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Abstract

On Pisier type problems
By Marcelo Sales

A subset A C 7Z of integers is free if for every two distinct subsets B, B’ C A we
have

dDhED V.

beB b'eB’

Pisier asked if for every subset A C Z of integers the following two statement are
equivalent:

(i) A is a union of finitely many free sets.

(ii) There exists € > 0 such that every finite subset B C A contains a free subset
C C B with |C] > ¢|B].

In a more general framework, the Pisier question can be seen as the problem of
determining if statements (i) and (ii) are equivalent for subsets of a given structure
with prescribed property. We study the problem for several structures including Bj,-
sets, arithmetic progressions, independent sets in hypergraphs and configurations in
the euclidean space.
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v
Notation

We use standard graph-theoretic notation throughout. We denote the vertex set
and edge set of a graph or a hypergraph G by V(G) and G (or E(G)), respectively.
We will denote by e(G) = |E(G)| the number of edges in G. For v € G, we denote
by Ng(v) the neighbourhood of v and by deg.(v) = |Ng(v)| its degree in G. For a
subset X C V(G) we denote the induced subgraph of G on this subset by G[X]. A
k-graph or k-uniform hypergraph is a hypergraph with all edges of size k.

We use standard set-theoretic notation throughout as well. For a natural number
N we set [N] = {1,...,N}. Given a set X and a nonnegative integer k, we write
X®) =le C X : |e| =k} for the set of all k-subsets of X. Unless stated otherwise,
the elements of a set X will be always indexed in increasing order. That is, if we
write X = {x1,..., 2%}, then we mean that x; < ... < xy.

For functions f = f(n) and g = g(n), we write f = O(g) to mean that there is a
constant C' > 0 such that |f| < C|g|; f = Q(g) to mean that there is a constant ¢ > 0
such that |f| > c|g|; f = ©O(g) to mean that f = O(g) and f = Q(g); and f = o(g)

to mean that f/g — 0 as n — oc.



Chapter 1

Introduction

This dissertation consider the relation between Ramsey statements and density state-
ments in various combinatorial problems. Ramsey theory refers to a large body of
deep results in mathematics whose underlying philosophy is captured succinctly by
the statement that “Every large system contains a large well-organized subsystem”.
This is an area in which a great variety of techniques from many branches of mathe-
matics are used and whose results are important not only to combinatorics but also
to logic, analysis, number theory, and geometry. A well known example of a Ramsey

statement is the following celebrated result by Ramsey [39].

Theorem 1.0.1 ([39]). For any integers n,k,r > 1, there exists integer N with the
property that for any r-coloring of [N]*) there exists a set X C [N] of size n such

that X®) is monochromatic.

The least number N satisfying the property of Theorem 1.0.1 is denoted by
R®(n,r). In a more general way, a Ramsey statement usually can be described
as a statement that no matter how we color a certain structure with finitely many
colors, there exists a color class with a prescribed property.

On the other hand, density statements are more closely related to the area of

extremal combinatorics. Extremal combinatorics studies how large (or small) an



object that lies in a particular discrete mathematical system and satisfies a certain
condition can be. A classical example is Mantel’s theorem which states that every
triangle free graph on n vertices has at most n?/4 edges. This is indeed a density

statement and can be rewritten as follows:

For every € > 0, there exist ny such that any (1/2 + ¢)-proportion of the edges of

K, contains a triangle for n > ny.

This statement can be considered as the density analogue of the Ramsey statement
on Theorem 1.0.1 for n = 3. An interesting, perhaps natural question, is whether
there is a relation between these two statements. The next question introduced by
Pisier is the main motivation of this thesis.

In 1983 Pisier [37] formulated the following problem in the context of harmonic
analysis. A set of integers X = {x;};,c; C Z is called free if for any two distinct finite

sets of indices J, J' C I we have
S oap#E Y ay (1.1)
jeJ jledt

Pisier was interested in a condition that guarantees that a set X is a union of a
finite family of free sets. In this context, he asked if the following two statements are

equivalent for every set X C Z:

(i) X is the union of finitely many free sets.

(ii) There exists € > 0 such that every finite subset Y C X contains a free subset

Z CY with |Z| > ¢|Y].

In a combinatorial sense, statement (i) can be written as the negation of a Ramsey

statement:
= (i) Any finite coloring of X contains a monochromatic set that is not free.

Similarly, statement (ii) can be interpreted as the negation of a density statement:



- (ii) For every € > 0, there exists a finite subset Y C X such that any Z C Y with

|Z| > €|Y| is not free.

Hence, Pisier intrinsically asks if the Ramsey statement and the density statement
for the property of not being a free set are equivalent. Clearly, by the pigeonhole
principle, statement (i) implies statement (ii), i.e., the density statement implies the
Ramsey one. However, the converse implication is still a open problem. For more
about the history and related problems see [11, 14, 4]. In this thesis we will use
this question as a general framework and study whether these two statements are

equivalent for several properties in combinatorics.

1.1 Arithmetic progressions and Bj-sets

Given an integer £ > 1, an arithmetic progression of length k (or APy) is a set of

integers of the form
{a,a+d,...;a+ (k—1)d}

for integers a € Z and d > 0. The theorem of van der Waerden is one of the earliest
results in Ramsey theory. It asserts that every finite coloring of the integers yields
a monochromatic arithmetic progression of any length. More precisely, for positive
integers k and r we say that a set of integers X C N has the van der Waerden property
vdW (k, r) if any r-coloring of X contains a monochromatic AP;. With this notation,

van der Waerden’s theorem can be stated as follows:

Theorem 1.1.1 ([47]). For integers k > 3 and r > 2, there exists an integer W :=

W (k,r) such that for any N > W the set of integers [N] has the property vdW (k,r).

Answering a long standing conjecture of Erdds and Turén [13], Szemerédi proved

the following celebrated result.



Theorem 1.1.2 ([45]). For an integer k > 3 and § € (0,1], there exists an integer
No := Ny(k,d) such that for N = Ny the following holds. Every subset A C [N] with

|A| = N contains an arithmetic progression of length k.

Basically, Szemerédi theorem states that any positive proportion of N contains
an arithmetic progression of length k. Theorem 1.1.2 stimulated a lot of research
and today several proofs, using tools of a variety of areas of mathematics, are known
21, 20, 22, 23, 33, 43, 46].

Similarly as with the van der Waerden property vdW (k,r), one can define a
property related to Theorem 1.1.2. For an integer £ > 3 and 0 > 0, we say that
a finite set of integers X C N has the Szemerédi property Sz(k,d) if any subset
Y C X of size |Y| > §|X| contains an AP,. With this notation, Theorem 1.1.2 states
that [IN] has the property Sz(k,d) for N > Nj.

A simple argument shows that the property Sz(k, §) implies property vdW (k, r) for
d > 1/r. That is, Szemerédi theorem implies van der Waerden’s theorem. Motivated

by the problem of Pisier the following question was considered in [11, 3]:

Question 1.1.3. Is it true that for any k > 3, there is d > 0 and set of integers X

such that
(i) X has property vdW (k,r) for every r > 1,
(ii) Every finite Y C X fails to have property Sz(k,d)?

A negative answer to Question 1.1.3 would imply that properties vdW(k,r) and
Sz(k,d) are equivalent. This would in particular provide a surprising new proof of
Szemerédi theorem by van der Waerden’s theorem. For this reason, the authors in
[11] conjectured that Question 1.1.3 has a positive answer. In this thesis, we confirm
their conjecture.

Theorem 1.1.4. For every k > 3 and 0 < p < k—;l there is a set of integers

X := X(k,pn) €N such that



(i) For every r > 1, any r-coloring of X contains a monochromatic APy,

(ii) Every finite subset Y C X contains a subset Z CY, |Z| > p|Y| with no APy.

We note that Theorem 1.1.4 does not hold for pu > % Indeed, any set X C N
satisfying condition (i) must contain an APj. By taking Y C X to be an APy, we
have that |Y| = k. Therefore, the only Z C Y with |Z| > u|Y| is Y itself. Hence, Y
fails to have property Sz(k, u).

A similar result can be obtained for Bj-sets as well. For h > 1, we say that a set

of integers X = {x;}ics is a By,-set if

Zflfj # Z%”

jedJ j'ed’

for J # J', |J| = |J'| = h, i.e., if all the h-sums of X are distinct.

Note that a Bs-set is also called a Sidon set. The density statement and conse-
quently the Ramsey statement were proved by Erdés and Turdn [12], who showed
that for every e > 0, there exists Ny := Ny(e) such that for every N > N, any
e-proportion of [N] contains {a, b, ¢, d} such that a +b = ¢+ d (They actually proved
a much stronger bound on ). Motivated by the Pisier problem, Alon and Erdés [1]

asked if the following two statements for Bj-sets are equivalent:

(1) X is the union of finitely many Bj-sets.

(2) There exists € > 0 such that every finite subset Y C X contains a B), subset

Z CY with |Z] > ]Y].

As in the original Pisier problem, the implication (1) = (2) holds. So it remains
to determine whether the implication (2) = (1) is true. The next result shows that

it is not the case.

Theorem 1.1.5. For every h > 1 there exists € > 0 and a set of positive integers X

with the following two properties:



(i) X is not a union of finitely many By,-sets.

(ii) Every finite subset Y C X contains a By-set Z with |Z| > ¢|Y| elements.

1.2 Euclidean configurations

We will find it convenient to present our discussion in the framework of R*°, by which
we understand a subspace of £? consisting of infinite sequences of real numbers with
finite support, i.e., all but finitely many entries are zero and with R* equipped by
the usual euclidean metric. In other words, we can view R*> as the infinite union
R> =J72, R?, where we understand that the copies of R? are being included in one
another.

For two configurations of points A, B C R* we will write
A — (B),

to denote the fact that any r-coloring of A yields a monochromatic copy of B. By a
(congruent) copy of B, we mean a subconfiguration B" C A that is isometric to B,

i.e., that exists a bijective map ¢ : B — B’ such that

101 = baf| = [lo(b1) — @(b2)]|

for every by,by € B. Given two configurations A, B we say that B is contained in
A, and denote B C A, if there exists a copy A" of A such that B C A’ (in the set
theoretical sense).

A finite configuration S is said to be Ramsey if R* — (S), for every integer
r > 1. The concept was introduced in [10] by Erdés, Graham, Montgomery, Roth-
schild, Spencer and Strauss, who proved that the vertex set of every brick (rectangular

parallelepiped) of arbitrary finite dimension is Ramsey. The list of Ramsey configu-



rations was extended by a few more configurations in [15, 18, 28, 29]. On the other
hand, the authors of [10] also proved that any Ramsey set is spherical, i.e., all points
of S lie on some finite dimensional sphere. They asked if the opposite implication is
also true: If any spherical set is Ramsey. In [26] Ron Graham offered $1000 dollars
for deciding if this implication holds as well. Based on the evidence coming from
known Ramsey configurations Leader, Russel and Walters [30] proposed an alterna-
tive conjecture. Calling a finite set transitive if its symmetry group is transitive, i.e.,
if all points play the same role, their conjecture states that Ramsey sets are precisely
the transitive sets together with their subsets.

While the progress on these conjectures was very small, some alternative concepts
were considered in [24, 25, 32, 15, 19, 5]. In this thesis we will introduce another
concept based on Pisier’s problem. A d-dimensional simplex S is a configuration
consisting of d 4 1 affinely independent points in R*. In [15] it was proved that all
simplices are Ramsey. One interesting feature of their proof is that they actually

show the following stronger statement.

Theorem 1.2.1 ([15]). Let S C R*> be a d-dimensional simplex and 0 < p < 1 a real
number. Then there exists finite configuration’ Y C R*> such that any subconfiguration

Z CY of size |Z| = pulY| contains a copy of S.

In other words, Theorem 1.2.1 not only finds a configuration Y such that ¥ —
(S),, but also with the extra property that any subset of positive density contains
a copy of S. One of the goals of this part of the thesis is to show an alternative
construction of the fact that simplices are Ramsey where our set Y does not have the

density property. The following definition is central for our exposition.

