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Abstract

Freudenthal triple systems via root system methods
By Fred W. Helenius

For a Lie algebra g of type B, D, E or F, we can apply a grading g =
g 2oPg_1DgoDg1 Bgo and then define a quartic form and a skew-symmetric
bilinear form on g;, thereby constructing a Freudenthal triple system. The
structure of the Freudenthal triple system is examined using root system
methods available in the Lie algebra context. In the important cases g = Fjg
and g = Dy, we determine the groups stabilizing the quartic form and both
the quartic and bilinear forms.
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Chapter 1

Introduction

In this chapter, we begin by providing an overview of the contents of the
subsequent chapters. Section 1.2 contains a brief history of the algebraic
structures known as Freudenthal triple systems. Finally, Section 1.3 describes
related work in the existing literature, noting in particular which of the results

we present are parallel to those in other published papers.

1.1 Outline

Following this introductory chapter, Chapter 2 describes the background ma-
terial needed for the results that will follow. This includes the definition and
fundamental properties of the root system of a Lie algebra, the classification
of irreducible root systems, the properties of the structure constants that
define the multiplication in a Lie algebra; most of the material in the first
three sections is standard, so proofs are only provided when there is no con-
venient reference to the literature. The later sections are concerned with a
specific class of Lie algebras in which we will identify a particular subspace,
denoted g;, which will be equipped with the necessary operations to con-
struct a Freudenthal triple system. We cite known results about the orbits
in g; under a group action, and then collect some useful facts about the roots

corresponding to the root subspaces that make up g;.



The real work begins in Chapter 3, which contains results that are valid
for any of the Lie algebras we consider. We first define a quartic form and a
bilinear form on g, and establish their basic properties. After using the forms
to define a triple product on g;, we define a class of elements called “strictly
regular” for which the triple product behaves in a particularly simple way.
Several alternative characterizations of strictly regular elements are given
and specific examples are identified; these enable us to produce a formula for
the triple product in a special case. This in turn allows us to finally show
that the structure defined on g; by these operations satisfies the axiomatic
definition of a Freudenthal triple system. In the final section of the chapter,
we show how to compute the quartic form on g; in several cases; these cases
cover all possibilities for simply-laced Lie algebras.

Chapter 4 contains results which only apply to particular Lie algebras.
The first three sections apply to simply-laced Lie algebras. In the first, we
exhibit a decomposition of g; into four eigenspaces in a way that mirrors
the construction of Freudenthal triple systems from Jordan algebras; in the
second, we give simple characterizations of elements in the different orbits
in gq; in the the third, we study the groups that preserve either the quartic
form or the bilinear form up to a scalar factor. Results from all three sections
are then applied to precisely determine the groups that stabilize either the
quartic form or both forms in the case that the Lie algebra is of type Fj.
The last section applies similar techniques to answer the same questions for
the Lie algebra Djy.

The final chapter summarizes the results and indicates some directions that

future work may take.



1.2 History

The history of the study of Lie algebras and their representations is a complex
and interesting subject; here we only mention the steps that led directly to
the definition of a Freudenthal triple system. For more detail about the
early period of this history, up to 1926, the reader may wish to refer to the
comprehensive survey by Hawkins ([16]).

The classification of simple Lie groups and their Lie algebras over C was
first attempted by Wilhelm Killing in a series of articles published in Mathe-
matische Annalen from 1888 to 1890. In the last article, [19], he exhibited his
classification, which consists of four sequences of Lie algebras of the so-called
“classical” types and six others. Killing had made a mistake—two of his six
new Lie algebras were actually isomorphic—but he had also inaugurated the
study of “exceptional” Lie algebras.

Killing’s work was corrected, revised and expanded by Elie Cartan in his
1894 thesis, [6], in which he established the notation now used for the five
exceptional Lie algebras: FEg, E7, Fg, F, and G5. Cartan also studied the
representations of these Lie algebras; our interest lies in the 56-dimensional
faithful irreducible representation of E7; that he described. This represen-
tation, now known as the minuscule representation of E; (meaning that its
weights form a single orbit under the Weyl group), is the prototypical exam-
ple of a Freudenthal triple system. Cartan found that there was a quartic
form on this representation that was invariant under the action of the Lie
group Fr, and gave an expression for the quartic form as a sum of 7784 terms
([6], p. 274). This unwieldy expression, however, was not correct.

