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Abstract

On Algorithmic Hypergraph Regularity
By Annika Poerschke

Thomason and Chung, Graham and Wilson were the first to systematically
study quasi-random graphs and hypergraphs and showed that several prop-
erties of random graphs imply each other in a deterministic sense. In par-
ticular, they showed that e-regularity from Szemerédi’s regularity lemma is
equivalent to their concepts. Over recent years several hypergraph regularity
lemmas were established.

In this dissertation, we focus on two regularity lemmas for 3-uniform hy-
pergraphs one due to Gowers, and one due to Haxell, Nagle, and Rodl. Their
lemmas are based on different notions of quasirandom hypergraphs and we
show that their concepts are in fact equivalent. Since the regularity lemma
of Haxell, Nagle, and Ro6dl is algorithmic, we also obtain an algorithmic
version of Gowers’ regularity lemma. Further, we use Gowers’ analytic ap-
proach to the hypergraph regularity lemma to give a more direct proof of

the algorithmic version of his regularity lemma.
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Chapter 1

Introduction

In 1975, Szemerédi proved his well-known Regularity Lemma [34] that is
of fundamental importance in combinatorics and graph theory. His lemma
helped in proving many results especially in extremal graph theory. See
[22] for an excellent survey on the applications of the regularity lemma.
Roughly speaking, the lemma says that we can decompose the vertex set of
any graph into a fixed number of classes such that the graphs induced on
almost every pair of the partition classes behave like random graphs. The
essential concept involved in Szemerédi’s regularity lemma is the notion of
an e-regular pair. For a graph G = (V, E) (we refer the reader to [10] for
basic graph theory definitions and concepts) with A, B C V' nonempty and
disjoint, we let e(A, B) = |E(A, B)| be the number of edges between A and
B in G. Furthermore, we set d(A, B) = e(A, B)/|A||B| as the density of
the bipartite graph (A U B, E(A, B)). We say the pair (A, B) is e-regular
if for some positive ¢ and any A" C A, B’ C B satisfying |A’'| > ¢|A| and
|B’| > ¢|B| we have |d(A’, B") — d(A, B)| < e. Now, we are able to state the

regularity lemma.

Theorem 1.1 (Regularity Lemma [34]) For alle > 0 and ty € N, there
are two integers Ty = Ty(g,to) and ng = no(e, to), such that for every graph
G = (V,E) with |[V| = n > ng, V admits a partition into t + 1 classes
V=VWuWuU---UV; with tg <t < Ty satisfying the following:

(1) Vol <elV],

(i) V1| = --- = |V4|, and



(iii) all but at most et* of the pairs (Vi, V;) with 1 <i < j <t are e-regular.

The original proof of Theorem 1.1 is non-constructive. But in 1994 Alon,
Duke, Lefmann, Rodl, and Yuster [1, 2| were able to give an algorithmic
proof of the regularity lemma which has already been applied to design algo-
rithms for various combinatorial problems. Applications include for instance
approximation algorithms for the max-cut problem [13] and a fast algorithm
for computing the frequency of a subgraph [11]. Many of these problems
have generalizations for hypergraphs. Therefore, the question whether we

can extend the regularity concept to hypergraphs arises naturally.

In the hypergraph case regularity can be measured differently. Various
authors were able to establish several hypergraph regularity lemmas in-
cluding Frankl and Rédl [12], Haxell, Nagle, Rédl, Schacht and Skokan
[17, 24, 30, 31, 32|, Gowers [14, 15] and Tao [36]. Applications of these
hypergraph extensions have been considered in [3, 8, 9, 12, 14, 15, 20, 23,
25, 24, 26, 29, 30, 27, 28, 33, 35]. Gowers used the notion of a (functional)
quasirandom hypergraph in his proof of the hypergraph regularity lemma."
In fact, Thomason [37] and Chung, Graham and Wilson [6] were the first to
investigate the properties of so-called quasirandom graphs. In particular, the
latter authors considered several properties of random-like graphs of density

1/2 and showed that they are all equivalent in a deterministic sense.

In this thesis we focus on 3-uniform hypergraphs and in particular, we
consider the hypergraph regularity lemmas of Gowers [14| and Haxell, Rodl,
and Nagle [17]. In fact we show that their regularity concepts are equiva-
lent, i.e. we show that minimality (used by Haxell et al.) and (functional)-
quasirandomness (introduced by Gowers) are equivalent (see Theorem 3.10).
Our proof relies, in both directions, on the so-called hypergraph counting

lemmas (see Theorem 3.11 and Theorem 3.12), which correspond to the reg-



ularity lemmas of Gowers and Haxell et al. [14, 17]. As a consequence,
we infer an algorithmic version of Gowers’ regularity lemma, using that the
lemma of Haxell et al. is algorithmic. But we also use Gowers’ elegant,
analytic approach to the hypergraph regularity lemma to get a somewhat
more direct proof of the algorithmic version of Gowers’ regularity lemma
for 3-uniform hypergraphs. For that we revisit his original proof that con-
tains probabilistic arguments and provide a derandomized version thereof

(see Theorem 4.1).

Organization of this thesis. In Chapter 2, we consider graphs and recall
the equivalence of Gowers’ (functional) quasirandomness concept for graphs
[14] and e-regularity [34]. In Chapter 3 we introduce 3-uniform hypergraphs
and discuss the relation of Gowers’ -quasirandomness and J-minimality used
in the paper of Haxell et al. [17] (see Theorem 3.10). In Chapter 4 we provide

a constructive version of Gowers’ quasirandom lemma (see Theorem 4.1).



Chapter 2

Graphs

2.1 Quasirandomness

2.1.1 Basic Definitions and Concepts

We start this section with a review of various notions of quasirandomness
for graphs, and will point out their relations. Our objects of interest in this
chapter are simple graphs, without loops and multiple edges, and we refer the
reader to [10] for basic graph theoretic definitions and concepts. Thomason
[37] was the first to study quasirandom graphs systematically. This research
was continued by Chung, Graham, and Wilson [6] who investigated several
properties of random-like graphs of density d = 1/2 and proved that they are
all equivalent. For our purpose we will restrict ourselves to bipartite graphs

here.

Definition 2.1 ((Ké’22) , €)-minimality) Let G be a bipartite graph with
vertex partition Vi3 U Vo and density di2. G is called e-quasirandom if its
number of labelled 4-cycles is at most (dis + €)|V1|?|Va|?.

We call this definition (Ké?z),e)—minimality since it is always the case that

for a bipartite graph G, defined as in Definition 2.1, the following holds:

IKS)(@)] > (dby — o(1)[Vi]? Va2

where o(1) — 0 as min{|V4|,|V2|} — oo and KSQQ)(G) denotes the family of
all 4-cycles in G.

The next concept of quasirandomness was introduced by Gowers in [14].



Definition 2.2 Let V} and Va be sets with |Vi| = my and |Va| = ma, respec-
tively. A function f: Vi x Vo — [—1,1] is called y-quasirandom if
Z Z f(’Ul,’Ug)f(Ull, U2)f(“h“é)f(”i)“é) < 'Ym%m%
vl,vllevl ’L)Q,UIQEVQ
The above definition gives rise to the concept of functional quasirandomness

for graphs.

Definition 2.3 ((d12,7)- Quasirandomness) Let G be a bipartite graph
with vertex partition Vi U Va where |Vi| = my, |Va| = ma, and density dys.
G is called (dy2,v)-quasirandom if the function g : Vi x Vo — [—1,1] with
g(v1,v2) = G(v1,v2) — dy2 is y-quasirandom, where G(v1,v2) is the charac-
teristic function on the edges of G, i.e. G(V1,Va) =1 if {v1,v2} € E(G) and

0 otherwise.

Whenever we talk about quasirandom graphs in the later sections we will
assume that these graphs are actually (d12,7)-quasirandom and we will omit
the term (dj2,7) for convenience if the underlying parameters are clear from

the context.

2.1.2 Relation of the Concepts

In this section, we recall the equivalence of the two quaisrandom notions
from above. More precisely, we show that (K%) ,€)-minimality (Defini-
tion 2.1) and the (d, v)-quasirandomness (Definition 2.3) are equivalent (see
Lemma 2.5).For the meaning of ‘equivalence’ here we refer the reader to the
discussion after Lemma 2.4. Before we state the lemma let us refer to a
result by Chung et al. As mentioned before these authors were able to show
that several random-like properties are equivalent. We will state here the
one that is of particular interest for us. Although the authors showed it only
for graphs of density d = 1/2, one can easily generalize it for any arbitrary
but fixed density d. Since we only consider bipartite graphs here the result
is slightly different from that of the above authors, but the same techniques

are applied to prove it.



Lemma 2.4 Let G be a bipartite graph with vertex partition V1UVs. Suppose
further that G has density dio. Then the following properties are equivalent:

(1) (K 5722), e)-minimality;
(2) if Vi € Vi and V3 C Va then [e(V], Vg) — dia|VI[[V5|| < €'[VA[Val.

For fixed density djs the equivalence here means that for any ¢’ > 0 there
exists an € > 0 such that if (i) holds for € then (i7) holds for &’ and vice
versa for every € > 0 exists ¢/ > 0 such that if (2) holds for ¢/, then (1) holds
for e. We refer to (2) as &'-regularity. Although it is slightly different from
Szemerédi’s definition of an e-regular pair (see Introduction), i.e. we do not
have the restrictions on the size of the subsets, however one can easily show
that both concepts are equivalent in the sense defined above.

The next lemma states the equivalence of (K 522) ,€)-minimality and (di2,y)-

quasirandomness.

Lemma 2.5 Let G be a bipartite graph with vertex partition Vi U Vo where
|Vi| = m1 and |Va| = ma. Suppose further that G has density di2. Then the

following properties are equivalent:
(i) G is (Ké’?Q),e)-mmimal;
(ii) G is €' -regular;

(iii) G is (di2,7)-quasirandom.

Proof. Properties (i) and (i) are equivalent due to Lemma 2.4. In order
to prove that (ii) < (iii) we refer to a result by Gowers. In fact, in [14] he
proved that several properties are equivalent for two sets. Here we will only

state the relevant parts needed to conclude the proof of Lemma 2.5.
Lemma 2.6 Let Vi and Va be sets where |[Vi| = my and |Va| = ma, and let
g: Vi x Vo — [=1,1]. Then the following are equivalent:

(@) Sor st et Sumwyevs 901, 02)g(0h, v2)g (01, 0)g (05, v4) < ymim3;



(b) For any pair of sets Vl/ C Vi and V2’ C Vu we have the inequality

g E g(vy,vh)| < &'mima.

vy eV vheVL

Suppose we are given a bipartite graph G with vertex partition V; U Vs,
where |V1| = my and |Va]| = mg, and suppose that the density of G is dis.
Let further g : Vi x Vo — [—1, 1] with g(v1,v2) = G(v1,v2) — d12. With this

definition of g we also have

e(Vi,V3) = Z Z G (v}, v5) = Z Z g(vi,v3) + di2| V]| V3]

vieVy vheVy vieVy vheVvy

Consequently,

eV, V3) —dia| VIIIVEI| < Y0 D g(vf,0h)

vieVy vhevy

< e'myimgy

and, therefore, e’-regularity is equivalent to property (a) of Lemma 2.6, which

for the choice of g coincides with (d;2,7)-quasirandomness.

2.2 Regularity Lemma

In this section we state an algorithmic version of Gowers’ regularity lemma
for graphs. Due to the equivalence of regularity and quasirandomness stated
in Lemma 2.5 the algorithmic version is a direct consequence of the result of
Alon et al., which establishes an algorithmic version of Szemerédi’s regularity
lemma. Before we state the algorithm let us introduce some notation. For a
given t-partite graph G = (V1,...,V;, E), we denote by G[V;, V;] the induced
bipartite subgraph on V; and Vj. Let further K[V;, V] denote the complete
bipartite graph on V; and V;. We are now ready to state the algorithmic

regularity lemma for graphs.



Algorithm 2.7 (Algorithmic Regularity Lemma for Graphs)
Input:

(i) € > 0 and integers lo,to;

(i)) U=U,U---UUs, m=|U| <--- < |Us| <m+1;
(iii) KU, Uj]=GYU---U GZ],, 1 <i < j<ty, where li; < {q.
Output:

(1) Constants Ty = To(e, Lo, to) and No = No(e, 4o, to);

(2) refined vertex partition U; = Uy U ---U Uy, 1 < i < tg so that if
m > Ny, then

(a) for each 1 <i < j<tgandl <, j <t [|Us|—|U;jl| <1;

(b) all but e(tot)*y bipartite subgraphs G Ui, Ujjr], 1 <i < j < to,

1 <a<{y, 1<i,j <t, are e-quasirandom.
Complexity: O(m?37°).

The running time of this algorithm can be improved to O(m?) as shown in

[19].

2.3 Counting Lemma

In this section we state the graph counting lemma for the special case of
triangles for e-regularity introduced by Szemerédi. Roughly speaking it says
that a sufficiently e-regular tripartite graph contains approximately as many
triangles as one would expect in a random graph with the corresponding den-
sity. Gowers formally showed in [14]| a graph counting lemma for quasiran-
dom graphs but due to the equivalence of e-regularity and e-quasirandomness
discussed earlier we may simply apply the well-known graph counting lemma

for e-regular graphs although we consider e-quasirandom graphs.



Theorem 2.8 (Triangle Counting Lemma) Let n > 0, then there exists
€ > 0 such that if G is a 3-partite graph with vertex 3-partition V13 U Vo U V3
and |Vi| = |Va| = |V3| = m where the bipartite graphs G = G[V;,V;] are
(dij,e)-reqular 1 < i < j < 3, then:

|K5(G)| = (1 £ n)di2dasdizm?,

where K3(G) denotes the set of vertex triplets of G, which span a triangle in
G.
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Chapter 3

Equivalence Relations of
Quasirandomness for 3-uniform

Hypergraphs

3.1 Quasirandomness

3.1.1 Basic Definitions and Concepts

We will start this section with some basic definitions. From now on we
will only consider 3-uniform hypergraphs. Therefore, let us introduce some
notation. We denote by [n] the set {1,...,n}. Suppose V is a set, then
[V]? denotes all 3-element subsets of V. A 3-uniform hypergraph (also called
3-graph) H is a pair (V,E) where E(H) C [V]?>. The central objects in
this thesis are tripartite 3-uniform hypergraphs with vertex partition V =
ViuVe U Vs, |Vi| = mq, |Vo| = ma, and |V3| = mg3. As for graphs we
also want to define quasirandomness for 3-uniform hypergraphs. Similar to
Definition 2.1 where we considered labelled 4-cycles in a graph we define
for tripartite 3-uniform hypergraphs a so-called octahedron O, where V(O)
corresponds to (distinct) vertices v1,v] € Vi, va, vy € Vi, and v, v € V3
that span an ‘ordered’ copy of Ké?Q)’Q, i.e., the complete tripartite 3-uniform
hypergraph with vertex classes {v1,v]}, {va, v4}, and {vs, v4}.

