z) < v} is a convex set. Likewise, A function f(x) is quasiconcave
if for any superlevel set S,(f) = {z|f(xz) > v} is a convex set. A function f(z) is

quasilinear if it is both quasiconvex and quasiconcave.

Definition 14 (Locally Strong Convexity). A function f(z) is locally strongly convex

within a bound set D with a constant p if
) > @)+ 9"y —2)+ Slle = yl} ¥ g € 0f(2) and z,y € D,

Simply speaking, a locally strongly convex function lies above a quadratic function

within a bounded set.

Definition 15 (Kurdyka-Lojasiewicz (KL) Property). A function f(x) has the KL
Property at T € dom 0f = {x € R : 9f(z) # 0} if there exists n € (0,+0o0], a

neighborhood X of Z and a function ¥ € ¥, such that for all
reXN{zeR: f(T)< f(x) < f(T)+n},

the following inequality holds

/

¥ (f(x) = f(@))dist(0,0f (x)) = 1,

where ¥, stands for a class of function ¢ : [0,n] — R* satisfying: (1). ¢ is concave

and ¢’ () continuous on (0,7); (2). 9 is continuous at 0, ¢(0) = 0; and (3). ' (z) >
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0,Vx € (0,n).

The following lemma shows that a locally strongly convex function satisfies the

KL Property:

Lemma 16 ([115]). A locally strongly convex function f(x) with a constant u satisfies
the KL Property at any = € D with ¢(z) = % rzand X =Dn{y: f(y) > f(x)}.

B.2 Preliminary Lemmas

In this section, we present preliminary lemmas of the proposed mDLAM algorithm.
The limiting subdifferential is used to prove the convergence of the proposed mD-
LAM algorithm in the following convergence analysis. Without loss of generality, OR
is assumed to be nonempty, and the limiting subdifferential of I’ defined in Problem

3 is [115]:

O0F(W,z,a) = OwF x 0,F x 0,F,

where X means the Cartesian product.

Lemma 17. If Equation (3.3) holds, then
Vg + 07 W =TT =0
Likewise, if Equation (3.4) holds, then there exists ¢ such that

Vi d+p(gH =2 + ¢ =0,

where ¢ is a subgradient with regard to zlkH to satisfy the constraint fl(zlk*l) —e<

af < filzyth) +e.
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If Equation (3.5) holds, then there exists u € OR(z5™; y) such that
V1§ + p(2itt — ZHH) Ly = 0.
If Equation (3.6) holds, then there exists v such that
Vak1d + I aft — @) + v =0,

where v is a subgradient with regard to af“ to satisfy the constraint fl(zlk“) —e<

att < filzfth) e

Proof. These can be obtained by directly applying the optimality conditions of Equa-

tion (3.3), Equation (3.4), Equation (3.5) and Equation (3.6), respectively. O

Lemma 18. For Equation (3.4) and Equation (3.5), the following inequalities hold:

vlchrl (Zlk+1> Z ¢<a;c:t117 I/Vlchrl7 Zlk+1). (Bl)

Proof. Because ¢(a;_1, W), z;) is Lipschitz differentiable with respect to z; with Lips-

chitz coefficient p, we directly apply Lemma 15 to ¢ to obtain Equation (B.1). O]

B.3 Main Proofs

Proof of Lemma 1

Proof. In Algorithm 4, we only show Equation (3.7) because Equation (3.8) and
Equation (3.9) follow the same routine of Equation (3.7).
In Line 7 of Algorithm 4, if F(ng, z’g{_ll, a’g[_ll) < F(W’g{_ll, z]g[_ll, a’g[_ll), then

obviously there exists af ™' > 0 such that Equation (3.7) holds. Otherwise, according
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to Line 8 of Algorithm 4, because ¢(a;_1, W;, z) is convex with regard to W, according

to the definition of regular subgradient, we have

k+1 —=k+1

Qb(aerll:I/Vl azl) > ¢( erllu s >+V ’“+1¢ ( Wl )7 (B2>

Therefore, we have

k+1  _k+1 K+l k41 k+1 k+1
F(W§1—17Z<z 1A )= F(Wgz 21, 1)
= ¢(ay Tt WE 2F) — p(al T, W 2f)  (Definition of F in Problem 3)

— 6)k+1 —
— (Vo) (W =77, - 12 —w,

[

—k+1 .
= o)Wy 2) + ol W =) (Equation (3.2))

9k+1
> (Ve ) (W = W) = LW =T, (Equation (B.2))
9k+1
= OF P W =TT (W - Wﬁ) Sl = W2 (Lemma 17)
8k+1 k1
W WS (W = W),
Let af ™ = 07! then Equation (3.7) still holds. O

Proof of Lemma 3

Proof. In Algorithm 4:
(a). We sum Equation (3.7), Equation (3.8) and Equation (3.9) from [ =1 to L and

from £ = 0 to K to obtain

F(W? 2% a% — F(WX zX af)

k+1

>3 S e+ I e )

e e O 2 l 112 2 l [
L—1 (5k+1

D

= llay ™ = a3 (B.3)

So F(WX zK af) < F(W° 2 a°%). This proves the upper boundness of F. Let
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K — oo in Equation (B.3), since F' > 0 is lower bounded, we have

_ 5k+1

k+1
K L o
D O i — W + || R+ Y = af3)

< . (B.4)

Since the sum of this infinite series is finite, every term converges to 0. This means
that limy,_,e W/ =W} =0, 1i P2k = 0and li 7 —af = 0. In oth
words, limy_,oo W™ — W* = 0, limy,_,oo 2"! — 2F = 0, and limy_, a**! — a* = 0.

(b). Because F(W*, z* a*) is bounded, by the definition of coercivity and Assumption
4, (W*, z* a*) is bounded.

O
Proof of Lemma 4
Proof. As shown in Remark 2.2 in [115],
8Wk+1F = {8W1k+1F} X {aWQkHF} X oo X {8W£+1F},
where x denotes Cartesian Product.
In Algorithm 4, for VVl"’H, according to Line 6 of Algorithm 4, if
k k
F(WngrljzlglpaZJlrlﬁ < F(W;l:lnglpazrlﬂ then
8Wlk+1F = lek+1 ¢(af+11, VV/IH'1 k+1) (Definition of F' in Problem 3)
_ VW/“+1¢(“Z€+11’ Wlk+1 k+1) —k+1¢(al +117 k+1’ ;c) _ 9;c+1(Wlk+1 _ Wf“)
k+1 —k+1
+ Ve d(ag ) Wy ) + 07 (W =)
k41 ST T
= P(I/VzkH Wi a f+11(afj11)T - P(Zl]Cle — A )(GFT) efH(VVzkH W)
k+1 T
T Y G L SRR ) (B.5)
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On one hand, we have

—k+1 —k+1
lp (W =W ) (a2)" = (™ = 2 (@) — o7 (Wi =W, )|

—k+1 —5k+1
< (W =W )X () I+ pll (2 = 20 () + 07 W — |

(Triangle Inequality)

—k+1 ]
< p| Wit — a5 a5+ pll2 ™ = 27 e+ o W =
(Cauchy-Schwarz Inequality)
< M| = 2 + (pMZ + 05 )W — W (Lemma 3) (B.6)

< pMa||2 = 21|+ (pMg + 07 DW= (W + Wt (W = W)
(Nesterov Acceleration)
< pMa||2 T = 2|+ (pMg + 0 IWE = WE| + (pMg + 07 ) W = W