Cartan’s error was noted by Hans Freudenthal in [12], one of several papers
in which he studied F-, its minuscule representation and the invariant quartic
form using a variety of techniques.

In [23], Kurt Meyberg gave an axiomatic definition (which he credited to



T.A. Springer) for an algebraic structure which he called a Freudenthalsches
Tripelsystem, or, in English, a Freudenthal triple system. This structure gen-
eralizes the properties of the minuscule representation of F7; and its invariant
quartic form as described by Freudenthal and applies over general fields, with
some restrictions on the characteristic. An equivalent definition was found
independently by Robert B. Brown ([5]). In the next section we will review

related work on these structures.

1.3 Prior work

The work presented in this dissertation involves two related lines of inquiry
that have been considered by many authors. The first consists of the study of
Freudenthal triple systems in general or specifically of the minuscule repre-
sentation of E7; and its invariant quartic. One of our principal results, which
has been obtained previously in varying degrees of generality, is the deter-
mination of the group of linear transformations which stabilize the quartic
form.

The second line of inquiry concerns the construction of Freudenthal triple
systems from Lie algebras. Although such constructions have been given
before, the one we use does not seem to have been explicitly described.

We now examine a broad selection of related work, in chronological order.
The descriptions are limited to the topics in these papers that are related
to our results; in most cases the papers contain much unrelated material as
well.

As mentioned in the previous section, Freudenthal studied F; extensively.
In a 1953 paper, [12], he defines the quartic form (correcting Cartan’s error)
and uses a remarkable series of indicial tensor calculations to determine the
stabilizer. In [13], published one year later, he obtains the same result, but

using a definition of the quartic form in terms of 3 x 3 matrices of octonions



(in effect, the exceptional Jordan algebra). In both papers he implicitly works
over C.

In unpublished notes ([25]) from 1962, Seligman also uses the exceptional
Jordan algebra to determine the stabilizer of the quartic form, but takes care
to obtain a result valid for fields of characteristic other than 2 or 3.

Meyberg’s 1968 paper, [23], as mentioned earlier, introduces the abstract
definition of a Freudenthal triple system.

In 1969, Brown ([5]) also gives axioms defining a Freudenthal system, but
with the aim of applying them to determine the stabilizer of the quartic
form on the 56-dimensional representation of E7. This approach entails a
large number of intricate calculations, yielding a result valid for fields of
characteristic not 2 or 3. Brown also shows how some Freudenthal triple
systems may be constructed from Jordan algebras.

Ferrar’s 1972 paper, [11], uses the axiomatic definition to study Freudenthal
triple systems, putting particular emphasis on analyzing their structure by
use of so-called strictly regular elements. The properties he deduces were
a useful guide in our investigation; the parallels between his results and
ours are detailed at the end of this section. Like Brown, he also constructs
Freudenthal triple systems from Jordan algebras.

The 1978 paper by Kantor and Skopec, [18], is the earliest we know of
that constructs Freudenthal triple systems from Lie algebras. They use a
grading on the Lie algebra as we do, but define the operations in a less
transparent way. To obtain their results they have to weaken the definition
of Freudenthal triple system by allowing the quartic form to be zero and
require the characteristic to be zero. Where both our methods apply, the
resulting Freudenthal triple systems appear to coincide.

In a 1979 paper, [1], Allison used the language of structurable algebras to
apply a construction similar to that of Kantor and Skopec to Lie algebras in

characteristic other than 2, 3 or 5. Since he does not use the terminology of



Freudenthal triple systems, it is not obvious when his construction produces
them.

Cooperstein’s paper from 1995, [9], presents a unique construction of the
quartic form on a 56-dimensional space, beginning with two 28-dimensional
spaces acted on by a group of type A;. The introduction of an incidence
structure preserved by the stabilizer is used to identify the group; here the
result is valid outside of characteristic 2.

The 2001 paper by Lurie, [21], contains yet another determination of the
stabilizer of the quartic form, but extends the result so that it is valid in
all characteristics. To include characteristic 2 it is necessary to replace the
quartic form with its linearization; an impressive array of technical machinery
is also employed.