Our main objects of interests are so-called quasirandom 3-uniform hyper-

graphs. You can find many different definitions of quasirandom 3-uniform
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hypergraphs in the literature. Here we will mention three definitions of a
quasirandom 3-uniform hypergraph. These concepts can be viewed as gen-
eralizations of the concepts for graphs discussed in Chapter 2. Moreover, as
in Chapter 2 we will show that these definitions are all equivalent.

Let us start with the most natural definition of an (Kégz,n)—minimal 3-
uniform hypergraph. All definitions we consider here are stated for tripartite
3-uniform hypergraphs. For convenience, let us define the (absolute) density
of a 3-uniform hypergraph. Suppose we are given a 3-uniform hypergraph H
with vertex partition V3 U Vo U Vs and |Vi| = my, |V2| = ma, and |V3| = ms.
Then the (absolute) density of H is defined as di23(H) = |H|/mimoms,

where |H| denotes the number of edges in H.

Definition 3.1 ((Ké?z),za n)-minimality) Let H be a tripartite 3-uniform
hypergraph with vertex partition Vi3 U Vo U Vs, |Vi| = mq, |Va| = me, and
V3| = mg. Suppose that H has (absolute) density dig3(H). Then H is
(Ké?%z, n)-minimal (n > 0) if it contains at most (di23(H)® + 1) (mimams)?

octahedra.

Note that H always contains at least (dj23(H)® — o(1))(mimams)? many
octahedra (cf. [17]) which motivates the name of this definition.

The next concept is called discrepancy in the literature. Before we state it,
let us introduce another convenient notation. For a given graph G we write

K3(G) for the family of triangles in G-
K3(G) = {{v1,v2,v3} € (%) : {v1, 02}, {v1,v3}, {va,v3} € G}.

Definition 3.2 (Discrepancy) Let H be a tripartite 3-uniform hypergraph
with vertex partition V1 U Vo U V3, of sizes |[Vi| = my, |Va| = ma, and |V3| =
mg. The discrepancy disc(H) of H is defined to be

1

' = K3(G)| — K
disc(H) mlQOchE?v’%”Hm 3(G)| — diaa(H) | K3(G))|

where di23(H) is the (absolute) density of H and the maximum is taken over

all graphs G with vertex set V.
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As in the case of graphs we would like to establish a concept involving func-
tions. Gowers formulated such definitions in [14] . But before we state the
definitions let us introduce a convenient notation. Suppose we are given sets
Vi, Vo, and V3. If f : V1 x Vo x V3 — R is any function of three variables

v1, U9, v3 then

fvlvivgvévgvé :f(vlv V2, Ug)f(vi, V2, U3)f(vla Uéa Ug)f(vl, V2, Ué)

(1,05, v3) f(v1, 5, v5) f (v, va2, v5) f (v, v, v5).
We are now ready to define the notion of a quasirandom function.

Definition 3.3 Let Vi, Vo, and V3 be sets of sizes m1, ma, and ms and let
f:VixVaxVs—[—1,1]. We say f is n-quasirandom if
Z Z Z fvlv’lvgvévgvé < U(m1m2m3)2-
v1,0] €V1 v2,0,EV2 v3,05EV3
The above definition allows to give a definition of a quasirandom hypergraph.
Definition 3.4 (n”’-Functional Quasirandomness) Let H be a tripar-

tite 3-uniform hypergraph with vertex partition Vi UVaU Vs, where |Vi| = mq,
|Va| = ma, and |V3| = ms. Suppose H has (absolute) density di2s(H) and let

h(’Ul, V2, ’U3> = H(Ul, V2, ’U3) - d123(H),
where H(vy,va,v3) is the characteristic function on the edges of H. We say

that H is n”-(functionally) quasirandom if h is 1’ -quasirandom.

3.1.2 The Equivalence of Several Versions of Quasirandom-

ness for 3-uniform Hypergraphs

As in the graph case we would like to establish a relation among the concepts
we introduced before. In fact, the next lemma establishes the equivalence of

the three concepts of Section 3.1.1.

Lemma 3.5 For a tripartite 3-uniform hypergraph H the following state-

ments are equivalent:
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(i) H is (octahedral,n)-minimal;
(11) disc(H) <1n';
(i1i) H is - (functional) quasirandom.

Proof. The equivalence of (i) and (¢7) in Lemma 3.5 was shown by Ko-
hayakawa, Rodl, and Skokan [21], who extended results of Chung and Gra-
ham [4, 5, 7]. The latter authors investigated hypergraphs of density 1/2
and proved some equivalences for that case. Kohayakawa et al. generalized
those results for arbitrary densities. In particular, they considered six differ-
ent properties (including Kéf;)z—minimality and discrepancy) of random-like
hypergraphs and showed that they are all equivalent. Although they did
not show it explicitly in the case of partite hypergraphs their techniques still
apply. Consequently, it remains to show the equivalence of property (i7) and
(731). Again, we refer to an already established result. The proof of the
lemma we use can be found in [14]. We only state the relevant parts for our

purpose here.

Lemma 3.6 Let Vi, Va, and V3 be sets, where |Vi| = my, |Va| = ma, and
|V3| = mg and let h: Vi x Vo x V3 — [—1,1]. Then the following statements

are equivalent.

Mo 200020072
(a’) thv/l?q;z,uéﬂ;g,vé hvlv’lv2v’2v3v’3 S nmimams,

(b) For any tripartite graph G with vertex partition Vi U Vo U Vs,

Z h(vi, v, v3) < n'mimams.
(v1,v2,v3)€EK3(G)

For h(vi,ve,v3) = H(vi,ve,v3) — di23(H), where dia3(H) is the (absolute)
density of a 3-uniform hypergraph H property (i) corresponds to the concept

of n”-(functional) quasirandomness whereas property (iii) corresponds to the

n’-discrepancy concept. Hence Lemma 3.5 follows.
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3.2 Relative quasirandomness

3.2.1 Definitions and Concepts

In order to state the basic definition behind the hypergraph regularity lemma,
we will need to extend the concept of quasirandomness and define quasi-
randomness of a hypergraph relative to a graph. In what follows we shall
consider a tripartite 3-uniform hypergraph H C K3(G), where G is the un-
derlying tripartite graph. In order to define what it means for a hypergraph
‘H to be quasirandom relative to a graph G, we need to consider the (rela-
tive) density of H w.r.t. G instead of the (absolute) density. More precisely,
if G = G2 UG? UG is a tripartite graph and H is a tripartite 3-uniform
hypergraph with H C K3(G), then the relative density of H w.r.t. G is

a = d(H|G) = [H|/|K3(G)|-

We can now define what it means for H to “sit quasirandomly” in GG, where

G = G2 UG UG consists of three e-quasirandom bipartite graphs.

Definition 3.7 Let G be a tripartite graph as above with vertexr partitions
Vi, Va, and Vs, where |Vi| = my, |Va| = ma, and |V3| = ms. Furthermore,
let f: V1 x Vo x V3 — [—1,1] be a function that is supported on K3(G). Let
the densities be d(GY) = d;;, 1 <i < j < 3. Then f is §-quasirandom w.r.t.
G if
ST D futusviue, < 0(diadasdis)* (mamams)®.
111,'0/16‘/1 vg,UéEVz 'U3,vé€V3
Finally, we are ready to define what it means for a hypergraph to be qua-

sirandom relative to a graph. As in the graph case we will consider here a

special function f involving the (relative) density of the hypergraph.

Definition 3.8 ((«, §)-quasirandomness) Let G be defined as in Defini-
tion 3.7 and let H be a tripartite 3-uniform hypergraph with H C K3(G) and

(relative) density «. Furthermore, let h(vi,va,v3) = H(vi,v2,v3) — a for
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(v1,v2,v3) € K3(G) and 0 otherwise where H(v1,v2,v3) = 1 if {v1,v2,v3} €
H and 0 otherwise. Then H is (a,9d)-quasirandom w.r.t. G if h is §-

quasirandom w.r.t. G, i.e.

ST D huuseesy < 0(diadasdiz)* (mamams)®.

V1 ,'U’l cVi vg ,”Ué cVo vy ,Ué cVs

(Here and throughout the thesis, we use the notation ),y to denote a

x,x' €

sum of ordered pairs.)

As in the sections before, there is also an equivalent concept, called (a, d)-
minimality, to Gowers («,d)-quasirandomness. Next, we will define the
(o, 0)-minimality concept considered by Haxell, Nagle, and Rodl [17]. To
that end, let G = G'2 U G?3 U G'3 be a tripartite graph, consisting of three
(dij, €)-regular (or equivalently ((d;j,e’)-quasirandom), 1 < i < j < 3, bipar-
tite graphs, and let H C K3(G) be a tripartite, 3-uniform hypergraph with
(relative) density a. Let K;?Q)Q(H) denote a copy of the complete tripartite,
3-uniform hypergraph with two vertices in each partition class in H.

Now we are ready to define the (¢, §)-minimality concept.

Definition 3.9 ((a, d)-minimality) Let G and H be defined as above. For
0 > 0, the hypergraph H is (c,d)-minimal w.r.t. G if

m m m
5,001 < dbaatsaty () () (7)) 0+ )

Note that since each G is (dij,e)-regular, 1 <i < j < 3, standard convexity
and double-counting arguments (see Proposition 4.1 (p.1744) of [17]) show
that

K5%,001 = iyt () () (5 )0 - 1@ G

where f(g) — 0 as e — 0.
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3.2.2 The Equivalence Statement

In this section we state the relation of the concepts of («, §)-quasirandomness
and («, d)-minimality that were introduced in the previous section. It is one

of the main results of this thesis.

Theorem 3.10 For all a, 61 > 0, there exists 65 > 0 so that for all dy > 0,

there exist an € > 0 and an integer mqg such that the following holds:

(i) Let G = G2 U G*> U G be a tripartite graph with vertex partition
V(G) = V1 UV, U V3 with ‘Vl‘ = ‘Vg‘ = ‘Vg‘ =m > my.

(ii) Let each G = G[V;,Vj], 1 < i < j < 3 be (dij, e)-quasirandom for

some d;; > do.

(iii) Let H C Ks3(G) be a 3-uniform hypergraph with (relative) density
d(H|G) = a.

Then,

(1) if H is (o, d2)-quasirandom w.r.t. G, then H is also (a,d1)-minimal
w.r.t. G;

(2) if H is (o, d2)-minimal w.r.t. G, then H is also (o, d1)-quasirandom
w.r.t. G.

Observe that the main difference between Lemma 3.5 and Theorem 3.10 is
that Theorem 3.10 includes the case when the underlying graph G is fairly
sparse, i.e., if d;; < 4.

3.2.3 Counting Lemmas and Auxiliary Facts

The proof of Theorem 3.10 relies mainly on Counting Lemmas established
by Gowers (c.f. [14]) and Haxell et al. (c.f. [17]). Both Counting Lemmas
will estimate the number of hypercliques K 15,3) (k > 3) in an appropriately

quasirandom (respectively minimal) environment.
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We now state Gowers’ Counting Lemma for the concept of

(o, §)-quasirandom hypergraphs.

Theorem 3.11 (Quasirandom Counting Lemma) For all integers k >
3, >0, and ag > 0, there exists § > 0 so that for all dy > 0, there exist
e > 0 and an integer ng so that the following holds:

(i) Let P = U1§i<j§k P be a k-partite graph with vertex partition V(P) =
UiU---UUyg with ‘Uﬂ == ’Uk’ =n>nyg.

(ii) Let each PY = P[U;,U;], 1 < i < j < k be (dij,)-quasirandom for

some d;; > do.

(i) Let T = Ur<peicj<k J"i C K3(G) be a k-partite 3-uniform hyper-
graph that satisfies for each 1 < h < i < j < k, J" is (ahij, 0)-

quasirandom w.r.t. PP U P U PY  where ap; > .

Then,
KN =0xp) I awyx [ dxnt

1<h<i<j<k 1<i<j<k
We will now state a generalized version of Haxell’s et al. Counting Lemma

for the concept of («, §)-minimality.

Theorem 3.12 (Minimality Counting Lemma) For all integers k > 3,
w >0, and ag > 0, there exists § > 0 so that for all dy > 0, there exist € > 0

and an integer ng so that the following holds:

(i) Let P = U1§i<j§k P be a k-partite graph with vertex partition V(P) =
UirU---UUyg with ‘Uﬂ == ’Uk’ =n>nyg.

(ii) Let each PY = P[U;,U;], 1 < i < j < k be (d;j,€)-regular for some
dij > dp.

(i) Let T = Ur<peicj<k J"i C K3(G) be a k-partite 3-uniform hyper-
graph that satisfies for each 1 < h < i < j < k, J" is (ahij, 0)-

manimal w.r.t. PPU P9 U P" | where Qpij = Qp.
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Then,
KD =0xp) I awyx [ dxnt

1<h<i<j<k 1<i<j<k

As mentioned before, this is a generalized version of the counting lemma
found in [17]. There, Haxell, Nagle, and Rodl proved the special case where
each apij = a = ap forall 1 < h <i < j <k andeach djj =d =1/,
for an integer ¢, for all 1 < i < j < k. The fact that each d;; can be
taken as the reciprocal of a common integer ¢ is a convenience afforded by
the corresponding regularity lemma in [17], as well as the original regularity
lemma of Frankl and Rodl [12]. With only symbolic alterations, the proof
of Haxell, Nagle, and Rodl [17] would establish Theorem 3.12. However, one
can actually deduce Theorem 3.12 from the special case that all ap;; = o and
all d;jj = 1/¢ (see Theorem 3.13). In this thesis, we will deduce Theorem 3.12
from Theorem 3.13 and refer the reader to [17] for a proof of Theorem 3.13
stated below.

