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Abstract

Mathematical modeling and simulation of coronary stents
By Irving Martinez

Every year approximately 3 million people in the US suffer from atherosclerosis,
which is the condition in which one or more arteries get clogged up from excessive
cholesterol and other residue build up. In spite of being introduced into the market
decades ago, coronary stents remain the most popular solution, given their low surgery
risk. However, stents are prone to malfunction after some time, with each type having
its own set of complications. The introduction of newer types of stents to resolve the
problems of their predecessors comes at the expense of creating different drawbacks.
To have better insight into the physiological consequences of stent development, we
give a contribution to fully understand stents through rigorous mathematical theory
and modeling.

In this work, we emphasize the understanding and application of PDEs such as
Navier-Stokes and advection-diffusion equations in the context of hemodynamics to
explore the blood velocity and pressure, the concentration of solutes, and the dissipa-
tion of drug across the stented artery system. Given the presence of lumen, wall, and
stent regions, it is necessary to develop domain decomposition techniques through
adaptations of Gauss-Seidel and Jacobi solvers. We extend Steklov-Poincaré theory
to multiple domains by taking into account the interplay of distinct meshed domains.
And meshing reassignment methods are elaborated with the purpose of sculpting ge-
ometries or transforming meshes over time. Overall, the composition and combination
of our methods provides a theoretical and numerical groundwork to model different
types of stent.
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Chapter 1

Introduction and Mathematical

Preliminaries

1.1 Introduction

Atherosclerosis is a condition in which blood vessels become narrow and constricted
over time due to excessive cholesterol plaque and residue buildup, preventing blood
from flowing smoothly.[10] It is common as more than three million cases in the United
States are reported per year, affecting mostly older people of ages 45 and 55 for women
and men, respectively.[1]. Without treatment, atherosclerosis can result in other life-
threatening conditions and diseases, including coronary artery disease, carotid artery
disease, peripheral artery disease, aneurysms, and chronic kidney disease.[24] [13]

Several solutions have been proposed to prevent the danger of atherosclerosis such a
healthy lifestyle, non-invasive surgeries like angioplasty, and even risky procedures of
the coronary bypass surgery type.[46][17][8] Balloon angioplasty is a non-invasive per-
cutaneous procedure to reopen an occluded coronary by deploying a balloon inflation;
however, this measure is rather temporary as the affected passageway is more likely to
become obstructed again.[21] On the other hand, a coronary bypass surgery requires
open surgery to reroute some of the artery network around the blocked artery.[35]

In the quest for a minimally invasive and more permanent procedure, the stent was
developed.[31] A stent is a cylindrical mesh that is usually inserted through the leg
and guided all the way internally until it reaches the damaged zone. Then, with
enough pressure the stent is expanded and fixed in place, opening up the narrow area

and allowing blood to flow again freely. However, the stent still suffered from par-



ticular complications. For instance, the first ever stents were called bare metal stents
(BMS) and comprised of only a metal base, which proved to be quite damaging to the
arterial tissue and produced unwanted clotting, resulting in a hardened constriction
of the passageway.[55] To circumvent this, drug eluting stents (DES) were designed
by adding a thick drug coating to aid with the tissue healing and prevent possible in-
fections; but consequently, this provoked early thrombosis.[47] In spite of newer types
of stents constantly being introduced, DESs remain the most popular prostheses.
While this is a consolidated technology, bioresorbable stents (BRS) were introduced
(see e.g., [62]) to avoid the significant drawback of a metallic coil located lifelong in
the patient. This was supposedly an ideal solution for young patients affected by
acute (as opposed to chronic) diseases. However, the number of adverse events asso-
ciated with BRS led to their withdrawal from the market. A common speculation is
that the abnormal thickness required by the non-metallic structure to stand the pres-
sure during deployment may trigger anomalous flow patterns downstream the struts;
these patterns, in turn, may induce inflammations with a consequent re-occlusion of
the artery.

This case study pinpoints the importance of a more accurate and massive numer-
ical modeling behind the design of prostheses in biomedicine. Either for a deeper
understanding of the complex dynamics (ranging from mechanics to biology related
to the geometry of stented arteries) or for a rigorous shape-optimization (rooted in
mathematical methods), the role of numerical modeling in this field cannot be un-
derestimated. While the biomedical community still considers BRS an unmet clinical
need [34], the role of mathematical modeling in developing next-generation prostheses
is critical.

Recent studies [38] demonstrated the tremendous complexity of the morphology
of stented arteries. At the bottom line, we have three different domains in this prob-
lem, the lumen (L) of the coronary, the wall (W), and the struts of the stent (S).
They are in contact in various ways, ranging from struts completely embedded in the
wall to struts floating in the lumen as in the case of so-called “malapposed stents”.
Numerical modeling of the erosion of the struts is a key factor for shape optimization
and design; it must include the three domains in all the possible conformations that
may happen in patients.

Modeling of the elution of DES was considered in several papers with a different com-

plexity depending on the emphasis on the chemical elution process or on the numerical
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Figure 1.1: Left: deployment of a coronary stent [20]. Right: An internal reconstruc-
tion of a stented artery with a malapposed stent.

efficiency. For instance, in [15], the authors consider a pretty complex elution model
only for cases when the struts are all embedded in the wall. In this way, there are 3
domains but they are never in contact altogether. Considering the general case where
the three domains are all in contact is not just a mere geometrical extension. The
time scale of the elution at the interface between the wall and the struts is generally
slower, as the wall has a small convective field (the motion of water in the wall is
minimal); on the contrary, the interface between the lumen and the strut features a
much stronger convective field (the blood velocity), consequently a much faster ero-
sion. When we assume to have both interfaces, the simultaneous presence of different
scales may challenge the numerical solver.

In this work, we focus specifically on numerical methods for simplified elution models
(inspired by the works for generic blood solutes in [52, 53]) involving all the possible
positions among the different sub-domains. In the first chapter, we present standard
mathematical preliminaries necessary for the theoretical background and undertaking
of this project. In Chapter 2, we provide a multi-domain multi-interface formula-
tion of the problem and a substructring iterative method for its effective solution.
Numerical results of BMS modeling demonstrate the independence of the number of
iterations of the mesh size. To better understand this property, we resort to a Steklov-
Poincare (SP) operator approach, leading to a system of three interface equations
(LW, LS, SW). The extension of the basic SP formalism to a multi-domain setting
presents some non-trivial novel aspects investigated here; it provides a key argument

to explain the mesh-independence. We emulate BMS behavior through our simplified



geometries, parametric setup, and blood velocity and solute concentration behavior
via Navier-Stokes and advection-diffusion, respectively. Then in Chapter 3, we ex-
pand the multi-domain notion in the context of drug movement and dynamics across
the different domains, enabling us to model DESs. Moreover, in Chapter 4, we intro-
duce meshing reassignment techniques with the objective of exploring remeshing-free
geometry sculpture algorithms as well as for setting the groundwork to consider time-
evolving domains. Finally, in Chapter 5, we emphasize future research stemming
from the contents expounded here. This is the first step toward the construction
of numerical and mathematical modeling to enable a shape-optimization analysis to

identify engineering solution for the next generation of BRS.

1.2 Mathematical preliminaries

Definitions

We summarize some mathematical notation and results that will be useful for the con-
tents presented in this work. Let 2 be a general an open set in R?. For 1 < p < oo,
we will denote LP(£2) be the space of functions whose pth power is integrable in €,
with norm || - ||zr(q). In the case of p = oo, we let L™ be the space of functions in
that are essentially bounded. The scalar product of L? is indicated by (-, -); and given
s € N, H%(Q) is the Sobolev space of functions v € L? such that their distributional

derivatives of order up to s are L*-integrable. Its norm is given by || - ||z+(a), and in
the case of s = 0, H® is simply L2

If we let ¥ be an open and nonempty subset of 9, then we define H'/2(X) to be
the space of traces, defined on ¥, of functions belonging to H'(). Since we will be
dealing constantly with mappings from traces in H'/2(X) to functions in H'(Q) and
viceversa, we need to introduce necessary operators. We let v : H'(Q) — HY%(X)
be a surjective and continuous operator; and on the other hand, the existence of a
lifting map £ : HY2(X) — H'(Q) such that it is injective, linear, and continuous
and that for all A € HY?(X) we have A = y£\ can be proven. Furthermore, we let
HL(€), more commonly written as H] (%), be the subspace of H'({2) such that its
functions have null traces on X. Now, for a (d — 1)-dimensional manifold I" in € such
that T NS # 0, we allow Ha/*(T') to be the subspace of H'/2(T') whose members
consist of traces of u € H(€). We will be dealing with this kind of space very often,

so for simplicity we set A = Hgéz(F), with A’ being its dual. [6]



Important classic results

We now proceed with some established instrumental results.

Theorem 1.2.1 (Holder’s Inequality). Assume that f € LP(Q) and g € L) with
1 < p < o0 and such that ¢ is the conjugate exponent of p (i.e. % + % = 1). Then
fg € L' and

/Q Fldw < |[flzoey |91l zocey 16

Theorem 1.2.2 (Trace theorem). Assume ( is bounded and ¥ is C'. Then there

exists a bounded linear operator

v HY(Q) — HYA(Y)

such that

yu=uly if we  HY(Q)NC(Q),
and
(1.1) yullaes) < Cillullr ),

for each uw € H'(Q2) with the constant C; > 0 depending only on €2.[12]

Theorem 1.2.3 (Poincare’s inequality). Assume €2 is a bounded, open subset of R?

and suppose u € H(Q), where I' C ¥, Then we have the inequality

with C' > 0 depending only on €.[6]

For two Banach spaces, X and Y, we say that Y is continuously embedded into X,
denoted by Y — X if for any u € Y, we have also that u € X, and if the embedding

map is continuous; that is, for all u € Y

lullx < Cllully,



where C' > 0.

Theorem 1.2.4 (Sobolev embedding theorem). Let 1 < p < oo, k € Z,, and 2 be
a bounded open set in R? with non-empty and Lipschitz-continuous boundary. Then

we have the following statements:
1. For kp > d, W*r(Q) — C(Q);
2. For kp = d, WkP(Q) — L(Q), for all ¢ € [1,00).
Furthermore

WeHQ) — C(Q).

3. For kp < d, Whr(Q) — L4(Q), with ¢ = - — L.[12]

1
p

Let ¢ be a positive function in L?*(X) and consider \,p € H'Y?(X). Then by
Theorem 1.2.4, we observe that A\ and p belong to L*(X), so that using Cauchy-

Schwarz inequality gives

1/2 1/4 1/4
(/ IAdev) s(/ |A|4d7) (/ Ipl“dv) TN

thus \p € L?(X). Letting £\ and Lp be continuous liftings of A and p from 3 to €,

we get
1/2 1/2
‘ / CApdv‘ < ( / |<|2dv) ( / |/M|2dv)
b ) >

(1.2) = [I¢llz2lIA |yl ol o)
< C2llCl 2\ e oy llol s
< C*ILA|m @) |1Lol e

where C? = C2C7?||(||12(s), Ce the embedding constant from the Sobolev embedding
theorem, and Cy the constant of the trace inequality (1.1). With this in mind, we can

make the following definitions:

e Ne= [ on= (VO VEn) WA pe HE)

IMlc = A A)e = IV oy VA € HY2(D).[52]

(1.3)



Furthermore, if ¢(-) > 0 almost everywhere, ||Al|¢ is a norm of A equivalent to

(RIS

Space-time functions. For space-time functions v : (0,7) x Q@ — R, we consider

the following space

T
L*(0,T; L*()) := {v :(0,T) — H® | v(t) is measurable, / [o(t)[| 775 (ydt < oo}
0

with the norm

T
ol e zstecay = ( [ 1ot

Similarly, we establish

1/2

L>®(0,T; L*(Q)) := {v: (0,T) — H* | v(t) is measurable and
llv(t, -)H%Q(Q) is essentially bounded in (0,77}

endowed with the norm

|v]| Lo (0,722 (02)) = Inf {M >0 |lv(t, -)H%Q(Q) < M almost everywhere in (0, T)} .



Chapter 2

Steklov-Poincaré analysis of the

basic three-domain stent problem

2.1 Stent geometry

We initially consider a simple stent geometry Q C R?, (d = 2, 3) conformed by three
subdomains €2, €, and €, all of them belonging to R? and any two of which sharing
a boundary interface. Q corresponds to a cardiovascular structure, with €, Q,,, and

Q)5 denoting the lumen, artery wall, and stent, respectively (See Figure 2.1).

Figure 2.1: Diagram of simple stent domain



The boundary 09 of Q is divided into proximal sections 9, for incoming flow,
distal sections 0€,,; for outgoing flow, and the external longitudinal boundary 0€..;.

In general, we let the entire domain € be split into €, €, and €2, as follows.

e The domain 2, is the outermost shell of Q such that its outer surface Oy ext
along the longitudinal axis of £ equals the outer surface 9., of Q. Its closure
intersects intermittently both Q; and Qg at (d — 1)-manifolds 'y, and Ty,
respectively. In other words, these intersections are such that I'y, = Q, N QY
and = I'y,, = Q, N Q. Solutes, but not blood, will flow through the incoming
boundary 0€,, ;, and exit through the outgoing boundary 02y, o, located along

the radial axis.

e () is the lumen of the artery, covered by the wall interface I';,, and stent bound-
ary I'y. Blood passes through the lumen from 02, ;, and leave through 0€ ;..
This is the convective part of the geometry responsible for the velocity of blood

and oxygen.

e The third domain Q, inside ©Q is the stent of the artery. In the case of our
simplified stent, it is merely blocks between the artery wall and lumen, but in
actuality a stent is more realistically comprised by a net-like structure wrapped
around the lumen (See Figure 2.2).[9] The important feature of € is that no
fluid passes through it but rather around it. Specifically, solutes pass around

both manifolds I',,; and I'y; while blood only surrounds T';.

Figure 2.2: Illustration of coronary stent
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In reality, the material of the stent can be of metallic or polymeric nature, or
both.[19] In this first part, we assume that the struts are of bare metal, so that its
volume is consistent over time. Furthermore, we will denote the intersection of I,

and I'sl by I';,s, and notice that this is also the intersection of either with I'.

2.2 Mathematical analysis of simplified stent

The mathematical undertaking of the lumen and wall structure has already been
explored with numerical results of two-dimensional simulations.[53] We illustrate an
expansion of this model by adding a simplified stent in the form of a third domain as

well as by implementing numerical schemes in three dimensions.

2.2.1 Blood and concentration equations

Given the sufficiently large artery channel and the natural composition of blood, it
is reasonable to assume blood to have constant viscosity v and to possess Newtonian
fluid properties as well as to allow it circulate through rigid walls, then we can solve
the blood velocity and pressure through incompressible Navier-Stokes.[2] For x € €
and t > 0 we let u(t,x) € R? be the velocity of blood and P(t,x) its pressure.
Through momentum and mass conservation the following Navier-Stokes equations

can be derived and applied in a cardiovascular setting:

/

p%+p(u-V)u—yAu+VP:f x €Yy, t>0,
V-u=0 xe€, t >0,

u=b on 0, t>0

(2.1) u=0 on Ty,t>0

u=0 on I'y,t>0,

Pn—pvVu-n=F,n on 00, t>0,

u(x,t) =uy with V-uy=0, xe, ¢t=0.

\

Here f is a local source function, such as gravity, b is the inflow blood velocity func-
tion, ug is the initial blood velocity in §2; at time t = 0, P,,; is the external pressure,
and n is the normal to the boundaries of €);, including the interfaces I';,, and T'y;.

However, while blood is constrained to the lumen part of €, the concentration of
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solutes C'(x,t) exhibits convective flow behavior in €2; and advection-diffusion move-
ment in €2,.[53] The dynamics of C;(t,x) (i = [, w, s) are described by the following

system of equations

oC

(22) 8tl M[Acl +u- VCZ =5 in Ql, t> O,
oC,

(2.3) T — wAC, =5, in Q,, t>0,
oC,

(2.4) 5 W ACs = s, in Qg t>0,

Here, the s; represent source (forcing) functions, p; are diffusivity terms. Further-

more, the following interface conditions hold as well:

CZ—I—C(CZ Cw)=0 on Ty,

(2.5)
ngg’w + C(Cw - Cl) =0 on Flun
(26) usacs +¢(Cs—C) =0 on Ty,
CZ +((C,—Cs) =0 on Ty,
@7 Mwacw +((Cyp—Cs) =0 on Ty,

usacwg(c Cy) =0 on T,

Notice that continuity at the interfaces allows us to express (2.5), (2.6), and (2.7) in

the following equivalent form:

oC, oC,,

2. 7

(2.8) 2 Hug— on T
oC, oC,

2- — T — —

(2.9) s I, % o, on [y
oC, 0C,

2.1 - _

( O) IU“LU anw IUJS ans on Fws

Finally, we prescribe the initial conditions

CI(X7t) = Cf0<x)7 X € Ql; Cw<X7 t) = Cﬂ)O(X)7 X € Qw; X € QSJ t=0.
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2.2.2 Definitions

Let (s, Cs1, and (s be positive functions in L?(Ty,), L*(Ty), and L*(T,), respec-
tively, such that the properties in (1.3) are satisfied with I'y,, 'y, and I'ys taking the
role of ¥. Then, we can define Ay, = HS({Q(FZW), Ay = HS({2(FSI), Aps = HééQ(Fws),
and Ay,s = Hééz(Flws) with A A’ A/ and A

s N Noyss s Peing their respective dual spaces.

2.2.3 Weak formulation and analysis of the NS problem

For the purpose of extending the theory found in [52] and [53] to the three-domain
stents we briefly recall some results about Navier-Stokes equations. To obtain u(t, x)
and C;(t,x) in (2.1), (2.2),(2.3), and (2.4), we proceed by obtaining the weak form
of each. Let v € [H}()]? and ¢ € L?*(}). Then multiplying the first and second
equations by v and ¢, respectively, and integrating by parts where possible, we obtain

the unsteady Navier-Stokes weak formulation problem:

Problem 1. Given ug € (L*())* with V -ug =0 and f € L*(0,T; (L*())%), find
ue L*0,T; (HY ()% N L0, T; (L*())Y) and P € L*(0,T; L*(Y)) such that for
allt >0
(2.11)
(36:v) +v(Vu, Vv) + ((u-V)u,v) = (V-v,P) = (f,v) Vv € (Hj(0)",
(V-u,q) =0 Vge L*(n),
u=b on IU\(['WUTgy), u=0 on I, Uly,

with u(0) = ug fort =0.

The existence of the solution has been proved by Leray [39, 40, 41] and Hopf [29];
the uniqueness has been proved in the two-dimensional case but remains an open
problem in three dimensions [57, 56]. However, if the boundary of 9€); and the initial
datum ug are regular, then it can be proved that the solution is regular. From [27]

and [26], we state the following useful results.

Theorem 2.2.1. Let uy € H?() and f be smooth enough(e.g., £ € L=(Q;) and
Vf e L*>*(Q)). Assume that

o (Cattabriga assumption on the domain ) for a given g € L2(§Y;), the steady
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Stokes problem
—Av+Vq:g, V-v=0 1n Ql, V|agl =0,
has a unique solution that satisfies the inequality

IVIlz2) + 2l ar@ne < cllgllze@),

where ¢ is a constant;

o there exists a time T, 0 < T < oo and a constant A such that the solution of

the Navier-Stokes problem (2.11) satisfies

sup [[Vu(-,t)||m2) < A
0<t<T

Then there exists a constant B such that the solution of the Navier-Stokes problem
(2.11) satisfies

218, ey < .
Theorem 2.2.2. Suppose that the hypotheses of the previous theorem hold. Assume
that € be any three-dimensional domain whose boundary is uniformly of class C3.
Suppose that the boundary value prescribed can be extended to a solenoidal function
g smooth enough and that £ € C?*((0,00) x ). Then, on some interval [0,T],
there exists a solution u, P of the Navier-Stokes problem such that , in particular,
ueC(0,T) x QNC*(0,T) x Q).

