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Abstract

In this dissertation we discuss two results in Ramsey Theory.

Result I: the size-Ramsey number of a graph H is the smallest number
of edges a graph G must have in order to force a monochromatic copy of H
in every 2-coloring of the edges of G.. In 1990, Beck studied the size-Ramsey
number of trees: he introduced a tree invariant (), and proved that the
size-Ramsey number of a tree T is at least 5(7')/4. Moreover, Beck showed
an upper bound for this number involving §(T"), and further conjectured
that the size-Ramsey number of any tree 7" is of order 5(7"). We answer his
conjecture affirmatively. Our proof uses the expansion properties of random
bipartite graphs.

Result II: We prove the following metric Ramsey theorem. For any con-
nected graph G endowed with a linear order on its vertex set, there exists a
graph R such that in every coloring of the t-sets of vertices of R it is possible
to find a copy G’ of GG inside R satisfying the following two properties:

e the distance between any two vertices z,y € V(G’) in the graph R is
the same as their distance within G’;

e the color of each t-set in G’ depends only on the graph-distance metric
induced in G’ by the ordered t-set.
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Chapter 1

Introduction

Ramsey theory, which is named after Frank P. Ramsey, author of the very
influential article [34], concerns the study of partitions of discrete structures,
such as graphs, hypergraphs, integers, vector spaces, partially ordered sets,
points in the Euclidean space, etc. Statements in Ramsey theory are usually
of the form “if a certain structure is large enough, no matter how its basic
components are partitioned into r parts, it is possible to find a given config-
uration completely contained in one of the partition classes”. More refined
statements provide some estimate for how large the structure needs to be in
term of the configuration and number of parts. These abstract notions will

be illustrated in the example that follows.

Example 1.1. In a group of siz people, you will always find either three

people that know each other or three people that are strangers to each other.

In the example above, the structure is the network of people and their
acquaintanceships. The basic components are pairs of individuals, with each
pair being classified according to whether the two individuals know each
other or not. The sought-after configuration is a group of three people (such
that all the three pairs of people that you can form among the three are
contained in the same class).

The example above can be generalized in several directions. First, let

us introduce some notation. For a positive integer n, denote by [n] the

1



set {1,...,n}. For any integer & > 0 and set X, denote by ()k() the family of

all subsets of X having exactly k elements.

Theorem 1.2 (Ramsey 1930). For all integers r,k > 1, and ¢ > k there
exists ng such that for all n > ng the following holds. For any partition of
([Z}) as C1U---UC,, there exists 1 < j <r and an (-element subset Y C [n]
such that (}k/) C ;.

Theorem 1.2 was later rediscovered by Erdés and Szekeres [11] in a paper
that popularized Ramsey theory in the mathematics community.! In this
dissertation, we will present two Ramsey theorems on graphs. These two
results and the corresponding Chapters 2 and 3 are completely independent
and self-contained.

Some existence results in Ramsey theory follow from Theorem 1.2. For
instance, it follows that for any graph H there exists ng = ng(H) such that,
for any n > ng, the complete graph K, is such that in any 2-coloring of
its edges, one can find a monochromatic copy of H. In such cases, it is
desirable to obtain good bounds for the smallest ng for which the above
holds. The result in Chapter 2 is a case where existence is a simple corollary
of Theorem 1.2 but the real problem is to obtain good numerical bounds.
Here we settle a conjecture of Beck [3] and obtain bounds which are optimal
up to a constant multiple factor. Such a precise bound is rather the exception
in Ramsey theory, which is a field notorious for having loose bounds that
stand for decades without substantial improvement. In contrast, our result
of Chapter 3 is an existence result and we made no effort to obtain numerical
bounds (which certainly would be extremely large).

In Chapter 2 we discuss a size-Ramsey result, namely a result in which we
obtain a Ramsey graph having the smallest possible number of edges (in con-

trast, Ramsey graphs are typically measured in terms of number of vertices).

IErdés was certainly one of the main contributors to Ramsey theory. Unfortunately,

F. P. Ramsey died prematurely and did not see the large impact of his results.



Here we prove a conjecture of J. Beck [3] which states that for any tree T, its
edge-Ramsey number is of order 3(T'), where f§(+) is a tree-invariant. Beck
proved that any Ramsey graph for 7" must have at least 3(T")/4 edges and
conjectured that the edge-Ramsey number is of the same order as S(T).
What we prove here is in fact a stronger result: we use probabilistic methods
to show the existence of sparse graphs with the property that every subgraph
containing, say, 1% of the total number of edges must contain all trees having
the same invariant parameters.

In Chapter 3 we prove a metric Ramsey result on graphs. In this Ramsey
theorem the structures are ordered graphs endowed with metric embeddings.
We call G a metric subgraph of H if G C H and there is no shortcut path
in the larger graph H for connecting two vertices of G (the shortest distance
is attained by a path completely inside (). In particular, a metric subgraph
is also an induced subgraph (but the converse is not always true). The
components being colored in this Ramsey theorem are ¢t-subsets of the vertex
set that induce a given fixed metric p. The configuration being sought is a
metric copy of a fixed graph G where every t-subset of V(@) inducing the
metric p has the same color.

An interesting particular case of our results is the following: for every
graph G there exists a graph R such that for every two-coloring of the pairs
of vertices of R one can find a metric subgraph G’ C R, isomorphic to G,
such that the color of a pair of vertices of G’ is a function of the distance
between the vertices. In other words, all pairs which are edges of G’ have the
same color, all pairs at distance two have the same color, etc.

Much of the notation used here is quite standard, including “big O” no-
tation such as O(+), Q(-), o(-). We also use a.a.s. (asymptotically almost
surely) to denote that a sequence of random events has probability converg-
ing to 1. Special notation pertaining to each chapter will be introduced as

needed.



Chapter 2

The size-Ramsey number of

trees

2.1 Introduction

For graphs G and H, the size-Ramsey number 7(G, H), introduced by Erdés
et al. [9], is the smallest number m such that there exists a graph F' on m
edges with the property that, in any red-blue coloring of the edges of F', there
exists either a red copy of G or a blue copy of H.

For a real number « € [0, 1] and graphs F', G we shall write F' —,, G if any
subgraph F’ C F with e(F’) > ae(F) contains a copy of G as a subgraph.
Notice that if F' —/, G then #(G) = 7(G,G) < e(F).

It is well known that 7(K,) grows exponentially with n. In contrast,
Beck [2], answering a question of Erdés, showed that for P;, the path on ¢

vertices, we have

In fact, Beck proved that for any a € (0, 1] there is ¢ = ¢(«) such that a.a.s.

9The contents of this chapter were published in [4].



(asymptotically almost surely) the random graph G = G,, ./, satisfies G —,
Plnje-

Friedman and Pippenger [13] improved this result by showing that any
tree with maximum degree A and ¢ vertices has size-Ramsey number c¢(A)t,
where ¢(A) = O(A*). This was later improved to c¢(A) = O(A?) by Ke [20]
and to ¢(A) = O(A) by Haxell and Kohayakawa [19].

Although certain trees T have size-Ramsey number of order A(7) |71, it is
clear that the size-Ramsey number of the star K is not of order t2. Indeed,
Ky o1y = Ky for any a € (0,1]. Hence, the bound A(T) |T| may be far
from optimal in many cases.

In [3], Beck introduced the tree invariant 5(7) which is defined as follows.
Let V(T) = Vo(T)UVi(T) be the partition determined by the unique proper
two-coloring of the vertex set of 7. Set A; = Ay(T) = max{dr(v) : v €
Vi(T)} and n; = ny(T) = |Vi(T)| for i = 0,1 and let B(T) = nolAg + ni14;.

Improving his previous result, Beck [3] proved that for any tree T,
B(T) /A< (T) <O(B(T)(log|T1)*?)

and conjectured that 7(7) = O(5(T)). For completeness, we include Beck’s
proof of the lower bound in Section 2.1.2. Haxell and Kohayakawa [19] sig-
nificantly improved the upper bound to #(7) = O(B(T)log A(T)).

We settle this conjecture by showing that for any (ng, Ag,n1,4) and « €
(0, 1] there exist Ny, N1, C(a), and p € [0, 1] with pNoN; = C(a)(nodo +
n1Ay) such that a.a.s. the random bipartite graph G = Gy, N,y satis-
fies G —, T for any tree T with A;(T) < A; and n(T) < n;, for i =0, 1.
Since a.a.s. G has O(pNyN;) edges, the size-Ramsey number of any tree 7
is of the order of 3(T).

The embedding of T into G is done algorithmically. We believe that this
algorithmic method is interesting in its own right and that it could be useful

in other similar contexts. In fact, we have used analogous techniques in an



algorithm that embeds graphs of bounded degree into sparse random graphs
(see [5]).

2.1.1 Organization of the chapter

In order to prove Beck’s conjecture we establish several properties that hold
a.a.s. for random graphs. Any graph satisfying these properties may be
used as an upper bound for the size-Ramsey number of trees. However,
there is no known graph construction satisfying all these properties. Thus
we have resorted to the probabilistic method in order to prove the existence
of such graphs. The results on random graphs are stated in Theorem 2.6 of
Section 2.4.

In Section 2.6 we exhibit an embedding scheme for trees, Algorithm 1, that
finds an isomorphic copy of any tree with prescribed parameters in a graph
satisfying the properties listed in Theorem 2.6.

We shall give an outline of a simpler (somewhat unrealistic) case for the
sake of introducing, in an easier context, some of the techniques employed in

the general case. This informal outline is given in Section 2.3.

2.1.2 The lower bound

Here we give Beck’s proof that for any tree 7, #(T) > B(T) /4.

Let n;, = ny(T) and A; = Ay(T), ¢ = 0,1, be as above. Without loss of
generality we assume that ngAg > n1A;. Let G be any graph having fewer
than 5(7)/4 edges. We will now describe an explicit coloring of the edges
of G which does not admit any monochromatic copy of 7.

First partition V(G) into V' = {v € V(G) : deg(v) > Ap} and V— =
V(G)\ V*. We now color all edges of G completely inside V* or completely
inside V'~ using the color blue. All the edges having endpoints in distinct

parts V',V are colored red.



If G contains a blue copy of T, then this copy must be contained in V'
since no vertex of V'~ can be used to embed a vertex of degree Ag and V'~
is not connected to V' by any blue edge. Consequently, |V*| > ng + ny.
However, by definition, the degrees of vertices in V' are all at least Ay and

thus we obtain a contradiction:

A |V A
(62 L T degley > 2V 5 Bl m) , 4T)

veV+

It follows that there cannot be a blue copy of T.

Let us now assume we may find a red copy of 7 in G. Since the red
subgraph of G is bipartite (with classes V=, V), the class Vo(7) must be
embedded into V' (since we must be able to embed a vertex of degree Ay).

Hence |[V*| > ng and thus e(G) > L{VH| Ay > 2080 > 3(T)/4, again a

contradiction.

2.2 Preliminaries

Given a graph G = (V, E) and disjoint sets S, T C V', we denote by Eq(S,T)
the set of all edges with one endpoint in S and the other endpoint in 7" and
let eq(S,T) = |Eq(S,T)|. The neighborhood of a vertex v € V is denoted
by T'¢(v) and the neighborhood of a set S C V is denoted by I'¢(S) =

UUGS FG(U)’

Definition 2.1. Given a graph G = (V, E), for any set S C V', we define
I't(S)={veV :es({v},S) =1}

as the set of unique neighbors of S. Let d,(S) = [I™*(.9)].

We may omit the subscript if the graph is clear from the context.
If z,t € R, e > 0 are such that x € [(1 —¢e)t, (1 + ¢)t] then we write z ~, t.
We shall also use the standard notations €2, (f(n)), O,(f(n)) for the classes of

7



all functions lower /upper bounded by ¢(7) f(n), where ¢ = ¢(7y) is a constant
that only depends on . In many computations we implicitly use well-known

inequalities such as

trase wd (3)'<(3) < (5) 2.)

The Chernoff inequality is also used extensively: for any € > 0 and any

Binomial random variable X with parameters n and p we have
P[|X — np| > enp| < exp{—Q.(np)}. (2.2)

Definition 2.2 (LE sets). We say that a set of vertices S in a graph G is
e-lossless expanding if [I'(S)\ S| ~c e(S,V(G)\ S), that is, almost every edge
in the S-cut corresponds to a unique neighbor of S. We may refer to S as

an LFE set for short.

A useful feature of LE sets is their resilience: even if a large fraction of the
edges incident to an LE set is removed, the LE property persists. This is

stated formally in the following simple lemma.

Lemma 2.3. Let G be a graph and S CV = V(G). For any G' C G we

have
Car(S)\ S| > e (S, V\ S) +2(|Ta(5) \ S| — ea(S,V\ 9)).

Proof. Let N denote the number of edges e = uv in Eg (S, V'\S) such that the
end-vertex v € V'\ S satisfies ec(v, S) > 2. Note that [[¢(S)\S| < (eq(S,V'\
S)—N ) + N/2, since each edge not counted by N corresponds to exactly one
unique neighbor of S and all the edges counted by N may contribute with at
most N/2 neighbors. We obtain —N > 2(|l¢(S) \ S| — eq(S,V \ S)). The
claim follows as [I'¢/(S) \ S| > ee (S, V \ S) — N. O



Definition 2.4. Let 7 be a tree and V(7)) = Vo(T)UVi(T) be the canonical
bipartition of 7. Set n;, = |V;(T)| and A; = max{dr(v) : v € Vi(T)},
for i = 0,1. The parameter 3(T) is defined as

B(T) = TL()AO + TLlAl.

A tree with these parameters is called an (ng, Ag, nq, Aq)-tree.

2.3 Outline of a simpler case

In this section we consider a simpler, specific case, where we can apply easier
versions of the techniques used in the proof of our result. Let us assume
that the n;’s and A;’s are fixed and satisfy noAg = n1A;. Our unrealistic?
assumption is the existence of a bipartite graph G having classes V5, V)
with 100n; < |V;| = N; = O(n;), i = 0,1, such that all vertices in V; have
degree D; = O(4A;), D; > 32A;, and such that for any ¢ and any set S C V},
with |S| < |Vi_1|/D;, we have |[I'¢(S)| > (1 — €)D; |S| for some small € > 0.
In particular, G is a bipartite graph for which we have lossless expansion for
essentially all sets (obviously, if S is too large, it cannot expand losslessly).

Next we outline how one could find a copy of an (ng, Ao, ny, Aq)-tree T
in any sufficiently dense subgraph of G. Suppose that G' C G is such
that e(G") > e(G)/2. By sequentially removing vertices of low degree, we
may ensure that for ¢ = 0,1, every v € V/ = V; N V(G’') has degree at
least D;/8 and that e(G") > e(G) /4.

Suppose that f is a partial embedding of 7 into G'. A vertex v € V' =
V(G') is inactive with respect to f if there is a vertex u € V(T ) such that v =
f(u) and, moreover, all neighbors of u are already embedded by f (namely,
f7HV) D Tr(w)).

1Such graphs do not exist for all range of parameters, for instance, if Ny = 2V such a

strong expander needs Dy > ¢(g) N7, which means that the graph needs to be very dense
(see [33, Theorem 1.5(a)]).



A vertex is called free with respect to some partial embedding f if it is
neither reserved nor in the image of f. We shall describe how a vertex
becomes reserved in what follows.

Critical vertices. The main ingredient in the embedding scheme is how to
deal with active vertices in G’ which have few free neighbors. These vertices
will be called critical. We associate to every critical vertex v a subset R, of
its free neighborhood which shall be reserved exclusively to embed neighbors
of f~1(v) (if v ever gets used in the embedding, otherwise they shall remain
unused). In particular, those vertices in R, will no longer be free.

Let ¢ € (0,1/8) be a fixed constant to be defined later. A vertex from
class V' (i = 0,1) is classified as critical if it has less than ¢D; free neighbors.

There are basically two difficulties in dealing with critical vertices: since
the reserved subsets must be exclusive, they must be disjoint from each other.
Moreover, after reserving vertices, one may produce more critical vertices, as
those reserved vertices are no longer free. It is therefore essential to make
sure that the number of critical vertices is bounded at all times.

To ensure that there are not too many critical vertices, the set of reserved
vertices for each critical vertex is relatively small—it has size Ay or Ay,
depending on the class to which the critical vertex belongs. Therefore, for
each new critical vertex, we reserve a small number of vertices (making them
non-free). On the other hand, every critical vertex must send a considerable
fraction of its edges into the set of non-free vertices. By the LE property
and Lemma 2.3, the set of critical vertices must be small, otherwise the
expansion of the LE set of critical vertices would contradict the fact that the
set of non-free vertices is not large.

More formally, let C; be the set of critical vertices in the class V; at a
certain moment in the embedding procedure. The number of non-free vertices
in V1_; is at most n;_; + |C;| A;. However, every vertex v € C; sends at

least dg/(v) — eD; > (1/8 — ¢)D; > D;/16 edges into the set of non-free

10



vertices of Vi_;. If |C;| > 32n,_;/D;, one can establish a contradiction with
the LE property by way of Lemma 2.3. Indeed, the set of non-free vertices

would have to be larger than

> ny—; + |Ci| Ay,

which contradicts the trivial upper bound on the number of non-free vertices.

Embedding scheme. Fix an arbitrary root v; € V1(7) and map it to an
arbitrary vertex in V. At each step we take an already embedded vertex and
embed all of its children at once. Suppose that we have a partial embedding f
of T into G’. Let C be the collection of critical vertices and R = { R, },cc be
the family of reserved sets. Let w € V(7)) be an embedded vertex and w =
f(w).

If w is critical then R, € R contains enough vertices to embed every child
of u. No other critical vertex can be created after this embedding occurs
(since no free vertex is used).

If w € V/ is not critical, then the number of free neighbors of w is at
least ¢D; > A;, which is more than enough to embed every child of u. After
embedding the children of w (arbitrarily choosing vertices among the free
neighbors of w), we might have created new critical vertices.

A new critical vertex had cD; free neighbors before the above embedding
extension. Since the extension can only make A; vertices non-free and c¢D; >
A;, this new critical vertex still has many free neighbors immediately after
the extension.

Pick one of the (possibly many) new critical vertices and choose an arbitrary
A;-subset of its free neighborhood. We construct reserved sets for the new
critical vertices using the following iterative procedure.

Suppose that C? C V/ is the collection of the first j critical vertices in V

created by the embedding extension and which were already processed. (Ini-

11



tially, j = 0 and C” = 0.) Let {R/},cc; be a family of disjoint A;-subsets
such that each R! may only contain free neighbors of v. Set X7 = J,c; RY.