Definition 1.2.2. A finite configuration X C R* is called P-Ramsey if there exists

a configuration ¥ C R* and a real number p > 0 such that the following holds:

(i) Y — (X), holds for every integer r > 1.



(ii) Every finite subconfiguration Y’ C Y contains a configuration Z C Y’ with

|Z| > p]Y'| such that Z is X-free

Note that statement (i7) of the P-Ramsey definition is in contrast with the density
statement introduced in Theorem 1.2.1, since it says that every finite subconfiguration
contains a large set without a copy of X.

Clearly, if X is P-Ramsey, then X is Ramsey. However, the converse is not so
clear. In this thesis, we start the study of P-Ramsey configurations by showing the

following two results.
Theorem 1.2.3. All simplices are P-Ramsey.

We say that a configuration B C R* is a d-dimensional brick if there exists

positive real numbers ay,...,aq € R such that B is congruent to the set
{(x1,...,2q): z; =0o0r z; =a;, 1 <i<d}.

Theorem 1.2.4. All bricks are P-Ramsey.

1.3 Organization

This thesis is organized as follows. In Chapter 2 we study variants of the Pisier
problem for independent sets in hypergraphs. This variants will be important later
in the proofs of Theorems 1.1.4, 1.2.3 and 1.2.4. Chapter 3 is devoted to the proof
of the Pisier type problem for Bj-sets. The proof is based on a finitary set version
of the problem (see Theorem 3.1.1). Moreover, we also prove in this section a partial
one sided version of Pisier original problem (see Theorem 3.2.1). In Chapter 4 we
prove Theorem 1.1.4 regarding arithmetic progressions. The proof is based on the

partite construction by Rodl and Nesetril. Finally, Chapter 5 is devoted to the Pisier



type problems of Euclidean configurations and in particular contains the proofs of

Theorems 1.2.4 and 1.2.3.
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Chapter 2

Independent sets on hypergraphs

In this chapter we consider the Pisier type problem for k-uniform hypergraphs. View-
ing our sets as vertex sets from a hypergraph and replacing the notion of being free
by being an independent set of vertices leads to the following question. For what

values of p is there a k-graph H with the properties:
(1) The chromatic number y(H) is infinite,

(2) Every finite subset Y C V(H) contains an independent set Z C Y with |Z| >

w|Y'| vertices?

That is, for what values of iz does the converse implication of the Pisier problem fail?
We say that a hypergraph H satisfying statement (2) has the p-property. By taking
Y as the vertex set of an edge, one can clearly note that there is no nontrivial H
satisfying the p-property for p > % On the other hand we will show that such
hypergraphs exist for each p < %

The content of this chapter was obtained in joint work with Negetril, Reiher and

R6dl and contains fragments of the manuscript of the following papers [36, 40, 42].
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2.1 p-fractional property

In this section we will prove a slightly stronger version of the problem described above.

Definition 2.1.1. We say that a weight vector w = (w(%));es is stochastical if w(i) €
[0,1] for every i € I and ), ., w(i) = 1. Let H be a k-graph. For given ;i > 0, we say
that H has the p-fractional property if for every finite subset Y C V(H) and every

stochastic weight vector w = (W(y))yey, there exists an independent set Z C Y with

dowz) =p) wly) =mp

z2€Z yey

1

By taking w(y) = 04l

for every y € Y, one can see that the u-fractional property
implies the u-property. The next theorem shows the existence of k-graphs H with
the p-fractional property and infinite chromatic number. In particular, this answers

the problem introduced in the beginning of the chapter.

Theorem 2.1.2. For every pu < %, there exists an infinite k-graph H with the

following two properties:

(i) The chromatic number x(H) is infinite.
(i) H has the p-fractional property.

The proof of Theorem 2.1.2 is a corollary of the following finitary form of the

statement. For integers k, N and p < %, set € = % —pand ¢ = {%W Let
H := H(k, N, 1) be the k-graph with vertex set V/(H) = [N]® and edge set described
as follows: A k-tuple {x1,..., 2} € V(H)® is an edge if and only if there exists a

set A={ay,...,apro1} € [N]*H1 such that

€Ty = {au e ,ai+e—1},

for 1 < ¢ < k. That is, H is the shift k-graph on the ¢-tuples of [N].
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Theorem 2.1.3. For everyr > 2, k > 3 and p < %, there exists an integer
No := No(r,k, 1) such that the k-graph H := H(k, N, pu) satisfies the following for

N > Ny:
(i) X(H) > 7.
(i) H has the p-fractional property.
We start by proving the infinite version.

Proof of Theorem 2.1.2. For every integer r > 1, let N, := Ny(r, k, 1) be the integer
obtained by Theorem 2.1.3. Take H as the disjoint union of H(k, N, u) for r > 1.

Clearly, the k-graph H satisfies statements (i) and (ii) of Theorem 2.1.2 O

Now, we provide a proof of the finite version.

Proof of Theorem 2.1.5. Set e = 22— and ¢ = {W—‘ Let No(r, k, ) = RO (k+
¢ —1,r). We claim that H := H(k, N, u) satisfies the statement of Theorem 2.1.3 for
N > Ny.

Statement (i) follows from Ramsey theorem (Theorem 1.0.1).. Indeed, for any
r-coloring of [N]®), there exists a set X C [N] of size k + ¢ — 1 such that X is
monochromatic. In particular, this implies that H has an edge with all its vertices
monochromatic. Hence, x(H) > r.

In order to address statement (ii), let Y C V(H) = [N]®) be a subset of vertices
and w = (W(y))yey a stochastic weight vector. We will show by induction on the
cardinality of Y that there is an independent set Z C Y with Y _,w(z) > &1 —
e. For |Y| = k, the statement follows immediately from the fact that there exists
independent set Z C Y of size |Y| — 1 with

ZW(2)> Y] -1 >k_1—5.
Y k
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Assume now that |Y'| > k. For an integer ¢ € [N], we define

Sc)={yeY:cey}

to be the set of vertices of Y that contain c. Similarly, let

= {y = {bl, .. .,bg} 1 cE {bk, ... ,bg,(k,l)}}

as the set of vertices of Y such that ¢ is neither one of the first or last £ — 1 elements
of Y.
We claim that H[S(c)] is a k-partite k-graph for every ¢ € [N]. To see that

consider the partition S(c¢) = Vo U ... U Vi_; where
Vi={y={b,....00} €S(c): c=bjandi =7 (modk)}

for 0 < j < k—1. That is, V; are the vertices of S(c) where ¢ is in a position congruent
to j (mod k). Note that if e = {y1,...,yx} is an edge in H[S(c)], then [eNn V)| =1
for every 0 < i < k — 1. Hence, H[S(c)| is k-partite.

By double counting the weights over all the pairs (¢, y) where y = {by,...,b;} and

¢ € {bk,...,bi_-1)}, we obtain that

> Z =(L=2(k=1)) w(y)=L—2(k—1). (2.1)

c€[N] yeS'(c yey

Similarly, by double counting the weights over all the pairs (¢, y) with ¢ € Y, we have

Z Z w(y) = @Zw(y) =/ (2.2)

ce[N]yeS(c yey
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Hence, comparing (2.1) and (2.2) yields that there exists ¢g € [IN] such that

> w2 S ), 2.3

y€S’(co) ye€S(co)

Since S'(¢p) € S(cp) we have that H[S'(¢o)] is a k-partite graph and consequently

by inequality (2.3) we have that there exists independent set I; C S’(¢g) satisfying

ZW(@/D% > W(y)>k;1<£_2(f_1)) > wiy)

yely y€S’(co)
S (=L > wly) (2.4)
= L g Y). .

y€S(co)

Furthermore, applying the inductive assumption to the set Y — S(cg) with stochastic

weight vector w' = (W(2)).ev—s(c) given by w'(z) = w(2)/ (3 ,cy _s(,) W(Y)) gives

us an independent set Iy CY — S(c¢y) with

Swin = (Fe) ¥ v (25)

y€ls y€Y —S(co)

We claim that if e € H is such that e N S"(¢) # 0, then e C S(cp). Indeed, let

e={y1,...,y} € H with

Yi = {% e 7ai+€—1}

for 1 <i<k.

If enS(co) # 0, then there exists a vertex y; = {a;,...,a;40-1} such that

co € {ajtk,. .., 0401} However, because 1 <i < k, wehavei < j+k <j+l—k <
i+¢—1 and consequently ¢y € {ajik,...,aj1—k} C y; for every 1 <i < k and hence
e C S(ep).

Since I CY — S(cp), we obtain that there is no edge intersecting both I; and Is.
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This implies that I; U I, is and independent set and by inequalities (2.4) and (2.5)

we have that

yel Ul

2.2 A version for simple graphs

We observe that for &k > 3, the shift k-graph H(k, N,pu) contains pairs of edges
intersecting in more than one vertex, i.e., the hypergraph H(k, N, i) is not simple.
However, for the purposes of Chapter 4 we will need a simple hypergraph with the
properties of Theorem 2.1.3.

Such a graph can be obtained by a standard application of the probabilistic method

combined with Theorem 2.1.3 and the following observation:

Claim 2.2.1. Let H be a k-graph with the p-fractional property. If H C H is a
subgraph, then H has the p-fractional property. That is, the u-fractional property is

hereditary.

Proof. We may assume that V(H) = V(H) by adding some isolated vertices. Let
Y C V(H) be a finite subset of vertices and w = (w(y)),ey a stochastic weight vector.
Since H has the p-fractional property, there exists an independent set Z C Y in H
such that > _, w(z) > pu. The proof now follows because Z is also an independent

set in H. 0
Next we will show the following strengthening of Theorem 2.1.3.

Theorem 2.2.2. For every r =2 2, k > 3 and p < % there exists an integer

M := M(r,k, ) and a simple k-graph G C H(k, M, 1) satisfying the properties:
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(i) X(G) > .
(i) G has the p-fractional property.

Proof. Let Ny := Ny(r, k, ) be the integer obtained by Theorem 2.1.3 and let M be

a sufficiently large integer such that
M > NJEHD, (2.6)

Consider the random subgraph H, C H(k, M, i) obtained by selecting each edge
of H(k, M, ;1) independently at random with probability p = M?3/?>~%. Note that the
k-graph H(k, M, i) has (AZ ) vertices and (,{J +Ae4—1) edges. Moreover, because each edge
is intersected by at most M*~2 edges in at least two vertices, the number of pairs

intersecting in at least two vertices can be bounded by

M k
Mk*Q < M2/€+573. 9.
(evi-1) o) 27

Since the number of edges of H, follows a binomial distribution, by the Chernoft

bounds

B = @ o(, ) e (28)

holds with probability 1 — o(1).
Moreover, if X, is the random variable counting the number of pairs of edges

intersecting in at least two vertices, then by (2.7) we have

]E(Xp) < p2M2k+573 — Mf.
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Hence, by Markov’s inequality,

P(X, >2M") < . (2.9)

DN | —

Note that each subset A C [M] of size Ny induces a subgraph isomorphic to
H(k, No, pt). By Theorem 2.1.3 any r-coloring of the vertices of H(k, Ny, pt) contains

a monochromatic edge. Since there are (]A\;{) ) subsets of size Ny in [M] and every

edge is contained in at most (]]‘VJ*(’“”*U

0*(k+€*1)) of those induced graphs, we obtain that any

r-coloring of H(k, M, uu) contains at least

% = (1+0(1)) <%) _ (2.10)
No—(k+4—1) 0

monochromatic edges.
Given an r-coloring ¢ : V(H(k,M,pn)) — [r], let Y, be the random variable
counting the number of monochromatic edges in H,. Note that Y), follows a binomial

distribution. Relations (2.6) and (2.10) give us that

k+e—1 +1/2
E(Yy) 2 (1+o0(1))p (m) = (14 0(1) ey = (L+o(1) MY,

Therefore, by the Chernoff bounds

P (Yap < %MZ—H/G) < e—cM['H/6

for some constant ¢ > 0.
Let E be the event that Y, > 1M**'/¢ for every r-coloring ¢. A union bound

argument gives that

P(-E) < r({)e=eM™* = 5(1), (2.11)
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Combining (2.8), (2.9) and (2.11) yields that

P(E A (X, <2M'} A {|E(H,)| = O(M"/)}) >  —of1).