(Triangle Inequality and w* < 1).
On the other hand, Lemma 17 holds, that is
Vipsn (a5 W) 2f) - o (Wi =) =
Therefore, there exists g'ngl € ank+1F such that

I8 < PRl = - (MO IWEH = W+ (o0 + 6+ | — W),

This shows that there exists gF*! = gﬁl X glfgl S X ng € Owrr1 F and Cy =

max(pMa, pMg + Oy, pMZ + 057+ pM2 + 07 "") such that

lgr I < Co(|[WHH = W+ [|2"1 — 2F] + W — W), (B.7)



B.3. MAIN PROOFS 150

Otherwise, we have

—k+1 —k+1
oW =W et a0 = (o = 20 (@t = o (Wi =W )|

—k+1 .
< pMallz ™ = 2|+ (pM2 + 67 [W = W, |[(Equation (B.6))

= M=t = 2|+ (M2 + O [ — W7 = .
Similarly, Lemma 17 holds, that is
k+1 k1
Vigrnd(a W ) + 07 (W =) = 0,

By Equation (B.5), we know that there exists g’fjl € anlc+1F such that
gy < pMallz ™ — 2| + (Mg + 67 (W = W (B.8)

Combining Equation (B.7) with Equation (B.8), we show that there exists ¢gi™ =
gfflxglfglx ngzl € Owrr I and Cy = max(pMa, pM2 405+ pM24-05T1 o pM2+

05t1) such that

lgr I < Co(I[WHF = W[+ ||z — 2F] + W — W),

Proof of Lemma 2

Proof. We add Equation (3.7), Equation (3.8), and Equation (3.9) from | = 1 to L

to obtain

F(wk Zk a ) F(wk-i—l Zk+1’ak+1>

Lot ez L 0T ke Lo e
> 3 (T - W + 2 — s+ Y b —
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k+1

k
Let C5 = min(a’2 ,712 , 5

+1 5lk+1

) > 0, we have

F(Wk Zk ak) . F(Wk:-i-l Zk+1 akJrl)
L L-1
> O30 (W = WEIE + 12— 13 + 3 ™ — af[2)
= C5([WH = WHS + |25+ — 2[5 + []a"*" — a®[3) (B.9)

> 0.

By Lemma 3(b) and a monotone sequence is convergent if it is bounded, then

F(W* z¥ a*) is convergent. O
Proof of Theorem 4

Proof. By Lemma 3 (a), limj_. W*™ — W* = 0. By Lemma 3 (b), there exists a
subsequence W* such that W* — W*, where W* is a limit point. From Lemma 4,
there exist ¢ € dwsF such that ||g;|| — 0 as s — co. According to the definition of

limiting subdifferential, we have 0 € Ow+F'. In other words, W* is a stationary point

of F' in Problem 3. O
Proof of Theorem 5

Proof. In Algorithm 4, we prove this by the KL Property.

Firstly, we consider Equation (3.4) and Equation (3.6), by Lemma 3, f(z}™

quggm/p) —af and fi(zF*1) — @t + Vafﬂgb/n’““ are bounded, i.e. there exist

constants D; and D, such that

| fiZ ! = Voe9/p) — af |< Dy

| fl(2k+1) . E;H_l + vaf“gb/TlM—l |< D2‘

Let ¢ = max(Ds, Ds), then the solutions to Equation (3.4) and Equation (3.6) are



B.3. MAIN PROOFS 152

simplified as follows:

Zlk+1 — Zéﬁ_l — Vgéﬁng/p. (BlO)

aéﬁ_l — E;H'l — Vafﬂqb/ﬁk"_l. (B.11)

This is because fi(zF™) —e < af < fi(zF™) +eand fi(zf™) —e < af™ < fi(zf ) +e
hold in Equation (3.4) and Equation (3.6), respectively.

Next, we prove that given e = max(Dy, Ds), there exists Oy = max(pM&+71 1, pMZ,+
T2k+17pM\27V + T§+17 e apM\zN + 7—24—_%’ 2p‘]\4\7\7]\4a + pMz)v some gil’f—H € azk+1F and

gffﬂ € Onk+1F such that

lgs™* Il =0,

g™l < Cs(|la™t —a¥|| + [Ja" —a" || + [WEFL — W] 4 (|27 — 2F])).
As shown in [107, 115],

azk+1F = 8Z§+1F X 8Z§+1F X oo X 8ZE+1F,

vak+1F: V it F XV g1 B X oo XV e F
ay a2 ar—1

where x denotes Cartesian Product.

For zF™ (I < L), according to Line 18 of Algorithm 4, no matter
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k+1 k41 k41 k+1 k41 _k+1
F(ng \ 2 »agzq) > F(ng vzglqaagzq) or not, we have

_ k+1 k+1 _k+1
azlsz = sz+1¢(a171 s VVZ ,Zl )
k+1 k+1 —k+1 k+1
VVZ ) 21 ) - p(zl -

k k1 _k
= vzﬁ“ﬁb( W) - szﬂgb(alq ;

Q1

4

(Equation (B.10))

= 0.

For ZEH, according to Line 12 of Algorithm 4, no matter

k+1 k41 _k+1 k+1 k41l _k+1
F(WgL JZl 7a§L—1) > F(WgL ,ZSL_I,aSL_l) or not, we have

O pn F = Vziﬂgb(a’fjll, WHEHL 0 L OR(25 y)
Ve G IV ) £ OR(E ) 4 Vs g(aTL W )
b p(en — 1) — Ve plabth W ) p(ebet st

T g5 WEP ) - Vg, WER 57) (o571 25

(0. € DA g) 4 Vsabth WEH Zh41) 4 p(oEH1 _ 581

by the optimality condition of Equation (3.5))
— 0.
Therefore, there exists g5 ' = Vs I such that || 957"l = 0. This shows that there
ML ghtt M1 — Ve F such that

: k+1 _
exists g3’ = g31 X gzp XX g3

lgs™ Il = 0. (B.12)
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k+1
l

For a;"", we have

_ k+1 k k+1
aa;c+1F = Va;Hl qb(al s VVH—l’ Zl-i—l )

_ k1 k4l k1 —k+1 vk Lk k1, k+1 _ —k+1
—Vaécﬂqﬁ(al ,m+1,zl+1)—vaf+l¢(al Wh ) = e =)

(Equation (B.11))

k+1\T k+1 k+1 k+1 k \T k —k+1 k
:P(I/VH——E) (I/Vl-:i al+ _21_:1)_P(Wl+1) (VVlHCLl+ _Zl+1)

- )

E4+INTyyk+1, k41 —k+1 E4+INT (15 -k-+1 kE \—k+1
:P(VVH—E) I/VlJ;L1 (al+ —al+ )"‘P(VVH—E) (VVH—E _VVlJrl)al+

k+1 k \Tyi/k —=k+1 k+1\T/ _k+1 k k+1 k \T _k
+P(VV1+—E _Wl+1) W/l+1az+ _P(VVZJH) (Zl++1 _Zl+1)_P(Wvl+—E _VVlH) 2141

_ le+1(a§s+1 _ aéc+1).

