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Abstract

3-connected, Claw-free, Generalized Net-free graphs are Hamiltonian
By Susan Rae Janiszewski

Given a family F = {Hj, Ha,...,Hy} of graphs, we say that a graph is
F-free if G contains no subgraph isomorphic to any H;, ¢ = 1,2,...,k. The
graphs in the set F are known as forbidden subgraphs. In this work, we
continue to classify pairs of forbidden subgraphs that imply a 3-connected
graph is hamiltonian. First, we reduce the number of possible forbidden
pairs by presenting families of graphs that are 3-connected and not hamilto-
nian. Of particular interest is the graph K 3, also known as the claw, as we
show that it must be included in any forbidden pair. Secondly, we let N; ;.
denote the generalized net, which is the graph obtained by rooting vertex-
disjoint paths of length ¢, j, and k at the vertices of a triangle. We show that
3-connected, { K1 3, Nj jo}-free graphs are hamiltonian for 4,5 # 0,i+j <9
and {K 3, N3 3 3}-free graphs are hamiltonian. These results are best possi-
ble in the sense that no path of length ¢ can be replaced by i+ 1 in the above
net graphs. When combined with previously known results, this completes
the classification of generalized nets such that a graph being {K1 3, N; j 1 }-
free implies hamiltonicity.
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Chapter 1

Introduction

We assume from the beginning that the reader has a basic knowledge of
graph theory. Throughout, we use C} to denote a cycle with &k vertices and
P, to denote a path on k vertices. The length of a path refers to the number
of edges in the path. We define a generalized net, denoted N; ;x, to be a
triangle with vertex disjoint paths of length 7, j, and k rooted at the vertices
of the triangle, and we define the graph L to be the graph formed by joining
two vertex disjoint triangles with a path containing £ edges.

Throughout, the circumference of a graph G, denoted ¢(G), refers to the
longest cycle in G. We will also use directed cycle notation in which 6’)
indicates that we are traveling around the cycle so that the indices on the
vertices of the cycle are increasing and 6 indicates that we are traveling
around the cycle in the opposite direction. For all other terms and notation
not defined in this work, see [2].

A graph G with n > 3 vertices is hamiltonian if G contains a cycle of length
n. A hamiltonian path in G is a path on n vertices. A graph is hamiltonian
connected if each pair of vertices are the endpoints of a hamiltonian path. A
graph G is said to be connected if there exists a path between any two vertices
and is k-connected if the removal of any set of size at most k£ — 1 results in
a connected graph. Likewise, a graph G is said to be k-edge-connected if the
removal of at most £ — 1 edges results in a connected graph. Throughout we

will use k and £’ to denote connectivity and edge-connectivity, respectively.



There are many problems in graph theory that focus on determining what
graph properties imply a graph with given connectivity is hamiltonian or
hamiltonian connected. One of the richest areas of these problems concerns
families of forbidden subgraphs, which is the focus of this dissertation.

Given a family F = {Hj, Hs, ..., Hy} of graphs we say that a graph is
F-free if G contains no subgraph isomorphic to any H;, + = 1,2,...,k. In
particular, if F = {H}, we say that G is H-free. The graphs in the set F
are known as forbidden subgraphs.

One graph that is commonly included in families of forbidden subgraphs
that imply hamiltonian properties is K7 3, also known as the claw. In [14],
Matthews and Sumner presented their famous conjecture on claw-free, 4-
connected graphs, which can be found below. This conjecture is still open

more than 25 years after it was first published.

Conjecture 1.1. [1] If G is a 4-connected, K, 5-free graph, then G is hamil-

tonian.

The most recent progress towards proving the Matthews-Sumner conjecture
is due to Kaiser and Vrana [11]. In their paper, they lower the previous best
known connectivity requirement from 6 to 5, provided a minumum degree

condition is met.

Theorem 1.2. [11] Every 5-connected claw-free graph of minimum degree at

least 6 is hamiltonian.

They further show that these conditions are sufficient to guarantee not only

hamiltonicity, but hamiltonian-connectedness as well.

Theorem 1.3. [11] Every 5-connected claw-free graph of minimum degree at

least 60 is hamiltonian-connected.

While it is not known whether 4-connected, claw-free is enough to guar-

antee hamiltonicity, it can easily be shown that 3-connected, claw-free is



not sufficient. Several families of 3-connected, claw-free graphs that are not
hamiltonian are presented in Chapter 3.

The first results regarding forbidden pairs involved graphs that are 2-
connected. Bedrossian determined a complete classification of forbidden pairs
which imply a 2-connected graph is hamiltonian in [1]. Faudree and Gould
further generalized these results in [6] for sufficiently large graphs. The fol-

lowing theorems summarize their results.

Theorem 1.4. [6] Suppose A is a connected graph and G is a 2-connected
graph. Then G is A-free implies G is hamiltonian if, and only if, A = Ps.

Theorem 1.5. [6] Let R and S be connected graphs (R,S # P;), and
G a 2-connected graph of order n > 10. Then G is {R,S}-free implies
G is hamiltonian if, and only if, R = K;3 and S is one of the graphs
Cs, Py, Ps, Ps, Z1, Z3, Z3, B, N, or W (see Figure 1.1.)

B
BEDSETIAR

B N W

Figure 1.1: Common Forbidden Graphs for 2-connected Graphs

After considering which forbidden pairs imply a 2-connected graph is hamil-
tonian, it is natural to consider which forbidden pairs of graphs imply a 3-

connected graph is hamiltonian. A complete classification of these pairs is



not yet known, but several individual results have been determined. The
claw, once again, shows up as a graph of importance. In Chapter 3, we will
show that it is necessary to include the claw in any forbidden pair.

One of the first results determining a forbidden pair that implies a 3-
connected graph is hamiltonian is due to Pfender and Luczak [13]. The

result is the best possible in the sense that P;; cannot be replaced by Pis.
Theorem 1.6. [15] Every 3-connected { K 3, P11 }-free graph is hamiltonian.

Another result, due to Lai, Xiong, Yan, and Yan [12], involves the graph
Zy, where Zj, is the generalized net Nj . Once again, this result is best

possible since it can be shown that Zg cannot be replaced with Zy.
Theorem 1.7. [12] Every 3-connected { K 3, Zs}-free graph is hamiltonian.

The most recent set of known results are due to Hu and Lin in [10] and [9].
In these papers they begin to explore forbidden pairs which include the claw

and a generalized net N ;.

Theorem 1.8. [10] Every 3-connected {Ns22, K1 3}-free or {Nys2, K13}-

free graph is hamiltonian.

Theorem 1.9. [9] Every 3-connected {N7 11, K1 3}-free, {Noa1, K13}-free,
{Ns531, K1 3}-free, or {Ny41, K1 3}-free graph is hamiltonian

It can be shown that these results are best possible in the sense that in each
pair the graph N; ;i cannot be replaced with Niyi %, N;jt1k, o Njjpt1.-

A graph G is considered to be pancyclic if G contains a cycle of length k for
all k, 3 <k <n. In [7], Gould, Luczak, and Pfender classified all forbidden
pairs that imply a 3-connected graph is pancyclic. They found six pairs
{X,Y}, where X must be K; 3 and Y is one of P;, N, j where i+ j+k < 4,
or L. Of particular note is the graph Li, since it is not a subgraph of any

of the previously mentioned results.



Theorem 1.10. [7] Every 3-connected { K1 3, £1}-free graph is pancyclic, and

therefore hamiltonian.

In this dissertation, we further classify the pairs of graphs such that G
being 3-connected and {X,Y }-free implies G is hamiltonian. The results
are presented in two parts. First, we present infinite families of graphs that
are 3-connected and not hamiltonian in order to reduce the list of possible
forbidden pairs in Chapter 3. Secondly, we prove Theorem 1.11 in Chapter 4
and Theorem 1.12 in Chapter 5. These theorems, combined with Theorems
1.7, 1.8, 1.9 and the results in Chapter 3, give a complete classification of
which generalized net graphs N;;; can form a forbidden pair {X,Y} such
that a 3-connected, {X, Y }-free graph is hamiltonian.

Theorem 1.11. Let i, be non-zero with i+ 5 = 9. Then every 3-connected,

claw-free, N;jo-free graph G is hamiltonian.

Theorem 1.12. Every 3-connected, claw-free Ns 3 s-free graph G is hamilto-

nian.



Chapter 2

Background

In this chapter, we discuss the necessary tools and theorems that we will
utilize in the proofs of Theorem 1.11 and Theorem 1.12.

One of the tools we will utilize is a closure concept introduced by Ryjacek
[15]. Let G be a graph, let v be a vertex of G, and let N(v) denote the
neighborhood of v. A vertex v € V(G) is said to be locally connected if the
neighborhood of v induces a connected subgraph in G. The local completion
of G at v, denoted G, is obtained by adding in the edges {zy | =,y € N(v)
and zy ¢ E(G)}. The Ryjdcek closure is obtained by recursively performing
the local completion operation at vertices that are locally connected until
there are no such vertices remaining. Many useful properties of the Ryjacek

closure in claw-free graphs are summarized in Theorem 2.1.
Theorem 2.1. [15] Let G be a claw-free graph. Then the following are true:

o cl(G) is uniquely determined.

e cl(G) is the line graph of a triangle-free graph.

e c(cl(@)) = c(@Q).

e G is hamiltonian if and only if cl(G) is hamiltonian.

Further research by Brousek, Ryjécek, and Favaron in [3] showed that cer-
tain classes of graphs were stable under the closure operation. Of particular

interest to us is the result stated in Theorem 2.2.



Theorem 2.2. [3] Let G be claw-free. If G is N; ;i-free then cl(G) is also
N; j i-free.

Combining Theorems 2.1 and 2.2, we see that when determining whether a
3-connected graph G which is { K 3, N; ; x }-free is hamiltonian, it is sufficient
to show that ¢l(G) is hamiltonian. Thus, we need only consider those graphs
which are closed under the Ryjacek closure operation.

Another well-known theorem that will be of use to us is due to Harary and
Nash [8]. Here we define the line graph of a graph G, denoted L(G), to be
the graph with E(G) as its vertex set and two vertices are connected if and
only if the corresponding edges in G are incident with one another.

We say a graph is eulerian if it is connected and every vertex has even
degree. An eulerian subgraph H of a graph G is said to be a dominating
eulerian subgraph if every edge of G has at least one endpoint in V(H).
Lastly, we define a graph to be supereulerian if it contains a spanning eulerian

subgraph.

Theorem 2.3. [8] Let G be a connected graph with at least 3 edges. The
line graph L(Q) is hamiltonian if and only if G has a dominating eulerian

subgraph.

Pairing this result with the above observation that we need only consider
closed graphs, we see that finding a hamiltonian cycle in a 3-connected,
{Ki3, N ;i }-free graph G is equivalent to finding a dominating eulerian sub-
graph in the inverse line graph of ¢l(G). We denote the inverse line graph of
a graph H by L™(H).

Let X C E(G) be a subset of edges of G. The contraction, denoted G/ X,
is the graph obtained by identifying the two ends of each edge in X and
deleting the resulting loops. For a given subgraph K, we will use G/K to
denote G/E(K). The preimage of a vertex v € V(G/K) is the set of all



edges that were contracted onto v. A vertex v in a contraction of G is said
to be a nontrivial vertex if its preimage contains at least one edge.

Let G be a graph such that x(L(G)) > 3 and L(G) is not complete. The core
of the graph G, denoted Gy, can be found by contracting all pendant edges
and contracting one of zy or yz for each path xyz where dg(y) = 2. After all
contractions have been made, any edge that remains after contracting either
xy or yz as described above is called a nontrivial edge. Items (a)-(c) in the
following theorem were presented by Shao in [16], with item (d) added by
Lai, Xiong, Yan, and Yan in [12].

Theorem 2.4. [12/[16] Let G be a graph with k(L(G)) > 3 and L(G) is not
complete. Let Gy be the core of G, then each of the following holds:

(a) Go is nontrivial and 6(Go) > K'(Go) > 3.
(b) Gy is well-defined.

(c) If Go has a spanning eulerian subgraph, then G has a dominating eu-

lerian subgraph.

(d) If Go has a dominating eulerian subgraph containing all nontrivial ver-
tices and both ends of each nontrivial edge, then G has a dominating

eulerian subgraph.

We will also use the notion of a collapsible graph, which was first introduced
by Catlin in [4]. Let O(G) denote the set of odd vertices in G. Given a subset
R C V(G) with |R| even, a subgraph H of G is said to be an R-subgraph
if both O(H) = R and G — E(H) is connected. A graph G is said to be
collapsible if for any even subset R of G, G has an R-subgraph. Catlin
further showed in [4] that every vertex in a graph G is in a unique maximal
collapsible subgraph of G. We form the reduction of G by contracting all of
the maximal collapsible subgraphs. We use GG’ to denote the reduced graph.



Theorem 2.5. [}/ Let G be a connected graph and let H be a collapsible
subgraph of G. Then each of the following holds:

(a) G is collapsible if and only if G/H is collapsible. In particular, G is
collapsible if and only if the reduction G’ is Ky;

(b) G is reduced if and only if G has no nontrivial collapsible subgraphs;
(c) g(G') >4 and 6(G") < 3;
(d) G is supereulerian if and only if G' is supereulerian.

Theorem 2.6. [}/ Let G be a connected graph and let H be a collapsible
subgraph of G. Let the reduction of G, denoted G', have g(G') > 4, then G

is supereulerian if and only if G' is supereulerian.

Lastly, the method of proof we will use will involve examining graphs of
each possible circumference. To aid in this process, we will use the following

two results:

Theorem 2.7. [5] If G is a 3-edge-connected graph with at most 13 vertices,
then either G is collapsible or G is contractible to Ko, Ko, or the Petersen

graph.

Theorem 2.8. [12] Let G be 3-edge-connected. If ¢(G) < 8, then G is

supereulerian.
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Chapter 3

Further Classification of Pairs
of Forbidden Graphs

In this section, we present two new theorems that reduce the number of
possible pairs such that that a graph being { X, Y }-free implies a 3-connected
graph is hamiltonian. Theorem 3.1 gives that in any pair {X, Y}, one of the
graphs must be K 3. Theorem 3.2 focuses on reducing the number of graphs
that can be paired with K 3 to form a forbidden pair.

We begin by defining five graphs which are 3-connected, claw-free, and not

hamiltonian.

e GGy = L(H) where H is the graph obtained from the Petersen graph by

adding one pendant edge to every vertex of P.

e (G5 = the graph obtained by replacing each vertex of the Petersen graph
with a Kg.

e (G, = the graph obtained by replacing all but one vertex of the Petersen
graph with a K3 and the replacing the remaining vertex with a K, for
t>4.

e (43 = the graph obtained by blowing up each vertex of the Petersen
graph to a K; with ¢ > 6 and replacing each edge between two K;
subgraphs with L.
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e (¢, = the graph obtained by blowing up each vertex of the Petersen
graph to a K; with ¢ > 6 and replacing each edge between two K;
subgraphs with an hourglass, i.e. two triangles joined at a common

vertex.

The graphs G1, Gq, G), G5, and G4 are pictures in Figure 3.1. Note that

the labeled vertices in GG; are identifications.

Figure 3.1: 3-connected, claw-free graphs that are not hamiltonian

We also note that the graphs in Figure 3.2, while not claw-free, are also

3-connected and not hamiltonian. In addition, the Petersen graph and the
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complete bipartite graph I, ,,, with n,m > 3 and n # m are also 3-connected,

not claw-free, and not hamiltonian.

Figure 3.2: 3-connected graphs that are not claw-free and are not hamiltonian

Theorem 3.1. Let X andY be connected graphs with neither X norY equal
to Ps, and let G be a 3-connected graph. If G being {X,Y }-free implies G is

hamiltonian, then either X orY must be K 3.

Proof. We will proceed by considering two cases.

Case 1: Assume that X contains an induced P,. This implies that ¥ must
be a subgraph of every 3-connected, nonhamiltonian graph that is Ps-free.
Since the complete bipartite graph K, ,,, with n,m > 3 and n # m is P,-free,
we automatically get that Y must be a subgraph of K, ,,. The graph H; is
Py-free, which when paired with Y being a subgraph of K, ,, forces Y to be
a star. The largest star in Hy is a K 3, thus we conclude that ¥ must be
K.

Case 2: Assume that X does not contain an induced P;. We can further
split this case into two subcases: either X contains a cycle or it does not.

Clearly, if X contains no cycles, it must be a tree. The condition that X
does not contain an induced Pj forces X to be a star. The Petersen graph
has A(G) = 3, which forces X to have A(G) < 3. Thus X must be K 3.
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If X contains a cycle, it must be a triangle or a Cy since any larger cycle
contains an induced P,. If X contains a triangle, then Y must be a subgraph
of both the Petersen graph and K3, since they are both triangle-free. From
here we can easily see that Y must be K;3. If X contains a Cy, then YV
must be a subgraph of both the Petersen graph and H, since they are both
Cy-free. Once again, it is clear by inspection that ¥ must be K 3.

]

Now that we have established that K 3 must be included in any forbidden
pair that implies a 3-connected graph is hamiltonian, we proceed by assuming
that X = K3 and reduce the number of graphs Y that can complete a
forbidden pair.

Theorem 3.2. Let Y be a connected graph with Y # Ps, and let G be a
3-connected graph. If G being {K3,Y }-free implies G is hamiltonian, then

G satisfies each of the following conditions:
(a) A(Y) < 3;
(b) The longest induced path in'Y has at most 11 vertices;
(c) Y contains no cycles of length at least 4;
(d) The distance between two triangles in'Y is odd;
(e) Y contains at most two triangles;

(f) If Y contains ezactly two triangles, then it must be one of Ly, L3, or
L57'

(9) Y is claw-free.

Proof. Since all of the graphs in Figure 3.1 are claw-free and non-hamiltonian,

it must be the case that Y is an induced subgraph of each of these graphs.



14

Property (g) follows naturally from each of these graphs being claw-free.
Since A(G3) = 3, Y must satisfy (a). There is no induced Py5 in Gy, therefore
(b) is satisfied. Also, (b) is best possible by Theorem 1.6.

The longest cycle in Gy is a C'g, therefore any cycle in Y must be of length
less than or equal to 10. When considering G5 and G, the shortest cycle
that is not a (' is a (g, thus eliminating the possibility of Y containing a
Cy for 4 < k < 9. The graph GG3 does not contain a (g, so we deduce that
the only cycle Y can have is a C5 and (c) is satisfied.

Condition (d) arises from the fact that all triangles in G are odd distance
apart.

We now look at property (e). When considering G5, we see that the only
triangles that appear distance 1 apart occur between the cliques and the
addition of any additional vertex would create a K4 — {e}. This clearly
cannot happen since G5 does not have this as a subgraph. Therefore, if there
are more than two triangles in Y, each pair of triangles must be distance at
least 3 by (d). To prevent the induced path of Y from becoming longer than
11, it must be the case that Y is the graph obtained by taking a triangle,
joining vertex disjoint paths of length 3 to two vertices, and identifying the
endpoint of each path with a vertex of an additional triangle (see Figure 3.3).
However, this particular subgraph does not appear in Gy, thus (e) must be

satisfied.