In 2003, Clerc ([8]) published a paper that includes many elements of our
construction of a Freudenthal triple system from a Lie algebra: he defines
a grading of the algebra into five parts, and defines the same quartic form
on one of the parts. However, Clerc does not explicitly identify the resulting
structure as a Freudenthal triple system. He does examine the orbits under
a group action, obtaining a result similar to our Proposition 4.2.

Although Springer’s involvement with Freudenthal triple systems extends
over decades, the paper we cite ([26]) is an expository work from 2006. His
approach to determining the stabilizer of the quartic form, which we partially
adopt in our proof, depends upon first determining the smaller automorphism
group resulting when additional structure is defined on the 56-dimensional
Freudenthal triple system.

Krutelevich’s 2007 paper, [20], considers Freudenthal triple systems defined
from Jordan algebras. Like Clerc, he considers their orbit structure, obtain-
ing a resulting very similar to ours.

As its title indicates, the present work is distinguished by the fact that the

structure which we construct from a Lie algebra is examined and proved to



be a Freudenthal triple system by means of root system computations. The
operations we use are defined directly in terms of the Lie algebra multiplica-
tion. As a result, the calculations we require, although not always easy, are
generally much simpler than those required when working with the axiomatic
definition of a Freudenthal triple system. In fact, we make no essential use of
the axiomatic definition; it does not appear until section 3.3, and then only
for the verification that the structure we study is in fact a Freudenthal triple
System.

Our determination of the stabilizer of the quartic form on the minuscule
representation of E; is clearly not a new result. However, we also apply our
techniques to answer the question for an 8-dimensional Freudenthal triple
system derived from the Lie algebra Dy; this result is apparently new.

Although the axiomatic approach used by Ferrar in [11] is quite different
from the methods used here, our choice of results to prove was often guided by
the content of his article. The table below indicates results here that parallel
those of Ferrar as well as results in the articles by Clerc ([8]) and Krutelevich
([20]). The many papers cited above that determine the stabilizer of the

quartic form, parallel to Theorem 4.6, are not shown in the table.

Lemma 3.11 [11], Cor. 2.5
Prop. 3.15 [11], Cor. 6.2
Lemma 3.16 [11], (5)
Prop. 3.21 [11], Lemma 3.1
Lemma 3.23 [11], Lemma 3.6
Prop. 4.1 [11], §4
Prop. 4.2 | [8], §68,9; [20], Def. 22
Prop. 4.4 [11], Lemma 7.3

Table 1.1: Parallel results in other papers



Chapter 2

Technical background

This chapter presents essential facts about the root systems of Lie algebras
and the structure constants defining the Lie algebra multiplication as well as
results concerning the orbits of in a particular subspace of Lie algebra under
a group action. The material in the first three sections is standard; the main
reference used is the textbook by Humphreys ([17]). Similar statements
can also be found in Bourbaki ([4]). The next two sections contain more
specialized results relevant to the particular situation we study; they are
drawn from articles by Rohrle ([24]) and by Borel and Tits ([3]). The final

section is a one-page summary of the notations and definitions in this chapter.

2.1 Root systems

Throughout this chapter, we consider a Lie algebra g over a field F. Specif-
ically, we assume that g is the Lie algebra of a semisimple linear algebraic
group G that is split over F’; thus ([2], Theorem 13.18) g has a Cartan sub-
algebra which we fix and denote by h, and g decomposes into the direct sum
of h and the root subspaces, with each root subspace being one-dimensional.
In other words, even though Humphreys works over C in [17], his results also
apply to the Lie algebras we consider.

The roots of g with respect to h are vectors in the dual space hY, but as

their coordinates are rational ([17], §8.5), they can be seen as vectors in R,



where n is the rank of g. Thus for any roots (3,7 of g we have the usual

inner product (3,7). A particular combination of inner products arises often

enough to deserve a special notation; we define (—, —) as follows:
(8,7)
B,y) =2—.
al (7,7)

Note that the expression (3,+) is linear in the first variable, but not in the
second. We will sometimes use this notation with arguments which are sums
of roots, but not necessarily roots themselves.

We can now define the subject of this section.

