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Abstract

Characterization of Quasiconformal Mappings and Extremal Length Decomposition
By Wenfei Zou

Quasiconformal mappings have abundant subtle analytic and geomet-
ric properties, which can be used widely in various contexts. The reason
probably lies in that there exists several equivalent definitions for quasicon-
formal mappings. While conformal mappings preserve measures of angles,
quasiconformal mappings are their natural generalizations. Geometrically,
a quasiconformal mapping maps infinitesimal balls to infinitesimal ellipsoids
with uniformly controlled eccentricity in space. This suggests that it is rea-
sonable to use measures of angles to characterize quasiconformal mappings.
In the first part of this dissertation, a measure of angle called topological
angle is used to characterize quasiconformal mappings in higher dimensional
Euclidean space, generalizing a similar result in the plane.

The second part of the dissertation deals with some important conformal
invariants in the study of geometric function theory, such as quasiextremal
distance (or QED) constant and extremal length. QED domains are a class
of domains closely connected to quasiconformal mapping theory. The QED
constant is a naturally defined conformal invariant on a domain whose val-
ues reflect the geometry of a domain. In this part, a sharp upper bound for
the QED constant in terms of boundary dilatation is obtained for a finitely
connected domain on the complex plane. Furthermore, the extremal length
(or its reciprocal called modulus) of a curve family plays an essential role
in studying quasiconformal mappings. In the second part of this disserta-
tion, a decomposition result is established for the extremal length of a curve
family in a finitely connected domain. This can be regarded as a natural
generalization of subadditivity of extremal length. It is also a key ingredient
in obtaining the sharp upper bound for the QED constant mentioned above.
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Chapter 1

Introduction

1.1 Quasiconformal mappings

Quasiconformal mappings are natural generalization of conformal map-
pings. They are used to solve problems on which conformal mappings turn
out to be too restrictive. Quasiconformal mappings in the plane were first in-
troduced by H.Grotzsch in 1920’s. Then important results were developed by
O.Teichmiiller and L.V.Ahlfors in 1930’s [3]. The systematic study of quasi-
conformal mappings in R™ was begun by F.W.Gehring [8] and J.Viisala [14]
in 1960’s. Since then, its generalization has been actively studied, see [12]
[11] [4], and [5].

While a conformal map preserves both angles and shape of infinitesimal
small figures, a quasiconformal mapping maps infinitesimal balls to infinites-
imal ellipsoids with uniformly controlled eccentricity in space. Quasiconfor-
mal mappings are characterized by the property that there exists a constant
greater than 1 such that the infinitesimally small spheres are mapped onto
infinitesimally small ellipsoids with the ratio of the largest “semiaxis” to the
smallest one bounded from above by the constant. This naturally gives rise
to the metric definition. We thus define linear dilatation first.

Let f: Q — Q' be a homeomorphism between domains in the Euclidean



space R"™, the linear dilatation of f at x is defined as:

H(z, ) = limsup 2827

r—o Uz, f,r)’
where

Lz, f,r) = max [f(y) — f(z)],

ly—z|=r

l(x,f,r) = min |f(y) - f(ZL’)|

ly—a|=r

Definition 1.1. (Metric definition) A homeomorphism f : Q — ' is a qua-
siconformal mapping, where Q.Y are domains in R", if and only if H(x, f)

18 bounded.

The metric definition of quasiconformal mapping is classical and simple,
but it is hard to deduce basic facts of quasiconformal mappings simply by
the boundedness of H(x, f). There are two other well-known equivalent
definitions of quasiconformality, namely, geometric definition and analytic
definition. The geometric definition is based on the concept of conformal
modulus of a curve family. It provides the most direct approach to a large
part of the quasiconformal mapping theory. Three dilatation parameters of
homeomorphism f of a domain €2 are needed in order to give the geometric
definition. The inner and outer dilatations of f are defined by

M(f(I))
M(T)

M(T)
M(f(I))’
where the supremum is taken over all curve families I in €. The quanti-
ties M(T"), M(f(T')) are the conformal moduli of the curve families I' and
f(I'), respectively. The reader is referred to section 1.2 for the definition of

K(f) = sup , Ko(f) = sup

modulus. The maximal dilatation of f is

K(f) = max{K;(f), Ko(f)}.



Definition 1.2. (Geometric definition) A homeomorphism f : Q — ' is a
quasiconformal mapping if its maximal dilatation K(f) < oo. If K(f) < K
then f is said to be K-QC. Equivalently, f is K-QC if and only if

M < M) < war(

for every curve family I' in €.
The following properties follow from the definition immediately:

1. If fis a K-quasiconformal mapping, then its inverse f~! is also a K-

quasiconformal mapping.

2. The composite of a Ky quasiconformal mapping and a Ky quasiconfor-

mal mapping is a K Ky quasiconformal mapping.

An analytic definition for quasiconformal mappings was first considered
by Lavrentiev in connection with elliptic systems of partial differential equa-

tions.

Definition 1.3. (Analytic definition) A homeomorphism f : Q — Q' be-
tween domains in R™, n > 2, is said to be K-quasiconformal if the following

conditions are satisfied:

1. The first distributional partial derivatives of f are locally in the Lebesque

space L™.
2. The formal differential matriz Df = (0;f;) satisfies

sup |Df(x)(h)[" < K|detD f(x)]

heR™,|h|<1

for almost every x € Q).



In the alternative analytic definition given by J.Vaiiséla [16], absolute conti-
nuity and differentiability for almost all points are assumed and the bounded-
ness of the dilatation quotient is required almost everywhere. Although the
analytic definition given above is different from that by J.Viisala, it follows
indirectly that f is a.e. differentiable [13]. The reader is referred to section
2.9 in [13] for details.

1.2 The modulus of a curve family

The modulus of curve families is the main tool when studying the proper-
ties of quasiconformal mappings. Moreover, the extremal length method can

also be applied to problems of conformal mappings and Teichmiiller spaces
[10].

1.2.1 The definition of modulus

Definition 1.4. Let I' be a curve family in R™ and denote by F(T') the set

of all nonnegative Borel functions p : R — R such that

/pdszl
v

for every locally rectifiable curve v € I'. For each p > 1, set

MyT) = in / pdm

peF ()

M,(T") is called the p-modulus of T.

For the case p = n, we call it the modulus of I" and denote it M(T"). In the
literature, one often uses the extremal length of I'. It is denoted as A(I') and
is simply equal to M (F)ﬁ Extremal length is a sort of average minimal

length of curves in a curve family and the set of fewer and longer curves



has larger extremal length. It is invariant under conformal mappings and

quasi-invariant under quasiconformal mappings.

1.2.2 Properties of modulus

For a given curve family T, it is usually very difficult to compute M (I") di-
rectly. We usually find the estimate of modulus instead. After listing several
basic properties of the modulus, we list several examples about the estima-

tion of modulus in some special domains, which can be used readily.

Theorem 1.5. [[16], Theorem 6.2] M is an outer measure in the space of all

curves in R™:
1. M(0) = 0;
2. (Monotonicity) I'v C I'y implies M(I'y) < M(I'3).
3. (Subadditivity) M (U2, ;) <> M(L;).

Theorem 1.6. [Symmetry Principle] For any ~ let 7 be its reflection in
the real axis, and let v© be obtained by reflecting the part below the real axis

and retaining the part above it (yU7q) =~ U (y")~. IfT' =T, then
1
AT) = EA(FJ“).

Definition 1.7. Let T'y and 'y be curve families in R™. We say that T'y is
minorized by I'y and denote I's > 'y if every v € I's has a subcurve which

belongs to I'y.

Theorem 1.8. [[16], Theorem 6.4] If I'y < I'y, then M(I'y) > M (T's).



Example 1.9. [The module of a rectangle] I" is the set of all arcs in a closed
rectangle R with length a and width b which joins a pair of opposite sides in
length b, then

Example 1.10. [The module of an annulus|] Let G = r; < |z| < ry be a dou-
bly connected region in the finite plane with c¢; the bounded, co the unbounded
component of the complement. Let I' be the family of closed curves in G

which separate ¢; and co. Then the module

A(T) = - log(2).

2T 1

Example 1.11. [[10] Teichimiiller ring] Let R = R(E,F) denote a ring
domain with the property that its complement has exactly two components
E and F. The Teichimiiller ring is the ring domain defined by Rp(t) =
R([—1,0],[t,00]) for some t > 0. Let the Teichimiller function V(t) :
(0,00] — (1, 00] be defined by

2m

o O = M(A([-1,0], [t, 00]; Rr(t))).

It can be shown that V(t) is continuous, non-decreasing and that lim,_,o W(t) =

1 and V(o00) = 0o. Moreover, it is known that lim_,. & = 16.

1.3 QED Domain and QED Constant

QED domains were first introduced by Gehring and Martio in the study of

quasiconformal mappings [9].

Definition 1.12. A domain Q in R™ is said to be an M — QED domain,
with 1 < M < oo, if for each pair of disjoint continua A and B in €,

mod(A, B;R") < Mmod(A, B; Q).



On the complex plane, a quasicircle is a Jordan curve that is the image
of a circle under a quasiconformal mapping of the plane onto itself. We say
that Q C C is a K-quasidisk if € is the image of an open disk or half plane
under a K-quasiconformal self mapping of C and that its boundary is called
a K-quasicircle. A domain © C C is said to be a K-quasicircle domain if each
component of 9 is either a point or a k-quasicircle [9].

The following Theorem implies that QED domains are closely related to
uniform domains, quasisphere domains and linearly locally connected do-

mains [9].

Theorem 1.13. If ) is a finitely connected domain in C, then the following

conditions are equivalent.
1. Q is a QED domain.
2. Q is linearly locally connected.
3. Q 1s a quasicircle domain.
4. €2 is uniform.

By the symmetry principle for moduli of curve families, it follows that if
domain €2 is a ball or a half space, then €2 is 2-QED. To better understand
the geometry of a QED domain, we define the QED constant as follows [17].

Definition 1.14. [QED constant] For domain €, its quasi-extremal distance
constant M(QQ) is defined as:

mod(A, B; R"™)
M(Q) =
(€) AS;EEQ mod(A, B;Q))’

where the supremum is taken over all pairs of disjoint continua A and B in

Q such that mod(A, B; C) and mod(A, B; Q) are not simultaneously 0 or oo.



The properties of QED constant is well discussed in [17]. For example,
complete geometric characterizations are given for 1-QED domains and 2-
QED domains in R". Some sharp lower and upper bounds of M(2) for
different kinds of domains are also derived. In general, the value of M(f2)

reflects the geometry of a domain €2 in some sense.