Figure 3.3: Subgraph with 3 triangles.
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Lastly, consider property (f). The previous properties guarantee that if Y’
contains two triangles then it is either an L, or an L, with tree components
attached to the vertices of the triangles. We note that G5 contains no L,
or Ly subgraphs with additional pendant edges off of the triangles, and G4
contains no Lj or L; subgraphs with additional pendant edges off of the
triangles. We need not worry about L, with k£ even as that would violate (d)
or Ly with k£ > 9 as that would violate (b). To eliminate L7, we note that
(G does not contain L; as an induced subgraph. The graph G; contains 10
cliques of size four. If Gy did contain L; as a subgraph, two cliques would
contain triangles. Two additional cliques would not contain any edges since
they would contain a vertex of one of the triangles. Each of the remaining
seven edges must appear in a unique clique, however there are only six unused
cliques remaining in the graph.

This concludes the proof of the theorem.
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Chapter 4

Claw-Free, N; ;o-free Graphs

In this chapter, we focus on proving Theorem 1.11. Throughout, G' will
be a graph such that L(G) is 3-connected and claw-free. We will use Gy to
denote the reduced core of G and C' to denote a longest cycle in Gy with
vertices labeled by ¢y, ¢, ..., ceqy). If there is more than one cycle of length
c(Gp), we will choose C' to contain the largest number of nontrivial vertices
of Gy.

Let T, 5. be the tree obtained from taking disjoint paths with a, b, and
¢ vertices and making one endpoint of each adjacent to a new vertex .
It is easy to see that if a graph G has no subgraphs isomorphic to Ty
(not necessarily induced), then L(G) is Ny—1p-1-1-free. By Theorems 2.3
and 2.4, proving Theorem 1.11 is equivalent to showing the following four

theorems:

Theorem 4.1. Let Y = Ty91 and let G be a connected simple graph without
subgraphs isomorphic to Y. Let Gy be the core of G. If k(L(G)) > 3, then
Gy has a dominating eulerian subgraph containing all the nontrivial vertices

and both end vertices of each nontrivial edge.

Theorem 4.2. LetY =Ty 3, and let G be a connected simple graph without
subgraphs isomorphic to Y. Let Gy be the core of G. If k(L(G)) > 3, then
Gy has a dominating eulerian subgraph containing all the nontrivial vertices

and both end vertices of each nontrivial edge.
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Theorem 4.3. Let Y = T7 4, and let G be a connected simple graph without
subgraphs isomorphic to Y. Let Gy be the core of G. If k(L(G)) > 3, then
Gy has a dominating eulerian subgraph containing all the nontrivial vertices

and both end vertices of each nontrivial edge.

Theorem 4.4. Let Y =Ty 51 and let G be a connected simple graph without
subgraphs isomorphic to Y. Let Gy be the core of G. If k(L(G)) > 3, then
Gy has a dominating eulerian subgraph containing all the nontrivial vertices

and both end vertices of each nontrivial edge.

For the proofs of Theorems 4.1, 4.2, 4.3, and 4.4, we will proceed by con-
sidering graphs of each possible circumference. As well as considering graphs
of each possible circumference, we will treat when C' is a dominating cycle
and when C' is not a dominating cycle separately.

We begin by presenting lemmas that will be used in the proofs of each of
the preceding four theorems. The first lemma shows that when ¢(G) > 12,
the above results are true. When paired with Theorem 2.8, which states
that any 3-edge-connected graph with circumference less than or equal to
8 is supereulerian, we see that the only cases left to consider are graphs of

circumference 9, 10, and 11.

Lemma 4.5. Let G be a connected, claw-free graph with no subgraphs iso-
morphic to Tit1 411 where i,j are non-zero and i +j = 9. If ¢(G) > 12,

then G has a dominating eulerian subgraph containing all vertices.

Proof. Let C' be a cycle of longest length. If there are no vertices off of C' then
this is the desired dominating eulerian subgraph. Assume not all vertices are
on C. Let v be a vertex such that v is not on C' but v has a neighbor, x, that
is on C. Then z is the center of a T; 4 j41,1, contradicting our assumptions.

O

When handling graphs with few vertices, Theorem 2.7 gives that any graph

with at most 13 vertices is either contractible to a graph that is supereulerian
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or is contractible to the Petersen graph. The following lemma applies when

the graph is contractible to the Petersen graph.

Lemma 4.6. If Gy is the Petersen graph, then either Gy has a dominat-
ing eulerian subgraph containing all nontrivial vertices or G contains a (not

necessarily induced) subgraph isomorphic to Titq j+11-

Proof. Clearly any 9 vertices of the Petersen graph form a cycle that is a
dominating eulerian subgraph. If GGy does not have a dominating eulerian
subgraph that contains all nontrivial vertices, it must be the case that all 10
vertices are nontrivial.

If every nontrivial vertex is such because it is the endpoint of a path xyz
where d(y) = 2, then in G there must be a cycle of length at least 12 and
the argument used in the proof of Lemma 4.5 gives a Tj41 j11,1.

Therefore, there must exist a vertex v that is the endpoint of a pendant
edge vv’ in G. It can be seen that v is the center of a T} ;1 in Gy since there
exists a Pjg in Gg where v is vertex ¢ + 1 along the path. Noting that the
first and last vertices along this path were also nontrivial, there must exist
vertices in G that are adjacent to those that were contracted to form Gj.
This gives the desired Tj41 j+1,1 in G.

m

4.1 Lemmas for the case that C is not domi-
nating.

As stated previously, we will treat when C' is dominating and when C' is
not dominating separately in the proofs of the four main theorems in this
chapter. In this section, we present lemmas that will be used when C'is not a

dominating cycle. Each lemma corresponds to a specific graph circumference.
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Lemma 4.7. Let G be a 3-edge-connected graph with ¢(G) = 11 and g(G) >
4, and let C' denote a longest cycle in G which contains the largest number
of nontrivial vertices. Assume C' is not a dominating cycle and every vertex
not on C has at least two neighbors on C. Then G must contain each of the

f0llowmg T972’1, T8,371, T774,1, and T6’5’1.

Proof. Since C'is not dominating there must be an edge xy such that neither
x nor y are on the cycle. Since G is 3-edge-connected and by the assumption
that each vertex has at most one neighbor off of C'; both x and y must have
at least two neighbors that lie on C. Any neighbor of y must be at least
distance 3 from any neighbor of x, otherwise we create a longer cycle.
Without loss of generality, we can assume that x is adjacent to ¢;. Assume
that the distance between neighbors of x is 2. Label this second neighbor
as cs. In this case, the neighbors of y can either be {cg,cs} (symmetrically
{c7,¢9}) or {cg, co}. If the distance between neighbors of z is 3, say ¢; and
c4, then the neighbors of y must be {¢7, co}. However, this case is symmetric
to the latter case above. This gives two nonsymmetric ways to arrange the

neighbors of  and y, which are shown in Figure 4.1.

Figure 4.1: Arrangements of neighbors of x and y when ¢(Gy) = 11 and C'is
not dominating.

In the case where z is adjacent to {c1, cs} and y is adjacent to {cg, cs}, we
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get the following trees:
T9,2,1 = T{C1 : C11, XY, 0203040506070809010}
Ts31 = T{c1 : @, criciocy, CacscacsceCrCsy}
Tra1 =T{cs : c7,C5¢4C3C2, YTC1C11C10CyCs }

T6,5,1 = T{C1 : C2, C11C10C9C8Cr, 1’906050403}
The only tree above that used an edge that is not also present when x is

adjacent to {c1,c3} and y is adjacent to {cg, ¢y} is the Ty 3 1. In this case, we
get Tgs1 = T{y : =, cecrCs, CoC10C11C1C2C3C4Cs
UJ

Lemma 4.8. Let G be a 3-edge-connected graph with ¢(G) = 10 and g(G) >
4, and let C' denote a longest cycle in G which contains the largest number of
nontrivial vertices. Assume C' is not a dominating cycle and every vertex not
on C' has at least 2 neighbors on C'. Then either G has a dominating eulerian
subgraph or G must contain each of the following: Tyo1, Tss1, T741, and
To5,1-

Proof. Once again, by 3-edge-connectedness, each of x and y must have at
least two additional neighbors. Since G is triangle-free and placing a neighbor
of x and a neighbor of y less than distance 3 apart creates a longer cycle,
it can be seen that there is only one way (up to symmetry) to place these
neighbors. Without loss of generality, we can assume that x is adjacent to
{c1,c3} and y is adjacent to {cg, cg}. This configuration is shown in Figure
4.2. With these neighbors of z and y, the vertices of C' can be partitioned
into three sets with each vertex in a given set being symmetric to the other
vertices in the same set: {c1, ¢, cs, s}, {c2, c7}, and {ey, 5, o, c10}-

If G has at most 13 vertices then it has a dominating eulerian subgraph by
Theorem 2.7, thus we can assume that GG contains at least 14 vertices. Let v
be one of the additional vertices not on C'.

Assume v is adjacent to a vertex in the group {co,c;}, without loss of

generality say c;. Then we get the following trees:
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Figure 4.2: Arrangement of neighbors of z and y when ¢(Gy) = 10 and C'is
not dominating.

Too1 = T{cg : c7,C5¢4, YcsCoCioC1TC3C20 },
T8,3,1 = T{x LY, aC0, C3C4C5CGC7C8CQCIO}7
T7,4,1 = T{Cs : C7,YCCsCy, 6901001$C3C2U},

To51 = T{ca : v, c3c4C5¢6C7, C1C10CoC8YT
If v is adjacent to a vertex in the group {cy,cs, o, c10}, without loss of
generality say ¢4, then we get the following trees:
To21 =T{cy : v, 309, C5C6CrCsCoC10C1TY
T8,3,1 = T{C4 -V, C5C6C7, C3$Z/08090100102},
T741 = T{ca 1 v, c5c6yT, C3C21C10CC8CT )

T51 = T{cs : c7,yceCs504v, CoC10C1CaC3T
Therefore, we can assume that v has all its adjacencies in the set S =

{c1,¢3,¢c6,cs}. Assume that v has at least three adjacencies on C. Since all
3-subsets of S are symmetric, we can assume that v is adjacent to {ci, cs, ¢s}.
This gives the longer cycle civcgescacsrycscociper. Therefore, it must be the
case that v has two neighbors on C' and one neighbor not on C'. Denote the

neighbor not on C by v’. Under these conditions we get the following trees:
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T9,2,1 = T{Cl - v,2y, C2CSC4C5CGC7C8CQCIO}7
. /

T8,3,1 = T{OC LY, aquv, 03640506070809010}7

Tra1 = T{c1 1 v, cro9cs0r, Cacscacscoy

T6,5,1 = T{C1 1, C10C9CRYT, 020304050607}-
OJ

Lemma 4.9. Let G be a 3-edge-connected graph with ¢(G) =9 and g(G) > 4.
If C s a longest cycle in G such that every vertex not on C' has at least two

netghbors on C, then C' must be a dominating cycle.

Proof. Since G is 3-edge-connected, each of z and y must have at least two
additional neighbors. It can easily be seen that there is no way to pick the
two neighbors of x and the two neighbors of y without either violating G
being triangle free or placing a neighbor of  and a neighbor of y less than
distance 3 apart, which creates a longer cycle. Both of these contradict our
original assumptions.

0

4.2 Lemmas for the case that (' is dominat-
ing.

Much of the structure of a reduced graph core, G, of a specific circumference
is determined regardless of whether we assume that Gy is T o 1-free, Ty 3 1-
free, T7 4 1-free, or T§ 5 ;-free. In this section, we will establish those properties
that we will use in each of the four main proofs.

Before presenting any results, we note that in our proofs we are searching
for a dominating eulerian circuit that contains all nontrivial vertices. If C'
contains all nontrivial vertices, it is the dominating eulerian circuit that we
are looking for. Therefore, we can assume that in each of these cases there

must be at least one vertex w such that w is a nontrivial vertex of Gy and w
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is not on C. This implies there exists a vertex w’ such that w' & V(Gy) but
ww" € E(G). Since C' was chosen to contain the largest number of nontrivial

vertices, we get Lemma 4.10.

Lemma 4.10. Let w be a nontrivial vertex not on C'. If w is adjacent to two
vertices that are distance 2 apart, say c;—1 and c;11, then the vertexr ¢; must

be nontrivial.

Proof. The cycle C' can be rerouted to include the subpath ¢; _jwe; ;1 instead
of the subpath ¢;_ic;c;y1. If ¢; were trivial, then the alternate cycle would

contain more nontrivial vertices. This contradicts our original choice of C'.

O

By 3-edge-connectivity of GGy and the fact that C is dominating, w must
have at least three neighbors on C. When ¢(Gj) = 9, there are 3 nonisomor-
phic ways to place the three neighbors of w and maintain the property of
being triangle-free. These can be classified by the number of vertices between
consecutive neighbors of w and are {1,1,4}, {1,2,3}, and {2,2,2} and are
shown in Figure 4.3. Note, that in some of these placements certain vertices
on C' are forced to be nontrivial by Lemma 4.10, these vertices are repre-
sented with triangles. When referring to specific neighbors of w, we will use

the labels shown in Figure 4.3.

Lemma 4.11. Let ¢(Gy) =9, C be a dominating cycle, and w be a vertez off
of C. If the number of vertices between consecutive neighbors of w is given
by {2,2,2}, then any other vertex v that is also not on the cycle must have

at least 2 meighbors in common with w.

Proof. Let ¢; denote a neighbor of w. If v has neighbors {c;_1,¢;11} then
ﬁ
Ci—10C1Cwei43C ¢ is a Chg. Similarly, if v has neighbors {¢;_1, ¢;12} then
«—
Cio1UCaCi1c;wein3C ey is a Cyp. Lastly, if v has neighbors {¢; 2, ¢iyo}

—_
then C;i—2VC;4+2Ci11CWC 43 CCi_Q is a 010. Each of these contradict C(Go) =09.
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Figure 4.3: Possible neighbor placements on Cy

Therefore, as v has 3 neighbors on C, it must have at least two in common
with w. O

When ¢(Gg) = 10, there are four non-isomorphic ways to place the neigh-
bors of w on C which can be categorized by the number of vertices between
consecutive neighbors of w. These four ways are {1,1,5}, {1,2,4}, {1, 3,3},
and {2,2,3} and are depicted in Figure 4.4. Any vertex that is forced to
be nontrivial by Lemma 4.10 is denoted by a triangle. Once again, when
referring to a specific configuration, we will use the labels shown in the figure
to identify neighbors of w.

When ¢(Gg) = 11, there are five nonisomorphic ways to place the neighbors

of w. The specific configurations are not utilized in any of our proofs, so we
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Figure 4.4: Possible neighbor placements on C'q

omit these details.
Regardless of the value of ¢(G), if all of the vertices that are not on C
happen to have the same set of three adjacencies on C, then the graph G|

has a dominating eulerian circuit. This is described in Lemma 4.12.

Lemma 4.12. Given a dominating cycle C' in a graph G, if there are at
least two wvertices not on C' and all such vertices have three neighbors on C

in common, say S = {s1, S, 83}, then G has a spanning eulerian circuit.

Proof. The exact dominating eulerian circuit depends on the parity of the
number of vertices not on C.
First consider when there are an even number of vertices not on C. These

can be paired as sets {z,y}. Begin the circuit by traversing C' starting and
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ending at s;. Then for each pair {x,y}, append sjzsoys; to the end of
the circuit. This is clearly a dominating circuit since all vertices of G are
included.

Next consider when there are an odd number of vertices not on C'. Once
again, we begin the trail by traversing C' starting and ending at s;. By
assumption, there are at least three vertices not on C'. Take three of these
vertices, {z,y, z}, and append s12s2ys3z$;1 to the circuit. If there are vertices
remaining, there must be an even number. Therefore, we pair them up and
append sixsoys; to the circuit for each pair. As with the previous case,
the circuit must be a dominating eulerian circuit since all vertices have been
included.

O

Corollary 4.13. Given a dominating cycle C' in the reduced core Gy of a
graph G such that there are at least two nontrivial vertices or endpoints of
nontrivial edges that are not on C, if all such vertices have three neighbors on
C' in common, say S = {s1, 2,83}, then G has a dominating eulerian circuit

that contains all nontrivial vertices and both endpoints of all nontrivial edges.

Proof. By Theorem 2.4, G has a dominating eulerian circuit if and only if
G has a dominating eulerian circuit containing all nontrivial vertices and
both endpoints of nontrivial edges. If all nontrivial vertices and endpoints
of nontrivial edges have the same adjacencies on C, the dominating eulerian
circuit described in the proof of Lemma 4.12 suffices.

O

Before we begin the proofs of the main theorems, we note one more thing
about the cases where C' is a dominating cycle. In these cases we utilize the
existence of a nontrivial vertex w. The edge ww’ that is contracted to form
Gy can either be a pendant edge or it could be part of a path of length 3. If

an edge that corresponds to a nontrivial vertex is used at the end of a path
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that contains more than one edge, then it does not matter which type of edge
was contracted. We note that in G it might be necessary to end the path
with w'w instead of ww’ as listed. However, as convention, we will assume
that the edge ww' is in the path. In the case that the nontrivial vertex is
included in a T ;; as the central vertex of degree three, further argument is
necessary to show that the desired subgraphs still occur when the edge ww’

is part of a path of length 3.

4.3 Proof of Theorem 4.1: Ty5,

The cases where C' is a dominating cycle and C' is not a dominating cycle will
be handled separately. We will split the cases further based on ¢(Gy). Recall
that by Lemma 4.5 and Theorem 2.8, we need only consider ¢(Gg) = 9, 10,
and 11.

4.3.1 Case 1: C is not a dominating cycle.

Let xy denote an edge of Gy such that neither vertex is on C. Without loss
of generality we can assume there is a path from x to c;.

In the case where ¢(Gy) = 11, there is a Tyo; described by T{c; : ¢11, 2y,
(2C3C4C5C6C7C8CoC10 b This observation along with Lemmas 4.7, 4.8, and 4.9,
give the desired result provided that when ¢(Gg) = 10 every vertex not on C

has at least two neighbors on C'. This result is presented in Lemma 4.14.

Lemma 4.14. If G, is the reduced core of a graph without subgraphs iso-
morphic to Tyo1 and c¢(Gy) = 10, then every vertex not on a longest cycle C

has at least 2 neighbors on C'.

Proof. First assume there is a vertex w such that none of the neighbors of
w can be found on C'. Since Gy is 3-edge connected, w must have at least 3

neighbors. Denote these by x,y, and z. If any of x,y, or z have a neighbor
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off of C' other than w, say z has neighbor 2/, then there is a Ty 51 centered at
w where the paths of length 1 and 2 are y and zz’ respectively, and the path
of length 9 can be formed by x and the vertices of C'. If two neighbors of w
share a common neighbor on C', say x and y are both adjacenct to ¢;, then
T{c1, z,yw, 028010} is a Tyo1. Thus, all neighbors of z,y, and z must be on
C and must be distinct. To prevent creating a longer cycle, all neighbors of
x,y, and z must be at least distance 4 apart. Clearly there is not enough
room to place all the neighbors under these restrictions, so each vertex w
must have at least one neighbor on C'.

Now assume there is a vertex w that has exactly one neighbor on C'. Denote
this neighbor by ¢;. Since w has at least 3 neighbors, there must be at
least 2 not on C, label these as z and y. If x or y have a neighbor off of
C besides w, say y has neighbor z, then we have the Ty5; described by
T{w : x,yz, c1cac3cscsceCrcsco}. If x and y have a neighbor ¢; € V(C) in
common, then ¢; is the center of a Tyo; with the paths of length one and
two as x and yw, and the path of length 9 traveling around the cycle. Thus
all neighbors of z and y must be distinct. Also note that x and y cannot
be adjacent to c; since Gy is triangle-free. They also cannot be adjacent to
s, C3, Cg, OT C1g as that would create a longer cycle. The remaining 5 vertices
on the cycle are {cy, cs, g, c7,cs}. It is clear that there is no way to choose
the four neighbors of z and y from these vertices without either creating a
longer cycle or a triangle. Therefore, it must be the case that w has at least
two neighbors on C.

