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Abstract

Large Scale Inverse Problems: Low-Rank Approximations and Optimization

By Chang Meng

Inverse problems can be found in a variety of scientific applications, and the
development of efficient and reliable methods remain an essential and challenging
task. In this thesis, we introduce novel low-rank solvers for linear systems that arise
from large scale inverse problems, which are usually ill-posed and require the use
of regularization to obtain meaningful solutions. The new methods are developed
around the concept of regularization: i) the low-rank, Kronecker product based
forward model approximation method involves the approximation of a truncated
singular value decomposition; and i) the low-rank Krylov subspace methods are
based on nuclear norm regularization. We explore the performance of these novel low-
rank methods in various imaging applications such as image deblurring, inpainting
and computer tomography. Besides applications where the forward model is known
and fixed, we also consider an extended application, where the forward model is not
exactly known and requires calibration. In this context, we are able to not only
apply our new low-rank methods, but also propose a new hybrid machine learning

and block coordinate descent algorithm that effectively improves solution accuracy.
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Chapter 1

Introduction

Inverse problems are ubiquitous in the areas of engineering, science and medical
applications, and accurate solutions often require computationally costly or time
consuming methods. This thesis focuses on a class of imaging inverse problems that

can be modeled as

Ax = b, (1.1)

RM*N models the forward process, & € RY is the image of interest,

where A €
b € RM is the observation that is usually contaminated with unknown noise 1 € R,
and b = b + n. In particular, the desired solution & is the exact solution to

Ax = b, where b is the noise-free observation. The vectors x and b are obtained

by vectorizing the true image X € R™" n = /N and the observed or measured



data B, i.e.,

x=vec(X) , X =vec (x),

b=vec(B) , B =vec(b).

In the image deblurring application, the forward model A is constructed using
a point spread function (PSF), which can be formulated based on knowledge of the
physical process, and can be obtained using a precise mathematical expression or
through experimentation [33]. For example, a two dimensional Gaussian function
[39, 62] can be applied to construct the PSF for blurring caused by atmospheric tur-
bulence. In this case, the observed data B = vec™!(b) is a blurred image; see Figure
[[.I(a) for an example. In imaging applications arising from computed tomography
(CT), the matrix A models the Radon Transform [56] that outputs the projection
data obtained from a tomographic scan. For CT, the observed data is a so-called

“sinogram”, which stores the projection data; see Figure (b) for an example.

(a) Blurred image. (b) CT sinogram.

Figure 1.1: Observed data.



Equivalently, we can rewrite (|{1.1)) as the following least squares problem:
min | Az — b|3. (1.2)

Large scale linear systems arising from inverse problems are usually very ill-conditioned,
meaning that there might not be a unique solution, and a slight change in the data b
can lead to a large change in the solution @. Hence, regularization is often needed in
order to obtain a meaningful solution. Direct regularization methods add a penalty
term R(x) to the fit-to-data term | Az — b|3. The regularized optimization problem

has the form

min | Az — b|5 + R(zx), (1.3)

where the regularization term R(x) is defined as a function of @ (e.g. a vector norm).
By doing so, we would be able to prevent extreme values in @. Popular choices for
R(x) include the ¢ norm (Tikhonov regularization) and the ¢; norm of x. Various
types of regularization approaches will be discussed in detail in Chapter [2|

When A is not too large, i.e., if its dimensions M and N are a few thousands
or smaller, direct factorization methods such as the SVD factorization (short for
Singular Value Decomposition, introduced in Chapter [2) can be efficiently used to
solve the least squares problem ([1.2)), or with Tikhonov regularization. However,
as the dimension of A increases, the factorizations become increasingly difficult to
compute (the complexity for computing the SVD of A € RV*Y is O(N?)), but it

is still possible to obtain their approximations. For example, while it is difficult



to compute the full SVD of large matrices, we may try to approximate the leading
singular vectors and values to form a Truncated SVD (TSVD) factorization. The
TSVD can be thought of as a low-rank approximation to matrix A, and by discarding
the smallest singular values and corresponding singular vectors, we are basically
performing regularization by reducing the noise contribution of n in the solution z.

An alternative approach for solving the least squares problem (1.2) when A is
large is through iterative methods. The simplest example of iterative methods would
be the Landweber iteration [46], which is essentially gradient descent applied to the
function f(z) = | Az — b|3. Another class of iterative methods is called Krylov sub-
space methods, which look for solutions that belong to a Krylov subspace generated
by A and b. Examples of Krylov methods include Conjugate Gradient, LSQR and
GMRES (see [64] and the references therein). What has been observed when solving
linear systems with iterative methods is that they exhibit a semi-convergence prop-
erty (will be illustrated in figures in Section , that is, the relative errors in the
solutions decrease in the first iterations, but will increase in the further iterations
when noise starts to corrupt the solutions. Hence, iterations need to be stopped at a
suitable iteration index. In literature, hybrid methods (see [8, [12] 21]) have been pro-
posed to combine iterative methods with regularization when needed. These hybrid
methods can be particularly useful when combined with a non-traditional regulariza-
tion term such as TV (total variation) regularization [19], or the low-rank enforcing

nuclear norm regularization [1§].



1.1 Contributions of Work

The main contribution of this thesis is the development of novel low-rank solvers for

large scale linear systems. The meaning of “low rank” here is two-fold:
(1) low-rank approximation of forward model A, or
(2) low-rank regularization for solution x.

With respect to low-rank approximation of A, we introduce the newly proposed Kro-
necker product summation based TSVD approximation method [I5] [16]. This new
method can be used to efficiently approximate a large number of leading singular val-
ues and vectors for large, structured square matrices from ill-posed inverse problems
in the application of image deblurring. This novel TSVD approximation method is
based on a reordering technique that incorporates information from more terms in
the Kronecker summation compared to similar methods (see |41} [52]). Furthermore,
theoretical bounds for the approximate TSVD operator and the approximate TSVD
filtered solution are also developed.

Regarding low-rank regularization for &, we describe new solvers for the computa-
tion of low-rank approximate solutions to large-scale linear problems. We are mainly
concerned with algorithms that solve the so-called nuclear norm regularized problem,
where a suitable nuclear norm penalization on the solution is imposed alongside a
fit-to-data term expressed in the 2-norm (i.e., setting R(x) to be equal to the nu-
clear norm in (1.3)): this has the effect of implicitly enforcing low-rank solutions.
By adopting an iteratively reweighted norm approach, the nuclear norm regularized

problem is reformulated as a sequence of quadratic problems, which can then be effi-



ciently solved using Krylov methods, giving rise to an inner-outer iteration scheme.

This approach differs from the other solvers available in the literature in that:

(a) Kronecker product properties are exploited to define the reweighted 2-norm

penalization terms;
(b) efficient preconditioned Krylov methods replace gradient (projection) methods;

(c) the regularization parameter can be efficiently and adaptively set during the

iterations.

Furthermore, we reformulate within the framework of flexible Krylov methods both
the new inner-outer methods for nuclear norm regularization and some of the existing
Krylov methods incorporating low-rank projections. This results in an even more
computationally efficient (but heuristic) strategy, that does not rely on an inner-
outer iteration scheme. This is the first time Krylov methods have been used to
solve a low-rank, nuclear norm regularized problem.

The new low rank Krylov methods are competitive with other state-of-the-art
solvers for low-rank problems including image deblurring, computed tomography
and inpainting, and deliver reconstructions of increased quality with respect to other
classical Krylov methods. In addition to applying the newly developed methods to

(1.3]), we also consider another least squares problem

min | A(p)z - b]; + R(x), (1.4)

)

where p is a set of parameters that A depends on. An example application in

which this problem arises is computed tomography that requires geometry parameter



calibration. To solve (1.4, we could consider the framework of block coordinate
descent (BCD), in which is alternatively minimized with respect to  and p in
each step. Since the minimization with respect to « requires a linear solver, our new
low rank solvers can be readily used, and they show better convergence properties
than hybrid Krylov solvers applied with traditional regularization terms such as /5.

We also propose a hybrid BCD method for solving by incorporating machine
learning. That is, we train a machine learning model d that maps b to p, and when
given an observation b, we first use the MLL model to make a prediction for p, which
is then fed into the BCD algorithm as an initial guess. Through this approach, we
are able to obtain reconstructions that are of higher quality compared to using BCD

or ML alone.

1.2 Outline of Thesis

This thesis is organized as follows. In Chapter [2| we provide an overview of regu-
larization methods, including TSVD, Tikhonov and iterative regularization, as they
are the foundation to the development of low-rank based methods, which is the main
contribution of this thesis. In Chapter |3, we describe the new Kronecker product
summation based approach for approximating the TSVD of A. In addition to pre-
senting how the approximation is derived, we also provide theoretical results that
demonstrate the efficacy of the TSVD, both for the operator A and for the ap-
proximate solution to filtered by the TSVD approximation. In Chapter [4 we

introduce how to solve the nuclear norm regularized (NNR) using Krylov methods.



To be specific, we derive the iteratively reweighted norm (IRN) approach that solves
a sequence of reformulated quadratic problems using Krylov methods, resulting in
an inner-outer iteration algorithm. The IRN method is later reformulated within the
flexible Krylov method framework that is considered more efficient (but heuristic). In
Chapter [f], results of numerical experiments on several image processing problems are
presented. In addition to comparing the newly developed low-rank Krylov methods
to standard Krylov subspace methods, we also show comparisons with state-of-the-
art solvers for low-rank problems, as well as existing Krylov methods incorporating
low-rank projections reformulated as flexible Krylov subspace methods. In Chap-
ter [0, we investigate the imaging application of computed tomography that requires
parameter calibration, i.e., the forward model A depends on unknown parameters
p, which need to be calibrated alongside the image reconstruction process. We not
only explore the application of the newly proposed low-rank methods in this context,
but also investigate a new hybrid machine learning - BCD approach that solves the
problem more accurately. We wrap up the thesis in Chapter [7], in which we conclude
the findings of this thesis, as well as identify interesting research directions that can

be extended from this work.



Chapter 2

Overview of Regularization

Methods

Problems and are ill-conditioned because for large scale linear systems
arising from imaging inverse problems, singular values of A usually decay slowly
to 0, making the solution & very sensitive to noise in the observation b. In this
chapter, we show how the singular value decomposition (SVD) of A is related to the
conditioning of the problem, discuss different types of regularization methods, and

present techniques of choosing the regularization parameter. We start with a brief

introduction of the SVD. Consider the SVD of A € RM*N which takes the form

A=UXVT,

where U = [u; uy -+ upy] € RM*M and V' = [v; vy -+ vy]| € RV*Y are orthogonal

matrices, and ¥ € RM™*Y is a diagonal matrix so that 3 = diag (01,09, - ,0n),
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where its diagonal entries are monotonically non-increasing: o1 > 09 > --- > oy = 0.
Without loss of generality, we assume that M > N, and the solution to (1.1)) can

be written as

N T N o Tpex N T
u; b u'b u:n
r=VIUb=) ——v, =) —uv+) ——v,
where X e RV*M 5 a diagonal matrix with diagonal entries (1/0y,1/09,--+ ,1/0ox).

We immediately observe that if o; is very small (i.e., for large indices i) compared to
7, then with o; on the denominator and ) on the numerator, the noise contribution
is going to be amplified by small 0;’s, and may even dominate over the true solution.

Regularization can be thought of as a way to “filter out” the noise contribution
in the solution. Let ¢1, ¢, -+, ¢n be the “filter factors” and define the regularized

solution to be

N T
u; b
Treg = Z ¢i#vi- (2.1)
i=1 t

The filter factors ¢; should be chosen such that 0 < ¢; < 1 and ¢; tend to 0 as
¢ increases so that for large ¢’s, ¢;’s can cancel out the noise contribution caused
by small o;’s. Two common regularization methods — Tikhonov regularization and

Truncated SVD can both be conveniently expressed using filter factors.

2.1 Tikhonov Regularization and TSVD

Tikhonov Regularization In standard Tikhonov regularization, we have that

R(x) = Mz|3, A > 0 in (1.3). Because of its definition, Tikhonov regularization is
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also called /5 regularization. The regularized solution is the unique solution to
min |Az — b3 + Az |3, (2.2)

which is equivalent to solving the following least squares problem

2

Az b
@, = argmin - , (2.3)

@ VI 0

2

or its corresponding normal equations
(ATA + Az = A"b.

Note that Tikhonov regularization does not require us to compute or approxi-
mate the SVD of A. However, the regularization parameter \ needs to be chosen

beforehand, and ideally, we should take oy < A < 0. It can be shown that the filter

factors for Tikhonov regularization are ¢; = U;—}i/\ By introducing the filter factors,
We can express &) as

xz\, = VEIUTb, (2.4)
where 2; = diag(¢1/o1, -+ ,on/oN) = diag(aé’}r)\, e 01%11,\)'

Tikhonov regularization may be generalized to define R(x) = \|Lz|%?. Some-
times, we introduce the additional regularization matrix L because certain properties
are desired for the solution x,. For example, we can take L to be a discretization of

the derivative operator, and in this way, we are implicitly applying a “smoothness”
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constraint to the solution. By applying the regularization matrix L, the least squares
problem is

xy = | Az — b|3 + A| L3, (2.5)

and equivalently,

Az b
x, = argmin - : (2.6)

@ VAL 0

2

The associated normal equations are

(ATA+ \L"L)x = A™b.

Note that (2.5) can be solved by substitution of variable Z = Lz and z = L'z
under the assumption that L is invertible. By doing so, the regularized problem
becomes

xy = [AL™'Z - b3 + A 23, (2.7)

and the generalized Tikhonov regularized problem can be reduced to a standard
Tikhonov problem.

Both standard and general Tikhonov regularized solutions can be obtained rather
easily by using standard linear system solvers. If A is small (which is rarely the case),
we can use direct solvers — a good example would be MATLAB’s backslash operator
applied to and , which uses QR factorization to solve the rectangular
system. This is feasible when A is small, but in most cases that arise in image

processing, the matrix A is very large, requiring us to use an iterative solver such as
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Krylov subspace methods.

Truncated SVD. TSVD is implemented by setting small singular values of A to

0 directly. Hence, the TSVD solution is given by

k- T
u:b
LTSVD = E ZA Vi, (2-8)

i=1 ¢

where k < N is the truncation rank that needs to be chosen. This solution is

equivalent to applying the following filter factors to (2.1)):

1 fore <k,
b =
0 fori > k.

By defining the filter factors, we can rewrite (2.8) as

o v; and LTSVD = VETSVDU b,
i

N
LTSVD = Z O
i=1

where $ho, = diag(¢1/01, -, dn/on) = diag(1/oy, -, 1/04,0, -, 0).

An important question associated with using TSVD is: how should we choose
the truncation rank k7?7 Unfortunately, there is no perfect answer to this question.
The truncation rank k& depends on the individual problem and there is no best way
to choose it for all problems. But there are guides that can be used to estimate k.
In Section [2.2] we introduce techniques for selecting A for Tikhonov regularization,

and these techniques can be easily extended to TSVD. In practice, it is extremely
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hard to compute the full SVD of large matrices A. But we can still apply TSVD
regularization by approximating the leading (largest) singular values and vectors,

which will be further discussed in Chapter [3]

2.2 Choosing the Regularization Parameter for
Tikhonov Regularization

Techniques for choosing the regularization parameter for Tikhonov regularization
include the L-curve method [34], generalized cross validation and the discrepancy
principle [30]. These techniques require evaluating the residual

N D

Azxy — bl = [USZIUTD — b|y = |EZlb - U b|y = > ———,

A — bl = [USELU"6 — bly = [0 - UMb, = X 22

where b = UTb. In addition to going over these three methods, we also explain how
to find the optimal regularization parameter, which requires us to know ®* and can

be used for analysis purposes, but it is not so realistic in real imaging applications.

The L-curve method. This method is first proposed in [34], and requires solving
the Tikhonov regularized problem repeatedly, each time with a different regu-
larization parameter \;. The range of A\; should depend on the singular spectrum of
A, and an example would be taking equally spaced points between 10~® and 1073.
For each solution x), obtained by solving the Tikhonov regularized problem with

Ak, we plot the residual r, = |Ax, — b|]> against the norm of the solution |x,||2,
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which should result in an L-shaped curve. The Ay corresponding to the “corner” of
the L-curve renders a solution that has a small residual and whose norm is small,
corresponding to the fit-to-data term and norm penalty term in the least squares
problem or (2.7). The lcornor.m function from Regularization Tools [29] can

be used to locate the corner of the L-curve.

Generalized Cross Validation (GCV). As described in [30], the GCV method

looks for the regularization parameter A that minimizes the GCV function

Nz, b3 Nimseoutei N(ZU )
(e - AAL))2 (T - 221))2 (=Y, ﬁ)Q |

i

G\ =

where Al = VTSIUT as in (2.4), and the trace of T — £X! can be easily computed
since it is a diagonal matrix. The minimizer A of G(\) can be found using MATLAB’s
fminbnd function, by inputting an approximate bound for A, for example, Ay, = 0

and A\p.x = an approximation of oy.

The Discrepancy Principle. To solve the original linear system of interest
using Tikhonov regularization, we would like our solution @) to satisfy Ax) = b**+n,
so naturally, we have the relation Axy, — b = 7, which is called the discrepancy.
The discrepancy principle [30] assigns the regularization parameter A such that the
following equation is satisfied

\b;
o+ A

N
|Azy — by = |nl2 ie, ) = Inl2 = 0. (2.9)
i=1
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This approach requires that the norm, |12, of the Gaussian white noise 7 is available
to us. Since |n|lz cannot be exactly known, in practice the discrepancy principle is
implemented as |Axy — by = p|n|2, where p g 1 is a user chosen parameter, e.g.,
i = 1.01. MATLAB’s fzero function may be used to solve this equation for the

unknown .

The Optimal Parameter. Choosing the optimal regularization parameter re-
quires the true solution x®*, which differentiates this last method from the previous
three. We introduce this method in order to provide a basis for comparison with
other parameter setting techniques in numerical experiments. To find the best reg-

ularization parameter, we try to minimize the difference between ™ and x,:

ex

Je™ —zl; = ™~ VEUb]3

= V7™ - =U"b;

= |z —=lbl;

A~

_ i (;iA - 3)2 (2.10)

i=1

where b = UTb and %% = V. We need to look for the A that minimizes (2.10)),

and similar to GCV, we can use MATLAB’s fminbnd function for this purpose.