1.4 Outline and summary of results

The thesis is organized in three parts. Chapter 2 concerns the character-
ization of quasiconformality using the measure of topological angle which
generalizes a corresponding result in the plane [2] into higher dimensional
Euclidean space. Similar results were obtained by Agard in [1], but this part
of the thesis was done independently of [1]. In particular, quasisymmetry is
used to estimate the lower bound for topological angles under quasiconformal
mappings. In chapter 3, a QED constant called QED reflection constant is
defined. Several basic properties are discussed and it is shown that the QED
reflection constant can only be obtained by a pair of nondegenerate continua
for a smooth Jordan domain other than a disk or half plane. The last two
chapters are devoted to establishing a sharp upper bound for the QED con-
stant M (£2) of a finitely connected planar domain in terms of local boundary
dilatation of its boundary components, which is a generalization of a result in
[6] about Jordan domains. In particular, one of the lemmas, decomposition
of extremal length on finitely connected domain, is formulated in Chapter 4

independently since it gives rise to its own applications and interests.



Chapter 2

Characterization of
quasiconformal mappings using

topological angle

2.1 Introduction

Recall that there are three equivalent definitions of quasiconformality. They
all involve selecting a certain property of conformal mappings and then study-
ing the class of homeomorphisms which enjoy a slightly weakened form of this
property [2]. The fact that a conformal mapping is an angle preserving diffeo-
morphism could be generalized to the class of quasiconformal mappings. It
provides the point of view of “angle preserving” to characterize quasiconfor-
mal mappings on the complex plane. This chapter is devoted to generalizing
this characterization to higher dimensional Euclidean space.

To circumvent the exceptional set of zero measure where quasiconformal
mapping is not differentiable, a form of measure called topological angle is
defined in section 2.1. In section 2.2 and 2.3, we study how the measure
of topological angle changes under various mappings. In section 2.4, using

the local quasisymmetry of a quasiconformal mapping, we estimate lower
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bound of the topological angle under quasiconformal mappings. Section 2.5
establishes the main theorem about the characterization of quasiconformal
mapping using topological angle in R3. And finally, we deduce similar results

in Euclidean space R"*! by providing some parallel theorems and lemmas.

2.2 Definition of topological angle

It is known that a conformal mapping preserves the measure of angles and
that quasiconformal mappings are natural generalizations of conformal map-
pings. It is conceivable that we could define some measure of angle to char-
acterize quasiconformal mappings and we may also obtain some interesting
results in studying the behavior of topological angles under quasiconformal
mappings. Before that, since quasiconformal mapping is only differentiable
almost everywhere, we need to define some kind of measure of an angle which
can be measured under quasiconformal mappings.

With the inspiration of trigonometric function of angles on the complex

plane, the topological angle is defined as follows (see [2]).

Definition 2.1.  Let vy, and v2 be two arcs in R™. We say v1 and v, form
a topological angle at a point xq if both v, and o have xy as an end-point
and if xqg is the only point v, and s have in common in its neighborhood.

Define the inner measure A(y1,v2) of this topological angle as follows:

|z1 — 9]

A = i inf 2 i
(’71a 72) Il,zlznﬁlxo m arcsm( ’xl _ xo‘ + ‘x2 _ ZL’Q’

It is easy to check that 0 < A(y1,72) < 7, and that A(f(y1), f(72)) =

A(v1,72) when f is a similarity mapping or a reflection in a plane.

), T € ;. (2.1)

2.3 Topological angle under linear mappings

We quantify topological angle under two linear mappings in this section.
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Lemma 2.2. Suppose that f is a homeomorphism of a neighborhood U of

the origin, that
f(z) =z +of|z])

near the origin, and that vy, and 9 are two arcs in U which form a topological

angle at the origin. Then f(~1) and f(y2) form a topological angle and

A(f(n), f(2)) = Alr1,72)

Proof. Given that 0 < € < 1, we may choose 6 > 0 such that |f(x) — x| < €|z]
for |z| < 4. This implies |f(x)] > (1 — €)|z|. Choose x; in ~; so that
0< |$Z| <4, 1=1,2.
Then
[fan) = fl@o)l _ |f(21) = 21| + |21 — @] + [ f () — 29
[f (@) + |f ()] ~ (1= e)lar] + (1 — €)|z2|
e(|z1| + |a]) + |21 — 25
(=] + |22])
|:1:1—x2] € ‘I1—1’2| €
lz1| + |xe|  1—€lay| +|za]  1—¢
|z — 29| 2¢

- ‘I1|+’JI2| 1—6.

It follows that

1 |f(z1) — f(x2)] |21 — 2o 2e
sin 2A(f(’71)»f(72)) < )+ |f (@) < ] T 1o

Letting x1, 29 — 0 as in Definition (2.1) yields

e
1—¢

sin %A(f(%), f(12)) <sin %A(%, Y2) +

Since € is arbitrary, we obtain

A(f(m), f(12)) < Alr1,72)-

The reverse inequality follows by symmetry.
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Lemma 2.3. Suppose that f(x) = Az, and that A is a non-degenerate n X n

matrix which can be diagonalized in the form :

a, o ... 0
0 a9
Qp—1 0
0 a,

where a1 > as > -+ > a, > 0. If

then
KAGn) > Af(n), £02)) 2 AG, ) (22)

for each pair of arcs 1 and o which form a topological angle at the origin.

Conversely, if

A0, £02)) 2 A0, )

holds for each pair of segments v, and ~o which form an angle at the origin,
then

a
K> 2.
n

Proof. Fix any pair of arcs 7; and 7, which form a topological angle at the
origin. Choose x = (x1,--+,x,) in 73 and y = (y1,--+ ,¥y,) In Y2 so that

x,y # 0, and set

|f(x) — f(y)

[z —y| |
|f(2)|+ | f(y)]

] + [y]

¢ = arcsin( ), ¢’ = arcsin( ).
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Then

7(@) — Fw)?
tan &) = @ T W = 1@ TP
Ly ot~
T Vo @R+ o @) — (Vo s — )
271%2( yz)
22@ 14 zyz+2\/zz 145 z\/ZZ 1 z
>a_721 Z:L (@ — yi)?
B &%22? zyz+2\/zz 1 z\/z lyz

2
Qa

= 2(t 2,
a%( an o)

Hence

a a
¢ > arctan(— tan ) > .
aq aq

This yields by the definition of A(y1,72) in (2.1),

|[f(z) = f(y)]
|f (@) + ()]

Since this is true for all x € v; and y € v, with z,y # 0, taking the infimum

’ _y’>>

A%v
2]+ 1yl (1,72).

2 arcsin( ) > arcsin(

limit as x — 0 and y — 0 as in the definition (2.1) yields

A(f(n). S () 2 T2 A, 72).

1

Thus, if K > 2,

1

A(f(m), f(12) = a1 A(71772> EA(’Yl,’Yz)

which gives the second inequality in (2.2).
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For the rest part in (2.2), we note that

ZL %2(952‘ - yz‘)z
2 E?:l azriy; + 2\/22;1 a;x; \/Z?zl ajy;
< a% Z?:l (mz — yi)2

N @ 2 2?21 TilYi + 2\/2?:1 ‘TZQ \/Z?:l yiz

2
aj 2

= —(tan
ai( 90)

(tan ¢')* =

and that
o < aurctaun(ﬂ tan @) < ﬂgp.
a

n n

Similarly, the following inequality holds,

A(f() S () < “=A(1.72).

n

Thus if K > a“—i,
A(f(n), f(02)) £ KA(71,72)-

Conversely, let A(f(v1), f(72)) = +A(71,72) holds for each pair of segments
v1 and 2 which form an angle at the origin. Fix 6 > 0 and let 7,7,
be the line segments connecting the origin and * = (cos#,0,---,0,sin6),

g = (cosh,0,---,0,—sinf), respectively.

Then
A(f(m), f(712)) = 2arcsin ||ff((fx))| J_r Iff(iyﬂ)il
2a, sin 0

= 2arcsin

24/ (ay cos0)2 + (a, sin 0)2

an
= 2arctan(— tan6)
ai

— %A(fyl,%) asf — 0,
3]

and hence A(f(m), f(72)) > #A(n,72) implies 2 A(71,72) > % A(1,72)-
Therefore, K > <+ holds. O]
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2.4 Topological angle under differentiable home-

omorphism

Using Lemma 2.2 and Lemma 2.3, we study the behavior of topological

angles under differentiable homeomorphisms.

Theorem 2.4. Suppose that f is a homeomorphism on a domain G, that f
has a differential at xo and that

max | Dy f(x0)] >0 (2.3)
where Dy f denotes the directional derivative of f. If
max | Dy f(z0)|" < K1|J (o) (2.4)
where J denotes the Jacobian of f, then

A (), F2)) 2 75 A(m,7) (25)

for each pair of arcs v1 and v which form a topological angle in G at x.
Conversely, if (2.5) holds for each pair of segments 1 and o which form
an angle in G at xg, then the following inequality holds

max | Dy f (o) [" < K" [T (o). (2.6)

Proof. By performing preliminary similarity mappings, we may assume that
xo = f(zo) = 0 and that, since f(x) has a differential at zq = 0,

f(@) = f(zo) + J(xo)(x — 0) + o(|z — 20|)
which is
f(z) = J(zo)z + o(|z|),

where J(1g) is an n X n matrix and x = (z1, 2z, ,x,)". Suppose inequality
(2.4) holds. Then (2.3) implies that |J(x¢)| # 0. Hence the matrix J(xg) can
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be diagonalized in the form as in Lemma 2.3. Thus by performing preliminary

similarity mappings and reflections again, we may assume, near zy = 0,
f(x) = g(z) + olg(z)| = Az + o(|Ax]),

where g(x) = Az and A is as in Lemma 2.3. Note that,

n

| T (x0)| = det(A) = [ [ as (2.7)

i=1

Do f(x0)| = |AZ] = | ) aiii].

=1

Where T = (Z1,Zo, -+ ,T,)! and |Z| = 1. Set T = (1,0,--- ,0), we can have
m(?x|D9f(xo)| = qaj. (2.8)

By (2.7) and (2.8), inequality (2.4) implies that af < K []\_, a;, and since
@ = ag > > ap, o <K

For any pair of arcs 7; and 75 in G which form a topological angle at the
origin. Notice that topological angle is unchanged under similarity mappings.