O

4.3.2 Case 2a: (' is a dominating cycle and ¢(Gy) = 11.

Recall that if C' contains all nontrivial vertices, then it is the desired domi-

nating eulerian subgraph. So, let w be a nontrivial vertex not on C. Let
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w' denote the neighbor of w that is in V(G) but not V(Gy). Without
loss of generality, assume that w is adjacent to ¢;. Then the subgraph

T{c1 : c11, ww', cacgeqcscercgeocp} is present.

4.3.3 Case 2b: C is a dominating cycle and ¢(Gy) = 10.

By Theorem 2.7, any graph with at most 13 vertices is supereulerian. There-
fore, there must be at least 4 vertices not on C. Let w be a nontrivial vertex
not on C' with neighbor w’ € V(G)/V (Gy). Let v be one of the other vertices
not on C.

If v and w share an adjacency on C|, say both are adjacent to ¢1, then T{¢; :
U, WW', CaC3C4C5C6C7C8CoC10} 1 a Tyoq. Also, if a neighbor of v is distance 2
from a neighbor of w, say w is adjacent to ¢; and v is adjacent to c3, then
there is a Ty 0 described by T{¢; : co, ww’, cipcocscrcecscacsv}.

We will now consider each of the four possible configurations for the neigh-
bors of w as shown in Figure 4.4.

Let the neighbors of w be {c1,c3,cs}, i.e. they are arranged with {1,1,5}
vertices between consecutive neighbors. By the previous observations that
v cannot share neighbors with w or have a neighbor distance 1 or 2 from a
neighbor of w, the neighbors of v must come from the set {c, ¢4, s, s, c10}-
Since v has at least three neighbors on C, any set of neighbors must include
one of {cg, cs, c10}. In each case, the graph contains a Ty ;. If v is adjacent
to cg, the Tyo1 is T{cs : v, crcs, cycrpcicacseacsww’ . If v is adjacent to ¢y,
it is T{c1p : v, ¢1Ca, cocgCrcgescaczsww’}. The case where v is adjacent to cg is
symmetric to the case where v is adjacent to cyp.

Now, let the neighbors of w be {c1,¢s3,¢6}, i.e. they are arranged with
{1,2,4} vertices between consecutive neighbors. Since v cannot have any
neighbors in common with w or distance 2 from a neighbor of w, it must be

the case that co, c7, and ¢y are the three neighbors of v. This results in the
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longer cycle given by cjgvcaciwescycscgCrcgcoCp.

Let the neighbors of w be {c1,c3,c7}, i.e. they are arranged with {1, 3,3}
vertices between consecutive neighbors. The set of vertices that are not neigh-
bors of w or distance 2 from the neighbors of w consists of {c, ¢4, g, s, C10}-
Any set of 3 neighbors of v must include either one of {c4, 10}, which are
symmetric, or one of {cg,cg}, which are symmetric as well. If v is adjacent
to ¢4, there is a Ty 94 described by T{c, : v, c5c6, c3cacicrpcocscrww’}. If v is
adjacent to cg, there is a Ty o 1 described by T{cg : v, c5cy, cregcocroc Caczww’ }.

Lastly, consider the case where the neighbors of w are arranged with gaps of
size {2,2,3} and are labeled as ¢, ¢4, and ¢7. The only vertices that are not
neighbors of w or distance 2 from a neighbor of w are cg and c¢19. Therefore,

it is not possible to place three neighbors of v without creating a Ty ;.

4.3.4 Case 2c: C is a dominating cycle and ¢(Gy) = 9.

If |V(Gy)| < 13 then by Lemmas 4.6 and 2.7 either Gy is supereulerian or
contains a Tyo1. So it can be assumed that |V(Gp)| > 14. This gives at
least 5 vertices off of (', at least one of which is nontrivial. As before, we
label this vertex w and its contracted neighbor as w’. Consider the three
non-symmetric ways to place the neighbors of w as shown in Figure 4.3.
Let the neighbors of w be ¢q, c3, and ¢5. We first show that v must have at
least one adjacency in common with w. Note that if a vertex v is adjacent to
any of the pairs {¢;_1, i1}, {¢iz1, Civa}, {ci—2,ciy1} fori € {1,3,5} a longer
cycle can be found. If we consider v adjacent to ¢y, we see that v cannot
be adjacent to any vertex from the set {¢1, 3, ¢4, 5, s, ¢} since that would
create either a triangle or a longer cycle. Therefore v must be adjacent to
two of {cg, c7,cs}. To prevent a triangle, the adjacencies must be ¢g and cg.
This gives rise to the longer cycle cywcescscscaovegercgegey. Therefore v cannot

be adjacent to co. By symmetry, v also cannot be adjacent to c4. Since there
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is no way to place 3 neighbors of v among {cg, ¢z, cs, o} without creating a
triangle, v must have at least one neighbor from {cy, c3, c5}.

By Lemma 4.10, both ¢ and ¢4 must be nontrivial. If v is adjacent to ¢y,
we get T{c1 : v, ww', cocsercgescacseach . The case where v is adjacent to cs
is symmetric. If v is adjacent to c3 we get T{cs : v, ww', csc5¢6¢78CoC1CoCh )

Now let the neighbors of w be ¢;, ¢3, and ¢g. By Lemma 4.10, c; must
be nontrivial. Consider the places where an additional vertex v can be ad-
jacent. If v is adjacent to ¢; there is a Ty, described by T{c; : v, ww’,
CoCsC7CaC5C4C3C2Ch . The case where v is adjacent to c3 is similar, with the
long path going around the cycle in the opposite direction.

If v was adjacent to ¢ it could not be adjacent to {c1, 3, ¢4, s, s, ¢} since
each of those would create either a triangle or a longer cycle. But this forces
v to be adjacent to both c¢g and c7, which creates a triangle. If v is adjacent
to ¢4 it cannot be adjacent to {ca, c3, ¢s, 7, ¢, Co} since each of these create
either a triangle or a longer cycle. The vertex v also cannot be adjacent to
c1, by the argument in the previous paragraph. This leaves only c¢g, therefore
there is not enough room to place all three adjacencies of v.

The above arguments show that no vertex v can be adjacent to any of
{c1, ¢, c3,c4}. The only way to fit three adjacencies among {cs, g, ¢7, s, co }
without creating a triangle is to have v adjacent to {cs,c7,co}. This config-
uration leads to the longer cycle cjcocswegesvercgegcey.

The last case to consider is when the neighbors of w are ¢y, ¢4, and c¢;. First
assume that there is a vertex v that has all the same adjacencies as w. Let
x be a vertex that has an adjacency different than w and v. By symmetry
all choices are isomorphic, so let = be adjacent to cg. This gives a Tyo,
described by T{c; : v, ww', caczeqcscecrcgcor}. Thus, if one vertex has all
the same adjacencies as w, then all of the vertices not on C' have the same
adjacencies and we have a dominating eulerian circuit by Lemma 4.12.

Lastly, we need to consider the case where no vertex has the same set of
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adjacencies as w. By Lemma 4.11, each of the vertices not on C' must have at
least two adjacencies in common with w. Since there are at least four other
vertices not on C', there must exist two vertices, say v; and v, that share
the same pair of adjacent vertices with w. Without loss of generality, we can
assume these common neighbors to be ¢; and ¢4. To keep Gq triangle-free,
the third adjacency of v cannot be one of {cs,c3,¢5,¢9}. The case where
v is adjacent to c¢; is handled above, so that leaves cg and cg as possible
adjacencies for v; and vy. Note that being adjacent to cg is symmetric to
being adjacent to cg, so there are only two cases to consider.

First suppose that v; is adjacent to ¢g and v, is adjacent to cg. In this case
there exists a Tyo, described by T{cy : ¢35, csce, vacscocivicgcrww’}. Next
suppose that v; and vy are both adjacent to cg. This gives a Ty 2 described
by T{cy : v1, c3¢e, C5CaU2C1 CocgCrww’ }.

This concludes the proof of Theorem 4.1.

4.4 Proof of Theorem 4.2: T3,

The cases where C' is a dominating cycle and C' is not a dominating cycle will
be handled separately. We will split the cases further based on ¢(Gy). Recall
that by Lemma 4.5 and Theorem 2.8, we need only consider ¢(Gy) = 9, 10,
and 11.

4.4.1 Case 1: (' is not a dominating cycle.

Lemmas 4.7, 4.8, and 4.9, give the desired result provided that every vertex
not on C has at least two neighbors on C' when ¢(Gy) = 10 or 11. This result

is presented in Lemma 4.15.
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Lemma 4.15. If G is the reduced core of a graph without subgraphs iso-
morphic to Ty 31 and ¢(Go) = 10 or 11, then every vertex not on a longest

cycle C has at least 2 neighbors on C'.

Proof. First assume that there is a vertex w such that w has no neighbors
on C'. By 3-edge-connectivity, w must have at least three neighbors. Denote
these by x, y, and z. There must be a path from one of these vertices to C.
Without loss of generality, we can assume that there is a path from x to c;.
This gives the following T35, (the parentheses denote the path used when
c(Go) = 11): T{cy = (e11)cr0, TwY, cacseacsceercscy b Therefore every vertex
must have at least one neighbor on C.

Assume there is a vertex w that has exactly one neighbor on C'. This implies
that w must have at least two neighbors not on C', say = and y. Since every
vertex has at least one neighbor on C', x must have a neighbor on the cycle,
say ¢;. This gives a Ty 3, centered at ¢; where the paths of length 1 and 8 are
obtained by traversing along the cycle and the path of length three is zwy.
Thus, each vertex can have at most one neighbor off of C' and we have the
desired result.

O

4.4.2 Case 2a: C is a dominating cycle and ¢(Gj) = 11.

If all nontrivial vertices of Gy are on C', then this is the desired dominating
eulerian subgraph. Therefore, it must be the case that there is a vertex w not
on C' that is nontrivial. Let w’ denote the vertex that was contracted when
forming Gy. Also note that by Theorem 2.7, any graph Gy with |V (Gy)| < 13
must be supereulerian, so we can assume that Gy has at least 14 vertices.
If any two vertices not on C', say v; and vq, have neighbors that are distance
2 apart, say c¢; and c3 respectively, then ¢; is the center of the 75 3 described

by T{c1 : v, cac3va, cr1¢10C9CsCrcsescy t. If these vertices have neighbors at
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distance 4, say ¢; and ¢, then T{c; : v1, cacscy, C11C10C9C8C7CC502} is a Ty 3 1.
If any vertex v not on C has a neighbor that is distance 1 from a neighbor
of w, say w is adjacent to ¢; and v is adjacent to cp, then there is a T53;
described by T{cy : v, cyww’, cscsescgercscocioerr . If the neighbor of v is
distance 5 from a neighbor of w, say w is adjacent to ¢; and v is adjacent to
¢, then there is a Ty 31 described by T{cg : v, cscacs, crcscocipcricrww’}.
Combining the results in the previous two paragraphs, if w is adjacent to
c1, any vertex not on C' cannot have a neighbor distance 1, 2, 4 or 5 from ¢;.
This forces all vertices not on ', including w, to have neighbors (without loss
of generality) 1, ¢4, and cg and G contains a dominating eulerian circuit by

Lemma 4.12.

4.4.3 Case 2b: C is a dominating cycle and ¢(Gy) = 10.

Since G cannot be contractible to the Petersen graph, Theorem 2.7 gives that
either Gy is supereulerian or |V (Gy)| > 14. Therefore, we can assume that
G has at least 4 vertices off of C'. Let w be a nontrivial vertex. Without loss
of generality, we may assume w is adjacent to c¢;. Let v denote an additional
vertex that is not on C.

If v has a neighbor that is distance 1 from a neighbor of w, without loss of
generality say v is adjacent to cg, then T{cs : v, cyww’, cscsescgercgcocio} is
present. If v has a neighbor that is distance 4 from a neighbor of w, without
loss of generality say w is adjacent to ¢; and v is adjacent to cs, then we have
T{cs : v, c403¢0, CsCrC8CoC1oCTWW' Y.

We now consider the possible adjacencies of w as shown in Figure 4.4.

First, assume the adjacencies of w are c¢q, ¢3, and ¢5. There are only two
vertices, c3 and cg, that are not distance 1 or 4 from a neighbor of w. Thus
when placing the three neighbors of v, we must get a Tg 3 ;.

Next, assume the adjacencies of w are ¢y, c3, and ¢7. In this case, all vertices
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of C are either distance 1 or 4 from a neighbor of w. Thus the addition of
any vertex v must give a Tg3 ;.

Finally, assume the adjacencies of w are ¢y, ¢4, and ¢;. In this case the only
vertices that are not distance 1 or 4 from a neighbor of w are ¢4 and ¢y9. Once
again, there is no way to place three neighbors of v without creating a 733 .

Lastly, consider the case where the adjacencies of w are ¢, c3, and cq.
By Lemma 4.10, ¢, must be nontrivial. In the case where ¢, is not part
of the preimage of the cycle C' in G, there is a T3 3, described by T{cs :
ch, crww’; e3cqc5c607C8Coct0 ). Assuming that ¢ is in the preimage of C' and
w' is either a pendant vertex or is on the path from w to cg, there is a Tz 34
described by T{w : w’, c1¢a¢h, c3cacscacrcscocipt. The case where w' is on the
path from w to ¢; is symmetric, with the resulting 7% 3 ; being described by
T{w : w', cecscq, c3cacherciococscr }

It is now only necessary to consider when w’ is located on the path from
w to c3. In this case, we consider the neighbors of an additional vertex
v. If v is adjacent to cy, there is a Tg 3, isomorphic to the one described
when ¢, is not on the preimage of C. When v is adjacent to ¢4 or c; we
get T{cy : v, csw'w, cscgercgcocioerica} or T{es @ v, cqcsw’, coercgCocioiCach},
respectively. When v is adjacent to ¢; there is a Ts 3, described by T{c; :
v, CCyC10, CeC5CaC3C2Chcrw }, and when v is adjacent to cg there is a Ty 31 de-
scribed by T{cs : v, crcees, cocrpcichcaczww’}. The vertices ¢1g and ¢y are
symmetric to c; and cg, respectively. This forces all vertices off of C' to
be adjacent to S = {c1,¢3,¢6} and a dominating eulerian circuit exists by
Lemma 4.12.

4.4.4 Case 2c: C is a dominating cycle and ¢(Gy) = 9.

If |V(Go)| < 13, then by Lemmas 4.6 and 2.7 either Gy is supereulerian or
contains a Tg31. So it can be assumed that |V(Gp)| > 14. This implies at
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least 5 vertices off of C, at least one of which is nontrivial. As before, we
label this vertex w. We consider each of the three ways to place the neighbors
of w as shown in Figure 4.3.

First, consider the case where neighbors of w are ¢;, ¢3, and ¢5. By Lemma
4.10, both ¢y and ¢4, must be nontrivial. Then the Ty 3, described by T{c, :
cly, caww’, escgercgcocicach } is present. Since ¢y and ¢4 are symmetric under
this configuration, this Ty 3, is sufficient provided at least one of ¢, and ¢
is not located on the preimage of C'. If both happen to lie on the preimage
of C, then in the case where w' is either a pendant vertex or lies on the
path from w to ¢; the Ty 3, described by T{w : w', c5cacly, cscachericocscrcs}
is present. In the case where w’ is located on a path between w and cs, the
Ty31 described by T{w : w', c1cach, c3cjcacscecrescy} is present. This leaves
only the case where w’ is located on a path between w and cs.

When both ¢, and ¢ are located on the main cycle and w’ lies on a path
from w to c¢3, we consider an additional vertex v and its possible adjacencies
on C. If v is adjacent to ¢y or cy4, there exists a Ts 3 isomorphic to the one
described when ¢/ is not on the cycle. If v is adjacent to cg (or symmetrically
cy), the Ty 31 described by T{cs : veresco, cseacycscacheiw} is present, and
when v is adjacent to ¢; (or symmetrically cg), the T 31 described by T{c; :
U, CaCsW, CyCoC1CyCac3CyCy} is present. This implies that all vertices not on C'
must be adjacent to the set S = {¢1,¢3,¢5} and Gy contains a dominating
eulerian circuit by Lemma 4.12.

Next, let the neighbors of w be ¢y, ¢4, and ¢;. By Lemma 4.11, any vertex
v not on C' must have at least two neighbors in common with w.

If v has exactly 2 neighbors in common with w, by symmetry we can assume
¢4 and ¢z, then the third neighbor must be either ¢y or ¢g. Once again, these
cases are symmetric so we may assume the third neighbor is c;. This gives
the following Cy: coczcqweicgegcrves. This alternate Cg implies either ¢5 or

ce is nontrivial. Whether it is ¢; or ¢¢ that is nontrivial, there is a Tg3 ;.
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When ¢ is nontrivial T{c7 : v, cgcsch, cscocicacscyww'} is the Ty 31 present.
When ¢ is nontrivial, T{cy : v, c5¢4¢5, c3cacicocscrww’} is present. Therefore,
all vertices not on C' must have the same three adjacencies and the graph
contains a dominating eulerian circuit by Lemma 4.12.

Lastly, consider the case when the neighbors of w are ¢y, c3, and ¢5. By
Lemma 4.10 the vertex ¢y must be nontrivial.

We first consider possible neighbors of an additional vertex v. If v is ad-
jacent to ¢4 or cy, there is a Tg3;. When v is adjacent to ¢4 the Tgs; is
T{cy : v, caww’, escgercgcocicacy . When v is adjacent to cg it is T{co
v, C1CoCh, cgercgescaczww’}. Note that if ¢4 or ¢g were nontrivial vertices, the
same Tg 3 1 subgraphs would be present.

First consider the vertex c¢4. Since every vertex in GGy has degree at least 3
and ¢, is not adjacent to any vertex off of C| it must be the case that ¢, has
a chord. The chords cycy and cycq create triangles. If the chord is cyc7, we
get the longer cycle cjcocswegescacrcgegey.

If the chord is c4cg, then ¢; must be nontrivial since c¢qcoczwegescacgcycy
is an alternate Cy. This gives T{w : w', cgcach, crcgcscacscecrch} as a Tys
when ww' is either a pendant vertex or part of a path from w to ¢g. If
wuw' is part of a path from w to ¢y, then T{cy : ¢5, c3cachy, cscocrw'wegercl } is
present. Lastly, if ww’ is part of a path from w to c3, the T3 3, described by
T{cr : &, cocseq, cgcgcyww’cgeach} is present provided ¢ does not lie on the
preimage of C' and T{cy : ¢, csw'w, c1cgcscrchegescy }t is present if ¢, does not
lie on the preimage of C. If both ¢, and ¢, lie on C, then it is necessary to
consider an additional vertex v. We can assume v is not adjacent to either
¢y or ¢7 since v would act in the same manner as having ¢ or ¢, not on
C. If the vertex v is adjacent to cs, c4, c5, Or cg, there is a Ty 3, present,
with the descriptions of them being T{cs : v, cachcy, wWwegchereseacs}, T{eq
v, caww’, esCerchegcocicat, T{es @ o, cycsv, wweycgeserchegt, and T{cy @ v,

C1ChCo, c3Crchegescycsw'}, respectively. This implies that v must be adjacent
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to the set S = {c1, cs,cs} and T{cg : v, crercs, cscacseachcyww'} is present.