Theorem 3.13 (Minimality Counting Lemma-Special Case) For all
integers k > 3, v > 0, and a € (0,1], there exists 6 > 0 so that for all

integers l, there exist € > 0 and an integer ng so that the following holds:

(i) Let P = U1§i<j§k P be a k-partite graph with vertex partition V (P) =
UiU---UUyg with ‘Uﬂ == ’Uk’ =n>nyg.

(ii) Let each PY = P[U;,U;], 1 <i < j <k be (1/,¢)-regular.

(iii) Let T = Urcpeicj<k JMi C K3(G) be a k-partite 3-uniform hyper-
graph that satisfies for each 1 < h <i < j <k, J" is (a, §)-minimal
w.r.t. PP"U P9y P,

Then,

o)

O

The deduction of Theorem 3.12 from Theorem 3.13 consists of two steps:

KD = (1 +7)
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S1: We first prove Theorem 3.12 with the (relative) hypergraph densities
apij, 1 < h <1 < j <k, allowed to vary while the graph densities
dij =d=1/¢,1<1i<j <k, remain constant.

S2: We use S1 to imply Theorem 3.12 then with the graph densities d;;,
1 <i < j <k also allowed to vary.

Note that we chose the order of the above steps arbitrarily. We could have
also performed them in reverse order. The proofs of both steps are very
similar, both implementing standard ‘random slicing’ arguments (Chernoff
and Chebyshev applications) together with subsequent applications of The-

orem 3.13.

Proof of Theorem 3.12 (S1).  We work with the following hierarchy of
constants which is consistent with the quantifications of both Theorems 3.12
and 3.13:

1 1 1
min{k,,u,ozg} >y,a>0 >min{d,dy=d=1/{} >ec> — > - >0,
0
(3.2)

where v, a > 0 are auxiliary constants defined in the context. With these
constants, let the 3-uniform hypergraph J and graph P be given as in The-
orem 3.12, where all d;; = d = dy = 1/¢, 1 < i < j < k, for a fixed
integer ¢. Our goal is to find an estimate of |K,(€3)(j)|. To that end, fix
1 <h<i<j<kandletp=pr; =a/ap; and s = spi; = [1/ppij].

Consider the following random partition
Thid — johij U jlhij U-- U ghi

obtained by independently including each triple (hyperedge) g € J"7 in
ah Y with probability
. p ifl1<a<s,
P(g € J,V) =
1—ps ifa=0.
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Next, we will apply Chernoff’s inequality, see for example [18], to show that
P(d(JM| PP U P U PhY) = a+0(1)) =1 - o(1), (3.3)
for every 1 < a < s. In fact, for fixed 1 < a < s let X, = Xg”j = \jahij].
Observe that
E(X,) = p|J"| = a|K3(P" U P9 U P")).

Using Chernoff’s inequality and the triangle counting lemma applied to P™U
P U P now proves equation (3.3) for sufficiently large n.

We now use Chebyshev’s inequality, see for example [18], to show that
P(JM is (a + o(1), 26)-minimal w.r.t. PP U PY U PhY) =1—0(1), (3.4)
for every 1 < a < s. Therefore, for fixed 1 < a < s it remains to determine
K53 5(T)]. Let Yo = Yo' = |K{35(Ja™)|. Then,
E(Ya) = p*IK5D(7"9)] 2 o) and
Var(¥,) = (1= p*)p*|K42,(T")| = O(n).

By using Chebyshev’s inequality we get that

n9
P(Y, > (14 6*)E(Y,)) = 3(5112)) =0(n7?).

Therefore, with probability 1 — o(1), every 1 < a < s satisfies

(KT < (14 62)p8|KS) 5 (7))

3
< (146 + 62 + 6%)a8d"2 <Z>

< (14 26)(a + o(1))3d"? (Z)g

proving (3.4).
Using (3.4) we now find a lower bound on the number of K ,gg)’s in J.
Therefore, consider the set A= H1§h<i<j§k[shij] and let 7p;; be the projec-

tion onto the hij-th coordinate. For a € ff, set

Jo =T o 1<h<i<j<k}

hij (@)
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By (3.4) we know, with high probability all 73, @ € A, satisfy with the graph
P the hypothesis of Theorem 3.13. As such,

KD D) = 3 IKEP (7))

aeA
> (1 — ’y)a(g)d(;)nk H Shij
1<h<i<j<k
> (1-yaa@nt  TT (22 1)
\<h<icj<k = &
S TR | N (s
1<h<i<j<k 1<h<i<j<k hij
>dGnt ] i @(1 )
2 X - _
= n b Qhij 0 Y
<h<i<j<k
(3.2)
> (1 w)dG)nt I o
1<h<i<j<k

which proves the lower bound of Theorem 3.12 for (S1).

To give an upper bound on the number of K 123)’s in J we need to account
for those K]E,g)’s that contain a triple g € johij forsome 1 <h<i<j<k.
To that end, for each 1 < h < i < j <k, let [spijlo = {0} U [sps;] and let
Ay = H1§h<i<j§k[shij]0' For d € /TO\/Y, Jz is defined analogously. Then by
Theorem 3.13 and (3.4),

K=Y 1KY ()]

6€Ab

=S KD I+ Y IKED(T)

aeA dcAg\A

<@4mdent I aw+ Y KT (35)

1<h<i<j<k acAp\A

It remains to find an upper bound for Zd’e&)\fi’ ‘K]gg)(jg)’. For that we use
Theorem 2.8. For sufficiently small € > 0 we know that for fixed 1 < h <
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i < j <k, all but 6en? triangles t € K3(P" U P% U P") belong to at most
k
2

2d(3) =33 Kj’s in P (see for example Lemma 15 in [16]). As such,

Z |K15;3)(~7&)| < <§> [ max |J0Mj| X 2d(§)*3nk_3+65n3nk_3 .

— 1<h<i<j<k
acAp\A
(3.6)

By the definition of Jz and since 1 — ps < p we have the following upper
bound,

max | johij| < max  puij|J hij |

1<h<i<j<k 1<h<i<j<k

= o[ Ks(PM U Py ph
lg}gggjgkpmgamﬂ 3( )

< 2ad®n?,

where, in the last inequality, we applied Theorem 2.8 for sufficiently small
e > 0 (satisfied by inequality (3.2)). Combining our last inequality and (3.6)

we get,

S KD < (’;) (10t + 6ent)
[Z'EA})\E
k
2

< 2ak3d( )nk

We infer from (3.5) that

|K]£3)(j)\ < |14+ 20k H O‘};z‘i‘ Ak H Qhij
1<h<i<j<k 1<h<i<j<k
<1+ 3 @] (%), k Ny
< v+ 20k d\2/n H Qhij
1<h<i<j<k
(3§2) (1 + ,u)d(g)nk H Qhigy
1<h<i<j<k

which proves the upper bound and therefore concludes the proof of (S1) of
Theorem 3.12.
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Proof of (S2). Since the proof is almost the same (uses the same
techniques) we will only sketch it here. Let the 3-uniform hypergraph J and
graph P be given as in Theorem 3.12 with constants satisfying

1 1 1 1
mins —, g, ap ¢ >y > 6 > min{d,do} > - >e> — > — >0,
k l ng n

where [ is an auxiliary integer. As before, we want to estimate the number
of Ki’s in J. This time, for each 1 < i < j < k, p;j = 1/(ld;;), and
sij = |1/pij], we randomly partition the bipartite parts of the graph P as
follows

pi :ngupfju---ngj,
where P is obtained by independently including each edge e € P¥ with
probability

iy i if1 <a<s,
P(e € Pii) = { ™ ==

1-— pijsij if a =0.
As before, we use Chernoff’s inequality to show for each P 1 <a < sy
that
P(PY is (1/1,2¢)-regular) = 1 — o(1).

Again, as before we apply Chebyshev’s inequality to prove that for each
1<h<i<j<k1<a<sp1<b<sy 1<c<sy, andJh =
I 0 K3(PM U P U PM)

P(ja}zicj is (o £ o(1), 28)-minimal w.r.t. P U Plfj U Pchj) =1-o0(1).

The following expectations and variances are necessary in order to apply

Chebyshev’s inequality and can easily be verified

(IT59)) = prapiong| T | = Q(n®),
Var(| 752 ]) = O(n?),
E(| K59 (TH)) = phipkiphs | K52 (T = Q(n®),
Var(|KS3 5(T40))) = O(n'®).
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Similar as before, we estimate a lower and upper bound on the number of
K}'’s in J, using Theorem 3.13 (assumptions are satisfied with high proba-
bility as shown above). Since we only give a sketch here we combine both
cases. To that end, let’s define A’ = [Ti<i<j<klsi;] and Al = [Ti<i<j<klsiilo-
As before, let m;; be the projection onto the 7j-th coordinate. For @ € AZ) we
set

P= Pjrjj @ and  Jip=J N K3(Py).
1<i<j<k
Having defined Pz and J; for @ € A" Theorem 3.13 applies with high proba-
bility. As mentioned before, we consider here the lower and upper bound of

the size of K 150.3) (J) simultaneously and therefore introduce ‘~’ to hide errors

from the terms @ € A)\A’. Then,

ED() = 1K)
acAl
~ S IE (7))

ae A

1
:(li”y) H Oéhij X W Xnk X H Sij
[\2

1<h<i<j<k 1<i<j<k

~ (1+p) H Qpij X H dij X n*,

1<h<i<j<k 1<h<i<j<k

which finishes the proof of Theorem 3.12.
]

In order to prove Theorem 3.10 we need two more facts, one considering
the («, d)-quasirandomness concept and the other one regarding the (a, d)-
minimality concept. For both facts let G = G2 U G* U G'3 be a tripartite
graph with three partition V; UV3UV3 where each G¥ is (dsj,€)-quasirandom
(or (d;j,e)-regular respectively) for 1 <14 < j < 3. Suppose furthermore that
H C K3(G) is a 3-uniform hypergraph. Let us first state the fact regarding

the (o, d)-quasirandomness concept.
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Fact 3.14 Suppose H is (a, d)-quasirandom w.r.t. G and assume that m =
[Vi| = |Va| = |V3| = 2n is even. Then for all but O((?:)?)) subpartitions
Vi=ViiUVig, Vo = Va1 U Vag, and V3 = V31 U Vap with [Via| = -+ =
|Vaa| = n, we have that H[Vip, Vai, V3] is (o £ 0(1), 640)-quasirandom w.r.t.
G[Vip, Vai, Va5] for all 1 < h,i,5 < 2.

We will now state an analogous fact regarding the (a, d)-minimality concept.

Fact 3.15 Suppose H is («,d)-minimal w.r.t. G and assume that m =
[Vi| = |Va| = |V3| = 2n is even. Then for all but 0((’;?)3) subpartitions
Vi = ViiuVig, Vo = Vo1 UVag, and Vs = Va1 UVsy with [Vii| = -+ - = |V3a| = n,
we have that H[Vip, Vai, Vaj] is (o o(1),26)-minimal w.r.t. G[Vip, Va;, V3]
foralll1 < h,i,7 < 2.

We prove the following statement, which implies both Facts 3.15 and 3.14.

Fact 3.16 Let F be a 3-partite 3-uniform hypergraph with 3-partition W1 U
Wy U W3, where |Wy| = mq, 1 < a < 3. Suppose F has cymimams triples
and czm%m%mg unlabelled copies of K§?2),2’ where c1,co > 0. Then all but
o(((m"f}ﬂ) ((mn;biﬂ) ([m@?ﬂ)) subpartitions W1 = Wi UWio, Wy = Wo1 UWag,
W3 = Ws1 U Wsa, [Wai| = na1 = [ma/2], 1 < a < 3, satisfy that for each
1< h,i,j<2:

1. F[Wip, Wai, Ws;] has (c1 £ o(1))nipnging; triples, and more strongly,

for each wy € W1 and wo € Wy for which

degr(wy,wa) = Z F(wy, we,w3) > m3/logms,
w3 €eW3

we have

degr j(w1,wp) := Y Flwy,we,ws) = (3 + o(1)) degz(wy,wy),
w3 €EWs3;;

where F (w1, we,ws) is the characteristic function of F;

2. F[Win, Way, Waj] contains (ca & o(1))n3,n3m3; copies of K§?2)72,
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where o(1) above tends to 0 as min{m;, ma, mz} — 0.

Fact 3.15 follows easily from Fact 3.16.
Proof of Fact 3.15. Fix a ‘typical’ subpartition Vij, ..., V3y (typical in
the sense of Fact 3.16). Then, for example with Vi1 U Va1 U V31, we have

|H[Vi1, Vo, Va1]| = (§ £ 0(1))|H| and similarly
| K3(G[Vi1, Var, Vai))| = | K3(G) Vi, Var, Vail|
= (§ £ o(1)[K3(Q)].

Then |H| = «|K3(G)| implies that H[Vi1, Va1, V1] has density a £ o(1)
w.r.t. G[Vi1, Va1, Vai], as required. Moreover, by Fact 3.16, part 2,
3 3
|K§,2),2(H[V11,V21,V31])\ = (g7 £o(1)) \Ké,z),z(H)\
(14 28)a’diydsydis (2)3 ;

IA

as required.

We now prove that Fact 3.14 follows from Fact 3.16.

