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Abstract

Zero-Cycles on Torsors under Linear Algebraic Groups

By Reed Leon Gordon-Sarney

Let k be a field, let G be a smooth connected linear algebraic group over k, and let X
be a G-torsor. Totaro asked: if X admits a zero-cycle of degree d > 1, does X have

a closed étale point of degree dividing d? We give a positive answer in two cases:
1. G is an algebraic torus of rank < 2 and char(k) is arbitrary, and
2. G is an absolutely simple adjoint group of type A; or Ay, and char(k) # 2.

We also give the first known examples where Totaro’s question has a negative answer.
In particular, we exhibit failures via tori over number fields, p-adic fields, and complete
discrete valuation fields & with global residue fields of char(k) # 2 and show that

Totaro’s question has a negative answer in general for tori of all ranks > 3.
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Chapter 1

Introduction

Central simple algebras are the subject of some of the most elegant work in
twentieth-century algebra and number theory. Consider the Schur index of a cen-
tral simple algebra, defined to be the greatest common divisor among finite degrees
of the algebra’s splitting fields over the ground field; it is a result of Schur and Noether
that it is also the minimal degree of such an extension, which we can further take
to be separable. In view of the correspondence between central simple algebras and
forms of projective space, the Schur index of a central simple algebra corresponds to
the minimal positive degree of a zero-cycle on its Severi—Brauer variety. The stated
result then says that this variety has a closed étale point of the same degree.

In general, one can define the index of a quasi-projective variety X over a field by
ind(X) := min{deg(Z) > 1: Z is a zero-cycle on X}

and ask whether X admits a closed étale point of that degree. The answer, of course,
is a resounding “no,” and the literature is rich with striking examples in the index 1
case. Colliot-Thélene-Coray produced a conic bundle over PL @ rational surface, ad-
mitting a zero-cycle of degree 1 but having no rational points [CTC79]. Florence con-

structed affine homogeneous spaces under smooth connected linear algebraic groups



over C((z))((y)) and over local or global fields (with finite stabilizers in the latter
case) with this same property [Flo04]. Parimala gave as an example a projective
homogeneous space under a smooth connected linear algebraic group over Q,((t))
[Par05], settling a long-standing conjecture of Veisfeiler in the negative [Vei69].

In the setting of torsors under linear algebraic groups, the index 1 variant of this
question is due to Serre, dates back to the ‘60s, and is still open in general (cf. [Ser62,

Question 5.3.(ii)], [Ser95, Question 2.4.2], [Ser, Appendix 2.4]).

Serre’s Question. Let GG be a smooth connected linear algebraic group over a field.

If a G-torsor X has index 1, does X have a rational point?

In 2004, with the results on Severi-Brauer varieties—torsors under projective gen-
eral linear groups—in mind, Totaro generalized Serre’s question in another natural
way: does every quasi-projective homogeneous space under a smooth connected lin-
ear algebraic group have a closed étale point of degree equal to its index [Tot04]?
Florence’s and Parimala’s constructions were published shortly after Totaro’s paper

and sharpened Totaro’s question to the torsor case, which remained open.

Totaro’s Question. Let G be a smooth connected linear algebraic group over a field.

Does every G-torsor have a closed étale point of degree equal to its index?

The research in this thesis was embarked upon under the belief that this question
had a positive answer in general, and my graduate work concludes having constructed
the first known counterexamples with Suresh. Contributing to a limited body of
work attacking the question directly, including only the results of Totaro [Tot04],
Garibaldi-Hoffman [GHO06], and Black—Parimala [BP14], we answer Totaro’s question
affirmatively in two special cases and give two classes of examples where the question

has a negative answer. Specifically, we prove the following results.

Theorem 1.0.1 ([GSb, Theorem 1.1], cf. Chapter 4). Let k be a field, and let T' be

a torus over k of rank < 2. Then Totaro’s question has an affirmative answer for T.



Corollary 1.0.2 ([GSb, Corollary 1.2], cf. Chapter 4). Let X be a del Pezzo surface

of degree 6. Then X has a closed étale point of degree equal to ind(X).

Theorem 1.0.3 (|GSa, Theorem 1.1], cf. Chapter 5). Let k be a field of characteristic
not equal to 2, and let G be an absolutely simple classical adjoint group over k of type

Ay or As,. Then Totaro’s question has an affirmative answer for G.

Theorem 1.0.4 (cf. Chapter 6). Let k be a p-adic field. Then there are smooth
connected linear algebraic groups G over k such that every non-trivial G-torsor X

has index p but has no closed points of degree p.

Corollary 1.0.5 (cf. Chapter 6). For every r > 8, there is a semisimple linear
algebraic group G (and a torus T') of rank v over Q such that every non-trivial G-

torsor (and T-torsor) has index 2 but has no closed points of degree 2.

Theorem 1.0.6 (cf. Chapter 6). Let k be a complete discrete valuation field whose
residue field is a global field of characteristic not equal to 2. Then for every r > 3,
there is a smooth connected linear algebraic group G of rank r over k such that every

non-trivial G-torsor X has index 2 but has no closed points of degree 2.

Corollary 1.0.7 (cf. Chapter 6). For every r > 3, there are semisimple linear alge-
braic groups G (and tori T') of rank r over Q(t) and Q,(t) such that every non-trivial

G-torsor (and T-torsor) has index 2 but has no closed points of degree 2.



Chapter 2

Fundamental Objects

We start by introducing the central objects of study in this thesis. For the reader’s
benefit, only select essential results will be isolated and cited, and many non-trivial
results will be stated in passing as black boxes. Each subsection will begin with

comprehensive references where the omitted details and proofs can be found.

2.1. Central Simple Algebras

For a thorough exposition of the classical structure theory, refer to Chapters 12 and
13 of Pierce [Pie82]. For a more modern and expedited treatment, refer to Chapter 2
of Gille-Szamuely [GS06]. For an exhaustive resource on the theory with involutions

in mind, begin with Chapter I of Knus-Merkurjev—Rost-Tignol [KMRT98].

2.1.1 The Brauer Group

Let k£ be a field. A finite-dimensional associative unital k-algebra is called central
if its center is k£ and simple if it has no non-trivial two-sided ideals. A central simple

algebra is called division if every non-zero element has a multiplicative inverse.



Theorem 2.1.1 (Wedderburn, [GS06, Theorem 2.1.3]). Let A be a central simple al-
gebra over k. Then A = M, (D) for a unique n > 1 and a unique (up to isomorphism)

division algebra D over k.

Two central simple algebras A and B over k are said to be Brauer equivalent if
they identify the same division algebra. Brauer equivalence is an equivalence relation
on the set of central simple algebras over k, and each equivalence class is determined
by the unique division algebra it contains. The set of equivalence classes admits an
abelian group structure with operation induced by taking tensor products, inversion
induced by taking opposite algebras, and identity given by the equivalence class of k.
This group is called the Brauer group of k and is denoted Br(k). Define the period
of a central simple algebra A over k, denoted per(A), to be the order of [A] € Br(k).

It is immediate that the period is well-defined for elements of Br(k).

2.1.2 Splitting Fields

Fix a central simple algebra A over k, and let k* denote a separable closure of k.
There is a unique d > 1 such that A ®j k* = M,(k®), which means that there is some
(non-unique) finite separable field extension L/k such that A ®; L = My(L). Any
field extension F/k such that A ®; F = My(FE) is called a splitting field of (and
is said to split) A. The dimension of A over k is then a square, whose square root
we call the degree of A and denote by deg(A). If A = M, (D) as in Wedderburn’s
Theorem, then deg(A) = ndeg(D), hence deg(D) | deg(A). Define the Schur index
of A, denoted indg,(A), to be deg(D). Since Brauer equivalence classes parametrize
division algebras over k, the Schur index is well-defined for elements of Br(k).

A subfield of A that is maximal with respect to containment is called a maximal
subfield. Every maximal subfield of A has degree over k equal to deg(A) and splits
A. In fact, the splitting fields of A of finite degree over k are precisely the maximal

subfields of central simple algebras that are Brauer equivalent to A. Since any central



simple algebra that is Brauer equivalent to a split algebra is itself split, the notion
of a splitting field is therefore well-defined for elements of Br(k). We can then define
the relative Brauer group associated to any field extension L/k, denoted Br(L/k),
to be the subgroup of Br(k) = Br(k®/k) whose elements are split by L.

The following theorem gives three consequences of this rich structure theory.

Theorem 2.1.2 ([Pie82, Propositions 13.4, 13.5]). Let [A] € Br(k).
1. indgen(A) = ged{[L : k] : L/k is a finite field extension and L splits A}.
2. indsen(A) = min{[L : k] : L/k is a finite field extension and L splits A}.
3. indgen(A) = min{[L : k] : L/k is a finite separable field extension and L splits A}.

2.1.3 Involutions

Suppose now that k has characteristic # 2. Let K/k be an étale quadratic ex-
tension and A be a central simple algebra over K. An antiautomorphism o on A
is called an involution if ¢? = id; it is called an involution of the first kind if
[K : K°] =1 and of the second kind or unitary if [K : K] = 2. If ¢ is unitary
with fixed field K7 = k, then for clarity, we call o a K/k—involution, and we define

the automorphisms of (A, o) to be the K-automorphisms of A that commute with o.

2.2. Linear Algebraic Groups

For an elegant overview of the classification of linear algebraic groups, begin with
Chapter 3 of Bhaskhar’s thesis [Bhal6]. For a deep, functorial approach, refer to
Chapter VI of Knus—Merkurjev—Rost—Tignol [KMRT98]. The geometrically-inclined
reader who is interested in tori should consider Voskresenskii [Vos98].

For us, a variety over k£ will be an integral separated scheme of finite type over



Spec(k). An algebraic group G over k is a variety over k where the maps

m:G %X, G— G “multiplication”
1:G— G “inversion”

e : Spec(k) = G “identity”

are morphisms over Spec(k). A linear algebraic group is an algebraic group that
admits a Zariski-closed embedding into some GL,, : (det(xz;;)y —1 =0) C AEQH over

k. Equivalently, linear algebraic groups are precisely the affine algebraic groups.

2.2.1 Algebraic Tori

For any étale algebra A over k, let G,, 4 (or just G,, when the base is understood)
be the abelian group scheme Spec A[t,t!]. A connected linear algebraic group T over
k is called an algebraic torus, k-torus, or simply a torus if

j—vks::11><kksg r

m,kS

for some r > 1, which is called the rank of the torus. If E'/k is a field extension such
that Ty = Gy, g, then E is called a splitting field of (and is said to split) 7.

For any finite étale algebra A over k, let 24/, denote the Weil restriction functor
(also called the restriction of scalars functor), which takes A-schemes to k-schemes
and, in particular, takes A-tori to k-tori. Then for any finite separable field extension
L/k and any L-torus T', R, T is a k-torus. A k-torus T is called quasi-trivial if it
is isomorphic to a finite product of tori of the form Ry, G,, where each L;/k is a
finite separable field extension. For any finite separable field extension L/k, call

o)

N
Lk Gy, :=ker[Rp i, Gy, REZLN G
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the norm torus associated to that extension; R(Ll/)k Gy, evidently has rank [L : k] —1.