A subset W of R" is a root system if

e U consists of finitely many nonzero vectors that span R”,
e for § € U, the only other scalar multiple of § in ¥ is —/3,
e for all 8, € U, the value ((3,7) is an integer,

e for all 3,7 € U, the reflection of § in the hyperplane orthogonal to ~,
which is given by 5 — (3,7)7, is also in V.

It will be no surprise that the roots of a semisimple Lie algebra form a root
system ([17], §8.5).

The roots of g give rise to a root space decomposition, namely

g=bo P Fup
Bew

where x5 is a nonzero representative of the one-dimensional root subspace
corresponding to the root 3 ([17], §§8.1, 8.4).

The root space decomposition interacts in a simple way with the Lie algebra

product:

Fact 2.1. For roots 3,y € ¥ such that 4+~ # 0, the product [z, x,] is in
the root space corresponding to [+ -y, if that is a root; otherwise, it must be

ZEro0.
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This is Proposition 8.1 in [17]. Fulton & Harris refer to this fact as “the
fundamental calculation” ([14], §11.1).
Within any root system, there are severe constraints on the angle between

two roots and the ratio of their lengths. There are only four possibilities
([17], §9.4):

1. The roots are orthogonal; in this case their lengths may have any ratio.
2. The angle between the roots is 7/3 or 27/3 and their lengths are equal.

3. The angle between the roots is 7/4 or 37/4 and one length is v/2 times
the other.

4. The angle between the roots is /6 or 57/6 and one length is v/3 times
the other.

By choosing a hyperplane through the origin that does not include any of
the roots, it is possible to partition ¥ into two sets: we call the roots on
one side of the hyperplane positive roots and the others negative roots ([17],
§10.1). Since —[3 is a root whenever f3 is, there are equal numbers of positive
and negative roots.

Once such a partition of ¥ is chosen, there is a unique set of n positive roots,
say o for 1 <14 < n (again, n is the rank of g), called simple roots such that
every positive root is a sum of simple roots; that is, every positive root 3
can be written as 3 = Y., k;a; with the coefficients k; being nonnegative
integers ([17], §10.1). We call > 7 | k; the height of 5 and denote it by ht 3.

We define a partial order on the positive roots as follows: if 5 =3"" | ki,
and /' = )" | kloy, are positive roots, then 3’ is above [ if k] > k; for each .
In other words, ' is above ( if 3’ can be obtained from 3 by adding simple
roots.

A root system is reducible if it can be partitioned into two nonempty sets

such that each root in one set is orthogonal to all roots in the other; otherwise
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it is wrreducible. In an irreducible root system, the roots can have at most
two different lengths which we call short and long ([17], Lemma 10.4.C). If
all roots are the same length, we call them long and say that ¥ is simply
laced. Henceforth we will assume that ¥ is irreducible.

In an irreducible root system, there is a unique maximal element in the
partial order defined above; it is called the highest root. We will denote
the highest root by p. The highest root, p, is always a long root ([17],
Lemma 10.4.D).

When performing computations in root systems, it is frequently important
to know whether the sum (or difference) of two roots is again a root. The

following facts will be used repeatedly in such situations.

Fact 2.2. For 5,y € ¥, if (3,7) <0 then B+ is a root or zero. Likewise,
if (B,7) > 0 then 3 — = is a root or zero.

This is Lemma 9.4 in [17].

We will also use a partial converse to this:
Fact 2.3. If 3,7 are long roots and (3,7~) > 0, then B+ v is not a root.

Proof. Let r be the length of 3 and ~, then

(B,7) = QM = 2cos b,

(7,7)

where 6 is the angle between 3 and «y. By hypothesis, cosf > 0,50 0 < 6 <
7/2. The length of 8 + v is then 2sin(f/2)r > v/2r, so 3 + v cannot be a

root since it is longer than a long root. O]

The hypothesis that the roots are long is necessary as the sum of orthogonal
short roots may be a root; in the root system for the Lie algebra G, (see

Section 2.2), # + v may be a root even if (3,v) > 0.