If there is a (non-critical) vertex w having less than ¢D; free neighbors
outside of X7 we set C?*! = ¢/ U {w} and obtain a new family of disjoint
A;-sets {RIT'},cei+1 as above (we describe this process in more detail at
the end of this Section). We also impose an extra restriction on this family:
X7 c X7*! namely, once a vertex is chosen to be reserved to any critical
vertex, it will be reserved to some critical vertex (but not necessarily to the
one it was originally assigned to). This restriction is important since we
use the fact that the set of non-free vertices is monotonically increasing. In
particular, once a vertex is classified as critical, it always has less than c¢D;
free neighbors.

Suppose that the above procedure finishes when C* and {RF},cox were
constructed. We set R, = R¥ for all v € C* and thus consolidate the reserved
set of every new critical vertex. At that point, every non-critical vertex of V/
(1 = 0,1) has at least ¢D; free neighbors and every critical vertex has an
exclusive set of reserved vertices. Therefore, it is possible to continue the
embedding until the whole tree is embedded.

Obtaining a family of reserved sets. The jth new critical vertex cre-
ated after an extension must have at least ¢cD; — A; neighbors that are either
free or contained in X;_;. Indeed, before that vertex became critical, it
had ¢D; free neighbors; after the extension, at most A; vertices were used in
the extension and became non-free.

Using the LE property of the graph and a Hall-type argument, it is simple
to obtain a new family of reserved sets as long as j = |C?| is not too large.
However, since we have a global upper bound on the number of critical
vertices, this strategy always works. (See Lemma 2.12 for a formal version

of this argument.)
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2.4 Properties of random bipartite graphs

In this section we state a technical theorem describing several properties of
random bipartite graphs that we use when embedding trees. We remark that,
in contrast with the assumptions of Section 2.3, having lossless expansion
on both classes of a sparse bipartite graph is not always possible (see [33,
Theorem 1.5(a)]). To overcome this shortcoming we show that there are
plenty of LE sets in “useful places”, namely, most neighborhoods of vertices

are rich in LE sets.

Definition 2.5. Let ¢ > 0, p € <0,€/8), N07N17D0 = le,Dl = pNO €
N. A bipartite graph G = (Vo, Vi; E) with [Vo| = Ny, |Vi] = Ny satisfies
Property (1) if there exists V{ C V; with [V{| > (1 — 2¢)N; such that the

following conditions hold:

(1) deg(w) ~. Dy for all w € V] and, moreover,

#{u € T(w) : deg(u) e Do} <eDn;

i1) for every S C V/ with |S| < eN;/(8Dy), we have d*(S) ~. Dy |S|;
1

ii1) for every S C V/ with |S| < eN;/(DyD;) and for every T' C I'(S) with
1
VeDy |S| < |T|, we have d*(T') > (1 — 5/e) Dy |T;

(iv) if eNy < DgD; then for every w € V{ and every subset 7' C I'(w)
with |T'| > €D, we have disjoint sets 11, ..., T, C T, each of cardinality

min{eD;/8,eN;/(4Dy)},

such that
" 3
Uz 2 /71 and d(T)) ~ Do T3]
i=1

forevery T/ CT;,i=1,...,r;
y 4

13



~e DO

— =V
~e Dl

Figure 2.1: The graph obtained from Theorem 2.6. All vertices in V; which
are not in the small shaded subset have ~. D; neighbors and all but at

most €Dy such neighbors have degree ~. Dj.

(v) for every X C Vy and Y C Vi with |X| > 3Ny, [Y] > €3N, we have
eq(X,Y) ~eo p|X||Y]; in particular, e(Vy, V/) > (1 — 4e) e(G).

Using the probabilistic method we show that there are graphs satisfying
Property (1).

Theorem 2.6. Suppose that ng > ny and ngAg =n1A;. Let 0 < e < 1/100
be given. There exists C' = C(g) such that, with probability at least 1 — ¢, the
bipartite random graph Gy, n,.p = (Vo, Vi; E), with Ny = Cng, Ny = Cny,
and p = No/ny = Ay/ng < /8 satisfies Property (1).

Before proving the above theorem, we observe that the condition p < £/8
is not very restrictive. In the case p > £/8, we may use a complete bipartite

graph.

Lemma 2.7. Let a € (0,1) and T be a tree with (bipartite) classes having
cardinalities ng and ny. We have G = Kyng/aan, ja —ra T -

Proof. Suppose that the vertex classes of G are Vy and Vi (|Vy] = ny and
[Vi] = ny). First observe that G has 16ngn;/a?® edges. When p > ¢/8, we
must have 3(T) > pnony > engny /8 and hence e(G) = O(B(T)).

14



Let G C G be any subgraph with e(G') > ae(G). While there is a
vertex v € Vp (or a vertex w € Vi) with dege (v) < ny (or dege(w) <
ng) remove v (or w) from G’ together with all of the edges incident to the
removed vertex. The total number of edges removed is at most (4ng/a)n; +
(4n1/a)ng = Se(G). Therefore, the remaining graph G’ is non-empty and
has minimum degree on Vj at least n; and minimum degree on V; at least nyg.

Now we can inductively embed any tree T with classes having cardinali-
ties ng and ny. Fix an arbitrary root vy € Vo(7T) and set f: vy — wo where wq
is an arbitrary vertex on V4.

Suppose that we have a partial embedding f of 7 into GG. Pick some ver-
tex v € Vi(T), i = 0,1, that was already embedded together with some w €
I'7(v) which was not yet embedded. Since the degree of f(v) in G’ is
at least as large as |V1_;(7T)|, there must be some w' € T'g(f(v)) such

that w' ¢ f(V1_;(T)). Extend f by mapping w to w’. O

To simplify the proof of Theorem 2.6 we shall avoid floors and ceilings by
making every parameter—such as ¢, p, C, ng, n1, g, A;—a power of 2. This
is not a problem given our final goal since this shall affect the parameter 5(7)

by only a multiplicative constant.

Proof. The proof of Theorem 2.6 is divided into several claims.

Claim 2.8. Let G = Gy, nyp = (Vo Vi3 E) be a random bipartite graph
and S C V; (i = 0,1) be a set with s vertices. Then d*(S) is a bino-
mial variable with parameters Ni_; and sp(1 — p)*~'. Moreover, if sp < ¢
then E[d*(S)] > (1 — 2¢)spN;_;.

Proof. We may represent d*(S) as a sum of indicator variables

I, =lleg(v,S)=1], veVi,.
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Since the I,’s are independent and each has probability sp(1—p)*~!, the first

part of the claim is proved. For the second part, notice that
E[d*(S)] = Ni_isp(1 — p)*~! > spNy_je *P > (1 — 2¢)spN,_;, (2.3)
since (1 —p) > e P 7 >e % (asp<e/s <1/2). O

Claim 2.9. With probability at least 1 —3¢/4 there exists V]| C Vi with |V]| >
(1 —&)Ny for which (i) and (i) from Property (1) hold.

Proof. Notice that for any vertex v € V;, i = 0,1, we have E[deg(v)] = D;.
By the Chernoff inequality, for any fixed vertex v,

P[|deg(v) — D;| > eD;] < exp{—Q.(D;)} < &%/8 (2.4)

for sufficiently large C'.

Note that the degrees in V; are independent random variables (since the
graph is bipartite). Given a fixed vertex w € Vi, let us estimate the prob-
ability that more than £D; of its neighbors have degree +t. Dy conditioned
on deg(w) ~. Dy. For each u € I'(w), the degree of u is one more than the
number of its neighbors in V; — w, which is a binomial variable independent
of other vertices in I'(w) and of w itself. Hence, the probability of having e D;
neighbors failing to have the “correct” degree is bounded by

((1 j;fD 1) exp{—.(Do) - D1} = exp{—(DoDy)} < €2/8, (2.5
for sufficiently large C'.

Let & denote the event in which the set of vertices having exceptional
degree or having many neighbors of exceptional degree has at most £/NV;/2
elements. By (2.4) and (2.5), the expected number of such vertices is less
than £2N; /4, by Markov’s inequality, we obtain P[] > 1 —¢/2.

Next, we prove that the event
£ °

= 4p}, d*(S) > (1 —£)Dy |S|}

Elz{forallsgvlwithsz|5|6[
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holds with probability at least 1 — /4. By Claim 2.8, we have E[d*(S)] >
(1 —¢/2)sD; for all sets considered in &.

By the Chernoff inequality, the probability that one fixed set S in &
has d*(S) < (1 —¢)sD; is at most exp{—Q.(sD;)}. A simple union bound
gives an upper bound on the probability that some set S has small d*(S5),
that is,

Z (]Zl) exp{—Q(sDy)} < Z{w}s
e Dpe—2(D1) § s
- ;{%} -

Note that Dy > Dyq (since by assumption ng > n;), which means that we may
take C sufficiently large in order to have e ~%(P1) D /e < £/64. In particular,
the last sum is at most Y .- (/8)" < ¢/4.

To prove (ii) let us assume that £ holds. Suppose that there are disjoint
sets S1, 59, ..., Sk such that |S;| < ¢/(8p) — 1 and d*(S;) < (1 — &)D1 |S;].
We call such sets S; non-expanding. Suppose that S = Uiil S; (K <
k), is such that ¢/(8p) < |S| < 2(¢/(8p) — 1) < ¢/(4p). Then d*(S) <
Zflzl d*(S;) < (1 —e)Dy |S|, which contradicts &;. It follows that by remov-
ing non-expanding sets from V) sequentially we eventually get rid of all of
them while removing at most /(4p) = eN;/(4Dy) vertices.

In total, if both & and &; hold, we need to remove less than /N; vertices
from V; to get (¢) and (i7). Since P[EyAE;] > 1—3¢/4 the claim is proved. [J

Set so = eN1/(DoD;). We assume that sy > 1 as otherwise (ii) is trivial.
Let us estimate the probability that a fixed S C Vj with s = |S| € [sg, 3s0)
and |T'(S)| ~. D;|S] is such that there exists T' C T'(S) with esD; < |T|
having d*(T') < (1 —10e)Dg |T'|. Such (S, T) will be called a bad pair. Apply
Claim 2.8 to the random subgraph G[V;, V1\S] and the set 7" (observe that we
have exposed the edges incident to .S but no other edge of G, hence G[Vp, V1 \
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S] is a random graph independent of what was already exposed). Note
that p|T| < (14+¢)Dysp < 3(1+8)6Nl =3¢(1+¢)and [V1\ S| > (1 —¢)Ny.
From Claim 2.8 we get that E[d*(T")] > (1 — 8¢) Dy |T).

Applying the Chernoff inequality, we get that the probability that a fixed
choice of (S,T") becomes a bad pair is at most exp{—.(Dy |T"|)}. The union
bound over all choices of S and all choices of T" gives the following upper

bound for the probability of any bad pair occurring in G:

=30 5 ()P ewt-nuenn)

s=sg t=esD
3s0  2sDq

<> ¥ (eNl) (QQSDI) exp{—Q.(tDy)}.

s=sg t=esD

Replacing the occurrences of s and ¢ in the denominators by lower bounds
(so and esoDy, respectively) and their occurrences in the numerators or ex-

ponents by upper bounds (3sy and 6sq D1, respectively) we obtain

6s0D1

> ) (eDoDi/e)** (6e/e)" exp{—Q.(tDo)}

t=esopD1 s

< Z 250 - exp{3sg log(eDy Dy /g) + tlog(6e/e) — Q- (tDy) }
t

< 125Dy - exp{3sg log(eDo D1 /) 4 659 D1 log(6e/e) — Q.(soDoD1) }
< exp{—Q(N1)},

(2.6)
for a sufficiently large C'.
Let & be the event
& = {for all S C Vy, with s = |S] € [so,3s0] and |I'(S)| ~c sDx,
(2.7)

it T C I(S), esD; < |T|, then d*(T) > (1 — 10£)Dy |T|}.
By inequality (2.6), & holds with probability at least 1 —¢/16.
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Claim 2.10. Conditioning on &, & and &, there is V| C V; satisfying (i),
(i), ().

Proof. Initially, let V] be the set obtained by Claim 2.9 (here we use &
and &;). Suppose that there exists S; C V/ with |S;| < so—1 and I'g(S1) ~«
D1 | S| such that there is 77 C I'g(S1) with /Dy |S1| < |T1| and d*(T}) <
(1 — 5\/€)Dy|T1|. Remove S; from V. Repeat this procedure until there
are no more bad sets or until the union S = (J, S; has at least s, elements.
We claim that |S| < 2s¢. Indeed, this follows since each S; has at most s
elements. Next we show that S cannot have more than sy elements, namely,
the union of all bad sets contains less than sy elements.

Suppose that so < |S| < 250 and let T = |Jf_, T} € T'x(S). Exploiting the
LE property of V/ we shall show that |T'| is close to Zle |T;| and, since T' C
I['(.9), this contradicts &. Note that eq(S,T) > Zle ec(Si, T;), since the S;’s
are disjoint. However, we know that e (S;, T;) > |T;| > +/eD1]5;|. Take G' C
G with E(G") =Y, Eq(S;,T;). Clearly, e(G’) > S2F | |T3| > /D1 |S]. On
the other hand, since V| was initially obtained from Claim 2.9, every vertex
of V[ has degree at most (1 + ¢)D; and |I'¢(S)| > d5(S) > (1 —e)Dy|S].
Hence, by Lemma 2.3, it follows that

T = [Far(S)| = eq (S, T) = 2{ea(S,T) — [Ta(S)[}

k k (2.8)
> Tl —4eDy |S| > (1—4ve) Y | |Ti],
i=1 i=1
where we have used that /2D, |S| < Y2 | |T;|. Therefore
1 1
T| > 5; ITi| > 5vED |S] > eDy ]S,
which means that & implies that 7' C I'¢(S) satisfies
de(T) > (1 —10e) Do |T. (2.9)
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Since, T%(T) € UY_, T5(T;) and € < 1/100, we have from (2.8),

< (1-108)Dy |T),

a contradiction with (2.9). Hence, by removing less than s, elements from VY

we may ensure that (iii) holds together with (i) and (7). O

Claim 2.11. IfeN; < DyD; then a.a.s. every w € Vi for which deg(w) ~.
D, and every T C I'(w) with |T| > €Dy satisfy the conditions of Prop-
erty (1).(iv).

Proof. Suppose that eN; < DyD;. Let w € Vj be fixed and assume that

deg(w) ~. Dy (as otherwise w ¢ V{). Let T' = {t,t9,...,tn} C I'(w) be an

arbitrary set with m > eD;. Let k = min{eD; /8,eN,/(4Dy)} and r = [22].
In the random graph G[Vp, V1 \ {w}], the vertex t; has expected degree

p(Nl - 1) ~¢/100 Dy.
Hence, by the Chernoff inequality,
P[deg(tl) ~e/3 Do] Z 1-— exp{QE(DO)}.

We shall (attempt to) construct a set 7} with k elements satisfying condi-
tion (iv). Let X = {w}. We say that t; succeeds if |I'(t;) \ X| ~c3 Dy
and deg(t;) ~cs3 Do, otherwise it fails. If t; succeeds, we add t; to T}
and T'(t;) to X. If it fails, both X and 7) remain unchanged. If 77 con-
tains k elements then we have obtained our final 7). By construction, ev-
ery Ty C T} is such that |['(17)| ~c/3 Do |T7|. To estimate d*(17) for 77 C Ty
we observe that eq(T7,T'(17)) < (1 + ¢/3)Dq|T}| while, on the other hand,
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eq(T],T(T))) > 2|I(T})| — d*(T7]). From these two inequalities we conclude
that
d*(T7) 2 {2(1 —¢/3) = (1 +¢/3)} Do [T1] = (1 — &) Do |T}].

Suppose that t, was the kth element added to 7). Then we start build-
ing 7o C {tp41,- .., tm} in the same way we constructed T;: set X = {w} and
sequentially add vertices ¢; that succeed to Ty and their neighborhoods T'(¢;)
to X. Repeat the procedure for other T;’s until we have finished construct-
ing T, or until the vertex t,, was reached. Note that we always have

ENl 5N1
X| < (1 Dok +1< —(1 Dy+1< —.
X< (1+9)Dok+1< S 1+)Dy+1< 5
In particular,
€
E[IU (1) \ X[] = p(Vi = [X]) = (1= 55 ) Do.

Therefore, from the Chernoff inequality it follows that for any X C V; with
|X| <eNi/(3.9) and fixed ¢; € T, we have

Pt; fails | X] = P[deg(t;) o-/3 Do or [T(t:) \ X| #42/3 Do
=P[deg(t;) > (14¢/3)Dg or [T'(t;) \ X| < (1 —¢/3)Dy)
< 2exp{—Q:(Do)}.
(2.10)

If we were unable to construct the desired collection T7,...,7, then at
least m/8 elements from 7' have failed. Indeed, we need rk elements to
succeed, where 3m/4 < rk < 3m/4 +k < 3m/4 +eD,/8 < Tm/8. The
sequence of indicator variables I[¢; fails] is not independent, however, the ith
event only depends on the size of the set X constructed after the first i — 1
events. Therefore, by (2.10), the probability that a fixed sequence of (m/8) >
eD, /8 vertices fails is at most exp{—Q.(mDy/8)} = exp{—Q.(DyD1)}.

Consider the union bound over (1) all choices w € Vj having deg(w) ~. Dy;
(2) all subsets T' C I'(w) with |T'| > e€Dy; (3) all possible (m/8)-subsets of
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failing vertices of T. The probability that we fail to construct the desired

collection for some vertex is at most
N1 . 22D1 . 22D1 . exp{—QE(DoDl)} < exp{log N1 + 4D1 — CED(]Dl}. (211)

We choose a constant C' = C'(¢) that is large enough to ensure that Dy = C'A,
satisfies Dy > 16/c. and that Ny = Cny satisfies N7 > i log N;. Since by
this choice of C we have DyD; > eN; > é log Ny, it follows that (2.11) is at

most

Do D -DoD
“DAD) (a2

exp{ (log Ny — )} < exp{—log Ny —4D;} = o(1).

Therefore the claim is proved by the union bound. O]

It is a well-known fact that the number of edges among linear-sized sets in
a random graph is a.a.s. very close to the expected value. Indeed, let &3 be
the event corresponding to (I).(v) and let &4 denote the event described by
Claim 2.11. Note that the events &,..., &, hold together with probability
at least 1 — e. Conditioning on all those events, (v) is satisfied (by &),
Claim 2.10 ensures (i)—(éi7) and & together with (i) imply (iv). O

2.5 Auxiliary results

In this section we prove lemmas that will be used to ensure that certain steps

in our tree embedding scheme can be performed.