Therefore, with positive probability, the k-graph H satisfies the event E and has
at most 2M* < 1M*T/S pairs of edges intersecting in at least two vertices. Let
G C H, be the hypergraph obtained from H, by deleting all edges in those pairs.
The resulting hypergraph G is simple and yet any r-coloring of [M]¢ yields at least
IM/6 — 20" > 0 monochromatic edges. Thus, x(G) > r, which proves property
(7). Property (i) follows from Claim 2.2.1 applied to G and H (k, M, ). O

2.3 Independent sets of shift graphs

Note that the proof of Theorem 2.1.3 uses the fact that ¢ > k. For some of the
applications in Chapter 5 we will require a version of our Theorem for shift graphs
on the pairs of [N].

The shift graph Sh(2, N) is the graph with vertex set V (Sh(2,N)) = N® i.e., the

pairs of natural numbers, and edge set

ESh(2,N)) = {{{z, v}, {y,2}}: z <y <z}

Claim 2.3.1. The shift graph Sh(2,N) has the }L—fmctional property.

Proof. Let X C N® be a finite subset of vertices of Sh(2,N) and let w : X — [0, 1]
be a stochastic weight vector. Consider a random coloring ¢ : N — {0, 1}, where each

integer n is colored independently with probability
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Let Xy, be the random set defined by
Xog={{z,y} e X: z<yandc(z) =0, c(y) =1}.

That is, Xy ; are the ordered pairs of X such that the first integer is of color 0 and the
last one of color 1. One can see that Xy ; is an independent set in Sh(2, N). Moreover,

by letting

Zyy = Z w(z).

I€X071

we have that
B(Zoa) = Y. P{ela) =0} A fely) = wiloh) = 32 pwldesh) = 1
{zy}eX {zy}eX

Thus, by the first moment, with positive probability there is a coloring ¢ such that

Xo, is an independent set satisfying the statement of the claim. O

We remark that the constant p = 1/4 in Claim 2.3.1 is the best possible. This

was proved in a joint paper with Arman and Rodl [2].
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Chapter 3

Pisier type problem for Bj-sets

The content of this chapter was obtained in joint work with Negetril and Rodl and is

based on [36].

3.1 A local version of the Pisier problems for sets

In this section we introduce a version of the Pisier problem for finite sets that will be
useful in the proof of Theorem 1.1.5. Let A = {A;}ic; be a system of finite sets on
the ground set X. We say that A is h-independent if for any indices J, J' C I with
I =1J'[ = h,

4 # [ A

jeJ jleg’

where | stands for the multiset union operation, i.e., every element is counted ac-
cording to its multiplicity in the operation. For instance, {1,2} W {2,3} = {1,2,2,3}.
One can see h-independent sets as the analogue of Bj-sets in the context of sets
equipped with the multiset union operation.

In this context, statements (1) and (2) of the Pisier problem can be rewritten as

(1) A is the union of finitely many h-independent set systems.
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(2) There exists € > 0 such that every finite set system A" C A contains a h-

independent subset A" with |A"| > ¢|.A’| elements.

The next result shows that statement (2) does not imply statement (1) and conse-

quently these statements are not equivalent.

Theorem 3.1.1. For every h > 1, there exists € > 0 and a set system A on the

ground set N with the following two properties:
(i) A is not the union of finitely many h-independent sets.

(ii) Every finite subsystem A" C A contains an h-independent set A" C A" with

|A"| > e|A’| elements.

To prove Theorem 3.1.1 we will use the following result from [35]. A partial Steiner
(k,0)-system G is a k-uniform hypergraph (shortly k-graph) with the property that
every {-element subset of the vertex set of GG is in at most one edge. For this problem
all Steiner systems will be ordered, i.e., the vertex set of the graph has a linear order.
We will say that F'is a subgraph of G if there is an order preserving injective mapping
¢ : V(F) — V(G) which is a homomorphism. Let Sc(k,¢) be the class of all ordered
partial Steiner (k, £)-systems. The next result shows that the class of ordered partial

Steiner systems have the Ramsey property.

Theorem 3.1.2 ([35], Theorem 6.2). The class S<(k, ) of all ordered partial Steiner
(k,0)-systems has the edge Ramsey property, i.e., for every F' € S-(k,{) and for any
integer r there exists G € S-(k, ) with the property that any r-coloring of the edges

of G yields a monochromatic copy of F.

Proof of Theorem 3.1.1. Let k be an even number and G a k-uniform graph with
vertex set V(G) C N. On a set N x [k/2] we will construct a set system Ag as follows:

For an edge e = {xy,..., 2}, with x; < ... < xy, define the set A, C N x [k/2] given



22

k/2

A, = U [I’Qi_l, 3721’) X {7’}7

i=1

where [a,b) x {i} = {(a,7),(a+ 1,i),...,(b—1,7)} denotes the interval of integers
between a and b, with b not included, in the i-th copy of N. With this in mind, we

define the set system Aq on the ground set N x [k/2] as

AG:{AG: BEG}.

Figure 3.1: An edge e and its corresponding set A,

We say that a graph G is h-independent if the associated set system Ag is h-

independent, i.e., if there is no subgraph F' = {fi,..., fog} € G such that
g 29
WA, = 4
r=1 s=g+1

for 1 < g < h. The following lemma shows that every non h-independent finite

ordered k-partite k-graph has at least two edges with large intersection.

Lemma 3.1.3. Let k > h be integers with k even. Let H be a finite k-partite k-graph

with vertex set V' satisfying the following properties:

(i) H is not h-independent.
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(i1) There exists partition V = ViU. ..UV} such that for every edge e = {x1,...,xx} €

H with x1 < ... < xp, we have x; € V.
Then there ezist distinct edges e, f € H such that |eN f| > k/h.

Proof. Since H is not h-independent, there exists subgraph F' = {f1,..., fog} € H

such that
g 29
r=1 s=g+1

for some 1 < g < h. Let F' ={f1,...,f,} and F" = {f,11,..., fog}. We claim that
for every x € V, we have degp (x) = degp.(z).
For (a,i) € N x [k/2] and subgraph £ C H, let

pe(a,i) =|{e € E: (a,i) € A},

i.e., pp(a,i) is the multiplicity of (a,i) in ).,z Ae. The relation (3.1) gives us that

pr(a,) = ppo(a, i) (3:2)

for every (a,i) € N x [k/2].
Fix ¢ € [k/2]. We will prove that degp (x) = degpn(z) for every x € Vo1 U Vs,.
Let x be the minimal integer in V5; 1 U V5; such that the statement is false. Suppose

that © € V;_1. Let A C V1, B C V5; be defined as

A={a€Vy1: a<uz}

B={beVy: b<ua}.

That is, A and B are the subsets of V5,_; and V5; with elements smaller than z. If

e = {x1,...,z5} € E is an edge such that (z,i) € A., then z € [v9;_1,29;). This
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implies that xo;—1 € AU {z} and z9; ¢ B. Hence,

pe(r,i) Z degp({a,y}) + degp(w ZdegE ZdegE ) + degp(x).

acAy¢B acA beB

(3.3)

By the minimality of =, we have that deg (y) = degp.(y) for all y € AUB. Therefore,
(3.2) and (3.3) gives us that degy (z) = degp»(x), which is a contradiction. If x € Vy;,

then one can show similarly that

Z degp(a Z degp(b) — degp(z)

a€A beB

and the result follows in the same way, which concludes the proof of the claim.

To finish the proof of Lemma 3.1.3 note that by the claim,

> \f/ﬂf”lzzzdegp )deg o (z)

fleF’ fl'eFr =1 x€eV;
k
Y S o) > S0~ b
i=1 x€eV; =1

Hence, by averaging, there exist e € F’ and f € F” such that

kg k
len f| = —2——2
g

>

]

The next lemma shows that for £ < k/h there exists a partial Steiner (k, £)-system

violating the h-independence condition.

Lemma 3.1.4. For h > 2, there exists an even integer k and a partial Steiner (k,()-
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system F = {f1,..., fon} with ¢ < k/h such that

h 2h
HAn = A
r=1 s=h+1

Proof. We will construct a k-graph F satisfying the statement for & = 2(h!)? and

2h(h!)? vertices. The construction depends on the parity and size of h.
Case 1: h = 2t > 4.

Let Sp be the set of permutations o : [h] — [h]. Write S, = {o1,...,0m}.

For a pair (i,j) € [Rl]?, let F}; = C.(jl) U...U Ci(;) be a labeled 2-graph consisting

1

of h/2 = t four cycles. For each 1 < ¢ < ¢, we label the C’i(f) as follows: Let

V(Ci(f)) = {1, 29, 23,24} With x; < 25 < 23 < x4 and label the edges of the cycle as

in Figure 3.2.

O‘i(Qq)

0i(2¢ — 1)

| Xyq

0j(2q) +h

0j(2¢—1)+h

Figure 3.2: A four cycle C’i(j‘-’)

We order the vertices of all C’Z-(]‘.I) such that max V(Ci(f)) < min V(C’i(,?/)) if and only
if (i,7,q) <iex (7,7',4¢) in the lexicographical ordering. This in particular gives us a
total ordering of J,; <, V(Fi;). For a fixed Fj;, each one of its 4t = 2h edges is
labeled by precisely one of the labels from [2h]. Set Fy; = {f};,..., f2!'}, where [} is
the edge of Fj; labeled with s.

We finally define the k-graph [ as the graph with vertex set V(F) = U, ; ; < V (Fij),

where the ordering of V' (F') respects the total ordering of V'(F};) described above, and
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edge set given by

F:{fszz U i‘?:lésé?h}

1<i,5,<h!

That is, the graph F consists of 2/ edges of size k = 2(h!)* where the edge f, of F is
the union of all the pairs labeled with s.

We claim that F' is a partial Steiner (k,f)-system with ¢ = h(h — 2)Ih! +1 <
2(h — 1)l = k/h for h > 2. Let f, and f, be two edges of F' such that 1 < r,s < h.

Then f,. and fs only intersects in the cycles C’i(;.]) such that

{0i(2¢ = 1),01(2¢)} = {r, s} (3-4)

For each 1 < ¢ < t, there are 2(h — 2)! choices of o; satisfying (3.4). Consequently
there are 2t(h — 2)!h! choices of ¢ and 0;,0; € S), such that f. and f, intersects in

C’Z-(jg). Since f,. and f, intersects in at most one vertex for each C’i(jq) we obtain that
|f. 0 fo| = 2t(h — 2)Ih! = h(h — 2)!A].
A similar computation shows that for 1 <r < hand h+1<s<2h
[fr 0 fsl = B((h = 112,
and for h+1 < r;s,< 2h
|fr 0 fs| = h(h — 2)!AL

Since h(h — 2)!h! > h((h — 1)!)? for b > 2, we obtain that F' is a partial Steiner
(k,{)-system for £ = h(h — 2)!h! + 1.

It remains to show that ['_, A; = Lﬂiihﬂ Ay,. Since k/2 = (h!)?, there exists an
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order preserving bijection ¢ : [h!]* — [k/2], where [h!]? is ordered lexicographically.

Note that

Ap, N (N {(i, 5)}) = [min V(f5), max(V(f5)) x {e(i, )}

for every 1 < r < 2h. Therefore,

L'_"JAfT — U H—J [min V' (f5;), max(V(f];)) x {e(i,5)}

— U U [man C(q maX(V(Cff))> x {o(i, j)}

1<i,j<h! ¢=1

= U W minV()max(V(£) x {eli.i)} = 4 Ay,

1<i,j<h! s=h+1

since the pairs Z’; and f} for 1 <r < hand h+1< s < 2h cover precisely once the

entire interval of each cycle C’i(]q) from 1 < ¢ < t.