Therefore

k k k —k k k k —k
10,001 F Il < AW WS ™ =@+ W WS — Wil i

I+1 I+1
k —k k k
+ Wit = WEIIWE Ay -+ pl WA N2 — 2l

+ WS = Wilallllzfall + 7 o™ — @

(Triangle Inequality and Cauthy-Schwarz Inequality)

< pMiyllay ™t — @t

k k k k k k
+ PMWHVszll - I/Vl-',-lujwa + PHVVz:ll - VVZ+1||MWMa + PMWHZz.:rll - Zl+1||

+ oW = WL IMy + 7 ™ — ™| (Lemma 3)

= (pMiy + 7 ;™ =™ + (2pMw Ma + pMy) [WER = WLl

k k
+ PMWHZlﬁl — 241l

According to Line 22 of Algorithm 4, if
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k+1 k41 k41 k+1 k41 _k+1
F(ng A b )<F(W§l 7 ,aglfl), then we have

[9yges FIl < (oM + 7+ la = af — (a — a1
+ (2pMw Ma + pM,) [WEL = WL |+ pMwl|z ) — 2]
(Nestrov Acceleration)
< (pMiy + 77Nl = afl| + (pMiy + 77 llaf — |+
(2pMw Ma + pM) WIS = WL+ pMwl|= = 2

(Triangle Inequality and w® < 1).
Therefore, there exists gfjl € 8a;c+1F such that

lgii 'l < (M + 7 D)l = || + (pMyy + 77 llay — a ™|

+ (20M My + pMy) [WES — Wh ||+ pMwllzE) — 25l (B13)

Otherwise,

10,01 FIl < (pMiy + 77 D)llay™ — a7 || + (20Mw Ma + pM,) WL — Wikl

+pMwl2 i = 2l @ =ap).

Therefore, there exists giT' € 3a;c+1F such that

i Il < (pMiy + 7)™ — @i | + (2pMw Ma + pMy) [WER' — Wi, |

+ PMWHZ;TS - Zlk+1||- (B.14)

Combining Equation (B.13) and Equation (B.14), we show that there exists g5 =

gff{l X QZ,JQFI X e X gff € Opr+1 F and Cs = max(pMg, + 77 pMZ, + 751 pME, +



B.3. MAIN PROOFS 156

7';“7 s pMyy + T}fﬂ, 2pMw M, + pM,) such that

lg ™l < Cs(fla**" —a*|| + [Ja" —a" || + [WHH — W + ||z — 2"]]).  (B.15)

Combining Lemma 4, Equation (B.12) and Equation (B.15), we prove that there exists
gt € OF(WHHL g+l ab ) — (91 F O F, O F} and Cy = max(Cy, Cs, p)

such that

g S Cy(fja™ ™ —a”||+jla” —a” || + —
K1 < o (]lak ! k k k—1 WETL _ Wk

+ W= W 4 25— 2])). (B.16)

Finally, we prove the linear convergence rate by the KL Property given Equation
(B.16) and Equation (B.9). Because F' is locally strongly convex with a constant ,
F satisfies the KL Property by Lemma 16. Let F* = F(W™, z* a*) be the convergent
value of F, by Lemma 2, F(W* zF a¥) — F* then for any 1 > 0 there exists
ko € N such that it holds for k > ky that F* < F(Wk,zk,ak) < F* + .. Also by
Lemma 3(a) and Equation (B.16), ¢g**' — 0 as k — oo, then for any 7, > 0 there
exists k3 € N, such that it holds for & > k3 that ||g"™!|| < n2. Therefore, for any
k> ki = max(ky, k3), (WF 2% a*) € {(W,z,a): |F* < F(W,z,a) < F* +n,N3g €
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F(W,z,a) s.t. ||g|| < n2}. By the KL Property and Lemma 16, it holds that

1< (g5 /(uy/ F(WEFL g1, a1y — o)

< Oyl —af| + fla* — a7 + [WET - W]+ [WE = W 4 2" - 2F)))

/() F(WHH1, 841 ak+1) — F=) (Equation (B.16))

< Ci(lla™ —a®|| + [|la® —a | + W — W 4 [[WE = WE | ||z — 2F))?
/(u2(F(Wk+1,zk+l,ak+l) o F*))

< (5CF([[a"! —a®[ + [[a® — a" 3 + W — WFIZ 4 [WE - W3

+ ||z — 28 )12) /(2 (B (WL ZE L ak+l) — %)) (Mean Inequality)

< (5CZ(F(Wk_1,Zk_1,ak_l) _ F(Wk+1,zk+1, ak—}—l)))

/(Csp(F(WHFHL zEHL abthy _ %)) (Equation (B.9)).
This indicates that
(Csp® + 5O (F(WHTL gh+1 ah )y %) < 5C2(F(WFL zF=1 b1y — ),

Let 0 < Cy = ooh

Cor21+5C2 < 1, we have

F(Wk+1, Zk+1, ak+1> _F*< Cl(F(Wk_l, Zk*I’ akfl) _ F*)

So in summary, for any p, there exist ¢ = max(D;, Ds), ki = max(ke, k3), and
0<C) =St <1 such that
L™= Csp2+5C3

F(Wk+17zk+1,ak+1) _ F* S Ol(F(kal’Zk‘—l’ak?—l) _ F*)

for k > k;. In other words, the linear convergence rate is proven. O
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Appendix C

Appendix of the pdADMM

Algorithm

C.1 Preliminary Results

Lemma 19. It holds for every k € Nand [ =1,--- ,L — 1 that

uf =g — filzr))

Proof. This follows directly from the optimality condition of ¢F and Equation (4.6).
O

Lemma 20. It holds for every k € Nand [ =1,--- ,L — 1 that

lay ™ =gl < vilg™ = gl + vS|l ™ = 2
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Proof.

g™ —

= [lv(g*" = A=) = via = filz)]|(Lemma 19)
< V”qu — gl + v fi(z kH) fi(z7)||(Triangle Inequality)

< vllgtt = gf|| + vS||zt — 2F|| (Assumption 5)

]
Lemma 21. It holds for every k e Nand [ =1,--- L — 1 that
gt — i3 < 20%(llg ™ — g ll3 + S22 = 2f113)
Proof.
g™ = ufll3 = V2Nl = Al — @ + filz))]5(Lemma 19)
<202l = @lls + i) = Ai(D)]13) (Mean Inequality)
< 20%(|lg7 " = gill3 + S?27 = 27[13) (Assumption 5)
]

Lemma 22. For every k£ € N, it holds that

L
Ly(p", W, 2", ¢, u") — L,(p" W 2" g u®) > Y (7 2) I = w13

(C.1)
L,(p"!, W, 25, o, ub) — L, (p"*!, W 2F g, uP)
> Z (O /2w =W (C.2)
L(p" WL 28 o ub) — L,(pF, W 25+ o uk)

> /)Y e - 2 (C.3)
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Proof. Generally, all inequalities can be obtained by applying optimality conditions
of updating p, W, and z, respectively. We only prove Inequalities (C.1), and (C.3).
This is because Inequality (C.2) follows the same routine of Inequality (C.1).