2.3 Other Regularization Terms

There are many other ways to define the regularization term R(x). Depending on

the desired properties in the solution @, we can choose R(x) accordingly. All regu-
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larization methods serve the purpose of reducing the ill-conditioning in the problem.

Popular choices include:
e /i regularization: R(x) = |x|; is used to enforce sparsity in the solution;
e /, regularization: R(x) = |z|} is a generalization of ¢; and ¢, regularization;

e Nuclear norm regularization: R(z) = |vec™ ()|, = || X||« is defined as the
sum of singular values of X = vec™!(x), which enforces a low rank constraint

implicitly;

e Total variation (TV) regularization: R(x) = Z \/ [Dpx)? W],
where Dj, and D, denote the finite difference approxmlatlons of the horizontal
and vertical first derivative operators; it is widely used in image restoration

applications, and is very useful in denoising.

While many methods exist for computing the solution to different types of reg-
ularized problem, we comment briefly here on one kind of method called “Itera-
tively Reweighted Norm” (IRN) [25 [61]. The idea is to express different regu-
larization terms R(x) in terms of |L(x)x|3. For example, for ¢; regularization
L(x) = diag (1/y/x), where square root and division are done componentwise.

We immediately notice that the difficulty of this approach lies with the com-
putation of the regularization matrix L(x) defined with respect to the solution «,
which is not available to us. A natural remedy is to use an approximation of @ to
compute L(z), which leads us to Algorithm [1} This algorithm is often referred to as
iterative reweighted norm (IRN), which utilizes an inner-outer iteration approach: in

the ith outer iteration, the approximation L; (to be used in place of the true L(x))
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is computed using the solution «;_; from the previous outer iteration; we then solve
the general Tikhonov regularized problem with regularization matrix L; to obtain
the updated solution x; by using an iterative method (i.e., inner iterations). Note
that some elements of &; may be zero, in which case we may have a division by zero
problem depending on the definition of L(x) (e.g., L(x) = diag (1/4/x)). This can

be avoided by adding a small constant to ;.

Algorithm 1 Iteratively Reweighted Norm
Inputs: A, b, Ly = L(x), A
for : = 1,2,--- until a stopping criterion is satisfied do
Solve for x; = argmin,, | Az — b||2 + \|L; |3
Update L; = L(x;_1)
end for
Output: x;’s

-

Many types of regularization terms can be expressed in a similar way, including
¢, regularization for a general p value, TV regularization [19] and nuclear norm
regularization [I8]. Therefore, the IRN approach can be applied to a wide range of
regularized least squares problems in a similar way. In Chapter 4, we elaborate on
how to apply IRN to the nuclear norm regularized (NNR) least squares problem which
enforces a low rank constraint. In particular, we use Krylov subspace methods (i.e.,
GMRES and LSQR) as inner solvers for IRN. One disadvantage of the IRN approach
is that the inner-outer iteration scheme is not very computationally efficient, since
we need to solve many least squares problems in a sequence. So a more efficient

alternative — flexible Krylov subspace methods [111 [63] will also be discussed.
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2.4 Iterative Regularization

Iterative regularization is different from direct regularization that adds a penalization
term R(x) directly. Instead, it exploits the semi-convergence property of iterative
methods, and early stopping is performed when semi-convergence is achieved. That
is, we apply an iterative method to the linear system Ax = b, and terminate it-
erations when a good solution is obtained, before noise starts to contaminate the
solution. Early stopping computes a solution that resembles TSVD regularization
[311, 69].

A number of iterative methods can be used for this purpose. In this section, we
address Krylov subspace methods, namely, GMRES and LSQR (discussed in Section
. Implementations of these two methods can be found in MATLAB’s library
(functions gmres.m and lsqr.m). Their hybrid counterparts (discussed in Section
2.4.2), i.e., hybrid GMRES and hybrid LSQR [8, 12, 21] can be considered if we want
to combine Krylov subspace methods with Tikhonov regularization. Implementations
of the hybrid methods can be found in the MATLAB package IR Tools [I7]. Note
that in this section, U and V no longer represent the singular vector matrices as in

the previous sections of this chapter.

2.4.1 GMRES and LSQR

The Generalized Minimum Residual (GMRES) method is proposed by Saad and
Schultz in 1986 [65]. It is an iterative method that aims at solving large scale linear

systems with square matrices A € RV*N . At the mth iteration of GMRES, the
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approximate solution is @y € Kk (A, b) under the assumption that the initial guess

@y = 0, where IC; (A, b) is the Krylov subspace

Ki(A,b) = span{b, Ab, A%b, - -- , A"b}.

Let Vi = [vy, - ,v;] € RV** be the orthonormal basis for the Krylov subspace
Kr(A,b). Specifically, v1 = b/|b|. Since the solution @ is in Ki(A,b), it can be
written as Viy for some coefficients y. GMRES first uses the Arnoldi algorithm to
generate V;, € RV*(+1) whose columns are orthonormal, and an upper Hessenberg

matrix Hy € RETD*k guch that

AV, = Vi1 Hy,.

Then,

|Az —b|3

|AViy - b]3
= Vi Hyy — [blvi ]
= |Ver(Hyy — [blled)];

| Hiy — |blles, (2.11)

where e; = (1,0,---,0) € R¥"!. Hence the GMRES solution x; € Ki(A,b) can
be easily obtained by solving the projected minimization problem (2.11]) for the
minimizer y,, which is usually inexpensive to compute. That is, the solution x; =

Vyy, where y, = argmin,, |Hy — |bfe; |2, which leads to the GMRES algorithm
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(Algorithm [2)).
Algorithm 2 GMRES
1: Inputs: A, b
2: Take v; = b/|b||2
3: for i = 1,2,... until a stopping criterion is satisfied do
4:  Compute w = Aw;
5. Compute hj; = wlv; for j =1,...,7 and set w = w — Z;Zl hjv;
6:  Set hii1; = |wlz, and if Ay ; # 0, take v = w/hiq
7: end for
8: Compute y = argmin, |Hyy — |b].e1 3 and take z; = Viyy

Another example of Krylov subspace methods is LSQR, which is proposed by
Paige and Sanders [54] to solve large and sparse linear systems. Different from
GMRES that can only be applied to square matrices A € RY*Y LSQR can be
used on general rectangular shaped matrices A € R¥*V  where M is not necessarily
equal to N. It is based on Golub-Kahan Bidiagonalization (GKB) [24] and the
computed solution @, belongs to the Krylov subspace K(AT A, ATb) spanned by
columns of V;. The kth iteration of GKB generates V; = [vy, -, vi] € RV** and
Uprr = [ur, -, upp1] € RM*E+D with orthonormal columns, and lower bidiagonal

matrix Bj.1 € R*¥+D*F such that

AV, = Uy, By,

Since the solution x € R(V}), by letting & = V,y, it follows that

| Az — bl = [Biy — [blless. (2.12)
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Steps to achieve (2.12)) are omitted because they resemble those for deriving ([2.11)).
Therefore, LSQR computes the solution x; = V,y; for y; that solves min, | B,y —
|blle1]s. The LSQR algorithm is presented in Algorithm 3]

Algorithm 3 LSQR

1: Inputs: A, b
2: Take u; = b/HbHQ
3: for ¢ = 1,2,..., until a stopping criterion is satisfied do

4:  Compute w = ATu; and w = w — Bi_v,_1 if i > 1

5 Set oy = ||lw| and v; = w/qy

6: Compute w = ATv;, w = w — qu;

7. Set B = |w|z and w41 = w/B;

8 Let b; = o and b;11,; = B; and if a; = 0 or 3; = 0, break
9: end for

10:

11: Compute y, = argmin,, | Bry — |b]2e1[3 and take x; = Viyx

2.4.2 Hybrid Krylov Methods

Krylov subspace methods such as GMRES are applied to the fit-to-data term |Ax —
b||? alone, and iterative regularization is done by early stopping. If we want to apply
additional regularization such as Tikhonov, we can adopt hybrid Krylov methods.
Hybrid GMRES employs the Arnoldi-Tikhonov scheme [19], and rather than adding
the regularization term directly to | Az — b|3, it solves a regularized projected prob-
lem, i.e., the regularization term is applied to the projected problem |Hy — |b]e:|3.

This is legitimate because we have shown that |[Ax — b|3 = |Hyy — |b|e.||?, hence

min | AViy — bf3 + A3
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is equivalent to

min [Hyy — [bles]; + Al (2.13)

where we have substituted = Viy. Therefore, we obtain the hybrid GMRES
algorithm, which simply replaces the minimization problem in step 8 of Algorithm
by .

Similar to hybrid GMRES, hybrid LSQR can be considered if additional regu-
larization is needed on top of iterative regularization. In the case of hybrid LSQR,
direct regularization is applied to the projected problem so that in step 10
of Algorithm [3] the following regularized projected minimization problem is solved
instead

Y. = arg min | Bry — [bl2e1[3 + Alyl. (2.14)
Yy

Choosing ) for hybrid Krylov methods To choose a regularization parameter A
for , one obvious choice would be to use parameter setting techniques described
in Section . However, in the case of discrepancy principle, Gazzola and Novati [20]
have proposed a secant approach that can be applied readily to Arnoldi-Tikhonov
based methods. The approach exploits the discrepancy principle to look for the A
such that

|Azx = bly = [Hiyx — [blea]2 = |nl2

holds. While we can still solve for A by running MATLAB’s fzero function on (2.9)),
an alternative approach has been proposed in [20], which can efficiently compute a
regularization parameter \; for each GMRES iteration, and can be employed as a

stopping criteria. This discrepancy principle based approach starts with defining the
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discrepancy function
i(A) = [Azy —bls = [Hiyix — [blei]s, (2.15)

where y;  is the solution to (2.13)) using regularization parameter A with ¢ = k.
Assuming that a good estimate € ~ ||n|s is available, we say that the discrepancy

principle is satisfied as soon as
() < pe, for p gl

At each iteration ¢, consider the linear approximation of 1(\)

Yi(Aic1) — 1/%(0).

i—1

i(N) ~ ¥;(0) + B;A, where [; =

The expression for f3; is obtained from the equation ;(X\;_1) = ¥;(0) + ;\;_1, where
1;(Ai—1) is available from the previous iteration, and v;(0) is the norm of the GMRES
residual at iteration ¢ and can be easily computed with the SVD of H;. To select \;,

we then force 1;(\;) = ¥;(0) + B;\;, and by substituting 5;, we get

pe — 1;(0)
Yi(Ai1) — :(0)

A = Ai-1. (2.16)

The absolute value is taken to avoid selecting a negative \;. Note that the SVD
of H;, which was previously used to compute 1;(0), can again be used here to
solve for vy, ,,. Using the discrepancy principle, iterations can be terminated as

soon as 1;(A) < pe. The updated hybrid GMRES using discrepancy principle as a
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regularization technique and stopping criteria is summarized in Algorithm [4]

Algorithm 4 Hybrid GMRES with discrepancy principle
1: Inputs: A, b
2: Take v; = b/|b||2
3: for + = 1,2,... until the discrepancy principle is satisfied do
4:  Compute w = Aw;

5. Compute hj; = wlv; for j =1,...,7 and set w = w — Z;Zl hjv;

6:  Set hiy1; = |wllz, and if by # 0, take v = w/hi,

7. Select \; using

8:  Compute y;, = argmin, | H;y — |b]2e1 3 + \i|z[3 and take z;y = Viy;x,
9: end for

10:

The discrepancy based approach for automatically selecting a regularization pa-
rameter for each iteration of hybrid-GMRES can also be generalized to hybrid LSQR,

for which the discrepancy function is now defined as

Vi(A) = | Biyix — ||b]2€1ll2,

where y; » is the solution to (2.14]) with ¢ = k by using regularization parameter .

In each iteration 7, \; is updated using the same formula

e — 1;(0)
Yi(Aiz1) — :(0)

i = Ai-1. (2.17)

The hybrid LSQR method using the discrepancy principle for automatically setting

A and early stopping is shown in Algorithm [5
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Algorithm 5 Hybrid LSQR with discrepancy principle
1: Inputs: A, b
2: Take u; = b/|b||z
3: for i = 1,2,..., until a stopping criterion is satisfied do
4:  Compute w = ATu; and w = w — Bi_1v,_1 if i > 1
Set a; = |w|2 and v; = w/a;
Compute w = ATv;,, w = w — a,u;
Set f; = |w|2 and w4 = w/G;
Let b;; = a; and b1, = B; and if ; = 0 or 3; = 0, break
Select \; using
10:  Compute y;,5, = argmin,, | By — [b]2e1[3 + Aif|z[3 and take x;\ = Viyi,
11: end for

2.4.3 Flexible Krylov Methods

Flexible Krylov methods are a class of linear solvers that can handle iteration-
dependent preconditioners: they were originally introduced in [63] for FGMRES,
where a preconditioner for GMRES was allowed to change from one iteration to the
next, either because at each iteration the preconditioner is implicitly defined by ap-
plying an iterative linear solver, or because the preconditioner can be updated with
newly-computed information (see [66] for an overview).

In the framework of regularizing linear solvers, flexible Krylov methods were pro-
posed in [IT) 19l 22], where the iteration-dependent “preconditioner” was associated
to an iteratively reweighted norm approach to Tikhonov-like regularized problems
involving penalization terms expressed in some p-norm, 0 < p < 1. These “pre-
conditioners” have the effect of enforcing specific regularity into the approximation
subspace for the solution, rather than accelerating the convergence of the iterative
solvers. Leveraging flexible Krylov subspaces in this setting comes with the upside of

avoiding restarts of the iterative solver, which is the approach commonly used when
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adopting an iteratively reweighted norm method.
Consider first the case of a square A € RV*Y. In general, starting with z, = 0,
at the kth iteration, FGMRES updates a partial flexible Arnoldi factorization and

computes the kth approximate solution as follows:
AZ, =V, 1Hy,, =, = Zy,, where y, = arg m& |Hyy — |blae1]2,  (2.18)
yeE

where Vi1 = [v1, ... ,vp41] € RV**+D has orthonormal columns, Hj € RF+1DxF
is upper Hessenberg, and Zy = [Pvy, ..., Pyvy] € RY*%k has columns that span the
approximation subspace for the solution (P; is an iteration-dependent preconditioner
that is applied to v;). The flexible GMRES method (FGMRES) uses the flexible
Arnoldi process [19] to generate iterates of the form xy = Zyy, where the vector yy

2
Hyy — [blze1)

is computed as y; = argmin,,

RM*N “with M not necessarily equal

The extension to more general matrices A €
to N, can be naturally devised considering the flexible Golub-Kahan (FGK) process
[I1]. Taking &y = 0 as the initial guess, the kth FGK iteration updates partial

factorizations of the form

AZy = Uy 1M, and ATUk+1 = Vi1 Ty, (2-19)

where the columns of Uy, € RM*E+D v, e RVX¢E+D are orthonormal, M, €

RE+DxE i upper Hessenberg, Tj,; € RE+Dx(k+1)

is upper triangular, and Z; =
[Pivy,. .., Pyvi] € RV** has columns that span the approximation subspace for the

solution (P; is an iteration-dependent preconditioner that is applied to v;). The
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flexible LSQR method (FLSQR) uses the FGK process (2.19) to generate iterates

of the form x;, = Zy;, where the vector y,. is computed as y;, = arg min,, HMky —

2
lblee:|
2
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Chapter 3

TSVD approximations

In this Chapter, we introduce methods based on Kronecker product summations
for approximating the truncated SVD (TSVD) of A. Such approximations can be
thought of as a low-rank approximation to the matrix being decomposed, and can be
used to approximate the solution to the linear system [I.1} The new approximation
approach discussed in this chapter is based on the paper jointly published by Garvey,
Nagy and the author of this thesis [16]; see also Garvey’s Ph.D. dissertation [I5]. As
described in Chapter 2, the solution to (|1.1]) can be computed directly if the full SVD
of A is available. However, computing the full SVD is very expensive both time-wise
and storage-wise, and is in general infeasible for large matrices. For example, on a
personal computer, MATLAB’s svd function can compute the full SVD of matrices
of sizes up to 4096 by 4096 without much difficulty, but as matrices grow larger, a
typical personal computer will run out of memory. That is, it is generally infeasible

for image restoration problems larger than 64 by 64 pixels. For larger matrices,
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if only a few (e.g., 10) leading singular values and vectors are needed, MATLAB’s
svds function, which uses iterative Golub-Kahan Bidiagonalization |24, 47] for the
estimation, can be used. However, svds is not attractive in our applications since we
may need to compute a few thousand singular values and vectors. Therefore, other
efficient approximation methods need to be exploited. The focus of this Chapter
is computing TSVD approximations for structured square matrices A € RV*V that

can be found in the image deblurring application.

3.1 The Kronecker Product

Let G € R"*" and H € R"™" be square matrices with entries g;; and h;;. Then the

Kronecker product of G and H is defined as

guH - g, H
G®H = : : e RV*N,
gn1H e gnnH

where N = n?. Useful properties of the Kronecker product include:
e (A® B)T = AT ® BT,
e (A®B)(C®D)=AC®BD,
o (BT ® A)vec(X) = vec(AX B),

given that the matrices are of appropriate sizes such that the matrix products AC,

BD and AX B can be formed.
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Let the SVDs of G and H be G = UgXcV{ and H = Uy X Vi, respectively.

Suppose that A is the Kronecker product of G and H , then we have that

A=GRH = (UgXeVy)® (UnZuVE)

= UgQUy)(Zc®ZH)(Ve® Va)',

where we have applied properties of the Kronecker product. Note that (Ug ® Ug)

is an orthogonal matrix since

(Ue ®Un)" (Ug ® Ug) UE@UL)(Us®Ug)

(ULUG) @ (ULUy) =IQI =1,

and (Ug @ Uy)(Ug ® Ug)? = I can be obtained in the same way. We can also
show that Vg ® Vg is an orthogonal matrix. Note that 3¢ and X g are diagonal
matrices with monotonically non-increasing diagonal entries. Therefore, ¥¢ ® X g is
also a diagonal matrix with nonnegative diagonal entries, but they are not necessarily
monotonically decreasing. We can apply a permutation matrix P € RV to (X ®
Y ) to reorder the diagonal so that PT (3¢ ® X )P has a decreasing diagonal. As

a result, we obtain a proper SVD of A:

A= ((Us ®Un)P) (P"(S6¢ ®Zn)P) (Vo ® Vi) P)' . (3.1)
U b3 he

This analysis suggests that if A € RV*Y can be written as a Kronecker product

of two small matrices G, H € R™ " then we can simply compute the SVDs of
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G and H to easily obtain the SVD of A. In this way, complexity is reduced to
O(n?) = O(N32) from O(N?) (if we directly compute the SVD of A).