(1) (2) (®)
C: C’ij C’ij

Figure 3.3: The pairs i for1<r<h

Case 2. h=2t+1>3

The constructions is very similar to the previous case. For a pair (i,7) € [h!]?,
let Fj; = Uzﬂl C’ be a labeled multigraph consisting of ¢ four cycles and a 2-cycle

C’g+1). For each 1 < g < t, we label the four cycle C’ijq exactly as in Case 1 (see
Figure 3.2). We define C,;(;H) as the multigraph with two vertices and two edges
labeled as in Figure 3.4.

As in Case 1, we label the vertices of Cj; @) such that max V(C! q)) < min V(C’(q ) if

and only if (4, j, q) <iex (7', ', ¢'). Moreover, F;; is a multigraph with 2h edges labeled
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oi(2t +1)

O’j(2t +1)+h
Figure 3.4: The 2-cycle C;;JFI)

1

in an one-to-one correspondence with [2h]. Write Fj; = {f;, ...,

2h s 3
fij'}, where f7 is
the edge of Fj; with label s.

We define F' as the k-graph with vertex set V(F) = U, ;< V(F};) and edges

F:{fs:: U fi 1<s<2h}.

1<i,5<h!

A similar argument as in Case 1 shows that Lﬂle A = H-Jiih +1 Ay, Furthermore,

a careful analysis shows that

0 £l = (h—1)h!

forl<r,s<horh+1<rs<2hand

[fr O fol = (h+1)((h = 1)1

Thus, F is a partial Steiner (k, £)-system with £ = (h+1)((h—1)1)2+1 < 2(h—1)!A! =
k/h for h > 1.

Case 3: h = 2.

Let F' = {f1, f2, f3, f+} be the 8-uniform hypergraph on 16 vertices described in
Figure 3.5, where, for each 1 < s < 4, the edge f, is the union of all the pairs labeled

with s. Let the vertices of F' be ordered from left to right exactly as shown in Figure

3.5.
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o O @ @ Q@ Q

Figure 3.5: The graph F for h = 2

Following a similar argument as in Case 1, one can show that Ay WA, = ApWAy,.
Moreover, one can also check that |f; N f;| > 3 for every 1 < i < j < 4. Hence, F is

a partial Steiner (k,()-system with ¢ =4 =8/2 = k/h. O

Since there is a bijection between N x [k/2] and N, to prove Theorem 3.1.1 we
just need to show that there exists ¢ > 0 and a k-graph G such that Ag satisfies

properties (i) and (ii) of the statement, i.e., a k-graph G such that

(i) Any finite coloring of G contains a monochromatic subgraph F' that is not

h-independent.

(ii) Every finite subgraph G’ C G contains an h-independent subgraph G” C G’
with e(G”) > ee(G).

Let F be the partial Steiner (k,¢)-system obtained by Lemma 3.1.4. Given an
integer 7, by Theorem 3.1.2, there exists a partial Steiner (k,¢)-system G, such that
any r-coloring of the edges of G, contains a monochromatic copy of F. Let G =
U<, G, be the union of disjoint copies of G, for r > 1. Order the vertex set of
G such that V(G) € N and max V(G,) < min V(Gy) for r < s. We claim that G
satisfies properties (i) and (ii).

For r > 1, consider an arbitrary r-coloring ¢ : G — [r]| of the edges of G. In
particular, ¢, is an r-coloring of G, C G and by Theorem 3.1.2, there exists a
monochromatic copy of F. By Lemma 3.1.4, the graph F' is not h-independent,
which proves statement (7).

For statement (ii), let G’ C G be a finite subgraph of G. We are going to show

that there exists a subgraph H C G’ with e(H) > e(G’)/k* such that the vertex set of
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H can be partitioned into V(H) = V;U. ..UV} satisfying the following: for every edge
e=A{xy,...,zx} € H with z; < ... <z, we have z; € V. Indeed, consider a random
partition V(G') = V4 U. ..UV} such that every z is chosen to be in V; independently
with probability 1/k. Thus, if e = {z1,..., 2} € ¢, then P (/\le{xi c v,}) = 1/k*.

Let H be the graph consisting of all the transversal edges e = {z1,..., 21} € G

with x; € V; for 1 < i < k. Then

Ee(m)= Y P(/\{xiem):eﬁ”,

{Il ..... Ik}EG i=1

which by Markov inequality implies that with positive probability one can obtain H
with e(H) > e(G")/k*F. We claim that such H is h-independent. Suppose to the
contrary that is not. Then by Lemma 3.1.3, there exists edges e, f € H such that
leN f| = k/h. However, by Lemma 3.1.4, the graph H C G is a partial Steiner
(k,¢)-system with ¢ < k/h, which is a contradiction. Therefore, statement (ii) holds

by taking ¢ = 1/k* and G” = H. O

3.2 Proof of Theorem 1.1.5

In this section we prove Theorem 1.1.5 and also make partial progress on the original

Pisier problem by answering in the negative a one sided version of the problem.

Proof of Theorem 1.1.5. Let A = {A;}icr be the set system on the ground set N

obtained by Theorem 3.1.1. Let X = {x;};,c; C N be the set of integers defined by
zi=>» (h+1).
JEA;

Then for two set of indices J, J" C I of size h, we have >, ;x; = > . pxy if and
only if ;e ; Aj = W;c s Ay. This implies that a subset X’ = {xy}yep C X is a By-

set if and only if the correspondent subfamily A" = {A; }yc;r C A is h-independent.
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Hence, X satisfies statements (i) and (¢i) of Theorem 1.1.5. O

For an integer h > 1, we say that a set X is h-free if equation (1.1) holds for any
distinct subset of indices J, J' C I with |J| < h (the size of J' may be arbitrary). We

are going to prove the following:

Theorem 3.2.1. For every h > 1 there exists € > 0 and a set of positive integers X

with the following two properties:

(i) X is not a union of finitely many h-free sets.
(i1) Every finite subset Y C X contains an h-free set Z with |Z| > €|Y| elements.

Proof. Let A = {a;}ie; € N be the set of integers and € > 0 the constant obtained
from Theorem 1.1.5 satisfying statements (i) and (77). Since A cannot be written as
a finite union of By-sets, by a standard compactness argument ([6], Theorem 1) one

can obtain for every r > 1 a finite set A, C A satisfying the following two properties:
(i) A, is not an union of at most r Bj-sets.
(ii) Every subset B C A, contains a By-set C' C B with |C| > ¢|B].
We construct a sequence of finite sets {W;}32, satisfying the following: Let X, =
U;:() WJ’ :
(i) X, is not a union of at most r h-free sets.

(ii) Every subset Y C X, contains an h-free set Z C Y with |Z]| > ¢|Y].

Theorem 3.2.1 follows by taking X = [J7Z, W;.
Let Wy = {0}. Suppose that we already constructed Wy, ..., W,_; and X,_; =

U;:(l) W; satisfies statements (i) and (ii). We choose n, and m, to satisfy

n, > Z x and m,.>nr<l+2a>. (3.5)

rzeX,_1 a€A,
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Define W, = {n,a+m, : a € A} and X, = U;:oVVj = W, U X,_1. It remains to
prove that X, satsifies properties (¢) and (i7).

Property (i) follows by the fact that an ¢-coloring of X, for ¢ < r, is in particular
an (-coloring of W,. Since there is a bijective linear map from A, to W,, we obtain
that the ¢-coloring in W, corresponds to an ¢-coloring in A,. By construction, this

coloring must contain a monochromatic equation

db=>Y b

beB b'eB’

for B, B’ C A, with |B| = |B’| = h. Then the equation

Z(nrb +m,) = Z (n.b" +m,)

beB b'eB’

is monochromatic in W,., which implies that one of the colors classes is not h-free.

In order to prove Property (i), consider an arbitray subset ¥ C X,. Write
Y=Y UY” where Y =Y NX,_; and Y =Y NW,. By our induction hypothesis,
there exists h-free set Z' C Y’ with |Z'| > ¢|Y'|. Let f : A, — W, be the bijective
linear map given by f(a) = n,.a + m,. By property (ii) of A,, there exists a Bj-set
C C 71 (Y") C A, with |C| = e|f*(Y")| = ¢|]Y"]. Take Z" = f(C). We claim that
Z =7'"UZ"is h-free.

Suppose that Zpepp = quQq for some P,Q C Z. We want to show that
|P[,|Q] > h. Let P =P UP" and Q = Q' U Q" be partitions of the sets such that
P=PnZ,Plr=PNnZ" Q =QNZ and Q" = QNZ". A computation shows that

dr=> 4«

pEP” qu//

= Z (nya+m,) — Z (n.b+m,)

acf=1(P") bef~1(Q")

= (1P = 1Q"m 4+ | > a= > b (3.6)

acf~t(P") bef~HQ")
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Suppose that |P"| # |Q"|, then our choice of n, and m, in (3.5) and equation (3.6)

gives us that

dop—

peEP! qeQ”

> m, — N, Z a— Z b >mr—nr<2a)>n,«.

acf=1(P") bef~1(Q") a€Ar

Hence, by (3.5) and the fact that P', Q" C X, _q,

0= -

N EDI

peP’ qeq’

>nr—Zx>0,

xEXr

dp=> 4

peP q€eqQ

> p—-> 4q

pGP// qu/l

which is a contradiction. Therefore, [P"[ = |Q"|. We also claim that }_ ;1 pna =

> bef-1(gn b Indeed, suppose to the contrary that > ccipma # 3 per1gm b
Then, by (3.5) and (3.6) we have

dp=> q

peP! qeqQ”

= |n, Za—Zb}nr

acf~1(P") bef~1(Q")

and we reach a contradiction similarly as in the proof of |P”| = |Q"|. To finish the
proof, note that C' = f~1(Z") is a Bj-set. Hence, |P”| = |Q"”| > h and consquently

7 is h-free []
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Chapter 4

Pisier type problems for arithmetic

progressions

The content of this chapter was obtained in joint work with Christian Reiher and

Vojtech Rodl and is based on [40].

4.1 A modification of Hales—Jewett theorem

We will now describe a modifictation of the Hales—Jewett theorem that is going to be
used in the proof of Theorem 1.1.4. Given an alphabet A = {ay,...,a,}, we say that
an n-tuple u = (u(1),...,u(n)) € A" is a word of length n in the combinatorial cube
A" A collection of ¢ words L = {uy,...,u,} of length n with u; = (u;(1),...,u;(n))
is a combinatorial line if there exists a partition [n] = M, U F, with My # () and a

sequence {bs}scr, of elements of A such that

a;, if s € My,
u;(s) =
bs, if s € FL,



35

for1 <7< gand 1 < s <n. We will usually refer to M, as the moving indices of the
combinatorial line L, since for each word in L they correspond to a different letter of
the alphabet. The set F7, is the fized indices of L, because they are constant in every
word of the combinatorial line.

Hales and Jewett [27] proved the following celebrated Ramsey result about com-

binatorial lines.

Theorem 4.1.1 ([27]). Given integers q,r > 1, there exists an integer Ny := No(q, 1)
such that the following holds for N > Ny. For any alphabet A of size q and any r-
coloring of the combinatorial cube AN, there exists a monochromatic combinatorial

line L C AN.

Let £(AY) be the set of all combinatorial lines of AY. One can view L£(AY) as
the g-uniform hypergraph with vertex set AV and combinatorial lines as edges. With
this interpretation, Theorem 4.1.1 says that x(L(AY)) > r for any N > Ny(q, 7).

Given a hypergraph H, a cycle of length ¢ in H consists of ¢ distinct edges eq, ..., ey
and ¢ distinct vertices xy,...,x, such that z; € e; Ne;q for 1 < @ < £, where the
indices are taken modulo ¢. The girth g(H) of a hypergraph H is the length of the
shortest cycle in H. A famous result by Erdés, Hajnal and Lovész [8, 9, 31] states that
for any integers k, g, r, there exists a k-graph H with chromatic number y(H) > r
and girth g(H) > g. We will use the following similar variation for the Hales—Jewett

theorem established in [41].

Theorem 4.1.2 ([41]). Let q,r,g be positive integers and A an alphabet of size q.
Then there exists a integer N := N(q,7,g) and a subgraph H C L(AN) such that
X(H) >r and g(H) > g.