Firstly, we focus on Inequality (C.1). The choice of 7! requires

¢< ! I/Vl 7Zl 7ql 1:“[ 1) < Ul( Al le+1> (04)
Moreover, the optimality condition of Equation (4.1) leads to

kgb(pl,VVl azl aQZ 17Uz 1) + kH(pr péﬁ) =0 (0-5)

Therefore

L (pk Wk Zkvqk uk) _Lp(pk+1vwkazkaqk7uk)
- pl,VVl 7zl aQZ 1>ul 1) qb(p;ﬁ_l Vvlkvzlkvcﬂk—buf—l))

2 pl ) VVZ 7Zl 7Ql 17ul 1) Ul( k+17 k+1)>(1nequahty (04)>

— Voo 0, WE 2 ain,wi-) (et = pf) = (B /2) = prl13)

Z (T2 =il (Equation (C.5))

N

Next, we prove Inequality (C.3). Because 2" minimizes Equation (4.3), we have

W/ 2l =W+ v/2)lla" = AGTDIE+ @215 = 2112

< W2l =W+ v/2)lla = iz (C.6)
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And

R(z15y) + (w/2)|l2p = Wi s = Rp s y) — (v/2) |2 = Wi pEH 3
= R(21:y) — Rz y) + (v/2)l|2f — 25+ v(ep ™ = Wi (o — 27H)
(lla = bll5 = [la = cllz = [[b = |l + 2(c — @)" (b — ¢) where
a=WHphtt b =28 and ¢ = 28 (C.7)
> st (zp — 2 )+ (/2o — 2 G+ vt = Wi (f — 21
(s € OR(24"1;y) is a subgradient of R(25™;y))

= (w/2))7 - 223 (C.8)

(0 € s+ vt — WEHpETY) by the optimality condition of Equation (4.4))
Therefore

Lp(karl Wk+1, Zk, qk7 uk) . Lp(pkH,WkH, Zk+1, qlc7 uk)
—Z (/21 = WEE + /2l AGEDIB
— /g™ =W = /2l = AR
+R(z3y) + (v/2)ll2 — WP — R ™5 w) — (w/2) Nl = Wit

> (v/2) ZZL |27 — 2|13 (Inequalities (C.6) and (C.8))

Lemma 23. For every k € N, it holds that

k+1 k+1 _k+1 _k .k k+1 k+1 _k+1 _k+1 __k+1
Lp(p aW y 2 >q7u)_Lp(p 7W y Z ,q , U )

L-1
> ((p/2=22)p—v/2)llg " = gfl; — 2782/ p)llf T = =3 (C9)
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Proof.

L (pF, WL 2 g ) — 1 (pFL WRHL gF L gt bt
= ZZL:((V/Q)Hfz(ZfH) =l = /2Nl = @ = (™ e — g
(0/2)||qk+1 — a1l = (/p)llw™ = uf]l3)
=S DA - 1B - /DA - ¢
V(g™ = AN = g + (02l = @1l — /)l = wrll3)
(Lemma 19)
> Zl NG = a3+ /2Dl = a1l = (1 p) ™ = ug]l2)
(—v(q — fi(zF™) = —(v/2)Vylla — fi(zFT)]]5 is lipschitz continuous
with regard to ¢ and Lemma 2.1 in [2])
> Z —w/2)g = a3+ (p/2)lg ™t = a'l3 — @3 p)llg ™ — a3
(21/252//))sz+1 2F)|2) (Lemma 21)

=S o2 220 — w2l — 13 - (225 p)le — A R)

C.2 Main Proofs

Proof of Lemma 5

Proof. We sum up Inequalities (C.1), (C.2), (C.3), and (C.9) to obtain Inequality
(4.7). O

Proof of Lemma 6



C.2. MAIN PROOFS 163

Proof. There exists g such that pf,, = ¢, and
F(p" W, 2" q) > minp waa{F(p, W.2,q)|pr1 = ai} > —00
Therefore, we have

Lp(pkvwkvzkaquuk)
L
= F(p*, W* 2", ¢*) + lel(u{“ T(péll —af)+ (0/2)||pf+1 —afl3
_ p(k. Lok
= R(zf5y) + /)Y = — Wil + Z gt - AGEDIR)
L1
+ > (W) Bl — @) + (/2P — 4 113)
_ (k. Lok ik, k2 L=l b k2
= R(z1;y) + (1//2)(2121 Iz = Wiprllz + lel la = fi(z)]2)
-1 ,
> wla = [ (@ = a) + (/2 — arll3)
(pf., = ¢, and Lemma 19)
L L-1 /
> R(Zf; W)+ W/ N =WEIE+ )l = A=)
_Zz 1 V/2 ||qZ q H2+Z P/2 ||pl+1 q ||§)
(g — fi(zF) = W/2)Vylla — filzFh)||3 is lipschitz continuous

with regard to ¢; and Lemma 2.1 in [2])

- F(pk7wk7zk7ql> + (p - V)/2||p§€+1 - QZng > —00

Therefore, F(p*, W*,z* q') and (p — v)/2||pf., — ¢f||3 are upper bounded by
L,(p*, WF¥ zF q* u*) and hence L,(p°, W, 2%, q°, u®) (Lemma 5). From Assumption
5, (p*, W*, z*) is bounded. g is also bounded because (p—v)/2||pf,, — ¢F||3 is upper

bounded. u” is bounded because of Lemma 19. O

Proof of Lemma 7

Proof. We know that L, (p**, WrH zh+1 gkl yh+l)
= {Vyprr1 Ly, Vgrar Ly, Opp1 Ly, Vpar Ly, Ve Ly} [101]. Specifically, we prove that
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lg|| is upper bounded by the linear combination of ||p*+* —p*||,|W*™ —W¥||, ||zF+! —

2], lg*! — @¥|], and [Juft* — u¥||.

For pf“ ,

k+1 k+1 _k+1 k+1 k+1
vpf+1LP(p+7W+7z+vq+7u+)

_ k+l prk+l Jk+l  k+l )kt
—foﬂ(/b(pz LT gl w)

= fo¢<p;€7 WE 2 iy wiy) + 7 ot = o)) = 1 e = o)
(WD TR LR ) (WEYTkpE — (WD T R4 Ly (k)T 2k
+ (uffll - Uffl) + P(pfﬂ - pf) - P(‘ijll - QZk—l)
= G ) VT

k41

- V(I/Vlkﬂ)Tzfﬂ + ’/(VVI/LC>TZ{C + (Uf—ﬁl - Uffl) + P(pfﬂ - pf) - P(ql—1 - QIk—l)

(The optimality condition of Equation (4.1))
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So

||vpk+1Lp(pk+1, Wk+1’ Zk+1, qk‘-l—l’ uk+1) ||

= L = ) (VW — (W

— (WD v (W + () = wiy) + p(or ™ = o) = plg = a0
<7 ot = e+ W T Wt — (W)W |

k+1

V(WD = (W 2+ i — il + ol ™ = 2l + pllg ' — gt |

(Triangle Inequality)
=1 = of |+ (WD TWE (o — pr) + (WD T (W = W )py
+ (W = WETWERE | + vl (WD (7 = ) + (W = W) |
=+ el = pfll -+ pllg = g

< 7 I = o+ I P = |+ v W W = W r
+ oW = WENWE I+ v IWE 2 = 28+ vl W = W7
+o(las —aiall + 12 = z00) + ol ™ =il + plla ! — 4|
(Triangle Inequality, Cauthy-Schwartz Inequality and Lemma 20)

< I = pf |+ oINS ot = ||+ 20 Nw Np [ W — Wl

+ vNwllz ™ — 2|+ vN W/ — W

+ 20l = @5+ S22 = 2 1B) + el = pi N+ el — gl

(Lemma 6)
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For WkH,

VWk+1Lp(pk+1 Wk+1 Zk‘+1 qk‘-l—l uk+1)

i ) ) ) )

— ka+l¢( k+1 Wk+1 k+1)

= V(i W, 20) + 07 (W — W) + oW — WE)p (i)™
— (T =) (T — oy (W — )
Rl LRl ) L

(The optimality condition of Equation (4.2))
So

valkJrle(pk+17 WHH g+ gt gty

= (Wi = WP (™) — v ™ =) ()T = o (W = W]
< v W =W pr P+ vl ™ = Al - o W - |
(Triangle Inequality and Cauthy-Schwartz Inequality)