Proof of Fact 3.14.  We've already argued the density assertion, so for
the remainder (the quasirandomness), fix typical subpartition Vi1, ..., Vas.
In what follows, we shall only consider, w.l.o.g., Vi1 U Vo1 U V31, so that
H[Vi1, Va1, Va1] has density o/ = « + o(1) w.r.t. G[Vi1, Va1, Va1]. Consider
the function A’ : Vi1 x Va1 x V31 — [—1, 1] given by

W (or, 09, v3) = H(vy,ve,v3) — ' if {v1,v9,v3} € K3(G[Vi1, Va1, Va1]),

0 otherwise
where, again, H(vi,ve,v3) is the characteristic function of the hyperedges

of H. On account that Vii,...Vs; is typical, we then have h/(vq,v2,v3) =
(1 £ o(1))h(vy,va,v3) for all (vi,ve,v3) € Vi1 X Va1 X V31, where h is the
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function for the original hypergraph H. We write
Ryt vyotogey, = (V1 V2, 03) (V] v2, v3) V1, vy, v3)h(v1, V2, V5)

x Ty, vy, v3)h (v, va, v5)A(v1, v, v3) (1, V3, v53)

so that, for each vi,v] € Vi1, v, vh € Vo1 and vs,vs € V31, we have that

h;wlvzvgvsv (1 = 0(1) Py, vpuugey OF equivalently, Ry, v, = (1 %
o(1))n! ., . As such,
1V} vavhuz vl

(1 * 0 Z Z Z hvlv fvavhuzvg

vl,vlevu v2,0,EVa1 v3,05E€ V31

h ’ / /
E E E V1V V2V5V3V;

v1,v] €V11 v2,05E Va1 v3,05€ V3]

Z Z Z h(Ul,’U2,Ug)h(vll,UQ,U3)h(1}1,Ué,U:g)h('Ui,'Ué,Ug)

v1,v] €V11 v2,05E V1 v3,05€ V3]

X h(vh V2, ’Ué)h(vllv V2, ’Ué)h(vla Uév Ué)h(vlh Uév Ug)

Z Z Z h(’Ul,’U2,’U3>h('l)i,’l)2,’l)3)h(’01,’Ué,’Ug)h(Ui,Ué,Ug{)

Ul,viEVn 1}2,1)/26‘@1 v3€V31

2
< Z Z Z h(v1,v2,v3)h(v], v2, v3)h(V1, vy, v3)h(V], vy, v3)
v1,v] €VL v2, w5 €V \v3€V31
oD D hlvi,ve,va)h(v),ve,vs)h(vr, va, v5)h(v], va, v))
v3,v5E€V31 v1,0] EV] v2,05E VR
X h(’Ul,’Ué,’l)g)h(l)ll,’vé,vg)h(vl,Ué,’Ué)h(Ui,Ué,Ug)
2
S D0 | DD hvr,va,vs)h(v), va, v8) (V1 va, V) (V] va, 1)
v3,05€V31 v, €VL \v2€V2
2

< Z Z Z h(’Ul,’1)2,’Ug)h(Ull,UQ,Ug)h(vl,UQ,Ug)h(’Ui,’Uz,Ué)

v3,w5€V3 v, v VY \v2€V2

2o 2 2 hunfuguy

v1,v] €V1 v2,wh VR v3,05€V3

< (Sd 2d 3d23m = 645(1 2d (m/2) = 64(5d 2d 3d23n (37)
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This proves Fact 3.14.

We now proceed to prove Fact 3.16.

Proof of Fact 3.16. The proofs of Statements (1) and (2) are stan-
dard applications of the Chernoff inequality. We prove Statement (2) only
(Statement (1) is well-known, and is proved along similar, albeit simpler,
lines).

Let F and W1 U Wy U W3 be given as in Fact 3.16. We first prove that all
but 0(((m";721)) subpartitions W3 = W31 UWsa, |Ws1| = [ms/2], satisfy that
fori=1,2,

| K2 o (FIW, Wa, Wai])| = (cz + o(1))mim3m3; (3.8)

Iterating (3.8) for W7 and Wj renders Fact 3.16.
To set up the proof of ((3.8)), let C4 = Cj? denote the family of all 4-
cycles {wy,w), we, wh} in the complete bipartite graph K[W;, Ws]. For a

fixed Cy = {w1, w), wa, wh} € Cy, write

N(Cy) = {wz € W3 : {w,w], w, wh, w3} spans 4 triples in F} and
deg(Cy) = [N(Cy).-

We shall say that Cy is big if deg(Cy) > ms/logms, and small otherwise.
We write Cj (C}) for the class of all big (small) Cy € C4. With this notation,

we have

comimim} = | K53, (F)|

_ Z (degéC’;;))

C4 €Cy

_ Z (deggC4))+ Z (degé&;)).

Cyecy C4eCy
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In this way,

Z (deggc‘l)) < comimims

C4€CI

m1m2m3 + E deg C4
- 210g ms
Ccsecyt

Now, fix Cy € CJ. For a subpartition W3 = W3 U Waa, write N;(Cy) =
N(C4) N Ws; and degi(C4) = ‘NZ(C4)|, where ¢ = 1,2. If W3 = W3 U
Wso is a random subpartition with |[Ws1| = [|W3|/2], then deg;(Cy4) has

hypergeometric distribution with mean

Eldeg, (C1)] = 82L deg(Cy)

(3 £ 0(1)) deg(Ca)

1_mg3
2 3 logms *

The Chernoff inequality therefore ensures

P| deg,(Cy) # (1+ 1Ogm3) [deg1(04)]} <2exp{ - E[deg; (C4)]}

§26Xp{fL}.

9log> m3

3log ms3

As such, with high probability, all Cy € C; satisfy

deg,(Cy) = (% + 0(1)) deg(Cy)
= degy(Cy).

We now approach the end of the proof. Fix ¢ = 1,2. For the random
subpartition W3 = W3, U W35 above, we have

|KS) S (FIWa, Wa, Wai])| = Y (45
C4€C4

— Z (degi2(c4))_|_ Z (degi2(C4)).

cuect CueCy
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As such, with high probability,

‘Ké?Q),z(F[WLWQ,ng])‘ > Z (deg¢2(04))
C4€C;r

> 3 <(§ - 0(1)3 degi(04))

= (i-om) 3 (*4™)
cuecy
> (§ — o(1))mimim3 (c2 - 5ik)

T2 log? m3

= (c2 = o(1))mim3m3;

which proves the lower bound of (3.8). Similarly, with high probability,

3 2,2, 2 deg. (C
K53 o(FIW, Wo, Wig])| < G275 4 3™ (Y8
cyec)
1
m2m3m3 (§ + 0(1)) degz(c4)
S 211og22m§ + Z ( 2
csiecyt
m3m3m3 1 deg(C.
= P 4 (Fo(1) D (“H™Y)
csecy
2,72,0,2
< 72”110;”‘22:: + (i + 0(1))02m%m%m§

= (c2 + o(1))mimim3;

which proves the upper bound of (3.8).

3.2.4 Proof of Theorem 3.10

Finally, we established all the necessary tools in order to give a proof of The-
orem 3.10. We will first show assertion (1), i.e. that (a, d2)-quasirandomness
implies (a, d1)-minimality.

Proof of Theorem 3.10, Part (1). We will work with the following
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hierarchy of constants:

1 1
0< — < —<e<e <min{ds,dp} < d <,y
m mo

where ¢ > 0 is an auxiliary constant defined in the context.

Now, let the 3-partite graph G and the 3-partite, 3-uniform hypergraph H
be given as in Theorem 3.10. Suppose that H is («, d2)-quasirandom w.r.t.
G. For simplicity we may also assume that the vertex partitions V;, 1 <¢ < 3
do not only have the same size but also have size m = 2n. Indeed, otherwise
one can delete one vertex from each V;, 1 < i < 3 to obtain a graph G’ with
corresponding hypergraph H’. Then we know that H' is (a+0(1), d2 +0(1))-
quasirandom w.r.t. G’ and \K§32)2(H)\ < \K;(g)Q(’H’)] + O(md).

We now consider the family IT of all subpartitions Vi = Vi;UVig, Vo = V51U
Voo, and V3 = V31 UV3g, where |V11]. .. |V32| = n. For a fixed element II € II,
i.e. II = (Vi1,..., Vaz) we know that the graph G[V;, Vi;], 1 < a < b < 3 and
1 <i,j <2is (dgp, €')-quasirandom. Indeed, in Chapter 2 we have shown
that (d, e)-quasirandomness is essentially equivalent to (d, £)-regularity and
for the latter it is known that G[V,;, Vi, 1 <a<b<3and 1 <4,5 <2
is (dgp, €')-regular and therefore it is also (dgp,€’)-quasirandom. Applying
Fact 3.14 to IT we know that all but 0((:';)3) elements II € II satisfy that
H[Vin, Vai, Va5] is (a0(1), 6492)-quasirandom w.r.t. G[Vip, Vai, V3] for each
1 < h,i,j < 2. We call a partition I € ITI ‘good’ if the above property is
satisfied and we denote the set of all good partitions IT € IT by IT".

For a fixed IT € IIT we define a 6-partite graph P = Pp and a 6-partite
hypergraph J = Jp with vertex partition V31 U --- U V39. Further we will
show that the assumptions for Theorem 3.11 are satisfied and apply it in
order to estimate the number of K%)Q in ‘H. First, let us define the graph
P . Forl1<a<b<3and1l<i,j<2and Vy # Vs we set

GVai, Vi) if a # b
K[Vai, V] otherwise.

P[Vai, Vijl =
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K[Vai, Vij] denotes the complete bipartite graph with vertex bipartition V,;U
Vi;. As explained above, for a # b P[Vq;, Vi is (dij, €’)-quasirandom and for
a = b it is trivially (1,0)-quasirandom. Now, let us define the corresponding
hypergraph J. For 1 <a<b<c<3and1<4,j <2and Vu, # Vi # Vg

we set

H[Van, Vii, Vel if {a, b, ¢} = {1,2,3},
K3(P[Vah, Vi, Vej]) otherwise.

T Van, Vii, Ves) =

By the definition of IT™ we know that for {a,b,c} = {1,2,3} T [Van, Vbi, Ve;]
is (a, 6402)-quasirandom and whereas otherwise it is (1,0)-quasirandom.

Note that by the definition of J every copy of Kég) in J belongs to a copy
of K§32)2 in H for a fixed II € II". Therefore, we first count the Ké3) in J.
Applying Theorem 3.11 to P and J we get

3 !
KD = (145 )atdhydiydiyn®. (3.9)

We now double-count the number of pairs (J,II), where J € Ké?Q)Q(H), IIe
IT" and IT ‘splits’ J, i.e. if J has vertices {v11,...,v32}, then (vi1,...,v32) €
Vi1 x --- x V3o. Note that we can relabel the vertices, that is v;; and v;o

could be swapped for 1 < i < 3. Then this number is

—9\?
K00 s x (22 <o)
=" 1K ()
I1eIl
= Y K+ Y K ().
IIell™ e\t

We now use Theorem 3.11 and Fact 3.14 to find an estimation for
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>_rerr+ |Ké3)(jn)\. We get

001 < 5 (7 0) [ S Pt xof (7))

Hert

1/m— -3 (51
S g <n 1 |H‘ (1 + 5)0&8d1112d4213d1113n6 + O(nﬁ)
01 874 4 4 (T ’
§ (1 + E + 0(1))0{ d12d23d13 9

3
§ (1 + 51)058(14112(11213(11113 <7;L> .
Therefore we have shown that H is also («, d1)-minimal as promised.

We now proceed with the proof of Theorem 3.10 by showing the second
implication. This proof is very similar to the one before although slightly
more complicated. We will need the following proposition which is a corollary

of Theorem 3.12. We defer the proof of Proposition 3.17 to the next section.

Proposition 3.17 For all0 < a <1 and ¥ > 0, there exists § > 0 so that
for all dy € (0,1], there exist € > 0 and integer mq so that the following
holds. Suppose that graph G and 3-uniform hypergraph H satisfy:

(i) V(G) = V(H) =V = ViUVaUVs, where |Vi| = [Va| = |V3] = m > my;

(ii) G = GP2UG?UG" is 3-partite with 3-partition above, where for each
1<i<j<3, GY is (dj,e)-regular, with d;; > do;

(i) H C K3(G) is (a, )-minimal w.r.t. G;
Then for each suboctahedron Oy C O,
05" (M) = (1 £ 0)a? (1 — a)* P diydydizm®.

Note that O denotes the 3-partite 3-uniform octahedron Ké?Q)Q on fixed ver-

tex set {011, 012,021,022,031, (732} and fixed 3—partition {0'11, Ulg}U {021, 022}
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U{os1, 032}
Proof of Theorem 3.10, Part (2). As before let us start with stating

the hierarchy of constants
1 1 .
0< — < — <e<min{dy,dy} < < a,d.
m ~ myo

Let the 3-partite graph G and the 3-partite 3-uniform hypergraph H be given
as in Theorem 3.10. Suppose that H is (o, d2)-minimal w.r.t. G. In order

to show that H is also (v, d1)-quasirandom w.r.t. G we need to show that
4 44 4 6
Z Z Z hv11v12v21v22v31v32 < 51d12d23d13m ’ (3'10)
v11,012€ V] v21,v22€ V2 v31,032€V3

where we recall that the function is defined as h : Vi x Vo x V3 — [—1,1]
with h(vi,ve,v3) = H(vy,va,v3) — « for {vy,vs,v3} € K3(G) and 0 other-
wise. Note that it suffices to consider only the terms corresponding to distinct
choices of vertices, since the remaining terms contribute only O(m?®). More-
over it suffices to regard only the terms v11, ..., vs32 for which {ve;, vy;} € Gab
foralll<a<b<3and1<i,j<2.

Let us introduce some notation. Write

(V)g = {17: (v11, V12, V21, V22, V31, U32) V55 € Vi, 1 << 3,1 <5 <2s.t.
(Va1,va2) € V2 =V, x V and vq1 # va2 for each 1 < a < 3;
{vai,vj} € G foreachl<a<b<3and1l<i,j< 2}.

For 7 € (V){, we shall also write hg = Ry, v1p0010asvs1050- USING this notation

we then have

E E E hv111112v21v221131v32 = E hz,

v11£V12 V21 £V22 V31 £V32 ge(V)¢

and therefore

Z Z Z hv11v12v21v22v31y32 - O(m5)

v11,012€ V] v21,V22€V2 v31,032€V3 Te(V)d

_|_
>
<l

(3.11)
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We now investigate Zﬁe(V)g hg.

Recall that O denotes the 3-partite 3-uniform octahedron K§32)2 on fixed
vertex set {011, 012,021, 092,031,032} and fixed 3-partition
{011,012} U {091,022} U {031,032}. Note that O has 2 = 256 labelled
and spanning subhypergraphs which we call suboctahedrons. Now, fix a
suboctahedron Oy C O and also fix a @ € (V). Note that
U = (v11,v12, V21, V22, V31, U32) spans an induced copy Of of Oy in H if for
each 1 < h,i,j < 2, {vip,v2,v3;} € H if, and only if {015, 02i,03;} € Op.
Let

Oind — {v € (V)tﬂ{)' spans an induced copy O of Oy in H}.