Lemma 2.12. Let Sy, ..., S,, be a collection of sets and b € N™ be such that,
for every I C [m], we have |U,; Si| = > ,c; bi-

Then, there exists a family S = {S; C S;}I", of disjoint sets with |S!| = b;
for all i. Moreover, if {S!' C S;}s |, k < m, is any family of disjoint sets
with |S!'| = b;, we may require that S satisfies Ule Sy U, s
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Proof. We reduce this problem to a matching problem. Consider a bipartite
graph H with vertex classes A = ;- {i} x [b;] and B = |J;", S; and edges
given by {(7,7),u} for all i € [m], j € [b;] and u € S;. Observe that we are
adding b; copies of a vertex ¢ that has neighborhood .5; for all .

Given a set A" C A, let I = I(A’) be the projection of A" onto the first
coordinate. We have |A’| < ., b; and, on the other hand, |I'y(4")] =
\Uicr Si| = Yicrbi = |A'|. Hence, Hall’s condition is satisfied for H and
there is a matching M covering A. From M we get sets S, C S; by letting S/
be the set of elements matched to (i,1),..., (4, ;).

Suppose that there is a family of disjoint sets {S C S;}f , & < m,
with |S)| = b;. By performing small local changes to the family {S; C S;},
we may ensure that (J_, S7 € U/, S.. If there exists z € |JF_, 57 \ U, S
then let j € [k] be such that x € Sj. Since b; = |Sj| = [S]|, there exists
some y € S5\ 9. Set S} <— Sj —y + x. Note that this strictly decreases

k
D ISiA S
=1

In particular, since this number is always non-negative, in at most

k
> ISiA S
=1

steps we can obtain the desired family. ]

Lemma 2.13. Let G = (Vy, V1; E) be a graph with V] C Vi satisfying Prop-
erty (1). Let a > ap(e) = 134/c.

Suppose that S C V{, with |S| < eNy/(DoDy), is such that there is a family
of disjoint sets { A, C I'(v) }yes and a family (of not necessarily disjoint sets)
{B: CT(2) ey, g4, with |A)| = aD for every v € S and |B,| = aDy for
every x € J,cq Av-

Then there is a family of disjoint Aq-sets {X, C A,}ves and a family of
disjoint Ag-sets {Yy, » C By tvesazex, -
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Proof. We shall assume that DyD; < eN; as otherwise S = () and there
is nothing to prove. The desired families will be obtained in three steps.
Let m = (o — ¢)D; and ap(e) = 134/z.

In step one we obtain a family of disjoint sets {X! C A, },es such that,
for every v € S, we have that | X/| = m and every u € X has deg(u) ~. Dy.
This is possible because of Property (I).(4).

In step two we obtain a family of disjoint sets

viev,® (B}
{ v U veSsS

reX]

with [V} = (o — 12y/)Dy |X).

To obtain this family we will use Lemma 2.12. For S” C S, denote by Xg
the union Xg = (J,ce X,. Note that we have Xg C I'(S") with |Xg| =
m|S’| > \/eD;|S’|. Hence, from Property (1).(i7i) we get that |I'(Xg/)| >
d*(Xs) > (1 — 5y/e)Do | Xs/|. Using the degree hypothesis on the elements
of the set X! and applying Lemma 2.3 we conclude that

Uv

veS’

> #{{z,y} € E(G) : z € Xg,y € B,} +2{T'(Xg) — e(Xg,V1)}

> Y [Bu| +2{(1 = 5vE) Dy | Xer| = (14 ) Do [ X[}

r€X g

> (o = 12y/2) Do |Xgr| = (a — 12¢/€) Dym | 5.

Using Lemma 2.12 we may obtain the desired family of disjoint sets Y, C Y,
with |Y/| = (a — 124/e)Dym for all v € S.

In step three we obtain the families described in the statement of this
lemma.

Consider the pair (X!, Y) constructed above for some v € S. Let X, C X/,
with | X,| < Aj, be a maximal set such that there exists a family of disjoint
Ag-sets {Y,, C B, C Y, }iex,. We claim that |X,| = A;. Suppose for the

sake of a contradiction that | X, | < A;.
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Let
vi=vi\ U B (212

.’EGXU

Notice that we have
Y,'| > (o = 12y/) Dom — | X,| e Dy > Agm.

Moreover,

vevyUs=Us\UBc U B

Xy reX) zeXy zeXI\ Xy

Consequently,

S BAYY 2 Y]] > Agn = A ||
2EXI\ X,

By averaging, there exists 2* € X \ X, such that |B,- NY)| > Ag. On the
other hand, ,cy, Yo.. CU
with every set in the family {Y,.}.ex,. It follows that there is Y, .« C
B,NY,), with |Y, .
the family. This contradicts the maximality of X,.

Since the families { X },es and {Y, },cs are disjoint, it is clear that { X, },cs

sex, Bz which means that V" is pairwise disjoint

= Ay, which is pairwise disjoint with every member of

and {Y, . }veszex, satisfy the conclusions of the lemma. O

2.6 An embedding scheme for trees

In this section we present Algorithm 1, which embeds trees in suitable graphs.
This algorithm takes advantage of the lossless expansion property of the host
graph when constructing the embedding. Although many of the techniques
and ideas involved in this algorithm were already discussed at a superficial
level in Section 2.3, there are many new details and subtleties that are ad-

dressed solely in this section.

25



A formal analysis of the algorithm is done through several invariants that
must hold at the beginning of every iteration. Once the invariants are known
to hold at the beginning of every iteration, we must prove that the algorithm
does not abort. If the algorithm does not abort then it succeeds in embedding
the tree, which is our goal.

In what follows, a € (0,1) will be a fixed number. For ng, Ag, nq, Ay
and € > 0 given, let G’ = (Vp, V1; F) be a graph and V] C V; be a set for which
the conclusion of Theorem 2.6 holds (namely, G’ satisfies Property (1)). The
algorithm takes as input an (ng, Ao, n1, Aj)-tree 7 and a subgraph G C G’
with dg(v) > aD; for all v € V(G)NV;, ¢ = 0,1, and such that V(G)NV; C
V. The output of the algorithm is an embedding of T into G C G'.

2.6.1 Description of the algorithm

For convenience we will think of 7 as a rooted tree (with root in Vi(T)).
The algorithm constructs a sequence of partial embeddings in steps until the
whole tree is embedded. Initially the root of 7 is mapped to an arbitrary
vertex in V. In each step a vertex p € V| which is already the image of some
tree vertex is chosen and every child and grandchild of the pre-image of p is
embedded during the step.

The vertices of 7 and G will be marked according to their current sta-
tus with respect to the partial embedding. A vertex may receive multiple

markings.

Active: a vertex v € V} which is the image of a tree vertex whose children
and grandchildren are not yet embedded. The set of these vertices will

be represented by the queue Q).
Used: a vertex of 7 or G that is already in the partial embedding.

Reserved: if a vertex w € V(G) is reserved to v € I'¢(w) then w can only
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be used to embed a child of the pre-image of v. More formally, there
is a family of disjoint vertex sets where each set is exclusively reserved

for the children of a given vertex.

Dangerous: a vertex v € Vj with at least a«Dy/2 neighbors which are used

or reserved. The set of dangerous vertices is denoted by D.

Free: a vertex is free if it is not used nor reserved nor dangerous. The set

of non-free neighbors will be contained in a set denoted by Z.

Critical: a vertex v € V; with at least aD;/2 neighbors which are not
free. Each critical vertex v will have an associate set S, of reserved
vertices to ensure that it is always possible to embed the children of v
in the future. The set of critical vertices is denoted by C. The family of

disjoint reserved sets for critical vertices is denoted by S = {S, : v € C}.

Ultra-critical: a critical vertex v € V; that, in addition, had at least half
of its reserved vertices (S, € S) become dangerous. An ultra-critical
vertex v has an associate subset S C S, of reserved vertices where
each w € S! has a set of reserved neighbors 7, ,, C I'¢(w) which will
ensure that it is possible to embed the grandchildren of v that are
children of w. The set of ultra-critical vertices is denoted by Y. The
family of disjoint reserved sets for children of ultra-critical vertices is
denoted by W ={Z,., : vel,we S}

The challenge of this algorithm is to balance the reserved, dangerous and
the critical /ultra-critical vertices. Indeed, a new critical vertex requires other
free vertices to become reserved, which means that there will be fewer free
vertices and possibly newer critical vertices. Similarly, new ultra-critical
vertices cause other free vertices to become reserved, which might create new

dangerous vertices which in turn can produce newer ultra-critical vertices.
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We will show that the choices made by the algorithm ensure that it is always
possible to find enough free vertices to be reserved.

More precisely, given the expanding nature of the graph G, if the set of, say,
dangerous vertices, is large, then the set of non-free vertices of V; must be
at least Q(aDy) times as large. On the other hand, the number of non-free
vertices of V] is easily expressed in terms of n; (to account for the embedded
vertices) and the number of ultra-critical vertices (to account for the reserved
vertices of V7).

An important feature of the sets/markings described above is that they
are all monotone. Namely, new elements are added to Z, C, D, U while
the old elements are maintained. This ensures, for instance, that if a vertex
was marked critical at some step then in all future steps it will have a small
number of free neighbors (since Z is monotone).

After the embedding is extended on a given step, some new dangerous, crit-
ical or ultra-critical vertices may have been created. An iterative procedure,
restoreinvariants, defines the reserved sets for each new critical /ultra-
critical vertex until there are no more such vertices. This procedure uses
the auxiliary procedure find-critical-vertices which is responsible for
listing the new critical vertices and reserving neighborhoods for them. The
partial embedding is represented by a matching M C V(T) x V(G) and fy,

is the corresponding function.
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Algorithm 1: Embedding trees

Input : A tree 7 with root r € Vi(T);
A graph G = (V, Vi; E).

Output: An embedding of 7 into G represented by a matching M.

11 M« {(r,v)} ;// initialize embedding

1.2 Q < {v};// queue of active vertices

1.3 C< (0 ;// critical vertices

14 D+ () ;// dangerous vertices

1.5 S« (0 ; // reserved neighborhoods (family of subsets of V;,
S= {S’U}UEC)

1.6 U <+ 0 ;// ultra-critical vertices

1.7 Sy < 0 ; // reserved neighborhoods for children of
ultra-critical vertices

1.8 W<« () ; // reserved neighborhoods for grandchildren of
ultra-critical vertices

1.9 Z < {v};// contains the set of non-free vertices

1.10 while Q # () do

1.11 p < pop (Q) ; // obtain an active vertex

1.12 if p € U then

/! S, €S8y and Z,, €W for u €S

1.13 (M, 5],{Z, ,}uesy) < embed-descendants
(M,p, Szlyv {me}UES;,) )

1.14 enqueue (Q, Uuesg Zzlw) go-to 1.10 ; // skip to the next
iteration

1.15 C, < {v1,...,v : v; is a child of f,,'(p)} ;

1.16 if p ¢ C then

1.17 Sy« Ta(p)\Z;// if peC then S, €S is already
defined

1.18 find a subset S, = {uy,...,uc} € 5, and a family of disjoint sets
{Zi CTg(ui) \ Z}uesy, with |Z;| = #{children of v;}; if not
possible, abort ;

1.19 extend M: match v; to u; and {children of v;} to Z; arbitrarily for
all 7 ;

1.20 enqueue (Q, Uﬁ:l ZZ-) :

1.21 Z%ZUSI’)UUEZIZi ;

1.22 restore-invariants;
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Procedure 2: embed-descendants(M, p, Sp, { Zp.u }ues, )

2.1
2.2
2.3

2.4

Input : M — current embedding, f = fj; is the corresponding
function;
p — a vertex in the host graph already used in the embedding;
S, — children of p should be mapped into this set;
{Zyu}ues, — if a child v of f~(p) is mapped to u € S, the
children of v will be mapped into Z,,,.
Output: M — updated embedding;
S), C S, — vertices used for children of f~!(p);
{Z,.. € Zpu}tues, — vertices used for grandchildren of f~*(p).
choose S}, C S, arbitrarily with |S)| = deg,(f~'(p)) ;
match each v € T'7(f~!(p)) to some vertex in S/ and update M ;
for each u € S}, take some arbitrary 7, , C Z,,
with |2, = deg (7 (u)
for each u € S, and each w € T'7(f~"(u)), match w to a vertex in Z, ,
and update M ;
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Procedure 3: restore-invariants

31 R+ 0 ;

82 D« {w eV : degg(z,Vi\Z) <abDo/2} ;

33 7'+ 0 ;

3.4 repeat

3.5 (C',8") « find-critical-vertices (Z,C, D) ;

3.6

3.7
3.8
3.9
3.10

3.11

3.12
3.13
3.14
3.15
3.16

3.17

// consolidate critical vertices

C+CUC,S+SUS 7+ ZUUges S :
// promotion to ultra-critical
U+ {welC\U : |S,\D| <|Sul/2=a2"""¢D} ;
U—Uuulu',
if ]U! > €N1/<D0D1) then
L abort Algorithm 1 ; // comply with Invariant V
find sets S! C S, with |SV| = |S,|/4, for w € U’', and a family of
(not necessarily disjoint) a2~V Dy-sets
{You € Tq(u) \ Z}wew wesy; if not possible, abort Algorithm 1 ;
7' 2'UU ey uesy, You
R+ RUU
D A{xeVy : degg(z,Vi\(ZUZ")) <aDy/2}
until U’ = (;
find sets SI, C S/ with |S] | = Ay, for w € R, and a family of disjoint

Ag-sets { Zwu € Yiutwerues, ; if not possible, abort Algorithm 1 ;
DD Z&ZUZ'UD :

3.18 SU < SU U {S;U}wGR ;
319 W<+ WU {Zw,u}weR,ueS;, )
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Procedure 4: find-critical-vertices(Z, C, D)

Input : Z — set of used/reserved/dangerous vertices;
C — current collection of critical vertices;
D — set of vertices that will be marked dangerous.
Output: C’ — the set of critical vertices found;
{Sw CT'g(w) \ Z}yeer — a family of disjoint a27"¢ D;-sets.
41 C+ 0
42 X <0
4.3 while there exists v € V; \ (CUC')
with degq (v, Vo \ (ZUX UD)) < aD;/2 do
44 | C«CU{v}
4.5 if |C'| +|C| > eNy/(8D;) then
4.6 L abort Algorithm 1 ; // comply with Invariant IV

a7 find family of disjoint a27"¢ Dy-sets {S,, C I'¢(w) \ Z }wecr
covering X; if not possible, abort Algorithm 1 ;
4.8 X — Upee Sw

4.9 return (C',{S, }wecr)

In what follows, r¢, ry € N will be sufficiently large absolute constants.

Invariants. At the beginning of every iteration of Algorithm 1 (line 1.10),
the following holds:

I. (cardinality of |Z]), we have
1Z O Vol < |fau(T) N Vol + [Pl + [Cl(a277¢ Dy)

and

1Z Vil < | fu(T) N VAl + U |(a®277 7" Do Dy );
II. (non-critical/non-dangerous vertices) for every u € V5 \ D, w €
Vi \ C, we have

OéDl.
9

D
degq(u, Vi \ Z) > %

and  degg(w, 5\ 2) >
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Vo

Figure 2.2: A partial embedding of 7 into GG. The edges represent the
embedded part of 7. The active vertices in V; are represented by circles and

some of the reserved sets (such as S, Z,,) are represented by shaded areas.

I1I. (dangerous vertices) we have |D| < ¢*Nj and, for every u € D C

Von 2z,

D
deg(u, ZNV;) > %

N,
IV. (critical vertices) we have |C| < ;TO and, for every w € C C Vi,
1

O[Dl

degq(w, ZNVy) > 5

and the set S, € S has a27"°D; elements exclusively reserved for

embedding the children of w; moreover, if w ¢ U, then

1S\ D] = #{u € S, : degglu, ZNVA) < aDy/2)}

(2.13)
> |Su]/2 = a27 7 Dy;

ENl
DyD;

V. (ultra-critical vertices) we have |[U| < and, for every w €

UCc,
|Sw ND| = #{u €S, : degs(u,ZNVy) > aDy/2}

(2.14)
> |Sul/2 = a2 Dy;
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moreover, we also have S/ € Sy with |S]| = Ay, S, C Sy, and a
family of Ag-sets {Zyu}ues;, © W, where S, is reserved for children

of w and Z,,, is reserved for children of u (grandchildren of w).

Theorem 2.14. Let ng,ny, Ao, Ay be given. Suppose that G' = (Vo, V1; E)
is a graph satisfying Property (1) for some e >0, C' = C(¢e) is a sufficiently
large constant, Ng = Cng, N7 = Cny and p = max{Qq/n1, A1/no} < /8.
Let V| C Vi be determined by Property (1), Dy = pNy and Dy = pNj.

There exists an absolute constant ¢ > 0 such that the following holds.
Let o = ¢v/e and G C G'[Vp, V]] be such that dg(u) > aDqy for all u €
Vo NV(G) and dg(w) > aDy for all w € V] N V(G). Then, Algorithm 1
embeds any (ng, Ao, n1, Ay)-tree T into G.

Proof. We shall abuse the notation and set Vy < Vo N V(G) and V; «+
Vi NV(G). Hence G has classes Vj and V;. The proof is divided into three

parts:
e The Invariants I-V hold at the beginning of every iteration;

e Algorithm 1 does not abort when the input is a graph G as above to-
gether with an (ng, Ag, n1, Aq)-tree T (with arbitrary root r € V4(T));

o [f the algorithm does not abort then it obtains an embedding of the
tree into the host graph.

Clearly, this establishes that for any (ng, Ag,ni, Ap)-tree T the algorithm
provides an embedding of 7 into G.

For the base case, we have |Z| = 1 and there are no critical or dangerous
vertices. It is then immediate that all the invariants hold.

Next, observe that when p € U, the sets Z, C, U, S, VW remain unchanged
since the elements of S C S| € Sy, S, C Z, are used for the children of p
and the elements of {Z,, C Z }uegg C W are used for the grandchildren of p.
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Hence, in this case, the invariants are maintained and the algorithm does not
abort.

Suppose that all the invariants hold at the beginning of some iteration and
that p ¢ U. Let us prove that all the invariants hold at the beginning of the

next iteration (if the algorithm does not abort).

Proof of Invariant I. Examining the steps where Z is updated (see lines 1.9,
1.21, 3.17), it is clear that, by the end of the iteration, Z N Vj consists of
vertices used by the embedding (fa(7)NVp), dangerous vertices (namely, D)
and reserved vertices (| J,,c¢ Sw) Which account for |C|(a277¢ Dy) vertices. It is
also clear that ZNV) contains vertices used in the embedding ( fa,(7)NV;) and
the vertices added to Z’ by line 3.12, which are at most ), [Sw| 277 Dy,

Note that Z’ contains the reserved vertices of V. The invariant follows. O

Proof of Invariant II. Let us analyze the Procedure restore-invariants.
By construction (see line 4.3), immediately after Procedure find-critical-
vertices returns (line 3.5) and the critical vertices are consolidated (in par-
ticular, Z now contains the newly reserved neighborhoods), no vertex w €
V1 \ C satisfies degq(w, Vo \ (ZU D)) < aDy /2.