We assume that p; < M; are positive constants and that we have solved for blood
velocity and pressure. Then we want to find the solute concentrations C;(t,x) in
Q;, for + = [, w,s. Like we did for Navier-Stokes, we seek to solve in terms of weak
formulation of this problem. We consider test functions in corresponding Sobolev

spaces and integrate by parts to define the following bilinear forms:

ay(u,vy) = ,ul/ Vu,Vudw —|—/ (u- V)uudw
(2.12) Q Q

= (uVu, Vo) + (0 V)u,v)  Vug, v € Halﬂz\(szursl)(Qz)
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A (U, Vi) = uw/ Vi, Vu,dw
(2.13) O

= (W Vy, V) Yy, vy € Héﬂw\(Fwsquu,)(Qw)

as(us, vs) = ls VuyVugdw
(2.14) o

e (/,leus, vvs> Vus, US E Héﬂs\(rslurws)(gs>

Properties of each bilinear form are explored in the following lemma.[53]

Lemma 1. The bilinear forms a;, a,, and as are well-defined, continuous, and coer-
cie with coercivity constants oy, «,, and ag, respectively. Furthermore, a, and as

are symmetric.

Proof. For any u;,v; € HéQl\(Flwursl)(Ql), we get

| (s o) < Mil[ V|| 220 VUil 20y + [[all g ol o V]| 2o

< (My + [[all g @) lwall .o 1ol 20 )
Similarly, for a,, and as:

| (U, V)| < MwHVUwHLQ(Qw) vaw”Lz(Qw)

S MwHuw”Hl(Qw) UwHHl(Qw)

and

|as(us, US)’ < M8||vu5||L2(Qs) ”VUSHLZ(QS)

S MsHusHHl(QS)

Vs 1 (00,

This establishes that the bilinear forms are well-defined and continuous. For the

coercivity of a;, we rely on V- u =0 and u|pr = 0:

ay(ug, wy) = ,ul/ Vu,Vudw +/ (u- V)uudw
o) o

— iVl + [ (0 Vwudo w € Higyr,or,()

Q
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Observe that

/Ql(u NV)uwdw = — | w(V - (uy))dw —1—/ (uu}) - ndy

l o0

ul (V- u)dw — / w(u - V)udw

Qz

u} (V- u)dw = 0.

l

S— — —

2/ (u- V)yudw = —
)

So for any v, € H(%Ql\(rlqusz)(Ql)
ar(u, wr) = pul| V|72 0,);
then using the Poincaré inequality with constant C'y, we get

a(ur, ur) > Clﬂl"ul‘|i2(ﬁl);
(Cr + Dag(ur, w) > Cypm (w720, + Vuill2,)

Cipn 2
ar(ug, u) > Cit Tl .

letting a; = gllfl we can guarantee the existence of a positive constant such that

coercivity is established. We can proceed similarly with a,, and a4 obtaining coercivity

constants «,, and ay, respectively. Finally, we trivially notice that for any w,, v, €

H(%Qw\(I‘wSUFlw) (Qw)
aw(uwa U) = aw(vwa uw)a

so it is symmetric.

This applies for a4 as well since it has the same structure as a,,. O]
We now give a statement of the weak formulation of (2.2), (2.3), and (2.4).

Problem 2. Given the initial condition Ci(t = 0,x) = Cj € Héﬂz\(szquz)(Ql)’
Cw(t=0,x)=Cyo € Héﬂw\(rwsurlw)(Qw), and Cs(t =0,x) = Csp € Héﬂs\(rslurws)(ﬂs),
and given positive functions Cu, € L*(T), Cuws € L*(Tws), and (g € L*(Ty), find
Ci € L*(0, T, Hjg\ r,,ur.)(); Cuw € L*(0,T, Hyq \ 1,0y, (), and

Cs € L*(0,T, Héﬂs\(Fszqus)(Qs)) such that for all ¢; € Hc%ﬂz\(szquz)(Ql)’
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Ow € Héﬁw\(l“wsunw)(ﬂw)’ and ¢, € Héﬂs\(Fszqus)(QS) we get

(%L, ) + a(Cr, d) + (Cr = Cuy, 0y, + (Cr = Cy )y = (51, 00),
(%7 wa) + a’w(Cw7 ¢w) + (Cw - CSv (bw)Cws + (Cw - Cl, (bw)g“lw - (Swa wa)a
(%’ 3) + aS(CS’ (bs) + (OS - Cl? ¢S>Csz + (CS - Cwa (bs)Cws = (837 ¢S>7

Theorem 2.2.3. Under the hypotheses of Theorem 2.2.2, Problem 2 admits a unique

solution which depends continuously on the data.

Proof. From Lemma 1, we know that a;(-, ), a,(-,*), as(, ) are continuous and coer-

cive for every ¢ > 0. Then, we notice that for ¢; € HéQz\(FleFsz)(Ql)’
¢w e Héﬂw\(rwsurlw)<ﬂw)7 and ¢S e HéQs\(FslUFws)<Qs)

(61 = s 61 = Gu)c, = 160 = Guld,,
(¢w - ¢sa ¢w - ¢5)<w5 = H¢w - ¢5H§ws
(Cbs - ¢l7¢s - Cbl)Csl - ||¢s - ¢l

2
Csl ’

resulting in coercivity. Adding up the equations in Problem 2 and rearranging the

terms
(Cr = Cuwy®)cy, + (Cwo — Cly0w) ¢, = (Cr = Cuy, o1 — dus) i,
(Cw - Csy ¢w)(ws + (Cs - Cwa gbs)g‘ws = (Cw - 057 wa - Cbs)gws
(Cs - Cl? ¢S)Csl + (Cl - CS? ¢1)Csl - (Cs - Cl? ¢S - ¢l)<sl
gives
(2.15) (68_(;’ tI)) + A(C,®) = (S, ),
where

C= [Cb C’wa CI]T7 P = [¢l> ¢w7 ¢S]Ta S = [Sla Sw) SS]Ta and
A(C, @) := ai(Cl, ¢1) + aw(Cu, u) + as(Cs, o)+
+ (Cl - Cun le - ¢w)§lw + (Ow - Os, ¢w - ¢s)§ws + (Cs - Ol7 Qbs - ¢Z)Csl

Now, the bilinear form A(-,-) is continuous and coercive with constant « since each
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one of its terms is continuous and coercive. Since the right-hand side of (2.15)
is a linear and continuous functional in Hjg\ . or.,) () X Hag\ru.ur,,) (Cw) X
H 59.9\(Fszul“ws)(ﬂs)’ we can establish the well-posedness of Problem 2 through the
Faedo-Galerkin method. O

2.2.4 Time Discretization

To solve for the concentration of solutes we assume that we are given (i.e. have

solved for) the velocity and pressure of blood. We consider a semi-discretization

in terms of time of Problem 2. We let the time interval [0,7] be divided into N

subintervals of uniform length At > 0 such that t" = nAt for n = 0,1, ..., N. Then
1

we reformulate Problem 2 with implicit semi-discretization, using x = <; and the

following definitions:

(2.16) &l(ul, Ul) = X(ul, Ul) + al(ul, Ul) Yu, v € H(%Ql\(FZwUFsz)(QZ)

(2.17) Uy (U, Vi) = X (Ui Vi) F Ay (Ui, Vi) VU, Uy € HéQU,\(Fwsquw)(Qw)

(2.18) as(us,vs) = x(us, vs) + a(us,vs) Vug, vs € Hégs\(rslupws)(ﬁs)

Observe that each of these are bilinear and coercive, with a,, and as being addition-

ally symmetric.

Problem 3. Given C?, C°, and C? for every n =0,1,...,N —1 find
Oln—‘rl 6 H(%Ql\(rlwursl)(Ql)7 O’Z—‘rl E H(%Qw\(rwsurlw)(Qw)’ and C§L+1 6 Hégs\(FslUFwS)(Qs)
such that for all ¢; in HéQz\(szquz)(Ql)’ O N Hél)Qw\(Fwsur‘lw)<Qw)7 and
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G5 in HéQs\(Fslqus)(QS) we have

[a(CPH, 60 + (CPF, 8, + (O, 0,

(O, B — (CIF, Br)e, = X(CP 1) + (57, 60)
(O3t duw) + (O3, dw) s + (C™ s ),

(O, bl — (O D) = X(Cl 60) + (557, 60)
4 (C60) + (CFF, 62)c, + (O 6,

—(CI 05) ey — (Cot 65) ey = X(CF, 05) + (551, ),

(2.19)

where spT = g (#"t1), s = 5, (1), st = s (t"HY), and CP, CO, and C? are

the initial data.

2.2.5 Full discretization

We now consider a space discretization of the problem by using the finite element
method (FEM). For this purpose, we let 7, and 7j, ., and 7, s be admissible triangu-
lations of €, Q,,, and Q,, respectively. Furthermore, we assume that This Thw, and
Th,s are conforming triangulations on the interfaces I',,, 'y, and I'y5, as well as the
boundary I';,s. As a result, 7, = Tpy U Thw U Ths is an admissible triangulation for
Q,UQ, UQ,.

Now we set h to represent the length of the elements K of T,. Vi, Vi, and
Vi are finite-dimensional subspaces of Héﬂl\(l“zwufsz)(gl)’ HéQw\(FwSUFlw)(Qw)7 and
H éQs\(FslUFws)(Qs), respectively. Analogously, define Ay, p, Aysp, and Ay to be cor-
responding finite-dimensional subspaces of Ay, Ay, and A, such that the traces on
Iy, Iy, and 'y of functions in Vjj, Vi, or Vip belong to either Ay, p, Agp, or
Ays p, Tespectively.

Let N; be the dimension of V; , N,, the dimension of V,, ,, Ny the dimension of V; ;,
Ny, the dimension of Ay, 5, Ng the dimension of Ay 5, and Ny, the dimension of Ay .
Then, we allow {¢;;}(i = 1,2,..., ;) be a basis for V,, {¢;n}(i =1,2,...,N,) be a
basis for Vi, 5, {¢is}(i = 1,2, ..., N;) be a basis for V,p,, {\iw}(@ =1,2,...,Ny,) be a
basis for Ajypn, { N} (@ = 1,2, ..., Ng) be a basis for Ay p, and { N ws}(i = 1,2, ..., Nys)
be a basis for A, n. From now on, adding the subscript i will refer to the space

discrete solution.

Problem 4. Given the initial data C7,, Cy, ,, and C3,, for every n=0,1,..N —
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1 (being NAt =T the final time), find C’Zf,jl € Vin, C’"J;L € Vihs ,C’?Zl € Vi such
that for all iy =1,...,Ny, 1, =1,..., Ny, and iy =1, ..., N

/

ar(CP o) + (O i), + (O bt e

—(Cy w,h a¢il,l)cm — ( ;Lh s Ginl)ey = X(Cznh;(bz'l,l) (] P , Dirl)
au(Co it B w) + (O Divyn) s + (Coys D)

—(C Piyaw) s — (CF s i) = X(Coppy Dingn) + (85T iy )
as(Chr i) + (C:,Zla Digs)a Tt (Cﬂrla Die,5) s

—(C7 i) ey — (Cutl, diys)we = X(Cyy Gins) + (5778, i, 0),

(2.20)

It is important to note that due to the convection dominating in the problem, this
problem is conditionally unstable so that only a sufficiently fine triangulation will
result in a stable solution. However, in our analysis and numerical implementation
we used streamline upwing Petrov Galerkin to counteract the local Péclet number

and have it be less than 1.

2.2.6 Convergence analysis of Two-domain Problems

Before considering a complete scheme involving all three domains and interfaces,
we motivate the overall structure by setting up three smaller problems by every
two domains. We initialize the iterative method by having initial guesses for C’Z”H,
Cr*ttand C, which are respectively denoted by C7¢! and Cjij'. Then, we find
a sequence of functions [C]F, Ctt, C7F] by solving the following sets of equations
for k=0,1,...

a(Clin, &) + (Clt g + (Clin @)
= X(CF', o) + (Ot o), + (O d)ey + (771 d0) Y € Higp ry,ura (),
(anﬂv ¢s) (Cgkjp ¢s)csz <C;L;’i—+1’ Cbs)cws
= X(CF, 05) + (Ol Os)ca + (Cuils Bs)cus + (8571, 05) Vo € Hag 0y (Ss)s
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dl(CZ}lj—Jil’ Cbl) + (Cﬁﬁp ¢l)<zw + (017?1;:11’ ¢Z)Csz
= X(CF n) + (Ot d)e, + (Coit b ey + (577 1) Vo € Hagp ry,or. (S0),
G (Cilits @) + (Coihins dw)aw + (Coklits ) cus
= X(C, dw) + (O1 1 0w + (CL 1 Os)cws + (557 0w)  You € Hag\rpuur) (2s)

0s(Clitn, 0s) + (CLns @) + (CLl B
= X(CF, 0s) + (Cilys @) + (CUk's De)cun + (577, 80) Vs € Hpo\(r0my) (D),
(On k415 buw) + (Cn k410 bw)e, + (Cm k410 D)o
= X(Ch, w) + (Clh1 bw)n, + (Coiins @s)cus + (571 00) Yo € Hag, 1y, 0r,0) (D)

We want the sequence [C/F1, O3, O to pairwise converge to [C, Citt, 7+
for each time step n + 1. Within each time step, we seek to obtain convergence of
the solution along all interfaces, which we now drop for notation simplicity (i.e. the
supercript of each function), with the time index only being used when referring to

another time step. We introduce the splitting error as follows:

€Lk = C(l - Cl,k7 Cw,k = Cw - Cw,k7 €s,k = Cs - Cs,ka
(2.21)

Alw ke = YwlCuwks  Aslk = VisCliks  Awsk = VswCs ks

where [C}, C,,, Cy] is the solution to Problem 3. If we substract 2.20 from in terms of

the solution, with initial guesses A0, Asi0, and Ays, We obtain

(2.22)

e+t @) + (nktt, O0)c, + (€11, ey = (M, D) + (Vst€sor1s P1)cy

(2.23)

G (Cwkr1s Pw) + (Cwkt1, Puw)iws + (Cukits Pw)e = (Awsk Puw)cus + (Vwei k1, Puw)e,
(2.24)

ds(es,k—l—la ¢8) + (es,k-‘rla ¢S)CSZ + (es,k—l—ly ¢s)§ws = (/\sl,k7 ¢s)gsl + (’ywsew,k—‘rla ¢s)(ws

We consider splitting up by interface contribution

1.
(2.25) Eal(el,k—&-la &) + (Crrr1; D) = Nk, D)y,

1.
(2.26) ial(el,k+1a &) + (erkr1, 1), = (Vsilsht1, D1)cay
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1.

(227) éaw(eka"‘l? ¢w) —l— (6w7k+17 ¢w)4ws = (Aws,kh gbw)gws
1.

(2.28) §aw(ew,k+1, Pw) + (Cwkt1; Puw)r = (YwrClir1, Puw)c
1.

(2.29) §as(€s7k+1, bs) + (€shr1s Ds)cy = (Asiks Ds)ey,
1.

(2.30) §as(es,k+1, Bs) F (Espt1s Ps)cws = (VswCuwkt1s Ps)cus

Notice that adding each pair of equations recovers our original system. However,
proving overall convergence requires a more rigorous approach and construction of a
global contraction to fulfill fixed point arguments. Instead, we prove how pairwise the
solutions converge by assuming the third solution in place. We now set up iteration
schemes and prove corresponding results.

Let Ry : Ajw — Ay be the operator such that given a function )y, € Ay, we
have RiwUrw = Yiwty, where u; € Hfl)ﬂz\sz(Ql) satisfies

1.
(2.31) §az(uz,k+17¢z) + (Upr1, D)y = (Vs D), Vo1 € Haopr,, (1),

Let Ry @ Ay — Ay, be the operator such that given a function &, € Ay, we have
Ruithiw = Yuitlw, where u; € H, égl\rlw(Qw) satisfies

1,
(2.32) §aw(uw,k+17 buw) + (uw7k+1v gbw)Qw = (&tw; ¢w)Czw Vo € HéQw\Flw Q).

Then, the iterative scheme corresponding to (2.25) and (2.28) can be seen as a fixed-

point iteration:
Mwg+1 = TiwAwi, kE=0,1,..., where T' =Ry 0 Riy.

We prove the following lemma, where we proceed just as in [53]:

Lemma 2. There exists a constant K, < 1 depending on €2, €, and (j,, such that

(233) ||T’lw,¢)lw||gw S KlewleClw v¢lw S Alw-

Proof. Let u; be a function related to 1y, through (2.31). We define &, = Ry¥iw SO
that &, = Y. Also, let Ay = Rui&w, which is A\, = Tit. Choose ¢ = wu; in
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(2.31), so that

1.
§al(“lvul) + (i, ur) g, = (Y, W),

1.
sullullmey + 16wllg, < 1wl €l

where ¢, is the coercivity constant of the bilinear form ;. Using (1.2), we have that
for all &, € Ay

(2.34) ||§lw||§lw < Kl““l”%ﬂ(al)a

with K = Cz,lw, Ot%lHClw H%Z(sz)’ Ce.1w being the embedding constant of Ay, in L*(T,,)

and Cy; the constant of the trace inequality. Therefore, we have

Qy
a7 1 w < w )
(370 +1) Nl < el

resulting in

(235) ||€lw||<lw S KllH,lvbleClw v,lvblw € Alwa
with Kj;; = 21352&1 < 1. Now, in (2.32), let ¢, = uy, so that with A\, = Y, we
obtain

1,

ng(uwa Uy ) + (Uas U ) 1oy = (&t U )y,

1

where &, is the coercivity constant of the bilinear form u,,. Again, using (1.2), we

have for all A\, € Ay,
(2.36) NI, < Kol F .,

where K, = C?2,,C7,,
Thus, we get

’Cle%z(Flw) and Cy, is the constant of the trace inequality.

Qyy
7 T 1) [[Mwlla. < I18mwllc.,
(32 +1) ol < s,
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resulting in

(2.37) [Nl < Kotlléwlle,  Véw € Atw,
with Ky = ZKQQI_?% < 1. Putting (2.35) and (2.37) together, we have the desired
result
Al < KiollVrwlle, < ¥l
with K, = K1 Kp. [

We proceed similarly for the convergence in the I'y; interface.
Let Ry : Ay — Ay be the operator such that given a function ¢, € A, we have
Rt = YVaus, where uy € HéQS\Fsl(QS) satisfies

L.
(238) §as(u8,k+l7 ¢s) + (us,k-i-la ¢s)<sl+ = (¢sla ¢8)Csl V¢5 € HéQz\Fsz(Qs)'

Let Ris : Ay — Ay be the operator such that given a function &; € A, we have
Ratst = Ysiw, where u; € Hpo () satisfies

1.
(2.39) éal(ul,k—&-l; &) + (Wpys, P1)ey = (Ea, D), Vi € Hégl\psl(ﬂz)-

Then, the iterative scheme corresponding to (2.26) and (2.29) can be seen as a fixed-

point iteration:
)\Sl’kJrl = Tsl)\sl,ky k= O, 1, ceey where T = Rls o Rsl-

We prove a lemma similar to Lemma 2.

Lemma 3. There exists a constant K < 1 depending on €, €, and ( such that

(2.40) | Tavsllc, < KallYalle, Yds € Ag.

Proof. Let ugs be a function related to 14 through (2.38). We define £y = Ry 1bg so
that &g = yqaus. Also, let Ay = Ry&q, which is Agq = Tygy. Choose ¢, = u, in
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(2.31), so that

L.