Therefore, (3.11) becomes

2. b=, ), h

ve(V)d OoCO FeOind(H)
= Y —a¥1%l(1 — )/l OB”d(H)\,
OpCO

where the last equality is obtained by the definition of the function h. In
order to show (3.10) we need to estimate |Oi*¢(H)| for every fixed Oy C O.
At this point, we apply Proposition 3.17 to each Oy C O with ¥ = 6;.

> hem 3 a0 -l o
ve(V)d 0oCO
< 3 —a¥10l(1 - )l%l(1 £ 61)al%l(1 — )3 1Olafyddydiym®
OpCO
= (a(l — a))*djydysdizm® Z (—1)8_|O°‘(1 + (_1)\00|51)
OpCO

N\®
<28 <4) S1dydysdizm®
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where the last inequality is obtained by using the fact that a(1 —a) < 1/4.
Returning to (3.11), we then have

Z Z Z hv11U12v21v22U31v32 = O(m5) + 27851dlll2‘:ZAQli’)lel?f’nG

v11,012€ V1 v21,v22€ V2 v31,032€V3

4 44 4

Therefore, H is also (o, d1)-quasirandom w.r.t. G.

3.2.4.1 Proof of Proposition 3.17

We finish the proof of Theorem 3.10 by showing that Proposition 3.17 holds.
As mentioned before, we can deduce it from Theorem 3.12. The proof is
very similar to the proof of Theorem 3.10, Part (1).

Proof of Proposition 3.17. As before, we first state the hierarchy of
the constants:

1 1
0< —<—<e<min{fdy} <ok p<a,d <1,
m mo

where p is an auxiliary constant defined in the context. Let the 3-partite
graph G and the 3-partite 3-uniform hypergraph H be given as in Proposi-
tion 3.17. We may assume that the number of vertices in each vertex parti-
tion m = 2n. Indeed, if m is odd we delete an arbitrary vertex from each V;,
1 <4 < 3 to obtain a 3-partite graph G’ with corresponding 3-partite hyper-
graph H’. Note that the bipartite graphs of G’ are (d;j+0(1), e£o(1))-regular
and H' has relative density a+o(1) w.r.t. G’ and |K§?2)72(H’)\ < |K§?2)’2(H)|
Then, [OF4(H)| — |O(H')] = O(m?).

Fix a suboctahedron Oy C O. We need to calculate |OF4(H)|. We now
consider the family IT of all subpartitions V4 = Vi1 U Vig, Vo = Vo1 U Voo,
and V3 = V33 U V3o, where |V11] ... |V32| = n. For an arbitrary, fixed element
IT € II, ie. II = (Vi1,...,V32) we know that the graph G[Vq, Vi, 1 <
a<b<3and 1< 1i,j < 2is (dgp,2¢)-regular. Applying Fact 3.14 to IT
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we know that all but o((ZL)B) elements II € II satisfy that H[Vip, Vai, V5] is
(a£0(1),26)-minimal w.r.t. G[Vip, Va;, V3;] for each 1 < h, 4,5 < 2. We call
a partition II € IT ‘good’ if the above property is satisfied and we denote the
set of all good partitions IT € II by ITT.

For a fixed II € IIT we define a 6-partite graph P = P and a 6-partite
hypergraph J = Jm1,0, with vertex partition Vi1 U---U V3a. Further we will
show that the assumptions for Theorem 3.12 are satisfied (by introducing a
claim) and apply it in order to estimate |Of"¢(H)|. First, let us define the
graph P. For 1 <a<b<3and1<14,j<2and V, # V4 we set

G|Vai, Vp;] ifa #b

P[Vaia W;j] _ [ ai b]] #
K[Vai, V| otherwise.

K[Va;, Vij] denotes the complete bipartite graph with vertex bipartition V,;U

Vbj. As explained above, for a # b the graph P[Vy;, Vy;] is (d;j, 2¢)-regular

and for a = b it is trivially (1, 0)-regular. Now, let us define the corresponding

hypergraph J = Jn,0,- For 1 < h,i,5 <2 we set

H[Vin, Vai, Va;] if {01, 02i, 035} € Oo,
K3(P[‘/1h7 ‘/21'7V3j])\H[V1h7 VQZ)‘/E&,]D otherwise .

T Vi, Vai, V3] =

For all remaining 1 <a <b <c<3and 1 < h,i,j <2 where Vyp, Vi, Ve

are distinct, define

T Van, Vii, Vej] = K3(P[Van, Vii, Vej]).

Note that every copy of Kés) in J corresponds to a copy of Of € O(i)"d(H).

Next, we would like to apply Theorem 3.12 to P and J but the conditions
of this theorem are not quite satisfied. More precisely, if {o1p, 02, 03; ¢ O,
we do not know that J[Vin, Vai, Vaj] = K3(P[Vin, Vai, Vaj))\H[Vin, Vai, V3j] is
((1—(a£1)), f(9))-minimal w.r.t. P[Vip, Va;, Va;], for any f(6) — 0asd — 0.
However, Proposition 3.17 will imply that, in general, the complement of an

(cv,0)-minimal hypergraph is ((1 — «), f(0))-minimal. With the following
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claim we are able to overcome the detail above. (We shall delay the proof of

the claim momentarily in order to finish the proof of the proposition.)

Claim 3.18 WithI1 € II", P and J defined as above,
KP(T)] = (1% 9)al (1 = a)*~1ldydgydign®.

We now double count the number of pairs (0, I1), where O} € Oi(H),
IT € II and II SphtS 06, ie. if 06 = (UH, .. .’032) and II = (VH, .. .,‘/:0,2),
then O) € Vi1 X -+ X Vag. We get,

ol (7)< op

=Y K (Fo,)l

IIell

= Y K Tno)l+ Y 1K (Tnoy)l-
eIt eI\t

Applying Fact 3.15 to the latter sum,

<m‘2)_ S KD (o) < [004H)

n—1
HeIrt
m =2\~ ® 6 (™)
<(MT0) [ K Gnen)l +n®xo(( 1)),
eIl
consequently,
n m—2
oproi=(777) X K ma) 2ot @12)
HeIrt

Using Claim 3.18 to estimate \KG(S) (Jm,0,)| for each I € IIT we get,

_ Y
Z |K (Jm,0,)] = [Tl (1 — a)871%lat, d,din®(1 — 5)
Hell™
. _ 0
> 1K (Tnoy)| < e/l — a)*1%lahddadtyn® (1 + 3).

Hermt
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Applying that (1 — o(1))|TI| < |IIT| < |TI| we receive

_ 9
> 1K (Tnoo)| = [Mal®l(1 - a)* 1 Plahdlydtyn® (1 % 5 + o(1))
Melm™

m) |Oo 8—[Ool 39
“\,)“ (1-a) dzdsdlsn(lill)

Combining the above equality with (3.12), we then conclude

|06nd(H)| — al(’)ol(l _ a)8—|00|d odagdis(2n)0(1 £ ? + 0(1)) = o(n®)

= al%l(1 — a)*1%la},d3sdiym® (1 £ ),
as promised.
|

We now complete the proof of Proposition 3.17 (and so we also finish the
proof of Theorem 3.10) by showing Claim 3.18.

Proof of Claim 3.18. For every edge Oyij = {o14,02,03;} € O\Op,
1 < h,i,j <2, we define the 6-partite 3-uniform hypergraphs

johij = J UH[Vip, Vai, V35 (= K3(P[Vin, Vai, V34]),
j: U jOa and

0e0\0y

jOh,'j - j\j[vlha V2i7 VY?)]} (: H[‘/lha VYQ’L'a ‘/23_]])

Observe that by the inclusion exclusion principle we have

KOO =1kP - U K o)
0e0\O’
= IKOD- Y | N ko)
P£0,CO\Og 0€0}
Note that

N & K(3>( N jO).

0c0y 0€0,
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Letting ﬂOEQ) jo = j the above equation reduces to

ES@Dl= Y 0PN do)l. (3.1)

0LCO\Op 0€0},

For fixed Oy C O\OQp and fixed 1 <a <b<c<3and1l<h,4,j<2it
follows from the definition of j that

- H[VCL}H%%‘/C'] lf {O-ahuo-bho-c‘} S OOUO/
() JoWVan Vi, Vej] = g d 0
0€0}, K3(P[Van, Vii, Vej]) otherwise.

Therefore,

. a £ 0(1),28)-minimal if {o4p, opi, 0ci} € O U O
m JolVan, Vi, Vejl 18 ( (1), 29) toam ovi, 7} e
00, (1,20)-minimal otherwise

w.r.t.  PlVan, Vi, Vej]. Moreover, we also know for 1 < a < b < 3 and
1<4,7 <2 that

(dap, 2¢)- regular if a # b,

P[Vai7 VE)]] is
(1,2¢)- regular otherwise.

Since all the conditions for Theorem 3.12 are satisfied for each term in (3.13)

we have
EP@) = > CDNED (N Go))|
0)HCO\Oy 0€0},
= > DO (et 0(1) Oty ddyatn®)
0, CO\Og
=(1+ 2M)a|oo|d4112d 3disn’ Z (—@)w‘l)'
0HCO\Op

= (1 +2p)a |OO|(1 - Of)lo‘ |OO|d42d43d13”

With |O] = 8 and 2u < 9/2, the proof of Claim 3.18 is complete.
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Chapter 4

Algorithmic Quasirandom Lemma

4.1 Statement of the Algorithmic Quasirandom

Lemma

In this section we state our second main result the algorithmic quasirandom
lemma for 3-uniform hypergraphs. It is based on Gowers’ Quasirandom
Lemma (see Theorem in [14]). His proof involved probabilistic arguments

which we here derandomize to obtain an ‘efficient’ algorithm.

Theorem 4.1 (Algorithmic Quasirandom Lemma) For all v, 6 > 0
and functions € : (0,1] — (0, 1] there exist positive integers Py and Ny so
that the following holds. For every 3-uniform hypergraph H on verter set
V = V(H), where |V| = N > Ny, one can construct in time O(N°):

(i) a vertex partition V. =Vi U--- UV, with |Vi| < --- < |V < V1| +1,

and

(ii) a pair-partition of (‘2/) gwen by, for each 1 < i < j <t, K|V;,V;] =
Gilj U---u GZJ,, with a total number of parts Zl§i<j§t li; < Py and
with the following property:

All but yN3 triples {v;, vj,vi} € (‘g) satisfy that whenever {v;, vj, v} €
K3(G¥ U ng U Gik) = Kg(GifZZ), for some 1 < i < j<k<tand
((1, b, C) € [&'j} X [e]k] X [&k], then
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(a) Gflj, ij, and Gik are, respectively, (dija,(dija)), (djrp, €(djrp)),

(dike, €(dike))-quasirandom, with respective densities dijq, djrp, and

dikc;
() M = KfGHE) 55 uasivmiom wit. G

The proof of Theorem 4.1 is based on Algorithm 2.7 and on the upcoming
Algorithm 4.3. The latter algorithm will consider a 3-partite graph G =
GXY U GY?Z U GX? with vertex 3-partition X UY U Z where all bipartite
graphs are quasirandom and a hypergraph H defined on H C K3(G) which
is not quasirandom w.r.t. G. In order to introduce Algorithm 4.3 we need
some more definitions. In particular, we need to define the index-function
which plays a pivotal role in the proof of Theorem 4.3. Let us recall that for
a hypergraph H and vertices z, y, and z we let H(z,y, z) be the indication
function for the edges of H, i.e.
H(r.y.2) = 1 if (z,y,2) is an edge in ‘H

0 otherwise.

Also recall that o = d(H|G) = |H|/|K3(G)| denotes the relative density of
H w.r.t. G. Furthermore, consider the partition GXY = GXY U---U Gigﬁ;,
GY? =G{?u---U G;,/YZZ, and GX% = G¥%uU---U G;;ZZ of the bipartite
graphs of G. For each triangle with vertices ¢ € X, y € Y and z € Z in
G define its triad to be the triple (4,7, k) such that zy € GXY, yz € G}/Z,
and rz € GpZ. The induced partition of K3(G) is the partition into at
most p = pxzpyzpxz cells according to which triad they belong to, i.e.
K3(G) = UJ_; A;. Note that a typical cell (ie. one Ajji; 1 < i < pxy,
1<j<pyz 1 <k<pxyz)isof the form Ay, = K3(GXY U G}/Z U GkX’Z).
For simplicity of notation we denote the number of triangles in G by T.
Then, we can define the index of the tripartite 3-uniform hypergraph H with

respect to the above partition.
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Definition 4.2 (index of H) LetH and the partition A; be as above. Then
the index of H with respect to A; is defined to be

2

. 1 <& -
md(H,(Az’)f:l)ZfZIAil AN DT Hx,y,2)
=1

(J:,y,Z) EAL

We are now able to state the main algorithm for the proof of Theorem 4.1.

Algorithm 4.3
Input: 1 >« >0, dy,d,e >0, graph G, hypergraph H satisfying:

1. G = GXY UGY? U GX? has tripartition V(G) = X UY UZ, m =
X| < Y] < 12| <m+1;

2. GXY GY% GX% are e-quasirandom with respective densities dxy , dy 7,
dxz > do;

3. € = ¢e(do) s sufficiently small,

4. H C K3(G) where a = d(H|G), but H is not («,d)-quasirandom

w.r.t. G.
Output:
XY _ ~XY XY
G*" =Gy U---UG,,,,
YZ _ ~YZ YZ
G*2=G U UG, ,
XZ _ ~XZ XZ
G =G{"U-- UG, /.,

A = (A)P_, so that
L ind(H,A) > a? + §2/210;
II p <27+,
Complexity: O(m?®).

We present Agorithm 4.3 in Section 4.3.
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4.2 Proof of Theorem 4.1

In this section we prove the algorithmic quasirandom lemma. The proof
is based on iteratively applying Algorithms 2.7 and 4.3 and is similar to
Szemeredi’s original proof of the regularity lemma. Asin Szemeredi’s original
proof the index function plays a pivotal role. Therefore, we will first prove
some properties of this function which we will need later. Let us start with
generalizing the definition of the indez-function from (indicator function of)

hypergraphs to arbitrary functions.