3.2 Kronecker Product Summation

For a general matrix A, it is hardly the case that it can be decomposed as G ® H.
However, we may decompose A as a sum of Kronecker products G; ® H; for i =
1,2,--- R, ie.,
R
A=) G ®H,,

i=1
where the number of terms R is called the Kronecker rank of A. The computational
approach to obtain the Kronecker product summation is proposed by Van Loan and
Pitsianis [68], and requires taking the SVD of a rearrangement A € RVN of matrix

A. By doing so, the first term of the sum G; ® H; is computed such that
G, ® H, =argmin |A - G® H|f3.
G.H

So intuitively, the first term G ® H; is the best Kronecker product approximation
of A. It is the most “significant” term in the summation and contains the most

information of A compared to the remaining terms. Therefore, a natural SVD ap-

proximation of A is to take the SVD of G ® Hy, ie., if G = Ug,X¢, V¢, and
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H1 = UHIZHlVgl, and

Gi@H, = (Ug%cVe)Q® U S Vi)
= (UGI & UH1)(EG1 & EH1)(VvG1 & VH1)T

= Ua,Xa, V4,
so the SVD approximation to A is
A~Ua s Vy,. (3.2)

Note that the singular values in 3 4, are not yet ordered. This approximation uses
only the first term in the Kronecker product summation and discards the information
in the remaining terms, so naturally, the accuracy of Uy, % AleQ depends greatly
on how closely G ® H; approximates A, which depends greatly on the structure of
A.

To use more Kronecker product terms for the SVD approximation, Nagy and

Kamm [41], 52] proposed the following
A~ UAIE\]V}N (3.3)

where Ua, and Vjy, are the same as in 1D and 3 = diag (U, AVy,). This
approach is better than (3.2)) in the sense that it uses more information than just
G and H;. However, the disadvantage is also very clear — the diagonal entries of >

can be negative, which violates the definition of singular values. Therefore, although
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both (3.2]) and (3.3)) are very computationally efficient, we still want to keep looking

for better approximation approaches.

3.3 A New TSVD Approximation Method
via Kronecker Product Summations

The disadvantages of existing approaches lead to the question of how to use more
terms in the Kronecker product summations in order to obtain a more accurate SVD
approximation, while strictly adhering to the requirements of the SVD. We now
propose an alternative approximation method described in [15, [16]. Starting with

R
the Kronecker sum decomposition A = Z G; ® H;, and the SVD of the first term
i=1

G1 ®H1 = UA12A1V£1, we have that

R
A = ZG@IL-

i=1

R
= Ua3a V4 + ). Gi®H,

=2

R
— [/—A1 (EAl +U£1<ZG1®H1>VA1>VJZ1

=2

(- 7

~
w

— U, <2A1 + W) vy

In this new method we propose, we focus on computing the & largest singular

values and corresponding left and right singular vectors (i.e., to obtain a TSVD
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approximation). Hence, we need to apply a reordering matrix P € RV*¥ to sort the

singular values of ¥ 4, in descending order in the same way as for (3.1]). We obtain

A = UaP(P'(S4, + W)P) (Vs P)’

— Ua,(Sa, + W)V,

where Uy, = Uy, P, Vi, = V3, P, X4, = PS4, P and W = PTW P. Since we

are interested in the k largest singular values, we further partition

_ Sa L 0
Sa - Ay Lk ’ (3.4)

0 YA k1N

_ _ __ Wi Wiy
where ¥ 4, 1., € R¥*  and 24, 1.8 € RVFNF We also partition W = | ,
Wo W
where the blocks are of the same dimension as the blocks of ¥ 4, in (3.4). Using this

notation,
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i ST W W |
A - Us Aq 1k i N 711 712 V;{l
0 YA k+1:N Wy Wy
_ E_JAIJ:]{; + Wll 0 0 ng _
= U'A1 B + o o ‘gl
0 YA k+1N Wa Woy
_ UrXr V75 0 0 W _
_ Ua 72TV ) A _12 V,Zl
0 YA k41N Wa Woy
_ Ur 0 Sy 0 0 Uliwg, \Z)
= U'A1 B + o o
0 I 0 X4 k1N WauVr Wy 0 I
- U > B 0 + /i) 11/12 VT,
0 XA k+1:N Wy Wy
where we have defined W12 = U%WIQ, W21 = W21VT, U = UA1 and
0o I
V = Vg, . Moreover, we have used the full SVD of T' = ¥ 4, 1.4 + W11 =
0o I

UrX7r Ve in the third step of the derivation. Although computing the full SVD of
A is impractical when N is large, it is feasible to compute the full SVD of T if k is

moderate. From 1} we are able to form a TSVD approximation, ETSVD of A

AVTSVD ~ ﬁl:kil:k‘vffk, (3-6)
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where lezk e RV*F and ‘V/l:k e RV** are the submatrices of U and V containing

their first k£ columns respectively, and ilzk = Xp for consistency of notation.

3.3.1 Approximation Quality

In this subsection, we summarize theoretical results that provide bounds for different
types of approximation errors, which is the author’s main contribution to this joint
work. Before we get started, a few more notations need to be introduced. Since we
are bounding errors, true quantities need to be referred to. Let the true SVD of A

be

2l:k 0

T
A= UZVT = l U, Uk-i—l:N ] l Vi ‘/k-‘rl:N ] )

0 Ek-‘rl:N

and the true rank-k TSVD approximation of A (i.e., the best rank-k approximation
of A) is therefore defined as

ATSVD = Ul:kzl:k‘/l?;g- (37)

Sequentially, the true TSVD filtered solution &gy and the approximate TSVD

solution gy are
xrsyp = ViaX ULb and Frsyp = ViaX ULb (3.8)

We start the error analysis with the bound for the singular vector subspaces,
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similar to the results presented by Fierro and Bunch [I3] for the case of URV and
ULV factorizations. The “signal” subspace of A is spanned by U;.;, and the “noise”
subspace is spanned by Vi.i.n. The distance between the approximated and true

signal and noise subspaces are measured by
‘|UEkUk+1:N|’2 and ||‘/1?;:‘//€+1:NH27

which represent one measure for the quality of the TSVD approximation.

Theorem 3.3.1. Consider the factorizations of A given in equations and (@,

where o; denotes a true singular value and &; denotes an approximate singular value.

Then
~ i |War || + [|Wia| | Xk, k+1:8 + Wy
HUlj:kUkJrltNH < H 2” H HH 1 +_ - H
O, — ||2K1,k+1:1v + Was|
and

ok |[Wis| + [Wai| [k, js1v + Was

IV Virn | < =
1 Vit < 0} — | Bk, pr1:n + W2

We refer reders to [I6] for the full proof of Theorem [3.3.1] This Theorem is the
foundation for proving error bounds for the pseudoinverse Argyp and approximate

solution xtgyp shown below.

Theorem 3.3.2. Consider the true TSVD operator Argyp defined in and 1ts

approximation ATSVD given by (@ Let &; be the i diagonal entry of Evll:k, and
define o = (1++/5) /2. Then

HATTSVD o ATTSVDH @) T -
< — (mHVMVkH;NH + ||W21H> ,

O

| Absun|
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Proof. The proof starts with a perturbation result for pseudoinverses presented in

[70]: If C is an acute perturbation [49] of D, with D = C + §C, then

|IC" — DY| < o|C||D||sC]. (3.9)
Since
|Arsvp — Arsvp| = [AVIV — (AVi VL — Upn Wl V5 |

< |A|[ViaVih = Vi V] + [Wa,
and it is proved in [24] that | Vi,V — Vi VL = V5 Viewnl, we get
[Avsvo — Azsypl < AV Vi + [ Wl
ATSVD is an acute perturbation of Atgyp, so by ,
| Ao — Ao < el Aol Absvol (1ANVEViin] + [Wail) . (3.10)

Dividing both sides of the inequality by | Algyp|, we obtain

i AT
o A

| Aksvo|

< el Aol (IANVEVesnl + W)

= 5£ (Ulu‘/l?;{;‘\;;chl:NH + ”W21H) .
k
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Theorem 3.3.3. Consider the true and approzimate TSVD filtered solutions x rsyp

and T syp as in (@ Further, define the residual r = b — Axpsyp. Then

T — T o Y, W
|z svp rsvo < LA (0'1\|‘/17;;€W+1:NH + HW21”> : (3.11)

~
T ~ Ir[2
|z rsvo| 0B /1 —

Proof. From inequality (3.10]), we obtain

|zrsvp — Zrsvp|| < HAirsvn - Airsva 16|

< elAlsvol IAksyol (JANALVisrn | + Wil ) |d].

By the triangle inequality and submultiplicativity of induced norms,

[ |72
|lzrsvp| = TA[ 1— R
it follows that
||33TSVD - 5TSVDH %) ~ -~ ~
< | Asnll Arsvo I AL (14N Vil + W)

|z Tsvo| h _ 2
VA e

]

These two theorems tell us that the quality of the approximate pseudoinverse and

the approximate TSVD solution is dependent on three conditions:

e The distance between the approximate and true noise subspaces;
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e The ratio of the largest singular value o, of A to the kth approximate singular

value &y;

e The size of me |, which depends on whether G;® H; is a good approximation

to A and whether k is a good truncation rank.

This newly proposed TSVD approximation method is supported by both the-
oretical and numerical results, in which the new method computes more accurate
solutions than and (3.3). Our new method can also approximate singular val-
ues and vectors more efficiently than other well-known schemes such as randomized
methods [27] and Golub-Kahan bidiagonalization [24, 47]. In this thesis, we omit
details on method implementation and numerical experiments, and refer readers to

[15] and [16] for a thorough introduction of this new approach.
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Chapter 4

Low Rank Regularization:

Derivation of New Methods

In the Chapter [3] we discussed Kronecker product summations based methods for
approximating the TSVD of A. TSVD is a singular value filtering type of regu-
larization scheme that eliminates the noise contribution caused by small singular
values of A, but there is not an explicit regularization term R(x) associated with
it. In this Chapter, we move on to a different type of regularization — nuclear norm
regularization (NNR), for which R(z) = |vec ' (x)||« = | X |+, and describe how
to solve the nuclear norm regularized problem using Krylov subspace methods and
novel preconditioners. We introduce methods that target on both square matrices
A € RV*N and rectangular matrices A € RM*YN | These new methods are proposed
n [I8], which is the author’s joint work with Gazzola and Nagy. We apply nuclear

norm regularization to imaging inverse problems that can be formulated as linear
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systems

Ax = b, (4.1)

where A, x and b are defined in the exact same way as in , in order to implicitly
enforce a low rank constraint by penalizing the sum of singular values of the solu-
tion. Indeed, two-dimensional images are often assumed to have low-rank or to be
well-approximated by low-rank two-dimensional arrays (see [57] and the references
therein).

Numerical linear algebra solvers for the estimation of low-rank solutions to linear
systems have been developed in the literature, mainly targeting well-posed linear
discrete problems, such as those arising when considering the numerical solution of
stochastic PDEs (see [48] and the references therein). In particular, the authors
of [48] devise a restarted GMRES-like method (RS-LR-GMRES) that involves low-
rank projections of the basis vectors of the solution subspace, as well as a low-rank
projection of the current solution at the end of each cycle. Since, in general, the
basic operations involved in standard GMRES (such as matrix-vector products and
vector sums) increase the ranks of the computed quantities, low-rank projections are
needed to assure that the computed solution is low-rank.

In the framework of compressive sensing, the authors of [6] consider a modi-
fied version of the conjugate gradient method that incorporates appropriate rank-
truncation operations. All the methods mentioned so far employ, often in a heuristic
way, Krylov subspace methods together with rank-reduction operations (e.g., projec-
tions onto a chosen set of low-rank matrices). Since many Krylov subspace methods

are iterative regularization methods for (4.1)), this brings us to the question of how
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incorporating rank-reduction operations would affect the solution of the discrete in-

verse problem (4.1f), with a particular focus on imaging applications.

4.1 Nuclear Norm Regularization

Low-rank matrix estimation can be naturally formulated as a nonconvex optimization

problem having either:

(i) a least-squares data fitting term as objective function and a rank constraint;

or

(i) the rank of X = vec™!(x) as objective function and a constraint on the least-

squares data fitting term.

The last instance is commonly referred to as affine rank minimization problem, and
both formulations are in general NP-hard [57]. In this Chapter, we consider the

unconstrained and convex optimization problem
min | Az — b|j5 + A|vec ' ()], (4.2)
xT

where A > 0 is a regularization parameter and | - |, denotes the nuclear norm of
vec () = X, defined as the sum of the singular values of X. If the singular value
decomposition (SVD) of X is given by X = UxXx V5, where Ux, Vx € R™" are

orthogonal matrices, and X x € R™*" is the diagonal matrix whose diagonal entries
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are 01(X) = -+ = 0,(X) = 0, then

n

| X[ = >, 0i(X).

i=1

Problem is refered to as a nuclear norm regularized (NNR) problem. In par-
ticular, the nuclear norm is a convex function that has been proven to be the best
convex lower approximation of the rank function over the set of matrices X such
that | X |2 < 1 (see [57] and the references therein). The nuclear norm has been used
in many applications, such as low-rank matrix completion and compressed sensing;
see, e.g., [7, 23, 43| 50, [57], where the constrained formulation of problem has
also been considered (note that, for a proper choice of A > 0, constrained and uncon-
strained formulations are equivalent; see, e.g., [60]). In the framework of compressive
sensing, under the assumption that the matrix A satisfies a certain null-space prop-
erty, recovery guarantees for the affine rank minimization problem are proven in

[14, 51]. We also consider the following formulation

n

min |Az—b|3+A|vec ™ (@) |4, where [X|[.p = (0:i(X))?, 0<p<1. (43)

i=1

Problem is refereed to as NNRp problem, and it generalizes problem (4.2)) (which
is obtained taking p = 1 in (4.3])). The constrained version of is already consid-
ered in [51], where the authors empirically show an improved recovery performance
of the constrained formulation of problem (4.3) with p < 1 with respect to p = 1.
Note, however, that the choice p < 1 in (4.3)) results in a nonconvex minimization

problem.
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4.2 Derivation of New Methods

In the following, we will quite often interchange & and X and, with a slight abuse
of notations, we will denote the action of a linear operator on & or X by A(X) =
AX = Az, and the action of the adjoint operator by A*(Y) = A*Y = ATvec(Y).

Define the smooth Schatten-p function as

SI(X) =Te((XTX +4I)P?), withy>0.

p

Note that &) (X)) is differentiable for p > 0 and convex for p > 1. In particular, for

p=1and v =0 (i.e., no smoothing),
SHX) = Te((XTX)"?) = | X
We start by considering the following smooth approximation to (4.3)):

min |A(X) - B|7 + AS)(X). (4.4)

XeRnXn

The following derivations are valid for p > 0 (and we keep them generic, being aware

that p = 1 approximates (4.2)). The optimality conditions associated to (4.4]) read

0 = Vx (JAX) - BJ} + \S}(X))

= 24A*(A(X) - B) + A\p(X X" +yI)?*'X | (4.5)
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where we have used that
Vx Ti(XTX +9D)"?) = pX(XTX + 917> = p(XXT +9D)"* 7' X .

Equivalently, the nonlinear system of equations (4.5) with respect to X can be

expressed as

~ -1
X = (AA+XXXT D) A'B

~ -1
— (A A+ RXXT 4D BT (XXT 4D R) 4B,

with \ = Ap/2, which is naturally associated to the following fixed-point iteration

scheme
~ —1
X1 = <A*A FA(Xe XF DT ( X X + yl)p/4*1/2> A*B, (4.6)

which leads to the solution of (4.4). Equivalently,

2

A B
Xpy1 = arg H}%n X — :

VX XT + )P/ 0
F

i.e., (4.6) are the normal equations associated to the penalized least squares problem

written above or, equivalently,

X1 = argmin [AX — BJf + A (X, X[ + ADPRX (4.7)
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We now reformulate problem (4.7)) in vectorial form.
Let UXkEXkV)a = X} be the SVD of Xj; thanks to the invariance of the
Frobenius norm under orthogonal transformations, the regularization term in the

above problem can be rewritten as

[ X+ DX = U (S, + TP PR X

= |(S%, + DY PUL XV,
Using well-known Kronecker product properties
(S, + AP PO X Vi, [ = Jvee (S, + D" UL, X Vi)

= (V& @ (%, +1 1P Uy, ),

= (I ® (%, + D) (VK @ UR,) 2], -

Problem (4.7)) is therefore equivalent to

=:S5

~ f_/%
Ty 1 = arg majn |Ax — b||§ + Al (I® (E?Xk + 7I)p/4_1/2) (V;k ® U)T(k) x|3. (4.8)

= (Wp)i

In the above formulation, (W)))y is a diagonal weighting matrix and S}, is an orthog-
onal matrix; both (WI] )i and Sy depend on the current approximation xj; of the
solution x. Intuitively, the matrix S; maps « into the “singular value domain” of
X, (and acts as an iteration-dependent sparsity transform), and the matrix (W)));,

assigns suitable weights that allow to approximate a p-norm of the singular values.
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Therefore, the penalization term in (4.8)) can be interpreted as a reweighted vectorial
2-norm, with respect to a transformation of the solution x. For this reason, the

proposed approach is called “IRN-NNRp” and is summarized in Algorithm [6]

Algorithm 6 IRN-NNRp

1:
2: Inputs: A, b, (W) )o=1, 8 =1
3: for £ =0,1,... until a stopping criterion is satisfied do
4:  Solve problem (4.8))
5 “Decrease”

6:  Update (W) )rs1 and Sy

7: end for

4.3 Solution of problem (4.8) via Krylov methods

In this section, we derive new strategies for the efficient solution of the sequence of
sub-problems (4.8) appearing in Algorithm [6] First, we rewrite problem ([.8) using

an appropriate change of variable as

Zri1 = argmin |AST (W) ' — b2 + N 2|2, with & = (W))uSpz.  (4.9)
Note that
S{=8'=Vx,®Ux, and (W));'=I1® (Z% +~I)"* 7", (4.10)

so that the above transformations (inversion of an orthogonal and a diagonal ma-
trix) are numerically affordable by exploiting properties of Kronecker products. The

Tikhonov-regularized problem (4.9) in standard form is equivalent to the Tikhonov-
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regularized problem in general form. Many Krylov subspace methods based on
the Golub-Kahan Bidiagonalization (GKB) or Arnoldi algorithms can be employed
to approximate the solution of , e.g., LSQR and GMRES, as explained in Section
. Moreover, if the regularization parameter ) is not known a priori, many efficient
strategies to set its value adaptively within the sequence of projected problems can
be used (i.e., in the framework of hybrid methods; see Section and [21, [44]).
The matrices Sy and (W)));' can be formally thought of as preconditioners for the
original problem , whose purpose is to enforce additional regularization into the
solution subspace, rather than speeding-up the convergence of linear solvers applied

to (4.1)).