< y||WFH — WlkHNf, + vl = 2N 4+ 07T [ WET — W (Theorem 6)
For WF(1 <1< L),

VWlk+1Lp(pk+1, WHHL ghtl b+l k)

_ VWqub( k+1 VVf“ k+17p§c+11’u§c+11>

= lekﬁb( VVZ aZz 7pl 1auz )+ ekH(WkH Wlk) +V(I/Vzk+1 VVl )p kH(PfH)
— v =) = o W - W)

= v(W = Whp T o ™) = v ™ =) ™) = o (W = W)

(The optimality condition of Equation (4.2))
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So

||VWlk+1Lp(Pk+la Wkﬂ, Zk+1, qk+17 uk+1)||

= (W =W (™) = v = ) )T = o (W - W)
< oW = WENp P+ vl = 2 e+ o W — W
(Triangle Inequality and Cauthy-Schwartz Inequality)

< DI — WHINE 4 uljob*! — N, + 0 WA — W (Theorem 6
For 2/ t4(1 < L),

3Zlk+1Lp(pkH, WHhH g+ g1 )

_ azf+le(pk+1’Wk+17Zk+l, U)o (EL k) (o 2k
—vOfi(zf™) o (¢F™ — ¢f) (o is Hadamard product)

= —v(g ™ =) —vofil ) o (g — )

(0€ D rss Ly(p™ 1 WEFL 2548 g ) + (27— 27))
So

10,51 Ly (P, W, 2551, g u )|

= = vz = 2) = vofilz ) o (¢f T — @)l

< vzt = 2+ vl0fiGETY g - o
(Cauthy-Schwartz Inequality and Triangle Inequality)

<vllE™ =2+ vMlg ™ = @ I0A()] < M)

For 251 82§+1Lp(pk“,Wk+1,zk“,qk“,uk“) = 0 by the optimality condition of

Equation (4.4).
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For qk+17
vqlk+1Lp(pk+1; ‘Aﬂerl7 Zk+1, qk—f—l’ uk+1)
— qu+le<pk+17 Wk+1’ Zk:—l—l7 qk+ ) + uk‘-i—l _ uf:
=uf™ —uf (VqlkﬂLp(pkH, WHHL ZF L bt uk) = 0
by the optiamlity condition of Equation (4.5))

So ||V 1 Ly (P, WHHL 2F L gHHE ub ) | = ™ — .

For uf“,

Ve Ly (P W g gt o) = (it — ) = (™ —uf) /p

S ||V ket Ly(p* 1, WHL 28 g a ) | = [l ™t — | /p.
In summary, we prove that V e1L,, Vi1 Ly, Op1Ly, Vri1 Ly, Vi1 L, are upper
bounded by the linear combination of ||p*+! —p¥||,[|[W*™ —W*|, ||z"*1 —2"||, ||q"+' —

q"[|, and [[u*" —u*|]. —~
Proof of Theorem 8

Proof. To prove this theorem, we will first show that ¢ satisfies two conditions: (1).

Cr > Crp1- (2). Y pegcr is bounded. Specifically, first, we have

L ,
Cr = m1n0<i<k(zl (7 +1/2)Hp1+1 —plls + Z ‘91H/2 HWZH Wil
+ C o = 213+ /2l — 23+ 3 Calla™ — gill)
=1
L ,
> Hlln0<i<k+1(zl: (7 H/Q)WH —pll5 + Z HZH/? \WHl Wil
+Z Gl - R+ (/212 _ZLH2+Z Collgi — i)

= Ck+1
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Therefore ¢, satisfies the first condition. Second,

S =3 mingeak(S0 2T - B3+ S 62 - Wi
LYl IR 2l - A Y Callg - dil)

<3 : o e I3+ S (0 )W - w3

+ Zz ) Cl 27 = 2E115 + (/2125 = 22115 + Zz ) CQ”QkH —q'l3)

S Lp(p ,WO,Z 7q07110) —Lp(p*,W*,z*,q*,u*)

(Lemma 5)

So ¢, satisfies the second condition. Finally, since we have proved the first two

conditions and the third one ¢; > 0 is obvious, the convergence rate of o(1/k) is

proven (Lemma 1.2 in [26]). O
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Appendix D

Appendix of the pdADMM-G

Algorithm

D.1 Convergence Proofs

D.1.1 Preliminary Results

Lemma 24. It holds for every k € Nand [ =1,--- ,L — 1 that

i =v(g = filz)-

Proof. This follows directly from the optimality condition of ¢F and Equation (4.6).
O

Lemma 25. It holds for every k € Nand [ =1,--- L — 1 that

luy ™ =l < vllg™ = gl + vS|l ™ = 2.
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Proof.

g™t =

= (gt = A(EY) = vl — fi(zF))]|(Lemma 24)
< V”qlkH - QZkH + V||fl(21k+1) — fl(zf)H(Triangle Inequality)

< vl =g || + vS||z ! — 2f||(Assumption 6).

Lemma 26. It holds for every k € Nand [ =1,--- ,L — 1 that

luy ™t =l < 202%™ = a3+ S2 ™" = 20112)-

Proof.

gt = wgll3 = v llgr ™ = Sl ™) = a + filz) 15 (Lemma 24)

<22l = @'z + 1™ = ful2)[I2) (Mean Inequality)

< 22(lgF " — gf I3+ S5 — 2FI3)(Assumption 6).
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Lemma 27. For every k£ € N, it holds that

Ly(p*, W",2*, o, u*) = L,(p""!, W¥, 2", ¢, u¥) Z (T /2l — pi1l3,
(D.1)
Lp(pk+1awk7zk)qkuuk)_Lp(pk+17Wk+17Zk7qk7u Z 8k+1/2 ||Wk+1 VI/Z ||27
(D.2)
Ly (P, W 28 ¢ u®)— L, (p™, W 2" ¢F u) > (v/2) Z 12 = 2113,
(D.3)
Bp(pk7wk:7zk7qk’uk> Z 5p<pk+ljwkak’qk uk) (D4)
Bo(p*, WF, 2", ¢, u¥) =8, (p", W 2¥, ¢, u” >Z (677 /2) W = W3,
(D.5)

Bp(p™, WM 2", g, u®) — 3, (p™, WM 2 g, u) > (v/2) Z [E b
(D.6)

Proof. Generally, all inequalities can be obtained by applying optimality conditions
of updating p, W, and z, respectively. We only prove Inequalities (D.1), (D.3)
and (D.4). This is because Inequalities (D.2) and (D.5) follow the same routine of
Inequality (D.1), and Inequality (D.6) follows the same routine of Inequality (D.3).