Definition 4.4 (index of f) Let U be a set of size T and let f : U —
[—1,1] be a function. Let further Aq,...,A, be a partition of U. Then the
index of f with respect to the partition Ay, ..., A, is defined to be
2
. 1 ¢ .
ind(f, (A)_y) = 7 >IN | AT D f(w)
=1 IEAZ‘

We now state a technical lemma that we will need in the proof of Algo-

rithm 4.1. For simplicity, from now on we denote the 2-norm of a function

Fo 112 by [LFI]-

Lemma 4.5 Let U be a set of size T and let f : U — [—1,1]. Furtheromore,
let Aq,..., A, be a partition of U and let g : U — [—1,1] be a function that

1s constant on each A;. Then,

2
ind(f, (Ai)i—y) > <\/<§;|f9>||> .

Proof. Since g is by assumption constant on each set A;, let a; be the value

taken by g on A;. Then, by the Cauchy-Schwartz Inequality and multiplying
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by VIAil/v/1Ail
(f,9) =) fx)g(x)

zelU
p
=> a Y f(z)
=1 ZEEA»L'

cs (L V2 [
< <Z|Az’|a?) DoAY f@)
=1 =1

TEA;
2y 1/2

= llgll Z‘Ai‘ A7) f(a)

TEA;
. 2
= llgll (T - ind(f, (As2_ )2
Hence, the conclusion of the lemma follows.

For G = GXY U GY? U GXZ a 3-partite graph with 3-partition V(G) =
XUYUZ, wherem = |X|<|Y|<|Z]|<m+1and H C K3(G) we would
like to find a relation between Definition 4.4 and Definition 4.2 where our

function of interest will be:
h(.’IJ, Y, Z) = H(x? Y, Z) -«

where a = d(H|G) = |H|/K3(G) and H(z,y, z) is the characteristic function
of the hyperedges in H. The underlying partition will be the same as in
Definition 4.2, i.e. let

GXY =gfYu...uGXY

pPxy”’
YZ _ ~YZ YZ
G =G{"u---uGH
XZ _ nXZ XZ
G =GPu-- UGy

be arbitrary partitions into pxy, pyz and pxz parts, respectively. These

partitions induce a partition of K3(G) into at most p = pxypyzpxz classes
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defined as follows: for 1 < i <pxy,1<j<pyzand 1<k <pxz, let
Agje = K3(GXY UGY 2 UGRY).

The definition of the function h allows us now to relate the index of A to the

index of ‘H as follows.

Lemma 4.6 Let the graph G, hypergraph H, the function h, the relative
density o, and the partition A; be defined as above. Then the following
holds:

ind(h, (A;)F_)) = ind(H, (A;)F_)) — o

Proof. Recall that we denote by T the number of triangles in G and p

denotes the number of classes of the partition of K3(G).

2
. 1 <& B
ind(h, (Ai)i_,) = T SIA AT > h(w,y,2)
=1 (z,y,2)EA;
1< i
:TZ|A1| |Ai|_1 Z H(.ﬁU,y,Z)—Oé
=1 (z,y,2)EAN;
1< i
= TZ|A2| ‘Ai|71 Z H(m,y,z) -G
i=1 (z,y,2)EA;
2
1< )
=1 (z,y,2)EAN;
p
’Al‘ 2 H($7y7 Z)
-2
+ Z T « Q Z A
=1 (z,y,2)EA;

P
1
= ind(H, (A)!_)) + o — 2042 T Z H(z,y,2)

=1 (xyz)el;

= an(Hv (Al)le) —a’.
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Let us recall the familiar fact that if a partition A’ = (Af,...,;A}) of
K3(G) refines A = (Ay,...,Ap), then ind(H,A’) > ind(H, A). Indeed, if
A’ refines A, then we may write A = (Aéj 1 <i<pl<j<gq,for
some integers qi, ..., qp > 1, where for each 1 <7 <p, A; = Al U---UA] .
Then for a fixed 1 < ¢ < p, the Cauchy-Schwarz inequality gives

& |HmA

DA

j=1

& H N A
Z‘A (s A )
i [HNAT )2
( || > )
> , g
B T 1Ay
[ HN A
Vi

Therefore, we get

yHmA

ind(H,A’) = ZZ

i=1 j=1

\HmA\
*72 Al
= ind(H, A).

We collected all tools in order to prove Theorem 4.1.

Proof of Theorem 4.1. Let the constants v, § > 0 be given as well as
the function ¢ : (0,1] — (0,1]. We may assume w.l.o.g. that e(z) < z
and e(x) is small enough to enable an application of Algorithm 4.3 with
dp = x. We shall not explicitly define the constant Py = Py(v,d,¢), but
we will describe it within the proof. Also, we shall choose the constant
No = No(v,96,¢, Py) sufficiently large whenever needed. Furthermore, let H
be a 3-uniform hypergraph on the vertex set V.= V(H) of size |[V| = N > Nj.
We now describe how to construct in O(N®) time our desired partition IT of

V and (‘2/) We will show it by induction over the number of iterations.
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4.2.1 Iteration I:

We will start by constructing a partition II(!). Therefore, we set ¢, = [2/~]
and let

VH)=U,U---UU, U] <--- < |Uy| <|U1] + 1,

be an arbitrary vertex partition. Furthermore, we set Iy = 1 and let the
complete bipartite graphs K% = K[U;,Uj], 1 < i < j < t1, be their own
pair-partition. Now, we define IT to be the above described family of parti-
tions constructible in linear time. We have to check that TI(V) satisfies the
conclusion of Theorem 4.1. Note that all but

3
tl([Nétﬂ)N = ;\; +O(N?)

%N?’ + O(N?)
:

L N3
2

IN

<

triples {z,y, 2z} € (‘g) cross the vertex partition Uy U --- U Uy,. Therefore,
for some 1 < i < j < k < t; the triple {z,v, 2z} € K3(K%*) where K% =
KU Kik U K% is a triad of II". Observe that for every triad K%* by
construction each constituent bipartite graph K%, K7* and K is (1,0)-
quasirandom. It remains to check if H¥* = H N A(KY*) is §-quasirandom
w.r.t. K% Therefore, we count the number of (crossing) triples {z,vy, 2} €
(g) belonging to triads K%* for which H%* is not d-quasirandom, i.e. for
which

Do D huwapa = (didiedi) U P|US PO,
”LLZ','UJQEUZ' uj,u;EUj uk,u;ﬂEUk
with densities d;j; = djp = di = 1. This can be done in O(N%). We
denote the ‘bad’ triads K**, i.e., those which are not §-quasirandom, by the
indexing set Ipqq C ([tg]), and compute, in time O(N?) the sum
D (i gk} elpag | K(3(K%*)|. If this sum is less than (y/2)N?, we are done, and
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I = I is the partition we seek. Otherwise,

>0 KK 2 INT = (Ll 2 141, (4.1)
{i,4.k}€lvad
In this case we refine II(Y to construct a new partition .
We begin by establishing some formal considerations. For 1 <i < j <k <
t1, write Ayj as the trivial partition of K3(K k) given by the single class
K3(K*). Then by the definition of the index (see Definition 4.2), we have

ind(HY*, Aijr) = a?ﬂw where aj;, = d(HIF| K ).
Now, we define the index of o,

ind(H,TIW) = Y~ ind(Hir, Ar)

1<i<j<k<ty

=t Y ady
1<i<j<k<t
Our goal is to construct a partition TI? for which ind(H,TI?) (defined
later) is non-trivially larger than ind(H,H(l) ). First, we will apply Algo-
rithm 4.3 for which we now prepare.

For fixed {i,j,k} € Iyaq we know that auj, = d(’Hijleijk) # 0,1, since
otherwise H** would be quasirandom w.r.t. K% By construction, we know
that each of the K%, K7¥ and K% are (1,0)-quasirandom, so in particular,
they are also (1,e1)-quasirandom, where €1 = ¢(1). Since all the conditions
for an application of Algorithm 4.3 are met for H%* and K" we construct

the following partitions in O(N®)

K7=GJu---uGy
K9=aG*u---uGy,,
K7=GFu-- UGy ;
for some integers p;;, pjr, and p;;. By the conclusion of Algorithm 4.3 we

I+
also know that the resulting partition A;jk which consists of 27 % =
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272 = 729 classes of the form AZJZZ = K3(Gf1j U Gi'/f UG, for (a,b,¢) €
[pij] x [pjk] % [pix], satisfies

52

. TN 2
ind(H7", Ayjy) > agjy, + 510"

For {i,j,k} & Ipaq, we let

Gy = KV
jk jk

GiF = K

Ak = Dij.

. . ,
Since in any case A; ik refines A;;; we conclude

2 52 e
ind(H9*, ALY > o+ aw i {d ), k) € Tpad,
» =y -

O‘?jk else.

We now further refine the partitions above to get a common refinement. Let
Kk KR LGy 0 {ky, ... ke # 0, be the bad triads which include
K% as a bipartite subgraph. Let

Ky =G\ u--- UGy

KJ=G{,U---UGy

be the partitions constructed by Algorithm 4.3. Now, construct in O(N?)

the unique minimal partition of K%

K — (N;le U---uGY i; < 2t1272;

qij’
i.e.

for all e1,es € Kij, e1 ~ ey <e1 and ey lie in the same partition

class of Kﬁj foralll <s<r.
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Similarly, we also construct

KR =GlFu- UGk, g <2h?m

Ki=Gky...uGk

2
qik’ qik < 2t127 .

Let A;jx be the resulting partition of A(K¥*) whose classes are of the form

AE = A(GTUGIFUGH),  (a,b,¢) € [gi] % [gix] % [air]-

abc

Then Aijk refines the partition A/ e and therefore

an(szk7 Aljk) > an(HUk, ;]k)

2 . ..
a?jk + ;TO if {Za]a k} € Ibad

2 .
jig otherwise.

We continue refining the above partitions by applying Algorithm 2.7 since
none of the bipartite graphs éf{, 1<i<j<t,1<a<gj, are guaranteed
to be n-quasirandom for some n € (0,1). We apply Algorithm 2.7 with
the following constants to = t; and Iy = 2127 and set g5 = £(7/(10lp)).
Then Algorithm 2.7 constructs in time O(N?2376) vertex partitions U; =
UpU---UUp, 1 <i <ty; where 1 <t < Ty = Ty(to,lo,e2). We also know
that all but es(t1£)2ly of the bipartite graphs G2 (i/, j') = GZ Uy, Ujjr] are
gg-quasirandom, 1 <i < j <, 1 <a < g, 1 <7, 5" <t. Then for a fixed
1 <i < j <k <ty, this provides a refinement Aijk of Aijk whose classes are
of the form

Aijk

abc

(i, 4/ k') = K3(GI (i, j) U GIF(j K'Y U G* (' k)

= Ko(GIE( 7' 1):

abe
1<, 7K <t,1<a<gqj 1 <b<qgj, and 1 < ¢ < g, and therefore
ind(Hijk, Aljk) Z ind(Hijk, Awk)
2 L.
a?jk + 2% if {i,7,k} € Ipaq

2 .
ik otherwise.
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We are now ready to define II'®). For simplicity we first re-index the vertex
sets Uyir, 1 <i<t,1 <7 <t to UZ@), 1 <14 <ty = t1t. Correspondingly,
re-index the bipartite graphs C;’Zj(z",j’), 1<i<ji<t,1<d,j7/<t,1<
agqij§12:l0:2t12727tonbj where now 1 <i < j <tpand 1 <a < g
(there is no ambiguity in the parameter g;;). Using the terminology after
re-indexing we have that all but EQt%lg of the bipartite graphs G’Zj of TI?
are eg-quasirandom and the triads are of the form ng’f; =GYu Gik UG,
1 <i<j<k<ty (a,be) € [gij] % [gjx] % [gir]. These triads provide
triangle partitions Agz, 1 <4< j <k <tg, whose classes are of the form

Azgk _ K (szk)

abc abc
(a,b,¢) € [gi;] X [g;x] X [qix]. By the definition of the index of TI?) is
ind(H, ) =% " ind(HI*, AR)).
1<i<j<k<ts
It remains to show that we non-trivially increased the index of n® compared
to the index of I, i.e., we will show that

762

ind(H, TI?) > ind(H, TIV) 4 EER

Applying the definition of the index and the notation prior to re-indexing,
ind(H, H(2)) may be expressed as

indH, M) =133 N ind(H*, Afj,l)

1<i<j<k<to
)Y Y K
1,9,k 1,57 K’
k ik
X Y AN 5 K PIAG G 5 k)
a,b,c

where 1 <i<j<k<t, 1<, j kK <t, (a,b,¢) € [gi5] X [gjr] x [gir], and

where

szﬁk/ Kl]k[Uzz 5 Uj] 5 Ukk’]
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Using that t3]K3(KZ,]ﬁk,)] = (14 0(1))|K3(K"*)|, where o(1) — 0 as N —
oco. Note that if the Uy;’s all have the same size we get t3]K3(K?jk )| =
|K3(KY%)|. Again, by the definition of the index we get

ind(H, I

as promised.

Z/]/k’/

= (1) 3> > |Ks(K )

ik i K
k ik
XZ|HQAZJ})C 7.7 k)| |AZch( 7] k)’
a,b,c
(1= o(W)t; ) | K3 (K9%)|
7]7
Ic ik
XD D IHNALE T K PIAG 7K
i/, 3" k" a,b,c
> 1 —oW)t® Y ind(HF, Ayy)
1<i<j<k<t;

— (1 o)t
(X i Ay + Y ind(HF, Agy))

{i,5,k}YETpaq {i,5,k}¢Tvaa
(4.2) _ 52
> (oWt Y (afitam)+ Yo ok
{ivj k}elbad {ivjvk}glbad
(4.1) 75
> (-0 T+ Y o)
1<i<j<k<ty

2
= (1-o(1)) (g% + ind(H, 1))

2
> ';% +ind(H,TIW),

4.2.2 Iteration s:

Essentially, this proof is identical to Iteration I. We will again apply Algo-

rithms 4.3 and 2.7 to further refine the current partition and non-trivially

increase the index function. We will limit this proof to an outline.