4.3.1 Methods Based on the GKB Algorithm

The mth step of the GKB algorithm applied to the matrix ASkT(W]] ). | with starting
vector b (i.e., taking @y = 0) can be expressed by the following partial matrix

factorizations
(AS,”;F(W;),;l)Vm = U,,.1B,, and ((WZ;’),;ISkAT)UmH = VBl (4.11)

where U; € RM*J and V; € RY* (with j = m,m + 1 and U,e; = b/|b|2) have
orthonormal columns, and B,,,; € R™)x(m+1) ig Jower bidiagonal (with B,, ob-

tained by removing the last column of B,,;1). The orthonormal columns of V,, are
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such that
R(Vin) = Ko (W) 'Sk AT)(ASE (W), 1), (W) 'Sk AT)b) .

We find an approximate solution of (4.9)) by imposing € R(V,,), i.e., T, = ViuYm,
where, by exploiting the first decomposition in (4.11]) and the properties of the ma-

trices appearing therein, y,, € R™ is such that
o = axg min | By — [blaeil + Ayl (4.12)

We used the notation Xm for the regularization parameter to highlight that its value

can be adaptively set within the iterations. The approximate solution to problem

(4.8) is such that
© = SI(W))7'@ < K ((ST(W)2S0) AT AL (ST(W) 280 AT) . (4.13)

Looking at the above approximation subspace for the solution x, it is evident that
the “preconditioner” acts by first mapping into the “singular value domain” (by
applying Sy.), enforcing sparsity in the singular values (by reweighting with (W) )23,

and eventually transforming back into the “solution domain” (by applying SY).

4.3.2 Methods Based on the Arnoldi Algorithm

If A is square, the mth step of the Arnoldi algorithm applied to the matrix AS,CT(WI:Y )t

with starting vector b (i.e., taking &y = 0) can be expressed by the following partial
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matrix factorization

(AS{ (W) YV = Vi Hy, (4.14)

where V; € RN*J (with j = m,m + 1 and Vje; = b/|b|2) has orthonormal columns
such that

R(Vi) = Ko (AST(W));1,b)

and H,, € R(™tD)>*m ig ypper Hessenberg. Similarly to the GKB case, we find an
approximate solution of by imposing & € R(V,,) and by solving a projected
Tikhonov problem of order m. The approximate solution to problem (4.8) is such
that

x = S (W) '@ € S (W), 'K (AS] (W) 1, b)

where

Sg(wp’y)lzllcm (ASg(WpV);l’ b)
_ _ m—1 _
= Span{sf(WJ)k 1ba SRR (Sg(wpv)k 1A> S]Z;(Wp’y)k 1b}

= Kn (SEW)),"A, S (W), 'b) .

Contrarily to the GKB case, we immediately notice that, in this context,  does not
belong to a meaningful approximation subspace. Indeed, just by looking at the first
vector: b is in the image space and (W;),;l is supposed to act on the singular value
space of X, so (WPV),;lb is hard to interpret; furthermore, S! is supposed to link

the singular value space of X to the image space, so Sg(Wg )glb is also hard for

us to interpret. Although the generated solution subspace is not meaningful for our
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applications, it may still have the potential to be a good subspace in other contexts.
Similarly to what is proposed in [4, [I1], where the Arnoldi algorithm is applied to
a regularized problem that enforces sparsity in the wavelet domain, we propose to
fix this issue by incorporating Sy also as an orthogonal left “preconditioner” for the
original system so that, by exploiting the invariance of the vector 2-norm under

orthogonal transformations, problem (4.9)) can be equivalently reformulated as
Brir — argmin | Sc(ASL(W));'3 — b)[2 + 312, with & — (W;)uSe. (4.15)

The (right and left) preconditioned Arnoldi algorithm applied to problem (4.15)) can

now be expressed by the following partial matrix factorization
(SkAS, (W) YV = Vi Hy, (4.16)
We find an approximate solution of by imposing
zeR(V,) = Kn(SLASIW ™1 S,b),

ie., &, = V,ym, where, by exploiting (4.16) and the properties of the matrices

appearing therein, y,, € R is such that

Ym = arg min [Hyny — [bll2e1]3 + Ayl (4.17)
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Hence

x e SLW)),'Kn(SkASL (W), ", Sib)

= ’Cm(Sg(Wpﬁl)IzlSkAv Sg(Wﬁ);ZlSkb) ) (4.18)

which is suitable for approximating the solution. The new methods based on the
GKB algorithm (for generic matrices) and Arnoldi algorithm (only if A € RY*Y) are
called “IRN-LSQR-NNRp” and “IRN-GMRES-NNRp”, respectively, and are sum-
marized in Algorithm [7]

Algorithm 7 IRN-LSQR-NNRp and IRN-GMRES-NNRp
1: Inputs: A, b, (W) )o=1, 8, =1

2: for £ =0,1,... until a stopping criterion is satisfied do
3:  for m =1,2,... until a stopping criterion is satisfied do
4: Update the factorizations (4.11)) and (4.16)), respectively
5: Solve the projected problem (]&b and ﬁb, respectively, tuning Xm if
necessary
end for

Update the new (W) and Sy

6
7. “Decrease” vy
8
9: end for

4.4 Solution through flexible Krylov subspaces

Problem (4.3) reformulated as (4.9)) allows us to naturally apply the flexible Golub-
Kahan (FGK) and flexible Arnoldi algorithms. Indeed, instead of updating the
“preconditioners” Sy and (W), at the kth outer iteration of the nested iteration

schemes of Algorithm [7] we propose to consider new “preconditioners” as soon as
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a new approximation of the solution is available, i.e., at each iteration of a Krylov
subspace solver. Therefore, at the (i + 1)th iteration of the new solvers, the “pre-
conditioners” (W))); and S; are computed as in 1} but using the SVD of the ¢th

approximate solution
X; =vec '(z;) =Ux,Zx,Vx,, fori=1,....,k—1,

with (W; Jo =TI and Sy = I. In order to incorporate iteration-dependent precondi-
tioning, the flexible versions of the Golub-Kahan and Arnoldi factorizations have to
be used.

Namely, at the ¢th iteration, the new instance of the FGK algorithm updates par-
tial factorizations of the form (2.19), i.e., AZ; = U;y M, and ATU, 1 = Vi Tpy,

where
Z; = [5; (W) ?Sovy, ..., S (W) 2 Simivi], vy = ATb/|ATD],.
Taking xy = 0, the ¢th approximate solution is such that x; = Z;y;, where
y; = argmin [ My — [bloea; + illyl3- (4.19)

Note that the subspace for the solution R(Z;) can be regarded as a generalization
of the subspace (4.13)) computed when considering preconditioned GKB within the
IRN-LSQR-NNRp method. The new method is called “FLSQR-NNRp”, and is sum-

marized in Algorithm [§
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For A € RM*Y and x, = 0, at the ith iteration, the new instance of the flexible

Arnoldi algorithm updates a partial factorization of the form (2.18)), with & = 4, and
generates

Z; = [5; (W)); " Sovy, ..., ST, (W) Sicivi] . w1 = b/|b]2,

p

where both right and left preconditioners are used analogously to IRN-GMRES-

NNRp. The ith approximate solution is such that x; = Z;y;, where
y; = argmin | Hiy - [bl2e1 3 + il yll3 - (4.20)

Note that the subspace for the solution R(Z;) can be regarded as a generalization
of the subspace computed when considering the preconditioned Arnoldi algo-
rithm within the IRN-GMRES-NNRp method. The new method is called “FGMRES-
NNRp”, and is summarized in Algorithm

Algorithm 8 FLSQR-NNRp and FGMRES-NNRp

1: Inputs: A, b, (W))o=1,8,=1

2: for ¢ = 1,2,... until a stopping criterion is satisfied do

3:  Update a factorization of the form and , respectively, to expand
the space R(Z;)

4:  Solve the projected problem and , respectively, tuning /A\Z if neces-
sary

5:  “Decrease” y

6:  Update the new (W})); and S;, using the SVD X; = vec ' (z;) = Ux, Xx, V..

7: end for

Note that, although the approach of Algorithm [8] is quite heuristic, it avoids

nested iteration cycles and computes only one approximation subspace for the so-
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lution of , where low-rank penalization is adaptively incorporated. Because of
this, in many situations, Algorithm [§| computes solutions of quality comparable to
the ones computed by Algorithm [7] with a significant reduction in the number of it-
erations. We should also mention that, in the framework of affine rank minimization
problems, [51] outlines an algorithm that avoids inner projected gradient iterations
for the solution of each quadratic subproblem in the sequence generated within the
IRN strategy.

Finally, we underline that, within the framework of flexible Krylov subspaces,
the approximation subspaces R(Z;) for the ith approximate solution can be further
modified, with some insight into the desired properties of the solution. Indeed, since

the 7th basis vector for the solution is of the form

for FLSQR-NNRp, and
z =S (W), Sis1v;

for FGMRES-NNRp, one can consider alternative “preconditioners” S; ; and (W));
that are still effective in delivering low-rank solutions. For instance, focusing on
FGMRES, and given v; = Vje;, where Vj is the matrix appearing on the right-hand
side of the factorization , and given the SVD of vec™(v;) = Uy, Xy, Vy,, one
can take

Sii=Vy Uy, and (W) =1®(Zy) "2, (4.21)
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and as a result,

Sivi = vee(Uyvee™ (v) V) = vee(Sw;),
(W 1Simvi = vec((Sy;) " 7?2y;) = vee((Zy;)* 77,

SELWNA\Siav = vec(Uy((Sv)* PHW) = 2,

so that the singular values of vec™ (v;) are rescaled: taking 0 < p < 1, the power
of ¥y, 2 — p/2, is always larger than 1, which means that large singular values
get magnified and small singular values become even smaller. In this way, the gaps
between singular values are emphasized and to some extent contribute to the low
rank properties of the basis vectors. Similar derivations hold for FLSQR. Hence,
methods analogous to LR-FLSQR and LR-FGMRES are obtained, and are called
FGMRES-NNRp(v) and FLSQR-NNRp(v), respectively.

4.5 Implementation details

All the methods considered in Section [4.3|and [4.4] are iterative, and therefore at least
one suitable stopping criterion should be set for the iterations. When considering
hybrid formulations (like the ones in Algorithms [7] and , one could simultaneously
set a good value for the regularization parameter Xj at the jth iteration, as well as
properly stop the iterations. Strategies for achieving this are already available in the
literature (see [17, 21]).

Recall from Section that, assuming that a good estimate for the norm of

the noise n affecting the right-hand-side of ([1.1)) is available, i.e., € ~ |n]2, one can
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consider the discrepancy principle and stop the iterative scheme at the first iteration

J such that
|b— Axj|s < pe, where p g 11is a safety threshold. (4.22)

When running hybrid methods (see Algorithms (7] and , we employ the so-called
“secant method”, which updates the regularization parameter for the projected prob-
lem in such a way that stopping by the discrepancy principle is ensured. We high-
light again that the quantities needed to implement the “secant method” (namely,
the norm of the residual and the discrepancy associated to at each iteration)
can be conveniently monitored using projected quantities: this is obvious for IRN-
LSQR-NNRp and FLSQR-NNRp, as only right-“preconditioning” is employed; it
is less obvious for IRN-GMRES-NNRp and FGMRES-NNRp, but since the left-

“preconditioner” is orthogonal, one can still write
[b— Az;ls = |Skb— SLAS; (W), '&5]2 = [[b]e1 — Hyy; |2

Note that all the methods in Algorithm [7] and |8 can also run with A = 0, and still
achieve low-rank approximate solutions: this is because the approximation subspace
for the solution incorporates regularizing “preconditioning” (see [28] [32] for details
on this approach in the case of smoothing “preconditioning” with finite-difference
approximations of derivatives operators). Finally, when dealing with the inner-outer

iteration scheme of Algorithm [7] in addition to a parameter choice strategy and

stopping criterion for the hybrid projected problems (4.12)) and (4.17)), one should
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also consider a stopping criterion for the outer iterations. We propose to do this
by monitoring the norm of the difference of the singular values (normalized by the
largest singular value so that 0y(¥x,,,) = 01(2x,) = 1) of two approximations of
the solution of obtained at two consecutive outer iterations of Algorithm , ie.,

we stop as soon as

Idiag(Sx,.,) — ding(Ex)|s < 7, k=1,2,.... (4.23)

where vec™!(z;) = X; = Ux, X x,Vx, (i = k,k+1), and 7, > 0 is a user-specified
threshold. If no significant changes happen in the rank and singular values of two
consecutive approximations of the solution, then is satisfied.

We conclude this section with a few remarks about the computational cost of
the proposed methods. Note that, if A € R¥*¥ TRN-GMRES-NNRp is intrinsically
cheaper than IRN-LSQR-NNRp (since, at each iteration, the former requires only one
matrix-vector product with A, while the latter requires one matrix-vector product
with A and one with AT). However, methods based on the Arnoldi algorithm are
typically less successful than methods based on the GKB algorithm for regularization;
see [40].

Other key operations for implementing our proposed methods are the compu-
tation of the SVDs of relevant quantities, and/or the application of the “precondi-
tioners” in (4.21])). Namely, each iteration of FLSQR-NNRp, and FGMRES-NNRp
requires the computation of the SVD of an n x n matrix, which amounts to O(n?) =
O(N3/?) floating point operations. When considering IRN-LSQR-NNRp and IRN-

GMRES-NNRp, only the SVD of the approximate solution should be computed once
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at each outer iteration. However, each inner iteration of IRN-LSQR-NNRp and IRN-
GMRES-NNRp, as well as each iteration of FLSQR-NNRp and FGMRES-NNRp, re-
quires the computation of matrix-vector products of the form ,S»',F;F(Vi/'p7 )% 'v;: this can
be achieved within a two-step process, where first the rescaling v; = (WIY )glvi is ap-
plied with O(N) = O(n?) floating-point operations, and then S} v; = (Vx, Ux, )¥;
is computed. While a straightforward implementation of the latter would require
O(N?) = O(n') floating-point operations, exploiting Kronecker product proper-
ties can bring down the cost of this operation to O(n3) = O(N*?), by computing
S[0; = vec(Ux, vec™ (v;) Vx,, ).

We emphasize that the incorporation of the flexible “preconditioners” does not
increase the order of computational complexity and is very practical, since operations
are done on matrices of size n x n (n is the dimension of the image). In particular,
the full SVD’s of n x n matrices can be computed easily with MATLAB’s built-in
svd function (this is what we used in our numerical experiments); one can also use
Lanczos bidiagonalization [47] or randomized SVD [27] to compute the approximate

leading singular values and vectors.
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Chapter 5

Low Rank Regularization:

Numerical Experiments

In this Chapter, we present results of numerical experiments on several image process-
ing problems to demonstrate the performance of the new IRN-GMRES-NNRp, IRN-
LSQR-NNRp, FGMRES-NNRp, and FLSQR-NNRp methods. Variants of FGMRES-
NNRp and FLSQR-NNRp (marked with “(v)”) are also tested. To shorten the
acronyms, we omit p when p = 1, which means IRN-GMRES-NNR denotes IRN-
GMRES-NNRp when p = 1, etc. Examples are generated using IR Tools [17].

In general, we compare the performances of the proposed methods to standard
Krylov subspace methods GMRES and LSQR, also used in a hybrid fashion. We also
test against the low-rank-projected GMRES (RS-LR-GMRES) method proposed in
[48], which leads us to the derivation of alternative low-rank projection solvers LR~

FGMRES and LR-FLSQR described in the upcoming section (see Section[5.1)). These
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solvers can be (re)casted into the framework of flexible Krylov methods and can work
with both square and rectangular systems . The singular value thresholding
(SVT) algorithm [7] will also be addressed, which was originally proposed to minimize
matrix nuclear norm for low-rank matrix completion problems, and can be extended

to problems with linear constraints of the form

1
min 7| vec™ ()« + 5”\/6(:’1(:6)]]% subject to Az = b, where vec™!(z) = X.

(5.1)
The kth iteration of the SVT algorithm for (5.1]) reads
X = IDT(ATykfl)
: (5.2)

Yr = Yp—1 + 0x(b— Axy)

where 0y is a step size and D, is the singular value shrinkage operator, defined as

D,(X) =UxD,(Ex)Vx, D;(Ex)=max{Zx — 71,0},

where X = UxX XV; is the SVD of X, 0 is a matrix of zeros, and the maximum
is taken component-wise. Although (/5.1 is not the same problem as (4.2)), they
are similar in that both penalize the nuclear norm of vec™ (x) and they respect the

constraint Ax = b.
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5.1 Low Rank Projection Methods: classical and
new approaches

When solving square well-posed linear systems coming from the discretization of
some instances of stochastic or time-dependent PDEs, a suitable rearrangement of
the solution is expected to be low-rank: for this reason, schemes that incorporate low-
rank projections within the basis vectors and the approximate solution obtained by a
Krylov method have been proposed in the literature. In the following we summarize
the working ideas underlying the so-called restarted low-rank-projected GMRES (RS-
LR-GMRES) method proposed in [48].