In other words, Theorem 4.1.2 says that there exists a subset of combinatorial

lines such that the hypergraph formed by them has high chromatic number and high
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girth. For simplicity, in the remaining of the paper, we will denote the graph obtained

by Theorem 4.1.2 as L,(AY) instead of H.

4.2 The partite construction

Our proof of Theorem 1.1.4 will be based on a variant of the partite amalgamation
construction (see [34, 16]). Partite amalgamation is a construction which allows us
to alter one Ramsey type statement into another one. We will use Theorem 2.1.3 and

4.1.2 to prove the following finite form of Theorem 1.1.4.

Theorem 4.2.1. For every k =2 3, r > 1 and 0 < p < k—;l there is a finite set of

integers X = X (k,r, 1) C N satisfying the two following properties:
(i) Every r-coloring of X contains a monochromatic APy.
(i1) EveryY C X contains an APy-free subset Z CY with |Z] > p|Y].

Before proving Theorem 4.2.1, which occupies the remainder of this chapter, we

show that Theorem 1.1.4 follows as a corollary of Theorem 4.2.1.

Proof of Theorem 1.1.4. For every r > 1, let X, := X (k,r, u) be the set obtained by
Theorem 4.2.1 with parameters k,r and p. Let {z,},>1 be a sequence of integers and
{W, },=1 be a sequence of sets W,. C N defined as follows: For r =1, set 21 = 0 and

Wi = X;. Forr > 1, let
x, = 2(max W,_; + max X,

and W, = X, +z, ={z+uz,: v € X,}. It is easy to check that max W, < min W, 4

for every r > 1. Set
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We claim that X satisfies the properties of Theorem 1.1.4.

Property (i) follows from the fact that W, is a linear transformation of X, and
consequently preserves AP,. This in particular implies that any r-coloring of W,
contains a monochromatic AP,. Hence, because X = UT21 W,, we obtain that any
r-coloring of X contains a monochromatic APy, for r > 1.

To check property (i7), first note that if A C X is an APy, then A C W, for some
r > 1. This is due to our choice of the quickly increasing sequence {z,},>1. Let
Y C X be a finite subset. Then there exists an integer ¢ such that Y C Uf«:1 w.,.
Write Y, = W, NY C W,. Since W, is a linear transformation of X, by Theorem
4.2.1 there exists an APy free set Z, C Y, with |Z,| > ul|Y,| for 1 < r < t. Set
Z =U._, Z,. We claim that Z CY is AP,-free with |Z| > u|Y].

Suppose that A C Z is an AP,. Since A C X, there exists integer » > 1 such that
A CW,. Hence, A C Z, = Z N W,, which contradicts the fact that Z, is AP,-free.

Finally,

t

t
HEDVAED I A= 4}
r=1

r=1

4.2.1 Construction of X (k,7, u)

We devote the rest of the section for the construction of the sets X(k,r, u). Given
k>3, r>1land 0<pu< %, let G be the simple k-graph obtained by Theorem

2.2.2 such that:
(i) x(G) >r.
(ii) G has the p-fractional property.

Suppose that V(G) = [n] and m = |E(G)|.
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Our plan is to construct the set X (k,r, u) by partite construction. This will be
done inductively, by successively constructing the set of integers Fy, P, ..., P,. We
start with a set Py satisfying property (i7) of Theorem 4.2.1. For 1 < i < n, the set
P; will be constructed by amalgamating several copies of P;,_;. The amalgamation
will be done by using the modified version of Hales—Jewett given in Theorem 4.1.2
and in such a way that the new set P; still satisfies property (ii), while it has new
Ramsey properties. Finally, we set X (k,r, u) = P,, which will have both properties

(7) and (7i) of Theorem 4.2.1. Now we go into more details.

Construction of F,

We start with the description of Py. Let E(G) = {e1,...,en} be an ordering of the
edges of G, where e; = {zy;,..., 2} for 1 <7< m. For 1 <i<kand1l<j<m,

set
aij = i(2k)7.
We construct for every vertex ¢ € [n], the set of integers
Por =A{aij : xi; =t}

That is, Py, is the set of integers corresponding to the vertex ¢, where for each edge
containing ¢ we have a unique integer a;; depending on the edge e; and the position

of t in e;. Clearly, Py, is a set of size deg(t). Finally, we set
P0:UP07t:{aij: lgzgk‘,lgjém}
=1

Note by construction that for every 1 < j < m, the set {aij}le is an arithmetic

progression. Moreover, these are the only arithmetic progressions of length & in Fj.
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Indeed, let D = {dy,...,d.} be an AP, in Py, where d, = i,(2k)’ for 1 < s < k.
Since dg + dsi9 = 2dsy1 for 1 < s < k — 2, we obtain that i,(2k)s + i,,0(2k)/+2 =
2i541(2k)7+1. This implies that js = jsy1 = jsro. Hence, D = {i(2k)7}F | = {a;;},
for some 1 < 7 < m.

Graphically, the set of integers F, can be seen as in Figure 4.1. On the vertical
projection we have our k-graph G with labeled edges {es,...,en,}. For each edge e;
we have a corresponding APy given by the set {a;;}¥_,. The sets P, corresponds to
the horizontal dashed line in the picture. We usually refer to those as musical lines.
Furthermore, if we think of Py as a k-graph with P as the vertex set and edges being

arithmetic progressions of length k, then F, is a matching.

Figure 4.1: A visual representation of F,

Construction of P,

Next we will describe how to form P; for ¢ > 1. Suppose that we already constructed
the set of integers P;,_; = UZL=1 P;_1 4, where P,_;; is the musical line of P;_; for the
vertex t € [n].

Consider the alphabet A = P,_y; of size ¢ = |Pi_1;|. By Theorem 4.1.2, there

exists an integer N := N(q,7,3) and a set of combinatorial lines L3 := L3(AY) =
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Cg(PZ-]\_[LZ-) such that £3 has girth greater than 3 and chromatic number greater than
r. We will construct P; from an auxiliary set of vectors V; C PY,.

For a fixed combinatorial line L € L3, let F;, and My be the set of fixed and
moving indices of L and let {bs}secr, be the elements of P,_;; corresponding to the

fixed indices. For a € P,_;, we define the N-dimensional vector v, € PZJX , by

bs, if s € Fi
Var(s) = (4.1)
a, if se My
For t € [n], let
Vis(L) = {Var:a € Py} CPY,. (4.2)
Note in particular that by (4.1),
Vii(L) =L (4.3)

That is, the set of vectors V; ;(L) is just the combinatorial line L in the Hales—Jewett

cube P, ; itself. Let

VL) = [ Vil D). (44)

te(n]

In order to define P;, we first consider the family of vectors V; = | J;'_, Vi, where

Vie=J Viu(L) (4.5)

LeLs

for t € [n] and set T' = 2max P;_;. Now consider the linear mapping v : PY, — N
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given by

Ylay,...,ax) =Y a;T? (4.6)

j=1

Finally, define
B =¢(Vi) ={¢(u): ueVi}.

Similarly, we can define P;(L) = ¢(Vi(L)) and P,; = ¢(V;,) for t € [n] and L € L.

Before we proceed, we would like to make the connection between the construction
of P; and the partite construction a little bit more transparent. We say that two sets
of integers X and Y are equivalent (or X is a copy of V), and write X =2 Y, if there
exists a bijection ¢ : X — Y and «, 8 € R such that p(z) = ez + § for x € X.

Since ¢ is a bijective linear mapping, the arithmetic progressions of X are pre-
served under the mapping . Therefore, if X has the properties vdW (k, r) or Sz(k, ),
then Y also has the property vdW (k,r) or Sz(k,d) as well, justifying the notation
XY,

The concept is interesting for us because of the following. Given a combinatorial
line L € L3, we claim that P;(L) = P,_;. In view of (4.1), (4.2) and (4.4) we have

that
Vi(L) = J{Var s a € Piiry}
t=1

and hence by (4.6)

P(L) = (Vi(L)) = {¢(Var) : a € Py} = { > aT*+ ) bTac Pi_l}

sEM, sEF,

={aa+pf:a€ P} =P,
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where = > .\, T° and B =3 p bT* are constants not depending on a € P;_;.
In particular, this claim implies that P; = J; ., F5(L) is a union of [£3] copies of
P,_y. A similar computation also shows that P;;(L) = ¢(V;;(L)) = ¥(L) = P_1,.
Moreover, given two combinatorial lines L, L' € L3, we have by (4.1), (4.2), (4.3) and
(4.4) that

Vi(L)NVi(L) =V, (L)NnVi,(L'Y=LNL (4.7)

and consequently P;(L) and P;(L’) only intersect at P;.

Thus, one can interpret the construction of P; as follows. First, we construct the
musical line P;; by creating a Ramsey system {P;;(L)} ez, with the property that
any r-coloring of P;; contains a monochromatic P,;(L) = P,_;,;. Second, for each
combinatorial line L € L3 we construct a disjoint copy of P;_; with musical line P;_; ;

being precisely P;;(L). The union of all those copies is exactly P;.

Pi_y;¢--

Figure 4.2: A visual representation of the construction of P,

4.3 A property of the construction

Before we prove that our set of integers X (k,r, ) satisfies the statement of Theorem
4.2.1, we will show the following structural property of the construction in Section

4.2. For 0 < i < n, let m: P, — [n] be the projection map defined by 7(a) = ¢ if and
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only if a € P;;. That is, the map 7 identifies in which musical line the integer a is

located.

Lemma 4.3.1. Let Py, ..., P, be the sets of integers constructed in Section 4.2 and
let G be the simple k-graph obtained by Theorem 2.2.2 used in the construction. Then

the following holds:

(a) For 1 <i < mn, if AC P, is an APy, then A C Py(L) for some combinatorial

line L € L3 C PN, ..

(b) For 0 < i < n, if A C P, is a non-trivial APy, i.e., not all the elements are

equal, then w(A) € E(Q).
(¢c) For0<i<n, if A,BC P, are APy, then |[AN B| < 1.

Proof. We proceed by induction on i. For i = 0, statements (b) and (c¢) as it can
be seen in Figure 4.1. Now suppose that 1 < ¢ < n. We want to prove that P; has
properties (a), (b) and (c).

Note that property (a) implies properties (b) and (c). Indeed, if A C P, is an APy,
then by property (a) we have that A C P,(L) = P;_; for some L € L3. Hence, by
induction hypothesis 7(A) € E(G), which proves property (b). Similarly, if A, B C P,
are APy, then by property (a) we obtain that A C P;(L) and B C P,(L') for L, L' €
Ls. If L =1 then A, B C P,(L) = P,_; and by the induction hypothesis we have
|AN B| < 1. Otherwise, AN B C P;(L) N P;(L’). Since combinatorial lines intersect

in at most one point, we have by (4.7) that

|ANB| < |B(L) N R(L)] = Vi(L) N V(L) = [LN L' < 1,

which proves property (c).
Thus, it remains to show that P; satisfies property (a). To simplify the argument,

instead of working with the set of integers P;, we are going to prove the statement for
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the set of vectors V; introduced in Section 4.2. Our choice of bijective linear mapping
¢ : V; — P; gives that an arithmetic progression A = {a1,...,ax} C P; corresponds
to a set of vectors U = {uy,...,ur} CV; such that U is an APy, in every coordinate.
That is, if u; = (u;(1),...,u;(N)) with u;(s) € P,_y, then the set {u;(s)}*_, is a
(not necessarily non-trivial) APy for every 1 < s < N.

Therefore, property (a) is equivalent to showing that if U = {uy,...,u;} is a
collection of vectors that is an APy in every coordinate, then U C V;(L) for some
L € L5. Suppose that u; € V;(L;) for 1 < j < k and Ly,...,L; € L3. Our goal is
to prove that Ly = ... = L. For each combinatorial line L;, let Fy, and My, be its
fixed and moving indices.