Fact 2.4. If the sum (or difference) of long roots is a root, it is a long root.
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Proof. Since the negative of a long root is also long, it suffices to consider
sums of roots. Suppose 3 and vy are long roots; the angle # between them
must be one of 7/2, /3 or 27/3. If §+ 7 is also a root, # must be greater
than 7/2 by the previous fact; thus § = 27 /3. The length of § + v is then
2sin(m/3) = 1 times the length of 8 and ~, so it is long. O

2.2 Classification of root systems

The classification of simple Lie algebras possessing a Cartan subalgebra, due
to Killing ([19]) and Cartan ([6]), proceeds by the following reductions: such
a simple Lie algebra has an irreducible root system ([17], Proposition 14.1),
and an irreducible root system is determined by the configuration of a set of
simple roots ([17], Proposition 11.1).

The geometry of a set of simple roots can be described by giving the relative
lengths of and angle between each pair of simple roots. The angle 6 between
any two simple roots cannot be acute: suppose 3,7 were simple roots with
(B,v) > 0; then f — ~ would be a root (Fact 2.2), which is impossible
since 3 — 7 is neither a positive root nor a negative root. Thus the possible
relations between two simple roots are reduced to these cases: the roots may
be orthogonal, they may be of equal length with § = 27 /3, the ratio of their
lengths may be /2 with § = 37/4, or the ratio of their lengths may be v/3
with @ = 57 /6. These relationships may be encoded succinctly by means of
a Dynkin diagram. A Dynkin diagram is a graph with vertices representing
the simple roots. Orthogonal roots are not joined by an edge, roots with
0 = 27/3 are joined by a single edge, roots with § = 37 /4 are joined by a
double edge, and roots with § = 57 /6 are joined by a triple edge. In the latter
two cases, the edge is decorated with a wedge pointing toward the shorter
root. If the root system is irreducible, the corresponding Dynkin diagram is

connected.
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For example, the Dynkin diagram shown in Figure 2.1 describes a root
system with four simple roots; the two on the left being long and the other two
short. This is the Dynkin diagram for the root system [}, which corresponds

to a H2-dimensional Lie algebra.

O——O0=>=0—-20

Figure 2.1: The Dynkin diagram for the root system F}

By straightforward geometric arguments ([17], §11), all connected Dynkin
diagrams are shown to belong to four infinite sequences (corresponding to the
so-called classical Lie algebras) except for five exceptional cases. Conversely,
every such Dynkin diagram corresponds to an isomorphism class of simple
Lie algebras ([17], Theorems 12.1, 18.4).

The classical types are shown in Figure 2.2, where there are n vertices in

each diagram.

An O—o0---0 o Cn O0—o0---0 O

(n>0) 1 2 n2n1 n (n>2)1 2 n2 n-1 n
n-1

Bn O—o0---0 O Dh o—o--

(n>1)1 2 n2n1 n (n>3)1 2 n-3 n27o,

Figure 2.2: Dynkin diagrams for root systems of types A, B, C, D

The exceptional cases are shown in Figure 2.3.
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2
E6 o T o) F4 O——0=>=0—-"90
1 3 4 5 6 1 2 3 4
2
E7 o T o) G2 ==0
1 3 4 5 6 7 1 2
2
E8 o T o
1 3 4 5 6 7 8

Figure 2.3: Dynkin diagrams for root systems Eg, FEr, Eg, Fy, Go

2.3 Structure constants

The multiplication in an algebra over a field can be defined by choosing a
basis and writing each possible product of two basis elements as a linear
combination of basis elements. The coefficients in the linear combinations
are called structure comstants; they depend upon the choice of basis. A
good choice of basis will result in simple structure constants. For a split
semisimple Lie algebra, there is basis called a Chevalley basis for which the
structure constants become particularly simple.

For roots 3 and v that are not opposite, we define the structure constant
cp SO that [zg,2,] = cg x4y if B+ 7 is a root; if 3+ v is not a root, we
define cg, = 0. We will also find it convenient to define x5, to be zero in
the case that 3 + ~ is not a root.

A Chevalley basis for g consists of an element z3 in the root subspace
corresponding to 3 for each root [ and elements h; = [z,,,2_4,] for a; a
simple root, 1 < ¢ < rkg, such that the multiplication of these elements
satisfies the following ([17], §25.2):

i [hlvh]] = 0.
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o If 3,7 are roots and B+ v # 0, then cg, = —c_p,_.

o [r3,2_p] is a Z-linear combination of the h;, denoted by hgz. This
element satisfies [hg, x| = (7, ).