If U’ is empty on some iteration of the inner loop, the loop will be complete
at that iteration without changing D or Z any further. In particular, the
degree condition for non-critical vertices (V; \ C) is ensured at the end of the
iteration and this part of Invariant II holds at the next iteration.

The case of u € V; \ D is simpler: any vertex that does not satisfy the
degree condition by the end of the iteration is either already dangerous or

becomes dangerous (see lines 3.2 and 3.14). O

Proof of Invariant III. The degree part of Invariant III follows immediately
from the updates made to D (lines 3.2 and 3.14) and the fact that Z never
loses any element. The fact that D C Z easily follows from line 3.17.
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It remains to upper bound the number of dangerous vertices. Observe
that |ZN V| is determined by Invariant I (which is already proven to hold at
the next iteration). Also note that a dangerous vertex v must have, by the

end of the iteration, degg(v, Z NVy) > aDy/2. From the bound [U| < %

(which is enforced by line 3.10) we get

5N1

‘Zﬂ%’ < ny + DD 04227TCiTUD0D1 < €N1.

1

If |D| > e3Ny then let A D ZNV; be an arbitrary set with |A| = eNy, A C V4,
and observe that Property(f).(v) implies that

e (D, ZNV1) <eq(D,A) < (1+H)p|D|-eN;.
On the other hand,
[0
ec(D, ZN V) > |D|(aDy/2) = p|D| <§N1>.

These inequalities imply that o < 3¢, a contradiction. Therefore |D| <
EBNO. ]

Proof of Invariant IV. There is only one place in the algorithm where the
set of critical vertices grows—just after a call to Procedure find-critical-
vertices (1. 3.5) these critical vertices are consolidated. A subtle, but very
important detail of find-critical-vertices consists in requiring that the
family obtained in line 4.7 covers the set X (which is the union of the reserved
sets of the previous iteration). Hence, a vertex that had a small number of
free neighbors could only have less free neighbors in following iterations.

We also note that once an element is added to D, it remains in D (and
is subsequently added to D). It is immediate that the number of edges a
critical vertex sends into Z cannot become smaller than aD; /2.

The reserved neighborhoods are defined to have a27"¢D; elements each

and, once a reserved neighborhood is finally determined (after Procedure
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find-critical-vertices returns), it is consolidated by being merged into
Z. Since the reserved neighborhoods are disjoint, and new reserved neigh-
borhoods must be chosen outside of Z, no other vertex can have its children
embedded in a reserved neighborhood.

Moreover, if a vertex w € C fails equation (2.13) at the end of the iteration,
the line 3.7, together with the condition of the inner loop (that U’ = 0),
ensures that w € U will hold when the iteration ends.

The cardinality of C is enforced by line 4.6. m

Proof of Invariant V. If no new ultra-critical vertex was found at the itera-
tion, the invariant is preserved. Hence, let us assume that some ultra-critical
vertex was found.

Following the construction of U’ (see line 3.7), at the moment a vertex w
becomes ultra-critical, equation (2.14) holds. Since the set Z is monotonically
increasing, this equation must continue to hold subsequently.

The family of reserved sets of Invariant V is obtained at line 3.16. Those
reserved vertices will not be used to embed the children /grandchildren of any
other vertex because the reserved sets are merged into Z and no other vertex
can reserve or use vertices in Z to embed their children/grandchildren.

The cardinality of U is enforced by line 3.10. [

In the following analysis we shall denote by Z the set Z at the beginning
of an iteration of the Algorithm 1. We also let Z denote the set Z just after
line 1.21.

The algorithm does not abort at find-critical-vertices. Let us suppose
for the sake of a contradiction that the algorithm aborts at line 4.6. This
means that there is a set C UC’, with |C UC'| = eNy/(8D;), such that each
vertex v € C UC’ sends at least aD;/2 edges into (Z U X U D) N V. On the
other hand, | D] < 3N (see the proof of Invariant I1I), which together with
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Invariant I imply that [(Z U X U D) N V] is at most

N N,
A (T)NVol DI+ (€] +1C a2 Dy < my-+2*No+ =527 Dy < <22,
1

if we set ro > 3.
In G’ the Property (}).(i7) ensures that every subset of V; having at most
eN1/(8Dy) = €Ny/(8D;) elements expands by at least (1 —¢)D;. Hence,

using Lemma 2.3 we obtain

EN() OéEfNO
ZUXUD)N Wl > 2 —2e)Dy——
( )NVl 2 (a/2 - 22)Dy S0 > 220,

a contradiction.

Now we show that the procedure does not abort at line 4.7. By the above
argument, the set C’ has cardinality at most eNy/(8D;). Moreover, (Z\ Z)N
Vi contains at most A; elements.

Observe that every call to find-critical-vertices is made with Z = Z.
Since vertices in C’ were not critical, Invariant II states that every w € C’
has degree at least aD;/2 — A; on 7.

Note that, although we consider the degree of vertices w € V; \ C on the
set ZUXUD in find-critical-vertices to classify a vertex as critical, the
reserved neighborhood of new critical vertices may include recent dangerous
vertices (those in D\ Z). The reason is that vertices which were just classified
as dangerous still have reasonably large degree outside Z.

To prove that the desired family of disjoint sets can be found, we invoke
Properties (1).(7), (1).(4) and Lemma 2.3 to establish that any subset C"” C
C' C V{ must have at least (2% — 4£)[C"| neighbors outside of Z (in G).
Hence we may apply Lemma 2.12 to obtain a family of disjoint sets, each

having cardinality «27"¢ Dy, such that the union of these sets covers X. [

The algorithm does not abort at line 1.18. 1f p ¢ C, then
Ta(p) \ Z| = aDy/2
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because of Invariant II. Otherwise, p € C\U and because of Invariant IV, we
have that |S,\D| > |S,|/2 = a27'7"¢D;. Since D C Z, in both cases, p has at
least @2717"¢ Dy neighbors u (either free or reserved to p) satisfying |T'g(u) \
Z| > aDy/2.

If eNy > DyDy, apply Lemma 2.13 to S < {p}, with agi3 + a27177¢,
A, C S,\ D with |A,| = ag13D; and B, C I'¢(z) \ Z with |B,| = as13Do
for all z € A,. Refine the families obtained from Lemma 2.13 in such a way
that the corresponding cardinalities match the degrees in the tree. This will
produce the set .S}, and the family of disjoint sets {Z, }ues; of line 1.18.

Now we deal with the case e Ny < DyD;. We may require every vertex in .S,
to have degree at most (1 + €)Dy by possibly deleting at most €D, vertices
from S, (see Property (1)).(¢)). Use Property (I).(iv) applied to S, \ D C
['¢(p) to obtain disjoint sets 77,...,7, C S, \ D. We need to find 5, =
{uy,...,u} C S, and a family of disjoint sets {Z; C T'(u;) \ Z}_;.

Given an arbitrary set J C V; such that |J| < min{ny, AgA;}, we shall
prove that the number of vertices uw € T; (i = 1,...,r) having |[I'c(u) \ (Z U
J)| < aDy/41s at most |T;]/2. Indeed, since T; C S,\D, we have |I'¢(u)\Z| >
aDy/2 forallu € T;. Let T ={u e T; : |[I'g(u)\ (ZUJ)| < aDy/4}. Note

that for every vertex u € T,
Pe(u) N J[ = Ta(u) \ Z] = [Pa(u) \ (Z U J)] = aDo/4.

Since T} is an LE set (by Property (1).(iv)), we can apply Lemma 2.3 to

show that min{A¢Ay,n1} > |J| > aDy|T!|/8. For C sufficiently large, it
follows that

8 8 5N1

T < = N, < 22

’ l’_ OéD()n1 OéCDO t= 8D0

and 5
8 [S¥ D41

TN< —AA < —D; < —

Tl o I T

thus |T}| < %min{le/&eNl/(élDo)} = %|TZ|
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We now construct S;, and its corresponding family sequentially. Suppose
that uq,...,u; have been selected from U;Zl T; together with a family of
disjoint sets {Z;}¥_,. Set J = Ui, Z; (initially J = 0) and note that |.J| <
ApAq since k < ¢ < Ay and |Z;| < Ay for all 4. It is also clear that |J| < ny
since to each vertex in J there corresponds a vertex in Vi (7).

By the above argument, at least half of the elements in | J;_, 7; have large
degree outside of Z U J. Pick an arbitrary w1 (distinct from wq, ..., uy)
having at least aDy/4 neighbors outside of ZU.J. Set Zx.; to be an arbitrary
subset of I'g(ugy1) \ (Z U J) having the same number of elements as the
number of children of w; (which is at most Ay < aDy/4). Since £ < Ay <
518l < 3|UL T

corresponding family. O

, it is always possible to extend the selection and the

The algorithm does not abort at line 3.10. Suppose for the sake of a contra-
diction that the algorithm aborts because U grew larger than e N;/(DyD;).
Let us start with the case e Ny > DyD;. This means that we can find a
set S of eNy/(DyD;) elements together with a family of disjoint a2717"¢ D, -
sets {X, C T'g(w)}wes where each u € X, sends at least aDy/2 edges
into Z N'V;. We may also require that every vertex in X, should have de-
gree at most (1+ ¢)Dy in G’ by possibly deleting at most eD; < a2727"¢ D,
vertices from X, (see Property (1).(7)).

From Invariant I we know that

N 1
1ZAVI < fulT) VAl + b (@200 Dy Dy) < Ny (& a2 o).
Dy D, C
On the other hand, if we take the set T' = (J, cg Xw, then

T| = 027277 Dy |S| > /2Dy |9
and by Property (1).(ii7),
dey (T) = (1 = 5\/5)0427240(‘5’ DoD;) = (1 — 5\/5)8042’2””0]\71.
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Since the degrees of the vertices of T' (in G”) are at most (14¢) Dy, applying
Lemma 2.3 over the graph G[T', Z N V] C G', we obtain

aD
1ZNWi| > ITIT0 +2{(1 =5VE) Do |T| — (1 +¢) Do T}

> (§ —12VE) DolT]

Z 06227471”0 Nl ,

when ¢ = 48 (that is, @ = 484/¢). However, for ry > 4 and C = C(e)
sufficiently large this is a contradiction with the upper bound on |Z N V}].
For the case e N1 < DyD; we do not allow even a single ultra-critical vertex.
Let us suppose for the sake of contradiction that some vertex w became an
ultra-critical vertex. Apply Property (1).(iv) to S,. Let Ti,...,T, C Sy
be the disjoint sets obtained from the property. By assumption, there is a
set B C S, with at least |S,|/2 elements u € S, with deg,(u, Z NVy) >
aDy/2. Since Y_;_; |T;| > 2|S,|, there exists some T; with |T; N B| > |T;| /4.
Because T; N B is an LE set, from Lemma 2.3 we obtain
aDy aDy
4 16

1z > 22 nn B > 201,

Notice that

N
T3] = min{eDy/8,eN1 /(4Dg)} > —="
8D,

which implies that |ZNVi| > aeN; /128 = (Cae/128)ny. On the other hand,
Invariant I and the fact that ¢4 = () imply that |Z N V3| < ny. For our choice

of large C, this is a contradiction. m

Claim 2.15. For any w € Vi, the number of vertices u € I'g(w) hav-
ing dege(u) ~. Dy and deg(u, (Z \ Z) NVi) > aDy/4 is at most \/eD.

Proof of Claim 2.15. Given any w € Vi, let us bound the number N, of
vertices u € Tg(w) such that de (u) ~. Dy and degy(u, (Z\ Z)NV;) >
aDy/4. Since (Z\ Z)NVi = U\_, Z (see line 1.21), it is clear that |(Z \
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Z)NVi| < AgAy. If N, > /2Dy, by Property (f).(iii) and Lemma 2.3, we

should have
(Z\ Z)NVi| > (a/4 = 10/E — 2¢)\/eDy Dy,
a contradiction for sufficiently large C'. [

The algorithm does not abort at line 3.11. Note that Z NV} = 7N V1 holds
throughout the inner loop. Let w € U’. Since w was not ultra-critical be-
fore, by Invariant IV and equation (2.13), at least half of the elements u €
S, € C are such that degg(u, Vi \ Z) > aDy/2. (It is possible that a ver-
tex becomes critical and is promoted to ultra-critical during the execution
of restore-invariants; the claim above is still true in that case since the
reserved neighborhood for such a vertex would only contain vertices out-
sideDC Z )

Since at most £D; vertices u € S, fail to satisfy degq (u) ~. Dy, by
Claim 2.15, less than 21/ D; neighbors of w € U’ may have more than aDy/4
edges going into Z \ Z. Therefore, the number of u € S,, such that

dege(u, Vi \ Z) = degg(u, Vi \ Z) — degg(u, Z\ Z) > aDy /4 > a27"V Dy

is greater than |S,|/4. Since the family {Y,,, C I'(v) \ Z}weur ues;, does not

need to be disjoint, we are done. O]

The algorithm does not abort at line 3.16. We shall apply Lemma 2.13 with
S« R, agyz <+ 27V A, C S’ with |[A,] = ag13Dq for all w € S
and B, = Yy, with |B,| = as13D, for all w € S, x € A,. The families
obtained through Lemma 2.13 are precisely the ones required at line 3.16. [

We have covered all invariants and all places where the algorithm could have
aborted. It remains to show that the algorithm provides an embedding of 7

into GG. Notice that the root of 7 is mapped to an active vertex in V. Every
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embedding step consists in embedding the children and grandchildren of an
active vertex from () and then adding all of the embedded grandchildren to

the queue Q. It follows by induction that every vertex of the tree is eventually
embedded. [

It is possible to apply Theorem 2.14 to every sufficiently dense subgraph of
a graph satisfying Property (I) by pre-processing the graph in a simple way.

Theorem 2.16. Let ng,ny, Ao, A1 be given. Suppose that G' = (Vy, Vi; E)
is a graph satisfying Property (1) for some e >0, C' = C(¢) is a sufficiently
large constant, Ng = Cng, N1 = Cny and p = max{Ay/n1, A1/ne} < e/8.

There exists an absolute constant ¢ > 0 such that any subgraph G C G’
with e(G) > c\/e e(G") contains every (ng, Ao, n1, Ay)-tree.

Proof. Let Dy = pN; and D; = pNy. Notice that, by assumption, e(G’) ~.2
pNoN; = DyNy = Dy Ny

Let V/ C V; be the set described by Property (i) and let @ = 8as 4,
where ag 14 is defined on Theorem 2.14. Suppose that e(G) > 2ae(G).
By (1).(v), we may assume that G does not contain any edge incident to V3 \V/
by removing edges from G while having e(G) > 2o e(G’) (the number of edges
removed is at most (1 + &?)pNy(2eNy) < 3e e(G')).

While there exists a vertex in V(G) NV, having degree less than aDy/8 or a
vertex in V/(G)NV] having degree less than aD; /8, remove this vertex from G
together with all the edges incident to the removed vertex. The number of
edges incident to removed vertices is at most No(aDy/8) + Ni(aD;/8) <
%oz e(G"). Hence, the remaining graph G is non-empty and the graphs G C
G’ satisfy the conditions of Theorem 2.14. Consequently, G contains every

(no, Ao, ny, Al)—tree. ]
From Theorem 2.16 we may prove Beck’s conjecture:

Corollary 2.17. The size-Ramsey number of a tree T is O(5(T)).
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Proof. Given the constant ¢ of Theorem 2.16, let ¢ > 0 be such that ¢\/e <
1/2. Without loss of generality, assume that ¢ = 27% for some a > 0.
Let ng, Ao, n1, Ay be the parameters of 7. By possibly enlarging these val-
ues, we may assume that each of them is a power of 2. Since for every
integer b there is an n such that 2" < b < 2"*! in the worst case, we may
have to double each parameter. We may also assume that ngAy = n1A; by
possibly increasing some A;. These changes may only affect ngAg +n,4A; by
a multiplicative constant. The embedding algorithm is not affected since the
parameters are only used as upper bounds on the cardinalities of the classes
and their respective degrees.

Let p = Ai/ng = Ag/ny. If p > £/8 then we use the complete bipartite
graph Ky, n, as our Ramsey graph (see Lemma 2.7). The complete bipartite
graph has O(ngny) edges while 5(T) = 2pnon; = Q(neni).

If p <e/8, welet C' = C(e) be a sufficiently large constant and use The-
orem 2.6 to obtain a graph G’ satisfying Property (I) for e, Ny = Chny,
N; = Cny and p. By our choice of ¢, from Theorem 2.16 we get that any
subgraph G C G’ with at least 3e(G’) edges contains 7.

Since in any two-coloring of the edges of G there will be one color contain-
ing at least half of its edges, the graph induced by the most frequent color

contains 7. Moreover, we have

e(G") < 2pNyN, = 2C%pngn, = Cz(pno)nl + C’Q(pnl)no
= C*(Agno + Arny) = O(B(T)).

This shows that #(7) = O(8(T)). Together with the lower bound proved by

Beck, the conjecture is proved. O

44



Chapter 3

Distance preserving Ramsey

graphs

3.1 Introduction

In [7], [10] and [35, 37] the following extension of the Ramsey Theorem was

proved.

Theorem 3.1. For any graph G there exists a graph R with the property
that in any 2-coloring of the edges of R there exists an induced copy G C R

which is monochromatic.’

In other words, Theorem 3.1 states that the class of all graphs and induced
embeddings has the edge-Ramsey property. This theorem, proved in 1973,
together with some generalizations and other related results that soon fol-
lowed gave rise to the study of restricted/induced /sparse families of Ramsey

Theorems (for a survey on these topics see [14, 28]).

9The contents of this chapter will appear in [6].
fFor a graph G, we will use G (typeset in a sans-serif font) to denote an isomorphic

copy of G.
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Remark 3.2. For simplicity we state Ramsey theorems only for 2-colorings
when in fact it is straightforward to extend them to an arbitrary number of

colors by applying the 2-color version inductively.

Theorem 3.1 was generalized in [8] and [30] where it was proved that the
same statement remains true if the coloring of edges (K3) is replaced by the
coloring of cliques (K}) or induced independent sets (K}). Moreover, Theo-
rem 3.1 fails to be true if one colors copies of an arbitrary non-homogeneous
graph F. More formally, for any graph F # K}, K}, there exists G such that
for every graph H there is a 2-coloring of the set of all induced copies of F
in H such that no induced copy G in H is monochromatic (that is, there
must be induced copies of F'in G of both colors).