By the definition of V;(L;) (see (4.1) and (4.4)), for each u; = (u;(1),...,u;(N)) €
Vi(L;), there exists ¢; € Pi_i such that w;(s) = ¢; for every s € Mg,. That is,

u; = v, r,, where v, is the vector defined in (4.1). Since wu;(s) € Pi_y; for

;
s € Fy,, we obtain that the coordinates of u; belong to the set of integers P;_;;U{c;}
for 1 < j < k (note that is possible that ¢; € P,_; ;). Therefore, the coordinate values
of the entire set of vectors U belong to P,_;,; U {cy,..., ¢}

We claim that for £ > 4 there exists at most one non-trivial APy in P, U
{c1,...,ck}. This comes from the fact that if A is a non-trivial AP, in P,_;,; U
{c1,...,cx} C P,_4, then by property (b) of the induction hypothesis we have that
m(A) € E(G). In particular, this implies that |[7(A)| = k and consequently |A N
{c1,...,cx}| = k—1. Now if there were another non-trivial arithmetic progressions B
in P,_y,;U{ci,...,cy}, then by the same argument |BN{ci,..., ¢} = k— 1. Hence,
|ANB| > k—2 > 1, which contradicts property (¢) of our induction hypothesis since
A,BC P

We remark that the claim made in the previous paragraph does not hold for

k = 3. Unfortunately, in this case we can have more than one non-trivial AP, in the

set P,_1;U{c1,...,cx} and a special treatment will be required for this case. We split
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the proof now according to the number of non-trivial arithmetic progressions in the

set P_1,U{ct,. .. et

Case 1: The set P,_1,;U{cy,...,cx} has only trivial arithmetic progressions of length

k.

By our assumption on U, the set {u;(s)}}_; is an APy in P_y; U{cy, ..., ¢} for
1 < s < N. Since there is no non-trivial APy in P,_;; U {cy,..., ¢}, we obtain that
ui(s) =...=u(s) € P_1,;. Hence, uy = ... = uy, which implies that U consists of

a single element and consequently there exists L € L3 such that U C V;(L).
Case 2: The set P;_1,;, U{cy,...,cx} has exactly one non-trivial APy.

Let A be the non-trivial AP,. By property (b) of the induction hypothesis, we have
that |m(A)| = k. This in particular, implies that |AN P;_1 ;| < 1 and consequently at
least k — 1 values of {cy,..., ¢} are not in P,_; ;. Suppose without loss of generality
that ¢1,...,ck-1 ¢ Pi_1; and A = {cy,...,ck_1,a}, where a € P;_q; U {ck}.

We claim that My, = ... = My, ,. Let s € My,. Since {u;(s)}*_, is an AP,
and uy(s) = ¢, we obtain that either {u;(s)}}_, is a trivial arithmetic progression
with uj(s) = ¢ for 1 < j < k or {uj(s)} = A = {c1,...,¢_1,a}. Note that
A = {c1,...,c,-1,a} is a non-trivial AP, and consequently c,...,c,_1,a are all
distinct integers. Hence, from the fact that u;(s) € Pi_1; U {¢;} we obtain that

u;(s) # ¢; for 2 < j < k — 1. This implies that

¢, if1<j<k—1,
u;(s) = (4.8)

a, if j=k.
Thus, for 1 < j < k — 1, we have that s € Mp,, which yields that M7, C My, for
2 < j <k —1. By repeating the argument for s € My, for 2 < j < k — 1, we obtain

that ML1 =...= MLk71'

Since Fr, = [N]\ M, the last paragraph also implies that Fy, = ... = Fp, = F.
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For1 <j<k—1,let {bgj )}Se Fr, be the sequence of integers in P;_;; corresponding

to the fixed indices of L;. Let s € F'. By definition,

for 1 <j <k —1. The set {u;(s)}i_; is an AP, with at least k — 1 terms belonging

to P,_1,. Hence, it is a trivial AP,. This implies that
Llj(S) = b(l) (49)

for every s € F and 1 < j < k. Therefore, by (4.8), (4.9) and the definition of (4.1)

we have that

Veor, if1<j<k-—1,

Va7L1, lfj:k

and consequently U = {uy,...,ux} C Vi(Ly).

Case 3: k =3 and P,_1; U {c1, 2, c3} has at least two non-trivial arithmetic progres-

sions.

We will prove that there is no such vector set U in this case. We first show that
P,_1,;U{c1, ¢, c3} has exactly two non-trivial arithmetic progressions of length 3. By
property (b) if A C P, ;U{c1, ¢, c3} is an AP3, then 7(A) € E(G) and consequently
it must contain at least two elements of {cy, co, c3}.

Suppose that A = {c1,co,c3}. By property (c), if B € P,_1; U {c1,co,c3} is
another non-trivial AP, then |[A N B| < 1. This implies that B must contain at
least two elements of P,_;,. Hence, m(B) ¢ E(G), which contradicts property (c) of
P,_y. Therefore, |AN{cy, ¢, c3}| = 2 and by Property (c), there must be at most three

distinct non-trivial arithmetic progression in P;_; ;. Suppose by contradiction that we
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have three non-trivial arithmetic progressions and let A = {c1, 2,2}, B = {c1,¢3,y}
and C' = {cg, 3, 2} be them, where x,y,z € P,_;;. In this case m(cy), 7w(c2), 7(c3)
and 7(x) = w(y) = m(z) = i are all distinct vertices of [n|. However, this implies that
|T(A) N 7(B)| = 2, which contradicts property (b), since G is a simple 3-graph.
Next assume without loss of generality that A = {¢1, 0,2} and B = {¢1,¢3,y}
are the only two non-trivial AP3’s in P,_y; U {c1, o, c3}, where ¢1,¢0,¢5 ¢ Py
and =,y € P,_y,. Also suppose by contradiction that there exists a set of vectors

U = {u;,uz,uz} CV; that is an AP3 in every coordinate of [N].
Claim 4.3.2. ML2 N ML3 = @ and ML1 = ML2 U ]\4[/3

Proof. Let s € Mp,. Then ui(s) = ¢;. We claim that both us(s) and us(s) are
different from ¢;. Indeed if uy(s) = ¢ ¢ Pi—1,, then necessarily s € My, and hence
¢1 = ¢y = uy(s). This however contradicts that A = {cy, c2, 2} is a non-trivial AP;.
Consequently we infer that us(s) # ¢; and similarly (now using B = {c1,¢3,y}) we
observe that us(s) # ¢;. Since {u;(s), ua(s),uz(s)} is an AP3, u;(s) = ¢1, ua(s) # ¢

and us(s) # ¢, we obtain that either

Us(s) = co, ug(s) =z or ua(s) =y, us(s) = cs. (4.10)

This implies that either s € My, or s € M}, and consequently My, C M, U M,.
Now suppose that s € M,. By the same argument, {u;(s), us(s),us(s)} is a

non-trivial APs with uy(s) = ¢,. Hence,

ui(s) =c¢; and us(s) ==

and therefore s € My, and s ¢ My,. This implies that My, C My, and M, "M, =

(). Analogously, we have that My, C My, and then My, = My, U Mp,. ]

Claim 4.3.2 gives us a partition of the set of indices [N] = Fp, U M, U M|,
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and a neat description of the set of vectors U = {uy, uy, ug} and combinatorial lines
Li,Ly, Ly € L3. Let {bgl)}sele be the sequence of integers in P;_;; corresponding
to the fixed indices Fp, of Ly. Then L, has fixed indices Fy, = Fp, U M, and
corresponding sequence {ng)}seFLZ of integers in P;_;; given by

b, ifseFy,

Yy, ifSGML3.

This is because if for some s € F},, the relation bt # bt holds, then for such s the
set {uy(s), ua(s),us(s)} C P,—1,; would form a non-trivial APz contradicting property
(b) of the induction hypothesis. Similarly in view of (4.10) and the fact that the only
APz in P, U{cy,co,c3} containing ¢; and 3 is B = {¢1, ¢3,y} we infer that b — y
for s € My,.

Similarly, we conclude that the line L3 has fixed indices Fy, = F7, U My, and

corresponding sequence ~{bk(93)}seFL3 given by

1 .
o bV, ifse Fy,

s =

xZ, ifSGMLQ.
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Moreover, we have that

b, ifse Fy,
ul(s) = Vei,Iy (S) -
C1, ifSEMLQUMLS;

), it s e Fy,,
Uy(S) = Ve,,1,(8) = co, if s € Mp,,
Y, if s € Mp,;
b, it s e F,,
u3(s) = ey 14(s) = x, if s € My,

C3, ifSGMLB.

Now note that v, 1, = Vo 14, Vyr, = Vy1, and vy, = vy 1,. Since vy 1, vy, €
Ly; Va1, Vyr, € Lo and v, 1, vy 1, € L3, we have that Ly N Ly # 0, Ly N Ly # 0 and
LyNLs # 0, respectively. Hence, {L;, Lo, L3} forms a 3-cycle on L3, which contradicts
the fact that g(L3) > 3. O

4.4 Proof of Theorem 4.2.1

We are now ready to prove that the set of integers X (k,r, u) = P, satisfies statements
(1) and (ii) of Theorem 4.2.1. First, we will show that our set satisfies the van der

Waerden property.
Proposition 4.4.1. Any r-coloring of X (k,r, u) contains a monochromatic APy.

Proposition 4.4.1 will be established by the following standard backwards induc-

tion on the partite construction.

Claim 4.4.2. Let Py, ..., P, be the set of integers constructed in Section 4.2 and G be

the simple k-graph on n vertices obtained by Theorem 2.2.2 used in the construction.
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Then the following holds for 0 < i < n. Every r-coloring of P, contains a copy of P;

such that P;; is monochromatic fori+1 <t < n.

Proof. We will proceed by backwards induction on 0 < ¢ < n. The statement is
vacuously true for ¢ = n. Suppose that we proved Claim 4.4.2 for . Now we want to
verify the claim for ¢ — 1. By the induction hypothesis, any r-coloring of P, contains
a copy of P; such that F;, is monochromatic for i + 1 < ¢ < n. Recall that by our

construction

LeLs

where each P;(L) is a copy of P,_;. Restricting to the i-th musical line, we have that

Pi= | Pua(L)
LeLls
where each P, ;(L) corresponds by a bijective linear map to the set of vectors V; ;(L) =
L and therefore P;; corresponds to V;; = £3. By Theorem 4.1.2, for any r-coloring of
L3, there exists a monochromatic line L € £3. Hence, for any r-coloring of P, ;, there
exists a combinatorial line L € L3 such that P;;(L) is monochromatic. Take P;(L) as
our copy of P,_;. By the induction hypothesis we have that F,_;; is monochromatic

for i + 1 <t < n, while P,_;,; is monochromatic since it is equal to P, ;(L). O

Proof of Proposition 4.4.1. By Claim 4.4.2; for any r-coloring of X (k,r, ) there ex-
ists a copy of Py such that P, is monochromatic for 1 < ¢ < n. Define the r-coloring
¢ : [n] — [r] on the vertices of the auxiliary graph G by letting ¢(¢) be the color of the
monochromatic set Fp,;. By Theorem 2.2.2, the k-graph G satisfies x(G) > r. Hence,
there exists a monochromatic edge e € F(G) with respect to the coloring ¢. Due to
the construction of Py (see Figure 4.1), there exists an arithmetic progression A C P,

such that w(A) = e. Therefore, A is a monochromatic AP with the same color as
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Now we verify that any finite subset of X (k,r, u) does not have the Szemerédi

property.

Proposition 4.4.3. For every Y C X(k,r, ), there exists an AP-free subset of

integer Z CY of size | Z| = ulY|.

Proof. Let Y C X(k,r,u) = P,. Consider the partition Y = (J_, Y;, where Y; =

i=1
{yeY : n(y) =i} =Y NP,,;. We define the stochastic weight vector w : [n] — [0, 1]

on the vertices of G by

Clearly, the vector w is stochastic since

R
ZW(@)—% v =1

1€[n]

By Theorem 2.2.2, there exists an independent set I C [n] in G such that
> w(i) = p
i€l
Let Z = U, Yi. Thus,
1Z] =) Vil =YD w(i) > ulY].
iel el

Moreover, if A C Z is an APy, then by property (b) of Lemma 4.3.1 the projection
m(A) is an edge of G. However, m(A) C I, which contradicts the independence of 1.
Hence, Z is AP-free. n
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Chapter 5

Euclidean configurations

The content of this chapter was obtained in joint work with Vojtech Rodl and is based
on [42].