If the roots 3, y are long and 3+ is aroot, then cg, = %1 ([17], Proposition
25.2(c)).

Henceforth, we will always assume that the basis elements x3, h; are in a
Chevalley basis.

Theorem 4.1.2 in [7] provides the following information about the structure

constants:

Fact 2.5. Let (3,7, 9, € be roots in V.
(a) In all cases, cg = —Cyp.
(b) If B,7,0 are long roots such that 5+~ + 6 =0, then cg, = Cy5 = Cs..
(c) If B, are long roots, then cg, = —c_g,_».

(d) If B,7,6,€ are long roots such that 3+~ + d + € = 0 and no two are
opposite, then
CBCoe + Cy5C3.e + C53Cye = 0. (2.6)

For (b), (c) and (d) we have simplified the statements given in [7] by requiring
the roots to be long.

For the reader’s convenience, we prove these rules here.

Proof. Since cgTp4y = (g, 0] = —[T4, 2] = —Cy 3754, (a) follows imme-

diately.
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In (b), the sum of each pair of roots is again a root (e.g., f+ v = —¢), so

we have in particular that (0, 3) = (d,7) = —1. By the Jacobi identity,

0 = [z, [xy, To]] + x4, [x5, 25]] + [ws, [25, 24]]
= Cyo[2, T—g| + C5.p[T, Ty] + 545, T 6]

= C%(shﬂ + C(gﬁh,y + Cﬁﬁh(s.
Computing the Lie bracket of this expression with x5 yields

0 = cyslhg, xs] + cs,5lhy, 5] + o [hs, ]
= ¢y 5(0, B)xs + c55(0,7)xs + c5~(0,0)xs
= (=Cys = Cop + 205,) 5.
Thus —c, 5 — ¢53+ 2c3,, = 0; by permuting the indices, we also have —c; 5 —
cgy + 2¢y5 = 0. By subtracting, we find c3, = ¢,4; by again permuting the
indices, we have cg, = ¢y 5 = ¢5-
Although (c) holds more generally, for us it is a consequence of having

chosen to work in a Chevalley basis.

For (d), we again apply the Jacobi identity:
0 = [zg, [y, zo]] + [y, [25, T6]] + |25, [75, 5]
= Cy.8l8, Tyra] + Coplay, Torsl + Coy s, p4n]
= Cy,0C8y+8T—e 1 C5,8Cy,548T—c + C3yC5,8+7T—e;
where we have extended our notation slightly by writing, for example, cg 5
even though ~ + ¢ might not be a root; however, in that case the factor c, s

is already zero. When v + ¢ is a root, we have cg,+5 = c.g by (b); in the

other case, substituting one for the other is harmless. Thus we have
Cy,6Ce,8 T C5,8Ce T CpACes = 0.

Applying (a) to the second factor of each term and reordering the terms gives
the result. O
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2.4 Our situation

Our goal is to use root system techniques to define and describe an algebraic
structure (namely, that of a Freudenthal triple system) on a subspace of a
Lie algebra. The methods we use are inspired by Rohrle’s work in [24]. In
this section we describe restrictions that we require on the Lie algebra to use
his results and summarize the definitions and results that we will apply to
this situation.

Let F' be an arbitrary field of characteristic # 2,3, and let G be a simple,
connected linear algebraic group that is split over F', and let g be its Lie alge-
bra. As mentioned in Section 2.1, g then has a root space decomposition and
so belongs to one of the types given by the classification in Section 2.2. The
restriction on characteristic will be needed when we define the Freudenthal
triple system.

Let ¥ be the root system of g with respect to a fixed Cartan subalgebra b;
thus ¥ C hY. Also fix a set of simple roots in ¥, and let p be the highest
root in the resulting partial order on the positive roots.

The negative of the highest root, —p, can be added to the usual Dynkin
diagram for each root system to form an extended (or completed) Dynkin
diagram. Figure 2.4 shows the extended Dynkin diagrams for all the root
systems of simple Lie algebras; —p is represented by the unmarked vertex in
each diagram.