By lemma 2.2, A(f(m1), f(72)) = A(9(m),9(72)). By lemma 2.3, inequality
K > 2 implies that A(g(11),9(1)) > %A(’hﬁz)- Thus,

1

AU On), £ ) 2 32

A(P)/la’yZ)?

for each pair of arcs 7; and 7, which form a topological angle in G at z.
For the other direction, first suppose that |.J(xo)| # 0,29 = f(x0) = 0 and
that f(z) = g(x) + o|g(x)| = Az + o(|Ax|) holds, where function g(x) and
matrix A are defined as above. Fix any pair of segments ; and -, which form
an angle in G at the origin. By Lemma 2.2, A(f(71), f(12)) = A(g(n), 9(72)).

Thus (2.5) yields
1

A(g(n),9(72)) = e

A(%, 72)-
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By Lemma 2.3, it implies that & < K. Noticing that a; > ay > -+ > ay,
then
a; < Kan,a1 < Kag,a; < Kag, -+ ;a1 < Ka,_1.

Multiplying these inequalities, we get af~' < K"~! [T, ;i and

CL? S anl H a;.
=1
Thus
Ingx|l)af($oﬂn/fo(n_lL](ﬁoﬂ'

Finally, (2.3) and (2.5) imply that |J(zo)| # 0. If not, suppose |J(zo)| =
0. By performing preliminary similarity mappings, we may assume x, =

f(z¢) = 0 and that, near zq = 0,
f(z) = Bx + o(|Bzx|).

Where B is in the form

by 0
0 by 0
B )
bn—1
0O --- 0 0
For r > 0, let 71,72 denote the segments joining the origin to (r,0,---,0,7)
and (r,0,---,0,—r). Then segments 7; and 7, lie in G for small r, we can

see that

Alniye) = 5 > Af(n), f(12)) = 0.

We get a contradiction. It completes the proof of the reverse direction. [
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2.5 Lower bound of topological angles under

quasiconformal mappings

2.5.1 Quasisymmetric mappings

The definition of quasisymmetric mapping is a stronger and global version
of quasiconformal mapping. A quasisymmetric mapping between reasonable
spaces has many strong properties such as it is also Holder continuous, inverse
mappings are also quasisymmetric etc. Much of the classical quasiconformal
theory can be done by exploiting the definition of quasisymmetry. In partic-
ular, it is well known that a quasiconformal mapping f : R® — R",n > 2,
is also quasisymmetric. It is also known that a quasiconformal mapping of a

domain in R" is locally quasisymmetric [?].

Definition 2.5. A homeomorphism f : A — B of domains A, B C R" is
called quasisymmetric if there is a homeomorphism n : [0,00) — [0,00) so
that

|z —a| < tlz —bf implies [f(x) = f(a)] <n(t)]f(z) — f(b)]

for each t > 0 and for each triple points x,a,b € A.

2.5.2 Lower bound of angles under quasiconformal map-
pings

By the equivalence between quasisymmetry and quasiconformality in R™
for n > 2, we can derive the following estimate of the measure of topological

angles under quasiconformal mappings.

Theorem 2.6. Suppose that f : R* — R" is a K-quasiconformal mapping

with f(co) = 0o. Then for each triple of distinct finite points x1, xg, T2,

1 1 1 1
sing > win { 5" o) gl |

sin « sin «
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where
|71 — 2o

|$1 — {L’o| + |SB2 — 35()|
|f(21) — f(z2)] )
|f(21) = f(2o)| + | f(2) — f(0)|”

n is a homeomorphism n : [0,00) — [0,00), ¢ > 1 and r € (0,1] which

a = arcsin(

3 = arcsin(

depend only on f.

Proof. Since f : R" — R" is a K-quasiconformal mapping, f is quasisym-
metrc. Fix a triple of distinct finite points z1, zg, o € R". Let a =
. |z1—x2] _ : |f(z1)—f(z2)] 143
aresin( = o =), B = aresin( s reo e —fGea))- BY the definition
of quasisymmetric mapping, there is a homeomorphism 7 : [0, 00) — [0, c0)

such that if

I R ]

1 to

N |$1—9€2|’ N |=’L"2—$1|7

then we have

@) — F(xo)] F(a) — f(a0)]
F@) = fa)] = " ) = fa)]

Since for quasisymmetric mappings on R", 7 is of the form [?]
n(t) = cmax {tT,t%} :

where ¢ > 1 and r € (0, 1] which depends only on f. Assume that ty < t;.

n(t1) n(t2).

There are three cases to be considered.

Case 1. If 0 <t; < 1,0 <ty < 1:
n(t1) +n(ty) = ct] + cth = cti(1 + (i—j)’") < 2t < 2¢(ty + o).
subcase 1, if 0 < t; +t, < 1,
n(ty) +n(ta) < 2¢(ty + t2)" = 2n(ty + ta).

subcase 2, if t; + 15 > 1,

n(ty) +n(t2) < 2c(ts +1t2)" = 20(%77@1 )" =2 (n(t + 1))
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Case 2. If 0 <ty <1, t; > 1:

RIS

1 1 1
n(ty) +n(ta) = cty +cty < cty +c¢ < 2ct] < 2c(ty +ta)r = 2n(ty + ta).

Case 3. Ift1; > 1, t, > 1:
1 1 i
n(tl) + n(tg) = th + Ctér S C(tl + t2>r — 'r](tl —+ t2)

Summarizing the three cases, an upper bound of 7(t;) + n(t2) is given by
maximum {201”277(#)#,277( : )} Thus,

sin « sin

L [f() — f@o)| +[f(22) — f(0)]
sin 3 |f(z1) = f(z2)]

< n(ty) +n(t2)
< max {2014277(161 )" 2n(t + tg)}

= max {20y () .

sin «v sin av
Noticing
1 Ty — Xo| + |T2 — T
1 _lm—wltleemml _, o,
sino |z — 29|

one concludes that

1 1 1 1
sin /> min {ﬁcTZ_ln( )_T27 577( )_1} )

sin o

2.6 Characterization of quasiconformal map-
pings by topological angles in R?

2.6.1 Preliminary

Before proceeding to the main result, we present the definition and a lemma

on the regular Caratheodory outer measure.
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Definition 2.7. Given a set E C R" and d > 0, we define
NE,d) = inf Y diaE,,

where {Ey} is any covering of E with diaE, < d. Clearly A(E,d) is non-
increasing in d, and we may define the reqular Caratheodory outer measure:
A(E) = lim A(E, d).
d—0

Lemma 2.8. [2] If F' is a bounded perfect linear set, then for each € > 0
there exists a § > 0 with the following property: given 0 <t < ¢, there exist
N non-overlapping intervals I,,, with end-points in F' and lengths not greater
than t, such that

FCUNIL, and Nt < A(F)+e.

2.6.2 Characterization Theorem

Now we are ready to show how we can characterize quasiconformal map-
pings by making use of topological angles. We first state the theorem and

then separate the proof into several parts.

Theorem 2.9. Let f be a homeomorphism of domain G C R3. If f is

K -quasiconformal mapping, 1 < K < oo, then we have:

1. For all {y in G and for all arcs v1 and ~o which form an angle in G at

Co;
A(f(n), f(72)) > 0.

2. For almost all (o in G and for all arcs v; and o which form an angle
in G at (o,

AGFn), F) = 2 Al,72)

Conversely, if conditions 1 and 2 are satisfied, then f is Ky-quasiconformal
with Kl = KZ.
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2.6.3 Derivative of measure

Definition 2.10. Let A be a Borel set in U = (0,1) x (0,1) and L be a com-
pact set in (0,1). Let f be a homeomorphism of domain G C R?® containing

the unit cube. Define a set function in U:

er(A) :==m(f(A x L)).

It is easy to check that conditions in Lebesgue’s Theorem are all satisfied:
For all Borel sets A in U, ¢ (A) > 0. Since A x L € unit cube C, m(f(C)) <
oo implies ¢ (A) < oo. Let Ay, Ag,--- be a sequence of disjoint Borel sets
in U, then

m(f(U(A; x L)) Z m(f(A; x L))

A)) =D eul4

Furthermore, by Lebesgue’s Theorem, the set function ¢ has a finite deriva-
tive in U almost everywhere. We may assume ¢ has a derivative at the
point (z,y) and denote by A, the closed rectangles {(z/,y/)[z — 1 < 2’ <
r+iy—1<y <y+2I}n=1,2---. Then,

/ T @L(An)

)
m(f (4, x L))

(2.9)

)
Lemma 2.11. Let C(x, yo, L) denote the cube {(x,y,2)|0 < x < z0,0 <y <
Y0,0 < z < L}. Let G(z,y, L) = mf(C(x,y, L)) for (z,y) € (0,1) x (0,1).
Then

lim

t—0 t2

is finite a.e. and equals 4¢ (x,y) a.e. on the domain (0,1) x (0, 1).
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Proof. Let w denote the cube {(2/,y/,2)Jx —t < 2/ <z +4+t,y—t <y <
y+1t,0<z <L}, then

m(f(w)) = (G(z+t, y+t, L)—G(z+t,y—t, L))—(G(x—t,y+t, L)—G(x—t,y—t, L)).

It is equivalent to show that lim, o ™S is finite a.e. on (0,1) x (0,1).

t2
Note that

po @) e mf (A x 1))

- /
{0 t gl m(An) - 4§0L(x7y)7

where ¢’ is the derivative of the set function and A,, are rectangles as above.

Since ¢’ is finite a.e. , the proof is completed. O

2.6.4 fis ACLon G

Let C' be a closed cube in G with each face parallel to a coordinate
plane. After performing preliminary similarity mappings, we may assume
C = {(x,y,2)|0 <2 < 1,0 <y < 1,0 <z <1} We shall show that
f is absolutely continuous on the interval 0 < z < 1 for almost all pairs
{(z,y)|0 <z < 1,0 <y < 1}. By symmetry, we can thus conclude that f is
absolutely continuous on almost all horizontal and vertical segments in C'.

Let I(xo,y0) denote the interval 0 < z < 1,2 = x9,y = yo. Let C(z0,v0)
denote the cube {(z,y,2)[0 < x < 2,0 <y < 1,0 <z < 1}. Fix s with
0 < s < +p(9C,0G), where p denotes the distance between G and 9C'. For

each ¢, = (o, o, 20) in C, assume

G = (zo+5, Y0, 20), G2 = (20, Yo, 20—5), 3 = (T0, Yo, 20+5), G = (To+5, Yo, 20+5).

and let v; be segments jointing (y and (;, 7 =1,2,3,4.