2.2.2 Adjoint Groups of Type A,

Let k be a field of characteristic # 2, let K /k be an étale quadratic extension, let
A be a central simple algebra over K, and let o be a K/k—involution on A. Then the
automorphisms of (A, o) are the K-automorphisms of A that commute with o, and

Aut(A, o) is a linear algebraic group with k-points
Aut(A,0)(k) = {Int(a) € Autg(A) :a € A%, 0(a)a € K™},

where Int(a) : A — A is given by Int(a)(z) = axa™'. The elements a € A* such that
o(a)a € k*, called the similitudes of (A, ), form a group denoted Sim(A, o)(k); it
is clear that they only determine the automorphisms of (A, o) up to scalars from K*.

Viewed functorially, we have a short exact sequence of linear algebraic groups over k
1= Rk Gy — Sim(A, 0) =% Aut(4,0) — 1.

Adjoint groups appear as images of adjoint representations Ad : G — Aut(Lie(G))
where Lie(G) is the Lie algebra associated to a semisimple linear algebraic group G.
The classification of absolutely simple (i.e., simple over a separable closure) linear
algebraic groups separates classical groups from exceptional groups where abso-
lutely simple classical groups are classified into types A,,, B,, C,, and D, (trialitarian
Dy excluded). By work of Weil, classical adjoint groups can be interpreted in the lan-
guage of algebras with involution; in particular, an absolutely simple classical adjoint
group of type A,, over k is isomorphic to Aut(A, o) for a central simple algebra A of

degree n + 1 over an étale quadratic extension K/k and o a K/k-involution on A.



2.2.3 Torsors and Zero-Cycles

Let GG be a linear algebraic group over k, and let k* denote the separable closure of
k. A non-empty variety X over k equipped with a right G-action is called a right G-
torsor over k or a principal homogeneous space under G if the right G(k*)-action
on X (k%) is simply transitive. In other words, X is a right G-torsor if the morphism
X X, G = X x; X given by (z,9) — (x,zg) becomes an isomorphism over k°. If
X X G = X X, X as varieties over k, then X is said to be the trivial torsor. (The
definition is similar for left G-torsors, and these two definitions coincide when G is
abelian. From here on, every torsor will be a right torsor.) The following theorem is

an easy exercise but a crucial fact in the study of torsors and rational points.
Theorem 2.2.1. A G-torsor X over k is trivial if and only if X (k) # @.

Now, let X be a scheme and z € X be a closed point. We define the residue field
x, denoted k(x), to be the quotient Ox , /m, of the local ring at z by its corresponding
maximal ideal. Suppose further that X is a quasi-projective variety over a field k.
Then k(x) is a finite extension of k, whose degree we call the degree of x. (If k(x)/k
is a finite separable field extension, then we say that x € X is a closed étale point.)
For any finite field extension L/k, X (L) # & if and only if there is a morphism
Spec(L) — X over Spec(k) if and only if there is a closed point x € X whose residue
field k(x) is k-isomorphic to a subfield of L. So X (k(z)) # @.

Let Zs(X) denote the free abelian group on closed points of X, whose elements
we call zero-cycles on X. The degree map on closed points of X extends linearly
to a group homomorphism deg: Zy(X) — Z, and so we say that the degree of a

zero-cycle Z = > nx; is deg(Z) = > ny[k(x;) : k]. Define the index of X by
=1

i= i=1

ind(X) := min{deg(Z) > 1: Z € Zy(X)}.

If X(k)# @, then ind(X) = 1. But the converse need not hold.
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Chapter 3

Galois Cohomology

Galois cohomology is a toolkit to probe the arithmetic behavior of objects over
fields. The standard text is Serre [Ser], but it is dense for a first treatment. For a gen-
tler introduction, refer to Chapter 3 of Gille-Szamuely [GS06]. Explicit computations

in the Brauer group setting can be found in Chapter 14 of Pierce [Pie82].

3.1. Finite Group Cohomology

Let G be a finite group. If an abelian group M has a (left) G-action, then we say
that M is a (left) G-module. Equivalently, M is a G-module if it is a module over
the group ring Z[G]. If the G-action on M is trivial, then we say that M is a trivial
G-module. We say that a G-module P is a projective G-module if for any surjection
of G-modules A — B, the map Homg(P, A) — Homg (P, B) induced by composition

are onto. A projective resolution of a G-module M is an infinite exact sequence
A R LA L )

where each P; is a projective G-module.
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Now, fix a G-module M and a projective resolution of the trivial G-module Z

p—
B2 p ez

Since Homg(—, M) is a contravariant left exact functor from the category of G-

modules to the category of sets, we have an induced left exact sequence
Home(Py, M) 2 Home(Py, M) 2 Home(Ps, M) 2 - -

For each i > 1, define H (G, M) := ker(d;,1)/im(d;) and H°(G, M) := Homg(Z, M).
Maps in Homg(P;, M), ker(d;;1), and im(d;) are called i-cochains, i-cocycles, and
i-coboundaries, respectively. It turns out that these H(G, M) do not depend on the
choice of projective resolution, and so they are well-defined abelian groups associated

to the G-module M that we call cohomology groups (with coefficients in M).
Theorem 3.1.1 ([GS06, Proposition 3.1.9]).
(a) If M is a G-module, then H°(G, M) = M.

(b) For any G-module homomorphism A — B, there is a canonical group homo-

morphism H'(G,A) — H'(G, B) for each i > 0.

(¢) Given a short exact sequence of G-modules
0—+A—B—C—=0,
there is a canonical long exact sequence of abelian groups
o H'(G, A) = H(G, B) — H(G,C) > HY(G,A) — -

beginning with 1 = 0.
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If M is not a G-module but a non-abelian group with G-action, then techniques
similar to those above may be used only to construct H*(G, M) = M and H'(G, M).
These will be pointed sets rather than abelian groups—called cohomology sets—which
means that exactness as in Theorem 3.1.1.(c) should be reinterpreted in terms of the
point. Nevertheless, one can still obtain an exact sequence of cohomology sets. If we

have a short exact sequence of (not all abelian) groups with G-action
1-A—-B—C—1,

then the exact sequence of pointed sets is
1— A% - BY - CY - HY(G,A) - H'(G,B) - H(G,0).

If A is a G-module and central in B, then the sequence extends to H*(G, A).

3.2. Profinite Group Cohomology

Let k be a field, and let I' = Gal(k®/k) be the absolute Galois group of k. Our
ultimate goal is understand I-modules (or sets) G(k®) for some linear algebraic groups
G by constructing cohomology groups (or sets) H'(T', G(k*)). We can exploit that T’
is “assembled from” finite groups to define cohomology as in the previous section.

An inverse system of sets consists of a partially ordered set I such that for every
1,7 € I, there is an [ € I such that ¢« < [ and j < [, a collection of sets G; indexed
by I, and a collection of maps p;; : G; — G, for each ¢ < j such that each p; is the
identity and p;; o pji = py whenever ¢ < j < [. For example, let I be the index set
for the collection of finite Galois extensions L;/k, let ¢ < j if and only if L; < L;, let

G; = Gal(L;/k), and for each i < j, let pj; = resy, 1, : Gal(L;/k) — Gal(L;/k). It is
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clear that this data defines an inverse system. Define its inverse limit by

@nGal(Ln/k‘) ={(g:) € HGaI(Li/k‘) : pii(9;) = gi whenever ¢ < j}.

)

Not only is it clear that I" = @Gal(Ln /k), but this construction suggests a topol-
ogy on I': give each Gal(L,/ k)nthe discrete topology, give [[ Gal(L,/k) the product
topology, and then give I' — [] Gal(L,,/k) the subspace ‘:opology. In general, in-
verse limits of finite groups equi;ped with a topology in this way are called profinite
groups with the profinite topology. The open subgroups of I' are precisely the
closed subgroups of finite index, which correspond to finite field extensions of k.
Now, let M be a I'-module (or set) with the discrete topology. We say that
I acts continuously on M if the stabilizer of each m € M is open in I'. If T" acts
continuously on M, then our cohomology construction in terms of continuous cocycles

and coboundaries is compatible with the inverse limit in the sense that
H'(T,M) = Hl(@ Gal(L,/k), M) = ligHi(Gal(Ln/k), MGal(La/b))

where the right-hand side is a direct limit of the directed system of cohomology
groups (or sets) H'(Gal(L, /k), MG(En/k)) " whose constructions are similar (but “op-
posite”) to those in the inverse setting. If our I-module is G(k®) for some abelian
linear algebraic group G over k-or if we are considering the I'-action on the non-
abelian group G(k°) if G is not abelian-we define H'(k, G) := H (', G(k*)) to be the

ith Galois cohomology group (or Galois cohomology set) associated to G.
Theorem 3.2.1.
(a) If G is a linear algebraic group over k, then H(k,G) =2 G(k*)' = G(k).

(b) For any homomorphism A — B of abelian linear algebraic groups over k, there

is a canonical group homomorphism H'(k, A) — H'(k, B) for each i > 0.
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(c) Given a short exact sequence of abelian linear algebraic groups over k
0—>A—B—C—0,
there is a canonical long exact sequence of groups
oo Hi(k,A) — H(k, B) — Hi(k,C) 2 H™(k, A) — - --

beginning with i = 0.

The same caveats as before apply when G-hence G(k®)—is not abelian.

3.3. Some Important Maps

Given a homomorphism f : H — G of finite groups, any G-module M can be
made into an H-module via the action h-m = f(h)m. This procedure takes pro-
jective G-modules to projective H-modules and thus induces maps on cohomology
ff: H(G,M) — H'(H, M) for each i > 0. If f is simply the inclusion map of a sub-
group H < G, then we call the associated maps on cohomology restriction maps. As
before, we can construct restriction maps in the non-abelian case by viewing G-sets

as H-sets. The notion of restriction extends to profinite group cohomology.

Proposition 3.3.1 ([GS06, Construction 4.2.8]). Let L/k be a finite field extension,
and let G be a linear algebraic group over k. Then for each i > 0 where cohomology is

defined, there is a restriction map induced by the inclusion of absolute Galois groups
res: H'(k,G) — H'(L,Gp).

This is a group homomorphism if G is abelian and a map of pointed sets otherwise.

In the abelian case, if H < G has finite index, then there is a procedure to
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take projective H-modules to projective G-modules, yielding corestriction maps

g H(H,M) — H'(G,M). This notion also extends to the profinite setting.

Proposition 3.3.2 ([GS06, Construction 4.2.8]). Let L/k be a finite field extension,
and let G be an abelian linear algebraic group over k. Then for each i > 0, there is a

corestriction homomorphism
cor: H(L,Gp) — H'(k,G).

