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Abstract 

Investigating Thermal Transport in β-Ta: A Combined Noise and COMSOL Study 
By Zilu Pang 

This work investigates the thermal transport behavior of β-phase tantalum (β-Ta) at 

cryogenic temperatures, focusing on the distinct roles of the metallic leads and the 

substrate in heat dissipation. Using differential noise measurements, a low temperature 

thermal conductivity model of the form κ(T ) = aT + bT3 was developed, capturing 

the combined electron and phonon contribution of heat into the leads. Importantly, 

we restricted our analysis to the thermal broadening region, where voltage bias 

VB is less than crossover voltage Vth, allowing us to treat all measured noise as 

thermal noise. However, the simple model for thermal conductivity through the leads 

breaks down at 2µm length scale, so exploring thermal transport through insulating 

substrate led us to COMSOL simulation. To visualize dissipation pathways within 

the substrate, a COMSOL model incorporating Joule heating was implemented to 

compute the temperature distribution across the β-Ta strip, copper leads, and sapphire 

substrate. We further highlight the discrepancy between the simulated thermal noise 

and experimental value to discuss thermal transport within a bad metal β-Ta at 

nanoscale.  
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Chapter 1

Introduction

1.1 Motivation

Efficient heat dissipation is a fundamental challenge in modern nanoscale electronics.

As devices continue to scale down to microscopic in size while operating in high

power densities, managing thermal energy becomes critical. In particular, exploring

and understanding the heat transport mechanism in materials with unconventional

electronic properties is essential in making next-generation devices.

Among all unconventional metals, tantalum is an important transition metal with

an α phase and a β phase, a metastable phase that exhibits ”bad metal” metallic

behaviors. Unlike α-Ta, which has well characterized thermal and electrical properties,

β-Ta shows a relative high resistivity, making it a promising metal candidate for

resistive elements in circuits such as a resistor, where high and stable resistance values

are often desirable.

Moreover, a previous study by our group has reported suppressed shot noise

detected in β-Ta nanowire, characterized by a reduced Fano factor. This finding

suggests an underlying electron transport mechanism that is not yet fully understood

[10]. This motivated our investigation into the thermal transport behavior of β-Ta,
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especially the role of electrons and phonons in heat dissipation. Building upon these

findings, this project aims to explore the thermal transport behavior of a bad metal, β-

Ta, at cryogenic temperature using a combination of noise measurement and COMSOL

Simulation. This project also serves as a probe to derive an expression for the thermal

conductivity of a β-Ta nanowire and investigate thermal transport of a bad metal. This

study aims to present the experimental observations and heat dissipation simulations

in a nanoscale system while providing new insights into the relationship between

phononic and electronic contributions. Understanding heat transport in bad metal

might be crucial for nanoscale electronics.

1.2 Background

To contextualize the approaches of the study, this section provides a brief overview of

the core concepts involved: bad metal, Johnson-Nyquist noise, shot noise, and the

heat dissipation model.

1.2.1 Bad Metal

The material known as a “bad” metal exhibits relatively high resistivity, often approach-

ing the Mott-Ioffe-Regel limit (MIR). In this regime, the mean free path of electrons is

comparable or less than the lattice constant, so the well-defined quasiparticle picture

breaks down.

β-Ta, a metastable phase of tantalum, falls precisely into this category. The

Temperature Coefficient of Resistivity (TCR) plot generated by four-point probe

measurement reveals a negative TCR trend as temperature increases according to

Figure 1.1. The resistivity of β-Ta ρ ∼ 1−3µΩ·m almost satisfies the Mott-Ioffe-Regel

limit (MIR), and it increases with decreasing temperature. Thus, the quasiparticle

picture for β-Ta is questionable [3]. Moreover, the negative TCR observed in β-Ta is
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a signature of strong disorder and is commonly attributed to weak localization effects

[6]. As shown in Kovaleva et al. (2015), such behaviors can be further enhanced

by electron correlations, suggesting that both localization and many-body effects

potentially contribute to the non-metallic transport characteristics in disorder β-Ta

thin films. Therefore, β-Ta’s anomalous transport properties make it a particularly

compelling example of a “bad metal” worthy of detailed study.