Condition 1 in Theorem 2.9 implies

A(f (), f(12)) > 0, A(f(13), f(74)) > 0.
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This implies
|f(G1) = f(Co)| + 1 f(¢2) = (o)l

Jm sup Q) — f(G) < o2,
. |f(C3) — f(Co)| + | f(Ca) — £(Co)

1

e 7(G) — F(C) =00

where (; € y;,0 =1, ,4.
For each pair of integers p,q, with p > 0,0 < % < s. Let H(p,q) denote
the set of (y in C', which satisfies

£ (G) = F(C) +1£(G) = f(C)l < plf(G) = f(C) (2.10)

£ (Gs) = () + 1/ (Ca) = (o)l < plf(Gs) = f(Ca)l (2.11)
whenever |(; — (o] < %, and ¢; € 7;((o). Then H(p, q) is compact and

C= Up,qH(p7 q),

where the sum is taken over all relevant p, q.

Lemma 2.12. Suppose that 0 < z < 1, 0 < y < 1 and F is compact in
I(z,y) N H(p,q), then

6p
AFEN? < L) A (F)?
where pg is the set function defined in Definition 2.10.

Proof. Let I be a closed subinterval of I(z,y) with end points (i(z,y, 21)
and (o(x,y, 20) in F with |21 — 25| < \/75 min(i, 1 —=z,z,y). Let T be the cone
generated by the triangle with vertices (1,(» and (3 = (x + 21 — 22,y, 21)
rotated along the line through the points (1, ¢;. We call T' the associated

cone with the interval I. We will show that

£(G) ~ F@F < S2m(F(T)). (212
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By performing a change of variables, we may assume f(¢;) = (0,0,1), f(() =
(0,0,0). Pick some positive number uy between 0 and [. Use a horizontal
plane to slice f(7') through point (0,0, ug). The image of I is a curve lying
in f(T') with end points f(¢1) and f((2), and it intersects the plane at a
point, say w;. Let wy be the point on the curve formed by the intersection
of the plane and the surface of f(7') such that d(w;,ws) is shortest. Notice
that wy is either on f(«) or on f(f3), where a, 8 are faces rotated by interval
(1C3 and interval (o(s.

Suppose wy € f(), denote n; = f~'(w;), then |n; — ¢i| < ¢ Then by
equation (2.10),

2(1 = ug) < [f(G1) —wif + [ f(C1) — wa| < plwn — wal.
Similarly, if we € f(B), it follows from (2.11) that
2up < |wy| + |we| < plwr — wal.

By Fubini’s Theorem,

!
m(f(T)) > 2/ 7(min{ug, | — ug})*du

and hence ;
1£(¢) = F(G)P < §m<f(T)).

Since F'is closed. We can write F' as the union of F} and Fy, where F} is

countable and F5 is either empty or perfect. It is easy to see that

ANE) = NF2), Af(F)) = Af(F2))-

We may from now assume F' is perfect, otherwise the inequality which needs

to prove is trivial. Fix € > 0, choose § as in Lemma 2.8, s.t, for 0 < ¢ < ¢,

V2 1

t < > min(—, 1 — z,x,y).
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Let I ,I5,--- ,In be the covering of F' as in Lemma 2.8 and let 7}, be the
associated cones. Then for each pair of points (; and (; in FNI,, let T C T,
be the associated cone of the closed interval with end points (; and (,. Since
|G — G| < t, we have |(; — (o] < ‘/75 min(,1—z,r,y). Then inequality (2.12)

q
applies, i.e.

7(G) ~ F@PF < 2Zm(F(T) < Lm(F(T,)).
It follows that
(diaf(E,))* = d> < 3—pm(f(Tn)), where E, = F'N I,.

Let d = max{d;,ds, -+ ,dy}. Note that {f(FE,)} forms a covering of f(F)
and dia(f(E,)) < d. Hence by Schwarz Inequality,

IN

~ 2m

Without loss of generality, we may assume that L = UI, is an interval.

Since 3V m(f(T,)) is contained in the cube w = {(#/,y/, )|z —t < 2’ <
r+ty—t<y <y+1t0<z2 <L} and by Lemma 2.11,

L S ()

lim > < Ayl (z,y).

Letting ¢t — 0 and then d — 0, by Lemma 2.8, it follows that

AFFN® < Ly, y) (M)
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Lemma 2.13. Suppose that 0 < x < 1,2 <y < 1 and that F is a subset of
I(x,y) with N(E) =0. Then N(f(E)) =0.

Proof. First suppose E is compact, then F,, = E N H(p,q) is compact for
each pair of p,q. By Lemma 2.12,

AF(Fpa)) < Ll (2,0) (A(Fpg)

Then since cube C' = U, ,H(p, q), we have

AFE) < 3 7)< 3Pty ()M Fa))E =01

psq
Next suppose E is a Gs— Borel set. Then since F' = I(x,y) N H(p,q) is

compact,

AFE A H(p, ) < L A (Iw9) N H(p,0))? < L < oo

This shows f(F) is of > —finite linear measure. Since f(E) is a Gs—Borel
set,
A(f(E)) = sup{A(F") : F'is compact subest in f(FE)}.

Let F” be any compact subset of f(E) and set F = f~!(F’), then F is
compact and F' C E, hence A(F) = 0 and A(F') = 0. Thus, we conclude
that A(f(F)) = 0.
In general, we can find a Gs—Borel set H s.t, ¥ C H C I(z,y) and
ANE) = A(H) = 0. Then A(f(E)) < A(f(H)) = 0.
]

We finally complete the proof of ACL property of f by using Lemma 2.12
and Lemma 2.13. For each integer p > 0, set H(p) = U,H(p, q), where the
sum is taken over relevant ¢. Condition 2 in Theorem 2.9 implies m(C' \
H(p)) = 0, whenever p > csc(n/8k). Fix such a number p, by Fubini’s

Theorem,

NI (z,y)\ H(p)) =0, for almost all pairs (z,y) € [0, 1] x [0,1].
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Let F be any compact set in I(x,y), fix such a pair (z,y) s.t, ¢x(z,y) exists
and is finite. Write £ = (EN H(p)) U (E\ H(p)), where A(E'\ H(p)) = 0.
Hence by Lemma 2.12 and Lemma 2.13,

ANF(E))? = ANf(ENH(p)))?
= lim A(f(E N H(p,q)))’

q—00
6p .

< = @h(x,y) im A(E N H(p,q))?
s q—o0

<o

— (e y) A (E),

Then f(z,y, z) is absolutely continuous in 0 < z < 1. Therefore, f has the
desired ACL property.

2.6.5 f.is ACL® on G

By performing similarity mappings, it is sufficient to show that f, is ACL?
on compact set K C C'\ {oo, f~!(c0)}, where C' denote the unit cube. Since
it is already shown that f is ACL in z, f has finite partial derivative f, a.e.
in K.

For every line segment L on the fixed vertical line segment I(x,y) C C,

where f is absolutely continuous, define

A(L) = / Fuly, O)ldC

and
n

gn(x,y,z) = 5[ @ |fz(x7y7<)|dC:

where I,,(z) = {{ : 2 — 2 < ( < z+ 1} is an interval on I(z,y) where f,

exists for n = 1,2, ... . Let

g(xvyu Z) = lim il’lfgn(l',y7 Z)‘
n—00
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Then it is easy to see that g(x,y,2) = |f.(z,y, z)|. On compact set K,

In(w,9,2) = (5 A (In(2)))*,

Taking the integral of ¢3(x, vy, 2) over the compact set K and using Lemma
2.12 for I,(z), we obtain that

// Gy, 2)dm(z, ) < / L 0(9) A (=) Prdm(z, )

// @1 () (T, y)ndm(z, y)

= —smn( ) (K)n.

Letting n — oo, by Fatou’s lemma, it yields that
3 .. 93D
9" (. y, 2)dm(z, y) < liminf —or, ) (K)n.
K n—o0 T

By Lebesgue Theorem, lim,,, 571, (:)(K) = ¢"(2) where ¢”(z) is measur-
able and [, ¢"(z)d¢ < ¢;(K). Therefore,

// (2.9, 2)dm(z,y) < L),

By Fubini’s theorem, we have

// o Pdm < .
KxL

i.e, f, is locally ACL? in z and, by the symmetry, the partial derivatives of
f are locally ACL? in G.

2.6.6 Completion of proof of Characterization Theo-

rem 2.9

Proof. Suppose f is a K-quasiconformal mapping on domain G, we show

that f satisfies condition 1 and 2 in Theorem 2.9. For any point (; € G, let
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1,72 be a pair of arcs which form a topological angle at ¢y, then condition 1
follows immediately from a local version of Theorem 2.6 because, by Theorem
11.14 in [?], f is locally quasisymmetric in G.
Let E be the set of all points (y, such that f is differentiable at {, and
satisfies
0 < max|Dyf(Go)|* < k[.J(Go)]-

Since quasiconformal mapping is differentiable a.c., m(G \ E) = 0. For any
point (y € F, let 71 and 75 be a pair of arcs which form an angle at (p,
we have A(f(1), f(72)) = 1 A(71,72) by Theorem 2.4. Thus condition 2 is
proved given that f is a K-quasiconformal mapping.

Next suppose f is a homeomorphism on domain G satisfying conditions
1 and 2, we show f is K-quasiconformal on domain GG. we show this through
the analytic definition of quasiconformality. From deduction in section 2.6.5,
f is locally ACL? in G.

Due to a result by Vaiséla [15], if f is ACL3, then f is differentiable a.e.
We then show that maxg |Dgf((o)|? < Ki|J({p)| for almost all {; € G. Fix
(o € G such that f is differentiable at (y and the inequality A(f (1), f(72)) >
%A('yl,’yg) holds at (o. If maxy |Dyf((o)| > 0, by Theorem 2.4,

max | Do f (G < K2J(G).

If maxg | Dy f((o)| = 0, the inequality holds trivially. The proof is complete.
O

2.7 Generalization to R"*1

To conclude this chapter, we give parallel results in n + 1 dimensional Eu-

clidean space with n > 3.

Theorem 2.14. Let f be a homeomorphism on domain G C R, If f is a

K -quasiconformal mapping, 1 < K < oo, then we have:
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1. For all ¢y in G and for all arcs 1 and 5 which form an angle in G at

Co
A(f(m), f(72)) > 0.

2. For almost all (y in G and for all arcs v1 and o which form an angle
in G at (y

1

A(f(m), f(2) = EA(’Yh’Y?)‘

Conversely, if condition 1 and 2 are satisfied, then f is Ki-quasiconformal

Proof. Since most part of the proof of Theorem 2.9 is valid in higher di-
mensional space, we just outline the major difference in proving the ACL
property. First of all, we should notice the change of symbols. We will only
write out the coordinates relevant to the proof here. Denote by C' the closed
cube {(z1, 22, -+ ,2p41)|0 < x; < 1,i=1,--- ,n+ 1} in domain G C R"*!
and we need to show f is absolutely continuous on 0 < x,,,; < 1 for almost
all n-dimensional points {(z1, 22, -+ ,2,)|0 <z; <1,i=1,--- ,n}.