Let s > 2 be an integer, and assume we have constructed, in time O(N®),
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the successively refining partitions TIV ... TI®®)| where II(®) consists of
(i) a vertex partition
V(H) = U2 U O, with (U] < < U2 < U] 1,
where t; is independent of IV, and
(ii) a pair partition given by, for each 1 <1i < j < ts,

KY(s) = KU, U] = GY(s) U UGY, (s),

? J
ij

(s) < £, for some integer ¢, independent of N,

where £; y

and assume IT() satisfies the following properties:

(i) all but e4t2¢, bipartite graphs GI(s),1<i<j<t;,1<a< ES),
are €5-quasirandom, where £5 = ¢(v/(10¢y)),
(i)
ind(H, TI®)) > ind(H, TIED) 4 462/213

where for 1 <1i < j <k <tsand (a,b,c) € [ES)] x [ﬁﬁ)] x [EEZ)]
(a)

ind(H, H(S)) = ts_?’ Z md(Hijk(s) A(s));

) Bk
1<i<j<k<ts

HE(s) = H N K3(K7*(s))
= H N K3(KY(s) U K7 (s) U K™(s)),

(c) Afjl)c is the partition of K3(K%*(s)) whose classes are given by

ijk
Aabc

(5) = K3(Ghe(s)) = K3(G (s) UGH () UGI(s)).

abc
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In what follows, s is assumed to be fixed, and so for simplicity, we shall abbre-
viate the symbols Ui(s), Kii(s), G¥(s), lg;), HIE(s), K (s) and GZ)]Z(S) to
U;, KY, sz, lij, HE | Kk and GZJZ, respectively. (But the other references
to s will stay.)

As in the first iteration, we first check whether ) already satisfies the
conclusion of Theorem 4.1. By assumption we know, that all but (y/4)N?3
crossing triples {z,y,z,} € (‘3/) belong to triads G’Z)]Z, 1<i<j <k <,
(a,b,c) € [ﬂl(j)] X [ﬂﬁ)] X [El(.z)], for which the constituent bipartite graphs G ,
ng, and Gik are £s-quasirandom with respective densities d;jq, djgp, and

dike > ds = v/ (104s). Indeed, the ‘bad’ crossing triples contribute at most

(€5 + ds) 20, [N/t,]2N < %tﬁ [N/t]2N
Y ar3
IN
< N

where we used that (v/(1045)) < 7/(10f5). We now determine in time
O(NPY) if the ‘good’ crossing triples, meaning triples belonging to triads for
which the underlying bipartite graphs are e,-quasirandom and of density
greater than ~/(10l,), also belong to triads G¥* for which H%" = H n

abc abc
Kg(GZJb]Z) is d-quasirandom w.r.t. G;jb]z To that end, let Ip,q = Iézzl g ([tg}) X
[£5]3 be the indexing set for those triads szb]z of TI®) for which G , ngGé’“ are
es-quasirandom with respective densities dijq, djkb, dike > ds, but for which

HZ)IZ is not d-quasirandom w.r.t. GijfZ We then compute in time O(N?) the

sum g | K5(G9k

abc

)|. If this sum is less than (v/4)N3, we are done, and
IT = II®) is the partition we seek. Otherwise,

({#,d:k},a,b,¢)€Tpaa

in which case we refine the partition II®) (in O(N®)) to receive a partition

T1G+D) that has a non-trivially larger index than that of ).
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Indeed, fix ({4,7,k},a,b,¢) € Ipq. Apply Algorithm 4.3 to HZ,IZ and Gk

abc
to construct partitions
G ij g
GY —Galu"'UGijma
gk _ ik gk
Gy =Gy U"'UGbpjkb’
Gr=G;iU---UG!

CPike ’

so that the resulting partition AZ];Z of Kg(fozZ) with classes of the form

K3(GYE

abc

(a',b, c’)) = K3 (Gij

aa’

UGy, UGk,
(a', V', ) € [pijal X [Pjks] X [pike] satisfies the following properties:
L

) > (aijk)Q + 52/2107 where Oéijk _ d(Hljk|Gljk)’

abc abc abc!™~"abc

an(foch’ A;szbc

II.
—12
DijaDjkbPike < o7itds

As in the first iteration we further refine the partitions above to obtain, for

each 1 <i< j<ts;and 1 <a </, acommon refinement

G =GY y...uGi o ota2271 4
a — Yal ¥ Qija >

aqija’

= Qs-

These common refinements then yield partitions AZ;]Z of K. 3<GZ>IZ

), 1 <i<
Jj <k <t (a,b,c) € [li] x [€j1] x [£i], whose classes are of the form

Agz(a’, V,d) = Ks (éﬁ’z(a’, v, c’))
= K3(G, UGl UG,

where (a/,b', ) € [gija] % [gjkb] X [¢ike]. We continue refining the above par-
titions by applying Algorithm 2.7 to GZL, 1<i<j<ts acllyl,d € gijd
since none of the bipartite graphs are guaranteed to be sufficiently quasi-

random. We set tg = ts, {o = {sQs and €541 = e(7/(104p)). Algorithm 2.7
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constructs, with the above choice of our constants, in O(N?-376) vertex parti-
tions U; = U U---UUy, 1 <i <tgs, where 1 <t < Ty = Tp(to, lo,es+1). We
also know by the output of Algorithm 2.7 that all but e, (¢st)?¢ bipartite
graphs G, (i, j') = G, [U, Ujy], 1 < i < j < Ly, a € [y, d € lgijal,
1 <4d,j <t are egy1-quasirandom. Then for fixed 1 <1 < j < k < g,
(a,b,c) € [€i;] x [€ji] x [li], the application of Algorithm 2.7 provides a

ijk ijk

~ <1
refinement A ;. of Aa]bc whose classes are of the form

Aldk

SR LK) = K (GERE a0 LT 5K

= Ks(Goy (7, 7) W G (G K) U G K)
(a0, ) € [gijal % [gjrp) % [dine], 1 < @',5", kK < t. Then, for each 1 < i <
Jj<k<ts, (a,b,c) € [li] x [ji] x [€i] and the fact that the index function

is nondecreasing w.r.t. refinements we get

. L . ijk X ik
lnd(szjbc’ Aabc) > an(szjbm Aabc)
_ e
> ind(H e, Agye)
ijk 2 .
<afzjbc)2 + Q(STO if ({Z7]7 k}7 a, b7 C) € Ibad7
(O‘Z)’ZF otherwise.
We are now ready to define the partition II®+Y). For simplicity, we first re-
index the vertex sets Uy, 1 <i < t,, 1 <# <t,to U™ 1 <i <ty =t

Correspondingly, re-index the bipartite graphs G, (¢/,5'), 1 < i < j < ts,
a € [lij], & € [gija], 1 <7,j <t,t0 G, 1 <i<j<tsp1,1<a<l;<
ls11 =Ly = £5Q. Using the terminology after re-indexing we know that all
but es+1t§+1€s+1 bipartite graphs Gf;bj, 1 <1<y <tepr, 1 <a < 4y, are

(s41)

€s+1-quasirandom. As a consequence of re-indexing, I admits triangle

partitions AZ(;;H, 1 <i<j<k<ts41, whose classes are of the form

Al = Ks(Gu Gy ual)
(a,b,c) € [€ij] x [€jx] % [lix]). The index of TI¢+Y is

indH, IOy =42 ST ind(HIR ALY,
1<i<j<k<tst+1
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It remains to show that
ind(H, TIETY) > ind(H, TI)) 4+ 462 /213,

Applying the definition of the index and the notation prior to re-indexing
ind(H, H(s+1)) may be expressed as

, +1)) 3 ik
an(H, H(S t t Z Z ‘Kg ij’k"
.5,k @5’k

‘HﬁA”k(a v, j/,k/)‘Q

abc
X Z Z zjk

-1
AN /AN
abc a'b'c! abc ,b,C,’L,],k‘)’

-1

where the sums run over 1 < i < j < k < t,, 1 <#,5k <t (a,b,¢) €
[£33] % [€je) % [Lik], (0, ¢') € [gija) X [@jks) X [gie), and where K71, is defined
analogously as in the first iteration. Using the fact that 3| K3( f]jlfk,)| =
(1= o(1))|K3(K¥*)|, where o(1) — 0 as N — oo, we conclude that

ind(H,I) > (1= o)t Y- 3 [Ka(K75)|7!

i,3,k a,b,c
|H N AT

abc

lab/7C7Z 7]/ak/)‘_

(@b, z,j,k’){Q
X Z Z Azgk 1
a'b'c i 5 k! abc

For each 1 <i < j <k <t and (a,b,¢) € [l;5] x [£i] x [{i] and again by

the definition of the index we know that

k / "2
ijk . ijk z]k ‘H N Azyb a b C Z ,j, k )‘
‘K3 (Gabc)‘ X 7’nd(,Habc’ abc - Zb; Z’;g/ AZ]k a/C b/ c! Z ]l K ‘_

abc
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and so
ind(H, H<s+1>)
(1= o(0); D7 3 [ (K90)| 7! | K5 (GER) | x ind(HI%, Adhe)
i,5,k a,b,c
=0 Y KKK (GE)|
({ivjvk}vavbvc)elbad
X md(HZJ;Zv Affbli)
Y (K| K (G| x (M, Ag)]

({ivjvk}vavbvc)gjbad
> (1—o(1))t5?

” i i 52
Y R (G (0l + o)
({ivjvk}vazbac)elbad
b (K Ks(G) (0]
({i7j7k} a, b C)lead
5 -
S0-oP g X (R (G

({#.9,k},a,b,¢)€lpad
0K (K7 () s (G ]
1,5,k a,b,c

Now, for each 1 <i < j < k < ts, we know

|K3(Kijk)|—1 Z( z]k) |K ( l]k)‘ _ an(Hz]k Aggl)c)

Xbe abc
a,b,c

and subsequently
ty 3Zmd (HU*k, AEJ,)C) ind(H, TI).
.7,k
Note that each |K3(K¥*)|, 1 < i < j < k < t, satisfies |K3(KF)| =

(1 —o0(1))(N/ts)3, where o(1) — 0 as N — oo. We therefore infer

2

ind(H, H(SH)) —o(1)) [L + ind(H, H(S))]

v
_
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as promised and this concludes Iteration s.

We now finish the proof of Theorem 4.3. Knowing that the index function
is bounded by 1 and that for s > 1 we have

ind(H, TI®)) + ~62 /213 < ind(H, TIEHY) < 1,

we can at most perform 2!3 /(v42) iterations before we arrive at a partition IT
satisfying the conclusion of Theorem 4.3. Observe that IT can be constructed
in time O(N®).

Finally, it is clear that Py, the number of parts of Il, is independent of
N. Indeed, suppose the procedure above terminates in Il = 16D o that
P < t§+1€5+1. The preceding partition I had only t2¢, parts, where tg
and /g are constant in V. Recall ¢541 = £5Q5, where

—12
— 2t$£§271+d5 = 7 .
Qs s =17

Hence ¢s11 = £,Q, is independent of N. Recall ts41 = tst, where t <
To(ts, ls+1,5+1)s €s+1 = €(7/10€s41), is a constant. Hence, t511 is indepen-
dent of V.

4.3 Proof of Algorithm 4.3

Here, we prove the correctness of Algorithm 4.3. We basically follow Gowers
[14] ideas but derandomize his probabilistic arguments. The proof of Algo-
rithm 4.3 consists of two algorithm which will be proven later. We just state

them at the appropriate point.

Proof of Algorithm 4.3. Let G be a graph with vertex classes X, Y
an Z and let the densities of the bipartite graphs be dxy, dyz, and dx .
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Further, let H be a 3-partite, 3-uniform hypergraph with H C K3(G). Since

‘H is not d-quasirandom relative to G we know by Definition 3.8

Z Ry =20 > 6(dxydy zdx z)*(m?)?. (4.3)
zx'yy 22!
For all triples (z,y, z) € A(G) let us define the function
Hyy. : X XY x Z —[-1,1] by
Hiyz(JU/, Y, Zl) = hm’yy’m’/h(x,a Y, Z/)
= h(x,y, 2)h(z',y, 2)h(x, ', 2)h(z,y, 2 Yo (2 ', 2)h(z, o, 2 (2 y, ).

Additionally, let

H:X xY xZ — R be given by

H(2' 7)) = Z Hyyo (2 Y, 2)).
(z,y,2)
We then have that

<h7H>: Z h(w',y',z')H(x',y’,z')
(="y,2")

= Z Z h(l’l,y/,Z/)szz<$/7y/7Z/)

(@"y'2') (2.y,2)

= § hxz’yy’zz’

zx'yy' zz'
2 5(dxydyzdxz)4m6 (4.4)
where the last inequality is obtained by applying (4.3). Since for fixed

(z,y,2) € K3(G) we have Hyy,(2/,y/, ') € [-1,1] we can rewrite

Hyy-(2',y, 2") as follows

=
<
183
~—~
H\
<
N
\./\
I
S
8
<
183
—~~
R\
tQ\
SN—
<
8
<
183
—~~
@\
N
\/\
S
8
<
183
—~~
R\
N
\/\
=
=
[}
=
@

'y, 2) e [-1,1]. (4.5)
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Following Gowers [14], the first main step in the proof of Algorithm 4.3 will
be to replace the [—1, 1]-valued functions Hyy, = UgyzVpy:Wayz, (2,Y,2) €
K3(G), by {—1,0, 1}-valued functions H'zyz = UpyzVpyzWayz, (2,9, 2) € K3(G).
We do that constructively in the algorithm below.

Algorithm 4.7

Input: (z,y,z) € K3(G) and [—1, 1] valued functions gy, (z',y'), voy=(y', 2'),
Way=(2',2)), (z,y,2) € K3(G), as above.

Output: {—1,0,1}-valued functions tgy.(z',y'), Vzy-(Y',2"), Wey(2',2),

such that

Hyyo = ligyOpyzWey. and H = E Hg.,. satisfy
z,y,2€K3(G)

L (h,H) > (h, H);
IL ||H|]?> = (H,H) < 16(dxydyzdxz)*|K3(G)]*.
Complexity: O(m®).

We describe Algorithm 4.7 in Section 4.3.1. Next we want to make a small
selection of  functions Ry = {Hay, . . ., Ha, } from {H,,.| (z,y, 2) € K3(G)}
that still preserves the good properties of H. Before we explain how to
choose them explicitly let us follow Gowers’ proof of Lemma 8.4 [see page

176, in [14]]. In particular, set
d=dxydyzdxz and r= (d_4-|

and for R € (K‘”’ﬁG)), define

= Y He
(z,y,2)ER

We now want to seek a set Ry € (K37SG)) for which the following holds:

256rd? (h, Hp,) — 0||Hg,||* > 64r26d*|K3(G)|. (4.6)
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In fact, for Ry4nd € (K37EG)) uniformly chosen at random, we have:

r N

’K3< )’< ,H) and

74

E(|| AR, pall) = e G),QHHII2

Using Property I of Algorithm 4.7 and inequality (4.4) we get

]E(<h’7ﬁRrand>) = m%, H)

> grédZIKg(G)],

where the two last inequalities are obtained by applying Theorem 2.8, i.e. by
using |K3(G)| < (1.5)dm3. Property II of Algorithm 4.7 then ensures that

A 2
E(I1 R ) = (1 0(1)) s

< (16 + o(1))r?d"| K3(G)|
< 17r°dY | K3(G)|.