éas(us’us) + (uS? uS)Csl = (¢SZ7US)CSZ

L,

§as||us||H1(Qs) + ||£v5l gsl S H¢5l Cst é-sl Cst

where &, is the coercivity constant of a,. Using (1.2), we have that for all £ € Ay

(2.41) 15t

&o S Kslluslln o,

with Ky = C7 ;C2|ICall72(r,)» Ce being the embedding constant of Ay in L*(I'y) and

C s the constant of the trace inequality. Therefore, we have

~

g
]‘ S < S
(2K3 ; ) lalles < ibw

Csl7

resulting in

(2.42) €5t

Csl S KSI ||¢Sl

Csl \V/1/}Sl e ASl?

with Ky = 2[?3K+3a5 < 1. Now, in (2.39), let ¢; = w;, so that with Ay = 51 we obtain

=y (g, w) + (g, w) e, = (&t w)ey,

2
%@zllulllm(m + I stllea < NstllcallAstlle.
Using (1.2), we have for all Ay € Ay
(2.43) IAallZ, < K4||Uz||%11(ﬂl)
where K, = C’iSlCZlHCSZH%Q(Fsl). Thus, we get
(55 1) el < el

resulting in

(2.44) [[Ast

e < Kill€a

o V& € Ay,
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with Ky = 2;5;‘@ < 1. Overall, we obtain
||A5l Csl S KSl ||¢Sl Csl < ||¢Sl Csl ?
with Ksl = KI2K51- ]

Finally, we repeat for interface I',;.
Let Rys : Aws — Ayws be the operator such that given a function s € Ays, we

have RysWws = Ywslw, Where u,, € Hégs\rws(Qw) satisfies

1,
(245) §aw(uw,/€+17 qbw) + (uw,k—i-la ¢w)Cws+ = (¢wsa ¢w)(ws \V/wa € HéQl\FwS (Qw)

Let Ry : Aws — Ays be the operator such that given a function £, € A, we have
Rws¢ws = YwsUs, where Ug € Héﬂs\rws (Qs) satisfies

1,
(2'46) §GS(U8,k+17 ¢s) + (us,k—f—lv ¢S)Cws = (gwsa ¢S)Cws Vo, € HéQS\FwS(QS)-

Then, the iterative scheme corresponding to (2.27) and (2.30) can be seen as a fixed-

point iteration:
Awsjet1 = LwsAws i, kK =0,1,..., where T' = Ry, 0 Ruys.

We prove a lemma similar to Lemma 3.

Lemma 4. There exists a constant K,,; < 1 depending on €2,,, {2, and (s such that

(2'47) HTwsl/)wSHCws < Kw5||¢ws||Cws v¢ws € Aws'

Proof. Let us be a function related to 1, through (2.45). We define £,,s = RusWuws
so that &us = Ywsts. Also, let Ays = Rswuws, Which is Ays = Tysthws. Now, in (2.45),

let ¢, = u,, so that with A\, su,, we obtain

§ﬂw(uw, uw) + (Uw, Uw)g‘ws = (511)87 uw)(ws

L,

)\ws | | Cuws
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Using (1.2), we have for all A5 € Ays
(2.48) H/\wSHé,JS < K5||uw||%ﬂ(ﬂw)

where K5 = C?

e,Wws

L*(Tys). We then obtain

C’ZwHCwSH%Q(Fws), where C. s is the embedding constant of A, in

Qs
(2K5 + 1) ||)\w8||Cws S Hé"lUSHCws?

resulting in

(2.49) [Awsllews < Kuzllwsllcws  VEws € Auws,
with Ko = % < 1. For (2.46), let ¢s = ug, so that with Ay = Ysuts We
obtain

1.
§u8(u87 us) + (U/S’ U/S)Cws = (fw:ﬂ uS)Cws

L
Ssllusllm@n) + Awslles. < l€wslc..

Aws HCws *

Again, using (1.2), we have for all A5 € Ay

(2.50) wsllZ,, < KollusllE .
where Ko = C?,,, C,[Cusl|72(p,,)- Thus, we get

(57 1) Il < 6ol
resulting in
(2.51) [Awsllcoe < Kooll€wsllcos  Vws € Aus,

with K = 5 Iifffas < 1. Assembling everything gives

||AU/5||CwS S Kws||¢ws||<w5 < ||1/J'LU3||CU)5’

Wlth Kws == w2Ks2- ]
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Consequently, from Lemma 2, Lemma 3, and Lemma 4 we see that

(2.52) Jim A kllg, =0
(2.53) Jim {[Asiglle, =0
(2.54) Jim [ Aws klleu. =0

Corollary 1. The scheme (2.22), (2.23), and (2.24) is convergent, in particular

(2.55) Jim (llewkll @) + Newr i @u) + lleskllar@.)) = 0.

Proof. This is direct consequence of (2.52), (2.53), and (2.54). Consider (2.25), (2.27),
and (2.29) with ¢, = €441, Ow = €wri1, and ¢s = es 41, respectively. Then, by

Poincaré inequality we have

1,
SaillerkrallEng) < Muwrllcw Imerrille,

2

L
Stullewksiling,) < ustll.

1

§d8||687k+1||%ﬂ(§23) < ||)‘sl,k||Csz||75l@s,k+1||ész'

VwsCw,k+1 HCws

Through inequalities (2.34), (2.41), and (2.48), we obtain that for all k& > 0 there
exist constants K, Kg, and Ky such that

levkrillar) < Kollhwkllc.,

||ew7k+1||H1(Qw) S KSHAU)S,]C”Cwa

leser1llmro,) < Kol Asikllc.

Similarly for (2.26), (2.28), and (2.30), using ¢s = €5 k11, Puw = €wi+1, a0d @ = €1 p41,

respectively, we can guarantee that for all £ > 0, there exist constants Ky, K71, and
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K5 such that

llewrt1llm1(00) < Kiollerpst | ooy
leserillmr ) < Kitllewri o @)
et k1l ) < Kizlles it m @)

9

and the conclusion is reached. O

2.2.7 Convection dominated case considerations

In the presence of convection dominated problems, stabilization of the solution is

required. This requires a; to be substituted by

(2.56) it stav(C1, 01) = a(Cy, 1) + agn(C, 1),

where a;,(Cy, ¢;) depends on specific stabilization methods. Setting

1 1
LC ==V -uVC, LuC=V-uC+ u-VC (Li=L+Ly)

as the symmetric and skew-symmetric parts of the fluid differential operator Ly,
respectively, then common strongly consistent stabilization methods are of the form

an(Cr, 1) = Z o <LCZ, h—K(Lss +/‘€Ls)¢l> ;

KeT,, |ul K

with K being the generic element of the triangulation 7, having diameter hg, (-, )k
the L?(K) scalar product, § a parameter to be chosen, and  the correspondence to
different stabilization techniques [49]. For instance, SUPG is established when letting
k = 0, and Galerkin least squares (GaLS) is invoked for x = 1. For the numerical
simulations, we chose SUPG since if § is suitably chosen it can be directly proved

that G st is coercive, with their coercivity constants independent of h.
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2.3 Iterative-by-subdomain solution of the

problem

To solve our problem, we perform the following iterative method based on the solution
of the following problems. We state first the strong formulation, then the weak one.
We do not explicitly specify the boundary conditions on the input/output sections.
Also, for the sake of notation, the time index n + 1 is understood, and the index k
refers to the substructuring iterations.

Let us assume that the initial guesses CZ(O), O and ¢ are given (they may

coincide with the converged value at the previous time step).

1. Lumen problem: Solve

XCl(kJrl) _MACl(kJrl) i .VCl(qul) —f on
ao(k—H
122 on,

8C(k+1
1] 3ln + Qw(C'l(kH) — C’,L(Uk)) =0 on Iy,
l

+ Czs(C'(kJrl C(k)) =0 on Iy

s

(k+1)

In weak terms: find C, €V s.t.

257) (Y, o)+ (G —e®,0) +(CF —c®,8) = (fua)

for all ¢, € V.

2. Wall problem: Solve

ch(ﬂk+1) . IuwACgchl) _ fw in Qw

aol(uk—i—l) -
How on + Qw(CI(UkH) — C’l( + )) =0 on I},
acl(uk-‘rl)

In weak terms: find C’
(2.58)
au(CED, 00) + (CUFD) = G0, 0,) 4+ (CUD = C,0), = (Fus b0)

lw

(k+1) €V, s.t.
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for all ¢, € V,,.
3. Strut problem: Solve
UxCHFD — p ACHY = f in Q,

80§k+1)
+ C15<C(k+1) - Ol(k+1)> =0 on Fls

/"LS ans S
aCS(kJrl)
usa— + Csw(Cs(kH) — C’g““)) =0 on T,

w

In weak terms: find CF*Y ¢ V, s.t.
(2.59)
G, (CFHD ) + <C(k+1) _ k) g > +(CHED — 08D ) = (£, 04)
S V'S s ) VS Is S w ) V'8 ) sw Sy s

for all ¢, € V..

4. Relaxation: Set

Ci(kJrl) — wici(kﬂ) +(1- wi)c(i) i1=1lLw,s

i
where w; are real numbers generally in the interval (0, 1].

Remark: In the sequence of problems we solve (lumen-wall-strut), we select the
Lumen first because we preliminary solve the Navier-Stokes equations to compute
the convective field in the lumen. It seems reasonable to use this convective field
immediately. For the other problems in the sequence there is no specific reason
to choose one or the other. It is promptly written a scheme solving the sequence
lumen-strut-wall problems. From the convergence point of view, the two methods are

equivalent.

2.3.1 The Jacobi variant

The previous iterative scheme uses the guess of the solution Cj, C,,, Cs as soon as it is
available, like in the Gauss-Seidel method for solving linear systems. For this reason,
we will call it the “Gauss-Seidel” variant.

A natural variant, oriented to the parallel computation, is to use the information

available at one iteration only when all the subdomain solvers have completed their
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process. This resembles the Jacobi method for solving linear systems and reads as

follows.

Let’s assume that CZ(O), O and ¥ are given (they may coincide with the con-

verged value at the previous time step).

1. Lumen problem: Solve

NCHFD _ uACHY 4wt g gy

ao(k-H)
g+ (O = CP) =0 on
n;
ac(k‘-i-l
g + Qw(C'(kJrl C*)=0 on
1
In weak terms: find Cl(kH) eV s.t.

(2:60) a(CI o)+ (G =, 01)

S

for all ¢, € V.

2. Wall problem: Solve

+ (Ol(k—H) . Oq(uk), ¢l>lw _ (fl7 le)

XCz(ykJrl) . /LwACrL(UkJrl) _ fw in Qw
aol(vkr-i-l)
Haw an + Qw(CkaH) - Cl(k)) =0 on Flw
NwW Csw( k+1) Oék)) = 0 on st
In weak terms: find CF*Y ¢ Ve 8.t
(2.61)
G (CFD 60) + ( hollas) 7%) n (C (k+1) _ o(0) )= (Fur )

for all ¢, € V,,.



3. Strut problem: Solve

XCED —p ACHY = f, in - Q,

80§k+1) et ®)
Hs + G (CHEY — 0™y =0 on Ty,
MsaT + Csw(0§k+1) — Cff)) =0 on Ty

k+1

In weak terms: find CS( ) ¢ Vi, s.t.

(2.62) as(CHHD ¢,) + (Cg‘““) — o, d)s)

ls

for all ¢, € V..

4. Relaxation: Set

C’i(k+1) = wiC(k+1) + (1 — Wi)Ci(i)’i =lLw,s

)

where w; are real numbers generally in the interval (0, 1].
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+ (C§k+1) _ Cz(uk)> ¢S)sw = (s, bs)

This Jacobi approach is immediately parallelizable, since the three problems Lu-

men, Wall, Strut can be solved simultaneuosly.

2.4 Domain decomposition methodology through

Steklov-Poincaré operators

We briefly out the methodology and techniques of domain decomposition in the

advection-diffusion problem that will be important in the following chapters.

Let

be a bounded domain in R?, d = 2, 3 with Lipschitz boundary 92 and non-overlapping

domains €2; and €2y, having I' as their common boundary. On the boundary, we set

n to be the normal at I" oriented outwardly from 0€2; NT.

We wish to reformulate the Poisson problem on €2

—Au=f in
u=0 on 09,
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Ql Qg

Figure 2.3: Non-overlapping partitions of €2

If we assume f and u to be sufficiently smooth, and letting u; be the restrictions of

u to §;, for i = 1,2, then the Poisson problem becomes:

;

—Au1 = f n Ql
up =0 on 0 NN

U =us on I

Oua _ dur
on ~— On onl’

Uy =0 on 00y NN
—AUQ = f in Qz.

\

The conditions on I' are called the interface, or transmission, conditions, and have
boundary behavior with respect to u; or us. The strategy is to develop iteration by
subdomain methods to update the overall system of solutions, with emphasis on I'. In
general, two sequences of functions {u¥} and {u5} are generated with initial guess u{,

u9 with the hope of converging to u; and uy. The following are popular approaches:

e Dirichlet/Neumann method It consists of splitting the problem into Dirichlet

and Neumann conditions for u; and wus, respectively without loss of generality.
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So for each k > 0, we seek to solve

ANt =f in O
w1 =0 on 09, NN

ubtt =X on T,

and then
~Auktt = f in O
ub™ =0 on 09, NN
k+1 k+1
8%2” - agn on F’
with

o= 6’ul§|r +(1-— 9)ulf|r,

f being a positive acceleration parameter.

Neumann/Neumann method Similar to the previous method but with initial

values 1) and v, we solve for k& > 0

—Auftt = f in
uf™ =0 on 09Q;NIN

k+1 _ )\k

y on I,

U
and then

APt =0 in Q
Yt =0 on 099, NN

oYFtL gkt bttt
on  on  on on F’

for i = 1,2, with

A= ufip — O(arip — aotdp),

where 0 fulfills the same role as the previous instance and «; and as are two
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positive averaging coefficients. [50]

2.4.1 Steklov-Poincaré operators

With Steklov-Poincaré domain decomposition, we seek to split the problem into two
Dirichlet problems wanting to solve for A, which is the unknown value of v on I

Essentially, the problem is solved in terms of traces. Consider

w; =0 on 0Q; NN

w; =X on I,

for i = 1,2. Then letting

w; = HXA+ Gif,
where
—AH,A=0 in
HAX=0 on 99Q; NN
HA=X on T
and

=AGif=f in
Gif=0 on 0Q;NN
Gif=0 on T.

For i = 1,2, H;\ is the harmonic extension of A into §2;. We have that

w; = u; for ¢ = 1,2 if and only if% = % on I
on on

A Steklov-Poincaré operator S is defined as

0 0
Sp = a_nHl“ - a—nHQM
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and acts between the space of trace functions A := H0162(F) = {urlv € Hj(Q)} and
its dual A" = HO_OI/ (T). [32]. Thus, in the context of the domain decomposition

problem, we obtain that we have to solve for A on I
SA=n on T,
where
ni= %ng - %glf'
Through weak formulation we get
(Sv, wharn = (VH1y, VHip)a, + (VHey, VHop)a, Vv, p € A
We notice that § is symmetric and positive definite since

(S, pyarn = IVHAp[[5 0, + IVH2pl50, >0 Vi€ A

2.5 Steklov-Poincaré Analysis of the Stent Prob-

lem

The previous methodology required stronger continuity in the interfaces as we restrict
the manifold interfaces. We attempt to curb this by considering a different direction,
in which we employ slightly different terminology and notation.

In this section we provide an explanation to the mesh-independence demonstrated
numerically for the Gauss-Seidel variant.

Following the path of the investigation for the wall-fluid problem (two domains,
one interface) in [52, 53], we provide a reinterpretation of the problem and its nu-
merical solver by interface equations and the so-called Steklov-Poincaré operators.
While in the case with two domains, this leads to a single equation and to a neat
interpretation of the segregated method as a preconditioned Richardson scheme, the
extension to the multiples domain case is significantly more involved. Yet, it sheds a

light on the convergence properties we obtain numerically.
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2.5.1 Auxiliary Operators

Let us consider the following auxiliary problems. For the sake of readiness, we do not
specify the conditions at the boundary (i.e., the portion of the boundaries that do
not form the interfaces) here; they are intended to be consistent with the ones of the
problems specified earlier (either homogeneous Dirichlet or homogeneous Neumann
conditions). We focus only on the conditions of the interfaces.

When defining lifting operators, we introduce the same differential operators and
functions extending trace functions from the interfaces in one of the domains insist-
ing on that interface. The couple of indexes to denote the interfaces were ordered
lexicographical (i.e., lw, ls, sw). In what follows, the lifting functions will have two
indexes too, the second one refers to the domain where the function is extended, the
first ones specifies at what interface. For instance, ug extends an interface function
pis on ' into the s domain, while ;s into the [ one. Similarly, when we introduce
the notation Hf , the subscript recalls the domain ¢ where the operator is solved, and

J the interface where the corresponding function is defined.

Lifting operators

Struts operators Consider the following problems. Let p;s and pg, be two trace

functions in Ajs and A, respectively.

XUrs — ,UsAuls =0 in Qsa XUyws — MsAuws =0 in Qsa
(2.63) Ups = Pls in Ty, | Uws =0 in I';,

Us = 0 m FSUM Uyws = Psw m st-

We denote ’Hlspls = Wis, HiypPsw = Uws A0d Ug = Ups + Ugyy-

Also, we introduce the problem

XGs — ,usAgs = fs in Qsa

(2.64)
gs = 0 n 8Fls U st.

Set g5 = G, fs.
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Wall operators Let p;,, be a trace function in Ay,. We define the problems:

(2.65)
XUy — AUy, =0 in Q,, XUsw — MwQlg, =0 in ),
Uy = Plw n Flwa Usw = 0 in I‘ls

vaulw 1 Cswulw =0 in st; vausw i gswusw = Cswpsw in Pswa

where pyg,, is introduced in the previous paragraph. We denote ”Hiuplw = U, H Psw

= Uy and Uy, = Upy, + Usyw. Also, the operator G, f,, is defined as the solution of:

XGw — ,uwAgw = fw n Qun
(266) Juw = 0 on Flw>

iV Gw - Ny + Cawgw =0 on [y,

Set gw = Gu fow-

Lumen operators Finally, we define the problems:

(2.67)
XUl — AUy + - Vuy,y =0 in Q| xug — pwlAug +u-Vug =0 in
NV Ul - g + Cuitiwt = GuoPwtPuwt 0N Lpyy,s NV Ul - 1y + Gty = 0 on Ty,
Vg -1y + Cqug =0 on I'jg; Vg - ny + Cqug = Gspsy on 'y,

where p;; and p;,, were introduced in the previous paragraphs. We denote H;"pj,, =

Ui, Hjpis = ug and w; = wyy + ug. Finally, consider the problem

X9 — mAg +u-Vg = fi in
(2.68) Vg -+ Cugr =0 on I',,
wVagr-n;+ Cqg =0 on I'.

We denote G, f; = g;.

Interface operators

Let us now consider the following operators acting at the interfaces. Traces pis, pPsw

and py, are as in the previous paragraphs.



Wall-lumen interface Let us set

S11Ptw = Haw m;;“f“” + CwPrw
St1pw = =G wiHi’ prw
(2.69) § S1201s = —CuYui M pis
S13Psw = wamai”l%

[ L = —Hw nfw + GuYutGifi,

} S11p1w = (Sf)l + 5{1) Plw

where 7, is the trace operator V; — A;,. Notice that

S11P1w + S12015 + S130sw =T

implements the interface condition

(e + Gu)

on, + G (U + gu) = Gu(w + g1)-

fho

Lumen-strut interface

S5aP1s = s ag;’:“, }
522Pls = —QsNsH pis
(2.70) So1P1w = —CQsVst Hi’ pruw
Sa3psw = psOH pswOns,

M = —pe 2l + GG,

822pls - (Sfl + Sil) Pis

\

where v, is the trace operator V; — Ay.

By direct inspection, one verifies that:
Sa2p15 + S21 P10 + S23P50 = M2
corresponds to the interface condition

,usa(us + gs)ans + Cls(us + gs) = Cls(ul + gl)

39
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Wall-strut interface In this case, we introduce the notation:
( S o 8H5w sw
SSSpsw — ,usa—n/: + Cswpsw
S;’)%psw = _Cswastfupsw
(271) < S3lplw = _Csw'yswslluplw
SSQpls = Us a%iifls

773 = _,Usai_if5 + Cswﬁ)/swgwfw>

} 833psw = <S§3 + S?q;%) Psw

where 7y, is the trace operator V,, — Ag,.