Let I be a closed subinterval of I(xq,xs, - ,z,) with end points (; and (,
in a compact set F' on I(z1,xs, -+ ,2,)NH(p,q). And let T be the associated

cone with interval /. Similar to (2.12), we obtain that

|f(¢1) — f(C2>|n+1 < em(f(T)),
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+1)I(En)pn
Wherec:%

P
. Furthermore,
an+lg

ANF(F),d)" < (O dia(f(E,)"*

<"1 (> (dia(f ()"
< eN"Y m(f(T))
<dmw2¥@gmm

WY m(f(T))

where, as in the proof of Lemma 2.12, t is selected sufficiently small which
makes the associated cone T being contained in cube C' and, d is the max-
imum diameter of the intersection of F' and its finite coverings under f.
Letting t — 0, it follows that

N

AGE)™ < eAE) S tim 2 )

t—0 tn

Next, we will give a more general result which is similar to Lemma 2.11.

Let A be a Borel set in n-dimensional unit cube in R" and L(z1,xs,- - , ;)
be the vertical segment{(x1,xs, - ,z,) x L}. We introduce the set function
1 defined as

plA, L] =mf(A x L).

Clearly, p is a measure. By Lebesgue’s theorem, for fixed segment L, the

function p'(xq, 9, -+ ,x,, L) given by
Am y " oy dn aL
M,(be?’“. ,fEn,L) :nlli{lw :u[ (Z(Am)x ) ]’

where Ay, is n dimensional cube {(2}, 2}, ...2) |11 —= < 2} < 21++, 29—+ <

m

xh < x2+%,...,xn—% <z < xn—i—%} m=12 ... py(x, 29, ,2,, L)



is well defined and finite almost everywhere.

Moreover,
oy MU T) A (@ ) L)L,
lirg —=— < lim = = gt (1,72,
Therefore
AF(E))™ ! < el (21, 9, .0, L) (A(F))™
Thus, for any compact set E in [(zq1, 2, -, Z,),

/\(f(E))n+1 < C:u,(xlvx% Ty T L)(/\(E)>n

Therefore accordingly, f has the desired ACL property in G.

T, L).
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Chapter 3

QED reflection constant

Quasiextremal distance (QED) constant M (£2) was introduced in [17] and
[18]. The QED constant is a conformal invariant because it is invariant under
Mobius transformations or conformal mappings on the extended plane C. It
reflects the geometry of a domain.

In this chapter, we will define a new QED constant, the quasiextremal
distance reflection constant. We then list some fundamental properties, and
show that for a smooth Jordan domain other than a disk or a half plane,
the reflection QED constant can only be obtained by a pair of disjoint non-

degenerate continua.

Definition 3.1.  For a Jordan domain §) in the complex plane C we define
quasiextremal distance reflection constant (QED reflection constant) M*(Q2)

as follows:
mod(A, B; Q")
M*(Q) = su il
(@) ABCpaQ mod(A, B; Q)

(3.1)

where A, B are disjoint non-degenerate continua on 02, and mod(A, B;Q*)

denotes the modulus of family of curves connecting A and B in Q* = C/Q.
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3.1 Fundamental properties about the QED

reflection constant

3.1.1 Properties about the QED reflection constant

We study several basic facts of the QED reflection constant.
Lemma 3.2. M*(Q) > 1.

Proof.  On 052, denote two non-degenerate disjoint continua by A, B, their
complements by A’, B’. By Riemann mapping theorem and Elliptic integral,
() is mapped onto a rectangle and continua A, B are mapped onto a pair of
parallel sides and their compliments A’, B’ onto the other pair. Since modulus
is invariant under conformal mappings, using the module of rectangle (see

Example 1.9), one can deduce that
mod(A, B; Q) -mod(A', B';Q) = 1,

mod(A, B; ) - mod(A', B'; Q") = 1.

Thus,
mod(A, B; ) _ mod(A’,B’;Q*). (3.2)
mod(A, B;QY*)  mod(A’, B";Q)
This gives rise to
M*(Q) > 1.
O

Lemma 3.3. M*(Q2) = M*(Q*).

Proof.  Using the same notation as in the proof of Lemma 3.2, identity (3.2)
holds. Taking the supremum over all pairs A, B C 92 in (3.2), we obtain

mod(A, B; ) mod(A’, B'; Q%)
sup = sup ,
aBcon mod(A, B; Q) 4 prcaa mod(A', B'; Q)




36

which gives the identity

]

Lemma 3.4. M*(Q) =1 if and only if Q is a disk or a half plane in C.

Proof.  We first assume that ) is a disk (or a half plane). Let A, B be two

non-degenerate disjoint continua on 0{2. By symmetry principle,
1
mod(A4, B; Q) = mod(A4, B; ") = §mod(A,B;(C).

Thus,
mod(A, B, *)
M*(Q2) = su — =1.
(@) A,BC%Q mod (A4, B; )
Next we show that if M*(Q2) = 1, then 2 is a disk or a half plane. Sup-

pose A and B are two disjoint non-degenerate continua on 0€2. Denote two

complement disjoint continua as A’ and B’. As same as (3.2),

mod(A, B;Q))  mod(A', B'; Q")
mod(A, B;Q0*)  mod(A’, B’;Q)

This, together with M*(Q2) = 1, yields that
mod(A, B; 0¥) mod(A', B'; Q0*) ) mod(A, B; 2¥)

anane mod(A, By Q)  wpesq mod(A, B5Q)  aBcoe mod(A, B; Q)

Thus, for any pair of disjoint continua A and B on 0f),
mod (A, B; Q) = mod(A, B; 0%).

Let p1, p2 and ps be three points on 0§2. There exists a preliminary Mobius
transformation f : Q — H*, such that f(p;) = —1, f(p2) = 0 and f(p3) = o0
and that €2 is mapped onto the upper half plane. Similarly, there exists pre-
liminary Mébius transformation f* : Q* — H~ with f*(p;) = —1, f*(p2) =0
and f*(ps3) = oo such that Q* is mapped onto the lower half plane.
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Denote the boundary curve between p; and py as A such that p3 & A. Se-
lect a point z € 02 such that z ¢ A. It is obvious that f(z) and f*(2) lie on
the real axis. Denote the boundary curve between p3 and z as B such that
ANB=0. And let A’ =[-1,0], B' = [f(z),00) and C’" = [f*(z),00). Then
it is easy to see that f(A) = f*(A) = A, f(B) = B" and f*(B) = C". Since

modulus is invariant under conformal mappings, we obtain
mod(A, B; Q) = mod(A’, B’;H),
mod(A, B; Q") = mod(A’,C";H™).
Since mod(A, B; Q) = mod(A, B; Q*),
mod(A’, B'; H') = mod(A’,C";H™).

By the monotonicity of modulus of Teichmiiller ring domain in Example 1.10,

This implies that f = f* on OH*. Thus, by the Schwarz reflection principle,
there exists a Mobius transformation g(z),z € C such that g(z) = f(z) on
Q and g(z) = f*(2) on Q*. Moreover, 2 is Mébius equivalent to H* under
a global Mobius transformation on C . Therefore, Q is a disk or a half

plane. O

3.2 The QED reflection constant for smooth

domains

3.2.1 Preliminary

To study the QED reflection constant for a smooth Jordan domain, we first

give some definitions and preliminary results.
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Definition 3.5. (Reflection constant) The quasiconformal reflection con-
stant (or reflection constant) of §2, denoted by R(SY), is defined as

R(§) = inf K(f).

where the infimum is taken over all homeomorphic reflections f in the bound-
ary 022 and K(f) denotes the mazimal dilatation of f. A homeomorphic
reflection in a Jordan curve is a homeomorphism of C that interchanges the
two components of the complement of the curve taken with respect to the

extended plane and fixes the curve pointwise.

Definition 3.6. (L-bi-Lipschitz) A mapping f : E — E’ is L-bi-Lipschitz if

%ym —y| < |f(x) = fFy)| < Llz —y|

for x,y € E; f is locally L-bi-Lipschitz if each x € E has a neighborhood U
such that f is L-bi-Lipschitz in ENU.

Theorem 3.7. [19] Let Q be a smooth Jordan domain other than a disk or
a half plane and let f be a conformal map of 2 onto the unit disk D. Then

1. f has a quasiconformal extension to C such that the complex dilatation

af of
2/ 35 — 0
uniformly as z — 0S);
2. f has a bilipschitz extension to Q;
’ d(A, B; v
sup mod(A, B; V') < R(Q).

A,Bcoa mod(A, B; Q)

Definition 3.8. (Condenser) A condenser is a domain in R™ whose comple-
ment consists of two disjoint compact sets Fy and Fy. Condenser is usually
denoted by R(Fy, Fy) or R.
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Theorem 3.9. [19] Let R(A, B) be a condenser and f a homeomorphism
defined on AU B such that

Lile —y| < [f(x) = f(y)] < La|z -y

when x,y € A or x,y € B and such that

Milz —y| <[f(z) = fy)] < M|z —y|

when x € A and y € B, where Ly, Ly, My, My are constants. Then
27 < 2 <t 27

C _—

mod(A, B;C) ~ mod(f(4), f(B);C) = " mod(4, B;C)’

where c¢; and co are constants depending on Ly, Lo, My, Ms.

c+

3.2.2 The QED reflection constant

In [19], on a smooth Jordan domain other than a disk or a half plane, the
QED constant is well studied. We can also obtain a similar result for the

QED reflection constant.

Theorem 3.10. For any smooth Jordan domain ) other than a disk or a
half plane, the supremum in (3.1) is attained, that is there exists a pair of
disjoint non-degenerate continua A and B on OS2, such that:

mod(A, B; 0¥)
M*(Q) = - .

1) mod(A, B; )

Proof.  We assume that (2 is a bounded smooth Jordan domain other than
a disk or a half plane. Let f be a conformal map of {2 onto the unit disk D
and F' be a conformal map from * to D*. By Theorem 3.7, f and F' have
bilipschitz extension to Q and Q*. We still denote the extensions by f and
F. For each n > 1, fix disjoint non-degenerate continua A, and B, on 0f2,

such that

mod (A, Bp; §0%)
M*(Q2) =1
() n300 mod( Ay, Bn; )’
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where A, and B, converge to A and B in the Hausdorff metric. For conve-
nience, let A = f(A,), B, = f(By,), Al = F(A,),B!! = F(B,). If Aand B
are disjoint non-degenerate continua, by the continuity of moduli,

mod(A, B; ")
M*(Q) = . .