With this same notation in force, we note that for any G-torsor X over k,

res([X]) = [XL], but the corestriction is very much not an inverse of the restriction.

Proposition 3.3.3 ([GS06, Proposition 4.2.10]). Let L/k be a finite field extension
of degree n, and let G be an abelian linear algebraic group over k. Then for each
1 > 0, the composition

corores: H'(k,G) — H'(k,G)

18 the multiplication-by-n map.

3.4. Some Important Computations

The following theorem in Galois cohomology underpins the work in this thesis.

Theorem 3.4.1 ([Ser, Proposition 1.5.33]). Let G be a linear algebraic group over k.
Then there is a bijection between the set of classes of G-torsors over k and the pointed

set H'(k,G) that identifies the class of the trivial torsor with the point in H'(k,G).

Recall Theorem 2.2.1: a G-torsor X over k is trivial if and only if X (k) # @.
These theorems tell us that proving the existence or lack thereof of rational points on

torsors under linear algebraic groups, a task that appears to fall squarely under the
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umbrella of geometry, amounts to demonstrating the triviality or non-triviality of a
Galois cohomology class, which is more amenable to algebraic techniques.
Nevertheless, understanding H'(k, G) via Theorem 3.2.1 ultimately requires some
prior understanding of other “related” Galois cohomology groups and sets. In this
section, we mention a number of results that will help us in this vein. To begin,
we will often cite a fundamental result of Hilbert, commonly referred to as Hilbert

Theorem 90 or just Hilbert 90, of which we give two useful interpretations.
Theorem 3.4.2 ([CF67, Section V.2.7]).
(a) If L/k is a finite cyclic extension such that Gal(L/k) = (o) and a € L™ such
that Ny x(a) =1, then there is some b € L* such that a = o(b)b™'.
(b) H' (k,G,,) = 0.
Recalling that G,, = GL;(k), the cohomological Hilbert 90 can be generalized.
Theorem 3.4.3 (|[GS06, Lemma 2.7.4]). If [A] € Br(k), then H*(k,GL1(A)) = 1.
An easy consequence of Hilbert 90 is the following basic result of Kummer theory.
Theorem 3.4.4 ([GS06, Proposition 4.3.6]). If char(k) { n, then H'(k, p,) = k> /(k*)™.

Furthermore, we will also repeatedly identify isomorphism classes of central simple

algebras and elements of the Brauer group with special Galois cohomology classes.

Theorem 3.4.5 ([GS06, Theorem 2.4.3]). There is a bijection between the set of
1somorphism classes of central simple algebras of degree n over k and the pointed set

H'(k,PGL,,) that identifies [M, (k)] with the point in H'(k,PGL,,).
Theorem 3.4.6 ([GS06, Theorem 4.4.7]). If L/k is a Galois extension, then Br(L/k) =
H?*(Gal(L/k),G,,). In particular, if L = k*, then Br(k) = H?*(k,G,,).

Finally, we cite an essential property of the Weil restriction functor.

Theorem 3.4.7 ([Ser, Section 1.5.b]). If L/k is a finite field extension and G is a
linear algebraic group over L, then H'(k, R x(G)) = HY(L,G).
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3.5. Totaro’s Question, Revisited

Let GG be a smooth connected linear algebraic group over a field &k, and let X be a
G-torsor over k. As in Section 2.2.3, each closed point x € X identifies a finite field
extension L/k such that X (L) # &, in which case X identifies the trivial torsor in

H'(L,Gp) by Theorem 3.4.1. This last condition can be restated as
[X] € ker[H'(k,G) — H'(L,Gp)],

and so any Z € Zy(X) yields some finite field extensions Ly, ..., L,,/k such that

lr_n[ res m
[X] € ker[H' (k, G) —— HHl(Lz‘, G,
i=1
We can now reformulate Totaro’s question in the language of Galois cohomology.
Totaro’s Question. Let G be a smooth connected linear algebraic group over a

field k, and let [X] € HY(k,G). If Ly,...,L,/k are finite field extensions with
ged{[L; : k]} = ind(X) such that

ﬁ res m
(X] € ker[H'(k,G) =— [[ H'(L:,GL.)),

1=1

then is there a separable field extension F'/k with [F': k] = ind(X) such that

X] € ker[H'(k, G) 2 H'(F,Gr)]?
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Chapter 4

Totaro’s Question for Tori of Low

Rank

This chapter is largely excerpted from the author’s paper of the same name to

appear in Transactions of the American Mathematical Society [GSb].

Theorem 4.0.1. Let k be a field, and let T be a torus over k of rank < 2. Then

Totaro’s question has an affirmative answer for T.

We remark that the theorem is true even if the ground field is not perfect. Define
the separable index of a variety X over a field, denoted inds(X), to be the minimal
positive degree of a zero-cycle of closed étale points on X. The question of equality
between ind(X) and inds(X) was raised by Lang—Tate and answered affirmatively by
recent work of Gabber—Liu-Lorenzini when X is a generically smooth and non-empty
scheme of finite type over a field [GLL13, Theorem 9.2]. Since torsors under tori over
fields satisfy these hypotheses, we only need to consider separable field extensions in
the proof of Theorem 4.0.1.

Now, if X is regular over a field and U C X is open and dense, then ind(X) =
ind(U) by a general moving lemma for zero-cycles. So the index is a birational

invariant among regular varieties over a given field. Together with Theorem 4.0.1, we
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obtain from this a result on points of toric varieties (cf. Section 4.4).

Corollary 4.0.2. Let X be a regular variety over a field containing a principal ho-
mogeneous space of a smooth torus of rank < 2 as a dense open subset. If X admits

a zero-cycle of degree d > 1, then X has a closed étale point of degree dividing d.

In particular, Manin proved that del Pezzo surfaces of degree 6 are toric varieties

as in Corollary 4.0.2 [Man72]. So the following is a special case of the corollary.

Corollary 4.0.3. Let X be a del Pezzo surface of degree 6. If X admits a zero-cycle

of degree d > 1, then X has a closed étale point of degree dividing d.

4.1. Lemmata

In order to prove Theorem 4.0.1, a number of key lemmas will be cited repeatedly.
Lemma 4.1.1. Serre’s question has a positive answer for abelian algebraic groups.

Proof. Let G be an abelian algebraic group defined over a field k. By Proposition
3.3.3, the composition of the natural restriction and corestriction maps associated to
any finite field extension L/k is the multiplication-by-[L : k] map. Now, fix [X]| €
H'(k,G), whose order as a group element we call the period of X and denote by
per(X). If [X1] =0 € H'(L,Gy) for some finite field extension L/k, then

[L : K][X] = (cor ores)([X]) = cor(0) =0 € H'(k,G),
and so per(X) | [L : k]. Since L is arbitrary, per(X) | ind(X). If ind(X) = 1, then
per(X) = 1, meaning that [X] =0 € H'(k,G). So X (k) # @. O
Lemma 4.1.2. Let L/k be a finite separable field extension and T = R(Ll/)k G-

(a) H'(k,T) = k*/Np/(LX).
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(b) If L/k is cyclic, then H'(k,T) = Br(L/k).
(c) HY(L,Ty) = 0. In particular, ind(X) | [L : k] for all [X] € H'(k,T).

Proof. From the short exact sequence of k-tori
0— R(Ll/)k Gm — R Gy, LN G, — 0,
Theorems 3.2.1.(c), 3.4.2, and 3.4.7 yield the exact sequence of abelian groups
L5 2 kX BT = 0,

yielding (a). Now, for any finite cyclic field extension L/k with Gal(L/k) = (o), we

have a canonical isomorphism (see [GS06, Corollary 4.4.10])
k* /Np(L™) = Br(L/k)

given by

v (L/k,0,7)

where (L/k,o0,7) is the cyclic algebra generated over L by w with relations ux =
o(z)u for any € L and ul* = ~. From this, (b) follows immediately. Finally, if

L = k[z]/ (p(x)) and ay, ..., a,, are the roots of p(z) in L, then

p(x) = q(z) [J(= - a)

=1

for some ¢(z) € L[z]. By the Chinese Remainder Theorem,

1

LerL = L®yk]/(p(x))

12
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~
—
=
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where A/L is a finite étale algebra. So the following diagram commutes.

L ® L LxA
NL@I‘A ANA/L

L

In particular, Nig, /1, is surjective since
(id-Nasp)(A\1,...,1) = A
for any A € L. Then
HY(L,Tp) = L* /Npg, o/ (L@ L)) =0,

hence (c). O

Lemma 4.1.3. Let T be a k-torus with a (not necessarily minimal) splitting field E
of finite degree over k, and let [X] € H'(k,T).

(a) ind(X) | [E : K].
(b) If [E : k| is prime, then Totaro’s question has a positive answer for T.

Proof. Since T is split, H'(E,Tg) = 0 by Theorem 3.4.2. Then ind(X) | [E : k],
proving (a). If [E : k] is prime, then by (a), ind(X) =1 or [F : k]. If ind(X) = 1,
then [X] =0 ¢€ H'(k,T) by Lemma 4.1.1. Otherwise, [Xg] € H'(E,Tg) = 0. O

Now, for any finite extension of étale algebras A/B, define

(AY) = {a € A*: Nyp(a) = 1}.



Lemma 4.1.4. Consider the following diagram of separable field extensions

L

Ky

for some m,n > 1, and let T' = R, i, <R(Ll/)K1 Gm) N R,k (R(Ll/)KZ Gm>.

(a) The following sequences of k-tori are exact.

N

0= T = Ricyi(R e, Gr) =2 RY) | Gy — 0
N,

0= T = Riyu(R )i, Gm) = R Gy — 0

(b) The following sequences of abelian groups are eract.

N
(L)) 22 (k9 — HY(k, T) 2 K /Ny, (L)
(L)Y 2L ()W o Bk, T) 2 K Nk (L9)

22

Proof. Left exactness of both sequences is clear from the construction of 7', so proving

(a) amounts to showing that Ny x, and Ny g, are surjective after extending scalars

to k5. If & : (k%)™ — (k°)" and U : (k%)™ — (k®)™ are the maps defined by

m
O(z;;:1<i<m,1<j<n)= (Hx“"”’me>
i=1
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and

then the following diagram commutes.

(k,s)mn
P
/ g{
(k)"

\ @ik (k)"
N(k’s)n/k’s /

N S\m S

Dk s < (k=)™ [k

L ®rk®

y/ NL/K
2
K, Rpk®

Nr, /k

K

Nrcy /i

Any a € (R%(@kks/ks Gy)(Ek®) then corresponds to an m-tuple (aq,...,a,) € (k)™

such that [[a; = 1. But V¥ is surjective: if z;; = @; when j = 1 and z;; = 1
i=1
otherwise, then

U(z;;:1<i<m,1<j<n) = WY(ay, 1,...,1,a9, 1,....1,...;am, 1,...,1)
—— —— ——
n — 1 times n — 1 times n — 1 times
= (ag,...,am),
and in fact,
O(z;:1<i<m,1<j<n) = ®(a,1,....,1,a9, 1,....1,... ap, 1,...,1)
—— —— ——
n — 1 times n — 1 times n — 1 times
= (1,....1).
N——
n times

So this mn-tuple yields a k-point of Rg%k kK @k G,, mapping to a € R% Bk /ks(ks).
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Then Ny g, is surjective as a map of algebraic groups. By a symmetric argument,
Np/k, is surjective too, proving (a). (b) follows from (a), Theorem 3.2.1.(c), and

Lemma 4.1.2. L]

4.2. Technical Results

Two technical propositions are needed for the proof of Theorem 4.0.1.
Proposition 4.2.1. Let L/K/k be a tower of separable quadratic extensions with no
intermediate fields between k and L other than K, and let

T = Rig/i(RY) Gum).