With terminology used in [22] this can be rephrased as follows.

Proposition 3.3. The class of graphs and induced embeddings has the F-
Ramsey property if and only if F' is a complete graph or an independent

set.

Let us show by means of a simple example, that for non-homogeneous
unordered graphs F, the class of (unordered) graphs and induced embeddings
does not have the F-Ramsey property. Consider the graph F' = P,, the path
with two edges. Let G = C} be the cycle of length four and R be an arbitrary
graph. We will now introduce a 2-coloring of the (unordered) induced copies
of P, in R. First, label the vertices of V(R) with integers 1,2,....|V(R)|.
For a path ijk of length two in R, color ijk red if the middle vertex j is the
smallest of the three (j < i and j < k); otherwise, color it blue. Under this
coloring, any induced copy of G = Cy in R must contain P’s of both colors.
Indeed, among the four vertices of the C}, the smallest vertex is the middle
vertex of a P, colored red and the largest vertex is the middle vertex of a P,

colored blue.
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However, it was shown in [30] that if one considers graphs with linearly
ordered vertex sets and induced monotone embeddings then the theorem

becomes true for all graphs (F, <). This is stated in Theorem 3.6 below.

Remark 3.4 (Ordered graphs). Since our result deals with an extension of
Theorem 3.6, in this chapter we typically assume (as in [1] and [29]) that each
graph has a linear order on its vertex set. The example we described above
(coloring P,’s) shows that this assumption is crucial. All maps between
ordered vertex sets are considered to be monotone, that is ¢(u) < ¢(v)
whenever u < v. In particular, all isomorphisms between ordered graphs are

unique.

Definition 3.5 (Subgraphs). We say that the graph G is an induced subgraph
of the graph H (we write G C H) if V(G) C V(H), E(G) = {e € E(H) :
e C V(G)} and the order < in V(G) respects the order <p in V(H), that
is, for every u,v € V(G) we have u <¢ v if and only if u <g v.

To avoid cumbersome notation, we will omit the linear orders <, <s and

H
denote by ( > the set of all induced subgraphs of H which are (monotone)
ind

isomorphic to G.

With this definition we may now state Ramsey’s theorem for graphs with

monotone induced embeddings.

Theorem 3.6 ([1, 29]). For any ordered graphs F and G there exists an
ordered graph R such that for any partition

R
(F)ind :Al UA2

there exists some G € (g)md such that (g)ind C A; for some i € {1,2}.

In other words, Theorem 3.6 states that the class of ordered graphs and in-
duced monotone embeddings has the (F, <)-Ramsey property for any ordered
graph (F, <).
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Remark 3.7. If a class K endowed with a set of embeddings has the K-
Ramsey property for all K € K it is called a Ramsey class (see, for instance,
[15]). Theorem 3.6 shows that the class of ordered graphs with induced
monotone embeddings is a Ramsey class. See [14, 15, 17, 21, 24, 25] for other

examples of Ramsey classes such as
e finite partially ordered sets (with a fixed linear extension);
e finite vector spaces (over a fixed field F);
e finite labeled partitions;
e finite linearly ordered metric spaces.

Another way to refine Theorem 3.1 is to consider distance preserving em-
beddings rather than induced ones. (Distance preserving embeddings have

been considered in other contexts, for instance, in [16, 38].) For ordered

graphs R and G, let G € ([), | be fixed. If for all 7,y € V(G) C V(R)
distg(z,y) = distg(z,y) (3.1)

then G is called a metric copy of G in R and the (unique) monotone isomor-

phism ¢: V(G) — V(G) C V(R) is called a distance preserving embedding

of G into R. Denote by (g)
R R

that (G’)metric C (G)ind'

The following theorem is a consequence of our main result, Theorem 3.11.

et the set of all metric copies of G in R. Notice

Theorem 3.8. For any ordered connected graphs F' and H there exists an

ordered graph R such that for any partition

R
(F) metric N Al . A2

there exists some H € (5) such that (2) C A; for some i € {1,2}.

metric metric
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In effect, Theorem 3.8 shows that the class of ordered connected graphs
with metric embeddings is also a Ramsey class. Our proof of Theorem 3.8
will use a slightly more general setting.

A discrete metric p on the set [t] = {1,2,...,t} is a symmetric function
p: [t]* = NU {oo} satisfying p(i,7) = 0 if and only if i = j and the triangle
inequality:

p(i,J) + p(, k) = p(i, k).

In this chapter, the metrics considered correspond to the distance given by
shortest paths in a graph. For instance, the metric of a clique would satisfy

p(i,7) = 1 for all i # j and the metric of an empty graph would satisfy
p(i,7) = oo for all i # j.

Definition 3.9 (Metric induced on a set; (p, G)-tuples). Let G be an ordered
graph and S = {vy,..., v} C V(G), v < vy < --- < vy, be an arbitrary set.
The metric p induced by G on S is given by p(i, j) = diste(vs, vj).

Let p be a fixed metric. A set S which induces the metric p in G is called
a (p, G)-tuple. The set of all (p, G)-tuples of G is denoted (i)

We prove a slightly stronger statement from which Theorem 3.8 is derived

as a corollary:

Lemma 3.10. Lett € N, p be a metric on [t] and H be an ordered connected
graph.
Then there exists an ordered graph R such that for every 2-coloring of (1:”)

there exists H € (f}) such that (';) 18 monochromatic.

metric

We now derive Theorem 3.8 from Lemma 3.10 as follows. Let F' and H be
given ordered graphs. Take ¢t = |[V(F)| and without loss of generality assume
that V(F') = [t] (with the usual order <). Let p be the metric corresponding
to distz, namely, p(i,7) = distg(i, j).
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We first obtain an ordered graph R from Lemma 3.10 applied to H and p.
We claim that the graph R has the Ramsey property of Theorem 3.8.

Notice that (ﬁ)metric = (J;L) since the vertex set of a metric copy of F
is necessarily a (p, R)-tuple. Consequently, we can view any coloring x of

F
He (I}j)metric such that every (p, H)-tuple has the same color ¢ under . For
the set V(F) is a (p, H)-tuple and therefore x(F) = ¢. It

follows that (1';') etric is monochromatic.

(R) etric 88 @ coloring of (ﬁ). By the hypothesis on R, there exists a graph

every F € (g)

metric

In Section 3.4 we prove Lemma 3.10 and use it to establish our main result,
Theorem 3.11.

Theorem 3.11. Lett € N and H be a connected ordered graph.
There exists an ordered graph R with the following property. For every 2-
coloring of (V(tR)) there exists H € (g)

for every metric p on [t].

H . .
. such that ( ) 1s monochromatic
metric P

After fixing connected graphs H and F' note that Theorem 3.8 asserts that
On
the other hand, Theorem 3.11 applies to all subgraphs of H on t vertices

coloring all metric copies of F' in R yields a monochromatic ( F)metric.
(even those which are not connected). It guarantees that there exists a copy
of H in which the color of a ¢ element subgraph depends only on its metric
within H.

Note that Theorem 3.11 extends Theorem 3.8

Remark 3.12. The particular case t = 2 of Theorem 3.11 implies that for

any connected graph H it is possible to find some graph R such that every
V(R) R)
2 H/ metric

the color of {z,y} € (V(QH)) is a function of disty(z,y). (In particular, the

coloring of the pairs in ( ) yields a metric copy H € ( in which

edges of H are monochromatic.) This special case t = 2 was stated in the

survey [28].
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Remark 3.13. Notice that for ¢ = 2 the linear order on the vertices is
irrelevant. In Section 3.4.2 we show a version of Lemma 3.10 that can be

applied to unordered graphs (provided that the metric is “homogeneous”).

Definition 3.14 (p,-metric sets and (pg, G)-tuples). Let ¢, € N be fixed
and p be a metric on [t]. Let H = (H, <) be a graph and S = {vy, v, ..., v}
be a subset of V(H) with v; < vy < --- < v,. We say that S is pg-metric
with respect to H if forall 1 <i< 75 <t

o disty(v;,v;) = p(i,j) whenever p(i, j) < ¢;
o disty(v;,v;) > ¢ whenever p(i,j) > /.

A set S as above is called a (pg, H)-tuple. We denote by (Z) the family of
all (pe, H)-tuples of H.

A graph G naturally induces a metric p(G) over its vertices by defining the
distance between pairs of vertices as the length of a shortest path connecting

them (when the pair is not connected, their distance is 00).

Definition 3.15 ({-metric (sub)graph). For a graphs G C R, the graph G
is said to be (-metric in R if V(G) is p(G)-metric with respect to R. A
connected graph G is metric in R if it is f-metric in R for all {—mnamely,

distg(z,y) = distg(x,y) for every z,y € V(G).

Notice that G is f-metric in R if no pair of vertices in G admits a shortcut
path in R of length smaller than /. For instance, G is 2-metric in R if and
only if it is an induced subgraph of R.

Recalling that all vertex sets are linearly ordered, for A, B C V(G) we will
write A < B if max(A) < min(B).

Definition 3.16 (g-partite graphs). For ¢ > 2, the graph G together with
the linear order < on V(G) and a partition V(G) = V(G)U--- U V(G) is
called q-partite if
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e every edge e € GG is crossing, that is, [eNV(G)| < 1foralli=1,...,¢;
e the partition satisfies V/(G) < V! < --- < VI(G).

Definition 3.17 (Partite embedding/isomorphism). If G and H are or-
dered g¢-partite graphs, a partite embedding is an injective monotone map
¢: V(G) — V(H) which is edge-preserving (¢(e) € E(H) for all e € E(G))
and satisfies ¢(V;'(G)) C V/(H) for all j = 1,...,¢. If, in addition, ¢ is an

isomorphism then we call it a partite isomorphism.
Definition 3.18 (Notation). We will use the following notation.

e For a (hyper)graph G we abuse the notation and write e € G to de-
note e € E(G).

e For a (hyper)graph G and a one-to-one map ¢: V(G) — X, set
3(G) = (6(V(G)),{g(e) : e € G}).

e For ¢-partite graphs G and H we denote by (g)Part(q) the set of all
subgraphs ¢(G) of H where ¢: V(G) — V(H) is a partite embedding.

e If G is an isomorphic copy of G with (unique) monotone isomorphism
o: V(G) — V(G) and Z is a hypergraph with V(Z) C V(G) then we
denote by Zg the hypergraph o(Z).

Lemma 3.19 below is a technical result which will be used in the proof of

our main result, Theorem 3.11.
Lemma 3.19 (Partite Lemma). Let (,t,q € N, t < q. Suppose that
e p is a fized metric on [t];

e G is a g-partite (ordered) graph with partition V(G) = VI(G)U--- U
Vi(G);
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o forsomel < j1<jo<---<j<gq,IC (g) is a t-partite t-uniform
hypergraph with classes {V;!(G)}i_, consisting of selected (ps, G)-tuples.

Then there exists a q-partite ordered graph R and G C (g) ) satisfying

Part(q
the following properties.

(L1) For any 2-coloring of the (pg, R)-tuples in | Jgeg Lo there exists G € G

such that Ig C (2) - (2) 18 monochromatic.
(L2) Every G € G is {-metric in R.

Remark 3.20. Note that (Js. Zc is a t-partite t-uniform hypergraph with
.. .- R
classes {V(R)}!_,. This is because by the definition of (i) Part()
g C (g) Part(q) is the image of G under a partite embedding into R (and thus
VHG) C VH(R) forall j =1,...,q).
Moreover, it will follow from our proof that for any pair of distinct G,G’' € G
we have V(G) NV(G) c U_, V/(R).

every G €

The proof of Lemma 3.19 uses the partite construction method, which was
introduced in [23] and has been a successful tool for proving the existence
of several Ramsey structures such as metric spaces [21], systems of sets [32],
Steiner systems [31] etc. Perhaps, a novelty here is that the Partite Lemma,
which was usually proved using the Hales—Jewett theorem [18] directly, is

proved here by induction using the partite construction as well.

3.2 Proof of Lemma 3.19

We will prove a slightly stronger statement by double induction. The main
induction is over (. The base case (f = 2) is presented in Section 3.3
(Lemma 3.35). In this section we will prove the induction step from ¢ to
C+1.
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Remark 3.21. The somewhat complicated intersection conditions (A) and
(B) serve the purpose of imposing useful constraints on how the copies in
the family may intersect while at the same time being weak enough to be
carried by the induction. The condition (B) is later used to guarantee that
when two vertices are shared by two copies then the distances with respect
to each copy are “compatible”. More precisely, if we wish to obtain a family
of /-metric subgraphs then it is obvious that any pair of vertices at distance

¢ < ( in some copy should not have distance different than ¢ in another

copy.

Induction over ¢/ — Hypothesis for R, and G,

For a g¢-partite graph G, a metric p on [¢t] and a t-partite
t-uniform hypergraph Z C (g) there is a graph R, =
Ri(q,G,p,I) and G, = Gi(q,G,p,T) C (%)Pm(q) satisfying
conditions (L1) and (L2) of Lemma 3.19 and

(L3) E(R,) = | ] E(G).
Gegy

Moreover, G, satisfies the conditions (A) and (B) below.

Intersection conditions for a family G of copies of G

(A) If G;,Gy € G and u € V(Gy) N V(Gy) then there are
(pe, Gj)-tuples I’ € I, j = 1,2, such that u € I' N I*.

(B) If G1,G; € G and u,v € V(G;) N V(Gy) then either

(B1) there exist (py, Gj)-tuples I’ € Zg,, j = 1,2, such
that {u,v} C I' N I? or

(B2) the (unique) isomorphisms o;: V(G;) — V(G),
Jj = 1,2, satisfy o1(u) = 02(u) and o1(v) = o2(v).
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Given ¢, G, p and T C (pil) C (pG) as in the statement of the lemma,
we obtain Ry = Ry(q,G,p,Z) and G, = G(q,G, p,Z) from the induction
hypothesis over ¢. Our goal is to construct R,;; and G,yq satisfying the
hypothesis for ¢ + 1.

Consider the family
R
Ulb:ﬂL@“thC<e> (3.2)
Gegy pe

This family is a t-partite z-uniform hypergraph with partition {V}!(R,)}i_,
(see Figure 3.1).

G
k A r\ A A A Ak AVIq(G“) N V(R
}l\ - A\ [ |
A a5
FoN NN T NVE(G) | [V (Re)
I I I

Vi(G) ) V(o

Figure 3.1: An illustration of R, and G € G,. Here we assume t = 3, j; = 1,
jo = 2 and j3 = 3. The triples of (3.2) are represented by the crossing

triangles.

We now construct a sequence of |V(R,)|-partite graphs Fy, Py, ..., Py,
P

& pareqy ¥ =0, 1, m.
We will then show that Ry = P, and Gpy1 = G(P,,) satisfy conditions (L1),
(L2), (L3), (A), and (B). This will establish the induction step and conclude

the proof of Lemma 3.19.

which we will call pictures', and families G(P;) C (

!The name ‘pictures’ was used before, e.g. in [27].
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Ry
) G1 A0
° vq(cl). Gy VI (B
L . “( . Vi'(Po)
o
R .
* o
V2q(R€) ® Vz (G1)® : C%) ! VQq(PO)
1' : . ! ®
® R B ‘
®
o
VQ(RZ) :: 0 G) Vq(PO)
e [ ] qu(G o y V” PO) q

Po

(a) Py is a disjoint union  (b) Py with its coarse ¢-partition and the refined r,-
of copies of G where each  partition (see (3.3) and (3.4)). Notice that the copies
copy is projected by my  of G are partite embedded in the g-partite graph Py
into a copy of G in Gj. (see Definition 3.17).

Figure 3.2:

Let us start by constructing Py (see Figure 3.2). For convenience, let r, =
|[V(Ry)|. For each u € V(Ry), let

VIe(Py) = {(u,G) : G e Gy, V(G) > ub. (3.3)

Recalling the total order on V(R,) we may assume in fact that V(R,) =
{1,2,...,7,}. We then impose a total order in V' (F) that satisfies V;* () <
Vii(P) forall j=1,...,r,— 1.

The edges of Py are of the form {(u, G), (w,G)}, where uw € E(G), G € G,.
Notice that the ry-partition of Py given by (3.3) is indeed such that every edge
of Py is crossing. We set G(Fp) to be the set of copies of G in correspondence
with Gy. In particular, |G(Py)| = |G|. Moreover, the projection my(u, G) = u
defines a monotone homomorphism from F, to R,.

Assuming that the hypothesis holds for some ¢ > 2 we will now describe

the induction over k.
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Induction over k — Hypothesis on P, and G(Fy)

(K1) The picture P is r,-partite with classes V“(Fy), j =
1,...,7. The projection map m: V(Py) — V(R,) =
[re] given by m(x) = j if and only if z € V}“(F;) is a
homomorphism of P into R,. Moreover, m(G) € G, for
every G € G(Fy).

(K2) The family G(Py) is contained in (%)Part(q).

(K3) The family G(Py) satisfies conditions (A) and (B).

(K4) Every G € G(P) is (£ + 1)-metric in P.

Claim 3.22. The graph P, satisfies the induction hypothesis for k = 0.

Since the copies of G in Py are vertex-disjoint (and thus metric) and are
projected by 7y into copies of G in Ry it is clear that (K1), (K3) and (K4)
hold for Py and G(Fp). It remains to check (K2), namely, that G(F) is

contained in (@)Part(q).
We now observe that the g-partition of V(Fy) may be expressed in terms
of my as
Vi(R) =m ' (Vi(R) = | V() (34)
uEqu(Rg)

for j =1,...,q (see Figure 3.2). For every G € G(P,), we have G’ = 7y(G) €

]éf) Part(q)

and hence the isomorphism o: V(G) — V(G’) must be a partite isomorphism.

Ge. From the induction hypothesis over ¢ we have G € G(F) C (

Then m;' o 0: V(G) — V(G) is a partite isomorphism of G into G by our
choice of V(Fy), j =1,...,q.
Hence P, satisfies the induction hypothesis for £ = 0 and Claim 3.22 is

proved.
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Suppose that Py, G(Py), and 7, k > 0, are constructed and satisfy the
induction hypothesis. Since every G € G(P;) is (¢ 4+ 1)-metric in P, it
follows that Zg C ( ¢ ) C ([*) for every G € G(P). Define

Pe+1 Pe+1
(k) P
W =9q1e |J Zo: m(I)=In ¢ C , (3.5)
GEG(Py) P+

where the (pg, Ro)-tuple Iy 1 = {wy,wy,...,w:} is the (k + 1)th tuple from
equation (3.2).