Again, the equation
S31p10 + S32p15 + S33psw = 13

corresponds to the wall-strut interface equation

O(us + gs)

Hs ans + Cls (us + gs) = gsw(uw + gw)

The Steklov-Poincaré (SP) System

The operators introduced above form a system of interface equations in the form

(2.72) Sp=mn
where
St Sz Sis Plw m
S= |8y Sy S| P=|ps | M= |02
S31 Sz Ssz Psw 113

We will prove that this system of equations that we will call Steklov-Poincaré
system amounts to the solution of the time-discrete Problem 4, and extends the

problem previously considered in [52, 53] to the case of multiple (i.e., 3+) domains.

2.5.2 Weak formulation of the SP system

To find the weak formulation of (2.72), we notice that for a generic function \;; € A

and its extensions L\ in €, s.t. its trace on 'y, is 0 and L£;)\; in € s.t. its trace
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on I'y, is 0,

ong
o s s w w R
(2 73) P1s — VisHj pis — VisHi’ prw, )\lS)Czs = </~Ll(%+:{lpl)y )\ls>l = CLl(ula £l>\ls)
. <,Us aissfs ) )\ls>l = &s(gsa £s>\ls) - (fsa ‘CS)\ZS)

<Mla§,l,{l,)\ls>l = — (NG fs; Mis)¢,. = g, Lidis) — (fis LiNis)

l w A
<MSM’ )\15>l = G5 (Us, LsAis)
S
(

With these positions, we verify that weak formulation of the second equation of the

SP system reads VA, € Ay
(2.74) as(Us 4 G, LsNis) + ar(w + g1, Lidis) = (fs, Lshis) + (fis Lidis)-

Here, (-, -);s denotes the duality pairing A;; with its dual space.
With similar arguments and notation, it is possible to verify that the first and the

third equations of the SP system read

6Alw(uw + Guw, 'Cw)\lw) + &l(ul + g, 'Cl)\lw) = (fwa 'Cw)\lw) + (fla 'Cl)\lw)

2.75
( ) &s(us + Js, Es)\sw) + &w(uw + Guw, ﬁw)\sw) = (fsa ES)‘mu) + (fwa ‘cw)\sw)

Now, if we sum the three equations and identify
Cs:us+gsa Cw:uw+gwa Cl:ul+gla

and
Qbs = £s>\ls + Ls>\w37 ¢w = Lw)\ws + ﬁw/\lw; (bl = £l>\ls + ['l)\lun

it follows that the SP system is equivalent to the multidomain Problem 3 when we

sum the three equations.

2.5.3 Space-discretization of the SP system

For the space-discretization of the problem, let us consider again a conformal reticula-
tion of the three domains, i.e., such that the reticulation in each subdomain shares the
same degrees of freedom at the interfaces. Then, we introduce the finite-dimensional
subspaces of H*(;), H*(Q,,) and H'(£), denoted by V},;, Vi, and Vj, 4, respectively.
Correspondingly, we introduce the finite-dimensional trace subspaces Ay s, Ap s and

Ap g of Ais, Ay and Ay, respectively.
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Following up on the weak formulation of the SP system provided above, the fully
discrete formulation of the SP problem reads: find ppnis € Anis, Prws € Answ, and
Ph,ls € Ah,ls s.t.

as(Un,s + Gh.ss LnsAnis) + Gw(Ung + Gnis Lnidns) =
(fsr LhsAnis) + (f1, LniAnis)

as(Unh,s + Gh,s, LhsAnws) + Gw(Unw + Ghw, LhwAhws) =
(fss LnsAnws) + (fur LhwAnws)

A (Uhw + Ghws LhwAhiw) + G (Ung + Gnis LniMniw) =
(fus LhawAniw) + (fty LhiAniw)

(2.76)

for all A\pis € Apis Aws € Apsw and Ap g € Ap gy and with pp s = up s(Lis), phosw =
Un.s(Tsw) and pppw = Unw(Tiw)-

Summing up the three equations we obtain the sum of equations in Problem 4.
This formulation will help to analyze the iterative-by-subdomain method we propose
for the the solution of the problem. To this aim, we recall the Finite Element Uniform
Extension Theorem (see [51], Theorem 4.1.3), that states that ||ppwlla,,, 15 equiv-

alent to ||ty pl|1,0 With constants independent of h. Similarly, we state the uniform

equivalence of || pp,s||a,,, With [[usnll1,s and ||ppsw A, .., With [[twssll1,s. In particular,

lusall < €1 (lonswll, ., + lonisl,., ) < Colluwwsal,

where the constants C; and C5 are independent of h. Thanks to this Theorem, it
is possible to prove the continuity of the operators forming the matrix & and the
positivity of the matrix, independently of the value of the discretization parameter

h. More precisely, we can prove the following proposition.
Proposition 1. The following statements hold.
1. The operator Sjj , is symmetric and uniformly coercive.

2. The matrix

S; S
S = 82 = 22,k 23,

Y
’

32n Sizp

is continuous and uniformly positive.

3. The Steklov-Poincaré discrete matrix is continuous and uniformly positive.
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The statements follow from the definition of each operator in the weak form. In

particular, statement 3 implies that the discrete problem is well-posed.

2.5.4 The substructring method and the SP system

Let us consider the substructuring methods of the lumen, wall, and strut. In partic-
ular, we consider a function A\, € A, and its extensions £;\;, such that £;\;, =0
on I';, and L\, such that Lw)\;, =0 on I'y,,.

Summing up in ; for ¢; = L\, and 2, for ¢, = L, A\, We obtain

a(CY, L) + au(CEY, £,A) + (CFF = P )
= (fl7 £l>\lw) + (fwa 'Cw/\lw) .

lw

(2.77)

Denote the trace of Cfv on I, as pl , likewise the trace of C( on I'y, as pgw)

(k)

and on I'i5 as p),” .

Then, consistently with the notation introduced earlier, we denote the solution by
O =i + Hinl) + g
and
CUtY =y piy ™ + Hiol) + g

With this notation, equation ((2.77)) reads

d ( l plw + Hl pls + gla‘cl)‘lw) + dw 1 Pl( 1) + Hl psw + ng )\lw+
(P = ) = (o L) + (s L)

Formally, for the Steklov-Poincaré operators, this equation reads

11/0l(w )= Snpzw Slzpls 813psw

or, equivalently

w (k+1 k k
(o™ = o)) =i,

where rgk) is the residual of the first equation.

Proceeding similarly, it is possible to find that the generic iteration of the unre-
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laxed Gauss-Seidel substructuring iterative method reads

Sp (p* = pM) =n - Sp,

where
w0 0
Sp = 0 &5 a3
S31 Sz Si

Alternatively, we get

This is the generic iteration of an unrelaxed preconditioned Richardson scheme for
the SP system, where Sp is the preconditioner.

The relaxed version of the scheme promptly reads

where W is the diagonal matrix with the coefficients w;, w,,, ws on the main diagonal.

Should we set w; = w,, = ws = w, the previous iteration reads

Discussion about the convergence of the preconditioned Richardson scheme

We can recall the following result, similar to what was done in [53].

Theorem 2.5.1 (see [51], Thm 4.4 and Remark 4.2.4). Let X be a real Hilbert space,
X' its dual and (-, -) the duality pairing them. Let Q : X — X’ a linear continuous
operator split as @ = Q7 + Qy where

1. Qs is continuous, symmetric and coercive;
2. @ is continuous and coercive.

Let n € X’ be given and consider the problem in the unknown p:

Qn = p.



45

Then, there exists a real value #,;, depending on the coercivity and continuity con-

stants, such that V0 € (0, 6,,) the preconditioned Richardson iteration

converges in X to the solution of the problem for any initial guess p(®.

In the case of the wall-fluid problem considered in [53], this Theorem perfectly
fits into the Steklov Poincaré formulation, leading straightforwardly to the proof
of convergence of the iterative-by-subdomain method. In the case considered here
with three interfaces, the case is more complicated, since the operator Sp acting as
preconditioner in the SP reinterpretation of the iterative method is not symmetric.

However, notice that

Si1 0 0 0 00
SP = 0 822 823 + 0 00
0 832 833 832 0 0

Let’s denote by Qs the first term on the right hand side. This is a symmetric,
continuous, and coercive operator by virtue of Proposition 1. The preconditioner Sp
associated with the Gauss-Seidel iterative method is therefore a low-rank perturbation

of the symmetric operator Qs. In particular, notice that

0 00 0 S31
0O 0 0| = Ul/)T, with v=1(0]|,¥v=1]0
S 00 7z 0

Notice that with this notation Z + " Q,'v = T, which is trivially invertible. This

enables the use of the Sherman-Morrison Formula for operators:
_ _ _ _1 31 _
Spl =9y~ Qv (T+YTQ M) vwey!

that in our case reduces to

SP—I — Qg_l _ QQ_IUwTQQ_I — QQ_I o
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The symbol * denotes non-zero entries in the matrix operator. If we assume the same
relaxation parameter for the three domains, our relaxed preconditioned Richardson

scheme obtained by the iterative subdomain method reads therefore

% > o

o O O

o O O
3
K

The iteration scheme without the boxed term converges uniformly thanks to Theorem
5. On the other hand, the boxed term is a low-rank perturbation driven by a singular
matrix with all zero eigenfunctions. We argue that the boxed term does not alter
signifcantly the spectral behavior of the scheme with the symmetric preconditioner.

When we consider the space-discrete version of the operators, we get to the same
point and the application of Proposition 1 explains why our results exhibit a mesh-

independent convergence rate.

Remark. The previous analysis refers to the sequence lumen-wall-strut. It can be
adjusted to the sequence lumen-strut-wall. It is enough to swap the operators marked
by w and s in our definitions, since the wall and the strut problems are both sym-

metric.

Remark. The previous results promtply extend to the case of stabilized solvers (like

SUPG) featuring a coercivity constant independent of the mesh size (see also [53]).

2.6 Numerical Results

The struts form a sequence of rings centered on the centerline of the pipe. We consider
sequences of 1, 3 and 5 rings on a straight and a curved pipe. The pipe is 5 mm long,
with an external radius of 1.2 mm (external wall); the wall-lumen interface is located
at the radius R; = 1 mm. The internal face of the struts (interfacing with the lumen)
is a is at a distance of 0.9 mm from the centerline, the external face (interfacing with
the wall) is at 1.08 mm, and the length of each ring is 0.2 mm.

We implemented our domain decomposition method within the NGSolve library
[54], through Python scripts.

We wrote a simple monolithic unsteady Navier-Stokes solver for the flow in the

lumen. The boundary conditions for the Navier-Stokes problem were set to be:
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1. no-slip (i.e., homogeneous Dirichlet) at the interface of the lumen with either

the wall or the struts;

2. non-homogeneous Dirichlet at the inflow with a Poiseuille flow at the inflow

circular section;
3. traction-free (i.e., homogeneous Neumann) at the outflow.

At this proof-of-concept stage, we tested different diffusivities. In particular, when
in {; the convection is dominating over the diffusion we stabilized the solver with
a strongly consistent method like SUPG [7]. In the following results, we set the
diffusivities to be j; = 5.0 x 1075, p,, = 5.0 x 107, s = 1.0 x 107%. The Robin
constants ¢, and (i, in general, are functions of the shear stress v(Vu+ V7u) - n —
n- (I/(Vu + V%) - 'n) n. For the sake of simplicity, we assume here these coefficients
to be constant: (,, = 3.42 x 1072, (s = 3.42 x 1073, and (s, = 3.5 x 1073,

The initial conditions were set to be Cjp = 1, Cyo = 0.5 and Cs9 = 0. For
the Jacobi, the system would solve in lumen, stent, and wall before updating to the
next iteration; and for Gauss-Seidel, a domain would be solved and soon thereafter
would the solutions of the other domains be updated without waiting for all three
to be solved. In the latter, we considered a normal sequence of lumen-stent-wall
iterated several times and a "snake” sequence that solves through the stent domain
intermittently (e.g. lumen-stent-wall-stent-lumen-stent...).In our numerical results,
we considered the two methods introduced above, the Gauss-Seidel and the Jacobi
variants. For the Gauss-Seidel method we considered both the | — w — s and the
[ — s — w sequences with similar results. We set the relaxation parameters to 1. Also,
we considered an additional case, the Symmetric Gauss-Seidel (SGS) case. This means
that at the end of the iteration, we do not restart with the lumen, but we perform
another solution of the wall problem in the [ — w — s sequence (or the strut problem
in the [ — s — w sequence) to get back eventually to the lumen problem, similarly to
what done for linear systems for the Symmetric Successive Over Relaxation (SSOR)
scheme. The following shows a summary of the results, with L?-norm and number of

iterations per domain needed for convergence.



2-Ring Stent Results

Solver Number of elements | Time (s) | Iterations | L?-norm
3022 3.9 ) 2.12215

Jacobi 23672 41.6 5 1.38647
189376 1070 5 0.91845
3022 3.7 4 2.150887

GS (Normal) 23672 41.8 5 1.3936
189376 1055 ) 0.92445
3022 3.4 ) 2.150804
GS (Snake) 23672 36 5 1.3934
189376 819 5 0.92418
3-Ring Stent Results

Solver Number of elements | Time (s) | Iterations | L?-norm
3437 4.52 ) 2.9298

Jacobi 27496 52 3 1.9749
219968 2012 4 1.335885

3437 4.88 5 2.9534

GS (Normal) 27496 49 6 1.9794
219968 1923 4 1.33793

3437 4.48 ) 2.9533

GS (Snake) 27496 44 5 1.9794
219968 1509 4 1.33793

48
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5-Ring Stent Results

Solver Number of elements | Time (s) | Iterations | L*norm
4154 5.7 ) 2.89657

Jacobi 33232 94 5 1.93923
265856 2570 5 1.30985

4154 9.3 ) 2.93147

GS (Normal) 33232 08 6 1.9474
265856 2578 6 1.3132678

4154 2.15 ) 2.931395

GS (Snake) 33232 84 6 1.9474
265856 2020 5 1.3132574

As can be seen, the numerical results are consistent with better convergence ac-
cording to number of elements and iterations. Moreover, all of the schemes perform
similarly numerically, with Jacobi being only slightly better. However, Gauss-Seidel
has a better time complexity than Jacobi; in particular, the ”snake” variation is faster
since it acts as a pivot domain given its lighter element density and placement be-
tween the other two domains. Since the performance is similar to the other two, the
snake Gauss-Seidel should be the favored numerical scheme in the future.

The results consistently confirm the convergence theorems we proved. However,
regardless of the number of struts and the curvature of the geometry, we notice what

follows.

1. The convergence rate of the methods is independent of the mesh: this is critical
for the application to real problems, as we expect we need to resort to very fine

meshes.

2. The fastest method in terms of CPU time is the SGS. This is arguably due to
the fact that in the symmetric iterations the additional step reduces the time for
solving each other subdomain thanks to a better transmission of the interface

information through the subdomains.

Diffusivity observations

We implemented simulations by changing the diffusivity parameters in the lumen,

wall, and stent to understand the interplay behavior among domains. Previously,
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Figure 2.4: Upper: Blood velocity with one-ring stent. Bottom: Solute with one-ring
stent

we had the same diffusivity in the wall and lumen, but for this part we set them
two degrees of magnitude apart. We primarily considered the following cases: tt,, =
1.0 x 1073, py = 1.0 x 1075, py, = 1.0 x 1072 (negligible permeability in the stent);
po = 1.0 x 1073, py = 1.0 x 107, g = 1.0 x 1077 (low permeability in the stent);
and j1,, = 1.0 x 1073, gy = 1.0 x 107, py = 1.0 x 107! (high permeability in the
stent). The results are visibly observed in Figures 2.8 and 2.6. In the first instance,
there is a noticeable difference in the absorption from lumen to wall while only a

small discrepancy can be observed from their respective interactions with the stent.
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Figure 2.5: Upper: Blood velocity with three-ring stent. Bottom: Solute with three-
ring stent

When it comes to low permeability in the stent, the concentration shifts more around
the stent; and for high permeability in the stent, a more dynamic variability in all
regions around the stent can be appreciated. Interestingly, there is a slightly inverse
relationship between the maximum element concentration of solute in the overall
geometry and the diffusivity of the stent. When the struts had higher diffusivity, the
maximum concentration decreased, and viceversa. This is presumably due the fact
that the concentration is spread across more regions, instead of becoming increasingly

turbulent in fewer areas. There was no discernible change in the time complexity
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Figure 2.6: Upper: Blood velocity with five-ring stent. Bottom: Solute with five-ring

stent

and convergence behavior explored in the aforementioned same diffusivity instances.
Overall, the variational diffusivity could play an important role in the behavior of the

solute concentration.
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Figure 2.7: Left: Blood velocity with three-ring curved stent. Right: Solute with
three-ring curved thin stent.

Figure 2.8: Upper: Solute concentration in five-ring stent with different wall diffusiv-
ity from lumen after one iteration. Bottom: Solute concentration in five-ring stent
with different wall diffusivity from lumen after five iteration.
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Figure 2.9: Left: Solute concentration in five-ring stent with low diffusivity in the
struts. Right: Solute concentration in five-ring stent with high diffusivity in the struts



55

Chapter 3

Mathematical modeling of drug

dynamics in the stent

3.1 Drug in stent motivation

Due to the foreign nature of the stent, the artery is prone to hard coagulation and
scarring tissue resulting in the condition of in-stent restenosis, a narrowing of a stented
artery lesion, after six months on average from stent placement in the case of bare
metal stents (BMS) and after twelve months with drug eluting stents (DES). [37] To
prevent this undesirable coagulation around the stent, these were coated with drug,
such as heparin, to help the artery heal. It is of interest to model the dynamics of drug
around the stent to have a realistic picture of the complete stent transformation. In
the past, modeling the drug movement has been achieved in the wall-stent and stent-
lumen settings, respectively, but not altogether.[59] In this chapter, we implement
techniques of the multi-domain decomposition methodology derived in the previous
chapter to achieve drug modeling. It is important to notice that the drug coated
stent acts as the source of the solute to be dissolved into the lumen and the wall.
The intent of this work is to model a complete drug eluting stent, which has a layer
of drug coating that dissipates across the artery system over time. Clinically and
experimentally, there have been trials aiming to estimate the timing of drug release,
ranging from 15 days to 90 days, as well as their physiological consequence, hoping to
discern which is more beneficial in the long term.[25] Different stents customized in
terms of shape and drug type have been studied extensively to elucidate on optimal

behavior.[3] [58] Moreover, while most stents have the basic metallic strut with a drug
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coating, some of them have an additional topcoat layer, with the end of slowing down
the drug release and minimizing drug bursts to the artery.[14] In many instances,
thrombosis was a derived consequence of DES implantation, with factors such as
stent length, underexpansion and residual stenosis being highly correlated to it.[43]
In all of these cases, it is still not clear what is the optimal release rate to prevent
thrombosis and other stent-related conditions. To provide such insight, we develop

the groundwork for the mathematical modeling and simulation of DESs.

(a) x40 (b)><100 (c) <500

Figure 3.1: Different types of drug eluting stents.[61]

3.2 (Geometrical description

For the case of DES, it is necessary that we elaborate a coating layer in the context
of our previous geometry. The domain changes in time also for bioresorbable stents
(BRS), but shorter time scales could be required for the progression of the erosion.
For now, we focus on DES, whose domains will be shaped over time, so we describe
their evolution. We let Q4(t), ,(t), and ;(¢) be domains defined over some time
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interval [0, 7] for some T" € RT. In the case of t = 0, we let ©;(0), Q,(0), ©(0),
[',(0), T'ws(0), and I'y(0) be the same domains and interfaces from the previous

chapter.