Firstly, we focus on Inequality (D.1). The choice of T’”l requires

o(p) . VVZ 721 7% 17“1 1) < Uiy, I TzkH)‘ (D.7)
Moreover, the optimality condition of Equation (4.1) leads to

vpf¢(p§€7 VVlka Zlk7 qlkfh uffl) + le—l—l( s - P ) 0. (DS)
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Therefore

L (p’c W* 2 o u")—L,(p"" W* 2" ¢* u")

= pz,VVl ,Zz an 17“1 1) — gb(pf“ Vvlkazlkaqzc—lauf—l))
2 pl ) VVZ 7Zl 7QZ 17ul 1) U(p;ﬂ_lv k+1))(1nequahty (D7))

- Voo (0, WE 2 ain,wi- ) (et = pf) = (3 /2) 1t = prl13)

Z (1 /2) g — 13 (Equation (D.8)).

k+1

Next we prove Inequality (D.3). Because z; " minimizes Equation (4.3) and Equation

(4.4), we have

W/2)l7 = W + (v/2)llar — Al DIE + /212 = 2713

< W2l = Wi R + v/2)llar = LI, (D.9)

and

R(=15y) + (w/2)|2 = Wi S = R y) — (v/2) 1207 = Wit
= R(z3y) — Rz y) + (/2)|of — 2075 + v(E ™ = Wit (e — 27
(lla = bll5 = lla —cll3 = [|b = cll3 + 2(c — )" (b — ¢) where a = Wi 'p;™, b= 2,
and ¢ = 2§)
> s (e — 21 ) + (/2|2 — 2+ v = W) (L — 27
(s € OR(24;y) is a subgradient of R(zF™;y))

= w/2)|7 - 223 (D.10)

(0 € s+ v(b™ — WEH AT by the optimality condition of Equation (4.4)).
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Therefore

L,(p", Wk+17 2*, g, ub) — L, (p", W 29 g uF)

= Z (/2= = WEE I+ /2l — AEDIB

— W/ 2l = W = w/2)llaf — A1)

+R(zL3y) + w/2)|l2f = W PG = R ) — (v/2) [l = Wit

L
> (v/2) lel |27 — 2F||3(Inequalities (D.9) and (D.10)).

Finally Inequality (D.4) follows directly the optimality condition of p***. ]

Lemma 28. For every k € N, it holds that

k+1 k+1 k+1 _k .k k+1 k+1 k1 k+1 k+1
Lp<p JW y Z 7q7u)_Lp(p 7W y Z ,q ,u )

>3 /227 p— v — g3~ @AS Il 1D (D)

k k+1 _k k k k+1 k+1 _k+1 k+1 k+1
/Bp(p+1vw+7Z+17q7u)_ﬁp(p+7w+JZ+7q+7u+)

L-1
> (/2= 22 )p— v/l = afll; — (225 p)llf T = = )l7). (D12)

Proof. We only prove Inequality (D.11) because Inequality (D.12) follows the same
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routine of Inequality (D.11).

L, (p"FL, WHH gkl gk k) [ (pFFL WHHL gh+l ghtl by
= Z;l((v/Q)llfz(Zf+l) — a1l = /2Nl = = ™ e — g )
(P/2)||61’“+1 =l = /p)llur ™ = |l3)
= Zl (@A = a1l = @/2IAET) — a3
—v(g ™ = Al g+ /2N =@l = o)l = ]l
(Lemma 24)
> Z ~w/2)a™ =@z + /2™ = a'llz = /o)™ = w[l3)
(—v(qg — A(ZFY) = —(w/2)Vylla — filz7 )3 is lipschitz continuous concerning g

and Lemma 2.1 in [2])

> Z —w/2)g ™ = a s+ /2l = all3 = 2 p)lla ™ = all3

(2V252/,0>H2k+1 ZF|13)  (Lemma 26)

=S o2 =22 o — v/ — gfll3 — (225 o)1 — 2.

D.1.2 Proof of Lemma 8

Proof. We sum up Inequalities (D.1), (D.2), (D.3), and (D.11) to obtain Inequality
(5.2), and we sum up Inequalities (D.4), (D.5), (D.6), and (D.12) to obtain Inequality
(5.3). 0

D.1.3 Proof of Lemma 9

Proof. (1) There exists q such that pf,, = ¢, and

F(pk7 Wka Zka ql) 2 minp,W7z,q{F(pa W7 z, q)‘pl—&-l = q1} > —00.
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Therefore, we have

Lp<pk,w’f 2. ¢ ut)

= F(o" W2 dh) + 3 () - qz’“)+(p/2)llpf+1 —qrll3

= R(:y) + <u/2><2; ot~ WEbIE+ 20 llat — AGDIR)
W — ) + <p/2>upl+1 a1

=R<z,‘-i; >+<u/2><ZL_ ot~ Wi IB+ 3", llaf — AGDIR)

3Tl — A )+ (ofDleks — 1)

(le = ql and Lemma 24)

> Rk y) + 2 Nl = Wit + 2 g — AGDIR)

S el - B e/l — )

(vlar — A=) = (0/2) ¥l — fi()]3 is lipschitz contimuous concerning g

and Lemma 2.1 in [2])

= F(p", W*. 2", q) + ((p — v)/2)|pf s — ¢F[I3 > —oc.

Therefore, F(p*, W*,z* q') and ((p — v)/2)||pf.; — ¢ |3 are upper bounded by
L,(p*, WF z* q* u*) and hence L,(p°, W, 2%, q°, u’) (Lemma 8). From Assumption
6, (p*, W*, z*) is bounded. g is also bounded because (p —v)/2||pf,, — ¢F||3 is upper
bounded. u* is bounded because of Lemma 24.

(2). It follows the same routine as (1). O

D.1.4 Proof of Theorem 9

Proof. (1). From Lemmas 8 and 9, we know that L,(p*, W* z* q* u*) is convergent

because a monotone bounded sequence converges. Moreover, we take the limit on
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both sides of Inequality (5.2) to obtain

k+1 WkJrl Zk—l—l qk-f—l uk-i-l)
) ) )

0= liInk:—wo Lp(pk; ij Zka qk7 uk) - hmk—wo Lp(p
L
> hmmoo(zlf (2l = ll3 +Z (07 /2) W/ = W13

+ 3Gl - B /I AR+ Calla - ) 2 0

Rl pkH% = Oa

Because L,(p*, W* zF ", u*) is convergent, then limy_,. ||p
limy oo [[WS = W3 = 0, limysec |27 — 2813 = 0, and limyo0 [|g*+ = *[13 =
limy o0 |[uF* — u¥||2 = 0 is derived from Lemma 26 in Section D.1 in the Appendix.

(2). The proof follows the same procedure as (1). O

Proof of Lemma 10

Proof. (1). We know that OL,(p"*!, WHt! g1 gFtl uk+l)
= {Vpe+1 Ly, Vg1 Ly, Opps1 Ly, Vo1 Ly, V1 Ly} [101]. Specifically, we prove that

lg|| is upper bounded by the linear combination of |[p**+! —p¥||,||W* T —W*||, ||zF*+! —

k“ k+1 k+1 kH

2", |[d**! — @], and [[u**! —u

For karl7

fo+1Lp(pk+l’ WHFL ghtl b+l kel
— V k+1¢( k+1 VVlk-i-l k+17 qlk—l-117 uéﬂ-l-ll)
k¢<pl 7VVI 721 7% 1 “z 1)+ kH( i pl) kH(pr Pf)
4 p(WE) TR (W TYkph —  (WEIT k1 (T,
+ (=) + e = p)) = (g™ - a)
= =7t =) + V(V‘G’““)T‘/‘G“lpf“ — v(WHTWhpt
— (WD v (W 2+ () = wiy) + plor ™ = pf) = plg = 6y

(The optimality condition of Equation (4.1))
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So

7,01 L, (0, WA 21 7 o)

= || =it - pf) + V(V‘Gk“)TWf“pf“ — v(WH Wpf

— (W 4w (W2 + () — wiy) + pof ™ = o) = p(gf 5 — @)l

< le+1‘|pk+1 pf” + UH(I/Vlk-H)TVVZk—i-lp;c—i-l (Wk)TI/Vl o H

k+1

(WD = (W ]+ 2y =l + el ™ = o+ el — ot

(Triangle Inequality)
=5 o =l e (W WE ™ = ) + (WD T W — W )py
+ (W = WHTWEDE | + v |(WEHT (T = 2F) + (W = W T

k+1

+ HukH Uz o+ ellp™ = py H + P”qu - 91111”

< B = g+ WP = g+ oW W - W)
+ oW = WENWE I+ v W2 = 22+ v W = W7
+o(las —aiall + Sl = =) + ol ™ = prll + plla — a4
(Triangle Inequality, Cauthy-Schwartz Inequality and Lemma 20)

< 7 = pf I+ Nyl = pr ||+ 2o NwNp [ W = W

+ UNw |z = 2| 4+ vNG W = W+ 207 (g — a5+ S22 = 200013)

1 = gby]l (Lemma 6).