Recall from Section that the kth iteration of GMRES updates the partial

Arnoldi factorization and computes the approximate solution as follows:
AV, =V, 1 H;, x,=V,y,, where y, = arg m}g}g |Hry — |b]2e1]2 - (5.3)
ye

Since matrix-vector products and vector sums of low-rank vectorized matrices in-
crease the rank of the latter, there is no guarantee that the new basis vectors v, for
the solution nor the new solution x;, are low-rank. To force the basis vector for the
solution and the approximate solution to be low-rank, a truncation operator should
be incorporated into the GMRES algorithm. Given a vectorized matrix ¢ = vec(C),

and given a desired low-rank  for C, one can define a truncation operator 7,(c) by
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the following standard operations:

1. Take C = vec!(c);

2. Compute the SVD of C, C = UcXcVE; (5.4)

3. Compute C, = Uc(:,1: 6)Zc(1:k,1:5)Ve(,1: k)T

4. Take 74(c) = vec(C,).

RS-LR-GMRES is a restarted version of the standard GMRES method where the
basis vectors for the solution are truncated at each inner iteration, and the solution
itself is truncated at the beginning of each outer iteration. Note that truncating the
basis vectors does not guarantee that the solution has low rank (which is the reason
we still need to truncate the approximate solution). The reason for truncating the
basis vectors is to keep the original solution rank from increasing drastically, since it
is computed as a linear combination of basis vectors. More precisely, at the ¢th outer
iteration of RS-LR-GMRES, one takes v; = r,_1/||ry_1|]2, where 7y_; = b — Axz,_q,

and, at the kth inner iteration, one computes

Vi = TK(’U]C), (55)

and once m inner iterations are performed, the approximate solution at the /th outer
iteration is computed as

Ty = Ty (mé—l + mem) : (56)

The operations in ((5.5) and (5.6) heavily depend on the value k of the truncated

rank, which eventually coincides with the rank of the approximate solution. In the
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framework of stochastic PDEs, a suitable estimate for x can be obtained by first
performing coarse-grid computations (see [4§] for details, and [45], [67] for similar
approaches). As in standard GMRES, RS-LR-GMRES computes a new basis vector
for the solution by applying the linear operator A to the previous basis vector vy_1
and orthogonalizing it against the previous basis vectors v;, 2 = 1,..., k—1. However,
since the basis vectors are truncated to low rank, the matrix V, does not have
orthonormal columns anymore, and R(V,,) is not a Krylov subspace anymore. This
remark leads us to the derivation of alternative low-rank projection solvers, which
can be (re)casted into the framework of flexible Krylov methods and can work with

both square and rectangular systems (4.1)).

5.1.1 Low-rank flexible GMRES (LR-FGMRES) and
low-rank flexible LSQR (LR-FLSQR)

Recall from Section that starting with &y = 0, at the kth iteration, FGMRES
updates a partial flexible Arnoldi factorization and computes the kth approximate

solution as follows:

AZ, =V, 1H,, x,=Zyy,, where y, = arg m}g}i |Hry — || b]2e1]2, (5.7)
ye

where Vi1 = [v1, ... ,vp41] € RV*®+D has orthonormal columns, Hj € R*F+1xk

is upper Hessenberg, Z, = [Pvy,..., Pyvy] € RY** has columns that span the
approximation subspace for the solution and P, is an iteration-dependent precondi-

tioner. In the particular case of low-rank truncation, we set Pv; = 7,,(v;), i.e., the
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truncation operator defined in (5.4), so that rank(vec™*(Zye;)) = kp, i = 1,...,k).
The subscript B for the truncation rank kg suggests that the truncation is done
on the original basis vectors v;’s. The resulting algorithm is called “LR-FGMRES”,
and it is summarized in Algorithm [0} Note that the approximate solution computed
as in is also truncated to guarantee rank s (in general, we assume kg # K).
Also LR-FGMRES is started with @y = 0, to guarantee that the basis vectors for

the solution (rather than a correction thereof) are low-rank.

Algorithm 9 LR-FGMRES

1: Inputs: A, b, 7., T

2: Take v = b/Hb”Q

3: for + = 1,2,... until a stopping criterion is satisfied do

4:  Compute z; = 7,,,(v;) and w = Az; ‘

5. Compute hj; = w'v; for j =1,... i and set w = w — >};_, hj;v;
6: Compute hi-‘rl,i = H'w||2, and if hj+1,j #* 0, take Vit1 = w/hHLi

7: end for

8: Compute y = argmin, |Hyy — |b]2e1[3 and take z; = 7,.(Zryx)

A few remarks are in order. Differently from the kth iteration in the inner cycle
of the RS-LR-GMRES method , the kth iteration of LR-FGMRES expands the
approximation subspace by modifying (i.e., truncating) the previous orthonormal
basis vector for the space R([b, AZy]). Analogously to RS-LR-GMRES, the basis
vectors for the approximate LR-FGMRES solution are all of rank x g, are not orthog-
onal, and do not span a Krylov subspace. Differently from RS-LR-GMRES;, the basis
vector for the space R([b, AZ|) are orthogonal. Also, the kth LR-FGMRES ap-
proximate solution is obtained by solving an order-k projected least squares problem

that is formally analogous to the GMRES one (see (5.3) and (5.7)).
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With LR-FGMRES in place, the extension to more general matrices A € RM*V
with M not necessarily equal to N, can be naturally devised considering the flexible
Golub-Kahan (FGK) process [L1]. Recall that taking o = 0 as initial guess, the kth

FGK iteration updates partial factorizations of the form
AZk = Uk+1Mk and ATU]C_H = ‘/lc+1Tk+17 (58)

where the columns of Uy € RM*E+D v, e RV**+D are orthonormal, M, €
RE+Dxk i upper Hessenberg, Tj,,q € RETDXE+HD s ypper triangular,

Z, = [Py, ..., Pyw,| € RV has columns that span the approximation subspace
for the solution, and P, is an iteration-dependent preconditioner that is applied to
v;. In the particular case of low-rank truncation, Pyv; = 7., (v;), as defined in ,
so that rank(vec™!(Zye;)) = kp, i = 1,..., k. The flexible LSQR method (FLSQR)
uses the FGK process to generate iterates of the form x; = Z,yi, where the
vector yy is computed as y; = argmin,, HMky - |b||261‘z- When rank-truncation of
the basis vectors takes place at each iteration, and the final approximate solution
is rank-truncated as well, the resulting algorithm is called “LR-FLSQR”, and it is
summarized in Algorithm [I0]

Note that, similarly to RS-LR-GMRES, both LR-FGMRES and LR-FLSQR are
quite heuristic. Although the low-rank projection idea can be formulated in the
flexible framework, we lack a formal formulation of the problem that is being solved,
and also a justification of why they work. Strategies for selecting kg and k are not so
clear either. To stabilize the behavior of LR-FGMRES as the iterations proceed, one

may consider imposing additional Tikhonov regularization on the projected least-
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Algorithm 10 LR-FLSQR

1: Inputs: A, b, 7., T

2: Take u; = b/|b||z

3: for i = 1,2,..., until a stopping criterion is satisfied do

4:  Compute w = ATw;, t;; = whv;forj=1,...,i—1

5. Setw =w — Z;;ll t;iv;, compute t; = |w| and take v; = w/t;

6:  Compute z; = 7., (v;) and w = Az; A

7. Compute my; = wu; for j =1,... i and set w = w — 3", myu;
8:  Compute m;;1,; = |w| and take u;11 = w/m;y1;

9: end for

10: Compute y, = argmin,, | My — ||b]2e1]3 and take x) = 7.(Zryy)

squares problem in (2.18)), in a hybrid fashion; the same holds for LR-FLSQR, (see
Sections [4.4] and [5.2] for more details).

5.2 Numerical Examples

In this section, three types of imaging inverse problems are presented, and a variety
of solvers, including the newly developed low rank methods, are compared. Before
getting started, we briefly remark on some details for some of the parameters in these
methods.

The Schatten-p function is introduced in Section as a smooth approxima-
tion for || - |+,. The smooth approximation allows for further derivations including
computation of optimality conditions, where the “smoothing coefficient” ~ is crucial.
However, v is not so crucial numerically, and we can set it to 0 without affecting the
results (compared to using a very small 7). However, to be consistent with Algo-
rithms [7] and |8 in our experiments, we have set the initial value of v to 107, and

every time we need to decrease v, we divide the current v value by 2.
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Regarding the comparisons with the low-rank projection methods presented in
Section [5.1.1] there are no universal and theoretically informed ways of choosing the
truncation ranks for the solutions and for the basis vectors of the solution subspace.
Hence, for all test problems, we experiment on a reasonable number of trials, each
with different truncation rank choices, and select the best performing rank out of all
ranks tested. For simplicity, we consider the same truncation rank for basis vectors
and solutions (7., = 7.). We follow the same process to choose the number of
restarts and the number of iterations for each restart for RS-LR-GMRES, as well
as the shrinkage threshold 7 in SVT; strategies to select the step size for SVT are
described in [7].

Example 1: Binary Star. We consider an image deblurring problem involving a
simulated binary star test image of size 256 x 256: this test image has rank 2. The
true image is displayed in the leftmost frame of Figure[5.2] A standard Gaussian blur
is applied to the test image, and Gaussian white noise of level |n|/[b%*]|, = 1073
is added. The blurred and noisy images are shown in Figure [5.2] second frame from
the left. Due to the presence of noise, the blurred image has full rank. For this
example, the blurring operator A is square of size 65536 x 65536, hence GMRES-
related methods are used for comparison, namely: GMRES, IRN-GMRES-NNR,
FGMRES-NNR, LR-FGMRES and RS-LR-GMRES (i.e., we only consider the case
p = 1 here). SVT is also taken into consideration. The truncation rank for LR-
FGMRES and RS-LR-GMRES is set to 30 for both basis vectors and approximate
solutions (i.e., 7, = 7, = 30). RS-LR-GMRES is restarted every 40 iterations. The

step size for SVT is set to be 0 = 6 = 2 and the singular value shrinkage threshold 7
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is 1. Note that, although the true solution has only rank 2, setting truncation rank
to 2 for low rank methods produces solutions of worse quality (compared to setting
the rank to 30). This might be because of the inherent ill-posedness of the problem,
which makes it harder to obtain solutions with desired properties (e.g., with rank 2):
indeed, if we do truncate to rank 2, a lot of information about the solution might be
lost.

Figure [5.1| displays the histories of relative errors |£®* — @,,|2/| 2|2 for the first
200 iterations (i.e., m = 1,...,200) of these methods. For IRN-GMRES-NNR, 4
outer cycles were run, each with a maximum of 50 iterations: a new outer cycle
is initiated as soon as the discrepancy principle is satisfied in the inner cycle. No
additional regularization is used (i.e., A = 0 for all methods).

1

0.5

—— GMRES
—— IRN-GMRES-NNR
FGMRES-NNR

——LR-FGMRES
\\4 — RS-LR-GMRES
0.2 ‘ ‘ ‘ svT
) 50 100 150 200

Figure 5.1: Ezample 1. Relative errors vs. number of iterations for GMRES-based
methods and SVT.

We can observe from Figure that when the truncation ranks are chosen rea-
sonably, LR-FGMRES and RS-LR-GMRES both produce a less pronounced semi-

convergence behavior than GMRES, with LR-FGMRES attaining a smaller relative
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error than RS-LR-GMRES. FGMRES-NNR, on the other hand, shows slower semi-
convergence than GMRES, but it also converges to a slightly better relative error.
IRN-GMRES-NNR, behaves especially well in this case, with significantly reduced
relative errors even at the end of the second outer cycle. The “jumps” at the be-
ginning of each outer IRN-GMRES-NNR iteration are due to the strategy used for
restarts (the older basis vectors are cleared at each restart).

Figure displays the exact and the corrupted images, as well as the best recon-
structions computed by LR-FGMRES and IRN-GMRES-NNR: these are obtained
at the 47th and the 189th (total) iteration of LR-FGMRES and IRN-GMRES-NNR,
respectively. By looking at relative errors in Figure we see that LR-FGMRES
is the second best out of all methods, and yet the quality of the solution is inferior
compared to IRN-GMRES-NNR. Compared to the LR-FGMRES solution, the IRN-
GMRES-NNR one is a more truthful reconstruction of the exact image: it not only
has less artifacts immediately around the stars, but also has less background noise,
in the sense that the pixel intensities in the background are closer to the true ones

(as it can be seen by looking at the background color).

exact blurred & noise LR-FGMRES IRN-GMRES-NNR

Figure 5.2: Ezample 1. Exact and corrupted test images, together with the best
reconstructions obtained by the LR-FGMRES and the IRN-GMRES-NNR methods.
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More details can be spotted if we zoom into the central part (51 x 51 pixels) of the
computed images, as shown in Figure[5.3} here the best LR-FGMRES reconstruction,
as well as the IRN-GMRES-NNR reconstructions at the end of the 2nd, 3rd and 4th
inner cycles are displayed. It is clear that the IRN reconstructions are improving
over each outer cycle, and that even the solution at the end of the 2nd cycle is
significantly better than the LR-FGMRES solution, which means that not all four
outer iterations need to be run to achieve solutions of superior qualities (even if more

outer iterations allow further improvement in the solution).

LR-FGMRES 2nd IRN cycle 3rd IRN cycle 4th IRN cycle

Figure 5.3: Ezxample 1. Zoom-ins of the LR-FGMRES best solution, and the IRN-
GMRES-NNR solutions at the end of each inner cycle.

Figure displays surface plots of the central part (51 x 51 pixels) of the test
problem data, as well as the best reconstructed images (for RS-LR-GMRES and
FGMRES-NNR these are obtained at the 165th and the 63th (total) iterations,
respectively). It can be seen that for all the solutions shown here, the reconstructed
central two stars approximately have the same intensity, although they are somewhat
less intense than in the exact image. These surface plots also confirm our earlier

observation that IRN-GMRES-NNR does an exceptional job removing background
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noise. In addition, FGMRES-NNR also gives a good background reconstruction.

exact LR-FGMRES IRN-GMRES-NNR

blurred & noise RS-LR-GMRES FGMRES-NNR

Figure 5.4: Fxample 1. Zoomed-in surfaces of the exact solution and the available
data, as well as the best reconstructions obtained by the new GMRES-based methods.

Finally, Figure displays the singular values of the best solutions obtained
adopting different GMRES-based solvers, as well as the evolution of the singular
values of the solution at the end of each inner IRN-GMRES-NNR cycle (matching
the reconstructions displayed in Figure . The singular values are “normalized”
(i.e., divided by the largest one), and the graphs are cropped to focus on the relevant
values. Looking at the displayed values, we can conclude that the solutions computed
by all the low-rank solvers have indeed some low-rank properties, with very quickly-
decaying large singular values followed by slowly-decaying smaller singular values.
Compared to GMRES, the new FGMRES-NNR and IRN-GMRES-NNR methods

give solutions that have a more pronounced low rank, as shown by the large gaps



75

10%% : 10%¢
O GMRES O k=1
O IRN-GMRES-NNR 0 k=2
FGMRES-NNR k=3
% LR-FGMRES O k=4
* SVT
10 ? 1 10'f O
® 80
0O00000D0D00D00D0D0D0O0O ®
o
10_27 DDDDDDDDDDDDDDDDE]
<><><><><><><><><><><><><><><><>'
‘ ‘ : 10 : ‘ \
1 20 40 60 80 5 10 10 20
comparisons IRN-GMRES-NNR

Figure 5.5: Ezxample 1. Left frame: normalized singular values of the best solutions
computed by each GMRES-based method. Right frame: evolution of the singu-
lar values of the solutions computed by IRN-GMRES-NNR at each outer iteration.
Singular values less than 1073 are omitted.

between the smaller singular values of the solutions computed by these methods.
Regarding IRN-GMRES-NNR, the evolution of the singular values stabilizes as we
move toward later outer iterations, which validates the stopping criterion proposed

in Section .5l

Example 2: Limited Angle Parallel-Ray Tomography. We consider a com-
puted tomography (CT) test problem, modeling an undersampled X-ray scan with
parallel beam geometry. This is a so called “limited angle” CT reconstruction prob-
lem, where the viewing angles for the object span less than 180 degrees. A smooth
and rank-4 phantom is considered, as shown in the leftmost frame of Figure
(note that the yellow straight lines in the northwestern corner do not belong to the

phantom; they are shown for later purposes). Gaussian white noise of level 1072 is
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added to the data. The coefficient matrix A has size 32942 x 65536. Because of this,
among the new solvers, only LR-FLSQR, FLSQR-NNRp, FLSQR-NNRp(v), and
IRN-LSQR-NNRp will be tested, against their standard counterpart LSQR. Recall
that FLSQR-NNRp(v) is the FLSQR-NNRp variant that defines the preconditioners
using the basis vectors of the solution subspace. The hybrid strategy is not used
here, meaning that we set A = 0 for all methods. For this test problem, we con-
sider both the values p = 1 and p = 0.75 (recall that, when p = 1, we omit p from
the notation). The results obtained running the available low-rank solvers SVT and
RS-LR-GMRES are shown, too. Note that RS-LR-GMRES only works for square
matrices A, hence this solver is tested on the normal equations AT Az = ATb, which
is not the problem solved by the other methods (therefore this comparison may not
be completely fair). Parameters for SVT are chosen to be: step size 0, = § = 8x107°
and threshold 7 = 100. RS-LR-GMRES is set to restart every 20 iterations. The
truncation rank is 10 for both basis vectors and solutions, and for both the LR-
FLSQR and the RS-LR-GMRES methods. The maximum number of iterations is
100 for all methods.

Figure[5.6displays the history of the relative errors for LSQR, LR-LSQR, FLSQR-
NNRp, FLSQR-NNRp(v), and IRN-LSQR-NNRp, for p = 1 and p = 0.75. Figure
displays the exact phantom together with the best reconstructions obtained by
LSQR, FLSQR-NNRp(v), and IRN-LSQR-NNR. Figure displays surface plots of
the northwestern corner of the exact and reconstructed phantoms (64 x 64 pixels, as
highlighted in the leftmost frame of Figure [5.7)).