Figure 1.1: Resistivity vs. temperature plot for a β-Ta and a α-Ta: a negative
Temperature Coefficient of Resistivity (TCR) is shown for the black data points
(beta-phased Tantalum thin film)

1.2.2 Johnson-Nyquist Noise

Thermal noise, also known as Johnson-Nyquist noise, arises from the thermal agitation

of charge carriers in a conductor. Unlike shot noise (SN), which depends on the

discrete nature of electron and an applied current, thermal noise is present even in

the absence of bias current.

In the measurement setup, the total noise is a superposition of SN and thermal

noise, and its voltage noise spectral density SV can be expressed as:

SV = 2FeR(V coth
V

Vth

− Vth) + 4kBTR (1.1)
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Here, F is the Fano factor, e is the elementary charge, and Vth is the thermal broadening

voltage bias, determining the crossover region between thermal noise and SN [1]. At

low bias, VB << Vth, the second term in equation (1.1) dominates, so the system is

governed by thermal noise, SV,th = 4kBTR. At higher bias, VB >> Vth, SN becomes

dominant and exhibits a linear dependence, as shown by the red line on the left side

of Figure 1.2.

By focusing on thermal noise, this study uses the differential noise measurement

approach to derive a formula for the thermal conductivity through the leads connecting

the β-Ta strip. The differential noise measurement takes the derivative of total noise

with respect to current bias. Figure 1.2 shows the total noise and its derivative noise

diagram for 500nm β-Ta strip at cryogenic temperature 4.3K. As will be discussed in

Chapter 2 (Methods), LabVIEW does not directly output noise power but rather a

voltage value. For details on how this voltage output was converted into voltage noise

power, see Appendix A.2.

Figure 1.2: Left: converted total noise power (SV ) vs. voltage bias for a 500 nm
β-Ta strip. The horizontal blue dotted line shows the thermal noise when the voltage
bias is zero while the vertical blue dotted line refers to the crossover voltage bias Vth;
Right: converted differential total noise power (dSV

dI
) vs. current bias for a 500 nm

β-Ta strip(at cryogenic temperature). The y-axis is the derivative of noise power with

respect to current bias in unit [ V2

Hz·A ].
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1.2.3 Heat Conduction

Heat conduction refers to the transfer of thermal energy between regions of matter

driven by a temperature gradient. In our system, the temperature gradient arises

due to the applied current, and heat is conducted through both the β-Ta strip and

the copper leads. Using the differential noise measurement described above, we can

derive the thermal conductivity. Following a closely related result derived in Section

5.2 of Dames (2013) [4], the steady-state temperature rise due to Joule heating in a

suspended thin film can be estimated using a parabolic temperature profile, yielding

the relation:

T = T0 +
QL

3κA
(1.2)

where T is the average temperature, T0 is the ambient (bath) temperature, Q is the

power dissipated, L is the conductor length, κ is the thermal conductivity, and A is the

cross-sectional area. This expression assumes uniform volumetric heating, steady-state

one-dimensional conduction, constant thermal conductivity, and symmetric thermal

boundary conditions.

Furthermore, in Figure 1.2, the linear region of differential noise measurements

occurs within the thermal broadening region, where VB < |Vth|. Based on this, we

made a critical assumption that the measured noise is entirely thermal in origin. Using

the slope of the converted differential noise data, as described in Appendix A.2, dSV

dI
/I,

the thermal conductivity κ can be expressed as shown in Equation (1.3).

κ =
8R2LkB

3A(dSV

dI
/I)

(1.3)

A thorough derivation of equation is shown in Appendix A.1. Overall, by analyzing

the slope of the differential thermal noise with respect to current, one can derive an

expression for κ that reflects the electronic heat transport through the leads.
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1.2.4 Heat Dissipation

While heat conduction introduces how thermal energy transports through a material,

heat dissipation tells us how energy is removed from a system, typically through

a combination of conduction, layer interface transfer, or radioactive and convective

losses. In a nanoscale system that is kept under cryogenic temperature 4.3K, low

temperature models have to be considered for electrons and phonons contribution in

thermal dissipation. Along with the models, we decided to use thermal conductivity κ

as the parameter to explore heat dissipation in β-Ta.