5.1 Segments are P-Ramsey

We prove in this section that segments are P-Ramsey. In fact, we will prove a stronger
statement. Recall that a weight vector w : X — [0, 1] is stochastical if ) w(x) =

1.

Lemma 5.1.1. Let A be a segment of length a and v > 0 be a real number. Then

there exists a countable configuration Y4 C R* satisfying the following:

(i) The set of squares of all distances of points in Yy is

{a2 @ ()R }

Ly Ty 1y +

(ii) Ya — (C), holds for every r > 1 and finite configuration C C Yj,.

(iii) For every finite subconfiguration Y’ C Yy, and stochastic weight vector w : Y’ —

[0, 1], there exists a configuration Z C Y’ with no segments of lenght a such that
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=

ZzEZ W(Z) >
(iv) Ya does not contain an equilateral triangle of sides of lenght a.
Proof. Let {e;}°, be the standard basis of R*. We construct a configuration Y, =

{Ye}oen@ C R>® by associating to each pair e = {i,j} € N 4 < j, the point

Ye = Pe; — Brye;,

a
2(14+y+72)

(17), (i7i) and (iv) of Lemma 5.1.1.

where 3 = . We claim that the configuration Y, satisfies properties (i),

Property (i) comes from the fact that given two pairs e = {i, j}, ¢’ = {i’, j'} € N?

the square of the distance between g, and y. can assume the following values

282+2, if i =’

e it j =
Hye_ye’H =
282(1+~+72), ifi=jord =3

26%(1+ %), if {i, j} 0 {@’,j'} =0

By plugging g = \/ﬁ we obtain the set of distances of the statement. Moreover,
another important consequence of the computation is that ||y. — yes|| = @ if and only
if e ~ €' in Sh(2,N).

In order to prove (i7), consider a finite configuration C' C Y. Naturally C' can be
written as C' = {y}ecr for some E C N®. Since F is finite, there exists an integer
n such that E C [n]®. An r-coloring of Y, corresponds to an r-coloring of N?). By
Ramsey theorem (Theorem 1.0.1) there exists a set W C N of size n such that 1)
is monochromatic. Hence, this configuration C" = {y,}.cy is monochromatic. This
implies property (7), since C’" contains a copy of C.

To check property (7ii), let Y C Y, be a finite subconfiguration of Y,. By our
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construction, this corresponds to a finite set X C V(Sh(2,N)). Let w': X — [0,1] be
the stochastic weight vector given by w’(x) = w(y), where y € Y” is the corresponding
point to x € X. Claim 2.3.1 applied to the vector w’ gives us an independent set
I C X in Sh(2,N) such that Y, , w'(i) > 1. This corresponds to a subconfiguration

Z C Y’ with no segments of length a and such that

R

Zw(z) >

z2€Z

Finally, property (iv) follows from the fact that an equilateral triangle of sides of

length a corresponds to a triangle in Sh(2,N) and Sh(2,N) is triangle free. O

5.2 Robust configurations

One of the main techniques developed in [10] to prove that a configuration is Ramsey

is the product theorem

Theorem 5.2.1 ([10], Theorem 20). Let A and B be finite configurations which are
Ramsey and X,Y C R*> be such that X — (A), and Y — (B), for every r > 1.

Then X xY — (C), for C C A x B for everyr > 1.

Unfortunately, it is not clear if a similar statement holds for P-Ramsey configura-
tions. The goal of this section is to develop a partial version of the product theorem

that will enable us to prove Theorems 1.2.3 and 1.2.4.

Definition 5.2.2. We say that a countable configuration Y is robust if for every

finite configuration C' with C' C Y we have that Y — (C), for every r > 1.
Note for instance, that by property (i) of Lemma 5.1.1 we have the following.

Corollary 5.2.3. Let Y4 be the configuration obtained by Lemma 5.1.1. Then Y, is

a robust configuration.
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The following is our main result in the section. Recall that by B C A we under-

stand that there exists a copy A" of A such that B C A.

Theorem 5.2.4. Let B be a brick and Y be a robust configuration. If F C B XY

and F Y, then F is P-Ramsey.
Theorem 5.2.4 is a consequence of the following lemma.

Lemma 5.2.5. Let Y be a robust configuration, A be a segment and F a finite

configuration with |F| > 1. Then the following holds:
(a) If FCAXY and F €Y, then F is P-Ramsey.

(b) If F € A XY, then there exists a robust configuration Y such that AxY CY
and FZ Y.

Proof. Let a be the length of the segment A, also let Dy be the set of all distances
in Y and let Dr be the set of all distances in F'. Consider the field extension L =
Q(a, Dy, Dp) of Q, where Q(a, Dy, D) is the minimal field containing a, Dy, Dp
and Q. Since Dy U DpU{a} is countable, we have that L is a countable extension of

Q and consequently L # R. Let v € R be a transcedental number over L, i.e.,

there is no polynomial p € L[z] such that p(y) =0 (5.1)

Let Y4 be the configuration obtained by Lemma 5.1.1 with parameters a and ~.

By property (iii) the set of all square distances is given by

{2 @ (e e }

a? ? Y
T+y+92" 1T+y+92 T+y+77

Note that while a®> € L, due to the fact that ~ is transcedental, the other three

distances are not in L. Indeed, to illustrate, assume for example that ﬁ € L.
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Then there exists b € L such that

a2

R =b.
This implies that «y is a root of the polynomial p € L[z] given by p(z) = bx*+bx+b—a?,
which contradicts the assumption that ~ is transcedental over L.
Before we address statements (a) and (b) of Lemma 5.2.5, we will prove the fol-
lowing claim. Let m4 : Y4 XY — Y, and 7y : Y4 X Y — Y be the projection maps

of Y4y x Y on Y, and Y, respectively.

Claim 5.2.6. Let F C Yy x Y. Then either F CY or wa(F) is a copy of A.

Proof. If m4(F) is a single point, then F' C Y and there is nothing to do. Thus, we
may assume that |m4(F)| > 2. Let p,q be two points of F' such that p’ = 7a(p)
and ¢ = ma(q) are distinct. We claim that ||[p’ — ¢/|| = a. Let p” = my(p) and
/"

q" = my(q). Since all distances from points of F' and Y are in L, we have that

llp = q| ||p” — ¢"||* € L. Thus, by Pythagoras theorem we have
1P = dII* = llp —all* = Ip" = ¢"II* € L. (5.2)

On the other hand, by Lemma 5.1.1 we have that

Hp/ o q/||2 c a2 a’ (1+ '72)a2 v*a®
LAy T+ T+

Due to our choice of 7, the value a? is the only one of the four values in the field L.
Hence, due to (5.2) we have ||p’ — ¢'|| = a.

Suppose that |m4(F)| > 3. Then by the previous paragraph, there is an equilateral
triangle of sides of length @ in Y4, which contradicts property (iv) of Lemma 5.1.1.

Therefore, m4(F) is a segment of length a. [
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Now we prove statement (a) of Lemma 5.2.5. Let F' be a finite configuration,
|F| > 1, such that F C AxY and F' € Y for a segment A and a robust configuration
Y. By Corollary 5.2.3, the configuration Y, is robust, where Y, is defined with
parameters a and v satisfying (5.1). We claim that Y4 x Y testifies that F' is P-
Ramsey.

To check property (i) of Definition 1.2.2 we note that since F* C A x Y, then
there exists a finite configuration C' such that FF C A x C'. Because Y is robust, then
Y — (C), for every r > 1. Lemma 5.1.1 gives us that Y4 — (A), for every r > 1.
Thus, by Theorem 5.2.1, we have that Y4 x Y — (F), for every r > 1.

In order to prove property (ii) of Definition 1.2.2, let V' C Y4 x Y be a finite
subconfiguration. Since V is finite, there exists a finite subconfiguration X C Y,
such that V' C X x Y. We partition V into V = |J,. Vi where V, = 7' (z) are the
elements of V' that projects to the point z on Y. Let w : X — [0, 1] be the stochastic

weight vector defined by

By property (i7) of Lemma 5.1.1, there exists a subconfiguration Z C X with no

segments of length a such that

3 wiz) > i (5.3)

z€Z

Consider the configuration U = |J,., V. We claim that U does not contain a copy

of F'. Suppose to the contrary that FF C U. Since F' € Y, then by Claim 5.2.6

the projection m4(U) contains a segment of length a. However, m4(U) = Z, which
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contains no segment of length a, yielding a contradiction. Moreover, by (5.3)

1
U= Vil =D VIw(z) = {1V,

z€Z z2€Z

which proves property (i) of Definition 1.2.2 with pu = %. Hence, F'is P-Ramsey.

Now we prove statement (b) of Lemma 5.2.5. Suppose that F' Z A xY. We claim
that Y = Y4 x Y is a robust configuration such that F ¢ Y4 x Y. We first show that
Y is robust. If C' C Y is a finite configuration, then there exist finite configurations
WaCYsand W CY such that C C Wy x W. Since Y, and Y are robust, we have
that Y4 — (Wa), and Y — (W), for every r > 1. By Theorem 5.2.1, we obtain that
Y =Y, xY = (C),, which proves that Y is robust.

Assume by contradiction that ¥ C Y4 x Y. Then by Claim 5.2.6, we either have
that F* C Y or ma(F') is a copy of A. In both cases, we have that ' C A x Y, which

contradicts the hypothesis. [
We are now able to prove Theorem 5.2.4.

Proof of Theorem 5.2./. Let B be a d-dimensional brick and let Y be a given robust
configuration. We will write B = A; X ... x A; where A; is a segment. By the
hypothesis of Theorem 5.2.4 we are also given F' satisfying ' C BxY and F € Y. Our
goal is to prove that F'is P-Ramsey. For that we will repeteadly apply Lemma 5.2.5.
We will construct a sequence Yy, ..., Y, of robust configurations with the property
that ' € Y;, for 0 < ¢ < £, as follows. Let Yy = Y. Suppose that we already
constructed Yy, ...,Y;. If I C A;i; x Y, then we stop the process and set ¢ = 1.
Otherwise, by statement (b) of Lemma 5.2.5, there exists a robust configuration Y
such that 4,1 X Y; CY and F € Y. Set Yiy1 = Y. A simple induction shows that

for every 1 <i </

Al x...x A xY CY,.
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Since F C BxY = Ay x ... x A; XY, the process terminates before the d-th step
of the construction, i.e., £ < d. This implies that F' C Ay,.1 x Y, and F' € Y, and by

statement (a) of Lemma 5.2.5, we have that F' is P-Ramsey. O

A corollary of Theorem 5.2.4 is that bricks are P-Ramsey. In fact, we prove the

slighter stronger statement that in particular implies Theorem 1.2.4.

Corollary 5.2.7. Let B be a brick and F C B be a subconfiguration with |F| > 1.

Then F' is P-Ramsey.

Proof. Suppose that B is d-dimensional brick and write B = A; x ... X Ay, where A;
is a segment of length a; and a1 > ... > ay4. Let v > 0 be an arbitrary real number
and let Y4, be the configuration obtained by Lemma 5.1.1 with parameters vy and
aq. Suppose that F' C Yy,. By the minimality of the segment A;, we have that the
minimum distance between two points in F' is at least ay. Moreover, by property (i)
of Lemma 5.1.1, the diameter of Yy, is exactly a4. Hence, any two points of F' have
distance aq. If |F| > 3, then Yy, contains an equilateral triangle of sides a4. This
contradicts property (iv) of Lemma 5.1.1. Thus, F' is a copy of the segment A; and
in this case F'is P-Ramsey by property (ii) and (iii) of Lemma 5.1.1.