If the chord c4cg is present, we get a similar situation with c5 being non-
trivial due to ¢jcacscacocscrcgwe; being an alternate Cy. This gives the T3
described by T{w : W', ccady, c3cacocscrcgescs b whenever ww' is either a pen-
dant edge or contained in a path from w to ¢g. If ww’ is on a path from w to
cs, then the Ty 3, described by T{cg : ¢1, cacsc, cscrceww’cscacy} is present.
Lastly, if ww' is part of a path from w to ¢; and ¢, is not a part of the
preimage of C, then the T 31 described by T{cs : ¢, cyw'w, c3cscocscrcgescs }
is present. If ww’ is part of a path from w to ¢; and ¢, is part of the preimage
of C'; then it is necessary to consider an additional vertex v. If v is adja-
cent to any of ¢y, ca, cg, ¢7, cs, or ¢y there is a Tg3; with the descriptions
given by T{c; : v, cocgcr, cheacseacsceww’}, T{ey = v, cocgcr, cscgww’cichycacs },
T{cs : v,cres809, cscacseachlw'w}, T{cr 1 v,cecscs, cscocacseacheyw'}, T{es
v, CgCaCs, c7¢ — Bwescacherw'}, and T{eg : v, cacsck, cgercgwescacher }, respec-
tively. This leaves only co, c3, and c¢5 as possible neighbors of v, which would
violate either the assumption that v has at least three neighbors on C' or the
assumption that G is triangle-free.

The above observations imply that the chord incident to ¢y must have ¢;
as its other endpoint.

Now consider v adjacent to c;. If v is also adjacent to c¢;, we get the
longer cycle civescqcswegercscger. If v is adjacent to co, we get the longer
cycle ciwescovescgercseger. If v is also adjacent to 7, we get the longer cycle
C1C9C3WegCsUCTCCycy . Lastly, if v is also adjacent to cg, we get the longer
cycle cycocseqcsvegercgwey. Taking into account the fact that no vertex is
adjacent to ¢4 or ¢g when the neighbors of w are arranged in this manner, it
must be the case that v is adjacent to {c3, cs, cs}. Being adjacent to both cs
and cg creates a triangle. We conclude that v cannot be adjacent to c¢5. Like
¢4, the vertex cs must then be incident to some chord within C.

The chord c5cy is the only possible chord that produces a longer cycle,
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which is given by cjcacswegercgcgescacy .

The chord cocs produces the alternate Cy given by cjwescacscgercgcocy,
which forces ¢4 to be nontrivial. This yields a T35, described by T{c, :
¢y, caww’, cscgercscocicach t if ¢ is not on the preimage of C' and the Ty 3
described by T{cs : ¢, ciww’, c3djcacsceercscg} in the case that ¢ is lo-
cated on the preimage of C' and ¢, is not. In the case that both ¢, and
¢y are on the cycle and ww’ is a pendant edge, the Ts3; described by
T{w : w', c1cyea, c3cjcqcscgercsey } is present. If ww' is located on a path from
w to ¢; or a path from w to ¢g, the subgraph T{cs : 5, crcgcq, W' c1¢hcocsccs}
is present. Lastly, if the edge ww' is on a path from w to c3, then the Ty 3
described by T'{c3 : w', cjcsc’b, cacheywegerescot is present. Therefore, the
chord cyc5 cannot be present.

The chord cscg also gives an alternate Cy: cqcocscycscgercgwer. This cycle
forces cg to be nontrivial. In the case where ¢ is not on the cycle, the T34
described by T{w : W', c1¢ach, cscacscecrescocy }t is present. This Ty 5 also is
present when cgy is on the cycle and ww’ is either a pendant edge in G or lies
on a path from w to c¢g. In the case where ¢ is on the cycle and ww’ is part of
a path from w to ¢, the Ty 31 described by T{c, : ¢5, c3¢ach, crw'wegercscocy
is present. Lastly, when ww' is part of a path from w to c3, the T§ 51 described
by T{cy : c5, c1c20¢,, csw'wegerescocy } is present. Therefore, G cannot contain
the chord cscs.

It can easily be seen that all chords incident to ¢; not mentioned above
create triangles. Since there is no way to place the chords at ¢4 and c5
without creating a longer cycle, a T5 31, or a triangle, this configuration for
the neighbors of w cannot occur.

This concludes the proof of Theorem 4.2.
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4.5 Proof of Theorem 4.3: 77,4,

The cases where C' is a dominating cycle and C' is not a dominating cycle will
be handled separately. We will split the cases further based on ¢(Gy). Recall
that by Lemma 4.5 and Theorem 2.8, we need only consider ¢(Gy) = 9, 10,
and 11.

4.5.1 Case 1: (' is not a dominating cycle.

Lemmas 4.7, 4.8, and 4.9, give the desired result provided that when ¢(Gg) =
10 or 11 every vertex not on C' has at least two neighbors on C. This result

is presented in Lemma 4.16.

Lemma 4.16. If Gy is the reduced core of a graph without subgraphs iso-
morphic to Ty 41 and c(Go) = 10 or 11, then every vertex not on a longest

cycle C' has at least 2 neighbors on C.

Proof. We will present the proofs for ¢(Gy) = 10 and ¢(Gy) = 11 together,
with parentheses denoting the portions of the paths present for 11 but not
10.

First assume that there is a vertex w such that w has no neighbors on
C'. This vertex must have at least three neighbors, which we denote z, v,
and z. There must be paths from each of the vertices to C, so without
loss of generality we can assume there is a path from x to ¢;. If any of z,
y, or z has a neighbor not on the cycle besides w, say y is adjacent to ¥/,
then there is the 774, described by T{c1 : (c11)c10, WYY, cacscacscgercs .
Therefore, we can assume that all neighbors of x, y, and z are on the cycle.
To prevent a longer cycle, neighbors of different vertices must either coincide
or be at least distance 4 apart. With x adjacent to c;, there are three
nonsymmetric places to choose a neighbor for y: ¢, ¢5, or ¢g. (Note: these

choices are the same whether ¢(Gy) = 10 or 11.) Since y has at least two
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neighbors on (', it must be adjacent to c5, cg, or a vertex symmetric to
one of those two. If y is adjacent to c5, there is a 174, described by T{¢; :
x, (e11)c10C9csCr, cacscacsywz . If y is adjacent to cg, there is a 77 41 described
by T{c1 : x,(c11)c10Cocs¢7, cacseacscgyw}. Thus, each vertex must have at
least one neighbor on C'.

Now assume there is a vertex w with exactly one neighbor on C' and neigh-
bors x and y off of C'. The vertex x must have a neighbor on C' by the above
observations. There are three nonsymmetric places to choose this neighbor
that do not create a longer cycle: ¢4, c5, and cg. Each of these gives rise to
a Tr41. If o is adjacent to ¢4 we get T{w : y,xcscse, c1(c11)C10CoCsC7C6Cs )
If x is adjacent to ¢5 we get T{w : y, c1cacscq, ze5c6c7C8C9C10 ). Lastly, if x is
adjacent to cg we get T{cs : x,cscqc302, Crescocio(c11)ciwy}. Therefore, we
can assume that every vertex has at least two neighbors on C.

O

4.5.2 Case 2a: (' is a dominating cycle and ¢(Gy) = 11.

Consider the case when C'is a dominating cycle. There are at least 3 vertices
not on C', at least one of which is nontrivial. Label this nontrivial vertex as
w and let one of its neighbors be labeled ¢;. We first note that w cannot be
adjacent to cs, or symmetrically cg, since this creates the 77 4; described by
T{w : w', cicocsey, 5C6c7C8C9C10C11 -

Let v be an additional vertex not on C. If v is adjacent to ¢g (symmetrically
c7), then T{c; : w, cacseqcs, cricipcocscrcgv} is a Tr 4y If v is adjacent to cs
(symmetrically ¢19), then T{c3 : v, cacyww’, cycscecrcscocio} is a Tr 1. Lastly,
if v is adjacent to ¢4 (symmetrically cg), T{cs : v, cgcaciw, c5ceCrCsCoC10C11 }
is a T74,1. Since v cannot be adjacent to consecutive vertices, as that would
create a triangle, the only possibilities for neighbors of v are {ci,cs,cs},

{ca,c5,¢8}, {ca,¢5,c11}, {co, 8,11}, and {cs,cs,¢11}. Note that the cases
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where v is adjacent to {cz, c5, c11} and {cs, cs, c11} are symmetric, as are the
cases where v is adjacent to {cs, 5, ¢11} and {co, s, ¢11}-

First consider v adjacent to {ca, cs,c11}. If w is adjacent to ¢z or ¢y (sym-
metrically ¢1; or ¢19), we get the longer cycles ciwescycscgcrcsCocipeiiveacy
and ciweycsCgercgCyCroC11VCoC, Tespectively. This forces w to be adjacent to
both cg and ¢, which creates a triangle.

Next consider v adjacent to {cg, 5, cs}. In this case w cannot be adjacent
to c3 or ¢y, since that results in the longer cycles cywescavescgercgcgciociicy
and cjwceycscavescelrcgocipliicy, respectively. If w is adjacent to cg, the
longer cycle ciwcegescycgcavegegeripericy is present. If w is adjacent to ¢y, then
the longer cycle ciwcercgescaczcavegegcigericr is present. This forces w to be
adjacent to ¢y and c19, which contradicts G being triangle-free.

Lastly, consider v adjacent to {ci, cs, cs}. If w is adjacent to ¢z (symmetri-
cally c19), there is a Ty 41 described by T{cs : v, cacscacy, cocrcscocroww’}.
If w is adjacent to ¢, (symmetrically cg), there is a 774 described by
T{cy : w,croc11¢1V, cgcrcecscacsea ). Lastly, if w is adjacent to ¢g (symmet-
rically ¢7), there is a T7 4, described by T{c; : v, cacscqcs, criciococscregw}.
Paired with the previous restrictions on where neighbors of w can be placed,
this shows that there is no way to place the neighbors of w without creating

either a longer cycle or a 77 4 ;.

4.5.3 Case 2b: C is a dominating cycle and ¢(Gy) = 10.

First we observe that an additional vertex v cannot be adjacent to a ver-
tex distance two away from any neighbor of w since this gives rise to a
T741. For example, let w be adjacent to ¢; and v be adjacent to c3. Then
T{cs : v, cocyww’, cqcscgercscocipt is the resulting 77 41. We now proceed by
considering the different configurations of the neighbors of w as shown in
Figure 4.4.
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Let neighbors of w be ¢y, ¢3, and ¢5. By Lemma 4.10, we note that both ¢
and c4 are nontrivial. When considering where an additional vertex v can be
adjacent, we note that there are five vertices that are not distance two from
a neighbor of w: ¢3, ¢4, ¢g, s, and cg. If v is adjacent to ¢g (symmetrically
c10), then T{cg : v, csc4c309, crescocipcyww'} is a Tr41. Therefore v must be
adjacent to {ca,c4,cg}. In this case, T{cy : v, c3c4¢5¢6, VegCoCipciwW'} is a
Try1.

Let the neighbors of w be ¢, ¢3, and ¢g. When considering which vertices
on C' can be neighbors of v, the only vertices that are not distance 2 from a
neighbor of w are ¢y, cg, ¢7, and c19. Since v cannot be adjacent to both ¢4
and c¢; as that would create a triangle, two of the three neighbors of v must
be ¢y and c¢y9. This creates the longer cycle cywescycscgerescocioeacy.

Let the neighbors of w be ¢, c3, and ¢;. The vertex ¢y is nontrivial by
Lemma 4.10. When ¢ is not on the preimage of C, the 7% 4, described by
T{ca : ¢, c3eqcscs, crC10Cocscrww’} is present. When ¢, is on the cycle and
wuw' is either a pendant edge or lies on a path from w to ¢y, the 77 41 described
by T{w : W', czcqcscq, cregcociocicacht is present. If ww’ is part of a path
from w to 3, then the T7 41 described by T{c; : w, cheacsw’, crococscrcecscs
is present. Lastly, when ww' is part of a path from w to c¢;, it is nec-
essary to consider an additional vertex v. If v is adjacent to cy, there is
the same Tg3; as if ¢ is not on C. If v is adjacent to any of the ver-
tices c1, c3, cu, C5, Cg, C3, OF Cy there is a T7 41 present, with the descriptions
given by T{¢; : v, cheacsw, crococscrcecsca t, T{cs @ v, cacheyw, cacsceercscocio ),
T{cy : v, cscecw’, cscachercrpeocst, T{cs v, cacsww’ cgeregeocrocica}, T{ce -
U, C5C4C3W, C7C8CoC10C1CHCo Y, T{cs = v, cocrociw, cregescacseach}t, and T{co
v, CrpciWW’, cgCrCeCsCaC3Ca }, Tespectively. This leaves only ¢; and ¢ as pos-
sible neighbors of v that do not create a T 31, which contradicts v having at
least 3 neighbors on C.

Lastly, consider when the neighbors of w are ¢, ¢4, and ¢;. The vertices
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that are not distance two from a neighbor of w are {cy, ¢y, ¢, ¢8,¢10}. To
prevent a triangle, v must be adjacent to ¢4, one of {c1,c10}, and one of
{c7,cs}. If v is adjacent to ¢y, the cycle ¢icacscqveigegcscrwey is an alternate
Cho, which forces either c5 or cg to be nontrivial. Since both ¢; and cg are
distance two from a neighbor of w, if the extra vertex (¢ or ¢f) is a pendant
vertex then it acts as v and gives rise to a T74,. If the extra vertex is
located on C, without loss of generality we can assume this vertex is %, then
T{cr : w,cgcocrov, coCsCsCacscocy } is present. The case where v is adjacent to
cg is symmetric. Therefore we can assume that all vertices off of C' have the
same set of adjacencies as w and G contains a dominating eulerian circuit
by Lemma 4.12.

4.5.4 Case 2c: C is a dominating cycle and ¢(Gy) = 9.

If |V(Go)| < 13 then by Lemmas 4.6 and 2.7 either Gy is supereulerian or
contains a T7 4. So it can be assumed that |V (Gy)| > 14. This gives at least
5 vertices off of C, at least one of which is nontrivial. As before, we label
this vertex w. We proceed by considering the three possible placements of
the neighbors of w as shown in Figure 4.3.

Consider w adjacent to {¢y, ¢3,¢5}. By Lemma 4.10, ¢ and ¢4 must be non-
trivial. Also, an additional vertex v cannot be adjacent to ¢; (symmetrically
c5) since this gives T{c; : v, cacsww’, cocscrcgescacy} as a Ty 4.

Let ¢; denote one of the neighbors of w. If a vertex v is adjacent to any
of the pairs {¢;_1,cit1}, {¢ii1,¢ia}, or {ci_a,ciiq} for i € {1,3,5}, there is
a longer cycle in GGy. Likewise, v cannot be adjacent to both c; and cg as
that creates the longer cycle ciwcescycscgercsveac;. Symmetrically, v cannot
be adjacent to both ¢4 and ¢;. We conclude that v cannot be adjacent to ¢y
or ¢4 since all possible neighbors either create a triangle or a longer cycle.

Therefore, v must be adjacent to ¢3 and either {cg, cs}, {cs, o}, or {c7,co}.
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Consider v adjacent to cg. This produces cjcoczvegescrcgeswey, which is a
longer cycle. The vertices ¢y and cg are symmetric, so this handles all of the
possibilities.

Now consider w adjacent to {c1, c3, cg}. By Lemma 4.10, the vertex c; must
be nontrivial. First note that an additional vertex v cannot be adjacent to
¢5 since this gives T{c5 : v, cacsww’, cgcrcscocicach} as a Tryqq. Likewise, v
cannot be adjacent to cg since that gives T{cs : v, cocycach, crcgcscaczww’} as
a T741. It can easily be seen that if ¢; is one of the neighbors of w and v is
adjacent to both ¢; 1 and ¢; 1 we get a longer cycle.

If v is adjacent to cq, the above restrictions eliminate {c, 3, ¢4, 5, s, co}
as possible neighbors. This implies that the other two neighbors of v are cg
and c7, which contradicts GGy being triangle-free.

This leaves v adjacent to one of each the following pairs: {cq,¢o}, {c3, ¢4},
and {cg, cr}. Assume v is adjacent to c7. If v is also adjacent to c3 we get the
longer cycle cywcegescacsvercgeger. If v is also adjacent to ¢4 we get the longer
cycle cieocswegescacrcgcger. Thus, v must be adjacent to cg. If v is adjacent
to both ¢4 and ¢y we get the longer cycle cicocscqvegegercgwey. Therefore the
adjacencies of v must either be {cs, cg, 9} or {c1, ¢y, 6}

Note that if there is a vertex v; with adjacencies {c1, ¢4, ¢} and a vertex vy
with adjacencies {cs, cg,co} we get the longer cycle ¢jcoczwegercgcovacsvycy.
Therefore we can assume that all vertices that are not on C' and are not w
must have the same set of adjacencies.

Assume all additional vertices v; are adjacent to {cs,cg,co}. The cycle
C1CoC3VCyCgCrcgwey 1S an alternate Cy that adds w and bypasses ¢4 and cs,
implying that one of those two vertices must be nontrivial. First consider
when c¢; is the nontrivial vertex. In this case Gy contains the 774; de-
scribed by T{cy : ), cscqc5¢s, crwegercscgv} when ¢ is not on the preimage
of C' and T{cy : v,cscrcew, c1chcacseqcscs} in the case where ¢, is on the

preimage of C'. Next, consider ¢4 as the nontrivial vertex. Since Gy has
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minimum degree 3, there must be a chord from c;. The chord cannot be
c3C5 Or cscy since Gy is triangle-free. If the chord is cocs, we get the longer
cycle cicacseqcswegercgeger.  If the chord is cscg, we get the longer cycle
C1C2C3C4C5C8C7CaUCoc1. ' The chord cseg also gives cycacscycscocgcrcgwe; as a
longer cycle. This implies that the chord from c¢; must be c;c5. The vertex cq4
also needs a chord since Gy is 3-edge-connected. This chord must be one of
c4C7, C4Cg, and cqcg. The chord cycr allows cycscgwescocicgegercy as a longer
cycle. The chord cycg gives the longer cycle c¢ycoczwegvegeseycsey. Lastly, the
chord c4cg gives the longer cycle c¢jcoczvcgercgcocycsey .

Now assume that all additional vertices v; are adjacent to {cy,c4,c6}. We
note that the only additional edges are either incident to additional vertices
v; and one of {¢1,cq,c6} or are chords within C. This graph contains a
dominating eulerian circuit, with the description of the circuit depending only
on the parity of the number of vertices v;. If there is an odd number of vertices
v;, begin the dominating eulerian circuit with cgwcscacycocgcrcgvicacscg. Note
that one v; was used in this part of the circuit. Pair up the remaining
vertices v; into pairs {z,y} and append cgrecqyce to the end of the circuit
for each pair. If there is an even number of vertices v;, begin the circuit
with cgeregcocicacswervicgvacycscg. Two vertices v; were used in this part of
the circuit, leaving an even number that we can pair up and append as we
did in the odd case. In both the even and odd cases, the circuits must be
dominating eulerian circuits since they contain all vertices of Gj.

Lastly, consider the case where w is adjacent to {cy,cq,c7}. By Lemma
4.11, any additional vertex v must have at least two neighbors in common
with w.