Wiedemann-Franz Law and Debye’s Model

For the electronic contribution, the Wiedemann–Franz law relates the electrical con-

ductivity σ and thermal conductivity κ via the Lorentz number L, as expressed in

Equation (1.4). Although originally inspired by the classical Drude model—which

treats conduction electrons as a gas of free particles scattering off relatively immo-

bile ions—the Wiedemann–Franz law is more rigorously justified through quantum

models such as the Sommerfeld theory of electrons. These models consider the Fermi-

Dirac distribution of electrons and show that, at low temperatures, κ exhibits a

linear dependence on temperature, consistent with the behavior predicted by the

Wiedemann–Franz law.

κ

σ
= LT (1.4)

Another pathway for heat dissipation through the β-Ta strip is via phonons. In

estimating the phonon contribution to the specific heat of a solid, the Debye model

correctly captures the experimentally observed T 3 temperature dependence at low

temperatures [7].
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Fitting Equation

Thus, for local thermal equilibrium, a simple fitting function of the thermal conductivity

is given by the sum of contributions from electrons and lattice vibrations, as shown in

Equation (1.5).

κ = aT + bT 3 (1.5)

However, heat dissipation through phonons escaping from the metal into the substrate

made of sapphire is a different story. As an insulating material, sapphire (Al2O3)

introduces thermal non-equilibrium at the interface. As a result, the simple additive

model of thermal conductivity, κ = aT + bT 3, which assumes local thermal equilibrium

through the metal, cannot be used to accurately describe heat dissipation into the

substrate.



Chapter 2

Experimental Work

2.1 Methods

To investigate the thermal transport behavior of β-Ta, the author conducted a differ-

ential noise measurement on nanoscale β-Ta strips deposited on sapphire substrates.

The nanowires were fabricated using multi-step electron beam lithography (EBL) and

UHV sputtering techniques to define precise geometries and interfaces.

Initially, resist layers of MMA EL6 and PMMA 495 were spin-coated at 7000 rpm

onto the sapphire chip, and patterns were written using EBL based on the design files

from DesignCAD. The exposed region then underwent chemical development to reveal

the intended structure. Then, metal depositions were performed after each EBL step.

Precise control over the fabrication parameters ensured accurate pattern transfer onto

the sapphire chip. In Figure 2.1, a schematic cross-section of the β-Ta nanowire is

shown. Each strip consisted of a 10 nm β-Ta layer connected by titanium/copper leads,

with a thin 2 nm Ti(2) layer as the metal adhesion promoter and a 2 nm aluminum

oxide AlOx(2) cap to prevent oxidation of the metal strip.

Figure 2.2 presents the scanning electron microscopy (SEM) images of the fabricated

β-Ta nanowire that has 500nm in length, 1500nm in width, and 10nm in thickness.

8
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Figure 2.1: Schematic cross section of the β-Ta chip. Leads are sputtered in the
following order: Ti(1)/Cu(60).

Figure 2.2: Left: SEM image of the leads and the β-Ta strip; Right: magnified SEM
image of the flare-out design for precise β-Ta strip geometry. The length of the β-Ta
strip is 500 nm, width is 1500 nm, and thickness is 10 nm. (Orange rectangle: circles
out β-Ta strip; blue line: the direction that current flows)

After finalizing the fabrication of β-Ta nanowires, noise measurements were per-

formed under a cryogenic temperature starting at 4.3 K in a microwave cryostat. To

avoid impedance mismatch, the sample resistance is controlled between 45 − 55Ω

by keeping the width-length ratio constant. To start with, a DC bias was applied

to the sample, and the corresponding noise was extracted using a bias tee. The

separated noise then underwent three ultra-low noise amplifiers to amplify the noise.

The amplifiers acted as band passes for microwave frequency range noise, and we

could observe the frequency peak at 350 MHz after passing through an amplifier.
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For differential noise measurements, the lock-in amplifier was used to measure the

derivative of noise with respect to the current bias. Overall, we could extract our data

from LabVIEW and convert them to noise power following Appendix A.2. A specific

setup image can be found in Figure 2.3.