Then Totaro’s question has a positive answer for T'.

Proof. Let M be the Galois closure of L/k in k* and G = Gal(M/k). Either M = L,
in which case G = Z /4Z, or [M : L] = 2, in which case G = Dy4. Suppose that
M = L. Then

Koy L=LxL

as K C L, [K : k] =2, and K/k is separable, and
L®py L= (LxL)x(LxL)

as [L : k] =4 and L/k is Galois. So the following diagram commutes.

~

L® L

(Lx L)x (LxL)

NL®kL/K®kL

BNLXL/L X Npxr/r

K ® L LxL
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Since Ny X Npxr 1 is surjective, so is Nig, 1/ke,1, and so by Lemma 4.1.2.(a),

HY(L,Tp) = (K @1, L) /Nig,r/xe.r (L@ L)*) = 0.

If [M : L] = 2, then since D, contains three distinct subgroups of order 2, there is

another tower of separable extensions M/L'/k such that [M : L'] = 2,
K& L' =~ M,

and

L®, L' Mx M.

So the following diagram commutes.

L ®k LI M X M
Nrgwr /ke,L Nurxn/mr
Ko L/ ~ M

Since Nasxar/n is surjective, so is Nig, 1//ke, 1, and so by Lemma 4.1.2.(a),

HY (L', Ty) = (K @, L") /Nig, 1 ke (L@g L)) = 0.

So ind(X) | 4 for any [X] € H'(k,T), and if ind(X) = 4, then either F = L or L'
will suffice.

Suppose now that ind(X) = 2. Identify [X] with [5] for some § € K* that is
not a norm from L*. Since ind(X) = 2, it can be assumed by [GLL13, Theorem
9.2] using standard Galois theory reductions (cf. [GH06, Lemma 1.5]) that there is a

tower of separable field extensions E'/E/k such that [E' : E] = 2, [E : k] = m for



26

some odd m, and

B € Nigyp ke (L &k E')X).

Write

- E[z]/(x? + x4+ a) if char(k) =2

I

Elz]/(2?* — a) if char(k) # 2

for some a € E*. In both cases, identify the class of x with i € E’. Then there are

ug, Vg € LE not both zero such that

B = Nig,p/Kke.e (o + Voi)

= (NLE/KE(UO) + CZNLE/KE(UO)) + Tr(ug, vo)i

where

trp k(uv) + Ny (v) if char(k) =2
Tk (u,v) =
trr )k (uD) if char(k) # 2

Since f € K*, Tr(ug,v9) = 0, and so

B = Nrg/ke(uo) + aNpp/ke(vo)-

If vg = 0, then 8 = Npg/ke(uo), in which case 3 € K* is represented by the K-
quadratic form Ny i after extending scalars to KE. But [KE : K] = [E : k] =m
is odd. Then by Springer’s Theorem [Spr52|, 3 € Np/x(L*), a contradiction. So
vy # 0.

Now, write

klyl/(y* +y +b) if char(k) =2
klyl/(y* —b) if char(k) # 2

K

I

for some b € k*. In both cases, identify the class of y with j € K. Then there are



B1, B2 € k not both zero such that

B = P+ Baj-

Let N',N%?: L — k and Q',Q?: L?> — k be the k-quadratic forms defined by

NL/K:N1+N2ja

Q' (u,v) = BiN"(u) + bBaN?(u) — N'(v),

and
(B1 + B2)N?(u) + BN (u) + N?(v) if char(k) = 2
BiN?(u) + Bo N (u) — N2(v) if char(k) # 2

Q*(u,v) =

Then setting z¢ = v, and yy = UgVy L

a = 5NLE/KE(930) - NLE/KE(?/O)
= (814 B2))(Nig + Nigi)(zo) — (NLp + Nigpj)(vo)

= Qp(wo,y0) + Q%(xo,%0)J-

Since a € E*, QL (7o, v0) = a and Q%(x¢,y0) = 0. Now, case by char(k).

First, suppose that char(k) # 2. Since trpp/ke(yo) = 0, the isotropic vector for

Q% comes from the subspace

LE® (LE) = (L& L°) @y E

where L = kertry C L. But as [E : k] = m is odd, Q* is isotropic by Springer’s

Theorem [Spr52]. So there is some (z1,%1) € L & L° such that

Q*(z1,91) = BiN?*(21) + BN (z1) — N*(y1) = 0.
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If z; = 0, then y; is an isotropic vector for N2. But isotropic quadratic forms
are universal. So for any x, there is a y such that N?(y) = 1 N?(z) + SoN'(z),

i.e., Q*(z,y) = 0. Then we can assume that x; # 0. So

Q= Ql(%,?ﬂ)
= Q'(w1, ;) + Q%(x1,11)]
= 5NL/K($1) - NL/K(yl)

means that

Niyx (") (Npjr(yi) + ) = B.

With F = k(y/a), [F : k] = 2, and since y; € LY,

+ Vo
NL®kF/K®kF <u> =f.

X

Then [Xr| =0 € H'(F,TF), as desired.
Now, suppose that char(k) = 2. Let T',T? : L — k be the k-linear maps defined
by

trL/K = T’1 + T2j
Since

(Tp(yo) + 1) + TE(yo)i = troexe(y) +1
= thE/KE(UoUO_l) +1
= NLE/KE(UO) (tFLE/KE(UoU_o) + NLE/KE(UO))

= 0,

TZ(yo) = 0, and so the isotropic vector for Q% comes from the subspace

LE® (LE)Y* = (L& L*)®, E
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where L# = kerT? C L. But as [E : k] = m is odd, Q? is isotropic by Springer’s

Theorem [Spr52]. So there is some (z1,4;) € L & L# such that

Q* (w1, 1) = (B + Bo) N2 (1) + BoN* (1) + N2 (1) = 0.

If z; = 0, then y; is an isotropic vector for N2. But the symmetric bilinear form
bN2 : L2 — k
defined by
byz(2,y) = N*(z +y) — N*(x) — N*(y) = T*(27)

is non-degenerate. Then N? is regular and isotropic, hence universal [EKMO08, Propo-
sition 7.13]. So as before, we can assume that z; # 0. Let v = T"(y;). If v = 0, then
y1 =0 as y; € L¥. Setting a = Q'(x1,0) and F = k[z]/(2% + 2 + a) and identifying

the class of z with A € F' yields that

A
Nig,F/KoF (—) =f
T

If v # 0, then

yﬁ%) _ 3

Nrg,F/KeLF ( -

In both cases, [F : k] = 2 and [Xz| =0 € H'(F,Tr), as desired. O
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Proposition 4.2.2. Consider the following diagram of separable field extensions

L

Ky

for some coprime m,n > 1, and let
T=R rRY G, )NR rRY G
Ki/k L/K, m Ko /k L/Ky Ym | -

Then Totaro’s question has a positive answer for [X] € H*(k,T) of index m, n, and
mn. Furthermore, if (ind(X),m) = 1, then ind(X) | n, and if (ind(X),n) = 1, then
ind(X) | m.

Proof. By Lemma 4.1.4.(b), the following sequences of abelian groups are exact.

N
(L)) 22 (k9 — HY(k, T) 2 K /Npi, (L)

N
(L)% 5 (k9 — HY (K, T) 2 K5 /Npjw, (L)

The proof will proceed according to the index.

First, suppose that ind(X) = m. Since [L : Ky =n, K3 /Np/k,(L*) is n-torsion.
But (m,n) = 1, and per(X) | ind(X). So 05([X]) = 0. Then [X] lifts to some
B e (KIX),(;). Now,

Ky®p Ko =2 Ky X B
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where B/ K> is an étale algebra as Ks/k is separable,
Ky @r Ky =L
as K1, Ky C L have coprime degrees and are therefore k-linearly disjoint such that
Ky : k][Ky - k] =mn = [L: k],

and

L®kK2§LXA

where A = B ®g, L/L is an étale algebra as Ky C L and Ky/k is separable. After

identifying through the natural isomorphisms, the following diagram commutes.

Lx A

\ ®kK2 KQ X B
: id-Np,x,

K
NL% Ni/x o
2
R Ko
N
k . /Kz/k

(id-Najr)(8,1) = 6

i

Observe that

and

(NLyky X Nasg)(B,1) = (Nkyyi(8), Najp(1)) = (1, 1),
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meaning that [Xp,] = 0 € H' (K, Tk,). Since ind(X) = [Ky : k| = m, it suffices to
take F' = K,. But only that (ind(X),n) = 1 is needed to show that [Xx,] = 0. So
(ind(X),n) = 1 implies that ind(X) | m. By a symmetric argument, F' = K; suffices
when ind(X) = n, and (ind(X), m) = 1 implies that ind(X) | n.

Now, suppose that ind(X) = mn. Since the sequence of k-tori
N
0= T — Ry, i(RY) e, Gm) ——2 R Gy — 0

is short exact, so is the sequence of Ks-tori

Npxa/roxB

1 1
0= T, — RL/K2(R(L>)<A/L Gp) —— REKixB/Kz G — 0.

Since K3-points of Rgsz/KQ Gy take the form (Npg, k3/x3(87"), 8) for § € (B ®xk,
K3),

(1) ~
R 5/, G = G

By a similar argument,

RL/KQ(R(LQA/L Gn) = Rk, Gioa -

So

Na/B
0— TK2 — RL/K2 Gm,A —_— Gmﬂ —0

is a short exact sequence of Ky-tori. Since A/L is an étale algebra, H'(L,G,,4) = 0

by Theorem 3.4.2. Theorem 3.2.1.(c) then yields the exact sequence of abelian groups

Na/B

A =2 B — HY Ky, Tk,) — 0.



So [Xk,]| lifts to some § € B*. Let C//L be the étale algebra such that

L&k, L= LxC.

Then since
A®K2L = B®K2L®K2L

~ B®gk, (LxC)
>~ Ax (B®g, ),
the following diagram commutes.
ARk, L —=— Ax (B®g, C)
Nagy,r/4 id-Npgy,c/a
B ®g, L = A

But

(id -Npgy,c/4)(B,1) = B,

33

meaning that [X;] = [(Xx,)z] = 0 € HY(L,T;). Since [L : k] = mn, F = L

suffices.