3.2.1 Initial Drug Coating

We assume that the coating is initially uniform as is expected in a real stent. And
to prevent ambiguity in cusps, such as corners, from the definitions that follow, we
initially assume that the boundary 02, is composed of sufficiently smooth manifolds,
at least of the C* kind, basing on the continuous and differentiable fluid structure of
the drug coating (see Figure 3.1).[61] We start to describe the coating by considering
a non-negative real constant dp, to later determine the inward radial thickness. Then

we define

dist = i -
istaq, (0) (%) yeglglzfl(o)HX y||

for x € Q,(0)\09(0). Fixing x € Q,\00,(0), we obtain the projection on the
boundary of ,(0)

Vi ={y € 09,(0) : [lx — y|| = distao, ) (%)}

for x € Q4(0)\(I's(0) UT,s(0)). For each x € 24(0)\0€2(0) and each y € V4 in its
corresponding projection, let Ly, C ©4(0) be the segment given by

Ly = {y +s(x—y):s € (0,1)}
Finally, for t = 0, we let Cxy ,, be the region
Cxyoo =12 € Lxy : ||z —y|| < do}.

Therefore, we define

Qc<o) = U U OX,Y@O

x€Q,(0)\095(0) yEVi

to be the coating of the stent. The structure can be observed in Figure 3.2.

Remark: In general, we will be alluding to the non-drug portion of the stent
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Figure 3.2: Cross-sections of drug coating representation

(i.e. the metal base) from time to time; so for notation ease, we shall refer to it by

Q,, = Q5(0)\2.(0), which is constant in time.

3.2.2 Drug Coating Evolution

We denote by I the time interval (0,7]. For each t € I, consider the differentiable
mapping P(y,t) : 024(0) x I — 2.(0). The behavior of ®(y,t) depends on the
coating’s hemodynamic corrosion and arterial drug absorption. In the context of

time evolution, for ¢t € I we define
Cxy(t) ={z € Lxy : [2(y,t) =y < [z — ¥y < do}-

Thus, for ¢ € I the drug coating over time becomes

2€t= U U Gy (0)-

x€Q5(0)\092,(0) yeVx

As such, the stent domain is

O, () = D U Q(1)
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for t € I. This is shown in Figure 3.3

P

center Q)

Figure 3.3: Representation of drug as a time-evolving domain. Compare with right-
side of Figure 3.2. Notice that now €2, (t) and €(¢) acquired the domain where the
eluded drug used to be; we denote these added regions by ,(t) and Qg (). Peenter
represents the metallic core €2,,.

To update the remaining regions and interface, we need to define the projection

of ®(y,t) onto the interfaces I'y(0) and I',,5(0). For t € I, we let

(I)Fsl (Y7 t) = cI)(Y? t)
Fsl(o)

to be the projection of ®(y,t) to I'y(0). Now for every y € I'y(0) and § = &r_ (y, 1),
we define I'y(t) to be such that for § € I'y(¢). In this manner, ®r_(y,t) behaves like
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a map from I'y(0) to I'y(¢). Then we define
Oxyry(t) :={z € Lyy : [z =yl < [ly — @r, (v, )}

so that we can have

Qsl(t) = U U OX7Y7Fsl (t)

x4 (0)\9924(0) yEVi

We do the same for the I'ys(t) interface: we allow for ¢t € [

@Fws (y7 t) = Q(y7 t)
Tws(0)

to be the projection of ®(y, ) to I',s(0); and for every y € I',5(0) and § = ®r, (v, 1),
we define I',4(t) to be such that for § € I'5(¢). Then we let

Oxvyyrws(t) = {Z € vay : ||Z - YH S ||y - q)rws(y7t)”}

so that we can have

Qus(t) == U U Oxyr,,(t)

x€0:(0)\002s(0) yeVx

Now, for t € I, we can update €); and €2, as follows

Q) == 2(0) U Qus(t)
Qyu(t) = 2y, (0) U Qys(t).

As such, we do the same for I',:

Co(t) := Qu(t) N Qy(t).

3.3 Mathematical modeling

We first explore the distinct possible mechanisms for drug release and then observe
drug movement in different domains. There are several forces and factors coming into

play for the drug dissolution across distinct regions, not necessarily exclusive. For
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instance, diffusion is active in both the lumen and the wall at different rates while
the Navier-Stokes convective component from the blood velocity affects only the lu-
men, exactly as in Chapter 2; however, blood provides the pressure acting on the
wall working as an advection agent within it. Moreover, even though the artery wall
is composed of several complex layers (e.g. intima, externa) with varied structures,
the minuscule reactions occurring throughout them are negligible in the context of
the overall drug transport within the wall. [18]. Hence, we may focus principally on
the media layer, corresponding to Q,(¢) in our model, and on the endothelial layer,
being the connective tissue between the lumen and the wall and referred to by I'y, (%)
and [',s(t) in our analysis. In this regard of simplifying the model, we can assume a
simple artery wall behaving like a homogeneously and isotropic porous medium [59].
Throughout the later sections, we will be defining by Cy(x,t) the concentration of

dissolved drug in the coating.

. \ Inflammation |
~X Re-endothelialization *
- 1

\@ .
PLGMSHL Y L »

b SRR - Abluminal coated stent

Inhibition of late
thrombosis
& restenosis

Figure 3.4: Picture overview of DES coated with poly(lactic-co-glycolic acid)(PLGA),
sirolimus(SRL), and magnesium hydroxide (Mg(OH),.[33]

3.3.1 Drug Release
Clinical Considerations

Under certain applicable physical considerations, the distribution of drug to the lumen
and the wall can be explained through the Higuchi model [28]. The first requirement
is for the medicament to be composed of particles whose diameter is smaller than
the apertures in the thickness of the absorbing layer. This is consistent with the
comparitive measurements of artery wall and stent coating drugs [48]. In the case
of the lumen, most of the drug is carried away by the convective abrasion of the

blood movement, so that the absorption is rather instantaneous. Plus, the persistent
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scramble of blood platelets results in varying momentaneous and sufficiently larger
spacings, in coherence with the necessary condition [5]. The second stipulation con-
cerns that homogeneous mixtures, resulting for example in a thick ointment, do not
be formed when in contact with the drug. The wall tissue is efficiently receptive of
drug material without creating new substances at the interface, but the coating is
prone to platelet adhesion when interacting with blood, provoking stent thrombosis.
While this constitutes roughly 2% of cases since most benefit from anti-platelet ther-
apy, the mortality of this percentage of patients is significant [22]. However, given its
minor fraction in patients with DES, stent thrombosis will not be encompassed here
and should be treated as a separate case. Thus, if we disregard platelet adhesion, the

second condition is fulfilled for the stent and lumen interface.

Geometrical Configurations

To properly implement the Higuchi model, we rely on a differential geometry ap-
proach, similar to the one developed in [59]. To this end, we let x; be a family of
mappings, such that for each ¢ € [0, T] we associate a point (&1, &) in a region w C R?

to a point x;(&;, &) in the current interface 9€2,(t) C R3:

Xy w— 00(1), x¢=x(&1,&) V(&,&) €w.

This naturally results in a system of curvilinear coordinates, with covariant vectors

0%y 0%y a; X as

¥7 A2 = o7, A3 =
1

a= 06 7 Jar x ag|’

The vectors a; and ay span a tangent plane to 09Q(t) at x,(&1,&2), with ag being its
unit normal vector to the plane. For any x; € 0€4(t), we define the tangent surface

through the span of a; and a,:
do = (x — dr'a; — dx’ay, x + dr'a; + dr’ay).

To establish a measure of volume, we consider the aforementioned mapping ®(y,t)
that we used to describe the evolution of the coating over time. Since we are separately
referring to the entire boundary 0€(t) by x; and ®(y, t), there is a point y € 9€2,(0)
such that ®(y,t) = x,(£1,&2). We may consider the current drug thickness to be
the length between the boundary of the stent and the metallic core, denoted by €2,,.
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Hence, we let [(y,t) be the function

remembering that dy is the initial thickness of the coating and ||y — ®(y,t)|| is the
length of the drug already vanished by time ¢. We are now in a position to define the
volume dV = do X l(y,t). Finally, we attach to dV the drug concentration function
Cs(t, z;x), with z € (0,1) being the axial variable in the direction of the normal as.

and x ranging over dV'.
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Figure 3.5: Diagram representing an infinitesimal tangent plane on the boundary of
), acting as a planar slab for external media.

Higuchi Formula

Having laid out proper preliminaries and geometrical considerations, we expound the
principles of the Higuchi model to obtain an explicit formula for the drug release.
For infinitesimal quantities, we may treat the surface do on the external media as
a semi-indefinite and planar slab, behaving like a perfect sink for the drug diffused
through. In this regard, the drug dispersion problem is analogous to the heat conduc-
tion problem, enabling us to make use of corresponding partial differential equations.
We keep in mind that the equation parameters of the drug tangent surface facing the
wall differ from those of the plane in contact with the lumen, so we consider separate
systems of PDEs for each instance. We will use the point x;({1,&>) as the reference
origin point for z = 0, so that positive axial values describe the drug coating (i.e.
z = [ would indicate the boundary of the metallic base) and negative ones are associ-

ated to the external media. Let Cjy be the initial charge concentration in the coating.
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For the lumen and stent we have

r% = DyAC; z€ (—00,0), tel0,T]
VCS ‘Ng = 0 x¢ 8dV, t e [07 T]
Cs=Cy 2€(0,1), tel[0,T]

Co=0 z=1, te[0,T]

\

where D, denotes the conduction factor and ng the normal to the boundary of dV.

Similarly, for the interface between the wall and the stent, we get

(% = D ACs z € (—00,0), tel0,T]
VCs nys =0 xe€ddV, tel0,T)
<CSZC(] z€(0,0), tel0,T]

Co=0 z=1I, te[0,T],

\

with D, being the proper diffusive coefficient and n,,; the normal to the boundary
of dV'. Solving explicitly with standard techniques and relying on the heat equation

fundamental solution, respectively, we obtain the solutions

Cs(taz;xt) = CO (1 — erf (\/%Slt)) , 2 € (_0070)7 le (OaT]v Xt € Fsl(t)

Cy(t, 2:%,) = Cy <1—erf(\/%t>), 2 € (—00,0), te(0,T], x:€ Tus(t),

where

erf) (2) = % /0 et

From Fick’s law of diffusion, we can calculate the flux J of the drug at the surface

of lumen and stent at time ¢ by obtaining the gradient in the axial direction of Ci:

oC,
0z

D, C?
_ ltO, te(0,T], x€Tlyt).
v

Jsl(Xt> t) = _Dsl

z=0
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Likewise, on the boundary of wall and stent we obtain the flux J,; of the drug

| D,,,C?
et —O, t E (OyT]y Xt 6 Fws(t)
0 mt

We note that the fluxes are independent of x;, hence being only variables of . These

0C,

st 7t :_Dws_
(xi:t) 0z

are the drug release equations we can tangentially use in our study of drug dynamics

in different domains.

3.3.2 Drug Dynamics

We are now ready to discuss the movement of drug across €2, (), €(t), and Qg(¢)
and develop a system of differential equations in light of the principles of the domain
decomposition methodology described in Chapter 2. All of these display diffusion
activity, but the wall and lumen regions are additionally subject to more constraints.
For the wall, we consider several factors at play such as Darcy’s law and the ex-
tracellular matrix, and in the lumen, the primary force is driven by the convection
of blood velocity. Keeping the notation from earlier chapters, we denote the drug

concentrations of the wall and the lumen by C,,(x,t) and Cj(x,t), respectively.

3.3.3 Drug Dynamics in the Artery Wall

We take into consideration the following phenomena to construct equations for the

drug dynamics in the wall.

e Darcy’s law: Regional convection in the form of plasma filtration pressure due
to Darcy’s law. We write this term by u,(x,t), which is related to the pressure

p obtained from Navier-Stokes at the interface I';,,.

e Extracellular matrix: The artery wall is composed of complex tissue resulting
in drug being stored, without active transportation, in portions of it. We refer
to the density of these free binding sites as b(x,t), with by the initial density
before containing drug. The amount of space where drug can be stored is always

non-negative, so b > 0.

e Endothelial layer absorption: We let P, be the permeability factor between the

wall and the lumen.
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Darcy’s Law

Darcy’s law in filtration is analogous to Fick’s law for diffusion. It accounts for the

plasma filtration through the artery wall:

u,=——Vp,, V-u,=0 in Q(¢),
22
where k;, is the hydraulic permeability and py is the viscosity of the blood plasma.
We let the pressure in the wall be given by p, and realize that it decreases as the
plasma reaches the outer channels of the artery. On the other hand, plasma does not
infiltrate the stent coating, and its behavior across different ends of the wall, outside
of the stent region, is periodic and symmetrical; so that the Vu, - n = 0 boundary
condition applies. We also assume that filtration is initially blocked from I',s since
the strut is absorbing all of the pressure. Thus, the equations governing the filtration

velocity are

u, + %pr =0 in Q(t)
V-ou,=0 in Q)

Pw=0 on DysU0IQyouter(t)
Po=p on Dyt

Vpw Ny =0 on  Tylt)

va sy = 0 on agzw,outﬂow(t) U agzw,inﬂovv(t)-

Extracellular Matrix (ECM)

Artery walls have intricately complex structures and layers. In particular, the extra-
cellular matrix (ECM) is a stronghold of proteins and molecules providing support
and mechanical profile to the tissue.[60] To fully account for the detailed components
of the ECM, a laborious geometrical construction would be required. However, for
practical purposes, incorporating every minute fragment is deemed unnecessary for
the most part because their impact on drug logistics on our model is extremely minus-
cule given their relative scale. Hence, we implement a simplified model by assessing
just free-binding sites, the most relevant aspects of ECM in terms of drug movement,
in our analysis. [42]

These free-binding sites prevent a uniform permeability all throughout since some
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Figure 3.6: Extracellular matrix and artery wall composition diagram [36].

of the dissolved drug will be attached to certain sites of the layer. They can be seen
as storage deposits where drug will attach itself, with its movement being thwarted
across the wall. We denote b(x,t) € L?(0,T,,,) be the density of free-binding sites
in the tissue and Cj(x,t) the concentration of drug present in the ECM. At time
t = 0, we assume that no drug is attached to the free-binding sites, so that we denote
the initial density by b(x,0) = by(x). Of course, as drug starts to fill in these cavities,

the initial space will be reduced, so that we have
Cp(x,t) = bo(x) — b(x,t) for some x € Q,, t>0,.

We assume that while the drug is attached to the ECM, it cannot be transported by
plasma, so it is not subject to convective forces. On the other hand, we keep letting
Cy(x,t) be the concentration value of the drug in the wall whenever drug enters or
leaves the free-binding sites. The reaction motions for the dissolution or combination

of the drug in the free-binding sites can be summarized by
Cot+ b Gy G+

where k1 and ko are the association and dissociation constants, respectively. As such,

by conservation, in the context of the dynamics of the drug in the artery wall, we
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have the behavior Thus, we model the reaction as follows
k’lcwb + k’g(b - bo) in Qw(t)

Lastly, we make the observation that 0 < b(¢) < by for all ¢ > 0 since the volume in

the free-binding sites is a nonnegative limited entity:.

Endothelial Layer

The considerations regarding the endothelial layer shall be the same as in Chapter 2,
since this is the interface between the wall and the lumen. The transmission of the
drug is similar to the solutes, only with different parameters given their difference
in thickness and diffusion. The only difference in the treatment of the mechanics
from that of solutes is that drug is not mostly crossing the endothelial layer when
sufficiently far away from stented regions, as it is mostly driven away by the convective
field of the blood to other locations in the body. We let the permebeality constant be
given by P, for the transfer taking place in I';,,(¢). We assume suitable continuity of
concentration as well as in the flux, according to Fick’s law. Therefore, the boundary

condition in this surface is

—DwVCw Ny — le(Cw — Ol) =0 on Flw(t).

3.3.4 Drug Dynamics in the Stent

While we have established the drug release at the boundary of the stent, we also need
to account for the drug behavior inside the stent. The structure of the stent is rather
simpler than the wall, being prone to diffusivity only. In the core €,,, there is no
drug concentration, so we set it to zero. The following are the equations governing

the drug dynamics in the stent

(0C. D AC,=0 xeQt), tel0,T]

ot s S c ) 5
Cs=0 x€Q,, tel0,T]

VCs -ng—Jg=0 x¢€ Fsl(t), te [O,T]
VO, tyy = Jue =0 x €Dyu(t), £€0,T].




3.3.5 Drug Dynamics in the Lumen

Finally, we consider that some drug is carried away to the lumen but its permanence
in the channel is short-lived. The more pressing and interesting aspect is the rate
by which the stent’s drug coating is affected by the continuous friction with blood
velocity. In general, the drug dynamics are given by the convective and diffusive

elements in the lumen; the boundary conditions have already been established by the

other domains.

3.3.6 General Drug Dynamics

We now put everything together with the purpose of solving for Cj, C,,, and C; just

like it was done previous through domain decomposition. For ¢t € [0,7], the drug

dynamics across all domains and boundaries are given by

(3.1)

( .
% + V- (—,UIVCZ -+ UCZ) =0 in Ql(t)

8@% +u, - VCy — AC, + k1Cpb + ka(b—by) =0 in (1)

B 1 kiCub+ha(b—Do) =0 in  Q,(¢)

% — pusACs =0 in  Q.(t)

Ci=0 in Q,,

~pVCy - Ny — Py (Copy — C1) =0 on Ty (t)
P VCy Ny + Jys =0 on Tyy(t)

wVC -ng+Jg=0 on Iyt

usVO; -y + 1y VCOy -1y, =0 on Ty, (2)
psVCs - nys + 11y VCy -1y =0 on Tyy(t)
usVCs -ng + VG -ng =0 on T'y(t)
VCy -n, =0 on 90, (t)\(Tr(t) UT (1))
VO ng=0 on 9Q.(t)\(Tws(t) UTg(t))
VC -n =0 on 0 outfiow(t)

Ci=0 on O nfiow(t)

\Cw =0 on agzw,inflow(t)a
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with initial conditions
Ci(x,0) =0, x€Q, Cux,0) =0 x€e€Q, 0Cx0) =C), xc¢c/l,

where b € L*(0,T) and by € L*(0,T) are nonnegative functions and py, flw, ps, ki,

and ko are nonnegative constants.

3.3.7 Weak Formulation of the Problem

With our assumptions, we rely on some results and theory derived by Vergara and
Zunino in [59]. The functions u, up, and b are all self-contained within their respective
domains, so they can be assumed to have been solved before C;, C,,, and C;. While
C, and b are coupled, we can first solve for b and then use this value to linearize equa-
tion 3.1(b). For each t € [0, T], we consider the family of Sobolev spaces H(t)(€;(t)),
H'(Q,(t)), and H'(Q4(t)), where a different Sobolev space corresponds to each do-
main change in time. With that in mind, for functions v, € L*(0,T; H'(Q(t))),
vy € L*(0,T; H(Q4(t))), and vy € L*(0,T; H*(Q(t))) we define the following bilin-

ear forms

CLl(Ol, Ul) = Uy VCleldw + / (u . V)Cﬂ)ldw
(1) @ (t)

y (Cpy V) 7= oy V'V, dw +/
Qu(t) Qu(t)

ay (Cy, v5) 1= s VO, Vugdw.
Qs(t)

u, - VO, v,dw + ky / bCy v, dw
Quw (1)

Similarly to chapter two, a;, a,,, and a, are all continuous and coercive assuming that

Wi, M, and g are all bounded, so we prove it in the next lemma.

Lemma 5. The bilinear forms a;, a,,, and a4 are well-defined, continuous, and coercive

with coercivity constants «a;, «,, and ay, respectively.