Figure 2.3: Schematics of the differential noise measurement setup: cryogenic tem-
perature is set at 4.3 K as the base temperature. (The blue dashed line shows the
cryostat is kept under base temperature)

2.2 Results and Discussion

Strips with lengths ranging from 100 nm to 2 µm were thoroughly measured, providing

a sufficient range to observe variations in electronic and phononic contributions. By

combining Equation (1.3) with fitting Equation (1.5), we extracted the electron and

phonon contribution coefficients, a and b, through nonlinear curve fitting in Origin7.

Notably, the analysis used the inverse form of the fitting equation shown in Figure 2.4.

This approach was chosen because the uncertainty in the differential noise appears in

the denominator of Equation (1.3); inverting then helps mitigate error propagation.

Additional fitting results for various lengths are presented in Appendix A.3.

Table 2.1 summarizes the fitted parameters a and b, representing the respective
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Figure 2.4: Left: an inverse of thermal conductivity κ−1 vs. temperature, ranging
from 4.3 K to 16 K, for a 100 nm β-Ta (10); Right: an inverse of thermal conductivity
κ−1 vs. temperature, ranging from 4.3 K to 16 K, for a 1 µm β-Ta (10).

Length (nm) a (W/(m·K2)) b (W/(m·K4))

100 0.287 ± 0.017 0.0153 ± 0.0007

500 0.213 ± 0.010 0.0066 ± 0.0004

1000 0.270 ± 0.074 0.0219 ± 0.0032

2000 -0.161 ± 0.073 0.0801 ± 0.0035

Table 2.1: Fitted thermal conductivity parameters for β-Ta strips of different lengths.

contributions from electrons and phonons in heat transport through the metallic

leads. For 100 nm, 500 nm, and 1 µm lengths, the electron contribution remains

relatively steady, with a slight dip observed in the 500 nm sample. However, as shown

in Figure 2.5, the 2 µm sample displayed an anomalous negative electron contribution,

suggesting potential limitations of the current model.

One plausible explanation is that the phonon contribution was underestimated

by assuming a T 3 at low temperatures. In reality, boundary scattering may cause

deviations from this cubic trend. If the actual phonon contribution follows a higher-

order dependence T n, where n > 3, forcing a T 3 fit may artificially inflate the phonon

term and result in a spurious negative electron term.

The anomalous behavior of the electron contribution in the 2 µm sample, particu-

larly the negative value presented, suggests that our general model can not fully capture
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Figure 2.5: Left: electron contribution coefficient (a) vs. length at cryogenic tem-
perature 4.3 K. ; Right: phonon contribution coefficient (b) vs. length at cryogenic
temperature 4.3 K. The contribution coefficients at 2 µm draws our attention as its
electron contribution is negative, suggesting a possible breakdown of the thermal
conductivity model in Equation (1.5).

the thermal dissipation mechanisms at longer scales. In particular, κ = aT + bT 3

only describes the heat conduction through metallic leads at a local thermal equi-

librium, where both electron and phonon contributions are described by a single

temperature field. However, this model does not account for heat dissipation into

the insulating sapphire substrate, which becomes increasingly relevant at longer strip

lengths. To explore these additional dissipation pathways and visualize the spatial

temperature distribution in the system, we turned to numerical simulations using

COMSOL Multiphysics.



Chapter 3

COMSOL Simulation

3.1 Motivation

While experimental measurements revealed key properties of thermal transport through

the metallic leads of β-Ta nanostructures, they do not directly capture the heat flow

into the sapphire substrate. This is particularly important, as electrons dominate

heat conduction at cryogenic temperatures over short length scales, but phonon

escape through the substrate becomes more significant as the strip length increases.

Unfortunately, the thermal conductivity estimation model κ = aT + bT 3 primarily

accounts for heat dissipation through the copper leads under local thermal equilibrium.

Therefore, to address this limitation and complement the experimental mea-

surements, we designed a three-dimensional Joule heating simulation model, using

COMSOL Multiphysics, for qualitative and visual analysis. The model provides

insights into the spatial distribution of temperature and how the temperature of the

β-Ta metal strip varies with current bias.