Corollary 4.2.3. Consider the following diagram of separable field extensions

L

]
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for some distinct primes p and q, and let
T = Ric,r (RY)ie. G ) N Ricyyi (RY) . G
Ki/k \ ' Kk, Fm Kao/k \ 1L Ky Fm | -

Then Totaro’s question has a positive answer for T'.

Proof. The claim follows immediately from Proposition 4.2.2. ]

4.3. Proof of Theorem 4.0.1

Let I' = Gal(k®/k). For any rank r k-torus T, define its character module to
be
X(T) := Hom(Tys, Gpps) [ 2 Hom(G), s, Grops) = Z7].

m,kS»

Then X(T') is a rank r T-module. The association T — X(T') is an antiequivalence
between the categories of k-tori and finitely-generated I'-modules; in fact, it is an
antiequivalence between the categories of k-tori split by a finite Galois extension E/k
and finitely-generated Gal(E/k)-modules. The I'-action on X(7') yields a continuous
representation

I — Aut(X(T)) = Auwt(Z") = GL,(Z)

whose kernel h < T' corresponds to the minimal splitting field of 7', a finite Galois
extension E/k. The group GL,(Z) contains the image of this representation, a copy
of I'/h = Gal(E/k). Call this the Galois group of 7. On the other hand, an em-
bedding Gal(E/k) — GL,(Z) lifts to a continuous representation I' — GL,(Z), which

determines a I'-action on X(G],

), identifying the rank r k-torus Spec (E[X(G],)]")
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whose Galois group is Gal(E/k). Explicitly,

{rank r k-tori}/= {rank r I'-modules} /=~

e
o H'(k, Aut(X(G)))
o H'(k, Aut(Z"))
& H'(k,GL,(Z))

= Hom(I',GL.(Z))/~

where p ~ p' if and only if p(I') and p/(I") are conjugate in GL,(Z).

To classify rank r tori, it is necessary to count the conjugacy classes of finite
subgroups of GL,(Z). There are 13 such classes in GLy(Z); in [Vos65], however,
Voskresenskil gave explicit representations of 15 finite groups in terms of matrix
generators along with their associated rank 2 tori. He later corrected this in a short
geometric proof that rank 2 tori are rational [Vos98]; here, he noted that there are
only two distinct maximal finite subgroups of GLy(Z) up to conjugacy, Dy and Dg,
whereas he produced two faithful representations of each of these groups in GLy(Z)
in his earlier classification paper.

For the convenience of the cross-referencing reader, the proof of Theorem 4.0.1 will
follow Voskresenskii’s original classification and will proceed according to Gal(E/k)
where FE is the minimal splitting field of the torus. Recall that for a given group, there
may be multiple isomorphism classes of tori associated to that group (over suitably
general fields) depending on how many conjugacy classes represent its isomorphism
class in GL(Z). Finally: by Lemma 4.1.1 and Lemma 4.1.3, one can reduce ind(X)

to be a non-trivial proper divisor of [E : k.

4.3.1 Rank 1 Tori

There are only two (conjugacy classes of) finite subgroups of GLy(Z) = Z /2 Z:

(1) and Z /2 7Z. These correspond to the two classes of rank 1 tori. For both types, a
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positive answer to Totaro’s question is a trivial consequence of the previous reductions.

1. Gal(E/k) = (1) and T = G,

Proof. T is quasi-trivial, and so we are done by Theorem 3.4.2. O
2. Gal(E/k) = Z/27Z and T = RE/kG
Proof. [E : k| is prime, and so we are done by Lemma 4.1.3.(b). [

4.3.2 Rank 2 Tori

There are 9 isomorphism classes and 15 conjugacy classes of finite subgroups of

GL(Z).
1. Gal(E/k) = (1) and T = G, X Gy,
Proof. T is quasi-trivial, and so we are done by Theorem 3.4.2. O]
2. Gal(E/k) =7 )27
(a) T = Ry), G xRy, G,
(b) T =G, XRE/k G

Proof. [E : k] is prime, and so we are done by Lemma 4.1.3.(b). O

N
A

3. Gal(E/k) 2 Z/2Z T /27T



()

37
TR R(l) G
Li/k E/L; m

Proof. Since [E : k] = 4, we can assume that ind(X) = 2. Then
H'(k,T) = H'(Ly, Ry);, Gn) 2 Br(E/Ly)

by Lemma 4.1.2.(b). Let 6 : H'(k,T) — Br(E/L;) denote the composition.

Since
0([XL.]) = [0([X]) @k Lo]
= [6([X]) ®r, L1 @y Lo]
= (X)) @, E]
— 0€Bi(E/L)
and [Ls : k| = 2, it suffices to take F' = Ls. O
T=R, G, xR} G,

Proof. Since [E : k] = 4, we can assume that ind(X) = 2. As

H'(k,T) = H'(k R}, G, xRy, Gp)
~ 'k R, G,)x H'(k, R, G,)

> Br(Ly/k) x Br(Ly/k)

by Lemma 4.1.2.(b), [X] € H'(k,T) can be identified with a pair of division
algebras Dy and Dy where [Dy] € Br(L;/k) and [Dy] € Br(Ly/k). Since D,
and Dy are both split over quadratic extensions L; and Lo, respectively, each
is either a field or a quaternion division algebra. If either of Dy or Ds is a field,
then it suffices to take either F' = Lo or Lq, respectively. So we can assume

that both Dy and D, are quaternion division algebras.

Let D = Dy ®y Dy. By Albert’s Theorem [Alb72], either D is a division algebra

or Dy and D, have a common subfield F' separable over k such that [F' : k] = 2
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that necessarily splits both algebras. Suppose that D is a division algebra.
Then

indge, (D) = deg(D) = deg(Dy) deg(Ds) = 4.

But since ind(X) = 2, it can be assumed by [GLL13, Theorem 9.2] using stan-
dard Galois theory reductions (cf. [GH06, Lemma 1.5]) that there is a tower of
separable field extensions K'/K/k such that [K' : K| =2, [K : k] is odd, and
D,,, and D, , (hence Dg/) are split. Since [K : k] is odd and indge (D) = 4,

Dy is a division algebra. But as Dy is split and [K' : K] = 2,

indsch(D) = indsch<DK) = 2,

a contradiction. So D; and D, have a common subfield F' separable over k£ such

that [F' : k] = 2 that necessarily splits both algebras, completing the proof. [

4. Gal(E/k) 2 Z /3Z and T = Ry), G,,

Proof. [E : k] is prime, and so we are done by Lemma 4.1.3.(b). O

5. Gal(E/K) 2 Z/AZ = () and T= Ry (RY), . G,

Proof. We are done by Proposition 4.2.1. O]

6. Gal(E/k) 2 Z /3Z X Z /27 = (0) x (7)

E

ET

T = Rpeji (RY)5- Gon) 0 Risogi (R0 Gon)
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Proof. We are done by Corollary 4.2.3. [

7. Gal(E/k) = S5 = (8) x (1)

2
ET EQT E92T
k

(a) T =Ry, Gy

Proof. Since [E : k] = 6, the only cases to consider are ind(X) = 2 and 3.
But by Lemma 4.1.2.(c), only ind(X) = 3 is possible, and F' = E7 suffices by

Lemma 4.1.2.(c). O
(b) T2 Rpep (RS g G ) 0 Rio i (1S o G )
Proof. We are done by Corollary 4.2.3. m

8. Gal(E/k) = Dy 2 Z [ALXZL |27 = (¢) x (7)

IR
EY°T E™ £’ BT ReT
BT E®  poter

AN

k

(a) T Ry (B e, G

ET/E$*T T



40

Proof. We are done by Proposition 4.2.1. O]
~ (1)
(b) T= RE<f>27<¢57/lc <RE¢T/E¢2,¢T Gm)

Proof. T is isomorphic to the torus from (a). O

9. Gal(E/k) = Dg X7 /6 Z X7 )27 = (o) x (7)
E

EU3,TEU3,02EU3,04T

- E° EO’2,TEO'2 ,OT

3 - ,1_:'}.'_-',-':;}}»,'_ %

(2) T2 Ry (RY) 2 G ) N0 Rpos g (RS0 G ) O Ripe s G

Proof. Observe that t € T(A) for a k-algebra A if and only if

ot = 1
ot = 1
o=t

which means that
T~R,. (R(l) G )mR ) (Ru) G )
T UETT R TR /Bt T EoST [k \"VET /R T )

So we are done by Proposition 4.2.1. O
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~ 1
(b) T'= REUQ/k (R( ) BB

8
D o G ) N Ryos (R

Gm) N R ic (RS} - G )
Proof. T is isomorphic to the torus from (a). O

This exhausts Voskresenskii’s classification and thus completes the proof of The-

orem 4.0.1.

4.4. del Pezzo Surfaces

We now prove a general consequence of Theorem 4.0.1.

Corollary 4.4.1. Let X be a regular variety over a field containing a principal ho-
mogeneous space of a smooth torus of rank < 2 as a dense open subset. If X admits

a zero-cycle of degree d > 1, then X has a closed étale point of degree dividing d.

Proof. Write X = Y for some principal homogeneous space Y under a torus 7' of
rank < 2. By a general moving lemma for zero-cycles (cf. [GLL13, Theorem 6.8]),
given a closed point of X of degree n, there is a zero-cycle on Y of degree n. So given
a zero-cycle on X of degree d, there is a zero-cycle on Y of degree d. By Theorem

4.0.1, Y C X has a closed étale point of degree dividing d. O]

A del Pezzo surface is a smooth projective surface X over a field £ whose
anticanonical bundle w;(l is ample. Its degree is the self-intersection number D =
(Kx, Kx) of its canonical divisor Kx and lies between 1 and 9. If D = 8, then Xjs is
isomorphic to either PZ, blown up at a point or P}, x P}.; otherwise, Xjs is isomorphic
to P% blown up at 9 — D points in general position. Manin [Man86] is a standard
reference for these results; in fact, it is a theorem of Manin that del Pezzo surfaces
of degree 6 contain torsors of rank 2 tori as dense open subsets (cf. [Man72, Teorema

8.6], [Man86, Theorem 30.3.1]). This gives us the following result.
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Corollary 4.4.2. Let X be a del Pezzo surface of degree 6. If X admits a zero-cycle

of degree d > 1, then X has a closed étale point of degree dividing d.
Proof. This follows immediately from Corollary 6.1. O

Of independent interest are the particular rank 2 tori that arise from del Pezzo
surfaces of degree 6 within Voskresenskii’s classification. By the explicit algebraic
computations of Blunk [Blul0], over a non-separably-closed field k, each such torus

takes the form

T = Rioyi (R, Gon) /R 1 G
for some diagram of separable field extensions

L B

Lemma 4.4.3. T'= Ry, s, <R(L1/)K1 Gm> N R,k (R(Ll/)KQ Gm>.