Consider v with exactly two adjacencies in common with w. By symmetry,
we can assume that these two adjacencies are ¢; and ¢4 and the third adja-
cency is cg. Assume there is a vertex x not on C' that is adjacent to cg. This

vertex x must also be adjacent to ¢4 and c7. This gives a 77 4 described by
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T{cs : v, crcgcox, c5cqc3cociww’}. Therefore, we can assume there is no vertex
adjacent to cg. The three-edge-connectedness of GGy implies there must then
be a chord at cg. There are four choices that do not create triangles: c3cy,
C4Cy, C5Cg9, and cgcg. The chords czcg, csc9, and cgeg create the longer cy-
cles C1WCYC5CaC7C-8CYC3C2C1, C1C2C3C4VCECECYCRCTWC, and C1C2C3C4CrCeCoC8CTWCY
respectively.

The chord cy4cy gives the alternate longest cycle ciwercgegescscgve; which
includes w but omits ¢y and c3. Therefore, either ¢y or ¢3 must be non-
trivial. If ¢, is nontrivial and ¢, is not on the preimage of C, we get
T{cy : cy, crvcecs, czcacocscrww’} as a Ty 4. If ¢ is on the preimage of C, then
in the case that ww’ is a pendant edge or is part of a path from w to ¢; the
T7.41 described by T{w : w', cscscev, crescocicheacs }t is present. If ww’ is part
of a path from w to ¢; or a path from w to ¢4, the 774, described by T{c, :
o, Wwercs, c5cauC1Cheacs} is present. If ¢z is nontrivial and ¢ is not on the
preimage of C, there is a 77 4 ; described by T{w : w', c4c5c6v, cregcocicacscy}.
The case where ¢ is on the preimage of C' is isomorphic to when ¢, is on
the preimage of C, and the above arguments suffice. Therefore, the chord
cyco cannot be present in Gy. Since there is no way to place a chord at cg
without violating our assumptions, we conclude that v cannot have exactly
two adjacencies in common with w when the neighbors of w are {¢y, ¢4, ¢7}.

This leaves only the case when all vertices not on the cycle C' have the same
adjacencies as w. In this case, GG is guaranteed to have a spanning eulerian
circuit by Lemma 4.12.

This concludes the proof of Theorem 4.3.
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4.6 Proof of Theorem 4.4: Tg 5,

The cases where C' is a dominating cycle and C' is not a dominating cycle will
be handled separately. We will split the cases further based on ¢(Gy). Recall
that by Lemma 4.5 and Theorem 2.8, we need only consider ¢(Gy) = 9, 10,
and 11.

4.6.1 Case 1: (' is not a dominating cycle.

Lemmas 4.7, 4.8, and 4.9, give the desired result provided that when ¢(Gg) =
10 or 11 every vertex not on C' has at least two neighbors on C. This result

is presented in Lemma 4.17.

Lemma 4.17. If Gy is the reduced core of a graph without subgraphs iso-
morphic to Tss1 and c(Go) = 10 or 11, then every vertex not on a longest

cycle C' has at least 2 neighbors on C.

Proof. Once again, we will present the proofs for when ¢(Gy) = 10 and
¢(Gp) = 11 together, with the vertices in parentheses denoting the portions
of paths that appear when ¢(Ggy) = 11 but not when ¢(Gy) = 10.

We start by assuming that there is a vertex w with no neighbors on C.
Let the neighbors of w be z, y, and z, and assume that there is a path from
x to ¢;. The path from x to ¢; can have at most one other vertex, say x’,
otherwise this path paired with wy gives a path of length 5, which can be
used to create a T, centered at c¢;. Similarly, if there is such a vertex
x’, then neither y nor z can have any neighbors off of C' other than w and
possibly 2/, as this would either create a triangle or give a path of length 5
that could be used to create a Tg51. Any neighbor of y that is on C' must
either be ¢; or be at least distance 5 from ¢;. This leaves two other choices,
c¢ and c7, which are symmetric. Since y cannot be adjacent to both ¢; and

2’ as that would create a triangle, y must be adjacent to one of cg or cz.
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Without loss of generality, we may assume that y is adjacent to cg. This
gives the Tg 51 described by T{w : z, x2'(c11)c10¢9¢s, Ycscscacsca . Therefore,
all neighbors of z, y, and z must be on C.

Now we can assume that z is adjacent to ¢;. When considering neigh-
bors of y, there are three nonsymmetric places that do not create a tri-
angle or a longer cycle: ¢, c¢5, and cg. Since y has at least two neigh-
bors on C, it must be adjacent to either cs, cg, or a vertex symmetric to
one of those choices. If y is adjacent to c; we get the T4 51 described by
T{w : z,ycscacsen, xey(crr)crpeocser . If y is adjacent to cg we get the Tg 54
described by T{w : z,ycscscacs, xer(c1r)ciococscrt. We conclude that every
vertex must have at least one neighbor on C.

Now we wish to show that every vertex has at least two neighbors on C.
Assume there is a vertex w with exactly one neighbor on C, say ¢, and neigh-
bors x and y off of C'. The vertex  must have a neighbor on (', and there are
three nonsymmetric ways to choose it: ¢4, ¢s5, or cg. If x is adjacent to ¢4 there
is a Ty 51 described by T{c, : x, cscaciwy, cscecrescocro}. If o is adjacent to
cs, there is a Ty 51 described by T{w : y, xcscacsea, ¢1(c11)crococscrcs }. Lastly,
if  is adjacent to cg then the subgraph T{c; : w, (¢11)c10¢9Cser, Cac3Cscscex}
is present.

O

4.6.2 Case 2a: (' is a dominating cycle and ¢(Gy) = 11.

Without loss of generality, we may assume that ¢; is one of the neighbors of
w, where w is a nontrivial vertex. Note that when considering w, it cannot
have adjacencies that are distance 5 apart. For example, if w was adjacent
to both ¢; and c¢g this gives T{w : W', cicacscycs, cscrcscociocrr} as a Ty 5 if
ww' is a pendant edge or part of a path to the third adjacency of w. If ww’

is located on the path from w to ¢; (or symmetrically the path from w to c),
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then the T4 51 described by T'{cy : w', c11¢10c9cs¢7, Cacscscscgw} is present.

If w is also adjacent to cs, its third adjacency must be c¢5 or ¢ig as these are
the only vertices that are not distance 1 or 5 from ¢; or ¢3. By symmetry,
we may assume cs. Since we can reroute C' to include w and omit either
¢y Or ¢4, these two vertices must be nontrivial. This gives a 7§ 5; described
by T{w : w',cicaczcscly, cscocrcscoco} when ww' is either a pendant edge
or part of a path from w to ¢3. When ww' is part of a path from w to
¢ (or symmetrically from w to ¢s), there is a Tg5; described by T{¢; :
W', CaC3C4C5W, €11C10CoC8C7C6 J. Since g is symmetric to ¢3, we conclude that
w cannot be adjacent to either of these vertices.

Therefore, when w is adjacent to ¢; the other two adjacencies must be one
of {c4,c5} and one of {cs,c9}. The three combinations that do not have
two adjacencies distance 5 apart are {cy, ¢y, cs}, {c1,¢5,cs}, and {c1, ¢, ¢o}.
Note that all three of these cases are symmetric, so we may assume that the
adjacencies are {cy,cq,cs}. When considering an additional vertex v, there
are six nonisomorphic places that it can be adjacent to: ¢y, cs, cg, ¢9, c19, and
c11- In each case, there is a T4 5 1.

When v is adjacent to ¢, the Tg51 is T{c1 : v, cacscacscs, c11C10CocsWW' .
When v is adjacent to ¢y it is T{cy : v, c3csc5¢6¢7, c1c11C10Cocsw . When v
is adjacent to cg, the Tg51 is T{cs : v, weicric10Cy, Creescacses}. Having v
adjacent to co gives T{cg : v, crocr1crwWW’, cgercgescacs ). With v adjacent to
c10, the T 51 is T{c10 : v, cocgercecs, cricicacscqw}. Lastly, when v is adjacent

. / 4
to c11, T{c11 1 v, crococsww’, ccacseacscs}t is the Tg5 5.

4.6.3 Case 2b: C is a dominating cycle and ¢(Gy) = 10.

As before, we proceed by considering the four ways to place the neighbors of
w as shown in Figure 4.4.

Let the neighbors of w be {c1,c3,c5}. In this case both ¢y and ¢4 are
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nontrivial by Lemma 4.10. If ¢, is not part of the preimage of C' (or, by
symmetry, if ¢ is not part of the preimage of C'), there is a Tg 5, described
by T{cy : ¢, czcacsww’, crcipegescreg}.  If both ¢, and ¢ are on C, then
T{cy : w, cheacscyey, crococscrcecs t is a Thp 1.

Let the neighbors of w be {c1,c3,c}. By Lemma 4.10, ¢ is nontrivial. If
¢y is not part of the preimage of C, then T{cy : ¢}, cici9c9cs0r, C3cacscgww’}
is a Tgp1 in Go. If ¢ is on C, then T{w : w', cscrcscocio, c1¢h5cacscacs} s
present if ww’ is a pendant edge or belongs to a path from w to ¢z, T{cs :
W, C5C4C3CoChy, CrcgCociociw’} s present if ww' is part of a path from w to ¢,
and T{cg : W', c5cqcseadh, crcgeocipeiw} is present if ww' is part of the path
from w to cg.

Let the neighbors of w be {c1,c3,¢7}. Once again, ¢y is nontrivial by
Lemma 4.10. Up to symmetry, when considering an additional vertex v
there are only 6 different places that v can be adjacent (symmetric ver-
tices are given in parentheses): cq, c3(c1), ca(cio), ¢s5(co), cs(cs), or ¢7. Each
possible choice gives us a Tg51. If v is adjacent to cs, the Th51 is T{cs :
v, C2C1C10CoCs, Cacscecrww’ b If v is adjacent to ¢y, then the subgraph T{c, :
v, cscgCrww’, c3caciCroCocg} is present. If v is adjacent to cs, then T{cs :
U, CaC7C8CCl0, CaC3caciww’ } is present. If v is adjacent to ¢g, then T{cq :
v, csCqczww’ | crcgcoCrpcica} is present. And lastly, if v is adjacent to ¢; the
Ts5.1 is described by T{c7 : v, cgczcacsca, cscocrpciww’ }.

The only case left to consider is when the neighbors of w are {cy, ¢y, c7}.
Up to symmetry there are 6 different ways to place a neighbor of an addi-
tional vertex v (symmetric vertices are given in parentheses): c¢;(c7), c2(cs),
cs(cs), ¢, cs(cro), and cg. When v is adjacent to ¢; the subgraph T{c; :
v, cacgeqww’, crpcocgercees b is present. When v is adjacent to cg there is a
Ts51 given by T{cs : v, cacicr0c9cs, cacscecrww’}. When v is adjacent to ¢y
then T{c4 : v, cscaciww’, c5cecrcscocio} is a Ty 51. Lastly, when v is adjacent

to cg there is a T 51 given by T{cs : v, cycigcicacs, crcgescaww’}. This leaves
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exactly three neighbors for v: c¢o, ¢, and c¢g. However, when these are the

neighbors of v, Gy contains the longer cycle ¢;covegescswercgcygcioey .

4.6.4 Case 2c: C is a dominating cycle and ¢(Gy) = 9.

If |V(Go)| < 13 then by Lemmas 4.6 and 2.7 either Gy is supereulerian or
contains a Tg51. It can be assumed that |V (Gp)| > 14. This gives at least
5 vertices off of C, at least one of which is nontrivial. As before, we label
this vertex w. We proceed by considering the possible configurations of the
neighbors of w as shown in Figure 4.3.

Let the neighbors of w be ¢, ¢3, and ¢g. By Lemma 4.10, ¢ must be
nontrivial. When considering an additional vertex v, first note that it cannot
be adjacent to either cg or c; because both give a Tg5 1. If v is adjacent to
ce the Ts 51 1s T{c : v, cseacsww’, cregegercacht. If v is adjacent to c7, then
T{cr : v, cgcocyCachy, cocscacsww’} is present.

Consider v adjacent to c;. Then v cannot also be adjacent to ¢y, c3, ¢4, or
co as (G is triangle-free. If it were adjacent to ¢4, Gg would have the longer
cycle cicovcscswegercgcge;.  Being adjacent to c; would create the longer
cycle cicovescycswegercgeger. This leaves only cg and ¢y for the other two
adjacencies of v, which contradicts Gy being triangle-free.

Now consider v adjacent to cs. This vertex cannot be adjacent to c3 or c;
as that would create a triangle, and it has already been established that no
vertex can be adjacent to cs, cg, or c7. To prevent a triangle, the other two ad-
jacencies must be ¢; and cg. This gives the longer cycle ¢ cocswegescqvesgegcey.

Next consider v adjacent to c5. If v is also adjacent to cg, then the
longer cycle cicocgeyscsvegercgwer is present.  If v is adjacent to cg, then
C1CaC3C4C5UCoCsCrcewey s a longer cycle. To keep Gy triangle-free, the other
adjacencies of v must then be ¢; and c3. This gives civcscycswegercgcgey as

a longer cycle.
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The only possibility left is to have v adjacent to ¢y, c3, and cg. In this case
v must be nontrivial since C' can be rerouted to include v and leave out c,.
This gives the T4 51 described by T{v : v/, cgcgcicach, cscacsceww'} when vo'
is either a pendant edge or part of a path from v to ¢;. When v’ is part of
a path from v to c3, the Tg 571 described by T{c; : ¢a : vV cgeq05, cocscrcgww’}
is present. Lastly, when vv' is part of a path from v to cg, either the T4 54
described by T{¢cs : ¢}, c1cocsv'v, c3cscscww’} or the Ty 5 1 described by T'{cs :
v, cacsceww’, cacyecocgt'} is present depending on the location of ¢, in G.

Now let the adjacencies of w be ¢y, ¢4, and ¢;. By Lemma 4.11, any vertex
v must have at least two adjacencies in common with w.

First consider a vertex v with exactly two adjacencies in common with
w. Without loss of generality, we can say these are ¢; and ¢4 and the third
adjacency is cg. The graph Gg has at least 5 vertices off of C', so consider
another additional vertex x. It too must have at least two adjacencies in com-
mon with w, and when considering the placement of v there are 5 ways (up
to symmetry) that we can place the neighbors of z: {c1, ¢4, cs}, {c1,ca, c6},
{ca,ca, 07}, {ca,c7,¢0}, and {cq, ¢y, 7}

When z is adjacent to {ci,c4,cs} the graph Gy contains the subgraph
T{cy : x, cscecrww’ vegegercacst. When x is adjacent to {cy,cq,cs} there
is a Ts51 given by T{c; : v, cocscrww’, cacscscscexy. When z is adjacent to
{ca, ¢4, c7} there is a longer cycle ciwerzeaescyvescge;. When z has adjacen-
cies {cy, ¢7, ¢}, then ¢icaczcycscserregesvey is a longer cycle. Lastly, when x
is adjacent to {c1, ¢, 7}, T{ca 1 @, cscecrww’, cscacicocsv} is a T5 1.

Therefore, it must be the case that all vertices off of C' must have the same
adjacencies as w and GGy contains a spanning eulerian circuit by Lemma 4.12.

The last case to consider is when the adjacencies of w are ¢y, c3, and cs.
By Lemma 4.10, ¢, and ¢4 are both nontrivial.

Now consider where an additional vertex v might be adjacent. If v is

adjacent to ¢g (symmetrically co), T{cs : v, cscacsww’, crescocicach} is a Tgs 1.
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If v is adajcent to ¢; (symmetrically cg), there is a Tg51 given by T{c; :
V, CgCoC1CoCh, Cescaczww’}. Since all vertices off the cycle must have three
adjacencies on the cycle, it must be the case that all such vertices are adjacent
to c1, c3, and ¢5 and Gy contains a spanning eulerian circuit by Lemma 4.12.

This concludes the proof of Theorem 4.4.
O
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Chapter 5

Claw-Free, N3 3 3-free Graphs

The main focus of this chapter is proving Theorem 1.12. As in the previous
chapter, G is a graph such that L(G) is 3-connected and claw-free, Gy denotes
the reduced core of G, and C'is a longest cycle in Gy with vertices labeled by
C1,C2, .., Co(Gy)- 1f there is more than one cycle of length ¢(Gy), we choose
C' to contain the largest number of nontrivial vertices of Gj,.

Once again, we use T, . to denote the tree obtained from taking disjoint
paths with a, b, and ¢ vertices and making one endpoint of each adjacent
to a new vertex x. By the same observations as in the previous chapter, we
know that if a graph G has no subgraphs (not necessarily induced) isomor-
phic to Typ., then L(G) is Ny—1p—1,—1-free. Thus, proving Theorem 1.12 is

equivalent to proving the following theorem:

Theorem 5.1. Let Y =T, 44 and let G be a connected simple graph without
subgraphs isomorphic to Y. Let Gy be the core of G. If k(L(G)) > 3, then
Gy has a dominating eulerian subgraph containing all the nontrivial vertices

and both end vertices of each nontrivial edge.

The structure of the proof of Theorem 5.1 is similar to the proofs presented
in Chapter 4. We divide the proof into cases based on the circumference of
the graph. Recall that Theorem 2.8 states that a 3-edge-connected graph
with circumference less than or equal to eight is supereulerian. Therefore we

need only consider graphs with circumference nine or greater. We divide the
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cases further by considering when C' is a dominating cycle and when C'is not

a dominating cycle separately.

5.1 (' is not a dominating cycle.

We split this section into cases based on circumference. Before considering
the cases, we prove Lemmas that handle whenever there exists a path of
length 3 such that no vertex on the path is a vertex of C'. From there we
consider when ¢(Gy) > 13, ¢(Go) = 12, ¢(Gp) = 11, and ¢(Gy) = 10. Note
that by Lemma 4.9, if ¢(Gy) = 9 then C' must be a dominating cycle. By
Theorem 2.8, any 3-edge-connected graph with circumference less than or
equal to eight is supereulerian. When combined, these arguments finish the
proof for when C' is not a dominating cycle. Let g = ¢(Gy) throughout this
section.

First consider when ¢(Gy) > 10 and there is a path of 4 vertices off of
C. Label this path as vivovzvs. If an endpoint of this path is adjacent to
C, without loss of generality say v; is adjacent to ¢;, then there is a Ty 44
centered at ¢;. If neither endpoint is connected to C' either by an edge or a
path that does not include either of the interior vertices, then one of the two
cases must be true. The first possibility is that one of viv4, v1v3, and vovy
is an edge. In this case, we can find reorder the vertices v; to find a path of
4 vertices such that an endpoint is adjacent to C'. The other possibility is
that none of the above edges exist. In this case, the pair of edges vvy and
v3v4 serve as a 2-edge-cut, which violates the assumption that Gg is 3-edge-
connected. Therefore, in each of the following cases we can assume that the
longest path off of C' contains at most three vertices.

The following two lemmas apply when there is a path of length 3 off of C.
Lemma 5.2 assumes that the middle vertex does not have an adjacency on

C, while Lemma 5.3 handles when the middle vertex does have an adjacency
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on C.

Lemma 5.2. If there is a vertex w with neighbors vy, vs, ..., Vgu) such that
none of the vertices v; are on C, then all of the vertices v; must have adja-

cencies ¢; and ¢4 for some 1 < i < ¢(Gy).