13
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3.2 Methods

The COMSOL model used in this work draws inspiration from a simulation framework

previously developed by a former PhD student in our group [2]. Building on that

foundation, I adapted the model to match the geometry, materials, and boundary

conditions relevant to the β-Ta nanostrip system studied here.

The COMSOL model consists of a β-Ta strip (1 µm and 100 nm) connected by

two copper leads and mounted on a sapphire substrate, as shown in 3.1. Electrical and

thermal parameter values for Cu and Al2O3 follow the literature value [5]. For β-Ta,

the thermal conductivity is set to follow the experimentally derived form κ = aT +bT 3.

Joule heating from a DC bias serves as the heat source in the model, and the cryostat

is treated as a thermal reservoir held at 4.3 K.

Next, thermal and electrical boundary conditions were applied to define the current

source and initial temperature of the system. Fine meshing was implemented to divide

the 3D model into smaller, discrete elements, improving the accuracy of simulation

results. Further details of setting up a COMSOL simulation are shown in Appendix

A.4.

Figure 3.1: COMSOL 3D Joule heating model: one sapphire substrate, two copper
leads, and one β-Ta strip of length 1 µm. Parameters such as thermal conductivity κ,
and electrical conductivity σ strictly follow the experimental values.
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3.3 Result and Discussion

Implementing a stationary Joule heating simulation allows us to extract useful results,

including qualitative temperature distribution plots (cross-sections) and integrated

temperature profiles under various current biases.

3.3.1 Thermal Boundary Resistance

By isolating the leads and substrate contribution in COMSOL, the simulation result

confirmed that heat generated in the β-Ta strip was not confined to metallic leads

dissipation - this is evident from a higher average temperature shown on the β-Ta

strip when only lead dissipation is considered. When substrate became involved in the

system, a key parameter – thermal contact resistance – influenced the thermal transfer

between the metal strip and the sapphire substrate. Thermal boundary resistance at

the interfaces between two solids, metal and dielectric, can be understood through

two limiting models: the acoustic mismatch model and the diffuse mismatch model.

Thermal boundary resistance is crucial because phonons are sensitive to surface defects,

which significantly affect interfacial conductance, particularly for longer samples where

phonon transport dominates [9].

3.3.2 COMSOL Simulation

Although temperature distribution alone does not directly quantify electron and

phonon contributions to heat dissipation, Figure 3.2 provides a qualitative visualization:

phonons tend to escape through the substrate in longer β-Ta strips.

To further evaluate this dissipation pathway, we plotted temperature versus cur-

rent bias using COMSOL data, as shown in Figure 3.3. By recording the average

temperature of the β-Ta strip across current bias increments from −0.5mA to 0.5mA,
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Figure 3.2: Cross-sectional temperature distribution plot for 100 nm and 1 µm β-Ta
strip when a current bias of 0.5 mA is applied.

we computed a COMSOL simulated thermal noise spectral density using:

SV,th = 4kBTR

Since we assumed that thermal noise dominates throughout noise measurement, com-

paring COMSOL-simulated noise and experimental noise value is justified. Figure 3.3

shows the simulated thermal noise (temperature-dependent noise power) for the 100 nm

and 1 µm samples. A difference of approximately 33.3% is observed between the two,

with the shorter sample exhibiting a value of around 4× 10−20 V2/Hz, compared to

approximately 3× 10−20 V2/Hz for the longer sample at a current bias of 1 mA. This

reduction in thermal noise for the longer sample reflects enhanced phonon escape into

the substrate, which becomes a more dominant dissipation pathway as the device

length increases.

Theoretically, the expected thermal noise generated from the COMSOL simulation

should align with our experimental values, at least the thermal broadening region,

as the parameters input strictly adhere to the experimental outputs. However, a

consistently lower noise power is observed across all ranges of applied current bias.
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Figure 3.3: Left: COMSOL simulated noise power vs. experimental noise power on a
100nm β-Ta strip; Right: COMSOL simulated noise power vs. experimental noise
power on a 1µm β-Ta strip. Both plots highlight a systematic underestimation of
simulated noise.