Except in type A, we see that —p (and thus p itself) is orthogonal to
all but one of the simple roots. In the remaining cases other than type
C, the unique simple root not orthogonal to p is long. Henceforth we will
assume g is not of type A or C, so there is a unique simple root « such that
(o, p) = —{a,—p) = 1 and « is a long root. We also need to assume that
the rank of g is at least 4, so we are thereby assuming that g is not of type
G (and also is not B;). In most of Chapter 4, we will also assume that g is

simply-laced and thus of type D or E.
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Figure 2.4: Extended Dynkin diagrams

For each € VU, the a-height of (5 is given by (0, p); equivalently, the a-

height of (3 is the coefficient of a when [ is expressed as a linear combination

_ 9B
= 2 (0sp)

on values from —2 to 2. In particular, (3, p) = 2 only if § = p; likewise,

(8,p) = =2 only if § = —p.
The a-height induces a grading on the Lie algebra g: We write g = g_o &

of the simple roots. Since (3, p) and p is long, it can only take

g1 D go D g1 D ge, where, for each k # 0, g is the direct sum of the root
subspaces for roots of a-height k; gg is the direct sum of the root subspaces
for roots of a-height 0 and of h. Equivalently, each g; contains all x € g for
which [h,, z] = kz. Since (8, p) = —2 (resp. 2) only when 3 = —p (resp. p),
we see that g_» and g, are one-dimensional, consisting of the root subspaces

corresponding to —p and p, respectively.
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The grading on g allows us to define several operations on the subspace g,
in a natural way. If we take the element x_, € g_, and form the Lie bracket
of it with some = € g;, the grading implies that the result [z,2_,] is in g_;.
If we again apply x, we obtain [z, [z, z_,]] in go. Continuing twice more, the
value [z, [z, [z, [r,z_,]]]] is in go; that is, it is a scalar multiple of z,. The

coeflicient of x, is thus the value of a quartic form ¢(z) defined on gs:

[I, [$’ [l’, [$7$—p]]]] = Q<w)xp'

Using the standard notation ad x for the map y +— [x,y], we can write this
more concisely as
(ad ) () = ql)a,.

Given the quartic form ¢(z), there is a corresponding fully-symmetric 4-
linear form ¢(x,y, z,w) defined by linearization. To specify the scalar factor,
we define ¢(z,z,z,x) = q(z) for all x € g;.

Since the Lie bracket of any two elements of g; lies in go, we can define
a skew-symmetric bilinear form (x,y) on g; by [z,y] = (z,y)x,. (We used
the same notation for a function of two roots; since this is a function of Lie
algebra elements, no confusion should result.) If we fix any three elements
x,y,z € g1, the expression ¢(w, x,y, z) is thus a linear form on w. The form
(—, —) will be shown to be nondegenerate (Lemma 3.1); thus there is a unique
element in g; which we denote by zyz such that q(w,z,y, z) = (w,xyz) for
all w € g;. We call zyz the triple product of x,y, z; since ¢ is a symmetric
4-linear form, the triple product is symmetric and trilinear.

By a result of Vinberg ([28], Proposition 2), if F' is algebraically closed the
Levi complement of a parabolic subgroup of the linear algebraic group G
acts on the unipotent radical of the parabolic subgroup with finitely many
orbits. Let G be the subgroup of G that corresponds to gy, more precisely,
the centralizer of h, in G. In terms of the Lie algebra, Gy, acts on g; and

actually partitions g; into finitely many orbits.
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In Theorem 2.6 of [24], Réhrle gives the number of Gy-orbits in g; for each
Lie algebra g satisfying our common hypotheses. For the Lie algebras FEjg,
E7, Eg, there are five orbits. Each orbit is represented by an element of
the form Zle xg, for k =0,...,4 where {1, B2, 05, B4} is a set of mutually
orthogonal roots of a-height 1 ([24], Theorem 4.8). We refer to these as
orbit 0 through orbit 4. We may, and frequently do, take 3; = «; indeed, the
sets of four mutually orthogonal roots of a-height 1 exhibited in Section 2.5
all contain a.