Proof. Assume such a vertex w exists. Without loss of generality, we can
assume that there is a path from v; to ¢; since there must be some path
from w to C'. This path must be comprised of a single edge, otherwise there
would be a T} 44 centered at ¢;. Clearly each v; cannot be adjacent to a
vertex vy as that would violate the assumption that Gy is triangle-free. Also,
each v; cannot have an additional adjacency off of C' as that would imply
the existence of a T} 4 4 centered at c;.

Since Gy is 3-edge-connected, the vertex vy requires two additional neigh-
bors, both of which must be on C. If vy is adjacent to a vertex that is distance
1, 2, or 3 from ¢;, then Gy contains a longer cycle. Similarly, if vy is adjacent
to a vertex that is distance greater than 4 from c¢;, say x, then G contains
the subgraph T{¢; : ¢;41Ci12Ci+3Cita, Ci—1Ci—2Ci—3Ci—g, vywvex }. This leaves ¢,
Civ4, and c¢;_4 as possible neighbors of vy. Due to the symmetry between the
vertices v; and vy and the symmetry between ¢;_4 and ¢;;4, we can assume
that both v; and vy are adjacent to ¢; and ¢; 4. Since all v; are symmetric,
this implies that all neighbors of w must be adjacent to ¢; and ¢;4.

m

If |Ng, (w)| = t, then the structure described in the preceding proof is a K
with partite sets {w, ¢;, ¢;y5} and Ng,(w). We will refer to these structures
as a K3, anchored at {¢;, ¢;15}. One observation to make is that none of the
vertices v; can be nontrivial, as that would give the existence of a T} 4 4 in G.
Also, the edge wv; cannot be nontrivial as that would imply the existence
of a Ty 44 as well. Therefore, if there exists a dominating eulerian circuit of

Go \ {w U Ng,(w)} that contains all nontrivial vertices, both ends of every
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nontrivial edge, and both anchor vertices of the K3, then we can extend this
to a dominating eulerian circuit of GGy with all of the desired properties simply

by appending c;v,wuvyc; into the middle of the circuit at the appropriate spot.

Lemma 5.3. If there exists a path of length three, say vivovs, such that each
v; ¢ V(C) has at least one adjacency on C, then it must be the case that

c(Go) =10, vy and vz are adjacent to ¢; and civq, and vy is adjacent to ¢;_3.

Proof. When determining the adjacencies of v; and v, in the proof of Lemma
5.2, the fact that v, did not have any adjacencies on C' was not used. There-
fore, we can assume, without loss of generality, that both v; and vz are
adjacent to ¢; and c¢; and no other vertices.

Let x denote the neighbor of vy that is on C'. If x is distance 1 or 2 from
either ¢; or ¢5 then Gy contains a longer cycle. If the distance from x to ¢ is
greater than 4, then G, contains a T}y 44 centered at c¢;. The case when the
distance from x to c¢5 is greater than 4 is symmetric.

If x is distance exactly 4 from c¢5, then either x is ¢; and Gy contains a
triangle or x is ¢g. Assuming x = ¢9 and ¢(Gy) = g > 11, this gives a Ty 44
described by T'{v, : vscscacs, cocscrcs, V1€1¢4C4—1}. Note that if g < 11, then
cg is distance 1 or 2 from ¢; and Gy contains the T} 4 4 described previously.
The case where z is distance 4 from ¢; is symmetric.

The above observations imply that x must be distance 3 from both ¢; and
¢s. The only way this is possible is if ¢(Gp) = 10 and = = cg, which is the
desired result.

O

Now assume that ¢(Gy) = 10, there is a path vjvevs such that v; ¢ V(C),
and the adjacencies of each v; are as described in Lemma 5.3. Observe that v,
can have arbitrarily many neighbors v; off of C' and each of these neighbors is
symmetric to both v; and v3. None of these neighbors of v, can be nontrivial,

as that would imply a Ty 44 in G. Likewise, none of the edges vyv; can be
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nontrivial as that would also imply a T} 44 in G. Therefore, if there exists a
dominating eulerian circuit of Gg \ {v2 U Ng,(v2)} that contains all nontrivial
vertices, both ends of every nontrivial edge, and both ¢; and ¢;,4, then we
can extend this to a dominating eulerian circuit of G with all of the desired
properties simply by appending c;vyvov3c; into the middle of the circuit at
the appropriate spot.

Since we have shown that any path of length 3 that is not on C' can be
absorbed into a dominating eulerian circuit provided that the original dom-
inating eulerian circuit contains all vertices of (', it is now only necessary to
consider paths of length 2 that are not on C. (Note that if all paths not on
C are of length 1, then C' is a dominating cycle and this case is handled in
the next section.)

By Lemma 5.2, any vertex with no adjacencies on C' must be the middle
vertex on a path of length 3 not on C'. Therefore, we may assume that all
vertices have at least one adjacency on C. By assuming that each vertex x
not on C' has at least one neighbor on C, we can go one step further and
assume that = has all but at most one neighbor on C'. To see this, assume
that = is adjacent to y;, another vertex not on C'. By assumption y; has an
adjacency on C. If z were to have another neighbor not on C, say ¥, then
y1xys would be a path of length 3 and we can create the desired dominating
eulerian circuit.

In each of the following sections, let zy be an edge not dominated by V (C).

Without loss of generality, we assume that z is adjacent to c;.

5.1.1 Case 1: ¢(Gy) > 13.

When assuming x is adjacent to c;, we can easily see that y cannot be
adjacent to any vertex that is distance 1 or 2 from ¢; as that would create a

longer cycle. Likewise, we can assume that y is not adjacent to any vertex
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that is distance greater than 4 from c; as that would imply a T} 4 4 centered
at c;. Therefore, the two neighbors of y must be distance 3 or 4 from ¢;.
This gives three nonsymmetric possibilities: y is adjacent to ¢4 and c,_»,
y is adjacent to ¢; and c,_, and y is adjacent to ¢; and c,_3 (recall that
g9 =c(G).)

First, assume that y is adjacent to ¢4 and c,_5. This graph contains a T 4 4
described by T{cs : cscaci, c5c6¢7C8, YcyCy—1¢4—2}. Note that this Ty 44 is
present whenever ¢(Gy) > 11.

Next, assume that y is adjacent to ¢5 and ¢,_o. (Note that in this case, y
adjacent to ¢4 and ¢,_3 is symmetric.) This graph contains a T}y 4 4 described
by T{cs : cacscact,ycy_ocy—1¢4, CoCrcsCo}. This particular Ty 44 is present
whenever ¢(Gy) > 12.

Lastly, assume that y is adjacent to c5 and ¢,—3. This graph contains a T 4 4
described by T{cs : cscscacy, coCrcscy, Ycy—3¢y—2¢q—1}. This graph is present

whenever g — 3 > 9, i.e. when ¢(Gy) > 13.

5.1.2 Case 2: ¢(Gy) = 12.

By the same arguments as when ¢(Gy) = 13, we can assume that the neigh-
bors of y must be distance 3 or 4 from c¢;. The only arrangement of these
neighbors that did not produce a T} 44 in a graph of circumference 12 was
when both neighbors were distance 4. Therefore, we may assume that the
neighbors of y are ¢5 and ¢y. Since we assumed no paths of length 3 off of C,
the third neighbor of x must be on C. However, since x and y are symmetric,
we conclude that any neighbor of x must be distance 4 from both ¢5 and ¢y.
As x is already adjacent to ¢; and there is no other vertex that is distance 4
from both c¢5 and cg, it is easy to see that any choice for a third neighbor of

x will either result in a T} 44, a triangle, or a longer cycle.
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5.1.3 Case 3: ¢(Gy) = 11.

Recall that there are two possible configurations of the neighbors of z and y
that are shown in Figure 4.1. In both configurations x is adjacent to ¢; and

c3 and y is adjacent to cg. In this case, Gy contains the T} 44 described by

T{CG 1 C5C4C3C2, C7C8C9C10, yl‘01011}'

5.1.4 Case 4: ¢(Gy) = 10.

Recall that there is only one possible configuration of the neighbors of x and
y that does not violate our assumptions about Gg, and this is shown in Figure
4.2. By Lemma 2.7, the graph GGy must contain at least 13 vertices. There-
fore, there must be an additional vertex, v, that is not on C. If v is adjacent
to one of the neighbors of x or y, without loss of generality we can assume
c1, then Gy contains the T}y 4 4 described by T{cg : crcscsc4, cocr0c1v, YyxCzes ).
If v is adjacent to a vertex in one of the gaps containing two vertices, say
¢4, then Gy contains T{c; : caczeqv, c1oCocsCr, xYcscs ). This implies that v
can only be adjacent to vertices in the gaps containing one vertex. Since v
must have two adjacencies on C' (otherwise there is a path of length 3 off of
(), it must be the case that v is adjacent to ¢y and ¢7. This implies that Gy
contains the T} 44 described by T{x : ¢1caver, c3¢4C5¢6, YcsCoCro ) -

This concludes the argument for when C' is not a dominating cycle.

5.2 (' is a dominating cycle.

Since C' is a dominating eulerian subgraph, if C' contains all nontrivial ver-
tices and both endpoints of every nontrivial edge the theorem is satisfied.
Therefore, it must be the case that there is a vertex off of C' that is either
nontrivial or the endpoint of a nontrivial edge. Throughout this section, let

w denote this vertex and w’ denote the vertex in G that was contracted to w.
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The vertex w’ can either be a pendant vertex or belong to a path of length
3. Since we are looking for a T} 44 subgraph, we do not need to consider
separately when a nontrivial vertex is the center of the T} 4 4 and when it is
not as there are no paths of length 1 involved. Therefore, we will assume
that w’ (and any other contracted vertex) is a pendant vertex and note that
the same subgraphs are present when the vertex is contracted from a path
of length 3, with the possible modification of switching the order along the
path.

5.2.1 Case 1: ¢(Gy) > 12.

Assume ¢(Gy) is exactly 12 and two neighbors of w are distance 2 apart.
Without loss of generality say w is adjacent to c¢; and c3. Recall that by
Lemma 4.10, anytime that two neighbors of w are distance 2 apart the ver-
tex between these neighbors must be nontrivial. Therefore, ¢, must be non-
trivial. In this situation, there are four non-symmetric places to put the

third neighbor of w: ¢s5, cg, ¢7, and cg. These produce the following T} 44

subgraphs:
Neighbor of w | Resulting Subgraph
T{cs : 4 }
Cs C5 : C4C3C2CH, WC1C12C11, C7C8CYC10
Ce T{Cfi - C5C4C3C2, WC1C12C1 1, 070809010}
c T{ . / }
7 C7 : CgC5C4C3, WC1C2Cy, C8CyC10C11
Cs T{C8 - C7CeC5C4, WC1C2C3, 09610011012}

Note that if ¢(Gy) > 12 and two neighbors of w are distance 2 apart,
we can contract edges along C' to get one of the structures considered above.
Uncontracting the edges to get back to the original graph will clearly preserve
the existence of a T} 4 4.

Now consider when ¢(Gy) = 12 and all neighbors of w are distance at least
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3 apart. There are three non-symmetric ways to place the neighbors of w:
{c1,c4,c7}, {c1,cq,c8}, and {cq, c5,co}.

In the case where the neighbors are {ci, ¢4, cs} there is a Ty 44 described
by T{cs : weyeacs, cregescy, cocrociicia}. In the case where the neighbors are
{c1,¢5, 9} there is a Ty 44 described by T{w : cicacscy, C5C6¢7¢s, CoCroC11C12}-
Once again, if we have a core Gy with ¢(Gy) > 12 and it is possible to contract
edges along C' to create one of the above two structures, then GGy must also
contain a Ty 4 4.

In the case where the neighbors of w are {ci,c4,c7}, it is necessary to
consider additional structure of Gy. By Lemma 2.7, either GG is supereulerian
or contains at least 14 vertices. Therefore, we can assume that GG has at least
one additional vertex v. If v is adjacent to ¢y (symmetrically cg), Gy contains
the Ty 44 described by T{c7 : cgcscacs, weicav, cgegerperr t. If v is adjacent to
cq we get T{cy 1 cacseqv, weqcges, craciicioce b Lastly, if v is adjacent to ¢
there is a T 44 described by T'{cy, cacscscs, wercscy, craciicipv}. This leaves
1, C3, Cs, Cr, Cg, Cg, C11, and c1o as possible neighbors of w.

Consider v adjacent to c3. If v is adjacent to any of the vertices cs, cs, ¢11,
or ¢, we can find a longer cycle in Gy, and if v is adjacent to c; or cg the

graph contains a Ty 4 4. These are summarized below:

Neighbor of v | Resulting Subgraph

Cs C1C2C3VC5C4WC7C8CyC10C11C12C

cr T{cr 1 cgcscqw, cgCyCroCr1, VC3CoC1 }

Cs C1WC7CaC5C4C3VC8CYC10C11C12C

Is T{ . / }
9 C3 1 C2C1WW , C4C5C6C7, VC9C10C11

Ci1 C1C2C3UC11C10C9C8CTCC5C4WCY

C12 C1C2C3UC12C11C10C9C8C7C6C5C4 WYL

Thus, when v is adjacent to cs, the only other possible neighbor of v that
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does not create either a longer cycle or a T} 44 is c¢;, thus there is no way to
place the remaining neighbors of v. We conclude that v cannot be adjacent
to ¢z or (by symmetry) cs.

Now consider v adjacent to ¢;. It has already been determined that v cannot
be adjacent to any vertex from the set {cs, 3, ¢4, 5, ¢6, c10}. Note that if v is
adjacent to ci9 there is a triangle, and if v is adjacent to c¢; or cg there is a

Ty.44 as described below. This forces v to be adjacent to {c1, cg, ¢11}-

Neighbor of v | Resulting Subgraph

. /
cr T{c1 : cacscycs, c1ac11C10C9, VerwW'}

Cg T{C1 1 C2C3C4C5, C12C11C10C9, UCSC7CG}

Since Gy has minimum degree 3 and ¢y does not have an adjacency off of
(', there must be a chord incident with co. If the chord is also incident to ¢4
or c12 there is a triangle in Gy. Every other possible chord, when considered
with vertex v adjacent to {ci, ¢y, ¢11} also present, gives either a longer cycle

or a Ty 44 as summarized below.

Chord | Resulting Subgraph

CaCs O3 = 2€3C4WC1€12C11C10CYCRCTCECHCo
CaCe T{cs : cgeqww’, cgcrescy, C1012¢11C10 )
cacr | T{ca 1 czcacscs, cregcocio, C1C12C110 )
CaCg (13 = €2€8€9C10C11C12C1 WCTCEC5C4C3Co
cacg | T{ez @ crciaciiCro, CoCeCrw, €3¢4C5C6 }

C2C10 Cl3 = €2€10C11€12C1VC9C8C7CaC5C4C3Co

cacrr | T{eq : escaciicro, weyvey, csceeres}

Therefore, we conclude that v cannot be adjacent to ¢; or (symmetrically)
c7. This leaves only cg, cg, c11, and c19 as possible adjacencies of v. There is

no way to choose three neighbors of v without creating a triangle.
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Consider a core Gy with ¢(Gy) = 13 that could have had one edge of C'
contracted to create the graph with circumference 12 and w adjacent to
c1, ¢4, and c¢; as described above, there are four possibilities up to sym-
metry: w is adjacent to {c1,cq, 7}, {c1,c4,¢8}, {c1,¢4,¢0}, or {c1,c5,¢9}.
In each of the last three cases, it is possible to choose an edge to con-
tract that would give the adjacencies of w as either {c1, ¢4, cg} or {c1, ¢5, o}
This implies that these graphs must contain a 7} 44 by previous argument.
In the case where the neighbors of w are {ci,c4,cr}, the subgraph T{c; :
WE1C13C12, CeC5C4C3, C3CoC10C11 } 1S present.

Every graph with ¢(Gy) > 13 in which w does not have adjacencies that are
distance two apart can be transformed into one of the graphs of circumference
13 described in the previous paragraph by contracting edges along C. Thus,
each of these graphs must contain a T} 4 4 since uncontracting edges preserves

the existence of a T} ..

5.2.2 Case 2: ¢(Gy) = 11.

Lemma 2.7 states that any graph with at most thirteen vertices and circum-
ference more than nine is collapsible. Therefore, we may assume that there
is both the nontrivial vertex w and at least one other vertex v not on C. We
proceed by considering the possible placements of the neighbors of w. Up

to symmetry, there are five configurations of neighbors of w. We will label

these as {61703705}7 {61763706}7 {01763767}7 {01764767}7 and {01704708}'

Case 2a: w is adjacent to {ci,cs,c5}.

Lemma 4.10 implies that both ¢ and ¢4 must be nontrivial vertices. This

gives the T}y 4 4 described by T{c; : cacseac, wescger, c1c10Cocs |-
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Case 2b: w is adjacent to {ci,c3,cs}.

Again, Lemma 4.10 implies that ¢ must be nontrivial. We consider where
the vertex v can have adjacencies. First note that v cannot be adjacent to
cs, €7, Cg, O ¢11 as those adjacencies immediately give rise to a Ty 44 (these
are summarized in the table below.) Also note that these T}y 44 subgraphs
would be present if these vertices were simply nontrivial instead of having an

adjacency off of C.

Neighbor of v | Resulting Subgraph
c T{cs : !

3 Cg : C5C4C3V, WC1C2Cy, 070809010}
cr T{c1 : cacscyCs, WCgCTV, C11C10CCs }
Co T{c1 : c11C10C9V, C2C3C4Cs, WCEC7Cs }
c11 T{cg : c5cac3Ca  WE1C11V, C7C-CHC10 )

Next assume that v is adjacent to c¢;. Since Gq is 3-edge-connected, v
must have at least two other neighbors on C. If v is also adjacent to cs,
there is a triangle in Gy. If v is adjacent to cy there is the longer cycle
CoUC4C5CaCTC8CYC10CIWC3Co, While v being adjacent to cjo gives the Ty 44 de-
scribed by T{cy : czeacicrn, cscgww’, veypcocs . This leaves only ¢ and cg as
possible neighbors of v. However, when v is adjacent to {c1, ¢4, ¢} there is a
Ty 4,4 described by T{c; : cacscscs, cr1¢10C9cs, vegww'}. Therefore, v must not
be adjacent to cy.

Now consider v adjacent to c5. If v is also adjacent to ¢; or ¢y there
is the longer cycle covescicswegrcgcyCioC1C1Co O C1UCEC4C3WCECTC8CYC10C11CT 5
respectively. If v is also adjacent to cg, there is a triangle. Therefore, v
must be adjacent to the set {cs,cs,c10}. This configuration gives the T} 44
described by T{cg : crecgww’, veseqes, cocipericr }. We conclude that v is not
adjacent to cs.

Lastly, consider v adjacent to cy. Clearly, v cannot also be adjacent to c; as
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that creates a triangle, and if v is adjacent to cig that gives the longer cycle
C10VCoC1WEC3C4CECC7CsCoC1p. This implies v must be adjacent to {cs, cg, cs}-
This configuration gives the longer cycle covegcgcigciiciwegescacsce. There-
fore, v is not adjacent to cs.