+pllpr ™ =i + pllg
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For Wi+,

VWk+1Lp(pk+1 WkJrl Zk+1 qk—l—l uk+1)

! ) ) ) )

— ka+l¢( k+1 Wlk-‘y-l, Z{C-‘rl)

= Vs W 28) + 07 (W — W) 4+ w(WEH — WE)pH (p )T
— vt =)yt e W = W)

LR R (T - u(aE = AT — o v — i)

(The optimality condition of Equation (4.2)).
So

vaf+1Lp(pk+la WHHL g+ gl gty

= (W =Wy ()T = v =) ()T - o (W - W)
< v WET = WENpT P + vl ™ = 2+ o W - W
(Triangle Inequality and Cauthy-Schwartz Inequality)

< || WEH = WEINZ + vl|2 = 2f[INp + 07 [ W — W (Theorem 6).
For WF(1 <1< L),

lek+1Lp(pk+17 WHHL ghtl b+l k)

_ VWqub( EEL PyEL Gkl phtl kel

= Vo)™ W 2 pa wy) + 07 (W = W) + v (W = Wh)py ()"
— vl =)o) o (W = W)

= v(W =W ™) — (™ = 2T = o v = W)

(The optimality condition of Equation (4.2)).
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So

||lek+1Lp(pk+17 WkH, Zk+1, ql~c-|-17 uk+1)||

= (W = Wihp (™) = v ™ = 2T = o (W = W)
< oW = WENp P+ vl = 2 e+ o W - W
(Triangle Inequality and Cauthy-Schwartz Inequality)

< VIR — WHINE 4 oljof*1 — Ny + O WA — W (Theorem 6)
For 2/ tY(1 < L),

3Zlk+1Lp(pkH, WHhH g+ g1 )

_ 8Zlk+le(pk+1’Wk+17Zk+l, QU)o (EL k) (e 2k
—vOfi(zf™) o (¢F™ — ¢f) (o is Hadamard product)

= —v(g ™ =) = vofil ) o (g — )

(0€ Qs Ly(p™1 WHL 25 g u®) + v (2 = 27)).
So

10,51 Ly (P, W, 2551, g+ u )|

== vzt = 2f) = vofilz ) o (¢f T — @)l

< vl = 2+ oAl - o
(Cauchy-Schwartz Inequality and Triangle Inequality)

<vllg™ =gl +vMlg ™ = @ I 10f()] < M).

For 251 82§+1Lp(pk“,WkH,zk“,qk“,uk“) = 0 by the optimality condition of

Equation (4.4).
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For qlk“,
Vqlk+1 Lp(pk+1, Wk+17 Zk—f—l7 qk—f—l7 uk—i—l)
k k1 k k k k k
= Ve Ly(p FLOWHRHL ZF gt b)) ot — )
= uf™ — uf ('by the optimality condition of Equation (4.5)).
k k
So [|V g1 Ly (™, W 251 g u ) || = [l ™ = uf.
For uyt!,

vuf“ Lp(pk“,W’““, Zk—i—l7 qk—i-l7 uk+1) — <pﬁ-11 . qlk+1) — (uf—i-l . ué@)/p

So ||V, k1 Ly(p* 1, WHL 28 g a )| = [l ™ — | /p.
In summary, we prove that V 1L, Vs Ly, Op+1 Ly, V1 L,, Virr1 L, are upper
bounded by the linear combination of ||p*** —p*||,||[W* —=W*"||, ||z*t! —2*||, ||¢*+! —

k+1

—u®|.

q*||, and [lu

(2). It follows exactly the proof of (1) except for pf*' . ]

D.1.5 The proof of Theorem 10

Proof. From Lemma 9(1), (p*, W*, z*, ¢*, u”) has at least a limit point

(p*, W* z* gq*,u*) because a bounded sequence has at least a limit point. From
Lemma 10 and Theorem 9, [|¢g*™|| — 0 as k — oo. According to the definition of
general subgradient (Definition 8.3 in [84]), we have 0 € 0L,(p*, W*,z*,q*,u*). In

other words, every limit point (p*, W*, z* q*, u*) is a stationary point. O

D.1.6 The proof of Theorem 11

Proof. From Lemma 9(2), (W", z* ¢* u*) has at least a limit point (W*, z*, q*, u*)

because a bounded sequence has at least a limit point. p* has at least a limit point
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p* because p¥ € A and A is finite. From Lemma 10(2) and Theorem 9, ||ghe || — 0,
ot =0, [gEt]] — 0, [[git!|| = 0 as k — oo. According to the definition of gen-
eral subgradient (Defintion 8.3 in [84]), we have Vw-3,(p*, W*,z*,q",u*) =0, 0 €
Oy B,(p*, W¥, 2" q*, u"), Vo 5,(p*, W*, 2", 9", u*) = 0 and V+0,(p*, W*, 2", ", u*) =
0 (i.e. pjy1 = ¢). In other words, every limit point (W™, z*, u*) is a stationary point of
Problem 7. Moreover, 7 has a limit point 7;* because it is bounded. Let 7% = {7f}£,.
Consider a subsequence (p*, W* z*, g, u’, 7°™!) — (p*, W*,z*, q*, u*, 7*). Because

s+1 s+1 s+1 s+1

w" = ui + p(ply, — ¢qf) and v — uf, thus pf,; — ¢, and pJ; — ¢/ . Because

s+1

¢ — ¢/, then perl

I4+1 — Piyq for any [. In other words, p*t! — p*. Because p* — p*,

then p*™ — p*. The optimality condition of p*™ (i.e. Equation (5.1)) leads to

pi = argmingen |0 — pf = Vi d(p), Wi 27 g1y w ) /77 -

Taking s — oo on both sides, we have
pi < argmingea (|0 — (p = Vi (o), Wi 25 @y wi0) /7)1
Because V- F(p*, W™, 2*, q*) = vW[ (2f =W;'p}) = Ve d(pf, W), 21, 71, i ;). Then
p; < argmingea [|0 — (p] — Vi F(p", W7, 27,q") /7).
Namely, p* is a quantized stationary point of Problem 7. O

D.1.7 The proof of Theorem 12

Proof. (1). To prove this, we will first show that ¢, satisfies two conditions: (1).

i > Crp1. (2). Doy ¢k is bounded. We then conclude the convergence rate of o(1/k)
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based on these two conditions. Specifically, first, we have

Ck—mlno<z<k(z (n/2) ||p’+1—pzllz+z 0" /2) IIWH1 wils
i+1 i i+1 i+1 a2
+Z Gl = B+ (/218 2L||2+Zl , Ol - gilR)
L
Zmin0<i<k+1(zl (7 +1/2)||p’+1—pz||2+z: 9”1/2 Wt =wils
i+1 i i+1 i+1 ]2
£ G B w2 - AR Y Gl - dil)