Observe that by construction, Z(®) is a t-partite t-uniform hypergraph.
Indeed, every tuple in Z%) is crossing with respect to the sets {m '(u) =
Vit(Pr) }uely,, - To construct Py we invoke our induction assumption over ¢

with
e 7, in place of ¢;
e P in place of G;

o M c (™) c (") in place of Z.

Pe+1 Pe

We then obtain the graph Py,1 = Ry(re, P, p, %)) and a family Ppy =

Ge(re, Pr, p, IW) C (P}g:l)P ) satisfying conditions (L1), (L2), (L3), (A)
art(ry

and (B). More specifically, the following holds:

(1)g41 For every 2-coloring of the (pg, Pyi1)-tuples in UPePk+1 IF(,k) there
exists P € Py 1 such that IF(,k) C (p;l) - (P ’;e“) is monochromatic

(recall that the hypergraph I,()k) is an isomorphic copy of Z*®) in
P).

(2)gr1 Every P € Priq is f-metric in Pyy;.

(3)k+1 E(Pk+1>: U E<P)

PePr+1
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(A)gy1 If P P? € Ppyy are distinet and v € V(PY) N V(P?) then there
are (pgy1, P7)-tuples I7 € Igj), j =1,2, such that u € I} N T2

(B)ps1 If P P2 € Py g are distinct and u,v € V(P') NV (P?) then either

(B1)gy1 there exist (pgiq,P7)-tuples I7 € 7

s s J = 1,2, such that
{U,’U} C [i m[f or

(B2)j41 the isomorphisms ¢;: V(P/) — V(B), j = 1,2, satisfy
¢1(u) = d2(u) and ¢1(v) = ¢2(v).

Remark 3.23. The graph Py, is obtained by amalgamating copies of P
in a particular way determined by the induction over ¢. For instance, due to
(A)gy1, only vertices in Vj”(PkH), with j € I1, may be shared by distinct
copies of Py in Py;.

See Figure 3.3 for an illustration of the amalgamation.

The projection mgi1: V(Prr1) — V(Ry) is defined in terms of the parti-
tion {V;*(Pry1)};2, given by the induction hypothesis over £. More con-
cretely, myi1(u) = j if and only if u € Vj“(Pyy1). For any P € Py, with
isomorphism ¢: V(P;) — V(P), we claim that the following diagram com-

mutes: o
P P—— P
T - (3.6)
Ry

Indeed, because ¢ is a partite embedding, we have ¢(V;*(Py)) C V" (Prs1)
for all j = 1,...,r,. Hence, for u € V(Fy), mx(u) = j if and only if u €
V/“(Py) if and only if ¢(u) € V/*(Pyy1) if and only if 711 0 ¢(u) = j. This

shows that 7, = 711 0 ¢ and thus the diagram (3.6) commutes.
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| (' ,;Vuff_(Pkﬂ)
¢ ;':VJ)f.(PkJrl)

Py

(a) The picture Py is obtained from picture Py by applying the induction
hypothesis over ¢. To simplify the figure, the vertical order of the vertices
in the illustration does not coincide with the order of V(Ry) = {1,...,r¢}.

R
v { |
V;;é o {1 Ve, (Pus)
v (:Re) @f— Vit, (Pes1)
vir 1
(b) The tuple Ixy1 = {wi,...,ws} and the corresponding classes

Vi (Pry1) are drawn according to the order of V/(Ry).

Figure 3.3:
NB: It is rather cumbersome to draw the elements of (pg, R¢)-tuples in their correct order.

For this reason we will refrain from having V(Ry) vertically ordered in the next figures.

60



Constructing the g-partition of P;,,. The graph P, is g-partite with
partition given by the classes
Vi) =mh (V(R)) = VirBin), G=1...¢.  (7)
UEVJq(Rg)

Notice that because Vi'(Ry) < Vi'(Ry) < -+ < VA(Ry) and V" (Ppy1) <
- XV Prya) we also have V! (Pry1) < -+ < VI(Pry1)—see Figure 3.4.

[ (Bor) |5 Pesn) | V3 (Poia) | Vi (Pora) | Ve (Pesn) || Viies (Pes) | Vit (Pe) |
| - > 4 7 | - - 4
N . 28 N
Vi (Pi+1) V! (Prt1) Vil (Prt1)

Figure 3.4: The linearly ordered vertices of Py, (from left to right) and both
g- and rp-partitions. Note that the r,-partition of Py, is a refinement of its

g-partition.

Constructing the family G(FP1) C (P’“+1

p )Part(q). For any P € Py C

(Pfaf)part(m’ given the (unique monotone) isomorphism ¢: V(P;) — V(P),
set
G(P) = {0(G) : GeG(hu)}.
Define
G(P)= |J G(P). (3.8)
PEPs+1

Observe that there is a rich structure of copies of G in P, which is inherited
by the many overlapping copies of Py in Py,q.

We will now start the proof of the induction step over k. The proof is
divided in several claims, one for each of the conditions (K1)-(K4) of the

induction over k (see the box above).

Claim 3.24. Condition (K1) holds for Pyy1, namely, the projection map
Tre1 18 @ homomorphism of Pyy1 into Ry satisfying mr1(G) € Gy for every
G € G(Pet1)-

61



We will start by showing that the projection map 7. is a homomorphism
of P,y into Ry. To this end we must prove that 7, 1(E(Pyi1)) C E(Ry).

By the induction hypothesis over P, the projection m: V(Py) — V(Ry)
is a homomorphism. Consequently, the diagram (3.6) shows that for every
P € Pii1, the map mpi1]yp) is a homomorphism of P into R, and thus
Tr+1(E(P)) C E(Ry). Since by (3)r41 we have E(Pit1) = Upep,,, E(P) it
follows that 741 (E(Pry1)) C E(Ry).

It remains to show that m.1(G) € G, for every

Ge g Pk+1 U g
PEPk+1
For any G € G(P), P € Pi,1, we have ¢71(G) € G(Fy), where ¢: V(P) —
V(P) is the unique isomorphism. By the induction hypothesis (K1) over P
it follows that m;(¢~'(G)) € G,. Since the diagram (3.6) commutes,

m(¢71(G)) = mhy1 0 ¢(¢1(G)) = 41 (G)
and thus 7m41(G) € G,. This concludes the proof that (K1) holds for Py ;.

Claim 3.25. Condition (K2) holds for Pyi1, namely, G(Py+1) C (P’gl)Part(q).

First observe that for every P € Pr C (Pk+1

b )Part o WE have V/*(P) C

ij(Pk:-i-l) for all j =1,...,r,. Consequently,

4),(3. , . 3.7
vie) T e e U V@) V(B 39)
u€Vi(Ry) u€V7(Ry)
forall j=1,...,q.
For all G € G(P) C (Z)Part(q) we have VI(G) C VJ(P) C V/(Ry). It follows
that

6P = U g(mc(Pgl)PaM

PEg(Pk+1)

Therefore the claim is proved.
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Claim 3.26 (Auxiliary). If P!, P? € Py are distinct and u € V(P') N
V(P?) then mgy1(u) € Ixyr. Consequently, for each G € G(Pyy1) there is a
unique P € Pyy1 such that G C P.

From condition (A)gy there exist I7 € Zg;), j =1,2, such that u € I' NI2
From diagram (3.6) we conclude that the isomorphism ¢;: V(P;,) — V(P)

satisfies 7, = Tpy1 © 1. Because I' = ¢ (1)) € I™), we have
Teea (1) = mogr 0 (1Y) = me(1) ) T,

Consequently, 741 (u) € Iji1.

Since each G € G(Pyy1) is mapped by 71 onto a member of Gy, the pro-
jection must be one-to-one over V(G). Therefore |m41(V(G))| = |[V(G)| > ¢
and thus 41 (V(G)) & Ijpq. It follows that V(G) ¢ V(P) NV (P?).

Claim 3.27. Condition (K3) holds for Pyy1, namely, G(Pyxy1) satisfies the
intersection conditions (A) and (B).

Let Gy, Gy € G(Pyy1) be distinet and arbitrary. By Claim 3.26 there are
unique P!, P? € Py,; such that G; € P/, j = 1,2. If P! = P? then the
induction hypothesis over P! = P? = P, implies that both conditions (A)
and (B) hold for G; and G,. Hence let us suppose that P! # P2,

Proof of (A). Since Pyyy satisfies (A)gyq, it follows that for any u €
V(Gy) NV(Gy) € V(PY) NV (P?) there exist (pgi1, P?)-tuples I7 € Ilg’;), j =
1,2, such that u € I} N I?. Let G} € G(P’) be such that I] € Zg,.. For
each j = 1,2 we are going to obtain I7 € Zg, with u € I' N 2

First we show that there exists I' € Zg, such that u € I'. If G; = G}, we
are done by taking I' = I! so let us assume that G, # G}. The induction
hypothesis (K3) applied to P! 2 Py, implies that G(P') satisfies condition (A):
since u € V(G1)NV(G)) there exists I'* € Zg, such that u € I'NT}. Similarly
we find I? € Zg, such that u € I? and hence u € I' N I? thus proving that
condition (A) holds for G(Py41).
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Proof of (B). Suppose that there are two distinct u,v € V(G;) NV (Gy) C
V(PY) N V(P?). Condition (B)y,; applies to Pi;; which means that ei-
ther (B1)gy1 or (B2),,1 holds for u,v, P!, P2

In case (Bl)gy; holds for u,v,P!,P? we will show that (B1) holds for
u, v, G', G2 Consider the (py 1, P?)-tuples I7 € IF(,]?, j =1,2,such that u,v €
I} N I7. Let G5 € G(P7) be such that I} € Zg:, j = 1,2.

First we will show that there exists I' € Zg, such that u,v € I'. If G} = Gy,
set I' = I!. Otherwise, observe that u,v € V(G;)NV(G}) and Gy, G} € G(P).
We may now use the induction hypothesis (K3) on P' = P, which states
that condition (B) holds for G(P'). In particular, either (B1) applies and
we immediately obtain I' € Zg, satisfying u,v € I* N I} or (B2) applies
and the isomorphisms o1, 0} from Gy, G} to G are such that o1(u) = o (u)
and o1(v) = o} (v). However, in the latter case, set I' = o' o 0} (I}) € Zg,
and observe that u,v € I'.

In the same way we obtain I? € Zg, such that u,v € I? and thus establish
that (B1) holds for u,v, G', G2

Consider now the case that (B2);,; holds for u,v, P*, P2, In other words,
for the (unique) isomorphisms ¢;: V/(P?) — V(Py), j = 1,2, we have ¢, (u) =
¢2(u) and ¢1(v) = ¢o(v). Let G; = ¢;(G;) € G(P%), j = 1,2 and set x =
¢1(u), y = ¢1(v). Since z,y € V(G}) N V(G}) and G(Py) satisfies condi-
tion (B), one of the following must hold:

o There exist I} € Te:, j = 1,2, such that v,y € I'nI2.
Letting [V = ngj’l(I,Z) € I, for j = 1,2, we have u,v € I' N I,. Hence
condition (B1) holds for u, v, G!, G2.

e The isomorphisms o7 : V(G}) — V(G) satisfy oi(x) = 05(x), o1(y) =
3(y)-
Since the (unique) isomorphisms o;: V(G;) — V(G) satisty

oj = 0; 0 ¢j,
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we have

a1(u) = o1(¢1(u)) = 01(2) = 03(x) = 05(¢2(u)) = 02(u)

and, similarly, o;(v) = o9(v). Consequently, condition (B2) holds for
u,v, G!, G2

This concludes the proof that G(Py1) satisfies condition (B).

Before showing that condition (K4) holds we will prove two auxiliary

claims.

Claim 3.28 (Auxiliary). Suppose that P',P? € Py, u,v € V(PY) NV (P?),
d; = distpi(u,v) and dy = distpz(u,v). Then either min{d;,ds} > ¢ + 1
or d1 = dg.

Without loss of generality assume that P! # P?, d; = min{d;,d>} < ¢,
and u # v. Since Py satisfies condition (B)g1, either condition (B1);4q or
condition (B2)xy41 applies to u,v € V(P') NV (P?).

Suppose first that (B2)g1 holds for u, v, P!, P? namely, the isomorphisms
¢;: V(PY) — V(Py) are such that ¢1(u) = ¢2(u) and ¢1(v) = ¢2(v). In
this case, ¢ = ¢5' 0 ¢1: V(P') — V(P?) is the isomorphism from P! to P2.
Moreover, ¢ satisfies ¢(u) = u and ¢(v) = v. It follows that

distp: (u, v) = distpz(¢(u), p(v)) = distpz(u, v).

The equality in this case holds even for arbitrary distances dy, ds.
Suppose now that condition (B1)gy; holds for u,v, P!, P?, namely, there
exist (pey1, P7)-tuples IV € IF(,]? C <Pj-i1)’ j =1,2, such that u,v € I'* N I?.
Let G; € G(P?) be such that I € Zg, for j = 1,2. By the induction
hypothesis over P/ & P, the graph G, is (¢ 4+ 1)-metric in P?. In particular,
distp: (u,v) = dy < ¢ implies that distg, (u,v) = d;.
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Recall that
7Tk+1([1) = 7Tk+1([2) = [k+1 = {U)l LWy < -+ < wt} C V(Rg)

In particular, 7 1(u) = w, and mrq(v) = wy, for some 1 < a,b < t.
Consequently, u is the ath element of IV (j = 1,2) and v is the bth element
of I’ (j = 1,2). Because distg, (u,v) = d; </,

I? is a (pg41,G2)-tuple

dy = distg, (u,v) = ;(a, b) = distg, (u, vj > distpz(u, v) = dy = max{d;,ds}

-~

I is a (pg4+1,G1)-tuple

and thus d; = d>. Hence, Claim 3.28 follows.

Claim 3.29 (Auxiliary). Suppose that Gi,Ge € Gy and there exist distinct
u,v € V(Gy) NV(Gy). Moreover, assume that there exists I' € Ig, such
that u,v € I'. Then there exists I* € Ig, such that u,v € I*.

If G; = Gy then the claim is trivial so let as assume the graphs are distinct.
By assumption, G, satisfies condition (B). If (B1) holds then the existence
of I? is immediate.

If, on the other hand, (B2) holds, then the isomorphisms o;: V(G;) = V(G)
satisfy o1 (u) = o(u) and o1(v) = 09(v). The map o = 0, 0 0y: V(Gy) —
V(Gy) is clearly the isomorphism from G; to Gy. Since o(u) = v and o(v) = v,

it follows that I? = o(I') € Zg, satisfies the conditions of the claim.

Claim 3.30. Condition (K4) holds for Py.1, namely, every G € G(Pyi1) is
(¢ + 1)-metric.

For an arbitrary G € G(Py41) and u,v € V(G) we will show the following:
(i) If distg(u,v) < £ then distp,,, (u,v) = distg(u,v).

(ii) If distg(u,v) > £ + 1 then distp, ,, (u,v) > £+ 1.
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The two conditions above imply that G is (¢ + 1)-metric in Pyy;. Indeed,

when distg(u,v) = £ + 1 we have

(i)
(+1 < distp,,, (u,v) < distg(u,v) = £+1

and equality holds. Consequently, for all u,v € V(G) we have distp, ,, (u,v) =
distg(u,v) whenever distg(u,v) < ¢+ 1 and distp,,,(u,v) > £+ 1 when-
ever distg(u,v) > £+ 1.

We start by proving (i). Assume that distg(u,v) < £. If distp,, (u,v) <
distg(u, v), consider a shortest path P(u,v) in Py.;. The projection of this
path, 71 (P(u,v)), is a trail in R, starting at @ = m41(u) and ending
at y = mpy1(v). Since G = m1(G) € Gy and 74y is an isomorphism
between G and G, it follows that distg (x,y) = distg(u,v) < £. On the other
hand, the trail 71 (P(u,v)) shows that

st (2.9) < s (P, )] < [P o) 10
= distp, ,, (u,v) < distg(u,v) = diste (2, y).
However, this contradicts the fact that G’ is f-metric in R,.

Now let us prove (ii). Suppose for the sake of contradiction that there exists

a path P(u,v) in Py with

|P(u,v)| < ¢ and distg(u,v) > £+ 1. (3.11)

By Claim 3.26, there exists a unique P* € Py, C (P’“+1 such that G C

Py )Part(rg)
=

Fact 3.31. The path P(u,v) satisfies the following:
(a) P(u,v) ¢ P

(b) there is no internal vertex of P(u,v) in V(P'), hence E(P(u,v)) N
E(PY) = 0;
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(¢) e (w), Tos1(v) € Teprs
(d) P(u,v) ¢ P? for every P2 € Py, q;

By the induction hypothesis over the picture P! = P, the graph G must be
(¢ + 1)-metric in P! and thus

distpr (u,v) > £+ 1. (3.12)

In particular, (a) holds, that is, the path P(u, v) cannot be entirely contained
in PL.

Suppose that the path P(u,v) contains an internal vertex w € V/(P!).
Then the (non-trivial) induced sub-paths P(u,w) and P(w,v) have length
strictly shorter than ¢. Our assumption that P! is f-metric in Py, implies
that |P(u,w)| > distp: (u, w) and |P(w,v)| > distp:(w, v). Therefore

|P(u,v)| = |P(u,w)| + |P(w,v)| > distp: (u, w) + distp: (w, v)
(3.12) (3.13)
> distp1(u,v) > (41,
which contradicts the fact that |P(u,v)| < ¢. Therefore (b) holds.

Because of (b), the edge of the path incident to u, say e = {u, w}, must be
contained in some P? € P, P? # P!, otherwise w would be an internal ver-
tex of P(u,v). In particular, u € V/(P')NV (P?). From Claim 3.26 we conclude
that 7py1(u) € Ixyq. For the same reason we conclude that myq(v) € Ipig
and therefore (c) holds.

To show that (d) is satisfied, suppose that P(u,v) C P? for some P? € Py, 1,
P? = P1. Then dy = distpz(u,v) < £. From Claim 3.28 we conclude that

diStpl (U, U) = d1 = dg = 6,

which contradicts (3.12). Therefore (d) holds.

We now return to the proof of Claim 3.30(ii). From (a)—(d) we conclude
that the path P(u,v) can be decomposed into sub-paths contained in at
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[ L3/
\ [7]
\ X/

P 4 P 1 P2 P3 P 4

Figure 3.5: An illustration of a path P(u,v) and its sub-paths from case (ii)
of Claim 3.30 with v = x; and v = x4. We also have t = 4, a; = 3, ay = 1,
az = 2 and a4 = 4. The vertex x5 is repeated because P* is wrapped around
and effectively intersects both P? and P!. Note that G’ = m;,,1(G) and that

Gy, contains [y 1.

least two distinct copies of Py in Piy1. Therefore we may find vertices u =
x1,%2,...,o, = v, r > 3, belonging to P(u,v) such that each (non-trivial)
sub-path P(z;,2;11), 7 = 1,...,7 — 1, is entirely contained in some P7*! €
Pri1, and PITE £ Pit2 for j = 1,... r—2 (see the illustration in Figure 3.5).