Proof. Let Gal(L/K,) =7 /27 = (o) and
S = Rici (R G ) N Ricyi (RY),. G
Ki/k \ 1t i, FTm Ka/k \ 1L /Ky m ) -
It suffices to show that the sequence of k-tori

0— R(l)

G iyt (B, G ) 5 5 =0
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where ¢ is the inclusion map and ¢ is defined functorially for any k-algebra A by

A
Bii (B, Gm) (4) Z55 5(4)

is short exact. Left exactness is clear since K7 = L7, so all that remains is to show

that ¢ is surjective after passing to the separable closure k5. Let 5 € S(k®). Then

Nigwrs/k12uks (B) = 1 = Nigyrs/ kowiks (5)-

By Theorem 3.4.2, 3 = o(y)y~" for some v € (L ®j k%)*. Set X = Npg, s/ ook (7).
Then

c(MA = Nrgurs /oo (8) = 1,

e, A€ ((Ky®y k%)) = (k%)*. Since K, /k is separable and k® is separably closed,
Ky @k k* = (k®)%. So there is some 7 € (K ®j, k%)™ such that A = N, g e /x:(1). Set

a =n~'y. Then
NL@kkS/K2®kks (Oé) = NL@kkS/K2®kks (7771'7) = AilNL@kks/Kz(@kks(fy) =1,
ie., a€ Ry, (R(Ll/)Kz Gm> (k%), and

@) =p ()=o) (1) =o' =5,

completing the proof. O
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Chapter 5

Totaro’s Question for Adjoint

Groups of Types A; and As,

This chapter is largely excerpted from the author’s paper of the same name to

appear in Proceedings of the American Mathematical Society [GSa).

Theorem 5.0.4. Let k be a field of characteristic not equal to 2, and let G be an
absolutely simple classical adjoint group over k of type Ay or As,. Then Totaro’s

question has an affirmative answer for G.

Theorem 5.0.4 has a concrete interpretation in terms of algebras with unitary
involution. Let K /k be an étale quadratic extension, let A and B be central simple
algebras over K of degree 2 or odd degree, and let o and 7 be K/k-involutions on A
and B. If Ly,..., L, /k are finite field extensions with ged{[L; : k]} = d such that
(A,o)r, = (B,7)r, for i = 1,...,m, then there is a separable field extension F/k
with [F': k] | d such that (A,0)r = (B, T)p.
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5.1. Lemmata

Proceeding with the notation from section 2.2.2; let K/k be an étale quadratic
extension, let A be a central simple algebra over K, and let o be a K/k-involution
on A. If A is Brauer—equivalent to a division algebra D, then D also admits a K/k—

involution § by the following existence criterion.

Theorem 5.1.1 (Albert—Riehm—Scharlau [Sch75, p. 31]). A central simple algebra

D over K admits a K/k-involution if and only if [D] € ker[Br K < Brk].

Since Totaro’s question asks about the existence of a separable field extensions over

which a given torsor has a point, the following classical theorem will prove essential.

Theorem 5.1.2 (Jacobson [Jac96, Theorem 5.3.18]). Let D be a central division
algebra over K with K /k—involution §. Then there exists a maximal subfield E C D,

separable over k, such that §(E) = E and E = KE°.

If G = Aut(A, o) is absolutely simple and adjoint of type A,, then H!(k, G) clas-
sifies isomorphism classes of algebras of degree n + 1 over K with unitary involution.

Since this Galois cohomology set has trivial element [(A, 0)], for any field extension

L/k,

(B,7)]p=1€ HY(L,GL) <= (A,0)®, L= (B,7)® L
— AR L=B®,Land c®id;, = 7®idg,

<= L splits A®kg B? and o ® id;, & 7 ®idy, .

Our objective then is to find minimal separable field extensions of k that split A® x BP
followed by minimal separable field extensions to make the involutions isomorphic.
In fact, o is the adjoint involution of some hermitian form on (D, §) determined up to
similarity in £, and two unitary involutions on A are isomorphic if and only if their

associated hermitian forms are similar. So once the underlying algebras are isomor-
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phic, it suffices to find a minimal separable field extension to make the corresponding
hermitian forms similar.

Write W (k) for the Witt ring of quadratic forms over k, and let W (D, §) denote
the Witt group of hermitian forms over (D, ). The tensor product of forms induces
a W (k)-module structure on W (D, ). The next two claims will be critical to the

proof of Theorem 5.0.4.
Lemma 5.1.3. Ifo and 7 are K/k—involutions on A, then (A, o) K = (A, 7))@, K.

Proof. By [KMRT98, Proposition 2.4], (A,0) ® K = (A x A ¢) where ¢ is the

exchange involution on A x A°°. The same holds for (A, 7) ®; K. O

Proposition 5.1.4. Let 0 and 7 be K/k-involutions on A, and let L/k be a field
extension of odd degree. If (A,0) ®p L = (A, 7) ® L, then (A,0) = (A, 1).

Proof. By the above remarks, it suffices to show that if A and A’ are hermitian forms
over (D,0) such that h ®; L = A\(W ® L) for some A € L*, then h = vh' for some
v € k*. We first assume that L = k(\) is a simple field extension of odd degree over

k. There is a natural embedding of modules (cf. [BFLI0, Proposition 1.2])

r*:W(A, o) > W((A, o) ® L)

induced by the extension of scalars, and any non-vanishing k—linear functional s :
L — k induces a homomorphism of modules called the Scharlau transfer with

respect to s

se : W((A,0) @ L) — W(A, o),

sending a class of hermitian forms [] on D ®; L over L with respect to § ® 1 to the
class of

son: (D®pL)x (D@, L) 5 L3k
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Arguing as in [Sch85, Lemma 2.5.8] and [BFL90, Proposition 1.2], given the linear
functional defined by s(1) = 1 and s()\) = --- = s(AlX#=1) = 0, the Scharlau transfer

with respect to s satisfies the projection formulas
$«([h @k L]) = s.(r*([h])) = s.(r*([1])) - [] = [A]
and
s (AW @ L)]) = s([A] - ([W])) = s.([A]) - [W] = [Np/w(AMA].
Since h ®j, L = AW ®, L), comparing dimensions yields that h = Ny /(AR

Now, if k(\) C L, then we can filter L/k()) as a tower of simple field extensions

EOGAL, - A1, An) 2 k(A A, A1) 20 2 k(A

=

each of odd degree. Let Lo = k(\) and L; = k(A Ay,..., \;) fori =1,... n. For each
field extension L;/L; ; of degree d;, define an L; ;-linear functional s : L; — L;_;
by s(1) = 1 and s'(\;) = --- = s*(A%"!) = 0. Each of of these linear functionals
is also k(\)-linear, and so each associated Scharlau transfer satisfies s’ ([\]) = [A] by

the projection formulas. Then

st([h @y Li]) = [h @y, Li_1]

and

s (AR @k Li]) = AW ®k Li-1)]

for each ¢t = 1,...,n. By comparing dimensions, the result is immediate. O]
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5.2. Proof of Theorem 5.0.4

The étale quadratic extension K is isomorphic to k X k or a quadratic field exten-

sion of k.

Case 1. K =2k x k.

In fact, Totaro’s question has a positive answer for adjoint groups of type A,
for any n in this case. By [KMRT98, Proposition 2.4], (4,0) = (B x B &) where
B is a central simple algebra of degree n + 1 over k and ¢ is the exchange involution
on B X B°®. So G = Aut(A, o) = PGL;(B). Since H'(k,GL1(B)) = 1 by Theorem

3.4.3, the short exact sequence

1 = G,, — GLy(B) - PGL{(B) — 1

of linear algebraic groups over k yields an injection H'(k,PGL(B)) < Brk via
Theorems 3.2.1 and 3.4.6. A PGL;(B)-torsor is a Severi-Brauer variety X as-
sociated to some central simple algebra C' of degree deg(B) over k, and the in-
jection H'(k,PGL;(B)) < Brk is given by [X] — [C ®; B°®]. So ind([X]) =

indse, (C ®k B°P), and the claim follows from Theorem 2.1.2.(b).

Case 2.1. K/k is a separable quadratic field extension and G is adjoint of type
A

G = Aut(A, o) where A is a quaternion algebra over K and o is a K /k-involution
on A. The following theorem of Albert says that quaternion algebras with K/k—

involutions are completely determined by certain quaternion subalgebras over k.

Theorem 5.2.1 (Albert [Alb61, p. 61]). Let Q be a quaternion division algebra over
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K with K/k—involution o. Then there exists a unique quaternion division subalgebra
Qo C Q over k with its canonical (symplectic) involution og such that Q = Qo Qk K
and 0 = 0y ® ~ where Gal(K/k) = {id, " }.

So there is a unique quaternion algebra Ay over k& with canonical involution oy such
that (A,0) = (Ag,00) @ K. Given any [(B,7)] € H'(k,G) with descent [(By, 79)],
(A,0) and (B, 1) are completely determined by A, and By, and for any field extension
L/k,

(B,7")]p=1€ HY(L,Gy) <= (A,0)®y L= (B,7)® L

<— AR L=2BQ;Land c®id; 2 7®idy,
— Ay®yp L= By®y L
<~

L splits Ay ®;, By.

So the field extensions trivializing [(B, )] € H'(k, G) are precisely the splitting fields
of the central simple algebra Ay ®; By. In particular, indse, (Ao ®% Bo) = ind([B, 7]).
By Theorem 2.1.2.(b), there is a separable splitting field of Ay ®; By of degree

indsen (Ao ®k By) over k, yielding the result.

Case 2.2. K/k is a separable quadratic field extension and G is adjoint of type
Agy,.

G = Aut(A,o0) where A is a central simple algebra odd degree 2n + 1 over
K. Fix [(B,7)] € H'(k,G), and let D be the division algebra Brauer-equivalent
to A ®x B°P. If D is split by some field extension L/k, then so is A @k B°P, in
which case A ®, L =2 B ®; L. Then either ¢ and 7 become isomorphic over L, in
which case we are done, or ¢ and 7 become isomorphic over KL by Lemma 5.1.3.
Since every field extension that trivializes [(B, 7)] necessarily splits D, we see that

ind([(B,7)]) = 2% indgen (A @ B°P) where § = 0 or 1.
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Suppose first that ind([(B, 7)]) = indge (A @k B°P). Since K7 = K™ =k,

cor(D) = cor(A)cor(B°?) =0 € Brk.

So D admits a unitary involution § such that K° = k by Theorem 5.1.1. By Theorem
5.1.2, D contains a maximal subfield E, separable over k, such that §(F) = E and

E = KE°. Since

indgg (A ®x B) = deg(D) = [E: K] = [E° : k]

and D ®, B = D ® E is split, A ®;, E° = B ®,, E°. Then ind([(B, 7)]) is odd as

ind([(B, 7)]) = indsey(A @k B) | deg(A @y B®) = (2n + 1)

So there is a field extension L/k of odd degree such that (A,0) ®x L = (B, 7T) Q4 L,
hence

(A, 0) ® B°) @ps (B° @1 L) = ((B,7) @k E°) ®ps (B° @ L).