= Ck+1-

Therefore ¢, satisfies the first condition. Second,

>
k=0

[e's] . L . ) .
=> . mmo<z<k(z (@2 =il + 9%“/2)HW}”1—WIZH§
TG - IR w2l - S Calla — gil)

L

<ZMZ” ) g3+ Y (O )W -
+Z Ll — I+ (V/2)||Z’““—ZL||2+Z “Collgt - 1)

S Lp(p ,WO,Z 7q07u0) - Lp(p*,W*,Z*,q*,u*)(Lemma 8)

So 2120:0 cr is bounded and ¢, satisfies the second condition. Finally, it has been
proved that the sufficient conditions of convergence rate o(1/k) are: (1) ¢x > cpy1,
and (2) > 7 ¢ is bounded, and (3) ¢, > 0 (Lemma 1.2 in [26]). Since we have
proved the first two conditions and the third one ¢; > 0 is obvious, the convergence
rate of o(1/k) is proven.

(2). Tt follows the same procedure as (1). O
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D.2 More Experimental Results

D.2.1 The Settings of All Hyperparameters

This section provides more details on the hyperparameter settings of all datasets, Ir

denotes learning rate, which are shown in the following tables.

Dataset Cora PubMed Citeseer Dataset Cora PubMed Citeseer
1Ir(GD) 1071t 5x 1072 | 1071 Ir(GD) 1071 5x 1073 | 1071
Ir(Adadelta) 1073 10~3 10~3 Ir(Adadelta) 10~3 10~ 10-3
Ir(Adagrad) 1073 1073 1073 Ir(Adagrad) 1073 1073 1073
Ir(Adam) 1074 1074 1073 Ir(Adam) 1074 1074 1074
p, v(pdADMM-G) 1074 104 104 p, v(pdADMM-G) 10~4 10~4 1073
p, v(pdADMM-G-Q) | 10~* 10~3 10~3 p, v(pdADMM-G-Q) | 10~% 1073 1073
Amazon Amazon Coauthor Amazon Amazon Coauthor
Dataset Dataset
Computers Photo CS Computers Photo CS
Ir(GD) 1072 1072 10—t Ir(GD) 1072 1072 107!
Ir(Adadelta) 1073 1073 1073 Ir(Adadelta) 1073 1073 1073
Ir(Adagrad) 1073 1073 1073 Ir(Adagrad) 1073 1073 1073
Ir(Adam) 1073 1073 10-3 Ir(Adam) 1074 10~ 10~
p, v(pdADMM-G) 1073 1073 10~2 p, v(pdADMM-G) 1073 1073 1073
p, v(pdADMM-G-Q) | 1073 1073 1072 p, v(pdADMM-G-Q) | 1073 1073 1073
Coauthor Coauthor
Dataset Flickr Ogbn-ArxBataset Flickr Ogbn-Arxiv
Physics Physics
Ir(GD) 10~?! 10-3 10—2 Ir(GD) 10~2 10~2 10—2
Ir(Adadelta) 1073 1072 10~1 Ir(Adadelta) 1073 1072 10~1
Ir(Adagrad) 1073 1073 1073 Ir(Adagrad) 1073 1073 1073
Ir(Adam) 1073 1073 1073 Ir(Adam) 10~4 1073 1073
p, v(pdADMM-G) 10~2 104 104 p, v(pdADMM-G) 102 104 104
p, v(pdADMM-G-Q) | 1072 1074 1074 p, v(pdADMM-G-Q) | 1072 1074 10~4

Table D.1: Hyperparameter settings Table D.2: Hyperparameter settings
of all methods on nine benchmark of all methods on nine benchmark
datasets when the number of neurons datasets when the number of neurons
is 100. is 500.

D.2.2 The Performance of Validation Sets

This section provides more experimental results on the validation sets of all datasets,

which are shown in the following tables.



Dataset Cora PubMed Citeseer Dataset Cora PubMed Citeseer
0.704 0.626 0.619 0.731 0.651 0.679
GD GD
+0.037 + 0.072 +0.045 +0.018 +0.034 40.008
0.652 0.720 0.620 0.716 0.688 0.597
Adadelta Adadelta
+0.064 +0.035 +0.022 +0.061 +0.024 +0.025
0.720 0.762 0.604 0.765 0.776 0.668
Adagrad Adagrad
+ 0.022 + 0.012 +0.027 +0.014 +0.006 +0.028
0.720 0.745 0.624 0.758 0.778 0.668
Adam Adam
+0.034 + 0.014 +0.014 +0.013 +0.008 40.020
0.750 0.788 0.724 0.753 0.792 0.729
pdADMM-G pdADMM-G
+0.005 +0.004 +0.005 +0.004 +0.004 40.003
0.754 0.793 0.722 0.757 0.792 0.730
pdADMM-G-Q pdADMM-G-Q
+ 0.002 +0.002 +0.002 +0.005 +0.003 +0.004
Amazon Amazon Coauthor Amazon Amazon Coauthor
Dataset Dataset
Computers Photo CS Computers Photo CS
0.654 0.730 0.875 0.727 0.809 0.897
GD GD
+0.033 +0.165 +0.007 + 0.012 +0.012 +0.003
0.136 0.343 0.781 0.246 0.371 0.884
Adadelta Adadelta
+0.062 +0.046 +0.084 +0.073 +0.075 +0.003
0.750 0.808 0.889 0.766 0.860 0.912
Adagrad Adagrad
+0.095 +0.018 +0.006 +0.011 +0.003 +0.004
0.740 0.850 0.887 0.750 0.872 0.893
Adam Adam
+0.010 +0.006 +0.009 +0.017 +0.020 +0.013
0.753 0.846 0.913 0.778 0.861 0.912
pdADMM-G pdADMM-G
+0.005 +0.014 +0.003 +0.007 +0.005 4+0.003
0.688 0.822 0.916 0.764 0.850 0.910
pdADMM-G-Q pdADMM-G-Q
+0.063 +0.013 +0.003 +0.008 +0.009 +0.003
Coauthor Coauthor
Dataset Flickr Ogbn-Arxiv Dataset Flickr Ogbn-Arxiv
Physics Physics
0.921 0.464 0.378 0.928 0.466 0.451
GD GD
+0.009 +0.008 +0.004 +0.001 +0.001 +0.033
0.918 0.461 0.514 0.932 0.462 0.591
Adadelta Adadelta
+0.014 +0.006 +0.014 +0.006 +0.004 +0.017
0.928 0.480 0.574 0.935 0.488 0.646
Adagrad Adagrad
+0.005 +0.003 +0.008 +0.005 4+0.007 40.010
0.919 0.512 0.681 0.933 0.516 0.692
Adam Adam
+ 0.010 +0.004 +0.003 +0.007 +0.002 4+0.008
0.933 0.514 0.649 0.932 0.514 0.661
pdADMM-G pdADMM-G
+0.001 +0.001 +0.012 +0.001 +0.003 40.005
0.935 0.506 0.661 0.933 0.514 0.667
pdADMM-G-Q pdADMM-G-Q
+0.002 +0.004 +0.004 +0.002 +0.001 +0.003

Table D.3:

ber of neurons is 100.

The wvalidation perfor- Table D.4: The validation performance of all
mance of all methods when the num- methods when the number of neurons is 500.
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