3.3.3 Limitations and Future Work

One limitation of the COMSOL simulation is that it does not account for the temper-

ature difference between electrons and phonons, which can arise due to hot-electron

effects during Joule heating [8]. In reality, electron-phonon relaxation can introduce

nonequilibrium behavior, especially in nanoscale systems. However, in our model, the

thermal conductivity κ = aT + bT 3 was directly derived from experimental measure-

ments and used as input, meaning the simulated average temperature—and thus the

thermal noise—should still match experimental results under steady-state conditions.

Therefore, while the lack of a two-temperature model in COMSOL is a general limita-

tion, it does not explain the systematic underestimation of thermal noise observed in

our results. This discrepancy may instead stem from other modeling simplifications,

such as the assumed boundary conditions or mesh resolution.

For future work, a two-temperature model is necessary for quantifying the potential

effects of electron-phonon relaxation in systems where hot-electron phenomena are

expected to play a significant role. This could be achieved by Python or MATLAB,

allowing separate calculations on electron and phonon temperature dynamics through

coupled differential equations. Additionally, investigating longer samples exceeding
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2µm should be evaluated to determine whether the observed outlier behavior is

systematic or simply a consequence of poor sample data quality. Finally, examining

shorter samples such as the nanopillars with lengths of 4 nm, 8 nm, and 20 nm, as

studied by our group, may reveal whether dimensional confinements change the balance

between phonon and electron contributions in heat dissipation.



Chapter 4

Conclusion

To summarize my honor thesis research, ultrathin films of β-Ta with lengths ranging

from 100 nm to 2µm were produced, and the experimental setup and analysis for

differential noise measurements were presented. We explored thermal dissipation in β-

Ta nanostructures at cryogenic temperature 4.3 K through experiment measurements

and COMSOL simulation. By restricting our analysis to the thermal broadening

region, we adopted the simplifying assumption that all measured noise is thermal.

From the differential noise measurements, a simple equation κ = aT + bT 3,

separating the electron and phonon contribution, was built from Wiedemann-Franz

Law and Debye’s model for the thermal conductivity through metallic leads. This led

to the extraction of the electron and phonon contribution coefficients. We see a relative

constant contribution from electrons and phonons through the metallic leads, although

an unexplainable outlier was observed in the 2µm sample under the low-temperature

model. Acknowledging the limitation of this model in analyzing heat dissipation

through the insulating substrate, we employed a COMSOL Multiphysics modeling

software and utilized the Joule heating model. Our theoretical work illustrates the

temperature distribution under specific boundary conditions should yield simulated

thermal noise values that are comparable to the experimental results. However, the

19
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simulated result underestimated the thermal noise across all biases which we could

not explain.

In conclusion, this study enhances our understanding of heat dissipation in a bad

metal β-Ta, an anomalous material that exhibits increasing relevance to spintronics and

nanoelectronics. The method and the insights presented could serve as a foundation

for further investigations into thermal transport in a bad metal.



Appendix A

Appendix

A.1 Full Derivation of Thermal Conductivity

Here is the full derivation of how thermal conductivity is calculated through shot

noise. It all starts from the heat conduction equation:

T = T0 +
QL

3κA

T represents the temperature, Q is the thermal power, and we can substitute with

I2R For our measurement setup, we need to take account of the lock-in amplifier. To

convert the voltage output into the noise power, we could write the following equation.

dSV

dI
= C · dV

dI
(A.1)

C is the conversion factor to convert voltage output into noise voltage power shown in

Appendix A.2 Equation (A.3). By taking the derivative of noise voltage power with

respect to the current in equation (1.1),

SV = 2FeR(V coth
V

Vth

− Vth) + 4kBTR

21
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dSV

dI
= 4kBRs

d

dI
(
I2RsL

3κA
)

dSV

dI
=

8IR2
sLkB

3κA

Utilizing equation (A.1),

dV

dI
=

8IR2
sLkB

3κAC

Rearranging the equation and applying the conversion factor C gives us thermal

conductivity in terms of the differential noise dSV

dI
, so we achieved our final equation

(1.3).