PHHHQ

Therefore, we summarize that

2567‘d2E(<h, ﬁRrand>) - 5E(||ﬁR'rand||2) Z 68T25d4|K3(G)|
> 64r25d* | K3(Q)|. (4.7)

We therefore have proven the existence of the set Ry. Observe that the set
Ry can certainly be determined in time (|K31EG)|) by regarding all possible
choices. We will derandomize Gowers’ probabilistic techniques so that we
are able to find these r functions more efficiently, i.e. in O(m?) time. Let us

formulate this in the next algorithm.



64

Algorithm 4.8

Input: ﬁxyz, (r,y,2) € K3(G), as above.

Output: Rj € (KST(G)) for which 256rd?(h, Hg,)—0||Hg,||> > 64r20d*| K3(G)|.
Complexity: O(m?).

Again, we defer the proof of Algorithm 4.8 to Section 4.3.2 in favor of finish-
ing the proof of Algorithm 4.3. Since 6||Hpg,||? > 0 and 646d*r?|K3(G)| > 0
the inequality in Algorithm 4.8 implies that

~ 1
(h,Hpg,) > Z(sczzru(g((;)\ and (4.8)
256d%r(h, Hpy)o ™" > ||Hp,|* (4.9)
respectively. Therefore, H R, also satisfies

<ha ﬁRo>2 > <h7 f[R0>

= > - (by (4.9))
|| HR,|? 256d?ro—1
§d*r|K3(G
2106‘12,?5(1) (by (4.8))
82| K3(G
_ Rs(G)| ;é I (4.10)

To end the proof we want to apply Lemma 4.5. In order to apply this
lemma we first need to specify ULemmae 4.5 flemma 4.5 5y ghemma 4.5 7 ot
plemma 45 — K3(G) and fLlemmae 45 — b Partition the bipartite graphs
GXY, GY% and G*Z into at most 3" subgraphs G;XY, G}/Z, and GkXZ such
that 4, v, and w are constant on each GZ«XY, G}/Z , and G?Z respectively.
Let us define the AFemma 45 For every (r,y,2) € K3(G) define its triad
to be the triple (4,7, k) such that zy € GZ-XY, yz € G}/Z, and xz € G?Z.
Partition K3(G) into triples according to their triads. Observe that the
function H is constant on each partition class. This partition consists of
at most pxypyzpxz < 3% = 27" cells A;, where the choice of r implies
that r <1+ dau, for dy < min{dxy,dyz,dxz}. Each cell is of the form
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K3(GXY U G}/Z UGX?) and

ﬁRo(x/aylvzl) = Z ﬁaryZ(fclvylyzl)
($,y72)6R0
= Z axyz (IE/, y/){}xyz (y/, Z/)UA)xyz (.’E/, Z/)
(=,y,2)€Ro

is constant on each class of A. By the conclusion of Lemma 4.5 we know that
ind(f, (A)E)) > ((h, Hr,) //IK3(G)]||Hr,|)%. Applying inequality (4.10)

337‘

we get that ind(f, (A;)P-,) > 271952 which implies by Lemma 4.6 that
ind(H, (A:)3)) > a® + 271952,

4.3.1 Proof of Algorithm 4.7

Again, the proof of Algorithm 4.7 was already established by Gowers. Below
we derandomize his argument and describe a deterministic algorithm.

Proof of Algorithm 4.7. We first define the promised functions ., Oy,
Wyyz, (2,Y, 2) € K3(G), and then prove that the functions fulfill the desired
properties. For what follows, fix (z,y, 2z) € A(G). By the definition of .,

Ugyz, and wgy, we have

<h> H> = Z h(ljv y/’ z/)u:pyz ($,7 y,)vxyz (y/, Z/)w:pyz (1‘,7 Z,)

(zz'yy’22")
= Z uwz(m’,y’)Zh(x’,y’,z’)vxyz(y’,z’)wxyz(x’,z/). (4.11)
(zz'yy’'2) 2!

For a fixed (z,2/,y,y', 2) consider the term

Uays (2, y) D W&y 2 Ve (Y, 2 Ve (2, 2)

Zl
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and define gy, : X x Y — {—1,0,1} as follows

(

L if Yo k(2 Y, 2 ) vay (Y, 2 )wey- (2, 2") > 0 and
Unyz(2,y') # 0

lgy-(2',y") =<0 if Ugy=(2',y) =0

=1 if Yo k(2 Y, 2 gy (Y, 2 )wey. (2, 2') < 0 and
Ugy-(2',y') # 0.

Obviously, by the definition of 4y, (2, y’) we have

Uay= (2, y) Z W'y 2 ) aya (Y, 2 ) ways (2, 2)

Zl

> Ugyz (2, Y) Z h(z' y 2 Yy (Y 2 ) weys (2, 27). (4.12)

Zl

Observe that gy, (2',y") does not depend on the values of ug,y, ., (2], ¥])
for (x,y,z,2',y") # (x1,v1,21,2],y}). This allows to successively repeat
the above procedure for all five tuples (z,y,z,2’,y") replacing ugy. (2, y’)
by a corresponding gy, (z’,y’) so that (4.12) holds. After this process is
completed the functions ugy.(z',y') : X xY — [—1,1] are replaced by
Upyz(2',y') + X xY — {-1,0,1} for all zyz € K3(G). Also having re-
placed ugy. by gy, in the definition of Hyy.(2',y',2") (of (4.5)) for each
ryz € K3(G) we obtain Hy ¥ (x',y',2") which in view of (4.11) and (4.12)

satisfies

(h, H"®") > (h, H).

Next, we repeat the process over all five tuples (z,y, 2,7/, 2") with initial
values of the functions 4, v, and w replacing v attaining values in [—1, 1]
by © with values in {—1,0,1}. Finally, starting with the functions 4, v,
and w we repeat the process now over all five tuples (z,y, z,2’, 2') to obtain
@, 0, and w. Setting Hyy,(2',y',2") = Gy (2,4 )0y (i, 2/ gy (2!, 2) we
observe that (h, H) > (h, H) holds (part(i) of Claim 1).
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On the other hand, by the definition of dgy.(2',y'), Vzy-(y', 2’), and
Wy (7', 2") we know that

Hyy. (»’U,, 3/,, Z,) = axyz(xla y/)@xyZ(y,a Z,)wxyZ(xla Z,)

is only nonzero if (z,2',y,9, 2, 2’) are vertices of an octahedron in the graph
G. Let Gopryy . = 1if (x,2',y,y/, 2, 2) are the vertices of an octahedron in

G and 0 otherwise. Then we are able to find an upper bound on || H||2.

2

IHIP= )" | D Hupeld'y'2)

("y',2") \(z.9,2)

< Z Z Gxx’yy/zz’

(="y',2") \(z,y,2)

- E E , Gwll“’yly'zlz’Gwzfﬂ'yw’zzz’

(z',y",2") (z1y12122Y222)

2

But the last sum just counts the number of copies of a certain graph G(9,21)

with 9 vertices and 21 edges in G (see picture below).

X_1 Y1 z1
X z
X_2 Y2 z2

X Y z

Figure 4.1: Graph G(9,21)
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Since all conditions for the application of the graph counting lemma are

satisfied, we know that we can find at most
(22151/4§d7)
(dxydyzdxz)" + 224 m® <= " (2d")m®
copies of G(9,21) in G. Combining the two inequalities above and the fact
that dm3/2 < |K3(G)| < 2dm?3 we get that

|H|? < 2d"(m?®)® < 2d'8|K3(G)® = 16d*| K3(G)[®

which implies Property II of Algorithm 4.7.

4.3.2 Proof of Algorithm 4.8

In this section we show the correctness of Algorithm 4.8 completing the proof

of Algorithm 4.3.

Proof of Algorithm 4.8. For simplicity, we shall write T = |K3(G)|
for the number of triangles in G> Recall that we want to choose an r-tuple
Ry e (539 = [T (r = [d~*]) such that

256rd?(h, Hg,) — || Hp,||> > 64126d*T.

We shall choose the elements of Ry one-by-one. Suppose that all the T
functions H, 2y are labelled Hy,H,,..., Hp. The only terms that are effected
We therefore

2
rand” .

by a random choice in inequality 4.6 are (h, Hg) and || Hg
introduce functions g and oy that can be related to E((h, Hg, .)) and
E(|Hr

anal?) TESPectively. Let

o =E((h, Hp.. V) = T (h ZH = %Z (h, H,).



Now, for all 1 < k < T we define

T
N r—1 ~
i = (hy Hy) + ;m, H;).
2k
Additionally, we know that

T

T
> = 3 ) +
- %
:rz =T uyg.
=1

T
—1)) (h, H;)

=1

Next we introduce an expression corresponding to E(||Hg,, ,|[%).

00 = E(||HR,,.,|12) = @ Z[ (> Hi, Y Hi)

r e[T]" i€R i€ER

T
r r(r—1) N
- Hi|? 4+ =Y (H, H)).
i=1 i#]
Forall 1 <k <T let
O'k:HHkH +2( Hk, ZH —
z;ék i#k
(r—1)(r—-2) A
—_— H;, Hj).
+(T—1)(T—2);< i)

i,j7#k

69

(4.13)
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As before, we determine

T T T T
N o r—1 N r—1 .
Sk = SR+ 23 (e ST )+ 2 (1= 1) P
k=1 k=1 k=1 ik i=1
(r—=1)(r—-2) PN
- (T"— 2 H;, H;
i#j
T
r PN (r—=1)(r—-2) PN
i=1 ki i#j
a r(r—1)
=r ) ||+ —— > (H;, Hj)
i=1 i#]
= Toy. (4.14)

Using the conclusions of (4.13) and (4.14) we have

E(256d%r(h, Hp.. ) — 8||Hp.. . ||*) = 256d*ruy — o

s 1 1
= 256d°r - > - O > oy (4.15)
k=1 k=1

This implies by (4.7) and (4.15) that there must exist an ay € [T] such that

rand>

2561 (1o, — 00 q, > 645d r>T.

After this step we already decided on one element of Ry. Note that the first
element can be found in time O(|T|) = O(m?). We will now describe how
to choose the remaining ones by using an inductive argument. Assume that
we already chose the s — 1 functions E,,,..., E,, , in time O(m?). For
simplicity we suppose that a3 =1,...,a5_1 = s — 1. Furthermore from now
on,let W =1[T]—[s—1] ={s,...,T}. Then we are able to define

ts—1) = (s Z H;) + (Tiﬂ) Z <hazf{i>

i€[s—1] r—s+1/) Re[W]r—st+1  4€R
A~ ~ 1 R
oy =1l S AP Y Hy e S Y i)
ie[s_l] ie[s—l] (T—S+1) RG[W]T—S+1 i€ER

+(1) S >, ).

r—s+1/) Re[W]r—s+1 i€R i€ER
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Simple calculations yield

ze[s 1] ieWw
o =1l > HIP2 S M o S+1ZH
[871] . (2] S+1
i€[s—1] i€[s—1]
s—l—l 2, s—i—l)(r—s) PN
i,jEW
i£]

Furthermore, we assume that the s — 1 chosen functions satisfy
256d%rpufs_1) — 007(5_1) > 256d°rjus_o] — O0(s_o) > -+ > 646d'r*T.  (4.16)

Observe that for t = 2 inequality (4.16) results in 256d? 11 —d01 > 256d2r pg—
dog which we just proved. We will know explain how to choose the

s-th (2 < s < r) function and prove that for s < ay, <T
25615 1]Ufas} — 00(s—1]Ufay} = 256d°rps_1) — 005 1)

is satisfied. For s < k < T we set

Bs—1juiry = (hs Hy, + Z (h, H> and
i€[s—1] 1€W
i#k
~ A A A r— 8 A
Ofrupy = D IHP + 1 Hl P+ 2+ Y Hiy o > Hy)
i€[s—1] i€[s—1] JEW
J#k
- P rT—5 -
+20 ) Hi Hy)+2 Y (H Hj)+ - > H|P
i€[s—1] i,j€[s—1] iEW
1<j i#k

(r=8)r=5-1) \~ g g
M P IR

ik
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Observe that

ZM[S*HU{’C}:( —S+1 h Z +Zth

keWw i€[s—1] kew
r—s A
0 )
=(T—s+1)(h, > H)+(@r—s+1)> (hH)
i€[s—1] 1%
=(T-s+ 1),u[5_1]. (4.17)

A similar equality holds for o,_qjuqx). Indeed,

> opequpy =T —s+1) Y |HIP+ D [1Hell?

kew 1€[s—1] kew
r—
+2T )OS Hi, Y Hj)
i€[s—1] JEW
r—s P . A
+ 25— Z (Hi, Hj) + 2<4Z H;, Y Hy)
kjew i€[s—1] keWw
k#j
+2T—s+1) > (H;Hy)
1<J
S ~
T—5)Y  ||Hl|f
ieW
(r—s)(r—s—1) P
T—-—s—1 H; H;
R T L ) 2 (i Hy)
i,jeW
i#]
=(T=s+1) Y [HIP+—s+1) Y [|Hl?
i€[s—1] ieW
+2(r—s+1)( Z 1,ZH
i€[s—1] JjeEW
+2AT —s+1) > (H Hj)
i,j€[s—1]

1<j
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=(T—-s+1)o;. (4.18)

Combining the results of the above equalities (4.17) and (4.18) we get

2 1 1
256d rm Z His—1)u{k} — 5m Z Ols—1Ju{k}
kew kew

= 256d°r p1[5_1) — 60s_1]
(4;) 646d*rT.
Therefore, there must exist as € {s,..., T} such that
256d°T [4]s—11Ufas} — 00[s—1)u{as} = 646d T

After r-steps we end up with H Ry, the sum of the previous r chosen functions
ﬁal, . ,ﬁar. Furthermore, we know that H R,nq Satisfies the inequality in

Algorithm 4.8.

d
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