The above arguments leave only ¢y, ¢, cg, and ¢y as possible neighbors of v.
First note that if v is adjacent to both ¢; and ¢ there is the T} 4 4 described by
T{c1 : cacseqes, vegww', cricipcocs . So, v must either have {cy, cs, c10} as its
set of adjacencies or be adjacent to {cg, cs, c10}. In either of these cases, if v is
nontrivial, there is the Ty 44 described by T{cs, crcsvv’, cseacsca, werciicip}
This implies that the only nontrivial vertex not on C'is w and all edges not
on C' are dominated by the set {cy, c3, cg, ¢s, €10}

If v is adjacent to {cy,cs, c10}, then ¢ cacseycscgwerciicipegcscvey is a the
desired dominating eulerian circuit. Note that while the eulerian circuit
does not visit the vertex c;, by previous argument we know that it is nei-
ther nontrivial nor the endpoint of a nontrivial edge. Likewise, if v is
adjacent to {cg,cs, 1o} the desired dominating eulerian circuit is the trail
CeCrC8CyC1VUCEWC CaC3C4C5Cs. This case did not visit ¢q; in the eulerian circuit,
but that is not necessary as c¢;; also cannot be nontrivial or the endpoint of
a nontrivial edge.

We conclude that when the neighbors of w are arranged in this manner,
either Gy does not meet our assumptions or there exists an appropriate dom-
inating eulerian circuit containing all nontrivial vertices and both endpoints

of each nontrivial edge.

Case 2c: w is adjacent to {cy,cs, ¢}

Once again, Lemma 4.10 implies that ¢, must be a nontrivial vertex. This
gives the Ty 44 described by T{c; : cgcscacs, cscocipcin, weycach}. Therefore,
the neighbors of w cannot be arranged in this manner without violating the

assumptions of the theorem.
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Case 2d: w is adjacent to {ci,cy,cr}.

We proceed by considering the possible adjacencies of v. First we note that
if v is adjacent to ¢y (symmetrically c¢g), then there is a Ty 44 described by
T{cq : coescacs, weicav, cgcociperr . Also, if v is adjacent to ¢y there is a Ty 44
described by T{c; : cgcseqv, weyeacs, cgCorolay b

Next consider when v is adjacent to c3. If v is adjacent to a vertex
from the set S = {cs,cs, 9, 10,11}, then there is either a longer cycle
or a Tys4 as summarized in the table below. This implies that v must
be adjacent to both ¢; and ¢z, which gives the T, 44 described by T{c; :
C8CoC10C11, CeC5C4C3, veyww' . Therefore, v cannot be adjacent to ¢z or (sym-

metrically) cs.

Neighbor of v | Resulting Subgraph

Cs Cla = €30C5C4WC7C8CHC10C11C1C2C3
Cs Cl2 = c30C8CyC10C11C1WCTCEC5C4CS
Co T{cy : c10C11C1Ca, VC3C4W, C8C7CCs }
€10 Cla = €162€30C10CyC8C7C6C5C4WET
C11 C13 = €30C11C10CHC]CTCEC5CLWCEL CaC3

Now consider when v is adjacent to ¢;. If v is also adjacent to cq; there
is a triangle, and if v is adjacent to c¢; there is a Ty 44 described by T{¢; :
C2C3C4C5, VCrwW' | c11C10CoCs . Thus the other two neighbors of v must come
from the set {csg, co, c10}. To prevent a triangle, the neighbors must be cg and
c10- By symmetry, if there is a vertex adjacent to c¢; its set of neighbors must
be {c7, o, c11}-

Likewise, when we consider v adjacent to ¢;; we can deduce that v must be
adjacent to {c7,cg,c11}. This can be seen by observing that if v is adjacent
to c1 or ¢qp there is a triangle and the only way to choose two neighbors from

the remaining vertices without creating a triangle is to have v adjacent to
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{c7,¢9,c11}. By symmetry, any vertex v adjacent to cg must be adjacent to
{c1,cs,c10}-

Lastly, consider v adjacent to cjp. It has already been determined that the
only other vertices that v could be adjacent to are ¢y, ¢7, and cs. We note that
if v is adjacent to ¢; we get the Ty 44 described by T{c; : cacseqcs, veyww’,
c11¢10¢9¢s . Therefore, we conclude that all vertices off of C' that are not w
are adjacent to either {cy,cs, c10} or {c7, co, c11}.

Note that the sets s; = {c1,¢cs,¢c10} and sy = {c7,c9,c11} are symmet-
ric and that there cannot be v, adjacent to s; and vy adjacent to sy as
that permits the longer cycle ¢;coczcacscgcrvacocsvicigericy. So, without loss
of generality, we can assume that v is adjacent to s;. Also note that v
must be trivial as v nontrivial gives T{c7 : cgcscacs, wer vV, cgcocigerr } as a
Ty 44 subgraph. Therefore, w is the only nontrivial vertex not on C' and

C1C9C3C4C5CeCTWELVCCyC1oC11C 1S the desired dominating eulerian circuit.

Case 2e: w is adjacent to {ci,cy,cs}.

As in the previous case, we proceed by considering the possible neighbors
of the vertex v. Immediately, we can eliminate ¢y (symmetrically c3), cs
(symmetrically c¢11), and ¢; (symmetrically ¢g), as they give rise to the
Ty .44 subgraphs T{w : cic11¢10¢9, Cacscav, cscrcecs }, T{cs © crescsv, cocipcrica,
weygescet, and T{ey : cseecrv, wegCycro, C3cac1011 }, respectively. This leaves
only ¢y, ¢4, cg, cg, and ¢y as possible adjacencies of v.

First consider v adjacent to ¢g (symmetrically ¢19). If v is also adjacent to
10, then T{cg : cresww’, veygericr, cseqcsco } is present. If v is also adjacent
to ¢y, then T{cg : veycacs, cscqww’, cregcoeip} is present. This implies that
any vertex adjacent to c¢g must also be adjacent to s; = {c4,cq,cs}. Note
that v cannot be nontrivial as that would give rise to the T} 4 4 described by
T{cs : cregvt’, cocrpcricr, weycsce . By symmetry, any vertex adjacent to c¢jg

must be trivial and adjacent to the set so = {c1, ¢, c10}-
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The only remaining possibility is that the adjacencies of v are the set s3 =
{c1, ¢4, cs}. Any vertex adjacent to the set s3 could possibly be nontrivial.

Putting together the arguments above, we see that the only nontrivial ver-
tices not on C' must be adjacent to s3. If there are at least two nontrivial
vertices, there is a dominating eulerian subgraph by Corollary 4.13. If w
is the only nontrivial vertex, there must be at least one nontrivial vertex
x that is not on C since Lemma 2.7 guarantees at least 14 vertices in Gy.
If x is adjacent to s3, we can pair it with v and use the dominating trail
for an even number of nontrivial vertices described in the proof of Corol-
lary 4.13. Without loss of generality, we can then assume x is adjacent
to s; since the sets s; and s, are symmetric. In this case, the subgraph

C8C7CC5C4WCRTC4C3C2C1C11C10CoCs 1S the desired dominating eulerian circuit.

5.2.3 Case 3: ¢(Gy) = 10.

Lemma 2.7 states that any graph with at most thirteen vertices and circum-
ference more than nine is collapsible. Therefore, we may assume that there
is both the nontrivial vertex w and at least three other vertices v; not on C.
We proceed by considering the possible placements of the neighbors of w.
Up to symmetry, there are four configurations of neighbors of w, as shown

in Figure 4.4.

Case 3a: w is adjacent to {ci,c3,c5}.

We first note that Lemma 4.10 implies that both ¢, and ¢4 are nontrivial.
Immediately, we see that if v is adjacent to cg (symmetrically c¢;g), then the
subgraph T{c; : cacgeqdy, wescgv, crpcocscr } is present, and if v is adjacent to
cg then the Ty 44 described by T{c; : cacseacly, wescser, crococser} is present.
We note that these subgraphs are also present if the vertices cg, cg, and ¢y

are nontrivial.
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First consider v adjacent to co. Clearly, v adjacent to c; or c3 creates a trian-
gle. If v is adjacent to c5, then the T} 4 4 described by T{c5 : veacicro, cscrescy,
cacsww'} is present. If v is adjacent to ¢z, then crvcacsescswercipcoeser is a
longer cycle. This leaves only ¢4, and ¢9 as the possible adjacencies of v,
which gives the longer cycle cqvcgegcrcgeswercacsey. This implies that v is
not adjacent to ¢y or, by symmetry, c;.

This leaves the vertices ¢y, c3, c¢5, ¢7, and cg9 as the only vertices that
v can be adjacent to. We first note that none of these vertices v can be
nontrivial as v must be adjacent to at least one of ¢y, c3, and c¢7, and
this would give rise to the Ty 44 subgraphs T{cs : cicscach, wevv’, ccresey },
T{c1 : cacvv’ weseqdy, crocoescr t, and T{es : cgervv’, cacscacy, weycioey }y re-
spectively.

We next note that if v is adjacent to ¢; and ¢5 the subgraph T{c;
C6C7C8Cy, C4C3C2Chy, veqww'} is present. This implies that v must be adjacent
to two vertices from the set {cs, ¢z, 9}

If v is adjacent to both c3 and ¢y then czcociweszvegegcrcgescycs is a domi-
nating eulerian circuit. Note that the only vertex of C' that is not included
in the circuit is ¢;o and it has already been determined that ciq is trivial.
The case where v is adjacent to both c3 and c¢; is symmetric.

Lastly, consider when v is adjacent to both c; and c¢g. Either v is adjacent
to s = {c1, 7,00} or s9 = {cs5, 07,09}, otherwise we have the case described
above. Both s; and sy are symmetric, so assume v is adjacent to s;. In this
case C1CaC3C4C5WCIVCTC8CyC10C1 18 the desired dominating eulerian circuit. As
above, the circuit does not contain cg, but it was determined previously that

ce must be trivial.

Case 3b: w is adjacent to {ci,c3,cs}.

By Lemma 4.10, ¢ must be nontrivial. As in the previous case, we proceed

by considering the neighbors of v.
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First consider v adjacent to c3. Without any further knowledge of the
adjacencies of v, we see that the subgraph T{cg : c5csc3¢h, weycachy, crcgcocio}
is present.

Next consider v adjacent to c4. If v is adjacent to c5 there is a triangle. If v is
adjacent to ¢; there is a Ty 44 described by T{c; : cacsww’, vegescg, crococser
Lastly, if v is adjacent to any of ¢, ¢7, cg, or cig we get a longer cycle.
When v is adjacent to ¢y, the cycle is covcycscgercscocipciwesca. When v
is adjacent to ¢y, the cycle is crvcscscgwescacicigegcsc;. When v is adja-
cent to cg, the cycle is cgveyscscgwescacicipeges. Lastly, when v is adjacent
to c10, the cycle is cigvcscscaciwegercgcgerg. This implies that v must be
adjacent to cs, cg, and cyg. This gives the T, 44 subgraph described by
T{cy : crpc1026y, cscrccs, vegcsw . We conclude that v cannot be adjacent to
Cyq.

Next consider v adjacent to cs5. Since Gg is triangle-free, v cannot be
adjacent to cg. If v is adjacent to one of ¢, ¢7, or cig then one of the
following longer cycles is present, respectively: covcsciczwegercgcociocyCa,
C7UC5CEUWCCoC1C10CeCRCT, OT C1gUCCIWC3C4C5C6CTCCyC10. 1f v is adjacent to
cg, the subgraph T{cy : cioc1Cach, cscrcgw, vescqcs}t is present.  This im-
plies that v must be adjacent to {ci,cs,cs}, and in this case the subgraph
T{cs : cocscacy, veyww’, cgercsey} is present. We conclude that, v cannot be
adjacent to cs.

Consider when v is adjacent to co. When v is adjacent to c¢7, cg, cg or c1g
one of the 10ngl" Cycles C7UC9C3C4C5CaWC1C10C9C8CT, CoVC8C9C19C1WCECHC4C3C2,
CoUCaC1WC3C4C5CECTC-CY, OT C1oVCaC1WC3C4C5C6CTC-8CyC1o 1S present. This implies
that v must be adjacent to ¢; and ¢g, which contradicts Gy being triangle-free.

Next consider v adjacent to c¢;. If v is adjacent to cg there is the subgraph
T{c1 : cacscqcs, vegww', crococser b This leaves c¢r, cs, ¢, and ¢po as possible
neighbors. The only way to choose two additional neighbors from that set and

keep Gy triangle-free is to have v adjacent to ¢; and ¢g. Since GGg must have at
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least 14 vertices, there must be an additional vertex x not on C. By previous
arguments, x can only be adjacent to ¢y, cg, c7, cs, g, Or ¢19. If x is adjacent
to c1p there is the subgraph T{cg : cscacsea, weycion, crcscov} present. If x is
adjacent to cg, there is the subgraph T{c; : ciococsz, cacgeqcs, wegerv}. If
is adjacent to cg, the subgraph T{c; : cacsww’, xcgesey, crococser} is present.
This implies £ must have the same adjacencies as v. In fact, we can deduce
that all additional vertices off of C' must be adjacent to the same adjacencies
as v and G contains a spanning eulerian circuit by Lemma 4.12.

The remaining possible vertices that can be adjacent to v are ¢4, c7, cs,
cg, and c1g. The only way to choose three neighbors from this set and not
create a triangle is to have v adjacent to cg, cg, and cj9. Thus all neighbors
off of C' which are not w must be adjacent to the same subset of vertices of
C, and none can be nontrivial or the endpoint of a nontrivial edge as that
would give the subgraph T{cg : crcgvv’, cscacsea, wercipce}. In this case, the
circuit cgesCac3CaClwcgCrCsgCoCrotce 18 a dominating eulerian subgraph with

the desired properties.

Case 3c: w is adjacent to {cy,c3, ¢}

By Lemma 4.10, ¢, must be nontrivial. As in the previous cases, we proceed
by considering the neighbors of v.

If v is adjacent to ¢4, the subgraph T{c; : cgc5c4v, wescach, cgcociper} is
present. The case when v is adjacent to ¢y is symmetric.

Next consider when v is adjacent to cg. If v is adjacent to cq, the longer cycle
CoUCECHC4C3WCTC3CyC10C1C 1S present, and if v is adjacent to ¢; the Ty44 de-
scribed by T{ ¢y : cacsww’, vegescy, cipcgcscr } is present. Since G is triangle-
free, this leaves either s; = {cs, cg,cs} or so = {cs, ¢, o} as the adjacencies
of v. In the case when the adjacencies of v are sy, the T} 44 described by
T{c3 : eqcsc607,vCg09C10, Cocyww'} is present. In the case when the adjacencies

are sq, the Ty 44 described by T{cy : cipcic2ch, cscrww’, vegeqcs} is present.
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Therefore, v cannot be adjacent to cg. The case when v is adjacent to cg is
symmetric.

Lastly, consider when v is adjacent to cy. If v is adjacent to cs, then the
longer cycle covescycswercgcgcipeics is present. Since Gy is triangle-free, this
implies that the set of neighbors of v must be {cs, ¢7, ¢} and this gives the
longer cycle cqueaciwescacscgercsey is present. Thus v cannot be adjacent to
Co.

We have now deduced that any vertex off of C' must have adjacencies
that are a subset of {c1,c3,¢5,¢7,¢9}. We note that if there is a nontriv-
ial vertex adjacent to cs then T{c; : cgcsxa’, wescach, cgegciper} is present.
If there is a nontrivial vertex adjacent to cy, then the subgraph T{c; :
csCoxx’, coCscacy, wercacy ) is present. Therefore, all nontrivial vertices have
the same adjacencies as w. If there are at least two nontrivial vertices, Gg
contains a spanning eulerian subgraph by Corollary 4.13. If there is only one
nontrivial vertex, there must exist at least one trivial vertex off of C', denote
this vertex as v. If v is adjacent to at least two of the same vertices as w, then
we can use a trail similar to the one described in the proof of Lemma 4.12 that
uses an even number of vertices as the desired dominating eulerian trail. If v
does not have at least two adjacencies in common with w, then it must be ad-
jacent to both c5 and ¢y and the subgraph T{cg : cigc1c2cy, cscrww’, veseqes }

is present.

Case 3d: w is adjacent to {ci,cy,cr}.

As in the previous cases, we consider the possible neighbors of an additional
vertex v.

First consider when v is adjacent to c;. Note that the case when v is
adjacent to cg is symmetric. If v is adjacent to any of the vertices c5, cg,
cs, Cg, OT C19, & longer cycle is present as shown in the table below. Since

Gy is triangle-free, this forces v to be adjacent to ¢4 and c¢;. This gives
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CoUC7C-CyC10C1WC4C3Co as an alternate Cg that includes w. This gives either
c5 or cg as nontrivial, otherwise we have contradicted our choice of C. If
¢s is nontrivial, then T{w : crceescs, cac3cov, crci9cocs}t is present. If ¢ is
nontrivial, then T{w : c¢4c5¢6¢G, crvcacs, c1c10c9cs} is present. Therefore, v

cannot be adjacent to ¢y or cg.

Neighbor of v | Resulting Subgraph

Cy 012 — CoUC5CgC7C8CeC1oC1LWCYC3C
Cg 011 — CUCgC5C4LWC7C8CyC10C1C2
Cg 012 — CoUCRCYC10C1WC7CxCrCYC3C
Co 011 — C2UC9C19C1WC7CxCHCYC3C2
€10 C11 = €100CaC1WC4C5C6C7C8CyC10

Next consider v adjacent to cs. If v is adjacent to c3 the longer cycle
C3VC5CeCTC8CoC10C1WEeCy 1S present, while v being adjacent to cg gives the
longer cycle csvcgeigeicacseswercges. If v is adjacent to cg or c¢qg, there is
a Tya4 present. This Ty 44 is given by T{cs : cocrww’, cscgcacy, vegcocrp} or
T{cs : cgcrww’, cycscacy, vejgeocs t, respectively. This leaves only ¢; and ¢7 as
the possible neighbors of v. Note that v cannot be nontrivial as that would
give the T}y 44 described by T{cr : ceesvv’, weqesca, cscociper b Therefore, as
long as any dominating eulerian circuit contains the set {ci, ¢, ¢}, then we
do not need to worry further about this case. Since ¢z is symmetric to c5, we
get that every dominating circuit must also include the set {cy, c3, c7}.

Next consider v adjacent to cg. By previous arguments we know that v
cannot be adjacent to cg, c3, c5, or cg, and it is clear that if v is adjacent
to c¢; or cg there is a triangle in Gy. This implies that v is either adja-
cent to s1 = {c1,¢q4,c8} or so = {cq,c8,¢10}. First assume v adjacent to
s1 and consider an additional vertex x. If x is adjacent to c;, we know

from previous arguments that x must be adjacent to {ci,cs,c7}. This gives
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the subgraph T{¢; : cacscqw, xercges, crpcocgv}. Similarly, if x is adjacent
to c3 then it must be adjacent to {ci,cs3,c7}. In this case the longer cycle
C1C2C3TCTWC4VC-CeC1pCy 18 present. If x is adjacent to c¢ig, then the subgraph
T{cr : cscocror, coCsc4v, weiCocs ) is present. If z is adjacent to both ¢; and
g, there is the longer cycle crxcocgveicacseqcscger. This implies © must be
adjacent ot either r; = {c1, ¢4, c7}, 1o = {1, ca, cs}, or 3 = {1, ¢4, ¢o}. How-
ever, in each case x is adjacent to both ¢; and c4, which gives the subgraph
T{c1 : xeyeseq, wercges, vegegcyp}. Now assume that v is adjacent to sg. This
results in the alternate Cyy given by cigvcscscaciwercgeygerg, which implies
that either c5 or ¢g must be nontrivial. If ¢5 is nontrivial, then the subgraph
T{cs : creecscs, cocrociCa, veqww'} is present. If g is nontrivial, then the sub-
graph T{v : cjgcicacs, cacscec, cscrww'} is present. Therefore, it must be
the case that v is not adjacent to cg. The case where v is adjacent to cyq is
symmetric.