() mod(A, B; )

Depending on the positions and sizes of continua A and B, we consider
remaining three cases respectively:
Case 1: At least one of the two sets A, B is a single point and AN B = ().

From above notations,
mod(A,, B,; Q) = mod(A,, B.; D),
mod(A,, B,; Q") = mod(A!, B; D*).
Then we obtain

mod(A,, B,; ) mod(A”, BY; D*)  mod(A”, B!;C)

Let ¢ = foF~! then ¢ is a bilipschitz map from 0D — 9D, where p(A”) =
Al and ¢(B)) = Bl,. We will show that

mod(AL, B C)

li = 1.
nT360 mod(A!, B!; C)
By Theorem 3.9,
+ 2T < 2 < n 1T
c . ‘
" mod(A”, B”:C) ~ mod(A’,B':C) — ° " mod(A”, B";C)

Multiplying this by mod(A!, B/; C) and letting n — oo, the fact that
lim,, oo mod (A7, B; C) = 0 yields
mod(A%, BY;C)

lim =1.

n—oo mod(A/, B!; C)

And by the continuity of modulus, we obtain

M) = 1.
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Case 2: At least one of the two sets A, B is a single point and A N B # (;

We consider two subcases. First assume that

lim mod(A!, B!; C) =0,

n—oo

then similar to Case 1, lim,,_, % =1, thus M*(Q2) = 1.

Next assume that

lim mod(A”, B!;C) =a > 0,

n—o0

and we keep the same indices for subsequences of {A,} and {B,}.

Without loss of generality, assume that A is a single point. Choose a,, b, €
A such that |b, — a,| is the diameter of A,. Fix some € > 0. Since f is K-
quasiconformal in Q* and its complex dilatation converges to 0 uniformly as
z — 02, there exists a domain Q. D €, such that f is (1 +¢)-quasiconformal
in €. and the image f(€).) is a disk. By Theorem 3.7, F' can be extended to
a K-quasiconformal mapping on C. Restrict ' on §2.. Let D. = F(Q.),a! =
F(ay),b! = F(b,) and |V — a!/| = dia (F(A,)). Again by Theorem 3.7,
since F' has a bilipschitz extension to Q*, [0 —a”| — 0 as n — oco. Let
¢ = F o f~! which is quasiconformal from disk f(£2.) to D.. By quasi-

invariance of modulus,

mod(A”, B": D.) < (1 + ¢)*mod(A.,, B.; o(D.))
< 2(1+¢)’mod(4,, B.; D) (3.3)
= 2(1 4 ¢)’mod(A,, B,; Q).
Thus,
! <2(1+¢)? !

mod(A,, B,; Q) — mod(A”, B/, D.)’
Multiplying by mod(A,,, B,; 2*) and noticing mod(A4,,, By,; 2*) = mod(A”, B!; D*),
we obtain
mod(A,, By; ")
mod(A4,, B,;Q))

,mod(A" Bl D*)
mod(A”, B"; D,)

» mod(Ay, B;; C)

mod(A” B/, D.)

<2(1+¢)
(3.4)

<(1+¢)
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Next, we show
. mod(A” B":C)
lim
n—oo mod(A”, B"; D,)
Choose § > 0, such that A? C D(b,§) C D, for large n. Then, it follows
that

=1.

21

—
08 To7—a7]

mod(A Br;C) < mod(A., B); D.) +
Since lim,, o [0, — @] = 0 and lim,,_,o mod(A”, B!; C) = a > 0, it follows
that
mod (47, BY; D)
— mod(A”, Bl;C)
mod(A”, Bl; C) — —25— (3.5)

" log 2
> S |b4{7af,{\

mod (A7, BJ;C)

Letting n — oo in inequality (3.5), we obtain lim,, ., W =1, and

letting n — oo in inequality (3.4), it follows that
M*(Q) < (1+¢)2

Since ¢ is arbitrary, letting ¢ — 0, we obtain M*(Q2) < 1.
Case 3: A, B are both non-degenerate and AN B # (. (3.3) implies that

the following inequality is true:

mod(Ay, B,; Q) = mod(Ay, By; D)

= Jmod(4%, B;C)
1 (3.6)
< 5 (mod(A}, B D.) + mod(9D.,0D; C))

1
< (1+¢)*mod(A,, B,; Q) + Emod(aDa, oD;C).

Note that mod(9D.,dD;C) is finite and mod(A,, B,;{2) — oo. Letting
n — oo after dividing by mod(A,, B,;2) in (3.6) yields that

M*(Q) < (1+¢)?,
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for any . Thus, we get M*(Q2) < 1.

Finally, by lemma 3.2 and lemma 3.4, all three degenerate cases imply that
() is a disk or a half plane. Thus only the non-degenerate case can occur:
the limit sets A and B are disjoint non-degenerate continua and

mod(A, B; 2¥)
M*(Q) = - .
1) mod(A, B;)

]

Remark: From the above proof, one can conclude that, if €2 is a smooth
Jordan domain other than a disk or a half plane, then the QED reflection
constant M*(€2) can only be achieved by a pair of disjoint non-degenerate

continua.
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Chapter 4

Decomposition of extremal
length on finitely connected

domains

The method of extremal length has had a profound influence on the the-
ory of comformal mappings and the more general theory of quasiconformal
mappings. In this chapter, we will explore the decomposition of extremal
length within multiply connected domains. More specifically, the Decompo-
sition theorem shows the extremal length of a certain family equals to the
sum of the extremal lengths of its decomposed parts. It can be regarded as
a strengthened version of the subadditivity for extremal length.

The decomposition theorem is a major ingredient in the proof of the main
result in chapter 5. It is also a generalization of the result from paper [6].

We state the Decomposition Theorem first.

Theorem 4.1. (Decomposition Theorem) Suppose €2 is an n-connected do-
main in the plane and A, B are two disjoint continua in 2. Then there exist

two simple closed curves v4 and vg in Q, such that,

1. The number of intersection points of ya4 with 0S) and vg with OS2 are
at least 1, i.e, §(ya N 0Q) > 1 and g(yp N Q) > 1.
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2. MA, B;Q) = MA,va) + A(B,v8) + A4, 78; ).

3. The components of Q\(va U yg) which contain continua A or B are

simply connected.

4.1 Reduction

For the proof of Theorem 4.1, we make the following reduction. First we
may assume that G = Q\(A U B) is connected and note that (A4, B;$) =
AA, B; G). Next, by Koebe’s circle domain theorem (see [7]), G can be
conformally mapped onto a domain bounded by circles. Since extremal length
is invariant under conformal mappings, without loss of generality, we may
assume that the domain G is bounded by analytic Jordan curves §; (i =
0,1,...,n—1), 0A and 0B, and assume that 2 is bounded by ;.

4.2 Preliminaries

Theorem 4.2. (The Generalized Argument Principle) Let 2 be a bounded
domain with C* smooth boundary. Suppose h is meromorphic in a neighbor-
hood of Q0 and that h is not identically zero. Let {z;}¥, be the set of zeros of
h that lie in Q, {p;}%, be the set of poles of h that lie in Q, {b;}}, be the
set of zeros of h that lie on O and { B}, be the set of poles of h that lie

on 0N). Then zeros and poles of h are isolated and

N M Q R

> m(z) + % th(bi) = (i) - %th(Bi) = % Aargh.

i=1 =1 1= i=1

Theorem 4.3. (Green’s Theorem) Let C' be a positively oriented, piecewise-
smooth, simple closed curve in the plane and let D be the region bounded by

C. if P and Q) have continuous partial derivatives on an open region that
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contains D, then

om0

Green’s Theorem can be extended to multiply-connected domains. It is

called Extended Green’s Theorem.

4.3 Mixed Dirichlet-Newmann problem

Due to Ahlfors [3] , extremal distance A(A, B;G) can be computed by
Dirichlet integral D(u). Let G be the previously discussed domain in 4.1.

Theorem 4.4. The extremal distance A\(A, B;G) is the reciprocal of the
Dirichlet integral D(u), i.e,

where

= // (uf 4 ul)dzdy.
G

The function u(z) is called the solution of a mixed Dirichlet-Neumann

problem with the following properties:
1. w is bounded and harmonic in G.

2. u has a continuous extension to 0G, which is equal to 0 on 0A and 1
on 0B.

3. The normal derivative Ou/0n exists and the normal derivative vanishes
on 0G.

Moreover, function wu(z) is unique in G' by the maximum principle and
0<u(z)<1linG.
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4.4 Critical points

We now consider critical points of u(z) on G. Note that critical points of
u are zeros of the analytic function u, — tu,. The reflection principle implies
that u has a harmonic extension across 0QUJAUIB. Thus, u, —iu, has an
analytic extension. Since A, B are continua in €0, zeros of analytic function
u, — iu, have no accumulation points in G. So the number of its zeros in G
is finite. Let C, be the critical point set of u. Suppose there are p zeros of
u, — iu, (counting multiplicity) in the interior of G and g zeros of u, — iu,,
also counting multiplicity, on the boundary of G, i.e., on (U?:_O1 6,) UOAUIB.

By using theorem 4.2, the generalized argument principle, we have
_ 1
darg(u, — iu,) = 27(p + =q).
G 2
Let v(z) be a locally single-valued harmonic conjugate of u(z). If we write

w = u + v, then

d_w
dz’

/ darg(u, — iuy) :/ darg(dw)—/ darg(dz).
oG oG oG

Since OG' is composed by analytic curves, on dG, we have

Uy — 1y =

and

dw = (uzdx + uydy) + i(uydy — u,de)

where T is the tangent vector and n is the outer normal vector. Thus

/ darg(dw) = / darg(%ds)%—/ darg(@ds) = 0.
INUIAUSB INUOAUSB oT dQUIAUHB on

Since u = 0 for z € 0A and u = 1 for z € 9B, we have

ou
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Taking into account of
ou

%:OonﬁQ,

we conclude that on 0G,
darg(dw) = 0.

Moreover, since €2 is an n-connected domain,

/{)G darg(dz) = / darg(dz) = 2nr.

BoUB1U---UBy—1UOAUOB

Therefore,

2p+q = 2n.

4.5 Level curves and critical points

Note that u can not be constant on any subarc of 9€2. Otherwise, on such a

subarc, g—% =0 and g—z = 0, which imply u, — tu, has infinitely many zeros
on 0f), a contradiction.
Let
Y ={2€Q:u(z) =k kel01]}
and

T = {y:ke[0,1]}.

Easy to see v = 0A, 71 = 0B. We call v; the level curve of harmonic

function u in Q. Define
' = {y €I': ~ contains at least one critical point of u}.