In particular, o and 7 (viewed as involutions on the isomorphic algebras A ®; E°
and B ®; E°) become isomorphic over E° ®; L. Since [L : k| is odd, E° ®; L is
isomorphic to a direct product of field extensions of E°, at least one of which must
have odd degree, else dimps(E° ®;, L) would be even. Call this extension M. Then
o and 7 become isomorphic over M. As [M : E°] is odd, o and 7 become isomorphic
over E° by Proposition 5.1.4, meaning that (A,0) ®, E° = (B,7) ®; E°. Since
[E° : k] = ind([(B, 7)]), it suffices to take F' = E°.

Finally, suppose that ind([(B, 7)]) = 2indss(A®K BP). Proceed exactly as above
to obtain the separable field extension E°/k of degree indgq, (A ®x B°P) such that

A®y E° 2 B®, E°. By Lemma 5.1.3, (A,0) ®, KE° = (B,7) ®, KE°. Since



indg, (A ® B°P) is odd,

[KE®: k] = [K : k][E° : k] = 2indg, (A @k B°P) = ind([(B, 7)]),

and so it suffices to take F' = K E°, completing the proof.

51
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Chapter 6

Negative Answers to Totaro’s

Question

This chapter is largely excerpted from the author’s paper with V. Suresh entitled
“Totaro’s Question on Zero-Cycles on Torsors.” We give two classes of smooth con-
nected linear algebraic groups G for which Totaro’s question has a negative answer:
one over any p-adic field and one over complete discrete valuation fields whose residue
field is a global field of characteristic not equal to 2 (e.g., Q((¢))). We then use ap-
proximation arguments to produce examples over Q, Q(t), and Q,(t). The techniques
involved are class-field-theoretic and fundamental to algebraic number theory, and so
the reader should refer to Chapters VI and VII of Cassels—Frohlich [CF67].

In the first case, the ranks of the constructed groups depend on their chosen p-
adic ground field, but their non-trivial torsors all have index p and no closed points
of degree p. To illustrate this first construction, we give an explicit example of a rank
8 group—a torus, even—over Q, satisfying the desired properties. In the second case,
we produce groups of rank p for any odd prime p and torsors of index 2 having no
closed points of degree 2. Finally, by an observation of Colliot-Thélene, we produce

failures of Totaro’s question in all higher ranks given each primitive example.
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6.1. Examples over p-adic Fields

To produce the first class of examples, we begin with a number of lemmas.

Lemma 6.1.1. Let k be a field, and let p be a prime not equal to char(k). Then for

any a € k* — (k*)P, the kernel of the natural homomorphism
B[ (R) = k() ) (k(Ya)*)"

1s generated by the class of a.

Proof. Let ¢ € k® be a primitive pth root of unity. Then p 1 [k(() : k], and so
ker[k* /(k*)P — k(¢)*/(k(¢)*)P] is trivial. So by replacing k with k((), we can
assume that ¢ € k. Then by Kummer theory, the field extension k(¢/a)/k is cyclic
with Gal(k(¥/a)/k) = (o) where o(¥/a) = ('¥/a for some i coprime to p. Let b € k*
such that b = ¢ for some ¢ € (k(¥/a)*)?. Then o(c) = (‘¢ for some j. Since p 1 1,
there is some 4 such that i’ = j mod p. Then o(¥/b/(¥/a)") = ¥Vb/(¥/a)”, hence
Yb/(¥/a)’ € k. So b= a’dP for some d € k*. O

Lemma 6.1.2. Let k be a field, and let p be a prime not equal to char(k). Then for

any finite field extension L/k of degree n, the kernel of the natural homomorphism
B/ (R)P — L™ (L*)

has order at most p*»(™.

Proof. Write n = p?m where d = v,(n) and p f m. We proceed by induction on
d. First, suppose that d = 0. Then p 1 [L : k], and so ker[k*/(k*)P — L*/(L*)P]
is trivial. Now, suppose that d > 1. Fix a € k* — (k*)? with a € (L*)?, and let
E = k(¥/a) C L. By Lemma 6.1.1, ker[k*/(k*)? — E*/(E*)?] has order p. Since
(L : E] = p®~'m, by the induction hypotheses, ker[E* /(E*)P — L*/(L*)P] has order

at most p?~t. So the order of ker[k* /(k*)P — L*/(L*)P] is at most p?. O
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Lemma 6.1.3. If k/Q, is a field extension of degree d, then [k*/(k*)?| > p**t.

Proof. Let q be the number of elements in the residue field of k. By [Neu99, Propo-
sition IL.5.7], we have k* 2 Z&(Z /(¢ — 1) Z) & (Z /p* Z) & Z for some a > 0. Then

(Z /pZ)%*! is isomorphic to a subgroup of k* /(k*)P. O

Now, recall from local class field theory that for any p-adic field k£ and any n >
1, there are only finitely many extension of k of degree n—see [Lan94, Proposition

I1.5.14]-and there is always at least one such extension.

Lemma 6.1.4. Let k be a p-adic field, and let E/k be a finite field extension con-
taining all of the degree p field extensions of k. Let D be a division algebra of degree

p over E. Then for sufficiently large M, there ezist a degree M field extension L/k
and an a € L* \ (L*)? such that D @ (E @ L(¥/a)) is split.

Proof. Let N = [E : k]. Let py,...,ps denote the distinct partitions of N. For each

i=1,...,s,1let my = > 1,(n), and choose any M > max {m;}. Since k is a p-adic
nep; i=1,..., s
¢
field, there exists a field extension L/k of degree M. Then E ®; L = [] L; for some
j=1

t
field extensions L;/L each of degree at most N. In fact, Y [L; : L] = [E : k] = N,
j=1

and so these degrees form a partition of N. For each j =1,...,¢, let
Hj =ker[L™ /(L*)" — L7 /(L )].

By Lemma 6.1.2, the order of each H; is at most p»(Li:E) . So

t

t t ([LL] z ]/p([L]L]) M
Z |H]|S H |Hj|:H|Hj|§HpVP Jt )§p3:1 < pM.
Jj=1 j=1

|H;|>1 |H;|>1

Since |L*/(L*)?| > pM*! by Lemma 6.1.3, there exists some a € L*\ (L*)P such
that a(L*)? ¢ Hj for all j, i.e., such that a ¢ (L) for all j. As each L; is a p-adic

field and D is a central simple algebra of degree p over E, D ®p L;(¥/a) is split by



[CF67, Corollary VI.1.1]. Let F = L(¥/a). Then [L : k] = M, [F : L] = p, and
¢
E @y F= 1] L;j(¥/a), hence D ®p (E ®y, F') is split. O

j=1

D= 1 Diycom * 11 My(L ()

E @ F = HL(\/_)

Jj=

p t//\

E®pL= HL L(

. \//
T o

Theorem 6.1.5. Let k be a p-adic field, and let E/k be a finite field extension contain-

(¢a)

ing all of the degree p field extensions of k. Then every non-trivial Rg/(PGL,)-torsor

has index p but has no closed point of degree p.

Proof. Let G = Rp;,(PGL,), and let X be a non-trivial G-torsor over k. Since
H'(k,G) classifies G-torsors over k by Theorem 3.4.1, X corresponds to an element
of H'(k,G). By Theorem 3.4.7, we have H'(k,G) <+ H'(E,PGL,), the latter of
which classifies central simple algebras of degree p over E up to isomorphism by
Theorem 3.4.5. Since X is not the trivial torsor, the corresponding degree p algebra
D is non-split and is therefore division and of Schur index p.

Recall that for any field extension K /k, X (K) # @ if and only if D®p (E® K) is
split. By Lemma 6.1.4, there exist degree M; field extensions L;/k for sufficiently large

M; and degree p field extensions F;/L; such that the algebras D®g (E ®y F;) are split.
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So each X (F;) # @. Since we can choose the M; to be arbitrarily large, we can also
choose M; and My to be coprime. Then ged{[F} : k], [F> : k|} = ged{pM;,pM>} = p,
hence X admits a zero-cycle of degree p. So ind(X) =1 or ind(X) = p.

If ind(X) = 1, then X has a closed point of some prime-to-p degree m. Then
D ®g (E ® K) is split for some degree m field extension K/k. So F ®; K = f[ K;

=1
q

for some field extensions K7, ..., K,/E such that ) [K; : E] = [K : k] = m, meaning
i=1

that D ®pg K; is split for each i. Since p{m, p1 [K; : E] for some i*. But D ®pg K;»

being split contradicts that D has Schur index p. So ind(X) = p.

Now, if K/k is a degree p field extension, then F ®; K = ][] E; for some field

=1

q

extensions Ey,..., E,/E such that Y [E; : E] = [K : k] = p. Since K C E by the
i=1

choice of E, each [E; : E] <p—1,else ¢ =1 and E ®;, K is a field extension of E.

Just as before, each D ®p E; is division since D has Schur index p. Then D ®, K is

not split, hence X (K) = @. So X has no closed points of degree p. O]

For an illustrative example, let k = Q, and E = k(v/2,v/3,v/5). Then [E : k] = 8,
and F contains every quadratic extension of k. Let G = R/ (PGL,), which evidently
has rank 8. By Theorem 6.1.5, every non-trivial G-torsor has index 2 but has no closed
point of degree 2. In fact, there is only one non-trivial G-torsor over k: the class of
Rp/k(C) for the conic C : (ax® + by* = 2*) C P, where Q = (a,b)g is the unique
quaternion division algebra over F by local class field theory. The conic is birational
to the variety N : (Np(/a),p(®+yy/a) =b) C Py, a Rg()ﬁ)/E(Gm)—torsor over E. Let
T = RE/k(Rg()\/a)/E(Gm)). Then 7' is a rank 8 torus birational to GG, and so Rg/i (V)

is a non-trivial T-torsor of index 2 with no closed points of degrees 2.

Corollary 6.1.6. There exist a semisimple linear algebraic group G (and a torus T)
of rank 8 over Q and a non-trivial G-torsor (and T-torsor) that has index 2 but has

no closed points of degree 2.

Proof. Letk=Q, E = Q(v2,vV3,V5), B2 = Qy(v/2,v3,V5), and G = R, (PGLy).



57

Observe that E ®; Qy = F, is a field, and so there is only one valuation v, on E
extending the dyadic valuation on k. Fix a real place v, on E. As in the previous
example, there is a unique quaternion division algebra ()5 over Fy, and furthermore,
there is a unique quaternion division algebra @), over R = F..

From the Brauer exact sequence ([Pie82, Theorem 18.5])

0 — Br(E) - Br(E,) - Q/Z 0
veQ

where () is the set of places of E, we obtain a quaternion division algebra () over E
such that Q®p Es = Qa, QR Fs = Quo, and Q®g E,, is split for all v € Q—{vs, vy }.
If @ were split by any quadratic field extension of k, then ()5 would be split by a
field extension of @, of degree at most 2, which is impossible by Theorem 6.1.5
as (2 identifies a non-trivial Rp,,q,(PGLy)-torsor. So the non-trivial G-torsor X
corresponding to () has no closed points of degree at most 2.