Looking at relative errors in Figure [5.6, it is obvious that the winners are the



77

FLSQR-NNRp(v) methods, with both p = 1 and p = 0.75: they give the lowest
relative errors, and the fastest semi-convergences. For this test problem, using a
value of p < 1 lowers the relative error of FLSQR-NNRp(v); however, the same does
not hold for IRN-LSQR-NNRp. Therefore we can conclude that the the choice of p
is problem and solver dependent, and using p < 1 does not necessarily improve the
quality of the solution. We regard p = 1 as a safe choice for this parameter. Although
both the FLSQR-NNRp(v) methods with p = 1 and p = 0.75 perform well, the latter

is able to further reduce the noise in the reconstructed solution, especially on the

boundary.
1
0.5 b
——FLSQR-NNR
01 4 |—LSaR
[ ~— 1 LR-FLSQR
1 |——RS-LR-GMRES
005 L L L L L L L L L 1 SVT
0 10 20 30 40 50 60 70 80 90 100
1 T T T T T T T T T
0.5 8
L |
——FLSQR-NNR
0.1 4 |——FLSQR-NNR(v)
[ ] FLSQR-NNRp(v)
—— IRN-LSQR-NNR
0.05 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ —— IRN-LSQR-NNRp
0 10 20 30 40 50 60 70 80 90 100

Figure 5.6: Example 2. Relative errors vs. number of iterations for different solvers.
Upper frame: some of the new solvers are compared to the already available solvers.
Lower frame: comparisons of different instances of the new solvers (here p = 0.75).
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exact LSQR FLSQR-NNRp(v)  IRN-LSQR-NNR

Figure 5.7: Fxample 2. Exact phantom and best reconstructions obtained by different
solvers.

FLSQR-NNR(v) FLSQR-NNRp(v) IRN-LSQR-NNR

Figure 5.8: Fzample 2. Surface plots of the northwestern corner of the exact phan-
tom (highlighted in Figure and the best reconstructed phantoms computed by
different solvers.

Looking at all the displayed results, the advantages of our new FLSQR-NNRp(v)

and IRN-LSQR-~-NNR methods are evident. Namely, they produce smooth solutions



79

that preserve the original concave shape of the exact phantom, and they retain sim-
ilar intensities of pixels at the same locations of the exact phantom (although the
LR-FLSQR solution is smooth within the boundary, it fails to reconstruct inten-
sity at the high point). Differences between FLSQR-NNRp(v) and IRN-LSQR-NNR
reconstructions are clear, too: while both are smooth, the IRN-LSQR-~-NNR recon-
struction has a less concave shape compared to that of FLSQR-NNRp(v), but a

smoother boundary.

Example 3: Inpainting. We consider two different inpainting test problems. In-
painting is the process of restoring images that have missing or deteriorated parts.
These images are likely to have quite a few lost pixels, either in the form of salt and
pepper noise, or missing patches with regular or irregular shapes. The two examples
considered here are of different nature: the first one has less structured and more
randomly distributed missing patches, while the second one has more structured and
regularly shaped missing parts. The corrupted images (shown in top-middle frames
of Figures and are constructed by first applying a blur operator, and then

superimposing the undersampling pattern to the ideally exact images (shown in the

top-left frames of Figures |5.11] and |5.13). We follow this particular order of first

blurring and then taking out pixels to simulate the real process of photo-taking. For
both these test problems, white noise of level 1072 is added to the data, and we
consider purely iterative methods (i.e., N = 0). We always take p = 1, and we run
100 iterations of all the methods.

Firstly, we consider a test problem where 58.2% of the pixels are missing (following

some random and not very regular patterns). The exact image is commonly known as
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the house test image, whose rank is 243 and has a total number of 65536 (256 x 256)
pixels; the corrupted image has the same size and number of pixels, but out of which
only 27395 are non-zero. A plot of the singular values of the exact image is shown in
Figure [5.9(a). Correspondingly, the forward operator A is of size 27395 x 65536, so
we have an underdetermined linear system: A is obtained by first applying a shaking
blur, and by then undersampling the blurred image. This can be easily coded within

the IR Tools framework.

10°
107
10—10,
10-15,
‘ ‘ ‘ ‘ X100k ‘ ‘ ‘ ‘ ‘
50 100 150 200 250 50 100 150 200 250
(a). house (b). peppers

Figure 5.9: FExample 3. Singular values of exact test images house and peppers
scaled by the largest singular values respectively.

Figure displays the history of the relative errors for LSQR, LR-FLSQR
(with truncation of the basis vectors for the solution, as well as the solution, to rank
20), FLSQR-NNR, FLSQR-NNR(v) and IRN-LSQR-NNR. Figure displays the
exact and corrupted images, together with the best reconstructions obtained by the
methods listed above: these correspond to the 16th, 32nd, 67th, 30th and 62nd
iterations of LSQR, LR-FLSQR, FLSQR-NNR, FLSQR-NNR(v) and IRN-LSQR-
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NNR, respectively (i.e., these are the iterations where the minimum relative error is

attained over the total 100 iterations).

1

0.5¢

——LSGR
——LR-FLSQR
FLSQR-NNR(v)
01k | |——FLSQR-NNR
—— IRN-LSQR-NNR

Figure 5.10: Ezample 3 (house). Relative errors vs. number of iterations for different
solvers.

LR-FLSQR FLSQR-NNR(v) FLSQR-NNR IRN-LSQR-NNR

Figure 5.11: Ezample 3 (house). Exact and corrupted images; best reconstructions
obtained by standard and new solvers.
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Secondly, we consider a test problem similar to the previous one, i.e., we take an
exact image commonly known as the peppers test image, which has full rank (its
singular values are shown in Figure [5.9(b)), and we obtain the forward operator A
by first applying a shaking blur, and by then undersampling the blurred image. Here
the exact image has a total number of 65536 (256 x 256) pixels, and only around 1.3%
of pixels are missing and should be inpainted: differently from the previous problem,
the missing pixels follow particular patterns (e.g., circles, squares, and rectangles),
and this makes the inpainting task somewhat more challenging. Figure displays
the history of the relative errors for LSQR, LR-FLSQR (with truncation of the basis
vectors for the solution, as well as the solution, to rank 50), FLSQR-NNR, FLSQR-
NNR(v) and IRN-LSQR-NNR. Figure displays the exact and corrupted images,
together with the best reconstructions obtained by the methods listed above: these
correspond to the 11th, 18th, 60th, 33rd and 34th iterations of LSQR, LR-FLSQR,
FLSQR-NNR, FLSQR-NNR(v) and IRN-LSQR-NNR, respectively (i.e., these are the
iterations where the minimum relative error is attained over the total 100 iterations).

1

05 _

——LSQR
——LR-FLSQR
FLSQR-NNR(v)
—— FLSQR-NNR
—— IRN-LSQR-NNR

0.05 I | | I | | | | | |
0 10 20 30 40 50 60 70 80 90 100

Figure 5.12: Ezample 8 (peppers). Relative errors vs. number of iterations for
different solvers.
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e

Figure 5.13: Ezample 3 (peppers). Exact and corrupted images; best reconstructions
obtained by standard and new solvers.

It is evident that FLSQR-NNR(v) achieves reconstructions of superior quality,
including clarity, brightness, and smoothness. Its ability to fill-in missing spots with
pixels that are of similar intensity to their surroundings is the best among all meth-
ods. The best reconstructions are computed by IRN-LSQR-NNR for the house test
image, and by FLSQR-NNR for the pepper test image: in both cases, these methods
are also good at removing noise and restoring missing pixels. However, for both test
images, the reconstructions obtained by IRN-LSQR-NNR lack clarity compared to
ones obtained by both FLSQR-NNR and FLSQR-NNR(v) methods; compared to the
reconstructions obtained by LSQR and LR-FLSQR, they are anyway more desirable
in terms of recovered brightness and fill-in of the missing pixels. Moreover, we have

seen in these two examples that our newly proposed methods perform very well not
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only for low rank, but also for full or nearly full rank image reconstruction, thanks
to the regularizing properties of our newly derived “preconditioners” (W), and Sj.
Our methods can also be extensively tested for higher noise levels (for example, 1071)
and yield similar results. However, for space considerations we are not able to show

all of them here.

5.2.1 A Note on Regularization Parameters

In the previous examples we have seen that the IRN-NNR methods and the flexible
Krylov NNR methods perform exceptionally well on image deblurring, tomography,
and inpainting problems, producing superior reconstructions compared to existing
methods including SVT, RS-LR-GMRES and the low-rank flexible Krylov methods
inspired by RS-LR-GMRES, even without the use of additional regularization. In
this section, we explore the effect of additional regularization (i.e., we set \ 0)
on the reconstructed images and the corresponding relative errors. In particular,
additional regularization allows the new methods to be used in a hybrid fashion. We
are going to observe that there is only little to negligible room for the methods to
improve when they are used in a hybrid fashion (as their performance is already very
good with A = 0).

We consider three different ways of choosing the regularization parameter A. (i)
We take the “secant method” mentioned in Section [£.5] which updates the regular-
ization parameter at each iteration using the discrepancy. (ii) We select the optimal
regularization parameter which minimizes the 2-norm of the difference between the

exact solution and the regularized solution at each iteration. Namely, when using
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standard GMRES and LSQR, at the mth iteration we seek to minimize with respect

to A

|2 — 2,5 = Vil — V]2

sl = V™ =y, 5

when using the IRN methods we should incorporate the appropriate preconditioners
(W) and Sy and, for all the iterations in the inner iteration cycle corresponding

to the kth outer iteration, we seek to minimize with respect to )
|2~ Voy,, 5l = [V 2=V, Viuy,, 5l = [V, 2% ~y,, 5], where 2™ = (W)),.Spa™.

It is intrinsically difficult to implement this strategy for flexible Krylov subspace
methods, because of the complexity of changing preconditioners at each iteration.
(iii) We perform a manual exhaustive search. Namely, we first run the solvers multi-
ple times using various regularization parameters X, starting with a larger range and
narrowing down to a smaller range containing the best parameter; we then record
the minimum relative errors among all iterations for all values of 3\, and select the
corresponding \. This approach is the most expensive one, and differs from the pre-
vious one in that the (optimal) regularization parameter ) is fixed for all iterations.
Of course, both the second and third approaches require the knowledge of the exact
solution and we test them only to investigate the best possible performance of the
hybrid approach.

Table[5.1]compares the performances (in terms of minimum relative error achieved
by each method) of standard Krylov methods (GMRES and LSQR) and their IRN-
NNR and flexible NNR (F-NNR) counterparts, with and without using a hybrid
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approach. In this way we can understand how the use of additional regularization
affects each solver differently. The three parameter choice methods described above
are called “Secant (1)”, “Optimal (ii)” and “Fixed (iii)”, respectively. All the previous
examples are considered here. GMRES and its counterparts IRN-GMRES-NNR,
FGMRES-NNR are used for Example 1, while LSQR and its counterparts IRN-
LSQR-NNR, FLSQR-NNR(v) are used for Examples 2 and 3.

A=0]X20 [ X=0]X#0 [ X=0]X#0 | X=0] X#0

Ezample 1 Ezample 2 Ez. 3 (house) | Fz. 3 (peppers)
i) 0.2995 | 0.2528 | 0.1201 | 0.1389 | 0.2712 | 0.2715 | 0.1141 | 0.1138
i) | 0.2995 | 0.2268 | 0.1201 | 0.1201 | 0.2712 | 0.2710 | 0.1141 | 0.1138
iii) | 0.2995 | 0.2268 | 0.1201 | 0.1183 | 0.2712 | 0.2710 | 0.1141 | 0.1138

(

(

(

(i) 0.2081 | 0.2096 | 0.0685 | 0.0696 | 0.1249 | 0.1250 | 0.0964 | 0.0967
IRN-NNR | (ii) | 0.2081 | 0.2292 | 0.0685 | 0.0685 | 0.1249 | 0.1249 | 0.0964 | 0.0964

(iii

(

(

Standard

iii) | 0.2081 X 0.0685 | 0.0660 | 0.1249 X 0.0964 | 0.0960

i) 0.2829 | 0.2658 | 0.0577 | 0.0684 | 0.1035 | 0.1046 | 0.0625 | 0.0618
iii) | 0.2829 | 0.2640 | 0.0577 | 0.0568 | 0.1035 X 0.0625 | 0.0618

F-NNR

~

Table 5.1: Minimum relative errors without (A = 0) and with (A # 0) a hybrid
approach using various regularization parameter setting techniques: (i) secant; (ii)
optimal; (iii) fixed. The mark “X” means that the optimal regularization parameter
found by the “Fixed (iii)” method is 107! hence there is no need for additional
regularization.

It is easy to observe that the use of additional regularization is most effective for
the standard GMRES solver, where the minimum relative error is reduced signifi-
cantly. However, for the other solvers, the hybrid approach does not have a notable
advantage over not using regularization. At times the “Fixed (iii)” parameter choice
strategy delivers a regularization parameter of the order of 1071, which is numeri-
cally equivalent to not having regularization. This indicates that our new IRN-NNR

and F-NNR methods are successful in computing good reconstructions and, even
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without additional regularization, they perform much better than standard Krylov
methods used in a hybrid fashion (comparing IRN-GMRES-NNR to GMRES in Ex-
ample 1, and FLSQR-NNR(v) to LSQR in the other examples). Figure shows

a couple of such comparisons.

E 2 a b .
hybrid GMRES IRN-GMRES-NNR  hybrid LSQR ~ FLSQR-NNR(v)

Figure 5.14: Reconstructions obtained by standard hybrid Krylov methods and by
the new methods without using additional regularization. Left side: zoomed in
surface plots of the reconstructions of Ezample 1; right side: reconstructions of
Ezample 3 (peppers).
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Chapter 6

Extended Application: Model
Calibration for Computed

Tomography

In Chapter[5], we explored the effect of Krylov subspace methods, including the newly
developed low-rank, nuclear norm based methods (as described in Chapter [4)) on a
variety of image reconstruction problems: image deblurring, computed tomography;,
as well as inpainting. All these applications share the property that the forward
operator A is fixed, and that we are performing minimization with respect to one
unknown: x.

However, this is not the case for all imaging applications. For example, the
advancement of x-ray science and optics technologies has enabled improved spatial

resolution and increased sample clarity, but meanwhile, reconstructions of the im-
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aged object have become more susceptible to random errors and systematic errors
such as drifts in scanning probes, leading to distorted images with decreased resolu-
tion, or even misrepresentation of structure. As another example, in the diagnosis
and management of infectious diseases such as Covid-19, where portable tomosyn-
thesis machines are brought to the location of patients to help minimize the risk
of cross-infection [9], B8], more experimental errors such as inaccurate calibration of
geometry parameters (e.g., source to object distance, source orientation) are intro-
duced, making the image acquisition and reconstruction processes more challenging.
Due to these uncertainties, forward models that describe the forward process only
approximate the reality to some extent, and without proper model calibration, qual-
ity of the solutions will be degraded. Using mathematical language — when working
on the corresponding inverse problem, we need to take into account an additional set
of unknown parameters p that the forward operator A is dependent on. So instead

of ([1.3]), we need to solve the following problem:

min | A(p) — bl} + AR(2). (6.1)

)

A lot of work has been done in various applications, such as scanning position
error correction for image reconstruction in the fields of electron tomography [10] 26]
and ptychography [3] 37], addressing the importance of accurate system modeling.
In the field of X-ray tomography, scientists at Argonne National Laboratory have
developed algorithms to calibrate the center of rotation errors [2] using numerical
optimization, and drifts in scanning positions [36] using targeted calibration models.

In the application where uncertain view angles need to be estimated for computed
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tomography in addition to image reconstruction, approaches such as uncertainty
quantification have been proposed, and they seek to quantify scanning angles via
a model-discrepancy formulation [58, 59]. Though very different from each other
in nature, many of these methods share a similar framework called the block coor-
dinate descent (BCD), which alternatively optimizes for the unknown parameters
and the image of interest. In this Chapter, we investigate two applications related
to computed tomography (CT) reconstruction: parallel and fan-beamed, where the
formulation (6.1)) is appropriate since model calibration is required, and BCD type

methods will be investigated.

6.1 Parallel Tomography

We consider the identical parallel-beam x-ray tomography problem as put forward
in [36] by Huang, Di and Wild. Scanning positions that shoot parallel x-ray beams
through the object are assumed to be equally-spaced with a fixed step size A. These
theoretical scanning positions and theoretical beams are marked by green dots and
green dashed lines in Figure [6.1] Mechanical errors in the equipment can result in
errors (called drifts) in the scanning positions. As illustrated in Figure , the true,
drifted scanning positions are marked by purple dots, true beams by purple dashed
lines, and the amount of drift for the beam 7 is marked A,. A range [—Amax, Amax]
exists for possible values of A.. The existence of these unknown drifts in the scanning
positions can cause the image reconstruction quality to be deteriorated, and the

larger the amount of drift, the worse the quality. This is because these unknown
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drifts cause the true forward operator to be different from the theoretical forward
model that is constructed without considering drifts. Aside from drift in scanning

positions, additive white Gaussian noise is also present in the sinogram.

g y @ True scanning position

o > ® Theoretical scanning position

Rotation

.
0
0
0
O
0
0
0
0
O
e,
C

.
0
.
0
0

Figure 6.1: Parallel tomography illustration from [36].

The object is an image of size n x n, which is vectorized and denoted by x € RY.
The true forward operator A maps the object to the true sinogram b (vectorized
from B). Note that A and b are “true” quantities meaning that they are obtained
from the experiments and are contaminated by both drift and noise. We denote the
theoretical forward operator by Ay (the one that we know). The object is rotated
Ny times for scanning, each with N, parallel beams. Hence the sinogram is an image
of size N, x Ny, and it is then vectorized into b. Additive Gaussian noise in b is
denoted by 1 so that b = b + 1. For simplicity, it is assumed in [36] that after each

rotation of the object, the drifts in the scanning positions remain the same, so the
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drifts in beams don’t depend on the rotation angle, and there are only N, unknown
drifts. We denote the vector of drifts A, as 7.

To obtain the reconstruction x, the following minimization problem is formulated:

1
min 5\|A(<§T)w —b|* + \R(x), (6.2)

where R(x) is the regularization term and A > 0 is the regularization parameter.
Due to the presence of unknown drifts, the following algorithm (Algorithm is
proposed in [36], which is essentially a block coordinate descent (BCD) algorithm
that alternatively optimizes with respect to « and 7 using drift information obtained

in each iteration.