We call the element of I'* the critical level curve. Since C), is a finite set, I'*
contains finite elements.

Now we distinguish the level curve into two sets. Suppose v € I' and q;
is one of the intersection points of v with some ;. Then there are two and

only two cases:
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1. There exists a neighborhood U; of a; and a homeomorphism ¢; such
that

¢i(Ui) =D, ¢i(ai) =0,
and

In this case, we call a; the regular intersection point.

2. There exists a neighborhood U; of a; and a homeomorphism ¢; such
that

¢i(Ui) =D, ¢i(ai) =0,
and

oi(y

In this case, we call a; the non-regular intersection point.

0) = (~1,1).

It is obvious that all the intersection points of a level curve and 9 are either
regular intersection points or non-regular intersection points.

If a; is a non-regular intersection point on level curve v and boundary
component [3;, it is obvious that ‘g—% = 0 on a; since 7 is a level curve. Note
that u is the unique solution of mixed Dirichlet-Newmann problem, so % =0
on 3;, i.e. % = 0 on a;. We conclude, from above analysis, a; is a critical
point of u. That means, all the non-regular intersection points are critical

points.

4.6 No interior critical points

Suppose ¥;(i € A) be the level curves of u intersecting with some boundary
curve ;. Let

1 =supi, ¢ =infi.
ieA €A
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Since f; is a closed Jordan curve, 7; and v; also intersect with 3;. Suppose a;
is a point of ;N B; and a; is a regular intersecting point. Then there exists

a neighborhood U; of a; and a homeomorphism ¢; such that
¢;(Uz) =D, ¢3(a;) =0,
and
¢i(NU;) = [0,1).

Therefore, there exists some point a7 in 5; N U; such that the level curve ~;

passing through a> satisfies

u(77) > u(y;)-

It is contradictive to the definition of i. So a7 is a non-regular intersection
point. The same reason can deduce that «; also contains a non-regular inter-
section point. Since non-regular intersecting points are critical points, v; and
~; contain at least one critical point, respectively. That means, 3; contains
at least two critical points.

Note that we have 2p+¢ = 2n and each boundary curve 5; (i = 0,1,...,n—1)
contains at least two critical points, so all the critical points lie on boundary
curves of ). Furthermore, each ; contains two and only two critical points.
From above analysis, we can also deduce that all the critical points are non-
regular intersection points and no regular intersection point is the critical
point. That is to say, a point is a critical point of u if and only if it is a
non-regular intersection point.

If critical points a;, and a;, in (3; are located on the same level curve
v;, then there exist level curves joining at least one of the two compo-
nents of 5;\{a;,,a;,} across ;. This is a contradiction. Therefore, if some

v; € I'" contains k critical points, then there exist disjoint boundary curves
Birs Bigs -, Bi, C O such that

ﬁ(ﬁzj ﬂ’%’) =1, (] =1,2, 7k)
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and the point ;; N ; is a critical point of u.

4.7 Domain Decomposition

From the above discussion, the intersection points of level curve v with
some boundary curve f3; is either a critical point or two regular intersection
points. So

2 <™ =1<2n.

Therefore, there exist v,,v, € I'" such that
u(7,) = inf{u(y) : vy € I'"},

u(7y,) =supfu(y) 1y € I}

It is easy to see that v, and v, are unique.
Let

F* = {,71 - 7,45727737 e Yi=1,Y1 = 73}7

and

0 =u(0A) = u(y) <ulm) <uly) <..<u(y-1)
<u(y) < u(ys1) =u(0B) = 1.

For any level curve ¢;, we decompose it by the regular intersection points

and critical points. Let
§i =06, USIU..U8",

u(e) < u() < ulyen).

It is easy to see that any level curve ¢; satisfying u(yx) < w(d;) < w(Vkt1)

has the same number components of d;, i.e.

§; =10, U8 U...Ud"
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Furthermore, 67" is homotopic to 67" with respect to 0S2 for any m € {1,2, ..., n;}.
Using the curves in I'*; we can decompose €2 into finite subsets A; (0 < i <
1)
A ={zeQ:uly) <ul(z) <ulviq)}-
It is obvious that

l
o\ = A,
=0

and each A; is an open set. Note A; need not to be a domain.
Let
Q. ={A; : A; is connected},

Qg ={A; : A, is disconnected}.

Since all the level curves in Ay are homotopic to 79 = A, Ay € Q.. The

same reason deduces 4A; € Q.. So

2 <fQ. <1+ 1

4.8 Integration on critical level curves

Recall that the domain A, is a doubly connected domain bounded by
Y% = O0A and 7. By using a conformal map of Ay onto an annulus, we
can construct a simple arc 74 in Aq joining dA and one critical point a; in
74, such that 74 is orthogonal to each level curve ~; for 0 < u(y) < u(y1)
and that

AMA, 1) = MOA, 71; z0)7

where ﬁo = A¢\74 is a simply connected domain. By basic properties of the

harmonic function,

ou
—ds =0,
9G 0n

ou
D(u :/ u—ods.
(u) . on
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Sinceg—”;‘l:OonﬁQandu:OonﬁA,u:lonaB,so

ou ou ou
/aA 3nd8 /33 ands /aG uands <U)

On the other hand, one can extend v continuously to prime ends of 02 =

O(2\ (74 UTp)). Then simple calculation yields that

/ dv:—/ %ds,
A 94 On

/aA dv = D(u).

which implies

The same procedure implies

/aB dv = D(u).

For any critical level curve (v # v,,75), suppose u(y) = k (0 < k < 1).
Denote G* be the component of Q\(y U A) containing 7,. Then 0G* is
composed by 0A, v and a part of 0£2. Write

u*(z) = %, Cor = 0G™\(y U 0A).

Since v has finite components, u*(z) is the solution of mixed Dirichlet-

Newmann problem on G* which satisfies:
(i) w* is bounded and harmonic in G*;
(ii) w* has a continuous extension to dG*, which is equal to 0 on 0A and 1
on 7;

(i) the outer normal derivative 2“ exists and vanishes on Cg-.

Similarly, if v* is a harmonic conjugate of u*, we have

D(u™) :/ dv* :/dv*.
0A 5
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That is,

D(u) = A .
lmzmm

Since the normal derivative of u vanishes on 02, the tangent derivative

So, for any v € I'*, we have

of its conjugate v vanishes on the critical points of u. Therefore, v takes
constant values on the components of 0Q\C,, and the difference of the values

represents the value change of v along different level curves of w.

4.9 Completion of the Proof

Proof. For any A; € Qg, if
A, = AJUATU LAY,

then by above analysis, A" is disjoint from A(m # n). Denote by I'; the
curve family composed by the curves in €2 connecting v; and v;,1, and denote
by I';; the sub-family of I'; composed by curves in A‘z )

If we choose some z € Q\C, such that v(z) = 0, then the conformal map

w = u + v maps A; onto the rectangle

Ra, = (u(yi), u(yit1)) x (0, D(u)).
ou

Let RA{ be the image of Af under mapping w = u + 7v. Since 5= = 0 on

0f), R,; is also a rectangle in Rp,. Furthermore, since
7

/dv:/ dv = D(u),
Vi Yit+1

we deduce that Ra, is composed exactly by R,;(1 < j < k;), that is

k;
Ra, = |J Ras-

J=1
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Figure 4.1: Decomposition of G

* (i) = ) 1
U{Yi+1) — Uy
)‘(Fl) = D( ) = 1 1 . 1
u N TN T T AT
Therefore 1
u(yipr) —u(y) 1
F pu— pu—
Z)\( 2 Z D(u) D(u)
=0 1=0
Then
! -1
A(A, B,Q) =D AT = MA,74) + A(B.ys) + Y ATY).
=0 =1
Using the same method as above, we obtain that
. (v 1 -1
% 1
AMva,78,8) Z + = D) A(L)
i=1 i=1



Therefore

AMA, B; Q) = MA,v4) + MB,v8) + A(7a,78; Q).

This completes the proof of Theorem 4.1.

o6
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Chapter 5

The QED constant and the
Boundary dilatation on

multiply-connected domains

For a Jordan QED domain €2, a sharp upper bound of QED constant M (£2)
is obtained in terms of boundary dilatation H(2) in [6]. It is natural to
consider the generalization of this result to finitely connected QED domains.

We state our main theorem of this chapter:

Theorem 5.1. Let ) be a finitely connected QED domain in the extended
complex plane. Then either M(SY) is attained by a pair of disjoint non-
degenerate continua or

M(Q) <1+ H(Q).

First we define the boundary dilatation H(2) for a multiply connected
domain (both finite and infinite case) and prove the finiteness of H(2) for
a QED domain. The reflection lemma and the comparison lemma given in
section 5.2 are two major ingredients in proving the main theorem. In par-
ticular, the decomposition theorem in chapter 4 is used in dealing with the
degenerate case in the comparison lemma. Finally, the proof of the main

theorem is given in section 5.3.
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5.1 Boundary dilatation of multiply-connected

domains

Boundary 0f2 of a quasidisk 2 admits a quasiconformal reflection which
interchanges Q and its exterior domain Q* = C\ Q and keeps the boundary
fixed pointwise. For a QED Jordan domain 2, the quasiconformal reflection
constant R(€2) is defined as follows:

R(Q) = inf{K(f) : f is a quasiconformal reflection in 0Q2}.

In order to consider the degenerate case, the localized version of R(€2), the
boundary dilatation H(£2) is defined as:

H(Q) =inf{k(f|Q2\ E) : f is a quasiconformal reflection and

E is a compact subset in Q}.

It is obvious that 1 < H(Q2) < R(9).

Since the boundary dilatation is defined only for a Jordan domain, it is
necessary to provide a similar definition for a multiply-connected domain.
We define boundary dilation along each boundary curve respectively and

take the maximum of them.

Definition 5.2. (Boundary dilation of multiply-connected Domains) Let
be a multiply-connected domain whose nondegenerate boundary components
consist of disjoint Jordan curves 3; j = 0,1... . Let Q; be the component of
C'\ B; containing Q. Set

H(B;) = inf{K(f|Q; \ E) : f is homeomorphic reflection about

B; and E is a compact subset in §2;},

and define the boundary dilatation

H(Q) =supH(B;), 7=0,1...
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To show the finiteness of boundary dilatation H () for a QED domain,
the following theorem [17] about an upper bound for the constant K of

quasicircle domain is needed.

Theorem 5.3. If D is a QED domain in C, then D is a K-quasicircle domain
with
K <L?

where
L =0 (g(1)MD)=Dy,

Using Theorem 5.3, we are ready to show the finiteness of boundary

dilatation.
Lemma 5.4.  For any multiply-connected QED domain 2, H(Q)) < oc.