Now, we show that X admits a zero-cycle of degree 2. By Lemma 6.1.4, for
sufficiently large M, there is a degree M field extension Ly/ Q, and an a € L3 — (L3)?
such that Q)2 ®p, (E2 ®q, La2(y/a)) is split. Then by Krasner’s lemma-see [Lan94,
p. 44, Section 1.2, Corollary|-there is a degree M field extension L/Q such that
Ly = L ®; Q,. Let 5 and 7, denote valuations on L extending the dyadic and real
valuations on k, respectively. Then L., the completion of L with respect to I, is
isomorphic to either R or C, hence F, ®r Lo = R or C.

Now, choose an o € L* \ (L*)? that approximates a at 7, and —1 at 7. Since
Q2 @, (B2 ®g, L2(v/a)) and Qo ®p., (Fa ®r Loo(v/—1)) are both split, the Brauer
exact sequence yields that Q®g (F®y, L(y/«)) is split. So the field extension L(y/«)/k
yields a closed point of degree 2M on X. Since M can be taken to be arbitrarily large,
X admits a zero-cycle of degree 2. So ind(X) =1 or ind(X) = 2.

If ind(X) = 1, then X has a closed point of some odd degree m. Then Q ®p (E ®
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K) is split for some degree m field extension K/k. Since [E : k] =8, E®; K 2 EK
is a field, and so [EK : E] = [K : k| = m. But ) is a quaternion division algebra over
E, and Q) ®g EK being split contradicts that ¢ has Schur index 2. So ind(X) = 2.
Arguing exactly as in the previous example yields a rank 8 torus 7" over Q birational

to G and a T-torsor satisfying the desired properties, completing the proof. O]

Remark (Colliot-Thélene). If G is a smooth connected linear algebraic group of rank r
over a field k£ and X is a non-trivial G-torsor exhibiting a negative answer to Totaro’s
question, then for any n > 0, X x; G,, and X x; SLj are non-trivial torsors under
G x; G and G Xy, (SLs2)", respectively, exhibiting negative answers to Totaro’s
question. In particular, Corollary 6.1.6 then says that for every r > 8, there is a
semisimple linear algebraic group G (and a torus T') of rank r over Q such that every

non-trivial G-torsor (and T-torsor) has index 2 but has no closed points of degree 2.

6.2. Examples over Other Discrete Valuation Fields

To produce the second class of examples, we exploit an arithmetic feature of
“higher-dimensional” fields: the existence of biquaternion division algebras. We begin
by constructing quaternion algebras whose corestrictions along some field extensions

of odd prime degree are Brauer equivalent to biquaternion division algebras.

Lemma 6.2.1. Let k be a global field of characteristic # 2, and let p an odd prime.
Let £/k be a separable field extension of degree p. Then there exist a quaternion
division algebra Q) over k and a X\ € £* such that

1. Q @i (V) is split,

2. Nyi(N) & (k%)% and

3. Q @k k(\/Nei(N)) is division.

Proof. Let €2 denote the set of places of k. As a consequence of the Chebotarev

Density Theorem-see [Neu99, Theorem VII.13.4]-there are distinct places v, € Q
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with respective parameters 7,7’ € k that split completely in ¢ into places vy, ..., 1,
and v],...,v,. Choose 0,0 € k* — (k*)? such that 6 ¢ (k))* and " & (k)%
Furthermore, let v” € € such that ¢ ®y, k,» is a field, and let 7”7 be the unique place

of ¢ extending v”. Then ¢z = { @y k,». Since [( : k] is odd, there exists some ¢ € £

l‘/’//

such that Ny, /5, (0”) ¢ (k). By approximation, we can choose a A € £* that is

V//

a) close to m (resp. 7') at vy (resp. v),

) pfl
(c

(d) close to 0" at D".

(a)

(b) close to 0 (resp. 0') at vo, ..., v, (resp. v, ...,V ),
) close to 710~ (resp. 16 ~P=2)) at v, (resp. vy), and
)

By the Brauer exact sequence, there is a quaternion division algebra ) over k such
that Q®yk, and Q ®yk,, are division but Q ®x k,, is split for every w € Q—{v,'}. By
(a), (b), and (c), A is not a square at any v; or v, which means that each b, (V) /1,
and each £, (VN)/ {,; is a quadratic field extension. Then by [CF67, Corollary VI.1.1],
cach Q ®y £,,(v/A) and each Q @, EV}(\/X) is split.

Now, since @ ®, k, is split for every w € Q — {v,V'}, Q ® E(\/X) is split at
every place of £(v/)\) and is therefore split by the Brauer exact sequence, yielding the
first condition. As Ng_, i, (0") ¢ (k))?, Ne i, (N) € (k) by (d). So Nyj(X) ¢
(k*)?, hence the second condition. By (a), (b), and (c), Ny(A) is close to 1 at v,
hence /Nyi(A) € ky. Then Q &y, kv (\/Nejr(A)) = Q @y, ky, is division, hence so is

Q @k k(y/Neik(A)), yielding the third condition and completing the proof. O

Proposition 6.2.2. Let k be a global field of characteristic not equal to 2, let p be
an odd prime, let {/k be a separable field extension of degree p, let K be a complete
discrete valuation field with residue field k, and let L/K be the unique unramified
field extension of degree p with residue field £. Then there exists a quaternion division

algebra D over L such that indge,(cory k(D)) = 4.

Proof. Let R C K and S C L be the rings of integers, let m € R be a parameter, and

let () be a quaternion division algebra over £ and A € £* as in Lemma 6.2.1. Since
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Br(k) = Br(R) see [Cip77, p. 257, Corollary|-there is a quaternion algebra D, over
R such that Dy ®g R/(m) 2 Q. Let Dy = Do @p K. If u e S%is a lift of A € (%,
then since Q ®y, £(v/A) is split, so is Dy @k L(+/u). Then Dy ®x L = (u,a);, for some
a € L™ by [GS06, Proposition 1.2.3].

Let D = (u,an)r. Then [D] = [(u,an)] = [(u,a)r] + [(u, 7)r] by [GS06, Lemma
1.5.2]. Note that coryx([Dy @k L]) = corpk o resp x([Do]) = p[Do] by Lemma
3.3.3. Since p is odd and corpx([(u,7)L]) = (N x(u), 7)k] by [CF67, Proposition
IV.7.9.(iv)], cory/k ([D]) = [Do] + [(Nr Kk (u), 7)k]|. Noting that Dy is unramified over
R, Npjk(u) € R, and Dy @k K(\/Nr/Kk(u)) is a quaternion division algebra, [FS95,

Proposition 1.(3)] yields

indgen(corr k(D)) = indsen(Do @ (No/x(u), m)x)
= [k(\/Nye(N) : &] - indsen(Q @ k(/Neye(V))
=4

Y

as desired. [

D ®p L(y/u) &

/\

S = OL p corpg(D)  Dy=Dy®@r K

(u,a)r
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Proposition 6.2.3. Let K be a field, L/K be a separable field extension of prime
degree p, and let A be a central simple algebra over L such that p 1 indsen(A). Then
there exists a field extension F/K such that pt [F : k] and ARy (L &k F) is split.

Proof. Since A is a central simple algebra over L, by Theorem 2.1.2.(c), there exists
a finite separable extension E/L such that A ® E is split . Replacing E by its
Galois closure over K, we can assume that E/K is Galois. Let S, be the p-Sylow
subgroup of the Galois group of E/K, and let F' = E*» be the fixed field of S,. Then
pt[F:K]and [E: Flisapowerof p. As[L: K] =p, FC L F = LF C E. Then
p1[LF : L] and [E : LF] is a power of p. Since A ® E is split and p 1 indgen(A),
A®p LF 2 A®p (L ®k F) is split by Theorem 2.1.2.(a). O

Theorem 6.2.4. Let k be a global field of characteristic not equal to 2, let {/k be a
separable field extension of odd prime degree p, let K be a complete discrete valuation
field with residue field k, let L/K be the unramified field extension of degree p with
residue field £, and let G = Ry /x(PGLy). Then there exists a non-trivial G-torsor X

such that X has index 2 but has no closed points of degree 2.

Proof. Let @@ be a quaternion division algebra over L as in Proposition 6.2.2. By
Theorems 3.4.7 and 3.4.5, H'(K,G) +» H'(L,PGL,) classifies quaternion algebras
over L up to isomorphism. Let X be the non-trivial G-torsor over K given by (). Then
X(K) =@. Let E/K be a quadratic field extension, and suppose that X (F) # &.
Then Q®p, (L®k E) is split. In particular, cory,x(Q)®x £ is split. Since [E : K] = 2,
indgen (corr/k(Q)) is at most 2 by Theorem 2.1.2, contradicting the choice of @ by
Lemma 6.2.1. So X has no closed points of degree 2.

Now, since @ is split over a quadratic field extension of L and [L : K| = p is odd,
X has a closed point of degree 2p. By Proposition 6.2.3, there exists a field extension
F/K such that p 1 [F : K] and Q ®, (L ®k F') is split. Then X(F) # @. Since

cory/k(Q) ®x F = corpp/p(Q ®r, LF) is split and indge, (cory/x(Q)) =4, 4 | [F: K]
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by Theorem 2.1.2.(a). Asp 1 [F : K], X admits a zero-cycle of degree 2. Then arguing

as in the proof of Theorem 6.1.5, ind(X) = 2. O

Corollary 6.2.5. Let k be a global field of characteristic not equal to 2, let £/k be
a separable field extension of odd prime degree p, and let K be a complete discrete
valuation field with residue field k. Then there exist a torus T of rank p over K and

a non-trivial T-torsor X that has index 2 but has no closed points of degree 2.

Proof. Let Q) = (a,b) be a quaternion division algebra over L as in Proposition 6.2.2.
Then arguing as in the example from Section 6.1, the non-trivial Ry, x(PGLs)-torsor

obtained in Theorem 6.2.4 is birational to a non-trivial RL/K(RS()\/@ (G,y,))-torsor,

/L

which necessarily has index 2 but has no closed points of degree 2. O

Remark. Q(t) (resp. Q,(t)) has a discrete valuation v with residue field a global field
of characteristic not equal to 2. Arguing as in Corollary 6.1.6, the constructions of
Theorem 6.2.4 and Corollary 6.2.5 over the completion of Q(t) (resp. Q,(t)) at v
descend to Q(t) (resp. Q(¢)). So there exist smooth connected linear algebraic groups

over Q(t) and Q,(t) for which Totaro’s question has a negative answer.

Remark (Colliot-Thélene). If we take p = 3 throughout this section, then Theorem
6.2.4 and Corollary 6.2.5 yield semisimple linear algebraic groups and tori, respec-
tively, of rank 3 for which Totaro’s question has a negative answer. Arguing as before,

we then produce failures of Totaro’s question in all ranks at least 3.
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