Algorithm 11 Optimization Algorithm for Parallel CT Problem

1: Input: b, Ao, (58 =0 )\0, k’max

2: Solve for ¢y = 5 argmin, | Aoz — bl + AR ()

3: for k=1, , kmax do

4:  Estimate 0], construct P, = P(6]), and update Ay = Py Ay
5:  Choose A\

6:  Solve for @), = 5 argmin, [ Az — b|> + AR (x)

7. end for

8 Output: xy

To construct Py in step 4 of Algorithm [I1] firstly, drifts are estimated by match-
ing the true sinogram B (i.e., observed sinogram) to the “updated” sinogram B*
obtained by reshaping Aj_1@;_1 to matrix form. That is, for the 7th beam, the
estimated drift is computed by minimizing (among all possible drift values) the dif-
ference between the 7th column of B and an interpolation of corresponding columns

of B*. After the drift is estimated for every beam, the interpolation matrix Pj is
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then computed by a closed-form formula. For more details on constructing P, from
T, we refer the readers to [36].

When it comes to choosing a regularization parameter \; in each iteration in Step
5, the paper [36] uses a heuristic approach based on the idea that as k (the number of
iterations) increases, @; becomes a better approximation, and the problem becomes
less ill-posed. Therefore, it is natural to decrease Ay as we move forward. For this
approach, a first Ao and last Agpay (Ao > Arpax) need to be picked beforehand,
and intermediate \;’s are chosen so that they are equally spaced. Using MATLAB

notation, the A\;’s for k = 1,--- , kmax take values in the vector
linspace(Ao, Axpax> 1 + Kmax)- (6.3)

As we attempt to come up with a more systematic way of choosing \;’s, we are
immediately reminded of the discrepancy principle based adpative approach that is
used for hybrid Krylov subspace methods [21] described in Section . A similar

idea can be applied here. Firstly, let x; y be the solution to
1 9
min §|\Akm —b|* + \0(x), (6.4)
and define 1 (\) in the same way as (2.15)):
() = [Agzp\ — . (6.5)

Since derivation steps are pretty much the same as in Section [2.4), we omit the
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redundant steps here and present the final formula directly. Given noise level € = |n]|z

and u g 1, A\x can be updated as follows:

pre — V(0)

M= V(A1) — ¥x(0)

Aot (6.6)

For both Krylov subspace methods and Algorithm [11] ¢4 (A;_1) can be obtained
relatively easily. An advantage of Krylov subspace methods is that the residual
Yi(0) = |Agxr,o — b| can be obtained directly without solving for x;o. However, for
Algorithm m, we need to solve for @y in order to compute ¢, (0). The same solver
for step 6 can be used here. And to speed it up, there are a few things we can do.

For example, we could

e increase the tolerance for the solver’s stopping criterion (since we only need

the residual, the solution doesn’t need to be very accurate), and

e take x;_10 to be the starting guess for the solver (as observed with this
discrepancy-base parameter selecting approach, the value of ¥ (0) would grad-

ually stabilize as k increases).

For step 6 in Algorithm , the Two-Step Iterative Shrinkage/Thresholding (TwIST)
solver [5] used with TV regularization is considered in [36]. However, other linear
solvers, such as Krylov subspace methods (e.g. LSQR) can also be applied in this
step. In the upcoming subsection, we will investigate the performance of Algorithm
on the parallel tomography reconstruction problem that requires parameter cali-

bration. We will first follow [36] to use TwIST as the linear solver, and explore the

effect of the adaptive A\ choosing approach against the old approach ([6.3) when
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applied to the BCD algorithm. In addition, we will also observe how solutions differ

if we adopt Krylov methods in the linear step.

6.1.1 Numerical Examples

Using TwIST with TV Regularization. In this part, we demonstrate the
performance of Algorithm in which TwIST [5] with TV regularization is used
in the linear step (step 6). We perform tests for different drift levels, namely,
Apax = max A, € {A;3A,5A}. Recall that A, is drift in beam 7, and A is equal
to the theoretical step size between adjacent x-ray beams. For each case, to further
test the robustness of the proposed method, we superimpose two levels of Gaussian
noise to the sinogram b (simulated with the assigned drifts) with standard deviation
o equal to 0.01 and 0.02 respectively. Note that b is first “normalized” by its largest
element before noise is added, after which b is scaled back to its original scale. Two

test images of size 256 by 256 are used: Brain and Phantom, and they are displayed

in Figure [6.2

Figure 6.2: Test images Brain (left) and Phantom (right).

We adopt the test metric PSNR (peak signal to noise ratio) to be consistent with
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[36]. The larger PSNR is, the better the image reconstruction. The stopping criterion
for TwIST is when the number of iterations reaches 500 or when the relative change
in the objective function is less than or equal to 10~*. And the stopping criterion
for the outer iterations (i.e., BCD iterations) is if the change in relative residual is
small, i.e.,

1 1
§HAkmk — b”g — EHAk—lmk—l — b”% < 10_3. (67)

Note that in this experimental setting, in order to use the adaptive A setting
approach (6.6]), we need the noise level € = |n||s, but it is not readily available. We
are only given standard deviation of the noise, o, and an estimate of the noise level

e can be obtained using the following formula,

€= HTIH2 ~ biax/ Ny Nyo, (6'8)

where b,y is the maximum element in b. Since this is very likely an overestimate (be-
cause it is estimated with b,y ), in practice, we can actually take pe & byaxy/ Ny Noo
without explicitly defining p g 1 when updating A\, using . It is also worth
mentioning how we set the initial regularization parameter Ag. In order to have the
initial Ay reflect well the level of noise from two main sources, the white noise and ex-
perimental drifts, in our problem, we propose the following formula for constructing
Ao:

Ao = 0.001(1 + 0)(1 + Apax)- (6.9)

Table[6.1]displays the PSNR values (in dB) for a variety of test cases with different

objects, different maximum drift levels and different noise levels. We compare results
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of the baseline approach (i.e., solving the linear system directly without calibrating
drift) and the heuristic approach (i.e., Algorithm (11| using the heuristic A choosing
method against the adaptive regularization parameter setting approach .
The presented PSNR values for the adaptive approach are given by the convergent
iterations for each test case. For the heuristic approach, we take the 10th iteration,
at which )\ is decreased to 0.01\g.

We can observe in Table that in general, the adaptive approach outperforms
both heuristic approach and baseline approach. However, for a few cases with noise
o = 0.02, the PSNR given by “adaptive” is slightly less than the “heuristic” ap-
proach’s PSNR value. This is probably because the estimate for € is less accurate for

larger values of o.

Max Drift A 3A 5A

Noise o 0 0.01 0.02 0 0.01 0.02 0 0.01 0.02
Brain (adap.) | 29.43 26.78 24.61 | 27.01 25.54 23.53 | 25.46 24.90 23.30
Brain (heur.) | 26.99 26.34 25.50 | 24.44 24.38 23.87 | 23.57 23.51 23.34
Brain (base.) | 26.27 24.34 19.90 | 20.73 20.22 18.53 | 18.06 17.80 17.08
Phan (adap.) 26.77 26.05 24.44 | 22.80 22.59 21.96 | 21.75 21.54 21.67
Phan (heur.) | 24.94 24.98 24.82 | 21.19 20.90 20.89 | 19.75 19.86 19.66
Phan (base.) 21.90 21.51 20.53 | 16.58 16.53 16.23 | 14.26 14.22 14.04

Table 6.1: Performance comparison of new adaptive (adap.) method with the base-
line (base.) and heuristic (heur.) methods for three drift levels and three noise levels
on Brain and Phantom (Phan) test images. Test Metric: PSNR (dB).

We visualize the reconstructions of phantom in Figure It is noticeable that
with drift calibration, we are able to recover the fine feature of the object, and in

particular, with the adaptive \; approach, the fine details can be recovered to an
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enhanced contrast comparing to the old approach in average.

A\

Amax = A, 0 =0.02  Apax = 32, 0 = 0.02  Apax = 5A, o0 = 0.02

Figure 6.3: Phantom reconstructions given by Algorithm [11) using TwIST. Top row:
baseline; middle row: heuristic A\;’s; bottom row: adaptive \;’s.

We further investigate the iterative performance of the two approaches choosing
Ax’s in Figure Remarkably, our proposed adaptive way is able to gradually de-
crease A until stabilized. Comparing to the heuristic approach, the proposed formula
promotes the convergence of the performance in a more automatic way. To perform
fair visual comparison, we allow the algorithm to continue until reaching the max-
imum allowed number of iterations. We indicate the convergence of our proposed

adaptive approach on A\ by a red diamond according to stopping criteria [6.7]



PSNR(dB)
N N N
o N S

—
&

16
2 4 6 8 10
Iteration k
|-0 heuristic —adaptive |
-3
5 x10

Iteration k

|-© heuristic  —adaptive |

Apmax = 3A, 0 = 0.02

22

PSNR(dB)
- N
(-] o

16
2 4 6 8 10
Iteration k
\-0 heuristic —adaptive \
g x10°
q
6 ~o
‘\
Kx 4 -] ~ o
Se
w\
2 . _ .
~
0
2 4 6 8 10
lteration k
|-© heuristic  —adaptive |

Apmax = 5A, o = 0.02

99

Figure 6.4: Convergence results for Algorithm [11f on Phantom test image. Top row:
PSNR; bottom row: \.’s

Using Krylov Subspace Methods.

Since the main contribution of this thesis

is the newly developed low-rank Krylov methods, we also put the new methods to

test in this parallel tomography calibration problem. Note that we are applying

these Krylov methods in step 6 of Algorithm [T1] replacing TwIST. Krylov subspace

methods are intrinsically different from the previous TwIST solver, so in this part, we

compare the performance of the new low-rank methods to other Krylov methods in

its family. Namely, we compare the following methods: LSQR (without any form of

regularization), LSQR_tik (LSQR with Tikhonov regularization), LSQR_htv (LSQR

with heuristic TV regularization), as well as the two low rank methods: FLSQR-
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NNR(v) (Section[d.4) and LR-FLSQR (Section[5.1.1)). Implementations of LSQR_tik
and LSQR_htv can be found in IR Tools [17].

We test the Krylov solvers using the Phantom test image as seen in Figure [6.2
We fix the noise standard deviation o to be 0.02, and vary the maximum drift level
so that Apax = max A, € {A;3A,5A}. We set the number of outer iterations to be
20. In terms of inner iterations (i.e., Krylov iterations), we also use 20, but rather
than imposing a stopping criterion, we pick the iteration whose solution has the
lowest relative error compared against the true solution. We do so because we are
interested in comparing the performance of Krylov methods in the best case scenario
(i.e., stopping at lowest relative error). Also, the methods LSQR_tik and LSQR_htv
require regularization parameters, and we follow to adaptively pick a fixed A\

for each outer iteration. This is different from the automatic update of regularization

o
o
o
Z17.5
(2]
o

——LSQR

parameters in the inner Krylov iterations.

225

19 ——LSQR

—LSQR
——LSQR _tik

— LSQR_tik — LSQR_tik s
21 LSQR_htv 185 LSQR_htv 5l 17 LSQR_htv
—— FLSQR-NNR(v) - —— FLSQR-NNR(v) —— FLSQR-NNR(v)
——LR-FLSQR ——LR-FLSQR ——LR-FLSQR

5 10 15 20 5 10 15 20 5 10 15 20
Iteration k Iteration k Iteration k

Apmax = A, o = 0.02 Amax = 37, o = 0.02 Amax = 5A, o = 0.02

Figure 6.5: PSNR convergence plots (Phantom) using Krylov methods. For LR-
FLSQR, truncation ranks x = kg = 50, picked by trial and error.

Figure displays the convergence of PSNR values of the various Krylov meth-
ods. We can easily observe that out of the 5 Krylov methods, LSQR, LSQR_tik

and LSQR_htv behave quite similarly for different drift levels, and all three of these
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Apax = A, 0 =0.02  Apax = 3A, 0 = 0.02  Apax = 5A, 0 = 0.02

Figure 6.6: Phantom reconstructions using Krylov methods. Upper row: LSQR
solutions (no regularization); middle row: LSQR_htv solutions; bottom row: FLSQR-
NNR(v) solutions.

methods are outperformed by the new low-rank Krylov methods FLSQR-NNR(v)
and LR-FLSQR. It is also interesting that for the low drift level A,.x = A, the best-
performing method is LR-FLSQR, while for the higher drift levels A, = 3A and
5A, FLSQR-NNR(v) is the best of all. Furthermore, the improvement in the new
low rank methods over traditional Krylov methods is more apparent for the larger
drift levels. In spite of the improvements, we should also recognize that even when

we are exploiting the Krylov methods to their fullest potential, all Krylov solutions
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are still of lower quality compared to TwIST. The best-performing Krylov methods
give PSNR values that are 1.5-3.5 lower than TwIST.

In Figure we present solutions at the 20th outer iterations of Algorithm
using LSQR, LSQR_htv, and FLSQR-NNR(v). It is easy to see that FLSQR-NNR(v)
renders solutions of the highest clarity compared to the other two — there is less
noise in the background, and the phantom shape is better preserved. However, when
compared to TwIST reconstructions in Figure [6.3] FLSQR-NNR(v) is still lacking

in details (e.g., the three small circles inside the phantom), and are more noisy.

6.2 Fan-Beam Tomography

In this section, we describe a different tomography setup — fan-beam tomography.
That is, instead of a panel that emits parallel x-ray beams, we now have a point
source that emits fan beams, as can be seen in Figure [6.7(a). Ideally, for each
scan, the source should be of equal distance to the object and rotates a fixed angle.
However, this may not be the case for portable CT machines that are subject to
more experimental errors caused by machine transportation. In Figure 6.7(b), the
theoretical location of the center scanning position is shown in light green, but during
the scanning process it may be shifted to the dark green location. Hence, when
reconstructing the imaged object, we also need to take into consideration geometry

parameter calibration.



103

|Source
n

(a). (b).

Figure 6.7: Fan-beam Tomography illustration.

Consider the fan-beam CT image reconstruction problem

min |A(p)z — b|5 + \R(x), (6.10)

)

where A € RM*V is the forward model that depends on geometry parameters p, b €
RM is the observed data (sinogram) perturbed by random noise i (i.e., b = b** +m),
x € RY is the quantity of interest (imaged object), and AR(x) is a regularization
term. In experimental settings, the geometry parameters p may not be exactly
known, but we have an estimate, i.e., their theoretical values. As a result, we need
to both solve for the solution image x and calibrate parameters p. Note also that
b and x are vectorized quantities of the sinogram B € RN *No (where N, is the
number of beams and Ny is the number of scanning angles) and the solution image

X e R™" where N = n?.
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For this problem, we consider two types of uncertainties in the geometry parame-
ters: source to object distances, and scanning angles. Hence the unknown geometry

parameters p € R?M» consist of two components r and d, i.e., p = [r; d], where

reRM = [r;--- ;ry, | are source to object distances with theoretical value 2n, and
de RN = [§Y;--. 3510vp] are perturbation in scanning angles with theoretical value

0. We assume that r; € [1.5n,2.5n] (n is dimension of image) and &¢ € [—0.5,0.5].

Note that technically, N, could be equal to the total number of scanning angles
and can be as large as 180 or 360. For simplification purposes, we start by choosing
N, much smaller than total number of scanning angles (e.g., N, = 3 or N, = 6).
For instance, if we use Ny = 180 scanning angles 0:2:359 and N, = 3, then p € R®,
r, deR? and (r;,0?) would be constant for a set of 180/, = 60 angles.

Similar to what’s described in Section [6.1 a block coordinate descent (BCD)
optimization algorithm may be used to alternatively solve for  and p in Problem
(6.10). The idea is simple: for the unknowns « and p, we can fix one and solve for
the other, and repeat this process multiple times. Since we are given the theoretical
value of p, we can use it as an initial guess py, and start from here to solve for xq,
then py, ®1, P2, T2, -+, etc. The BCD method is summarized in Algorithm
Note that our version of BCD (Algorithm is sometimes also called alternating
minimization.

The linear steps 2 and 6 of Algorithm can be solved with a linear inverse
problem solver such as LSQR. But for the model update step (step 4), since A de-
pends nonlinearly on p, we need to use a nonlinear solver such as Gauss-Newton

based imfil [42], and this nonlinear step can be expensive for large values of N,,.
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Algorithm 12 BCD for fan-beam CT problem

: Input: b, pg, Ag = A(po)
Aoz — b|> + M| z|l3

-

1

2: Solve for xy = arg min
3: for k=1,--- do

4:

5. Update Ay = A(px)
6:

7: end for

8: return x;

Solve for pj, = argmin,, || A(p)x; — b|?

Solve for @), = argmin,, |Azz — b|* + A\i|z|3

Note that for this step, we can actually reduce problem size by exploiting separa-

bility of A(p). That is, the minimization problem in step 4 of Algorithm [12 can be

equivalently written as

min

A(pr) ]

by
by

by

P

= Z |A(p)z — bif* (6.11)

=1

By doing so, we divide the big nonlinear problem into NV, small problems, which can

be solved in parallel. The separability property works very well with our proposed

BCD framework, but other approaches such as variable projection [53, 55] would not

be able to utilize this nice property. On the other hand, the nonlinear solver can

depend heavily on the initial guess, and may converge to a local minimum rather than

the global minimum, which affects all subsequent x;’s and p,’s. Hence, although we

can conveniently define py as the theoretical value for p, it might be worthwhile to

look for other ways of defining py that allows for better convergence of the overall
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BCD solver.