Proof. Given a QED domain €, let 3;,7 = 1,2,..., be the non-degenerate
boundary components of €. Since €2 is a QED domain, then by Theorem
5.3, is a K-quasicircle domain with K < L?, where L = ¥~1(¥(1)M(P)=1)),
Then each 3; is a K-quasicircle and moreover, each 3; admits quasiconformal
reflections f on €, as in Definition 5.2.

Taking the infimum with respect to all quasiconformal reflections f,
R(;) = b K(f) < K.

Thus,
H(B;) < R(Q;) < K.

Therefore,
H(Q) =sup H(B;) < K.
J

This gives the finiteness of H(2). O
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5.2 Two Lemmas

In this section, we establish two lemmas that are needed in the proof of
Theorem 5.1. The first one, reflection lemma, can be regarded as a general-

ization of the symmetry principle for modulus.

Lemma 5.5. (Reflection Lemma) Let 2 be a domain in C with boundary T
consisting of disjoint quasicircles B;,1 =0,1,....n—1, Q;,1=0,1,....n—1 be
the component of @\BZ containing ), ;. be a domain in C with Q; C Qe
Denote QZE = Q,E\ﬁl and let f; : QZE — ; be K;—quasiconformal reflection

across ;. Write
n—1
Qe =[] Q.
i=0

Then for any disjoint non-degenerate continua A, B C Q, we have
mod(A, B;Q.) < (1 + K)mod(A, B;Q) = (1 + K)mod(A, B;Q),
where K = max; K.

Proof. Let
I =T'(A B;Q), I'.=I(A B;Q,.).

For any given admissible function p € adm(I'), define p. : C — [0, 00) as

p5<z) :{ 0, Z¢Qa§

plg()g'(2)l, = € e,

where

(z)— Z, zeﬁ;
= fi(z), zeq

]76,

(j=0,1,...,n—1).

Let . € I'. be a locally rectifiable curve such that g is absolutely continuous



61

on each closed subcurve of v.. Then g(+.) € T" is also locally rectifiable and

/% pe(2)ds = /%meEdS + :i:/%m;ﬁ p(fi(2)1fj(2)|ds

n—1
2/ pds+2/ p(z)ds
’YEHQ f(’YEmQ;,E)

=015
= / pds > 1.
9(7e)
Therefore p. € adm(I',) where
I'. = {7. € . : g is absolutely continuous on each closed subcurve of ~.}.

Since g is ACL for almost all curve 7. € ', g is absolutely continuous on

each closed subcurve of almost all 7. € I'.. So
mod(T.) = mod(T7).

Since f; is a quasiconformal mapping from €2;. to €2;, by the analytic prop-
erties, we have

LGP/K; < J(= 1),

where J(z, f;) denotes the Jacobian of f; on z. So

mmms/éwmz

C
n—1
= [+ 3 [ IR
Q j=0 7
n—1
</p2dm+ K~/ P (z)dm
Q ]Z; ! fi(Qs )
<(1+K)/p2(z)dm
Q
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Taking the infimum over p € adm(T") yields that
mod(I".) < (1 + K)mod(T) = (1 + K)mod(4, B;Q),

So
mod(T,) < (1 + K)mod(T') = (1 + K)mod(A, B; Q).

The fact that the boundary of a QED domain has zero measure induces
mod(A, B; Q) = mod(A, B; Q). This completes the proof of lemma 5.5. [

We further need to compare the moduli of curve families joining the same
disjoint continua in different domains. The comparison lemma shows, in the
degenerate case, the moduli of the curve families joining two disjoint continua
in the whole plane and in a fixed domain, respectively, are asymptotically

the same.

Lemma 5.6. (Comparison Lemma) Let 2 be a finitely connected domain
and Q. be domain with Q@ C Q.. Suppose that (A,, B,) is a sequence of
pairs of disjoint non-degenerate continua in Q0 such that at least one of the
two sequences {A,} and {B,} converges to a point. Then there exists a
subsequence of (A, By), denoted again by (A,, B,), such that

lim mod(A,, B,; C)

=1
n—o0 mod( Ay, Bp; )

Proof.  We fix such a domain ). such that Q C .. Without loss of gen-
erality, we may assume that sequence {A,} converges to a point {a}. For
sequence {(A4,, B,)}, we will also use notation {(A,, B,)} to denote its sub-
sequence for our convenience. By the existence of limit of mod(A,, B,; €2.),

we can assuine

lim mod(A,, B,; ) = L,

n—oo
where L = 0 or L > 0 (including the case that L = 0o). We consider the two

cases respectively.



63

Case 1. L > 0. Let

d =min dist (0Q2,00.) = inf |z —y|
J €N, YyeI,
We choose a pair of points (ay, b,) such that |a, —b,| = diam (A,). Because

{A,} converges to a point,

lim |a, — b,| = 0.
n—oo

For each curve v in I'(A4,, By; C), either v C Q. or it contains a subcurve
which joins curve |z — a,| = |b, — a,| and curve |z — a,| = § when n is

sufficiently large. It follows that

2
mod(A,, B,; C) < mod(A,, B,; ) + —7;.

In Tcan]

Taking into account of |a, — b,| — 0 as n — oo, it follows that

lim mod(A4,, B,;C)

=1.
n—oo mod(A,,, By; )

Case 2. L = 0. Replacing 2. by a subdomain if necessary, we can assume,
without loss of generality, ). is bounded by quasicircles. That is, €). is a
QED domain. For each fixed pair of disjoint non-degenerate continua A,
and By, apply theorem 4.1. Then there exist two simple closed curves v,
and 7, in Q. such that there exist two points a,, and b, with a, € v, NS,
and b, € 7, NOKL, the components of 2.\ (v, U7y, ) which contain continua

A, or B, are simply connected, and
AMAn, Bpi Q) = MAn, 7a,) + A(Brs ¥, ) + AV, s Vi, 5 ()
On the other hand, by comparison principle of extremal length,

AMAn, By C) > MAn, 7, ) + A(Bn, g, )-
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So
A An, By C) < MA,, Bn; Q) < MAy, By C) + A(’YAn » Vb Q).

Thus

| < mod(A4,, B,; C)
~ mod(A,, By; )

< 14+ mod(Ap, Bu; C)A(V4, s Vs, s S2e)- (5.1)
Since (). is a bounded QED domain, we obtain
mod(A,, B,; C) < M(Q.)mod(A,, By,;€.). (5.2)

Since in case 2, it is assumed that L = 0, i.e, lim,_,,, mod(4,, B,;€.) = 0.
(5.2) implies that lim,,_,o, mod(A,, B,;C) = 0.

To complete the proof, it remains to show that A(vy, ,7, ;{%) is bounded
as n — oo. To this end, fix z,, € A, and y, € B,. Since a, € v, M€ and
by € v, M OSQ, it follows that

an — xn| > dist (Q,000), |b, —yn| > dist (Q,09.),

and
|y — x| < diam (0€2.), |b, — a,| < diam (0€.).
Thus the cross-ratio [y, @y, Y, b,] satisfies

|y — wal|bn — ay < ( diam (09.))?

[T, Qs Yny O

So an upper bound can be derived for A(v, ,7, ;€.) by using extremal

property of Teichmiiller ring domain as follows.

AVa, s Ve, Q) < M(Q)N vy, 575, C)

1
< _M(Qg) In \I]([l‘na Gy Yy bn])
2

| ( diam (99.))?
< 5-M(Q) ¥ (( dist (Q,aﬂe))Q) ’
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where W is the function defined by the Teichmiiller ring domain as in Example
1.10. Since €2, is a QED domain, M (€).) < 00. So (7,7, ;€2) is bounded
as n — 0.

Letting n — oo in (5.1), we have

A,.. B,:
lim mod(A,, B,; C)

= 1.
n—oo mod(A,,, By; )

5.3 Proof of Main Theorem

Proof.  We are ready to prove the main theorem. Recall that quasiextremal

distance constant for domain €2 is defined by

mod(A, B; C)
M(Q) = modlA, 5 %)
(&) A?;EQ mod(A, B;Q)’

where A, B are disjoint continua in Q. There exists a sequence of pairs of
disjoint continua {(A,, B,)}, such that,

mod(A,, B,; C)

M(Q) =1 =

() n00 mod(A,, B,; Q)
For our convenience, we will denote the subsequence the same as {(A4,, B,)}.
Under Hausdorf distance, by passing to a subsequence if necessary, we can

assume

lim A, = A, lim B, =B.

n—oo n—oo
There are three cases need to be considered with respect to A and B.

Case 1. Both A and B are nondegenerate continua with AN B = ();

Case 2. At least one of A and B is a single point;

Case 3. Both A and B are nondegenerate continua with AN B # (.
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For case 1, when A and B are disjoint nondegenerate continua,

. mod(4,,B,;C) mod(A, B;C)
(€2) = lim, mod(A,, B,; Q) mod(A, B; Q)

For the other two cases, we will show that M(2) < 1+ H(Q). First fix

e > 0. By the definition of H(£2), there is a quasiconformal reflection f across
02 such that K(f) < H(€)+¢ in a neighborhood of 0€2. Thus, we can choose
a domain €, containing Q such that f is (H(£2)+¢)-quasiconformal reflection

across 0f) satisfying the conditions in the reflection lemma. Thus,
mod(A,, Bn; Q) < (14 H(Q) + e)mod(A,, B,; Q). (5.3)

In both case 2 and case 3, we claim that

lim mod(A,, B,;C)
n—oo mod(A,,, By; )

=1 (5.4)

In case 2, it follows from the comparison lemma directly since at least one
of the two sequence A,, and B,, converges to a point.

In case 3, both continua A and B are nondegenerate with AN B # (). It is
easy to see that mod(A,, B,;Q.) — oo and mod(A4,, 9€; Q) is bounded as
n — oo. Moreover,

mod(A,, B,;C) <mod(A,, B,; ) + mod(A4,, d8;2.).
Then
mod(A4,, By,;C) mod (A4, 0€.; )
1< <1+ ,
mod(A,, By; Q) mod(A,, By; Q)
which yields (5.4).
To finish the proof, combing (5.3) and (5.4), we obtain that
. mod(A,, B,;C)
M(Q) =1
) = i (A, B )
’ mod(A,, B,;C) mod(A,, By; Q)
= lim .
n—oo mod(Ay,, Bn; Q) mod(A,, B,; )
<1+ H(Q)+e.




Finally, letting ¢ — 0, we obtain
M(Q) <1+ H(Q).

This completes the proof of the main theorem.
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