Now suppose that F' Z Yy,. Since Ay C Yy,, then FF C A; x ... x Ay T A; x...x
Aj—1 x Yy,. Therefore, F' satisfies the hypothesis of Theorem 5.2.4 and we obtain
that F'is P-Ramsey. O

5.3 Simplices are P-Ramsey

In this section we prove Theorem 1.2.3. The proof follows the ideas from [15, 32].
First, we will introduce the terminology and auxiliary results from those papers. The
main idea will be to prove that any simplex S can be embedded in a product B x Y,

where B is a brick and Y is a robust configuration.
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To address the robust configuration consider the following definition. Let {e;};>1
be the standard basis of R®. Given an integer k, a vector ¢ = (cy,...,c,) € R* and

a k-tuple J = (j1,...,j%) € N® we define the point spread(c, .J) € R*® as

k
spread(c, J) = Z ceej,
=1

Given a subset of integers A C N, one can then define the configuration Spread(c, A)

as
Spread(c, A) = {spread(c, J) : J € A®},

The reason why spread configurations are interesting for us is twofold. One is that
those configurations approximate simplices very well. The second is that it fits well
in the context of P-Ramseyeness (see Claim 5.3.3 below) The next result was proven
in [32]. Given real number p > 0, we denote by S,(R*) the sphere of radius p in R*.
For a linear subspace Z C R*, let S,(Z) = S,(R>*) N Z.

Proposition 5.3.1 ([32]). For every 6 > 0 and every integer m, there exist an
integer n, k, a k-dimensional vector ¢ = (cq,...,¢;) € R® with ||c|| = p and an
m-dimensional subspace Z C R*> such that the following holds. For every z € Z,

there is a point y € Spread(c, [n]) such that ||z — y|| < 0.

Since any d-dimensional simplex can be embedded in any d-dimensional vector

space, we obtain the following corollary from Proposition 5.3.1.

Corollary 5.3.2. For § < p/2 and a d-dimensional simplex S = {yo,...,ya} of cir-
cumradius p(S) = p, there exist integersn, k, a k-dimensional vector c = (cq,...,c) €
R* with ||c|| = p and a d-dimensional simplex S" = {20, ..., 24} C Spread(c, [n]) such

that ||ly; — z|| < d for 0 <i<d.

The second reason is that Spread configurations are robust.
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Claim 5.3.3. Spread(c, N) is robust.

Proof. Let X C Spread(c,N) be a finite configuration. Then there exist N and
J ={Ji,...,J;} € [N]® such that X = {spread(c,J) : J € J}. Note that there
exists a bijective map ¢ from Spread(c,N) to N®) given by ¢(spread(c,J)) = J.
Thus, for any finite coloring of Spread(c, N) there is a corresponding coloring of N,
By Ramsey’s theorem, there exists A C N of size N such that A®) is monochromatic.
Therefore, the configuration Spread(c, A) is monochromatic. The result follows now

since X C Spread(c, A). O

Another important result for our proof is the next characterization of configu-
rations of points in an Euclidean space. Let M = (m;;)o<i j<a be a symmetric real
matrix with zero entries on the main diagonal. We say that the matrix M is of

negative type if

0<i<j<d
holds for all choices of A, ..., Ag with Ao +...+A;=0and A\ +... + 3 = 1.

Theorem 5.3.4 ([44]). A finite configuration X = {xo,...,x.} with distances d;; =
||x; — x;]| can be embedded in the Euclidean space R® if and only if the matriz M =
(mij)o<ij<d given by m;; = dfj 1s of negative type. Moreover, X is a d-dimensional

simplex if and only if the inequality in (5.4) is strict for all choices of Ao, ..., \a.

As a consequence of Theorem 5.3.4, we can show that all almost regular simplices

are realizable.

Corollary 5.3.5. Let d be an integer and B, > 0 be real numbers such that e < ﬁ.

For any symmetric matriz of distances D = {d;;}o<i j<a Satisfying

B—e<dy<B+e, (5.5)
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there exists a d-dimensional simplex S = {xo,...,xq} such that ||x; — x;|| = d;; for

every 0 <1< j <d.

Proof. Let M = (m;;)o<i j<a be the symmetric matrix with zero entries in the main
diagonal given by m;; = dfj for i # j. For real numbers A, ..., \y satisfying A\g +

..+ Ag=0and A} +...4 A3 =1 we have that

d 2
0:(2&) =142 ) AN
=0

0<i<y<d

Hence,

1
> NN = -5 (5.6)

0<i<j<d

Thus, by (5.5) and (5.6) we have

Z mij)\i)\j + 5_2

— 2
0<i<j<d

Y (my = BN

0<i<j<d

< D> lmi = Al

0<i<j<d

< (d+ 1)2(2ep +€?) < %

This implies that ), <i<j<d mijAiN; < —%2 and M is strictly of negative type. There-
fore, by Theorem 5.3.4 there exists a simplex S = {xo,...,zq} with ||z; — z;|| = d;;

for 0 <i<j<d 0

Finally, the last auxiliary result shows that any almost regular simplex can be

embedded in a brick.

Theorem 5.3.6 ([15, 32]). For every B,d > 0, there ezists a real number n := n(S,d)

such that the following holds. For any simplex S = {wy, ..., wq} satisfying

B —n<||lw —wj|| <B4+
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for 0 < i< j <d, there exists a (d;rl)—dimensional brick B with S C B.
We are now ready to prove Theorem 1.2.3.

Proof of Theorem 1.2.3. To prove that a simplex is P-Ramsey we will apply again
Theorem 5.2.4, now combined with ideas from [15, 32]. We find it convenient to

divide the proof in the next four steps.

Step 1: For a simplex S = {xy,..., 24} with circumradius p(S) = p, we will find a

simplex S7 = {vo, - .., ya} a small positive real number  such that

i — yilI* = lws — 2,11 = B

for all 0 < ¢ # j < d. This implies that the circumradius p(S1) = p’ < p.

Let M = (my;)o<ij<a be the matrix given by m;; = ||z; — x;||*. Since S is a

simplex, by Theorem 5.3.4 there exists v > 0 such that
Z MijAidj < =7
0<i<j<d

for all choices of Ag,...,Aq with Ag+... +XAg=0and \j+...+ A5 =1. Set § = g
and let M’ = (m};)o<ij<a be the matrix defined by m;; = m;; — 8 for i # j and zero

entries in the main diagonal. Since 8(d + 1)? < 48d?* < 7/2, then

> miAN <=8 ) Mj—véﬁ(d+l)2—v<—%<o.

0<i<j<d 0<i<j<d

Consequently, M’ is strictly negative, which implies that there exists a simplex S; =

{%0, - -, ya} such that

ys =yl = mi; = ||z — x;|]> = 8 (5.7)



64
for 0 <i<j<d.

Step 2: For § < (3, we find a k-dimensional vector ¢ = (cy,...,¢.) € R¥ and

So ={20,...,24} C Spread(c, [n]) with ||z; — y;|| < J for 0 < i < d. Moreover,

12 = 2" = llzs — 2|* — B+ e

where € :=¢(f,d) — 0 as § — 0.

Let n := n(B,d) > 0 be the positive real number given by Theorem 5.3.6, let
e < min{3/64d? n} and let § := §(n,p) be sufficiently small. By Corollary 5.3.2,
there exist integers n, k, a k-dimensional vector ¢ = (ci,...,c;) € R* with ||c|| = o/
and a simplex Sy = {2, ..., 24} C Spread(c, [n]) such that ||y; —z]| < d for 0 <7 < d.

Thus, the triangle inequality gives us that

yi = 3l =20 < |z = 2| < ly: = yyl| + 26, (5:8)

Hence, by combining (5.7) and (5.8)

|z — 25])* — B4 46% — 48| |y — y;l| < ||z — 21> < ||z — 2;]|* — B+ 40° + 46|y — ;|-

Since ||y; — y;]] < 2p’ and 462 4+ 8dp’ < ¢ for sufficiently small §, we have that

|lzi — x;|]> — B —e < ||z — || < || — a5]|* — B +e.

Step 3: We find an “almost” regular simplex S3 = {wq, ..., wy} satisfying

[lwi = wil|* = [lw: — 2l|” = ||z — 2| = B ke

for all 0 < i # j < d. Furthermore, there exists a brick B such that S3 C B.
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This is an easy consequence of our preliminary results. By our choice of ¢, Corol-

lary 5.3.5 guarantees that there exists a simplex S5 = {wy, ..., wy} such that
[lwi — w;|* = llo: — 25l1* = |2 — 2"

Moreover, by Theorem 5.3.6, there exists a (d'gl)—dimensional brick B such that W C

B.

Step 4: We construct a simplex F' = S such that F C B x Spread(c, [n]) and

F & Spread(c, [n]) and apply Theorem 5.2.4.

Let F' = {fo,..., fa} be the simplex defined by
fi = wi x 2,

where the symbol * stands for the usual concatenation, i.e., if a = (a4, ...,a,) and

b= (by,...,bs), then ax b= (ay,...,a,,by,...,bs). Hence,
1fi = Fil17 = Tws = wyl[? + [z = 2]|* = (|2 — ]

for every 0 < 1,7 < d. Thus, the configuration F' is a copy of S. Furthermore, by the

construction of F' we have that

F CW x Z C B x Spread(c, N),

where B is a (d;rl)—dimensional brick and Spread(c, N) is a robust configuration (Claim

5.3.3). Since p(Spread(c,N)) = p' < p = p(F'), we obtain that F' € Spread(c,N) and

by Theorem 5.2.4 the configuration F' = S is P-Ramsey. ]
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Chapter 6

Concluding remarks

6.1 Pisier type problems for linear system of equa-
tions

Note that an arithmetic progression of length k& can be written as a system of homo-

geneous linear equations
T; — 2131'4_1 + Tit2 = 0 (61)

for 1 <i < k—2. A solution x = {x;}¥_, to this system in N is an AP,. In this
case, the van der Waerden theorem can be seen as the Ramsey statement that any
r-coloring of N contains a solution to the linear system given in (6.1). Similarly,
Szemerédi theorem is the density statement that any subset X C N with positive
density contains a solution to the system in (6.1). Such concepts can be extended to
any system of linear equations on the integers.

Given a matrix A € Z™*" with integer coefficients, the system of homogeneous
linear equations Ax = 0 is called partition regular if for any finite coloring of N, there

exists a monochromatic solution x = {x;}", to the system. Examples of partition
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regular systems include the system z; + x9 = x3 (Schur’s theorem) and arithmetic
progressions (van der Waerden’s theorem). A full characterization of the systems A
that are partition regular was proven by Rado [38, 7].

A similar concept was introduced in [17]. A linear system Ax = 0 is density
reqular if any subset X C N of positive density contains a non-trivial solution of the
system. One can observe that density regular systems are partition regular. However,
the opposite is not true, For instance, the equation x; 4+ x5 = 3 is partition regular,
but the odd numbers do not contain any solution of it.

It would be interesting to study for which systems of linear equations there exists

a version of Theorem 1.1.4.

uestion 6.1.1. Given a system of linear equations Ax = 0 with A € Z™*™ are there
Q Y q

integer set X C N and real number € > 0 such that
(i) Any finite coloring of X contains a monochromatic solution of Ax = 0,

(ii) For every finite Y C X, there exists a set Z CY with |Z| > €|Y| such that Z

does not contain any non-trivial solution to Ax =07

We conjecture that such statements should be true for both partition regular and

density regular systems.

6.2 Euclidean considerations

The list of known Ramsey configurations is quite limited. Apart from simplices and
bricks, the most significant result is due to K#iz [28] who proved that regular polygons
are Ramsey. Unfortunately, our method of robust configurations does not apply here.

This leaves us with the following question:

Question 6.2.1. Are regular polygons P-Ramsey?
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Differently from Theorem 1.2.1, the proof in [28] does not provide a density result
for regular polygons. Another interesting question would be to determine if such a

result exists.

Question 6.2.2. Let F' be a reqular polygon. For every > 0, is there a configuration

Y =Y (F, p) such that any set Z CY of size |Z| > p|Y| contains a copy of F?

Lastly, another direction of research would be to obtain sharp bounds for the real
number p in the P-Ramsey definition. It is not hard to show that for a configuration
X with k points we cannot take pu > % However, our proofs of Theorem 1.2.3 and

1.2.4 only give pu = i. It would be interesting to close the gap for simplices.

Question 6.2.3. Let S be a d-dimensional simplex. What is the largest value of
> 0 such that there exists a configuration Y satisfying properties (i) and (i) of
Definition 1.2.27
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