Since the nonlinear optimization step is very costly and takes a long time to run,
it would be even better if we can find a way to avoid running this step. Inspired
by [1], which trains neural networks to learn regularization parameters for inverse
problems, we are interested in building machine learning models to learn the unknown
CT geometry parameters. In other words, by training a machine learning model
d:b— p that maps sinogram b to geometry parameters p, we may be able to avoid
running the alternating minimization scheme. And as a result, we only need to run

one linear step to solve for . This framework is summarized in Algorithm [13]

Algorithm 13 Learning Geometry Parameters

1: offline phase

2:  For j =1,---,J, randomly generate geometry parameters p;, noise 7;, and
generate training data b; = A(p;)z§* + n;

3:  Train model ® which maps observation b onto geometry parameters p

4: online phase R

5. For new data bj, predict parameters p;; = ®(bj)

6:  Solve inverse problem ming |A(p; )z — b|* + AR (x)

To train the model ® : b — p, we need the following training data:

e BeR/*Mig (feature) matrix with J rows. Each row is a vectorized sinogram b;
of length M, constructed using random 7; and 5?, with superimposed Gaussian
noise, ie., b; = A(r;,87)x* + n;, with «$* the true phantom and 7); the

random noise vector.

e R, D e RN are matrices of true geometry parameters, with rows r; and (5?

corresponding to sinogram b;.
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One important consideration during the training phase is choosing the phantom

ex

images ;

. If we fix {* to be a constant phantom image for all j, then we would
expect that the trained model only works well for the phantom that the model is
trained on. In other words, the model would be best at predicting CT geometry
parameters when the phantom being reconstructed is the same phantom that the
training data is built upon, and may not generalize well to other phantoms. Since
in a real-world CT reconstruction problem, we do not know what the phantom is,
using a model that is trained upon a fixed phantom may not render good solutions.

However, if we use different phantoms x{*’s when generating the training data,
the model may become confused due to the problem of non-uniqueness. It is possible
that there exist (p1,@1), (P2, ®2) with p; # ps and x; # xs, such that A(py)x; =
A(ps)xs = b. This means that the mapping d:b— p may not be one-to-one.
Therefore, the model may predict parameters p that are very far from the true
value, thus rendering far-from-true solution @ in Algorithm [13]

Disturbance-based strategies have been used in applications like Power Systems
[35, [71] to help with non-uniqueness. If we translate this strategy into our context,
we may apply “disturbances”, i.e., different phantoms and different noise levels to
generate many training samples that correspond to the same set of geometry pa-
rameters p. That is, for each p, we generate [ training samples b; = A(p)x; + n;

for i« = 1,--- .1 using [ different phantoms and noise levels. We will see how the

disturbance-based strategy performs in Section [6.2.2]
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6.2.1 Hybrid ML-BCD Method

In this Section, we describe a hybrid method that combines machine learning with
block coordinate descent for solving . We will also explain technical details for
training the machine learning model.

We have mentioned previously that the machine learning problem of learning
geometry parameters when the phantom m?x is not fixed in the training data may
suffer from non-uniqueness. Although in our experience, using Algorithm [13|with an
ML model trained using non-fixed x{*’s does not deliver solutions that are too far
from the true images, we do notice that relative errors in the predicted parameters
on the testing set have increased compared to the case with a fixed zc?x, but the
relative errors are still very low compared to the theoretical values (more on this in
Section .

One natural approach that comes to mind is using a hybrid method that combines
a machine learning model and BCD. That is, we may first use the trained ML model
to predict p, then feed the predicted p as a starting guess to the BCD algorithm to
run a few iterations to refine the solution. This hybrid framework is described in

Algorithm [I4]

Algorithm 14 ML-BCD hybrid framework
1: offline phase R
2:  Use offline phase in Algorithm |13|to train ML model ® : b — p
3: online phase R
4:  (predict) For new data b;/, predict parameters p; = ®(b;)
5. (refine) Run Algorithm (12| with py = p; and Ay = A(p;)

While there are many machine learning models to choose from, we consider one
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of the simplest models — a multi-output linear regression model, which can also be
thought of as a one-layer neural network. This ML model assumes a linear relation-
ship between input and output, and for simplicity, we take a zero bias term. To build

this model, we learn weights W e RM>*2N» by solving the least squares problem

win |BW — [R D]|>. (6.12)
Then, given new data b;, we simply need to compute p; = [rj; 5?,] = b?W to

obtain the predicted geometry parameters, which can be fed as initial guess pg into
the BCD algorithm. We have chosen the loss function to be || - |4, which makes
the minimization problem separable (similar to the nonlinear step of BCD). Since

R = [R;--- Ry,| with column vectors R;, and D = [D;---Dy,| with column

vectors D;, (6.12)) is equivalent to

Np Np

i B 2 . ~ )
2 i, [ BWei = Reff + 3, i, |BW; - Diff (6.13)

where W,; and Wy; are column vectors of W5 and Wp such that Wr = [W,.; --- W, y, |,

Wp = [Wy, - Wy, ], and W = [Wy Wp]. The sub-problems miny, , [BW,,; —

R;|3 and miny,, HﬁWd’i — D;|3 are large and non-square linear systems, and we
need to use an iterative solver such as LSQR to solve each of them. Algorithm

contains more detailed description of the hybrid method.
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Algorithm 15 ML-BCD hybrid algorithm
1: offline phase - training ML model
2:  Generate training data B, R and D R
3:  Compute ML model weights W that is the solution to miny, | BW —[R D]|%

>

online phase - prediction and BCD
5. For new data bj, predict geometry parameters p;; = [r; 5?,] = b?W
Set pop = p;s and Ag = A(pj), and solve for &y = arg min,, | Aoz —b|? + Ao z||3

Alternatively optimize for p; and x;, for £ = 1,2,--- as in Algorithm
Return xy,

6.2.2 Numerical Examples

In this Section, we present several numerical experiments comparing performances
of Algorithms [12] [I3] and [I5] We have used the PRtomo function of IRTools [17] to
generate all training data in this section. The linear solver used is IRhybrid_lsqr
from IRTools and the nonlinear solver is imfil [42]. While there are many linear
solvers to choose from, the purpose of the numerical experiments is to compare differ-
ent algorithms that simultaneously reconstructs the image and calibrates geometry
parameters, not comparing performances of different linear solvers, so we will have

a fair comparison as along as we fix the linear solver.

Test 1: 64 by 64 fixed phantom problem with N, = 3. We first consider a
64 x 64 fixed Shepp-Logan phantom as x§* V;j when generating the training data. We
use 180 scanning angles, i.e., 0:2:359 and N, = 3, so there are 6 unknown geometry
parameters in total: 3 7;’s and 3 6?’s, with each pair of (r;,?) corresponding to 60

adjacent scanning angles. As a result, each b; € R!63%0 s0 B € R7*16380 R and
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D e R19380%3 Random white noise with fixed noise level 0.01 is superimposed onto
each b;.

We have generated training data B , R and D with J = 20000 training samples,
and an additional testing set étes‘m Riegt, and Dyegt of 2000 samples. We train ML
model weights using the method described in Section [6.2.1] i.e., computing weight
matrix W = [Wxr Wp] by solving every subproblem of . We train weights
W using training sets of different sizes: 2000, 4000, 6000, ---, 20000, compute the

predicted geometry parameters
Rpred = BiestWr  and Dpred = Biest W,

and evaluate testing errors

HRpred — Ryestl|r and HDpred — Dyest|r
| Rtest|r | Dtest | r

on the testing set of 2000 samples. We plot testing errors against training set size in

Figure [6.8]
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Figure 6.8: Relative errors in Ry oq (left) and Dy, g (right) on testing set.
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We can observe that as the training set size increases, relative error in the pre-
dicted geometry parameters decreases. This is because as the training set becomes
larger, it covers more variations in the different combinations of geometry parame-
ters, which makes predictions more accurate. Also, the relative errors in Rpred and
Dpred are very different in magnitude, meaning that it is much easier to predict r

parameters more accurately.

Uncalibrated. Perfect calibration. ML solution. BCD solution.

Figure 6.9: Phantom reconstructions of 3 testing samples that share the same under-
lying phantom with training set (1 testing sample per row). 1st column: solutions
using theoretical parameters (i.e., uncalibrated). 2nd column: solutions using true
parameters (i.e. perfect calibration). 3rd column: solutions using ML-predicted pa-
rameters (Algorithm. 4th column: solutions using 10 BCD iterations (Algorithm

19)
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Figure shows solutions using theoretical parameters, true parameters, ML-
predicted parameters (Algorithm , and BCD (Algorithm . The ML model
weights are trained on a training set of size 20000. We can observe in Figure that
if we leave the geometry parameters uncalibrated, the solution images will have very
poor quality. If we use the BCD scheme (Algorithm , the reconstruction quality
seems to have improved, but the solutions are still fuzzy and unclear. Using Algo-
rithm [I3] to predict geometry parameters using learned ML model weights, we obtain
highly accurate solutions, resembling solutions computed using the true parameters

(which represents to the case of perfect calibration).

Uncalibrated. Perfect calibration. ML solution. BCD solution.

Figure 6.10: Phantom reconstructions of 2 testing samples that have different un-
derlying phantom than training set (1 testing sample per row). Column order same

as Figure [6.9]

The model weights trained in this test is based on training data generated with
the same phantom. Therefore, if the solution image we are looking for is different

from the phantom that the weights are trained on, then the ML model may not gen-
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eralize well. As we observe in Figure the test samples have different underlying
phantoms (different from what’s in the training data). As a result, Algorithm [13no

longer yields accurate solutions, and no longer has an advantage over BCD.

Test 2: Testing Disturbances. While we want to train models that generalize
well to different phantoms, the problem of non-uniqueness may affect the training

of machine learning models. In this test, we explore the effect of disturbances by

generating the training data using different phantoms x*’s. Examples of such phan-
toms used are shown in Figure It can be seen that each phantom is created
by altering the original phantom by randomly removing ellipses and slightly varying
ellipse sizes and angles. Random noise of noise level chosen randomly in the range

0.1% to 2% is superimposed to each sample.

Figure 6.11: Examples of different phantoms used.

Two training sets are created. We apply the disturbance strategy in the first
training set by generating 5 different phantoms and noise levels for each p;, with
7000 p,’s in total, i.e., there are 35000 samples in the data set. As a frame of
reference, we compare results given by another training set of the same size, but
without disturbances. That is, 35000 samples each with a different p;, phantom and

noise level.
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We use these two training sets and subsets of the data sets to train ML model
weights. We compare the relative errors of the ML-predicted p for the testing set
consisting of 1000 samples (generated with different samples in the same way as il-
lustrated in Figure . In Figure we show convergence of relative errors in
the geometry parameters Rpred and Dpred predicted by ML models trained using
5000:5000:35000 samples of the two data sets. Note that, for example, with the train-
ing set size 15000, one training set consists of 3000 p;’s each having 5 disturbances
(i.e., phantoms and noise levels), the other training set has 15000 p;’s (each having
their own phantom and noise level). We also notice that when the model is trained
on training data generated using different phantoms, the relative errors in the geom-
etry parameters are around 10 times larger than the relative errors presented in Test

1 due to the variance of phantoms.

0% ‘ ‘ : : 1.1 ; ; ; : :
—e— with disturbances —e— with disturbances
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1.05 4
H 3
o o™
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w |
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© ]
o
= 091
. . . . . 0.85 . . . . .
0.5 1 1.5 2 2.5 3 3.5 0.5 1 1.5 2 25 3 3.5
Training Set Size x10* Training Set Size x10*

Figure 6.12: Relative errors in Rpred and D.,..q on testing set.

pre

We see in Figure that the relative errors decrease for both training sets as
training set size increases. If we compare the relative errors vertically, we can see that

the errors are not so different for the two training sets. The slight difference may be
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caused by randomness in generating the two sets. We believe it’s only fair to compare
results using training sets of the same size, since, for example, if we compare results
given by one training set of 5000 samples with results given by another training
set of 5000 samples each with 5 disturbances, the decrease in relative errors may
be caused by the increased training set size, not disturbance. Therefore, given the
results in this test, it is hard to conclude that disturbances help improve accuracy in

the predicted geometry parameters.

Test 3: 128 by 238 varying phantom problem with N, = 6. We have ob-
served in Tests 1 and 2 that errors in the predicted geometry parameters would
increase if the ML model is not trained and tested on the same phantom images. We
have also seen that, in this case, although errors in 8° are quite large, relative errors
in 7 are still relatively low.

In this test, we focus on the case where phantoms vary across training and testing
samples. We increase phantom size to n = 128 and number of geometry parameters
to N, = 6. Hence, with 180 scanning angles 0:2:358, each pair of (r;,d?) will be
constant for 30 adjacent angles. and compare solutions of the BCD (Algorithm ,
ML (Algorithm and ML-BCD hybrid (Algorithm [15) methods. The ML weights
are trained using the 40000 training samples. We evaluate the ML-BCD hybrid
method and BCD method (each with 10 iterations) on a testing set of 100 samples,
calculate the relative errors in @y, r, and 67 for each BCD iteration k, and generate

the histograms in Figure [6.13
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Figure 6.13: 1st row: BCD iteration number with the minimum relative error. 2nd
row: minimum relative error across all iterations. 3rd row: relative error at the 10th
BCD iteration.

In the first row of Figure frequencies of the iteration at which the minimum
error occurs are plotted. Note that iteration 0 represents the initial guess, i.e., for
BCD, this would be the uncalibrated solution; and for ML-BCD hybrid, this would be
obtained directly from using ML-predicted parameters without further refining with
BCD. We can draw the conclusion that the hybrid method has better convergence

properties for @, where for nearly 40% percent of testing samples, BCD reaches the
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minimum relative error of x in the last iteration. While for BCD, in more than 50%
percent of testing samples, the minimum relative error in « is either reached at the
initial guess or the first iteration, which means that BCD is not very effective at
improving solution accuracy. This is further confirmed in the distribution of relative
errors in the second and third rows of Figure[6.13| in which we notice that in general,

the relative errors in both the solutions and the calibrated geometry parameters given

by the ML-BCD hybrid method are very low compared to BCD.
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Uncalibrated.  Perfect calibration. =~ ML solution. = Hybrid solution. = BCD solution.

Figure 6.14: Phantom reconstructions of 3 testing samples (1 test sample per row).
Ist column: solutions using theoretical parameters (i.e., uncalibrated). 2nd column:
solutions using true parameters (i.e. perfect calibration). 3rd column: solutions
using ML-predicted parameters (Algorithm . 4th column: solutions using ML-
BCD hybrid method with 10 BCD iterations (Algorithm . 5th column: solutions
using 10 BCD iterations (Algorithm .

In Figure [6.14], we display solutions of 3 test samples using different methods:
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ML-only (Algorithm[13)), ML-BCD hybrid (Algorithm 15 and BCD-only (Algorithm
12)) (solutions at the last BCD iteration are shown). As a point of reference, we also
present the solutions obtained using the true parameters to showcase the best solution
possible. The 3 test samples are randomly picked from the 100 testing samples, and
we see that for 2 out of 3, the BCD refinement step of the hybrid method has improved
solution accuracy over using ML alone, and for these 2 samples, the hybrid solutions
have significantly higher accuracy compared to the BCD solutions. For the first test
sample, however, the BCD-refinement step of the hybrid method seems to not have
improved solution accuracy. This is also expected because we have observed in the
histograms of Figure that in some cases, the hybrid method may not work so
well — but it is evident that ML-BCD hybrid is more advantageous over BCD on

average in the tasks of parameter calibration and image reconstruction.
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Chapter 7

Conclusions and Future Work

In this thesis, we have introduced novel low-rank solvers for large scale linear systems.
Firstly, we introduced a new Kronecker product summation based technique for
approximating the TSVD for a large matrix A. The TSVD can be thought of as a
low-rank approximation to the original operator A, and by filtering out the small
singular values, it has a regularizing effect on the solution @ to the linear system
(L.1). By exploiting a reordering technique, we can effectively utilize more terms in
the Kronecker summation for A, and produce approximations of higher quality than
existing Kronecker product based approximation methods.

Next, we explored the nuclear norm regularized problem and derived new
solvers, based on Krylov subspace methods, for the computation of approximate
low-rank solutions to large-scale linear systems of equations. The starting point of
our derivations was an IRN approach to the NNRp problem . In this way, the

original problem (4.3)) is reduced to the solution of a sequence of quadratic problems,
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where an appropriate smoothed linear transformation is introduced to approximate
the nondifferentiable nuclear norm regularization term. Our new methods make
smart use of Kronecker product properties to reformulate each quadratic problem
in the IRN sequence as a Tikhonov-regularized problem in standard form. We de-
veloped both Krylov methods with fixed “preconditioners” within an inner-outer
iteration scheme, and Krylov methods with flexible iteration-dependent “precondi-
tioners” within a single iteration scheme. Some of these methods can be used in a
hybrid framework, so that the Tikhonov regularization parameter can be efficiently,
effectively, and adaptively chosen. These new solvers are shown to perform excep-
tionally well on the test problems such as image deblurring and inpainting, and they
give reconstructions of significantly improved quality over existing methods.

In the application of computed tomography, where the forward model A is depen-
dent on unknown geometry parameters p, model calibration is required at the time
of image reconstruction. A block coordinate descent type algorithm can be applied,
where the image & and unknown parameters p are alternatively minimized in each
step. For the minimization with respect to @, our new low-rank Krylov methods also
show improved convergence result and reconstruction quality compared to standard
Krylov methods with classical regularization such as /5. Furthermore, we also pro-
posed an enhanced, hybrid BCD framework that incorporates machine learning for
solving the model calibration problem. By training a machine learning model (multi-
output linear regression model) that maps the observation b to p and feeding the
predicted parameters as initial guesses to BCD, we are able to improve the accuracy

of both the calibrated geometry parameters and the reconstructed image.
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Interesting future directions include, for example, extending present low-rank
Krylov methods to handle cases where the solution of is low-rank but rectangu-
lar, i.e., vec }(x) = X € R™*" with m # n. Also, while a solid theoretical justifica-
tion is provided for IRN-LSQR-NNRp and IRN-GMRES-NNRp, the same is not true
for FGMRES-NNRp and FLSQR-NNRp: further analysis will be needed to deeply
understand the regularization properties of these flexible solvers. In the context of
model calibration, we also see great potential of flexible Krylov subspace methods,
since we may be able to design iteration-dependent “preconditioners” so that they
contain updated information about both the approximate solution & and model pa-
rameters p. State-of-the-art machine learning techniques could be accommodated to
to learn the necessary preconditioners that not only enforce regularization properties
on the solutions, but also improve model accuracy. Inverse problems can be found in
a wide range scientific fields, and is an active, broad and fast-evolving research area.
Although this thesis only scratched the surface of what can be done with inverse
problems, we hope the new methods proposed here will inspire and promote future

research in many other interesting topics.
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