Proof. Since a; and a, have the same structure as in Lemma 1 with coercivity con-

stants «; and «,,, respectively, we just need to prove the continuity and coercivity of
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Ay Let uy, vy, € H%lw(t)upws(t)(Qw(t)), so that

(3.2)
|aw (ug, vr)| = | Vi, Vo, dw + / u, - Vi vydw + ky / buwvwdw'
Qu(t) Qu(t) Qu(t)
(3.3) < | s | |Vt Vuy|dw + / [u, - Vg, vy |dw + ky / | bty Uy | dw
Qu (1) Qu (t) Qo (1)

For the first term on the right side of equation (3.3), we implement Holder’s inequality

to get

/ |Vquvw|dw S ||Vuw||L2(Qw(t))||va||L2(Qw(t))
Qu

< lwollay o o@eenllvellay o @um)-

For the second term in equation (3.3), we derive an identity that will also be useful

for the coercivity portion:

ov
U, - VU,U,dw = / W, —— v, dw
/Qw(t) P w Yw Z Qu(t) D% 8902 w

2

= Z (—/ Uwi(up,ivw)dw +/ (up,ini)v%udw)
- Qu(t)  OTi 9 (t)

Since v,, is a test function vanishing in every boundary except I'y,s and I',, and u, = 0

at I',,s, we have

Ju ov
w, - VU, U,dw = (—/ vfu P dw —/ Uy U i—wdw+/ vz} u,,;n; dw)
/Qwu) ' Z Q. 0T out) O P (1) (i)

7

= — / (V- up)v2dw — / u, - VU, v,dw + Z v2 (u,,m;)dw
Qw(t) Qw(t) 7

Flw

We note that u, is divergence-free and the second term is the same as the one on the

left side; thus, we obtain

1
(3.4) / u, - Vu,v,dw = = / v2 (1, - n)dw
Qu(t) 2 Jr

lw

We want to show that equation (3.4) is bounded:
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uwnZ )dw
Tiw

5 Z <(/rlw<t) up’iniydw) ) (/sz“) (vi)de> 1/2)

[By Holder’s inequality]
= Z (Ihapenil e vulEsce,,))

(uupup ) 1V sy 0))
[By Sobolev Embedding Theorem|]

/ u, - Vo, v,dw
Qu(t)

| /\

MIOO l\DI

<

NNV

(Colluplewmlvally )

[By Trace Theorem with constant C, > 0]

3
< (36l ) ol

ry (t)UFws(t)(Qw(t )H U)HH

Py (1)UL (1) (2w (1))

where we multiplied by ||uw|| on the last line and treated |[u,||z2(r,,)

(Qw(t))
w(®UTws (8)
as a bounded constant. We now prove the boundedness of the last term in equation

(3.3) by using Holder’s inequality twice and then Sobolev embedding theorem:

lﬁ/ btV dw| < K1 []16] 2200 ) |t w|| 2(00 (1)
Qu(t)

< R 10]] 2 (2 ) 100 | L4 20 () V00| 24 (0200 (1))

< tallbllzzuenliunlly oo analvlly e

Putting everything together, we get

||U ||H

3
outr o) < (14 5Colpllzz + Il ) o e

T (HUTy o) (Qw

establishing that a,, is continuous.
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We now move on to showing coercivity:

Ay (Vyy V) = uw/ Vu,Vu,dw + / u, - Vo, v,dw + ky / by, Uy dw
Qu () Qu (%) Qu ()
1
= Mw”vvaZm(Qw(t)) + —/ vz, (u, - m)dw + kl/ bos,dw,
2 e (1)

where we employed the identity from equation (3.4) for the second term on the right-

hand side. We use Poincare’s inequality with constant C),, > 0

Coll Vol 2w = [vwll 22 )

to have

w 1
Aoy (Vi Vi) > lé,—H’va%qu(t)) -+ 5/ v2 (u, - n)dw + /ﬁ/ b2 dw.
P N Q(t)

We make the observation that u,-n is non-negative on I, since pressure is decreasing
and n is in the contrary direction to the filtration velocity and also that b and k; are

always non-negative always. Thus, we derive

1 u
(1 + 5) A (Vi V) > ﬁ(”vw\@mw(t) + IVoullzzq, )
P p

)L o)L
= — vi(u, -n)dw+ |k + — bu,, dw
<2 2Cp> L (t) (1) 1 26, Q(t)

o
> Ep”UwHHlllmeFwS(t)(Qw(t))

so that
Moy
aw(vwa 'Uw) > 1+ Cp va||H1£lw(t)urw5(t)(ﬂw(t))’
proving that a,, is coercive with coercivity constant a,, = /(1 + Cp). O

For the lumen, for any test function ¢, € H'((t)), we derive the weak formula-
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tion:

aC,
/ —l¢ldw+/ (u- V)Cipdw
@ Ot ()

o VQVWM—M/

(VC;-ny)pydry = fiidw
(1) (1) )

Qi(t

oC
/ —lgzﬁldw -+ / (u . V)Clgbldw + 1% VClngﬁldw
o) Ot (1) (1)

—m/ <w1mm@m—m/‘<wmmm@w=
Flw(t) Fsl(t)

figndw
Q(t)
oC,
—¢ldw -+ (11 . V)Cl<;§ldw + i VClngﬁldw
) Ot (1) (1)
- ,Ul/ Py (Cy — Cyp)idy = figidw + ,Uz/ Japidry,
Flw(t) Ql(t)

Fsl(t)
where we used the boundary conditions in the last equation for the normal derivatives.
Similarly, for the wall, the weak formulation for any ¢,, € Hlllw(t)urwk 0 (Qw(t)) is
0C,,
—— pdw + (up - V)Cypudw + fiy VC,Vodw + ky Cubo,dw
Q) Ot Qu(t) Qu (1) Qu(t)

- ,uw/ (vcw . nw)¢wd7 + k2/ (b - b0)¢wdw = / fw¢wdw
Oy () Qu (1) Qu (t)

oC,
/ ——pdw + / (up - V)Cypudw + fiy VC,Vo,dw + kq Cwbodw
2.t Ot Q1)

Qu(t) Qu(t)

—M/(W%MM%W—M/(W%HM%M+@/ w—wmwz/ Fotuda
1—‘lw ws Qw (t)

Qo (1)

Implementing boundary and interface conditions, we get

oC,
| s [ (w9 Cutud i [ VOVoudo by [ Cbonde
Qu(ty Ot Qu () Qu(?) Q

w(t)
fw¢wdw + ,u'w/ le(cw - Cl)‘bwd/‘}/ - ,uw/ st(bwdfy + k2/ (b - bO)Qﬁwdw
1—‘lw

ws Quw (t)

Quw ()
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Finally, for the stent, the weak formulation for ¢, € H}: (ura(2s()) s

ws

/ sttty [ VOV — s /
. Ot

Qs(t) 00, (t)

(VCS : ns)d)sdﬁy = /Q © fsd)sdw

/ %@dw + fis / VO, Vosdw
. Ot Q.(0)

- /Ls/ (VO - nyy)psdry — PJS/ (VO -ng)psdy = / fspsdw
Tws(t) Ty (t) Qs (t)

/ %qﬁsdw + fis VO, Vo,dw
. Ot (1)

_ / Fobudes — i, / (Tus)body — s / (J)bud,
Qs (t) Luws(t) La(t)

where again we relied on the boundary conditions for the products of the gradi-
ents with the normal. To adapt the system to our previous methodology, we al-
low (w = PFw. For ease of notation, we set Vp; = Hll‘lw(t)ul‘sl(t)(ﬂl(t))’ Vow =
Hlllw(t)qus(t)(Qw(t))’ and Vp s = Hllsl(t)ul“ws(t)(QS(t))' We can now redefine the prob-

lem in terms of weak derivatives:

Problem 5. Given the initial conditions
Ci(t=0,x) =0, Cut=0,%x, Cs(t=0,x)=Cp

and positive function (,, € L™, find C, € L*(0,T,Vp,), C, € L*(0,T,Vp.), and
C, € L*0,T, Vp.s) such that for all ¢; € Vpy, ¢ € Vpw, ¢s € Vps, the following
system holds

(%, 1) + a(Cr, ) + (Cr = Cu, B, = (51,81) + (Ju, d1)st
(%7 w) + aw(cw’ ¢w) + (Cw - Cla wa)gw = (S’w? ¢w) + (sta ¢w)ws
(aactsv 8) + as(Cy, ds) = (55, 0s) = (Jwss Ps)ws — (Jsts Ps)si-

Theorem 3.3.1. For u € L>(0,T; L*(Q;)) N L*(0,T; H' () with u-n > 0 on T gy,
u, € L>(0,T; L*(Q,)) N L*(0,T; H*(Qy) with u, -n > 0 on I',,, and nonnegative
function b € L*>°(0,T; L*(Q,))NL*(0,T; H*(£2,), Problem 5 admits a unique solution

depending continuously on the data.
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Proof. We first notice that

(Cr = Cu, 1) + (Coy — C1, ) = (C1 — Cyy, §1 — Pu)-
We define

C = [Ch O'un OS]Tv P = [gbla gbwa gbs}Ta S = [Sla Sw, SS]T7
Jsl — [Jsla 07 ']sl]7 st = [07 st; st]a and
A(C7 q)) = al(Cla ¢l> + aw(Cun ¢w) + as<csa ¢s) + (Cl - Cwa ¢l - ¢w)(lw-

Adding up all the equations in Problem 5, we get the system

(3.5) (aa—(;, <1>> +AC,®) = (S, D)+ (J, ®) + (Jus, ).

From Lemma 5, we know that A(-,-) is continuous and weakly coercive with a :=
min(ay, au,, ). Given that the right-hand side of (3.5) is a linear and continuous
functional in Vp; x Vp,, X Vp s and through the Faedo-Galerkin method, Problem 5
is well-posed. O

3.3.8 Numerical Approximation
Time semi-discretization

We start discretizing Problem 5 in time by allowing the time interval [0,77] be split
into N subintervals of uniform length At such that t" = nAt forn =0,1,..., N. We

consider backward Euler discretization and set y = ﬁ to define

a(Cr,u) = x(Cr,u) + a(Crv) Yo € Vpy
dw(cw: Uw) = X(Cwa Uw) + aw(cwv Uw) vUw € VD,w
ds(csy 'Us) = X(Csa Us) + CZS(CS, Us) \V/’US S VD,S

The addition of the extra term in each bilinear form still maintains their coercivity.

Problem 6. Given CP, C°, and C? for everyn =0,1,..N — 1 find

Cln—H S VDJ, O$+1 S VD@, O;H—l S VD,s
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such that for all ¢; € Vpy, ¢ € Vb, and ¢s € Vp 5 solve

dl(cln+17 (m) =+ (ClTLJrl? (bl)Clw - (O$+17 ¢l)<lw = X(Cln7 (bl) ( n+1’ (bl) (Jn+17 ¢l)sl
au(Ci™ du) + (CoM 0w)a, — (C7, Gu)an = X(Chhy dw) + (55T, 60) + (Jid, du)ws
&S<C?+17 ¢S) = X(Cgﬁ ¢8) + (S;H_la ¢s) (qujla ¢s)ws - (J;;Jrl? ¢S)sla

where Sn+1 = g tn+1 7 Sn+1 = Sy tn+1 7 Sn+1 = s, tn—i—l , J”n+1 — Jsl tn—‘rl , and
l w s sl

Jrl = Jue (17T,

Space discretization

Lastly, we fulfill the entire discretization by incorporating the finite element method.
We assume that domains §2;(t), €, (), and Q4(t) can be approximated geometrically
through conformal meshes Ty,;(t), Th.(t), and Ty, «(t), respectively. To that end, we
consider the finite-dimensional subspaces V;,; C Vp, Vi C Vp o, and Vi, s C Vp s of
piecewise polynomial functions. We state the weak formulation of the fully discrete

problem

Problem 7. Given Cy,, C} . and C}  for everyn =0,1,..N — 1 find

w’
n+1 n+1 n+1
Ch,l 6 Vh7l7 Ch,'w E Vhﬂl}’ Ch,s 6 Vh,S

such that for all ¢n1 € Vi, Ohw € Viw, and ¢p s € Vi s solve

(

ar(Ct ong) + (Chtt o), — (Chints éna)c,

= X(Cpys dn) + (sii s dna) + (T8 dn)s
aw(Cy s dnw) + (Chtl Onw)an — (Cof s dnw)e,

= X(CF o Phwo) + (St Onw) + (Ti s O s
as(Chtt ons) = X(CF, bne) + (sith bns) — (Jpks Ons)ws — (JhH s ns) sty

\

where st{l = sp(t"T1), SZTHI = Sp0(t"), SZng = sps(t"T1), JZLHS'ZI) = Jpa(t"h), and
Ths = s ().

The well-posedness can be proved similarly to Problem 5. Also, given the exact
structure and limited nature of drug concentration, the arguments of convergence

analysis of the iterative methods previously explored in chapter two can also be
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replicated for this problem.

Domain Decomposition

In chapter two, for the problem of solutes, we wanted to solve for unknowns Cj,
Cy, and Cy in interfaces 'y, I'ys, and I'y. In the case of drug elution, the drug
in the stent coating acts as a source; therefore, we know the value of concentration
Cy at the interfaces I'y; and I'ys. This means that the concentration value in the
interface remains unknown in I';,. This reduces the problem of finding p;, € Ay, to
the one solved in [52][53]. Let’s assume that we are solving for time ¢t = (n + 1)At
so that we can temporarily drop the index and instead use k for the substructuring
iterations. Assuming initial guesses C’l(o) and C and given Céo), we decompose into

three problems by domain:

1. Lumen Problem (Strong): Solve

NCED L ACHEY Ly o — g g

9+ .
L (‘9l + Qw(C’l( D _ Cz(ﬂk)) =0 on I
n;
ac(k‘-i-l)
’”al—nl —Jg=0 on Iy

(Weak): Find Cl(kﬂ) € Vp, such that
&Z(Cl(kJrl)’(m + (Cl(k+1) - Cz(ukJrl)? ¢l)lw = (fla (bl) + (Jsla ¢l)sl

for all ¢, € V.

2. Wall Problem (Strong): Solve

xCHED — 1 , ACHY o, - VOED 4 k0Cy = fu — ka(b— ) in Qy
aCH+
Hw
on,,
oct+"
Hw on,,

+ Clw(Cl(UkH) — Cl(k)) =0 on I}y,

—Jus =0 on Ty
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(Weak): Find ciF e Vp.w such that
au(CETDO (O = O, Gu)w = (Fus f) + (Juss Guus

for all ¢, € Vp .

3. Stent Problem (Strong): Solve

X0§k+1) . IUSAOS(IH-I) _ fs in Qs

aCS(k-l-l)

Hs on + st =0 on Fws
leN

Hs on + Jsl =0 on 1_‘sl

(Weak): Find C"™" € Vp, such that

ds<C§k+1)’¢s = (f37 ¢s) - (J’LUS7 (bs)ws - (Jsl7 ¢s)sl

for all g5 € Vp .

The convergence analysis is similar to the one carried out in chapter two. It is
more convenient to start solving for the strut problem first in the sequence since drug

is stemming from the stent coating to the other domains.

Steklov-Poincaré Implementation

Given that we can solve for the traces of I',s and I'y; when updating C’S(kﬂ), we only
need to consider the Steklov-Poincaré problem in the context of I';,,. Therefore, given
the functions u, up, b, and C’s(k+1), it only suffices to consider a two-domain Steklov-
Poincaré domain decomposition between the lumen and the wall, with py, € Ay, the
unknown we want to seek.

For the lumen side, we let the operator H; : Ay, — H éﬂz\sz be such that for a given

function py, € Hipiw, C; = Hipr, solves

XCl — MAC; +u- VCI =0 in Ql
Ci=0 on O\, mg—ﬁj + GuwCi = Quprw on  Iyy.
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For the heteregenous part, we define G; : L*(€;) — Héﬂz\l“zw such that for r; € L*()),

g1 = Gyr; satisfies

X9 — mAg+u-Vg =r in
g =0 on OY\I', Mlg—ﬂll + Guwgr =0 on TI',.

On the wall domain, we define similarly by allowing H,, : A, — H éQw\sz be such
that for pr, € Huwpiw, Cuw = Huwpr fulfills

XCw — tAC, + 1, - VO, + k10C,, =0 in Q,
Co=0 on 0,\I'w, Cu=pn on I.

Complementing, we let G, : L*(Q,) — Héﬂw\sz such that for 7, € L*(Qy), gw =

G, satisfies

X9w — HwlAGy + 1y - Vgy, + kibg, =7, in
gw =0 on 0%,.

Then, for py, € Ay, We set

S A — A;w such that  S;pu = —Cuw(VHipw)

/ a w w
Sy i Nw — Alw such that Swplw = Uy ?; Pl + CrwPrw
Ny,
so that it makes sense to define
ogr 0GwTw
S=5+S8, and n=—|p gll—l—,uwg :
anl an

Thus, we only need to solve for p,, at each time step:
S Plw = 1.

Having set up the system between the lumen and the wall, the convergence analysis

and equivalence to Problem 5 is identical to [53].
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3.4 Numerical Results (Before meshing reassign-

ment )

By changing the diffusivity parameters and initial conditions, it is possible with our
domain decomposition from Chapter 2 and the analysis of this chapter to model
different behaviors and types of stents. For instance, we remark that by letting Cj
and ps be negligibly small we can essentially mimic a BMS, as we have shown in
previous simulations. However, by letting instead Cj ¢ and C, ¢ be zero with Cs g =1
and a relatively higher diffusivity, the simulation becomes one of drug elution such
as expected in DES.

In general, we implement the full scale model for the drug eluting stents by con-
sidering similar notions to the model in Chapter 2 as well as fitting parameters.
For instance, we let the diffusion parameters be D, = 5.0 x 107'2, D; = 0.2, and
D, = 7.7 x 1075, For the initial free-binding value, we have by = 0.5, and the associ-
ation and dissociation reaction constants are k; = 1 and ky = 0.02, respectively. The
permeability constant is Py, = 2.0 x 10~7. For this section, we consider results only

before remeshing, when the drug volume is still relatively high.

&)

i)

Figure 3.7: Cylindrical (left) and longitudinal (right) cross-sections of the initial drug
simulation.

We consider small time steps of At = 0.1 seconds, up until we reach 6 seconds.
There is a slight but nonetheless present evolution in the distribution of the drug
shown by Figure 3.8.

These simulations were performed on a simple stent with 1 ring strut. We also

attempted to simulate on a more complex geometry having a more net-like structure
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Figure 3.8: Initial drug simulation (left) vs six seconds after (right)

of a more realistic stent. We refer to the next chapter for the construction of this

geometry but provide sample simulations before remeshing.

Figure 3.9: More complex stent geometry shell for simulation

We keep the same parameters in our model and illustrate only the initial and
short-term values, deferring the long-term time scale simulation and analysis for fu-
ture work. We showcase the lumen and the wall separately by thresholding the

concentration levels.
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Figure 3.10: Cross-section of drug simulation in more complex geometry before (left)
and after six seconds (right).

Figure 3.11: Drug simulation in lumen after six seconds.
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Figure 3.12: Drug simulation in wall after six seconds.

3.5 Discussion

Overall, the domain decomposition methodology elaborated in Chapter 2 proved to
be exceedingly useful in modeling the drug behavior. By invoking the Higuchi model
on DES, the geometry-independent drug flux remarkably reduced the model without
compromising accuracy or having to resort to long-term flux movement, when certain
conditions are met. The time-evolving domain and drug elution will be necessary
to approach a more realistic model behind the evolution of the drug mechanism in
the long term, but currently this is out of this work. Finally, the preliminary results
show that the drug absorption by the wall and its fast dissipation by the lumen are

in concordance with the clinical expectations.
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Chapter 4

Remeshing-free sculpting
algorithms via reassignment for
multidomain geometry

modification

4.1 Motivation

One of the most significant hurdles when modeling stents is accounting for their
geometrical changes over time. In our case, we are considering long stretches such
as spans of weeks or months. Time-dependent domains are ubiquitous, so there are
many numerical techniques to manage them, including adaptive moving meshes [30],
mesh-deforming methods like ALE [11], and mesh fracture and relabeling. [45] [16].
For our problem, we explore remeshing-free techniques. In fact, in our problems a
mesh can be fixed over time with only elements and boundaries changing the overall
geometry. More precisely, erosion induces elements of the interface between two
physical subdomains to move from one domain to the other. In this chapter, we
describe two methods to modify geometries by using an initial uniform mesh, without
requiring any remeshing. Since the objective and research motivation is to reach the
construction and modeling of drug eluting stents, the simplified stented artery seen
in the previous chapters will be the guidance example upon which to implement the
algorithmic principles just laid out. Although the discussion will encompass a general

framework for distinct geometries with multiple domains, the implementation of the
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algorithms will ultimately be particular pertaining to the geometries considered so
far; minimal algorithmic modification for other applications might be needed, but the
essence behind the execution stays the same. Finally, the ideas posed in this chapter
should extend to software and programming languages with the capacity to handle
uniform meshes, multidomain labels of volume materials and boundaries, dictionaries
of nodes and edges, and graph-based simple features. For practical purposes and
having familiarity with the solver, here we shall be using STL and VOL files through
NETGEN and NGSolve.