Note that each P(z;,2,4+1) has length at most ¢ — 1 since the sum of the
lengths of each sub-path equals |P(u,v)| < ¢. From Claim 3.26 and (c) we
infer that m41(z;) € Iyy1 = {wn <wsy < --- <w} for j=1,...,r. For each
j=1,...,r, let a; € [t] be such that m,1(7;) = w,;.

For every j = 1,...,r — 1, the projection mi1(P(z;,2;41)) is a trail
connecting w,; and w,,,, of length [P(x;,2;,1)| < ¢ — 1. Consequently,

distg, (wa;, Wa,,,) < € —1. Let G, € G, C (]Z”;‘Z)Part(q) be such that [, €
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- (GIHI). Since Gy, ,, is f-metric in Ry it follows that

GLqq Po+1

distGIk+l(waj,waj+1) = distr, (Wa,, Wa,,,) < [P(2),2541)| <0 —1.

Because [ € (ifﬁzl) we must have distg, (Way, Wa,.,,) = plaj,aj41) and

thus

r—1 r—1
Pl o) = 3Py = D dista,,, (1w, wa,.)
= a (3.14)

r—1

= Z p(aj, CLj+1) > p(ab ar>7

j=1
where in the last part we used the triangle inequality.

Let G = me11(G) € G, Notice that w,, = mei1(u), w,, = mp1(v) €
V(G') N V(Gy,,,). From Claim 3.29 applied to G' and Gj,,, we conclude
that there exists I’ € Zg such that w,,,w,, € I' N I;41. Moreover, by the
induction hypothesis (over £) every graph in G, is partite embedded into Ry,
that is G, C (g‘)Part(q). In particular, Vi(G'), Vi(Gy,,,) C V/(R,) for all
7 =1,...,q. Because Z C (pgl) is a t-partite hypergraph with classes
{VH(G)}iz,, it follows that Zg: is t-partite with classes {V}/(G') C VJ!(Ry)}io,
and Zg,, s t-partite with classes {V}(Gy,,,) C VjI(R¢)}i—;. This ensures
that both I’ € Zgs and I, 1 € IGIk+1 are crossing with respect to {Vj'f(Rg) L.
Therefore, the a;th element in I” is w,, and the a,th element in I’ is w,, .

G/

Because I’ € (Pe+1) and p(ay, a,) < £, we have distg (wq,, w,,) = p(ar, a,) <L

Since 741 is the isomorphism of G into G’ we have
distg(u, v) = diste (wa,, wa,.) = play, a,) <L,

which is a contradiction with the original assumption (3.11) that distg(u,v) >
¢+ 1. This finishes the proof of Claim 3.30.

Remark 3.32. A subtle point in the proof Claim 3.30(ii) is that while the

copies of G in G, are only guaranteed to be f-metric in R, for G!,G? €
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Gr and u,v € V(G') N V(G?)—similarly as in Claim 3.28 —we have either
distg: (u,v) = distgz(u, v) or min{distg: (u, v), distgz(u,v)} > ¢+ 1. In other
words, if distg: (u,v) = £+ 1 there may exist a path P(u, v) in R, of length ¢
but this path cannot be entirely contained in any G2 € G,.

We have proved the induction step over k by establishing Claims 3.24, 3.25,
3.27 and 3.30. In order to prove that

Re+1 = P’m and gg+1 = Q(Pm) (315)

satisfy the induction hypothesis for ¢ + 1, it remains to show that (L) and
(L3) hold.

The property (L&) follows from (3), (3)m-1, --., (3)1 since every edge
e € E(P,,) must belong to some copy P? of Py and thus e € F(G) for some
G e G(P’) Cc G(P,) = Goy1. More formally,

E(Rup) =E(Py)= |J E(P™)

Pm_lepm

— U U U E(P°)

Pm—legp,, Pm—2¢P,,_1(Pm—1) POcP;(P1)

- U U #g

pm—1,_. PO GeG(PO

= U E@)

GEG(Pm)

(3.16)

To prove? that the condition (L1) is satisfied by Ryy1 and Gyy1 we first show
that under certain assumptions on a coloring of Py one can obtain G € G(Fp)
with Zg monochromatic. Our goal is then reduced to finding some P° C Ry,

P? = P, which is colored in such a way.

Claim 3.33 (Auxiliary). Suppose that the tuples in UGeg(PO) I are colored in
such a way that the color of any I € UGeg(Po) depends only on the projection

mo(!) € Ugeg, Zo-

2This proof closely follows [31].
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Then there ezists G € G(FPy) with Zg monochromatic.

Under the assumptions of the claim there is an induced coloring of the
tuples in (Jgcg, Zo given by assigning to each 7' € (Jgcg, Zo the same color
of the tuples I € (Jgeg(p,) satisfying mo(1) = I'.

By the induction hypothesis (L1) over R, and G,, there must be some
G* € Gy such that Zg« is monochromatic under this induced coloring. By
construction, G = 7, '(G*) is contained in G(P,) (see Figure 3.2). Since the
color of any tuple I € Zg is given by the color of my(I) € Zg-, it is clear that

I is monochromatic.

Claim 3.34 below establishes (L1).

Claim 3.34. For every 2-coloring of UGeng Is C (R“l) there exists some

G € Gyyq such that Zg is monochromatic.

Let a 2-coloring of UGG%rl Zc be given. In view of Claim 3.33 we now
look for a copy P° C Ry, such that the coloring of UGeg(PO) T satisfies the
conditions of the claim.

Notice that because of (3.5) and (3.8), we have

Uzcly U= U
PEP PEPm GEG(P) GEG(Pm)

Hence there is an induced 2-coloring of Jpcp Z . By Property (1),
there exist some P™~1 € P,, such that I(m 1) is monochromatic. Denote by
a1 V(P™1) — V(Ry) be the natural projection/homomorphism of P!
onto Ry. Notice that because P! = P, _;, ISZ:II) >~ 7m=1) and 7™ 1 is

the map induced by 7,,,_1, the definition in (3.5) translates to

i) = {I e U Ze:mm')= Im}. (3.17)

Geg(Pm—1)
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Hence, the color of all the tuples in UGeg(Pm—l) I projecting onto I, is the
same.
Applying Property (1),,_1 to P™ 1 = P, | we obtain some graph P™ 2 €
m— Pm—l
Pm—l(P 1) C (Pm—2)Part(7‘g)
as before, the projection 7™~2 of P™~2 onto R, is such that

i) = {I e U Zg:mm)= Iml}.

Geg(Pm—2)

such that Ii(;ﬁjg ) is monochromatic. Similarly

mel)
Pr—2/ Part(ry)

G(P™ %) c G(P™ 1), from (3.17) we have

{Ie U Ze: (I):Im} czom).

Geg(Pm—2)

m—2 _

Moreover, because P2 € ( we have 7 ik 1|V pm-2). Since

By repeating this argument sequentially (invoking (1),,_2, . ..,(1);) we obtain
pm—l 5 pm=2 5 ... 5 PY satisfying the following. For all k = 0,...,m — 1,

the family 7! k) is monochromatic and

{]E U IG : 7T _]k’-i-l} CII(DII?’
Geg(PY)
where 70 =

PY onto Ry.

Ty @poy = -+ = 7™ |y (poy is the projection/homomorphism of

Consequently, the color of a tuple I € UGeg(PO) T depends only on its pro-
jection 7°(I). This means that the assumptions of Claim 3.33 are satisfied by
PY. The claim then yields G € G(PY) C G,y such that Zg is monochromatic,
thus proving that (L1) holds for Ry;1 and Gpyq.

The conditions (K1)-(K4), which hold for Ryyy = P, and Gpy1 = G(Pr),
together with (3.16) and Claim 3.34 establish that the induction hypothesis
holds for £+ 1. Lemma 3.19 then follows by induction.

73



3.3 The base of the induction

Here we state Lemma 3.35, the induction base of the proof of Lemma 3.19.
The proof of this lemma is based on an application of the Hales—Jewett

theorem and will be given in Section 3.5.
Lemma 3.35. Let t,q € N, t < q. Suppose that
e p is a fived metric on [t];

e G is a g-partite (ordered) graph with partition V(G) = V(G)U--- U
VH(G);

o forsomel < j1 <jo<---<73:<q,LTC (pG2> 1s a t-partite t-uniform

hypergraph with classes {V;}(G) t_, consisting of selected (pa, G)-tuples.

Then there exists a q-partite graph R and G C (g)Part(q) satisfying the

following properties.

(L1) For any 2-coloring of the (pa, R)-tuples in Jgeg e there exists G € G

such that every Lg C ( ) C (R

G ) 18 monochromatic.
P2 p2

(L2) Every G € G is 2-metric in R.

(L3) E(R) = | ] E(G).

Geg

(L4) The family G satisfies conditions (A) and (B).

Remark 3.36. For the fixed (discrete®) metric p on [t], consider a graph F,

with vertex set [t] such that ij € F), if and only if p(z,y) = 1. With this

definition we have (G) & ( ? ), i.€., (G) coincides with the set of all induced
P2 P P2

copies of F), in G.

3Recall that all metrics in this dissertation are discrete.
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Notice also that the fact that every G € G is 2-metric in R implies that G
is an induced subgraph of R. Indeed, by the definition, for all x,y €
V(G), when distg(z,y) < 2 we must have distg(z,y) = distg(z,y) and
when distg(z,y) > 2 we must have distg(z,y) > 2. In particular, xy € R if
and only if zy € G.

Lemma 3.35 appears in [31] without explicitly stating condition (L4 ), which
is needed here for technical reasons to carry on the induction. For complete-
ness we include the proof of [31] modified to explicitly establish (L4) in
Section 3.5.

3.4 Proof of Theorem 3.11

In this section we give a sketch of the proof of Lemma 3.10 and later use it to
prove Theorem 3.11 in §3.4.1. Since this proof is very similar to the proof of
the induction step in Lemma 3.19 (albeit simpler), we avoid repeating some
details and instead refer the reader to parts of the proof of Lemma 3.19 that
present similar arguments. The main difference between this proof and that
of Lemma 3.19 is that here the “metric” part of the result follows rather
trivially from our use of the Partite Lemma 3.19. On the other hand, we are
now able to partition (color) all of (i) and not just a t-partite system.

Let H be a given connected graph on n vertices and p be a metric on ¢
elements. Set N = Ry(n), where Ry(n) is the smallest number such that for
every 2-coloring of the complete t-uniform hypergraph ([127]) there exists a
monochromatic (f) with |S| = n.

Similarly as in the proof of Lemma 3.19 we construct an N-partite graph F,
consisting of disjoint copies of H (see Figure 3.2). Set V(Fy) = [N] x (UZ]).

For a set S € (UZ]), let ¢s: V(H) — S be the unique monotone map and set
Hg to be a graph with vertex set S x {S} and edges given by

{{(¢s(2),9), (¢s(y),S)} : ay € H}.
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Let
E(R) = [J E(Hs).
se(t))
Notice that P, indeed is the disjoint union of the copies of H in the family
H(Py) ={Hs : S € ([]Z])} Set mo: V(Fy) — [N] be the projection onto the

first coordinate.
N
Ho = {71’0([’[5) S e ([n}>}

Define
Consider the hypergraph

Hg (g) —{L,....I,} C <U;f]>7

o fre U, () w1} (2)

(Note that Z© is defined in a similar way as the hypergraph in (3.5).) Ob-

and set

serve that the t-uniform hypergraph Z(% is t-partite with respect to the vertex
partition {VN(Py) = 75 (j) }jen -

Set ¢ = max{distg(z,y) : =,y € V(H)} < oo and apply Lemma 3.19 to
the N-partite graph P, (instead of a g-partite ) and the family Z(*) C (5 2)
We then obtain the Ramsey N-partite graph P, and P; C (1;(1)) Part(N)
which (L1) and (L2) hold. In particular, (L2) ensures that every P € Py is
(-metric in P;. By our choice of ¢, this implies that every H € H(P) is metric
in P;.

In general, we obtain Py, from Py, £k =0,...,m — 1, by applying Lemma

for

3.19 to the N-partite graph P, and the t-partite t-uniform hypergraph

H P,
e U, () e} (2
HE’H(Pk) p pe
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The graph P, and the family Py, C (Pgl)Part ™)
every H € H(Piv1) = Upep,,, H(P) is metric in Pyyq and mei(H) € Ho
(where mgi1: V(Pry1) — [N] is defined as the projection that maps every
v € VN(Ppy1) to j forall j =1,..., N).

Take R = P, and H = H(P,,) C (g) Just as in Claim 3.34 one may
show that in any 2-coloring of Uycy(p,,) (';
in R, say P’ C R, such that the color of a tuple I € (':) C (?), H e H(PY),

depends only on the projection 7°(I) € {Iy,..., I, }, where 7%: V(P°) — [N]

we obtain are such that

) C (};) there exists a copy of Py

is the natural projection of P® onto [N]. In particular, there is an induced

(V]

2-coloring of the tuples Iy, I5, ..., I, € ( X

to all of (UZ }) arbitrarily.
By the definition of N, there must be a monochromatic (f) with |S] = n.

Let H € H(P°) be the (unique) graph such that 7°(V(H)) = S. Since the
color of every I € (';) is the same as the color of (1) € (f), it follows that

). Extend this induced 2-coloring

(':) is monochromatic. Moreover H is metric in R = P,, since it belongs to
H(P,,). m

3.4.1 Proof of Theorem 3.11

By repeated applications of Lemma 3.10, we will obtain Theorem 3.11.

Let M = {p',...,p™} be the set of all metrics induced by ¢ vertices of H.
Apply Lemma 3.10 to Ry = H and p' to obtain a graph R,. After R; is
constructed, 1 < ¢ < m — 1, obtain R;;; by applying Lemma 3.10 to R;
and p'tl,

We claim that R = R,, satisfies the conditions of Theorem 3.11. Indeed,
given any 2-coloring of (V(tR)), we can find a metric copy R™* of R,,_; in
which every (p™,t)-tuple in (R::; 1) is colored by c¢,,. Iterating this argu-
ment yields a sequence R® ¢ R' ¢ --- ¢ R™! C R such that R = R;

is metric in R and every (p™*!,t)-tuple in (pﬁil) has the same color c;4.
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The graph H = R = H is metric in R and is such that (;') C (Rif-l) is

monochromatic (with color ¢;) fori =1,...,m.

3.4.2 An unordered version of Lemma 3.10

We now address the question of what could be an “unordered version” of
Lemma 3.10. Let (M, p) be a finite unordered metric space with |M| = ¢ and
integer distances. For any connected graph H, let (IZ ) be the set of all t-sets
T C V(H) such that the metric spaces (T, disty) and (M, p) are isometric.

Analogously to Proposition 3.3 one can show the following characterization
of the metric spaces (M, p) for which the class of unordered graphs with
metric embeddings has the (M, p)-Ramsey property.

Proposition 3.37. Let (M, p) be a finite metric space with integer distances.

The following statements are equivalent:

(a) For any unordered connected graph H there exists an unordered graph

R such that for any partition

(5 = v
p

there exists i € {1,2} and H € (g) satisfying

metric

()

(b) p is homogeneous, that is, there exists a positive integer ¢ such that for

any pair of distinct elements m,m’ € M we have p(m,m’) = c.

The proof of (b) = (a) is a direct consequence of Theorem 3.11. Indeed,
due to the symmetry of homogeneous metrics the ordering is irrelevant.
The proof of (a) = (b) follows closely the arguments from [30] and [26]

and therefore we omit it.
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3.5 Proof of Lemma 3.35

Before proving the lemma, we recall some definitions relevant to the Hales—
Jewett theorem.

Suppose that Z C (pc;) is a t-partite t-uniform hypergraph with vertex set V/
and classes Vi = VI(G),...,V, = VI(G). Let I" be the set of n-tuples of
elements of Z. A combinatorial line L in ZI" associated with a partition
[n] = My U Fp, My, # (), and an |Fp|-tuple (IX)rer, € ZT is given by

L={(I,I5....1,)€T" : I, = I, for r,s € My and I, = I} for k € F}.

The set My, is called the set of moving coordinates, while F7p, is called the set
of fized coordinates. Notice that every combinatorial line has precisely |Z|
elements.

The Hales—Jewett theorem is stated as follows. For a proof, see for in-

stance [17].

Theorem 3.38 ([18]). For any integer r > 2 and finite set I there exists n

such that in every r-coloring of I" there exists a monochromatic line.

For our purposes it will be useful to interpret an element I € 7 as a vector
with ¢ coordinates where the jth coordinate is simply the unique vertex
in I NVj. In this way, an element in Z" may be viewed as a ¢t X n matrix.
Consequently, a line L of Z"™ may be described as a collection of size |Z|
consisting of ¢ X n matrices Q¥, I € Z, where the columns of Q¥ indexed
by F}, are fixed and independent of I while every column indexed by M, is
precisely I. For example, for n =4, M, = {1,2}, F, = [4]\ M = {3,4} and
L={(I,I,IF IF) : I € I}, the elements of L are the matrices

I .
Qy= 1|1 1 1} If (3.18)

I .
forall I € 7.
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Proof of Lemma 3.35. Suppose that G and Z are given as in the statement
of the lemma. Let J = {ji,...,j;} be the set of indices with the prop-
erty of the assumption, namely, Z is a t-partite t-uniform hypergraph with
classes {V'(G)}jes. Let n be given by Theorem 3.38 (with r = 2) applied
to Z. Let {Ly,..., Ly} denote the set of all lines in Z"

Let W = ez I and W; = V(G) N W. (Notice that W; = () when j ¢ J.)
The vertex set of R is given by

V(R) = (IN] x (V@) \ W) u Wy
jed
The edge set of R will be defined later (see (3.20) below).

In our construction, the family G will be in direct correspondence with the
set of lines in 7", namely, to each line L, there will be a corresponding G; € G.
In order to guarantee that G satisfies (A) we will have V(G;) \ UIeIGj I =
{Jrx (V(G)\W) for j=1,...,N.

For a line L, determined by the values ([,‘j) ver, of its fixed coordinates Fy,,
we represent [ = {If; € W;}jcs as a column-vector [If ]jc;. Let us define
the map v¢,: V(G) — V(R) as follows:

(a,v) forv e V(G)\ W;
Va(v) = (v1,v,...,v,) forv e W, j € J, where (3.19)

v =v for k € M, and v, = Iy ; for k € F,.