κ =
8R2LkB

3A(dSV

dI
/I)

Rs is the sample resistance. Within our experiment, there is also the lead resistance on

the chip Rl, and the line resistance RL that is constant at 50Ω. From the differential

dataset from LabVIEW, I took the slope of the thermal broadening region dSV

dI
/I and

calculated the conversion factor.
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A.2 Processing LabVIEW Output for Noise Anal-

ysis

In this section, we detail the procedure for converting the voltage output recorded

in LabVIEW into actual thermal noise power, which was necessary for calculating

thermal conductivity based on the differential noise slope. We will be using the

resistance values for our 500 nm β-Ta sample.

Constants and Resistances

Rs = Sample resistance = 52.5 Ω

Rl = Lead resistance on the chip = 2.5 Ω

RL = Line resistance (load) = 50 Ω

Johnson Current Noise Power into a Short

The Johnson current noise power produced by the sample and leads into a short is:

Ssl =
4kBT

Rs +Rl

Johnson Current Noise Power into the Load

SII,meas =
Ssl(

1 + RL

Rs+Rl

)2 =
4kBT (Rs +Rl)

(Rs +Rl +RL)2

Johnson Voltage Noise Power into the Load

SV V,meas = Ssl

(
RL

Rs +Rl +RL

)2

= 4kBT (Rs +Rl)

(
RL

Rs +Rl +RL

)2
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With numeric values:

SV V,meas = 0.03175 [V/K]·T (K)·(meas.uni) = 4·1.38×10−23·T (K)·55·
(

50

50 + 52.5 + 2.5

)2

0.03175 [V ] · (meas.uni) = 6.884× 10−22 [V 2/Hz]

Thus, we can calculate the exact value for 1 measurement unit in units of [ V
Hz

], and

we eventually know that 1 measurement unit is equivalent to 2.168× 10−20 V2/Hz at

the amplifier.

1 measurement unit = 2.168× 10−20 V/Hz

Amplifier noise offset = 1.687 V

The coefficient 0.03175 [V/K] was extracted as the slope of the thermal noise versus

temperature plot, while the amplifier noise offset was obtained from the y-intercept of

the same linear fit.

Finite Bias: Johnson + Shot + Amplifier Noise

Voltage noise from the sample and leads into an open circuit:

SV,s = Voltage noise from sample (open circuit)

SV,l = 4kBTRl (from leads)

Leads contribute noise to the amplifier:

SV,leads,amp = 0.03175 · Rl

Rs +Rl

· T (K) = 1.443× 10−3 · T (K)

Now we could remove the leads contribution and amplifier offset from our measured
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noise Smeas and utilized the conversion factor calculated from above. The factor(
Rs+Rl+RL

RL

)2

is used to recover the open-circuit voltage noise produced by the sample

from the measured noise at the amplifier input, by compensating for the voltage

division caused by the total resistance in the circuit.

SV = [Smeas − 1.687− 1.443× 10−3 · T ] · 2.168× 10−20 ·
(
Rs +RL +Rl

RL

)2

(A.2)

Equation (A.2) is the final equation for converting a LabVIEW voltage output

into a voltage noise power in unit V2/Hz. For differential noise power conversion, we

take the derivative with respect to current bias to Equation (A.2); therefore, we could

easily derive Equation (A.3), which is the conversion equation for differential voltage

noise power shown in Figure 1.2. Moreover, we can generalize the total conversion

factor into a variable called C, and it can expressed as:

C = meas.uni ·
(
Rs +RL +Rl

RL

)2

dSV

dI
=

(
dSmeas

dI

)
· 2.168× 10−20 ·

(
Rs +RL +Rl

RL

)2

(A.3)
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A.3 Thermal Conductivity Fitting Results for all

Lengths

Figure A.1: Left: thermal conductivity fit for 500nm β-Ta (10); Right: thermal
conductivity fit for 500nm β-Ta (20).

Figure A.2: Left: thermal conductivity fit for 750nm β-Ta(10); Right: thermal
conductivity fit for 2 µm β-Ta(20).
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A.4 COMSOL Simulation

Figure A.3: Left: meshing of COMSOL Simulation model. Fine meshing was imple-
mented to ensure the average temperature and temperature profile of the model are
precise; Right: a COMSOL simulation image showing the temperature distribution
for the model after heating up by current bias applied.

Figure A.4: Error of the Joule heating model converges at 10−15. The COMSOL
simulation studies the model at this level of error, enhancing preciseness of the analysis
result.
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