4.2 Background

To describe a mesh for a moving domain problem, it is necessary to establish spatial
coordinates, denoted by x and also called Eulerian coordinates. Accordingly, the
material or Lagrangian coordinates are denoted by X. Each material point is uniquely
associated to a spatial coordinate at an initial time ¢t = 0, usually so that X = x. The
main difference between these two descriptions is that with Lagrangian coordinates,
the coordinates associated to the material will move along with it while the Fulerian

coordinates are not necessarily injective to the material points.

original configuration deformed configuration

Figure 4.1: The upper part of the diagram shows a Lagrangian transformation of
themesh while the bottom one displays an Eulerian representation.[4]

Most of the existing literature deals with Lagrangian or hybrid Lagrangian-Eulerian
mesh techniques to account for material displacement and transformations; that is,

the mesh will move according to the material. Here, we introduce methods based on
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Eulerian meshes with transformed materials.

4.3 Multidomain sculpting transformations on

uniform Eulerian meshes

4.3.1 Tetrahedral element reassignment

Suppose that we are given a solid geometry having initial uniform mesh 7" composed
only of tetrahedral elements. Let 7 be divided into m domains and n surface bound-
aries, each of which is to be labelled accordingly with an additional ”zero domain”
consisting of the region external to 7. Here 7 will serve the role of a fixed Eulerian
mesh, where only domain labels will move across it. The virtual sculpting method
relies on existing mesh points and already established elements. Having a configura-
tion of tetrahedral arrangement and domain labels of elements and surfaces, we can
re-assign them within the existing layout. Say that a tetrahedron is initially assigned
to domain m; € {1,...,m} and one of its faces to surface boundary n; € {1,...,n},
with the other faces not pertaining to any surface boundaries. Then by editing the
file directly, it is possible to change the domain of the tetrahedral element (or even
create a new one) as well as to eliminate or change the existing surface boundary n;
and to make any of the other three faces a surface boundary. The example in Figure
4.3 displays the result of such a reassignment. Notwithstanding, to avoid corruption

in the mesh and file, the following conditions should be implemented.

1. Without refinement, vertices must only form a new surface boundary from a
face that already exists in a tetrahedron. That is, any three vertices should not
form a new face if it is not originally attached to an existing single tetrahedron.
Figure 4.2 illustrates this notion. While it could be possible to define a new
face entirely in the file, it creates complications in finite element methods when

accessing boundaries not conforming to tetrahedra.

2. The material of a domain can be from a previous one or new; however, new

materials should be defined.

3. The encoded information of the surface boundaries should appropriately account

for belongingness to volume elements with updated domains.
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Figure 4.2: On the left we have two given tetrahedra with valid surface boundaries
(shaded). The figure on the right represents an invalid surface definition since vyv4v6
is not attached to an existing single tetrahedron.

n.
H ni+2

Figure 4.3: The left side shows a tetrahedral element with domain m; and one surface
boundary n; (displayed by the solid lines and shaded region). On the other hand,
with proper modifications, the same element is now reassigned to domain m; and
contains three different surface boundaries n;, n;.1, n;12. Notice that the label n; is
different in both instances.[4]

Since this is based on an Eulerian mesh setting, any elements can be relabeled
without need to remesh. The complexity lies in finding which elements and boundaries

to modify and properly keeping track of such changes.

4.3.2 Pathfinding

Since we have a lattice of vertices and edges, we wish to find paths (i.e. pathfinding)
along already found edges and vertices to have control over the search of elements
we plan on manipulating; this can be analogous to a hiker tying a rope to himself
and going inside an unexplored cave, then coming back with new information and
paths along the cave. Having initial information about domains and boundaries in

the mesh is useful to generate pathfinding algorithms. Constructing one to target
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specific pieces depends on the type of geometry and user’s needs. The algorithmic
process begins through boundary elements and then finding volume elements by dig-
ging deeper into the mesh domains. A uniform mesh is extremely convenient to locate
elements throughout the graph. By uniform, we mean that the volume elements are
practically identical, so that in our cases any two neighboring tetrahedra have similar
structure. Although this requirement can be circumvented, predicting where certain
elements are can become considerably more complicated. This is due to the fact that
whenever the packing of tetrahedra is not uniform, guessing the shape and neigh-
bors of unexplored tetrahedra becomes uncertain. We provide a general lattice-based
framework, with considerations, and then attempt to illustrate through specific ex-

amples.

Since the mesh is uniform and composed of tetrahedra, we can infer that the
surface elements are mostly equilateral triangles and that the lattice is rather sub-
structured by repetitive layers, permitting pattern control. For simplicity, the surface
boundaries are essentially approximations of local manifolds of the geometry, so that
unwanted overlapping never occurs (i.e. a surface triangle is never assigned two
boundaries simultaneously). Let Gy = (V| E) be the overall graph defined by the
initial mesh, where V' and E are collections of vertices and edges, respectively. From
this multidomain mesh, we can have subgraphs composed of vertices and edges per-
taining to each domain and surface boundaries; as such, we write M; to denote the
subgraph of Gy corresponding to a domain m; and N, to be the subgraph associated

with surface boundary n,.

4.3.3 Algorithms for mesh transformation

We will consider two unrelated uniform tetrahedral meshes, but slight variations of
each method can be adapted without much effort. The first is a generic geometry to
elucidate the main ideas of the sculpting algorithm, and the latter will be specifically
tailored to form a working stent from a cylindrical mesh. We begin by constructing an
algorithm for a meshed cube and then proceed with the creation of another algorithm

for the second geometry.
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Generic mesh algorithm

Uniform mesh considerations: To have a consistent arrangement of packing by
layers, we enclose the elements in hexahedra, more specifically a cube, and then split

into tetrahedra, so that each one contains five of them as seen in Figure 4.5.

I'TJ' 1T E}

Figure 4.4: Hexahedron decomposition into five tetrahedra. [44]

Then, we assort them by levels, so we can implement a geometry transformation
algorithm. For this transformation, the plan is to remove one of the hexahedra in the
corner from the geometry. The boundaries are the six faces of the original cube, so
we have six external boundaries.

Part 1: Locating intersection of boundaries

1. We first track elements containing edges lying on intersections of physically
adjacent boundaries (e.g. two different faces of the cube) and notice that surface
elements are triangles. Without loss of generality, consider adjacent boundaries
n, and ng. Then we search all surface elements in boundary n, and store the
edges from corresponding subgraph N, in a list F,; we do the same for ng,
storing the edges from Ny in a different list F; and we take the intersection of
both sets of edges and call it E, ;. We set k =0 and j =2

2. We now select an edge e € F, ; with vertices v; and v,. We store e in an array
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Figure 4.5: Uniform meshing of a cube. Notice that this is essentially a packing of
many smaller hexahedra of the form seen in Figure 4.5.

called selected_edges. If we want to be specific about which initial edge to
choose among the members in the E, ;, the coordinates of its vertices can be
consulted. Because e is in an intersection, it belongs to both a triangle in N,
and in Ng. We select a triangle in N;, so that the third vertex vz, conforming

a triangle with v; and vs, is contained entirely within it. We set &k =1

Part 2: Obtaining faces and volume elements of layer k

1. We store the vertices we use in a vertex array called vertex_layer; and set j =
7+ 1. We also create volume_layery, old_N s_boundaryy, new_N s_boundaryy,
old_Nr_boundaryy, new_Nr_boundarys, other_boundary, and last_level. Also,
by levels we indicate the number of hexahedral stacked vertically (in the N,
direction) from the original N floor. In essence, Ny will be our relative base
floor, N, the relative height, and other boundary refers to different boundaries
than N, and Ng. The name ”old_Face_boundary” indicates the structure as

seen before any modifications, while "new_Face_boundary” indicates that this
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will be the updated boundary. For example, the ceiling of a hexahedral of the

first level will become the floor of the hexahedral of the second level.

2. Now edges v;_1v; and v;_yv; determine different adjacent triangles to v;_sv;_1v;,

as shown in Figure 4.6.

Deeper inside along I‘\IS floor

/'

-—
— -

— - —
— -

Going Sideways

Figure 4.6: Overview of N floor. After having triangle v;v,_1v;_5 (shaded), vertices
v;vj—1 and v;vj_9 could determine new triangles in different directions. In our exam-
ple, we choose to go deeper inside and away from F, ;. Here N, is not pictured but
represents the relative mesh altitude from the floor Nj.

Instead of going sideways, it is desirable to go deeper away from the boundary
in the most straight manner possible, so that we can explore the mesh in parallel
by selecting another pair of adjacent vertices from E, ;. From v;v;_; and v;v;_9
and conforming to the diagonal of the hexahedron face, we select the edge
having greater magnitude, say it is vjv;_;. This edge is attached to exactly
two triangles in the surface. To avoid repeating triangle v;_sv;_jv;, we avoid
triangles whose vertices are all contained in floor_layery. Then we will have

triangle v;_;v;v;41 and we store vertex vj,; in floor_layery.

3. Having vertices vj_o, v;_1, v;, and v;41 consecutively, these conform the face of
a hexahedron. We explore the other vertices of the hexahedral sub-geometry.
We have faces v;_ov;_1v; and vj_1v;v;41, which are each attached to one or two
volume elements. If each face corresponds to only one tetrahedra, we simply
go through all elements of the corresponding domain, say M;, until we find one

containing all the vertices in the triangle, then we store that volume element
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in a volume array called volume_layery. Otherwise, if one or both of them are
between two tetrahedra, then we search only within the domain to be modified
and store the correct tetrahedra in volume_layery. For either instance, we add
the new vertices u; and uy to upper_layery. Since vj_; and v; lie on the diagonal
of v;_ov;_1v;v;11, these form the faces with ujus and tetrahedron v;_jv;uqus,
which we add to volume_layer;. We find the remaining vertices us and uy by
searching for volume elements that are not v;_;vjuius within M; and contain
the faces v;uiug and vj_jujuy. The overall step is illustrated in the first part of
the diagram of Figure 4.7. We add the newly found vertices and tetrahedra to

upper _layery and volume_layery, respectively.

4. If we are satisfied with volume_layery, and do not wish to go further(e.g. for ge-
ometry customization purposes), we add v;v;41ug and vjusuy to new _Nr_boundary;
or if vjv;41 belongs to a boundary different than N, or N,., say to another face
Ni, we add vvj41us and vjuguy to other_boundaryy if we wish to replace the

boundary.

5. We store faces v;_ov;_1v; and vj_1v;v;41 in old_Ns_Boundary,. Similarly, if
there are members of upper_layery, that do not belong to either N,., Ny, or N, we
add faces uyusuz and uiusuy in old_N s_Boundary,. Otherwise, we add them to
last_level. If j = 3, we add faces vj_ovj_1u; and v;_jujug to old_Nr_boundaryy,

and set e = ujus.

6. If neither of the previous conditions of Step 4 are met, we set j = j+1. We find
a new vertex v;41, through a new triangle (i.e. not found in old_Ns_Boundary)
having v;_,1v; as a side, and store it in floor_layer,. We set j = j+1 and repeat
the once more to find another vertex v,y and store it floor_layer;. Updated

nodes v;_s, v;_1, v;, and vj;; correspond to the face of a new hexahedron.

7. We repeat steps 3-6 until we wish to stop (i.e. we are content with not exploring
further per the user’s desired modifications) or cannot longer continue, in which

case we ran out of levels and faces.

Part 3: Rewriting labels and reassigning tetrahedra of layer £k in the
mesh file
This part focuses on modifying information directly from the initial mesh file by

finding lines to pre-existing faces and volume elements. We then alter or delete them,
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Figure 4.7: Element finding algorithm for one hexahedron at a time. The dashed
faces belong to hexahedra not shown for clarity.

and we add newly created lines corresponding to new faces. The format could vary
by software/mesher; for this research, we used VOL files, the standard Netgen mesh

file format.

1. Tetrahedra alteration. To simplify search in the file, for each member in volume_layery,
we get the correct order of vertices. We write two strings: one indicating the
current domain of each element in the file and another with the new domain

instead. We then replace the original string with the replacement one.

2. N,-boundary replacement. Similar to the previous step, we appropriately up-
date old_Nr_boundary, in terms of node order in file. We write strings from
old_Nr_boundary, in the format of the file. We locate these lines in the file
and delete them. Now, if new_Nr_boundary; is not empty, we write in the
file the same strings we deleted but with the new information; otherwise if
other_boundaryy, is not empty, we instead write strings to replace the boundary

or erase it.

3. Ng-boundary replacement. Finally, if last_level is empty, we once again update
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the vertex order in old_N s_boundaryy. We write strings from old_N s_boundaryj

in the format of the file. Then, we find these lines in the file and erase them.

We replace the deleted information with strings from new_Ns_boundaryy.

Part 4: Application of Parts 2 and 3 in subsequent layers

1. If last_level is nonempty and we seek to replace or erase this part of the different

boundary, call it N}, we find correct vertex order from new_N s_boundary, and

write one or two sets of lines: one corresponding to original information in file

and another one with new boundary information. If we seek to erase, we only

use the former; but if we want to replace, we also add the second set.

2. Otherwise, if last_level is empty, we set k = k 4+ 1 and implement Parts 2 and

3 starting with e.

3. We repeat steps 1 and 2 until we no longer can do so or wish to stop.

Part 5: Selecting different edges in £, ;

1. We pick a different edge e € E, ; not in selected_edges and implement Parts

2-4.

2. We repeat step 1 until we no longer wish to continue or cannot do so.

Part 6: Choosing different adjacent boundaries

We can apply Parts 1-5 on two different sets of boundaries until we wish to stop.

.
.

N

N
"~

.

Figure 4.8: Cube representation after implementing the algorithm (diagonal edges

are not shown for illustration purposes).
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Stent cylindrical mesh algorithm
Different types of geometries and objectives require adaptations of the aforemen-
tioned approach. For instance, the end goal behind the development of this meshing
algorithm is to be able to form a more realistic stent geometry with the purpose of
emulating any type of stent through FEM. In this case, the algorithmic process is
similar to the previous one, we merely adjust the main ideas in a different context. It
is important to note that the applications and ideas are not limited to just stents, so
careful tailoring of a sculpting algorithm is encouraged. The geometry was generated
with a matlab file and meshed in Netgen. We also note that the node labels that
follow are artificial to illustrate the algorithm; so that vertex algorithm label is not

necessarily the same as the vertex ID found in the mesh.

Uniform mesh considerations
We consider three cylindrical shells, embedded in successive order. Each one of these
represents a different domain corresponding to significant layers of a coronary artery.
They are wall, lumen, and stent. We seek to mainly alter the stent layer for sculpting
purposes, to make it more complex. The mesh layout varies by boundary; so while
the radial width of the stent cylindrical shell has a similar composition to a face of the
cubic mesh and benefits from the previous algorithm, we need to consider a different
pathfinding pattern along the cylinder’s height given its more hexagonal arrangement.
The mesh in the stent is structed by levels, so that the composition repeats by layers.

Overview
We will go into detail shortly but first state a general overview of the main ideas and
structure of the algorithm. As seen in the upper portion of Figure 4.10, the given
labels for the boundary faces of the stent mesh are the reference cylinder height N,
the starting floor base N, the other cylinder height Ny, and the top face N,,. The
lower part of Figure 4.10 represents the enclosure of a sub-packing of the stent that
we are going to refer as a level; the area selected by the yellow lines is comprised
of tetrahedra, and it repeats uniformly upwardly. In that example of the yellow
enclosure of the first level, there are four levels in the stent mesh, which we can see
if we raise the yellow box by one triangle in altitude at a time.

We assume we have a design in mind before exploring the volume and surface
elements we want to reassign. The plan is to start at an edge e of the boundary

intersection E, ; of N, and N, and then locate all the tetrahedra in the section of the
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Figure 4.9: Snapshot of the initial stent before implementing modification.

first level starting from the edge e deeper in the direction of N; until reaching it. By
upside tetrahedra we mean those tetrahedra having one of their faces in the floor
boundary N,; we keep track of the nodes in the floor layer, that is, those nodes
belonging to N,. Similarly, the ceiling layer of the same level will be those nodes
not lying on the floor N,; combinations of these ceiling nodes will result in the faces
of tetrahedra whose faces are not part of the floor N, and we will refer to these as
upside-down tetrahedra.

After identifying the tetrahedra of the first level, the geometry can be modified and
we move up with one level within the same section; we are still not going sideways,
but vertically along Ns. The ceiling of the previous level becomes the floor of the
new level, so that NV, has shifted up by one level. We keep doing the aforementioned
this until we reach the top level N,,. Having cleared one small section vertically, we
can now start moving sideways and pick a different edge in E, ; and tackled a new
section deeply into /N; and then vertically, and so on. Lastly, whenever we indicate
in the text that ”we repeat until we cannot longer continue or wish to stop”, we refer
to either being unable to find more levels upwardly or new edges in E, 5, or that we
are satisfied with the geometry modification we seek to implement. We now describe
carefully the mechanics of the algorithm.

Part 1: Locating intersection of boundaries
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Figure 4.10: The upper figure displays the labels of faces in our reassignment algo-
rithm, while the bottom one shows a level enclosure marked by the yellow lines.

1. We first track elements containing edges lying on intersections of adjacent
boundaries and notice that surface elements are triangles. Without loss of gen-
erality, consider adjacent boundaries n, and n,, that is, two different labeled
faces next to each other in the mesh. Then we search all surface elements from
boundary n, and store the edges from its corresponding subgraph N,; we do
the same for ng, storing the edges from N; and we take the intersection of both
sets of edges and call it E, ;. In this case, Ny will be the relative floor and N,
will be the cylindrical height as seen on Figure 4.11.

2. We now select an edge e € E, ; with vertices v, and vy. If we want to be specific
about which initial edge to choose among the members in the "ring” E, ;, the

coordinates of its vertices can be consulted. Set £k =1 and j = 2.
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Figure 4.11: Boundary intersection of N, and N, showing two different kinds of
surface element configuration.

Part 2: Exploring and obtaining boundary face of cylinder height

1. We initialize array selected_edges and add e to it. Because e is in an intersection,
it belongs to both a triangle in N, and in N,. We store the vertices we use in
a vertex array called floor_layer,. We also create array last_level. Then, we
set k = k+ 1 and select a triangle in the height boundary N;, so that the third
vertex vz, conforming a triangle with v; and vy, is contained entirely within it.

We store v in the new initialized array floor_layery.

2. Now edges v;_1v; and v;_ov; determine different adjacent triangles to v;_sv;_1v;.
Depending on the symmetry of the arrangement, they could result in similar
paths and volumes but different directions. Without loss of generality, pick
either edge, say v;_iv;. This edge is attached to exactly two triangles in the
surface. To avoid repeating triangle v;_ov;_1v;, we avoid triangles whose vertices
are all contained in floor_layery_;. Then we will have triangle v;_jv;v;1; and
we store vertex v,y in floor_layery. If we are satisfied, we stop searching;
otherwise, we set j = j+ 1 and k = k + 1 (by now v; corresponds to vy and

k = 3) and initialize floor_layery. This is shown in Figure 4.12.
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Figure 4.12: The paths show how surface triangles can be explored along the cylinder
height N;.

3. Again, edges v;_1v; and v;_,v; are attached to different triangles. However, if
we choose vj_,v; as the next edge to find the new vertex, we will have vertex
v, Which is on the boundary, and we start moving sideways along it. Instead, it
is desirable to go deeper away from the boundary in the most straight manner
possible, so that we can explore the mesh in parallel by selecting another pair
of adjacent vertices from E,.;. Given the triangular structure of the lattice,
this path would most likely resemble a zigzag. Thus, we select edge v;_1v; to
find v;41 and store it in floor_layer;. If we are satisfied, we stop searching;

otherwise, we set j =7 + 1.