Next consider v adjacent to ¢g. The other two adjacencies of v must be
from the set {c1, ¢4, c7}. If v is adjacent to ¢4, then the T 44 described by
T{cy : veqww’, crpeqcacs, cgcrcges ) is present. This implies v is adjacent to
{c1, ¢7,co}. If v is nontrivial, then by relabeling the vertices of C', we see that
this case is symmetric to when w is adjacent to {cy,cs,¢5}. Therefore, we
may assume that v is trivial.

The only vertices we have not inspected yet are ¢y, ¢4, and ¢7, and we note
that it is possible to have additional vertices adjacent to this set.

Using the same argument that we used when considering v adjacent to cg,
we see that we may assume that any nontrivial vertex must have adjacencies
such that the number of vertices between consecutive adjacencies is given by
{2, 2, 3}, otherwise we fall into one of the previous cases. Inspecting all of the
sets of vertices that have this property, and combining this with the preceding
results limiting where an additional vertex x can be present, we deduce that

all non-trivial vertices are adjacent to {ci,cy,cr}. If there are at least two
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nontrivial vertices, Gy contains a dominating eulerian circuit with the desired
properties by Corollary 4.13. If there is exactly one nontrivial vertex, since
Go has at least 14 vertices we know there must be another vertex x. From the
previous arguments, x is adjacent to one of s; = {c1, ¢4, c7}, s2 = {c1, ¢3, 7},
s3 = {c1,¢5,¢7}, or sy = {c1,¢7,¢9}. If z is adjacent to s;, we use the same
trail as if there had been a nontrivial vertex adjacent to that set. If x is
adjacent to sq, s3, or s4 we utilize the fact that x is adjacent to both ¢; and
c7 in each case and cjcacseqcscgerrciwercgcgeipcy is the desired dominating

eulerian subgraph.

5.2.4 Case 4: ¢(Gy) =9.

Lemma 2.7 states that any graph with at most thirteen vertices is either
collapsible or contractible to the Petersen graph. If GG is the Petersen graph,
then it must be the case that every vertex is either nontrivial or the endpoint
of a nontrivial edge. Label the graph as shown in Figure 5.1. Then T{p; :
D2P7P10s PeDsDs, PsPaPo ) 1 & T3 35. Since each of pyo, ps, and py are nontrivial
or the end vertex of a nontrivial edge, each one is adjacent to an additional
vertex in G. Note that none of these vertices are adjacent, so it cannot be
the case that they are both end vertices of the same nontrivial edge. Thus,
this T3 35 can be extended to a Ty 44 in G.

Now we consider when Gy is not the Petersen graph. We know from Lemma
2.7 that Go must have at least 14 vertices. This implies that there are at
least 5 vertices not on C. By the arguments presented in Section 4.2, there
are three possible placements of the neighbors of w up to symmetry. These
are {c1,c3,¢5}, {c1,¢3,¢6}, and {c1,cq,c7}. These configurations are shown

in Figure 4.3. We proceed by considering each of these possible placements.
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Py P

Figure 5.1: Petersen Graph

w is adjacent to {ci,cs,c5}.

Recall that by Lemma 4.10 both ¢, and ¢4 are nontrivial. Now consider
possible neighbors of an additional vertex v that is not on C.

If v is adjacent to ¢y, clearly it cannot be adjacent to c¢; or c3 as Gy is
triangle-free. Since (G is 3-edge-connected, v must also be adjacent to one
of the following vertices: c4, cg, c7, g, and c¢g. In each of these cases, there
exists a longer cycle, which are given in the table below. Thus we conclude

that v cannot be adjacent to ¢y or, by symmetry, c;.

Neighbors of v | Resulting Cycle

Cy 011 — CUC4C3WCCxCTCRCYC1Co
Cg 011 — CUCECT7CRCYC1WCECYC3C
cr Clo = CoUC7C8C9CLWEECAC3Co
Cs Clo = CgUCaC1WC3C4C5C6CTCY

Co 011 — CgUC9C1WC3C4CrCxCTC8CY
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Assume v is adjacent to ¢;. Both ¢y and ¢4 have previously been eliminated
as possible neighbors of v, and v adjacent to cg would create a triangle. If v is
adjacent to cg, there is a Ty 4 4 described by T{¢; : cacsww’, vesead, cocscrcs )
If v is adjacent to c5, then the subgraph T{c; : cocsww’, veseydl, cocscrcg} is
present. This implies that v is adjacent to two of cg, ¢7, and cg. To keep Gy
triangle-free, it must be the case that if v is adjacent to c;, then it is also
adjacent to cg and cg.

Assume v is adjacent to ¢g. Both ¢y and ¢4 cannot be adjacent to v, and
if v is adjacent to c; or c; there is a triangle. If v is adjacent to c3, then
C3VCgC7CsCoC1wesC4c3 1S a longer cycle. Thus, ¢g must be adjacent to two of
c1, ¢g, and cg. To keep Gq triangle-free, it must be the case that v is adjacent
to c1, ¢g, and cg.

Assume v is adjacent to cg. Once again, both ¢y and ¢, have already
been eliminated as possible neighbors of v, and v being adjacent to cg or
c¢; would create a triangle. If v is also adjacent to c3, then the subgraph
T{cs :, cocrcacy, vesww', crcgesea} is a Ty g g in Gy. If v is adjacent to cs, then
the other adjacency must be ¢; (to prevent a triangle.) We already know
that v cannot be adjacent to both ¢; and c5, thus v cannot be adjacent to
c5. We conclude that if v is adjacent to cg, it must be adjacent to both ¢;
and c¢g as well.

Since each of the following pairs are symmetric, {c1,cs}, {c6, 0}, and
{c7,c8}, it can be assumed that any vertex off of C' other than w is ei-
ther adjacent to {ci,cg,cs} or {cs,cr,co}. First note that there cannot be
a vertex vy adjacent to {c1,cg, cs} and a vertex vy adjacent to {cs, c7,co} as
that would create the longer cycle c¢;cacscycscevicgcrvacge;. Also note that
a vertex v adjacent to {cp,cq,cs} cannot be nontrivial as that would cre-
ate the Ty 44 described by T{c; : cacscsc), wescscr, cocsvv’}. Thus, the only
nontrivial vertex not on C' is w and cjcaczcacswercocgcrcgve; is the desired

dominating eulerian circuit.
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w is adjacent to {ci,cs,cs}.

By Lemma 4.10, ¢, must be a nontrivial vertex. As in the previous case, we
proceed by considering where an additional vertex v can have its adjacencies
on C.

Assume v is adjacent to cp. Clearly, if v were adjacent to either ¢; or c3
there would be a triangle in GGy. Since v has at least two other adjacencies on
C, it must be adjacent to at least one of ¢4, c5, ¢7, cg, and ¢g. Each of these
produces a longer cycle, as described in the table below. Thus we conclude

that v cannot be adjacent to cs.

Neighbor of v | Resulting Cycle

Cy Cll — C2UC4CrCeCTCRC9CTWC3Co
Cs 010 = CUC5CECTCCYC1WC3Co
Cr 011 = CUC7C]CyC1WCECECYC3C
Cg 010 = CoUCRCyC1WCECECYC3Co
Co 011 — C2UC9CC7CCHC4AC3WC1Co

Assume v is adjacent to ¢;. If v is adjacent to either cg or cg there is a
triangle in Gy, and ¢, has already been eliminated as an adjacency for v. If
v is adjacent to c3, ¢4, or ¢; there is a longer cycle (as described in the table
below.) This leaves only ¢; and cg as the other adjacencies of v, which forces

a triangle. Thus v cannot be adjacent to c7.

Neighbor of v | Resulting Cycle

C3 Clo = C70C3C4C5CaWCL CoCRCT
Cq 011 — C7UC4C5CeWC3C2C1CgCCT
Cs Clo = CrUCs5CWC3CoC1 CoC-CT

Assume v is adjacent to c¢g. The vertex v cannot be adjacent to ¢; or cg

as that would create a triangle. If v is also adjacent to ¢4 or c¢5 then we
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get the longer cycle cqucycscaciwegercgCy O CoUCsC4C3CoC1WCECTC-CY, TESPEC-
tively. This implies that v is adjacent to c3, cg, and cg. There are at least
3 more vertices off of C', so consider x to be one of these vertices. If x is
adjacent to cs, ¢, or cg we get the following 7} 44 subgraphs respectively:
T{cs : crescov, cscycsx, weicach}, T{es + weycady, vegeger, cucscgr}, or T{cg -
C7C8Cy T, VC3C4Cy, WC1CaCy . This implies x is either adjacent to {c1, ¢y, cg} or
{c1,¢5,cs}. These cases produce the longer cycles cgveycscgwescacycocs and
C1UC5C4C3WCEC7C8CyC, Tespectively. Thus, v cannot be adjacent to cq.

Assume v is adjacent to c3. The only adjacencies of v that don’t create tri-
angles and haven’t been previously eliminated are ¢y, 5, ¢g, and cg. If v is ad-
jacent to cg there is the T} 44 described by T{cs : cocicach, vesww', crcgeseq )
Thus, to prevent a triangle, v is either adjacent to {¢y,c3,¢5} or {c1, ¢s, ¢6}-
If v is adjacent to the former, then c;vcscicswegercsegey is a longer cycle. If v
is adjacent to the latter, v is actually symmetric to w and must be nontrivial
by Lemma 4.10.

Assume v is adjacent to c¢5. If v is also adjacent to c¢;, we get the longer
cycle described in the previous paragraph. This leaves cg as the only possible
adjacency which does not create either a triangle, longer cycle, or T} 44 as
described in earlier paragraphs. Since v needs at least three neighbors, we
conclude that it is not adjacent to cs.

At this point, the only vertices that v can be adjacent to are ¢y, c3, ¢4, cg,
and cg. The only ways that we can choose three neighbors from among
those without creating a triangle or a configuration that we have previ-
ously eliminated are as follows: {cy,¢3,¢6}, {c1,c4, 6}, and {c1, c6,cs}. Re-
call that any vertex adjacent to {ci,cs, g} must be nontrivial. Any ver-
tex v adjacent to {c1, ¢4, 6} cannot be nontrivial as that would give T{cg :
C7C8CyCr, C5C40V  Wwescach . Assume there is a vertex adjacent to {cy,cq,cs}
which is nontrivial. That would give the following two alternate cycles of

length 9: ¢;cacseqcscgvegcgey and ccacseycscgercsvey. The first of these alter-
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nate cycles forces c; to be nontrivial, while the second forces ¢g to be nontriv-
ial. This implies that the T} 44 described by T{cs : vegercy, cscacsca, wvrcoCy}
is a subgraph of GGy. Therefore the only nontrivial vertices not on C' must
be adjacent to {cy,c3,¢c6}. If there are at least two nontrivial vertices not
on C, then Gy contains a dominating eulerian circuit by Corollary 4.13. If
there is exactly one nontrivial vertex w, then there must be a trivial vertex
v not on C. If v is adjacent to {c1,c3,¢6}, we can treat it like a nontriv-
ial vertex and use the dominating eulerian circuit described in the proof of
Corollary 4.13. If v is adjacent to {ci,c4, 6}, then the dominating trail is
C1CoC3WCITC4C5CC7C8CoC . I v is adjacent to {cy, cq, cg}, then the dominating

trail is ¢jcocscacscgwey coCyCrceCy .

w is adjacent to {c,cy,cr}.

By Lemma 4.11, we may assume that any vertex v that is not on C has at
least two adajencies from the set {cy, ¢y, cr}.

If all vertices off of C' have the adjacencies {ci, ¢4, c7}, then Gy contains
a spanning eulerian circuit by Lemma 4.12. Therefore, we can assume that
there exists at least one vertex not on C that does not have this set of
adjacencies as w.

Since there are at least four additional vertices off of (', there must be at
least two of these vertices, say v; and vy, with two neighbors in common.
Without loss of generality, we can assume that these vertices are both adja-
cent to ¢; and ¢4. The third adjacency for each of these vertices must be one
of {cg, c7,cs}.

Assume that v; is adjacent to ¢ and vy is adjacent to cg. The cycle
C1U1CgC5C40oCscrwey 18 an alternate Cy that includes w. This implies that
one of ¢y, c3, and ¢y is nontrivial. In each case, a Ty 44 exists. These are

summarized below.
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Nontrivial Vertex | Resulting Subgraph

Co T{ vy : c1c9c8v2, C4C3Calhy, cocrww’}
C3 T{vs : crcac36, cacscguy, cscrww'}
Co T{ce : cseaww’, vicieacs, c7e3CoCy )

Now assume that both v; and vy are adjacent to cg (the case when they are
both adjacent to cg is symmetric.) Then ¢jcgcgcrwescscgvicy is an alternate
Cy containing w. This implies that either ¢y or c3 is nontrivial.

First consider the case when ¢y is nontrivial. The vertex cg must have
degree at least three, so there must be either an adjacency off of C' or a
chord incident with cg. If cg has an adjacency, say z, off of C, then T{v; :
C4C3CaCh, cecrww’, crcgesx } is a Ty 4 4. Therefore, it must be the case that there
must be a chord incident with cg. Clearly, both ¢;cg and cgeg create triangles.
The chords cycg and cscg create the longer cycles cgcacseycscgcrwercocs and
C8C5C6CTWCLC3C2C1 CoCy, Tespectively. The chord cses gives the Ty 44 described
by T{w : cye3cachy, crescocy, crvicges . This forces the chord eycg to be present.
The vertex c; must also have degree at least three. If ¢5 is adjacent to a vertex
x, then T{cs : crcecsT, cacseach, cocyww'} is a Tyaq. So, it must be the case
that there is a chord incident with ¢5. Both cscs and csc; create triangles,
and each of cocs, c5cs, and cscg create longer cycles. The Chy present when
we have the edge cocs is cscaczcqwercycgercges, the Chg present when we have
the edge cscqg is c5cocgcrcgver cacseycs, and the Cg created when the edge cocg
is present was described when discussing chords incident with cg. Therefore,
the chord cyc5 must be present. Lastly, we consider the vertex cg. It too
must have either an adjacency or a chord. If it has an adjacency z, then
T{w : cyczeachy, cre5c6v, cregcgr} is a Tygq. The chords cocg and creg clearly
create triangles. The chords c4c9 and c5cq also create triangles since we know
that the chords c4cg and ¢qc5 must also be present. Lastly, the chords c3c9 and

cgCy create the longer cycles coczcaciweycscgercgcyg and cocgcrwey cacscycscely,
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respectively. Thus, we conclude that ¢ must be trivial.

The other case to consider is when cs is nontrivial. The vertex cg needs
either an adjacency off of C' or a chord incident to it. If there is a vertex x ad-
jacent to ¢y, then T{w : ¢icacschy, cacscev, crescox} is a Ty 4 4. Therefore there
must be a chord at ¢g. The chords cacy and crycg create triangles. The chord
cacy creates the Ty 44 described by T{cg : c1ca¢36;, cacscev, cscrww'}. Lastly,
the chords c3cy, c5c9, and cgey create the longer cycles coczcaciwescscgercscy,
C9C5CaUCT CaC3C4WCTCCy, and CoCeCsC4C3C2C1WCTC8Cy, Tespectively. Thus, ¢z also
cannot be nontrivial. This proves that v; and v, could not have both had cg
(or both had ¢g) as their third adjacency.

By the above arguments we see that at least one of v; and vy must be
adjacent to ¢;. Without loss of generality, assume v is adjacent to cg and
vy is adjacent to ¢; (the case where one is adjacent to cg and the other c¢; is
symmetric.) If there is a vertex z adjacent to cg, it must be the case that
x is adjacent to the set {c4, c7, o} since x must have at least two neighbors
in common with w. This gives the longer cycle ¢icocscsregescrcgve;. There-
fore, there must be a chord at ¢g. The chords cocg and crcq create triangles,
and the chords c3cg and cgeg create the longer cycles coczcociwescscgercscy
and cycgescaczcaciwercgcy, respectively.  When the chord cseg is present,
CoC5CeCTWCLC3CoC1Cy 1S an alternate cycle of length nine that includes w. Since
C was chosen to contain the largest number of nontrivial vertices, this im-
plies that ¢y must be nontrivial. This gives the Ty 44 described by T{c, :
C3C9C U2, V1CeCTW, C5CoCsCy b Therefore, it must be the case that the chord
c4Cg is present. Next consider the vertex cs. If ¢5 has an adjacency, x, not on
C then there is a Ty 4 4 described by T'{c; : caczcqw, vicecs, cocscrva}. There-
fore there must be a chord at c¢5. The chords c3cs5 and csc; create triangles.
The chords cycs; and cxcg create the longer cycles cxcacscqwercyegercges and
C8C5CeCTWCLC3CC CoCy, Tespectively. The chord cscg was discussed previously,

which leaves only cic5 as a possibility. When both ¢;c; and c4c9 are present,
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then cicscgvicacocgcrwe is an alternate Cg that includes w. This implies
that either ¢y or cs is nontrivial. If ¢ is the nontrivial vertex, there is a Ty 44
described by T'{cg : csc3cacy, cscrww’, civeges }. If 3 is the nontrivial vertex,
there is a T 44 described by T{cg : c1cac3¢,, cacscevy, csczww’}. This implies
that it cannot be the case that v, is adjacent to cg and v, is adjacent to c;.

The above arguments imply that it must be the case that both v; and vy
are adjacent to c¢;. Since ¢, ¢4, and c¢; are all symmetric, it ends up that
all vertices off of C' must have the same adjacencies. Therefore, we are done
since this case was handled previously.

With this, we conclude the proof of Theorem 1.12.
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Chapter 6

Future Work

The results shown in Chapter 3 greatly reduce the possibilities for pairs
{X,Y} such that a 3-connected graph being {X, Y }-free implies the graph
is hamiltonian. Paired with the previous results discussed in Chapter 1 and
the new results in Chapters 3, 4, and 5, the only pairs for which it is un-
known whether or not a 3-connected, {X,Y }-free graph is hamiltonian are
{Ki3,L3} and {K;3,L5}. Determining whether these forbidden pairs imply
hamiltonicity is a natural next question, as that would complete the classifi-
cation of all forbidden pairs that imply a 3-connected graph is hamiltonian.

One of the things to note about the above problem is that the method
of proof used in this dissertation to show that 3-connected, K3, N; j p-free
graphs are hamiltonian will not work. The proofs presented here utilized the
fact that generalized nets are stable under the Ryjacek closure operation, i.e.
if a graph G is net-free then the Ryjacek closure of GG is also net-free. It is
well-known that the L, graphs are not stable under this closure operation
(see [3]). It would be of interest to try to develop new closure operations
under which this particular graph is stable.

There are several other forbidden subgraph problems that imply properties
such as pancyclicity, hamiltonian-connectedness, and existence of two-factors.
One possibility that is of interest to me is to work on forbidden pairs that
imply a 3-connected graph is hamiltonian-connected. It is already known

that any forbidden pair must contain the claw [6]. There are still several
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generalized nets and L graphs for which it is unknown if they can be included
in a forbidden pair that implies hamiltonian connectedness.

Lastly, it would be remiss to not mention the open-problem that has fueled
the area of forbidden subgraphs for almost 30 years- the Matthews-Sumner
Conjecture (Conjecture 1.1). While this problem is not in my immediate
scope of future work, it is my hope to continue to solve various subproblems

related to this famous conjecture.
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