Fix some I = {u; < ug < -+ < w;} € Z. Because Z is t-partite with
classes {V/(G)}i=;, we have u; € Wj, and thus 1, (u;) is an n-tuple for all
i=1,...,t. Therefore, in view of (3.18) and (3.19),

¢a(u1)
QIa :wa([) _ wa(.UQ)

¢a (ut)
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Indeed, the equality above is true because

e For k € M, we have 1, (u;)r = u; for all 7 and hence the kth column of
the matrix on the right is simply I;

e For k € F,, we have 1, (u;)r = I}, for all i and hence the kth column

of the matrix on the right is simply I}..

Observe that the rows of the matrices Qf“ correspond to vertices of R.
Claim 3.39. The map 1,: V(G) — V(R) is one-to-one.

Suppose for the sake of contradiction that two distinct u,v € V(G), 1 <
j < gq, are such that 1,(u) = ¥,(v). We cannot have 9,(u) = (a,u) since
that would imply v = v. Consequently, u,v € W; with j € J. Hence
both ¢, (u) and ¥, (v) must be n-tuples such that 1, (u)r = u # v = (V)
for all kK € M,. Therefore u cannot be distinct from v and hence Claim 3.39
holds.

Set
E(R) = | E(¢a(G)) (3.20)

a=1
and let G = {G, = ¢¥,(G) : a=1,...,N}. Observe that by our definition of
g, (L3) follows directly from (3.20).
We now must prove that the conclusions of the lemma hold for R and G.

This will be accomplished by the following steps.

Step I Define a total order on V(R) and a g-partition V(R) = V}(R) U
Vi(R) U --- U VI(R) such that every ¢, is a monotone map satisfy-
ing 1, (V(G)) C V/(R) for every j.

Step II Show that G satisfies the intersection conditions (A) and (B) and thus
prove (L4).
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Step III Use Step II to show that every G, € G is an induced subgraph of R
and thus prove (L2).

Step IV Show that the family G is Ramsey in R, namely, prove (L1).

Proof of Step I: For all j, define
VI(R) = ([N] x (VHG)\ W)) Uwi. (3.21)

Observe that V(R) = V(R) UV (R) U --- U VA(R). Moreover, it is simple
to check that 1,(V;(G)) C V/(R) for all j. Let us now define a total order
on V(R) for which every map 1, is monotone. It is enough to define the
order for each V(R) since we require V{'(R) < Vj/(R) < --- < VI(R).

For j ¢ J, we have W; = () and thus V}(R) = [N] x V/(G). Order the
vertices lexicographically and observe that for every a € [N], 1,(v) < ¥, (w)
if and only if v < w.

Since for j € J the class V}q(R) may contain both pairs and n-tuples as
elements, our ordering is somewhat more complicated than a simple lexico-
graphical order on tuples.

Let f: VI(R) — V/(G)" x {0,1,..., N} be defined as follows. For a tuple
(V1,...,00) € WP, set f(vr,...,vn) = (v1,...,0,0); for (a,v) € [N] x
(VHG)\ W) set f(a,v) = (vi,...,vn,0a), where vy = v for all k € M, and
vp = I, for all k € F,. The ordering on VJ(R) is induced by f and the
lexicographic order on the image of f, namely, we set x < y if and only if
flx) < f(y)

Let v,w € V(G) be such that v < w. By definition, for every a € [N],
Yalv) < () if and only if f($a(v)) < f(a(w). Since F(u(v)) =
f(a(w))x = I} for every k € I, the first coordinate where the elements
f(a(v)) and f(1p,(v)) differ is in M,. On the other hand, for k € M, we

have

fWa(0))k =v <w = f(Yha(w))s
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We conclude that f(¢,(v)) < f(¢a(w)) if and only if v < w. Hence 1),(v) <
¥, (w) if and only if v < w.

Proof of Step II: Suppose that = € V(G,) N V(G,) with a # b. We
must have x € W} for some j € J since otherwise for some v € V/(G) \ W,
we have © = (a,v) = (b,v) which contradicts a # b. It follows therefore
that ¢, ' (z),v;, ' (z) € W;. Since W; C W = |J;o I, there exists I}, I} € T
such that ¢ (x) € I/, and v, (x) € I]. Consequently, z € I, = ¥,(I)) € Tg,
and © € I, = Yy(I]) € Zg,. This establishes the intersection condition (A)
for members of G.

Now let us prove condition (B). Suppose that there are distinct elements
r=(x1,...,Tn), Y= (Y1, ,Yn) € V(G,) NV (Gp), a # b.

We distinguish between two cases.
(i) M, M, # 0.
(11) M, N M, = 0 (then M, C F, and M, C Fa).

Suppose first that (i) holds and fix k € M, N M. We have ¢, ' (z) = z), =
Y, H(x), and similarly ;'(y) = ¢, *(y). Consequently, in this case condi-
tion (B2) holds as the isomorphisms o, = ¥;1: V(G,) — V(G) and o, =
U, 1t VI(Gy) — V(G) satisfy o,(x) = oy(z) and 0,(y) = op(y).

Now suppose that (ii) holds; in particular, we must have M, C F, and M, C
Fo. Let (If = [I})jer)cp, and (I} = [Igdbg)ker be the tuples of fixed
elements that define the lines L, and L; respectively. Let 7,5’ € J be such
that x € W;* and y € W,

For k € M, C F;, (3.19) implies that
o () Py T Iy

a

and similarly ;" (y) = yx = I} ;. In particular,
{¢;1(x)a¢;1(y)} = {[Ilc),ja [lg,j’} C Ill; S I
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Let I, = ¢,(I?) € Zg, and notice that

{2y} = v ({¥a ' (2), ¥ (1)}) C valfy) = L.

A symmetric argument yields [, € Zg, such that {z,y} € I,. Hence, condi-
tion (B1) follows.

To summarize, case (i) implies condition (B2) and case (ii) implies condi-
tion (B1).

Proof of Step III: Let G, € G be arbitrary. To prove that G, is an induced
subgraph of R we must check that for every pair of distinct z,y € V(G,)
if z,y € V(Gy) for some b # a then {z,y} € G, if and only if {z,y} € G,.
Since z,y € V(G,) N V(Gp), we may invoke the intersection properties of G
proved in Step II.

In case condition (B2) holds, the unique isomorphisms o,, o, of G,, G into G
satisfy o,(z) = op(x) and 0,(y) = op(y). Since o, is an isomorphism, {z,y} €
G, if and only if e = {0,(x), 0.(y)} € G. Similarly, {z,y} € G, if and only if
¢ = {op(x),05(y)} € G. Because e = ¢’ we infer that {z,y} € G, if and only
if {x,y} € G.

In case condition (B1) holds, let I, € Zg, and I, € Zg, be such that x,y €
I, Iy Let j.,js € J (1 <r,s <t) be such that z € V}!(R) and y € V}!(R).
Because I, € (Gp;) it follows that distg, (z,y) = p(r, s) whenever p(r,s) < 2
and distg,(x,y) > 2 whenever p(r,s) > 2. In particular, {z,y} € G, if
and only if p(r,s) = 1. Similarly, {z,y} € G, if and only if p(r,s) = 1.
Therefore {z,y} € G, if and only if {z,y} € G,.

Proof of Step I'V: We will now show that for any 2-coloring of the (p2, R)-
tuples in | Jo.g Zo there exists G € G such that every ¢-tuple in Zg C (pGQ) is
monochromatic. It will be convenient to assume that all ¢-tuples in V! (R) x
-+ x VI(R) are colored.

Consider Q = (I1,...,1,) € I" as a t X n matrix with columns Iy,..., [,.
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The kth row of the matrix is in V! (R) (recall that J = {ji,...,j:}). In
particular, @ is in correspondence with a t-tuple of V!(R) x --- x VI(R).
Define the color of ) as the color of the corresponding t-tuple.

By the Hales-Jewett theorem, there is a monochromatic line L,, a € [IV],
in such a coloring. It follows that G = G, is such that Z¢ is monochromatic.
Indeed, every t-tuple 1,(I) € Zg,, I € Z, corresponds to the matrix QT
contained in the line L, (see (3.19)). O

85



Bibliography

1]

F. G. Abramson and L. A. Harrington. “Models without indiscerni-
bles”. In: J. Symbolic Logic 43.3 (1978), pp. 572-600. 1SSN: 0022-4812.
DOI: 10.2307/2273534. URL: http://dx.doi.org/10.2307/2273534.

J. Beck. “On size Ramsey number of paths, trees, and circuits. 1”.
In: J. Graph Theory 7.1 (1983), pp. 115-129. 1ssSN: 0364-9024. DOLI:
10.1002/jgt .3190070115. URL: http://dx.doi.org/10.1002/jgt .
3190070115.

J. Beck. “On size Ramsey number of paths, trees and circuits. I17.
In: Mathematics of Ramsey theory. Vol. 5. Algorithms Combin. Berlin:
Springer, 1990, pp. 34-45.

D. Dellamonica Jr. “The size-Ramsey number of trees”. In: Random

Structures and Algorithms 40.1 (2012), pp. 49-73.

D. Dellamonica Jr., Y. Kohayakawa, V. Rodl, and A. Rucinski. “Uni-
versality of random graphs”. In: Proceedings of the Nineteenth An-
nual ACM-SIAM Symposium on Discrete Algorithms. New York: ACM,
2008, pp. 782-788.

D. Dellamonica Jr. and V. Rodl. “Distance preserving Ramsey graphs”.
to appear in Combinatorics, Probability, and Computing. 2012.

86



[10]

[11]

[12]

[13]

W. Deuber. “Generalizations of Ramsey’s theorem”. In: Infinite and
finite sets (Colloq., Keszthely, 1973; dedicated to P. Erdds on his 60th
birthday), Vol. I. Amsterdam: North-Holland, 1975, 323-332. Colloq.
Math. Soc. Janos Bolyai, Vol. 10.

W. Deuber. “Partitionstheoreme fiir Graphen”. In: Comment. Math.
Helv. 50.3 (1975), pp. 311-320. 18sN: 0010-2571.

P. Erdés, R. J. Faudree, C. C. Rousseau, and R. H. Schelp. “The size
Ramsey number”. In: Period. Math. Hungar. 9.1-2 (1978), pp. 145-161.
1SSN: 0031-5303. DOI: 10.1007/BF02018930. URL: http://dx.doi.or
g/10.1007/BF02018930.

P. Erdés, A. Hajnal, and L. Pésa. “Strong embeddings of graphs into
colored graphs”. In: Infinite and finite sets (Colloq., Keszthely, 1973;
dedicated to P. Erdds on his 60th birthday), Vol. I. Amsterdam: North-
Holland, 1975, 585-595. Colloq. Math. Soc. Janos Bolyai, Vol. 10.

P. Erdos and G. Szekeres. “A combinatorial problem in geometry”.
In: Compositio Math. 2 (1935), pp. 463-470. 1SSN: 0010-437X. URL:
http://www.numdam.org/item?id=CM_1935__2__463_0.

R. J. Faudree and R. H. Schelp. “A survey of results on the size Ramsey
number”. In: Paul Erdds and his mathematics, II (Budapest, 1999).
Vol. 11. Bolyai Soc. Math. Stud. Budapest: Janos Bolyai Math. Soc.,
2002, pp. 291-3009.

J. Friedman and N. Pippenger. “Expanding graphs contain all small
trees”. In: Combinatorica 7.1 (1987), pp. 71-76. 1sSN: 0209-9683. DOTI:
10.1007/BF02579202. URL: http://dx.doi.org/10.1007/BF025792
02.

87



[14]

[15]

[16]

[17]

[18]

[19]

[20]

R. L. Graham, M. Grotschel, and L. Lovasz, eds. Handbook of com-
binatorics. Vol. 1, 2. Amsterdam: Elsevier Science B.V., 1995, Vol. I:
cii+1018 pp.; Vol. II: pp. i—cii and 1019-2198. 1SBN: 0-444-88002-X.

R. L. Graham, K. Leeb, and B. L. Rothschild. “Ramsey’s theorem
for a class of categories”. In: Proc. Nat. Acad. Sci. U.S.A. 69 (1972),
pp. 119-120. 18SN: 0027-8424.

R. L. Graham and P. M. Winkler. “Isometric embeddings of graphs”.
In: Proc. Nat. Acad. Sci. U.S.A. 81.22, Phys. Sci. (1984), pp. 7259
7260. 18SN: 0027-8424.

R. L. Graham, B. L. Rothschild, and J. H. Spencer. Ramsey theory.
Second. Wiley-Interscience Series in Discrete Mathematics and Opti-
mization. A Wiley-Interscience Publication. New York: John Wiley &
Sons Inc., 1990, pp. xii+196. 1SBN: 0-471-50046-1.

A. W. Hales and R. I. Jewett. “Regularity and positional games”. In:
Trans. Amer. Math. Soc. 106 (1963), pp. 222-229. 1SSN: 0002-9947.

P. E. Haxell and Y. Kohayakawa. “The size-Ramsey number of trees”.
In: Israel J. Math. 89.1-3 (1995), pp. 261-274. 1ssN: 0021-2172. DOT:
10.1007/BF02808204. URL: http://dx.doi.org/10.1007/BF028082
04.

X. Ke. “The size Ramsey number of trees with bounded degree”. In:
Random Structures Algorithms 4.1 (1993), pp. 85-97. 1sSN: 1042-9832.
DOI: 10.1002/rsa.3240040106. URL: http://dx.doi.org/10.100
2/rsa.3240040106.

J. Nesettil. “Metric spaces are Ramsey”. In: European J. Combin. 28.1
(2007), pp. 457-468. 1SSN: 0195-6698. DOI: 10.1016/j.ejc.2004.11.
003. URL: http://dx.doi.org/10.1016/j.ejc.2004.11.003.

38



22]

23]

[24]

[25]

[26]

28]

J. Nesetril. “Ramsey classes and homogeneous structures”. In: Combin.
Probab. Comput. 14.1-2 (2005), pp. 171-189. 1sSN: 0963-5483. DOI: 10.
1017/50963548304006716. URL: http://dx.doi.org/10.1017/S096
3548304006716.

J. Nesetiil and V. Rodl. “A short proof of the existence of
highly chromatic hypergraphs without short cycles”. In: J. Com-
bin. Theory Ser. B 27.2 (1979), pp. 225-227. 18SN: 0095-8956. DOTI:
10.1016/0095-8956 (79) 90084-4. URL: http://dx.doi.org/10.101
6/0095-8956 (79)90084-4.

J. Nesetiil and V. Rodl. “Combinatorial partitions of finite posets
and lattices—Ramsey lattices”. In: Algebra Universalis 19.1 (1984),
pp. 106-119. 18SN: 0002-5240. pOI: 10.1007/BF01191498. URL: http:
//dx.doi.org/10.1007/BF01191498.

J. Nesettil and V. Rodl. “Introduction: Ramsey theory old and new”.
In: Mathematics of Ramsey theory. Vol. 5. Algorithms Combin. Berlin:
Springer, 1990, pp. 1-9.

J. Nesetril and V. Rodl. “On a probabilistic graph-theoretical method”.
In: Proc. Amer. Math. Soc. 72.2 (1978), pp. 417-421. 1sSN: 0002-9939.
DOI: 10.2307/2042818. URL: http://dx.doi.org/10.2307/2042818.

J. Nesetril and V. Rodl. “On Ramsey graphs without bipartite sub-
graphs”. In: Discrete Math. 101.1-3 (1992). Special volume to mark
the centennial of Julius Petersen’s “Die Theorie der reguléaren Graphs”,
Part I1, pp. 223-229. 1sSN: 0012-365X. DOI: 10.1016/0012-365X(92)9
0605-F. URL: http://dx.doi.org/10.1016/0012-365X(92)90605-F.

J. Nesettil and V. Rodl. “Partition theory and its application”. In:
Surveys in combinatorics (Proc. Seventh British Combinatorial Conf.,
Cambridge, 1979). Vol. 38. London Math. Soc. Lecture Note Ser. Cam-
bridge: Cambridge Univ. Press, 1979, pp. 96-156.

89



[29]

[30]

[31]

32]

[33]

J. Nesetfil and V. Rodl. “Partitions of finite relational and set systems”.
In: J. Combinatorial Theory Ser. A 22.3 (1977), pp. 289-312.

J. Nesgettil and V. Rodl. “Partitions of subgraphs”. In: Recent advances
in graph theory (Proc. Second Czechoslovak Sympos., Prague, 1974).
Prague: Academia, 1975, pp. 413-423.

J. Nesetril and V. Rodl. “Strong Ramsey theorems for Steiner systems”.
In: Trans. Amer. Math. Soc. 303.1 (1987), pp. 183-192. 1SSN: 0002-
9947. por: 10.2307/2000786. URL: http://dx.doi.org/10.2307/20
00786.

J. Nesetril and V. Rodl. “The partite construction and Ram-
sey set systems”. In: Discrete Math. 75.1-3 (1989). Graph the-
ory and combinatorics (Cambridge, 1988), pp. 327-334. 1SsN: 0012-
365X. DOI: 10 . 1016 / 0012 - 365X(89 ) 90097 - 6. URL: http :
//dx.doi.org/10.1016/0012-365X(89)90097-6.

J. Radhakrishnan and A. Ta-Shma. “Bounds for dispersers, extractors,
and depth-two superconcentrators”. In: SIAM J. Discrete Math. 13.1
(2000), 2-24 (electronic). 1SSN: 0895-4801. DOI: 10.1137/5089548019
7329508. URL: http://dx.doi.org/10.1137/S0895480197329508.

F. P. Ramsey. “On a problem of formal logic”. In: Proc. London Math.
Soc. 30 (1930), pp. 264-286.

V. Rodl. “A generalization of Ramsey theorem and dimension of
graphs”. MA thesis. Charles University, Prague, 1973.

V. Rodl and E. Szemerédi. “On size Ramsey numbers of graphs with
bounded degree”. In: Combinatorica 20.2 (2000), pp. 257-262. ISSN:
0209-9683. DOI: 10.1007/s004930070024. URL: http://dx.doi.org/
10.1007/s004930070024.

90



[37]

[38]

V. Rodl. A generalization of the Ramsey theorem. Graphs, Hyper-
graphs, Block Syst.; Proc. Symp. comb. Anal., Zielona Gora 1976, 211-
219 (1976). 1976.

P. M. Winkler. “Isometric embedding in products of complete graphs”.
In: Discrete Appl. Math. 7.2 (1984), pp. 221-225. 1SSN: 0166-218X. DOI:
10.1016/0166-218X(84)90069-6. URL: http://dx.doi.org/10.101
6/0166-218X(84)90069-6.

91