4. We have that j is an odd integer since we have now explored an odd number
of triangles, starting with the two vertices of edge e. Triangle v;_ov;_1v; is
sufficiently away from vertices in F; ; and is adjacent to two surface triangles
whose vertices are not all in floor_layery_,. To prevent the triangular path
from deviating too much to the sides and maintain the zigzag height, we search
the new vertex through the unexplored triangle corresponding to edge v;_ov;
(notice that both are odd). We store v, in floor_layery. If we are satisfied,
we stop searching; otherwise, we set j = 7+ 1 and £ = k + 1 and initialize

floor_layery, .

5. We observe that j is an even integer and that the current triangle is v;_sv;_1v;.
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Like before, we search the new vertex through the triangle attached to edge
vj_1v; (notice that both are consecutive). We store v;1; in floor_layery. If we
are satisfied or if both v;_; and v; belong to a different boundary N, (in which

case we add them to last_level) we stop searching; otherwise, we set j = j + 1.

6. We implement steps 5 and 6 in alternating sequence to obtain a proper zigzag

path until we decide to stop or cannot longer continue.

This will be our desired transformation height with level wise vertex arrays. For

the next part, we set k =1 and j = 2.

NS (Cylinder Height shown sideways)

5.m

Figure 4.13: The figure illustrates the zigzag pathfinding process to obtain surface
elements in the cylinder’s height. Here N, is the boundary from which triangles are
obtained, and N, and N,, are the other faces in the cylinder, with E, ; and E;,, are
marking the edges belonging to N, N Ny and N; N N,,, respectively.

Part 3a: Getting boundary floor of layer £
This part is similar to Part 2 of the Generic mesh algorithm; however, the main

discrepancy consists of the distinct packing arrangements of volume elements. For



102

this part, we work on N,, the other adjacent boundary to F, ; corresponding to the

base of the stent cylindrical shell.

1. Similarly to the previous cube algorithm, we refer to floor_layer, and cre-
ate volume_layery, old_Nr_boundaryy, old_N s_boundaryy, otherboundary,, and
ceiling-vertex,. We let vor_1 and vy, from floor_layer) and set w;_1 = vop_1
and w; = vg. We add the face vo_1v25V254+1 to old_Ns_boundaryy, where vor1;

is obtained from volume _layery .

2. In part 2, we explored that w;_; and w; belong to a triangle N,. But we also
know that they are in [V, so we select the triangle w;_jw;w;41, noting that there
is only one available option. We add w;i; to floor_layer; and w;_jw;w;41 to
old_Nr_boundary. Searching within the proper domain, we obtain the tetrahe-
dron attached to face w;_jw;w; 417 and add it to volume_layer;,. We keep track
of the additional vertex u; from the tetrahedron and add it to ceiling_vertexy.

We set j =75+ 1.

3. Edges w;_jw; and w;_ow; determine different adjacent triangles to w;_sw;_jw;.
From w;w;_; and wjw;_, and conforming to the diagonal, we select the edge
having greater magnitude, say it is w;w;_;. This edge is attached to exactly
two triangles in the surface. To avoid repeating triangle w;_ow;_jw;, we avoid
triangles whose vertices are all contained in floor_layery. Then we will have
triangle w;_jw;jw;4, and we store vertex w41 in floor_layer;, and w;_jw;w;i1
to old_Nr_boundary. We search for the tetrahedron corresponding to face
w;_1w;w;41 in the desired domain, add it to volume_layery, and put its other

vertex u; in ceiling_layery,.

4. If we are satisfied with volume_layery, we add w;w;1u; to new_Ns_boundary;
or if wjw;y, belongs to a boundary different than N, or N, say to NV, we
search for the triangle in /V; containing w;w;41, add the final ceiling vertex u;;
to ceiling_layery, and include the face w;w;1u;41 to other_boundary;, if we

wish to replace the boundary.

5. If neither of the previous conditions of Step 4 are met, we set j = j+1. We find
a new vertex w;1, through a new triangle (i.e. not found in old_Nr_Boundary)
having w;_;w; as a side and store it in floor_layer;. We also add w;_jw;w;;1

to old_Nr_boundary. We find the correct domain tetrahedron attached to
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w;_wjw;y1, add it to volume_layery, and let the new vertex u; be part of
ceiling_layer,. We set j = j + 1 and repeat the once more to find another ver-
tex wj1, tetrahedron w;_;w;w;1u;, and vertex u; and store them floor_layery,

volume_layery, and ceiling_layery, respectively.

6. We continuously implement Step 4, to check for continuation requirements, and

step 5 until we cannot or no longer want do so.

Figure 4.14: Part 3a: The figure illustrates the pathfinding process to obtain surface
elements in the cylinder’s base.

Part 3b: Getting adjacent points in layer k
To obtain a proper ceiling, it is necessary to consider points that are found in layer
k + 1 parallel to ceiling_layery. These can be found repeating a similar process to
Part 3a when considering the edge e, € E,; adjacent to e. We can guarantee the
existence of e, in either direction to e in E, ; since these are edges that approximate
a circular contour. Thus, we implement Part 3a starting from e, and store in the
proper sets.

Part 4: Getting ceiling faces, upside-down tetrahedra of layer k, and
side boundaries
So far, we have only obtained tetrahedra in volume_layer, pointing upside from
the boundary floor. To get the entire volume from layer k£, we wish to obtain the

tetrahedra pointing upside down. Although the packing of volume elements depends
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Figure 4.15: Part 3b: The figure illustrates the pathfinding process to fully obtain
ceiling nodes, shown as yellow.

on the mesh and could vary slightly, the assumption of uniform mesh allows us to
consider a predictable arrangement. For this step, we require the sets upper_vertexy,

and floor_layery from Parts 3a and 3b.

1. We form combinations of four points among the points in floor_layer, and
cetling_layer,. Then, we search among the tetrahedra in the corresponding

domain and store the matching results in volume_layery.

2. We initialize the array ceiling_faces;. To find ceiling faces, we generate combi-
nations of three points from ceiling_layer,. We seek if any of these three-point
sets are proper subsets of tetrahedra in the desired domain and add them to

ceiling_facesy.

3. We create array side_faces. To have boundaries connecting the floor and
ceiling of layery, we get combinations of three points among either two points
from floor_layer; and one from ceiling_layer; and viceversa. Then, we ex-
plore whether any of these are found in existing tetrahedra and, if so, add them
to side_faces,. This step requires carefulness with arrangement and split of
floor_layery and ceiling_layery to have correct desired alignment. Otherwise,
we could end up forming faces illegally cutting the tetrahedra and not conform-

ing to the existing tetrahedral layout.
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Part 5: Rewriting labels and reassigning tetrahedra of layer k
We modify information directly from the file similarly to Part 3 in the Generic mesh

algorithm

1. Tetrahedra alteration. For each member in volume_layery, we get the correct
order of nodes, write a string for current domain of each element on file and
another with new domain information. We then replace the original string with

the replacement one.

2. Ng-boundary replacement. We obtain correct order of each item old_N sboundariyy,
as they appear on file. We write strings for old_N sboundary;, in the proper for-
mat, then locate these lines and delete them. If new_Ns_boundaryy is not
empty, we write the same strings deleted with new information; otherwise, if
other_boundaryy, is nonempty, we write strings to replace the boundary of erase
it.

3. N.-boundary replacement. Finally, if last_level does not contain vertices in
ceiling_layery, we update vertex order in old_Nr_boundary,. We write strings
from old_N s_boundary; in the correct format as found in the file and delete the

lines. We then replace the deleted information with strings from new_N s_boundaryy,.

Part 6: Applications of Parts 3-5 in subsequent layers

1. If last_level has vertices that also appear in ceiling_layer; and we want to either
replace or erase this part of the boundary N,,, we find correct vertex order from
new_Nr_boundary and write one or two sets of lines: one corresponding to
original information and another with new information. If we only want to
erase, we just use the former; but if we want to replace, we use the second set

of strings as well.

2. Otherwise, if conditions for Step 1 are not met, we set £k = k+ 1, j = 2, and
e = w;_1w;, where wj_; = vgp—; and w; = vy from vertexlayer,. We then

implement Parts 3-5 with starting with e.
We repeat steps 1 and 2 until we no longer can do so or wish to stop.

Remark: Instead of searching all the nodes again in boundary floors, we could
rely on previous knowledge about ceiling nodes and faces and employ a dynamic

programming approach by setting floor_layer, = ceiling_layery_1.
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Part 7: Selecting different edges in E,
1. We pick a different edge e € E, ; and implement Parts 2-6.

2. We repeat step 1 until we no longer wish to continue or cannot do so.

4.4 Computational Results

We provide some results regarding the implementation of the aforementioned algo-
rithms. In all of these cases, the number of volume elements remains unchanged; some
of them just get reassigned to a different domain. On the other hand, the quantity
of surface elements could fluctuate. As has been the emphasis of this chapter, we use
this example to show the versatility of the algorithm to sculpt and modify geometries
rather than to solve for differential equations via FEM; for modeling solutions using

geometries obtained through meshing reassignment, we refer to the previous chapter.

4.4.1 Example: Cube

Coarse cube

Figure 4.16: The cube on the left shows the original cube without modification while
the one on the right shows the visible alterations.

We first consider the simple mesh shown on the left side of Figure 4.16. It is a
cube having a coarse mesh with eighty-eight volume elements and forty-eight surface
elements. Using a variation of the Generic mesh algorithm, we reassign a quarter

of the volume elements to the external (default) zero domain. The total of surface
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elements is still the same but now they reflect the proper domains after modification.
The right side of the same figure displays the transformation. The initial mesh remains

intact, but the labels were changed to obtain a slightly different geometry.

Fine cube

For this instance, we implement a carving algorithm on Figure 4.5. The mesh has
11776 volume elements and 768 boundary faces. We decide to "extract” every single
initial surface element by reassigning their corresponding tetrahedra to the external
zero domain. We then relabel these faces to the other adjacent ones within the
tetrahedra. The result is shown in Figure 4.17 and has 2304 boundary faces, three
times more than the original amount. This geometry was not designed with FEM
implementation in mind but rather to elucidate what can be done with meshing

reassignment.

Figure 4.17: Transformation of the mesh in Figure 4.5
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4.4.2 Example: Creating a stent

We present a few examples with coarse, medium, and fine meshes based on the same
geometry. All of these are composed of three domains and ten boundaries, with the
stent domain being surrounded by four. The main geometry was meshed with Netgen,

whereby all the pathfinding is done.

Figure 4.18: Cross-section of the initial stent geometry before meshing (left), after
meshing (center), and with reassignment modification (right).

Figure 4.19: Cross-section of some initial stent mesh (left) and after reassignment
modification (right).

Coarse stent mesh

As seen on Figure 4.20, the coarse stent mesh has 64822 tetrahedral elements and
13304 surface triangles. We modify the stent by carving in a zigzag manner. After
implementing the algorithm, the mesh has 14266 boundary elements and took 18
minutes and 11 seconds for element reassignment.
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Figure 4.20: Cross-section of the initial coarse stent mesh, before (top) and after
(bottom) modifications . The red area corresponds to the stent shell.
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Fine stent mesh

Originally, the number of volume elements is 247811 with 30188 surface boundaries.

After implementing reassignment algorithm, the number of volume elements remains
the same but now there are 32896 surface boundaries. With this finer mesh, the new
transformation resembles a stent much more. However, given the increased number
of elements, it took 2 hours, 43 minutes, and 20 seconds to complete the overall
transformation. Most of the time in the implementation was devoted to searching
elements while modifying the file directly was rather quick in the order of a couple
seconds.

T ek
'))/)\‘
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Figure 4.21: Cross-section of the fine stent geometry, before (upper) and after (lower)
modifications. The red area corresponds to the stent shell.
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4.4.3 Example: Volume-less Stents

Here we present three designs in which the stent volume has been completely reas-
signed to the lumen domain, but the stent boundaries are visible. However, these
are only for design purposes and showing the potential behind meshing reassignment,
rather than for an assessment of our domaing decomposition techniques when obtain-
ing FEM solutions.

Zigzag pattern

Specific design pattern

Diagonal pattern

Figure 4.22: Cross-sections of volume-less stent geometries having zigzag pattern.
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4.5 Discussion

The results show that element reassignment is possible for geometry reconstruction
starting from an initial mesh. And while carving implementations have been explored
before in [23], the outward-to-inward approach is rather limiting and monotonous, so
that it only removes permanently. With our multidomain technique, we are able to
tackle any direction between domains, as was seen with the outward transformations
from the inner cylinder. This allows us to preserve outer mesh layers intact while
modifying other inner regions. While our method is in early stages, it has potential
to become more sophisticated, especially when combined and integrated with other
established meshing algorithms and techniques. Indeed, rather than compete with
other processes, the reassignment mesh aims to be an additional tool to improve and
maximize definition and geometrical precision. For instance, instead of deforming
several elements, it might be more helpful to "extricate” them instead by blending
them with surrounding domains via mesh reassignment.

Semi-automatic mesh reassignment is easier to implement with coarser meshes, when
paths between elements are simpler and time complexities of searches among poten-
tial element candidates are smaller. After which, the mesh can be properly refined
and other meshing techniques could be employed. One key disadvantage with mesh
reassignment occurs with finer meshes, since it takes more time to search through ele-
ments. On the other hand, once the initial structure is finished, reassigning elements
individually rather than collectively becomes more doable. This is particularly good
if we seek to model erosion or buildup (e.g. plaque) and have some mapping to mark
certain elements through the solution of the system, then isolated reassignments are
straightforward. This is what we deem to be the method’s strength: that we can ac-
count for changes in geometry without having to remesh, saving computational time
and energy in the long term by not drafting new geometries and meshes from scratch

over and over.
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Chapter 5

Future Work

The ultimate purpose of this project is to have a realistic and thorough understanding
of stents through mathematical modeling. In this chapter, we highlight some of the

ideas that we expect to provide continuity for in the near future.

5.1 Elution and Erosion via Meshing Reassignment

While a domain decomposition was elaborated to model the fluid mechanics taking
into account the current geometry, a methodology to explain vanishing components of
concentrations was not fulfilled. In particular, we hope that combining the techniques
of Chapter 4 with Chapter 3 and Chapter 2 will enable the elaboration of processes
dealing with the natural disappearance and bodily absorption of these fluids.

The meshing reassignment allows consideration for semi-discrete time evolving do-
mains by swapping stent elements, corresponding to dispersed concentration mea-
sures, with those nearby such as the wall or lumen domains. The discarding of
elements can be potentially determined through element thresholding, in which each
element has a measure or charge capacity that is over time decreasing depending on
their direct contact with external environments such as blood and plasma filtration.
Once this measure reaches zero, we reassign the element without having to create a
new geometry. This also could result in modeling malapposition of stents, depending
on the core’s distance from the wall, as well as the erosion of bioresorbable stents,

when the chemical relationships of the polymeric structures are understood.
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5.2 Mapping of Time-Evolving Domains

While we introduce (general) mappings from initial domains to domains later in time,
their numerical approach was not given. We posit that this can be done by looking
at level sets from data to have a better understanding behind the natural transition

of these stents.

5.3 Patient-Specific Modeling

Another objective is to be able to eventually create a model working on real-patient
data (See Figure 5.3). Currently, there is development of digital reconstructions that
explain the deformation of the stent over time. This project has been trying to meet
such goal from the other then. We hope in the future to polish our methods and
techniques to fully integrate the model.[38]

5.4 Optimization of Stents

Finally, modeling coronary stents can help their improvements. By controlling the
initial parameters, geometries, and overall settings of stents, we want to be able to
predict the long term behavior of coronary stents. Once we achieve this, we may start
thinking about tweaking variables and designs with the goal of providing an optimal
stent that works in the majority of cases for the longest time without further medical

complications or surgical interventions.
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Figure 5.1: Digital reconstruction of stent with real patient data
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Appendix A

Summary of the numerical schemes

implemented

We refer to the documentation of NGSolve [54] regarding the implementation of
numerical schemes to solve some partial differential equations relevant in this project.

A.1 Advection-Diffusion Equations

We consider the following system of advection-diffusion equations in weak form in

Q c R%: Find C: [0,T] = H; (€2))* such that
oC .
Evdw + [ vWCVvdw + [ u-VCvdw = [ fvdw Vv e Hjp
Q Q Q Q
C(t=0) = Cy,

where v is a given viscosity, Cj is an initial condition, u is a convective field, and f is
a given source function. Let 7, be a mesh triangulation on €2, so that a FEM space
for C' is

CeV={ve HYQ) vl € P*TH)}",
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with P* being the space of polynomials of degree k. We then define bilinear and

linear forms as follows for members of Hj ()

ml(C,v):/Cvdw, ma(C,v) :/I/VC’Vvdw,
Q Q
k(C,v):/u-VC’vdw, F(v) :/fvdw.
Q Q

Solving over V', we have the problem:
Find C € V such that for all v € V

my (%,v) +mao(C,v) + k(C,v) = F(v).

Starting with time ¢ = 0, we discretize [0,7] into N uniform intervals of length At
and define t" = nAt. We adopt the superscript notation to indicate the solution in
time we are employing (i.e. C™ = C(t")). We implement a Backward Euler implicit
scheme so that we use the n 4+ 1-th step whenever possible, and hence the problem
now reads

Find C™"* € V such that for all v € V

1
A_tml(CmH . Cm) + m2(0n+1,?}) + k(C”“,v) — Fn—&-l(v)'

In matrix form, denoting the matrices of bilinear forms with non-bold upper case

letters and vectors of solutions with bold upper case letters, we have
M, C™™ + At(M,C™™ + KC"t!) = M, C" + AtF.
We use the incremental form C"*! = C" 4+ §C"*! to have
My (C" — C™) + At(My(C™ — C™) + K(C™! — C™)) = At(—M,C" — KC" + F™1).
Then, through substitution, we get

(M + At(My + K))0C" = —At(M,C" + KC" — F™)
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Defining S = M; + At(M; + K), we have

S6C™! = —At(M,C" + KC" — F™t1).

Therefore, we can update C"t! = C™ + §C™ 1.

A.2 Navier-Stokes Equations

Consider the following unsteady Navier-Stokes problem in weak form in some region
Q c R
Find (u,p) : [0,T] — (H} p(2))* x L* such that

8u

vdw—l—/i/Vqudw—i-/u Vuvdw —

div(v)pdw = / f-vdw Vve (H&D)d7
0

:3\:3\

div(u)gdw =0 Vq € L?

u(0) =up on 0y,

where v is a given viscosity, up is an initial boundary condition, and f is a given
source function. We assume a suitable mesh triangulation 7, on €2 and employ a
Taylor-Hood discretization of degree k. This means that the FEM space for u and p

are

uecV={veH Q) :v|, € P*T)}*
peQ={qe H Q) :qlp, € P (Th)},

where PF¥ is the space of polynomials of degree k. To ease notation and solving, we

define following the bilinear and trilinear forms:

my(u,v) ::/u-vdw, me(u, v) ::/I/VuVde,
Q Q

r(u,p) ::/div(u)pdw, c(w;u,v) ::/W-Vuvdw.
Q Q
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We also let F'(v) be the linear form

F(v) = /Qf vdw.

Thus, if we consider the space product X =V x (), we have the problem
Find (u,p) € X such that for all (v,q) € X

ou
o (Gv) + maluw) ol v) = rvp) = r(ug) = P
For our purposes, we decided to implement an IMEX (Implicit-Explicit) scheme by
letting the convective part be partially explicit and everything else implicit. The
problem then becomes Find (u™!, p"*1) € X such that for all (v,q) € X

1
— M ('Ll

At

"Hu v) + me (0t v) + c(uut, v) — (v, p" ) — (" q) = F(v),

with At being the time interval. Multiplying by At and expressing in matrix form,

we have
MU + At(M, U™ — RTP™ — RU™) = MyU™ — At(CU™ — F),

where we can solve for U™t and P™*!.
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