For Lie algebras of type D,,, each orbit has a representative as above, but
there are either two (n > 4) or three (n = 4) distinct orbits generated by
sums with two terms; that is, “orbit 2” is split into two or three orbits in this
case; we refer to each of them as a level 2 orbit. Similarly, for Lie algebras
of type B,, n > 4, or Fj there are two level 2 orbits.

For all of the types, orbit 4 is also represented by x,+2,- ([24], Corollary
4.4).

The semisimple part of Gy, which we denote by (Gg)®, also acts on g;; here
there are finitely many orbits in the projective space P(g;). These projective
orbits correspond to the nonzero orbits under the action of Gg. The action

of (Go)* is of interest because of the following fact.

Fact 2.7. The quartic form, skew-symmetric bilinear form and triple product

on g1 are preserved by the action of (Go)®.

Proof. The elements of (G()* act on g by Lie algebra homomorphisms, so
their action preserves the Lie bracket. For any basis element of the Lie
subalgebra of g corresponding to (Go)®, i.e., any xg where [ is a root of a-
height 0 or any h. where 7 is a simple root other than «, we have [z3,z,] =0
and [h., xz,] = 0 because p is orthogonal to every root of a-height 0. Similarly,
we also have [zg,2_,] = 0 and [h,,z_,] = 0. Thus elements of (G)* fix z,

and z_,. The quartic form and bilinear form we have defined on g; depend



21

only on the Lie bracket, z, and x_,, so both are preserved by the action of
(Gy)™; likewise for the triple product, which is defined in terms of the two

forms. O

By Théoreme 3.13 in Borel & Tits ([3]), the orbits are “nested” in the
following sense: the closure of any of the Gp-orbits is its union with all
smaller (i.e., lower level) orbits. In particular, the largest orbit, orbit 4, is
dense in g;.

The statements about orbits are made under the assumption that F' is
algebraically closed. In general, geometric statements about orbits will at
least be true over the algebraic closure of F. The algebraic consequences,
such as Fact 2.7 above, remain true for any F', since they involve polynomial
relations defined over F'. To avoid repetition in what follows, we make this
convention: all statements about orbits are understood to refer to the orbits
over the algebraic closure.

The preceding Fact and the nesting of the orbits provide us with a valuable
proof technique. To prove an algebraic relation holds on all of gq, it suffices
to show it for elements of the dense orbit. However, if the relation is defined
in terms of the quartic and bilinear forms and the triple product and is
preserved by scaling, it suffices to show it only for a single representative of
the dense orbit, such as x, + x,_,; then the action of (Gy)* combined with
scaling guarantee it holds for the entire orbit. Similarly, if we show some
scale-independent relation of the forms holds for a representative of a given
orbit, it holds for the entire orbit and the smaller ones in its closure; if the

relation fails, it cannot hold anywhere in that orbit or any larger one.

2.5 Roots of a-height 1

In much of the sequel we will be concerned with roots of a-height 1 and the

root subspaces F'xzg where 3 is such a root. Indeed, the direct sum of these
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root subspaces, the space we have called gy, will prove to be (Theorem 3.26)
the Freudenthal triple system of the title. Here we establish a few useful
facts about these roots.

We begin by considering the map § — p— (3 where 3 is a root of a-height 1.

This map preserves many properties of roots of a-height 1.

Fact 2.8. If 3 is root of a-height 1, then p — [ is also a root, is also of
a-height 1, and has the same length as 3. If B and v are orthogonal roots of
a-height 1, then p — 3 and p — 7 are also orthogonal.

Proof. We have (3,p) = 1, so p — (3 is a root by Fact 2.2. The a-height of

p—0is {(p—0B,p) = (p,p) — (B,p) =2—1=1. The highest root p is long,
so if § is long, then so is p — 3 by Fact 2.4. If 3 is short, p — § cannot be
long, for we then have that p — (p — ) = (3 is long.

If (3,7) =0, then

2

(p—ﬁ,p—ﬂ:m(p—ﬁ,p—v)
= {00 = (1) = (B) + (3.7)
= 2o ()~ (5.1)
~ —(5: Z)— 7) @-1-1)
= 0. ]

Fact 2.9. If (1, 02, B3, B4 are mutually orthogonal roots of a-height 1, then
B1+ B2+ B3 + 01 = 2p.

This is Corollary 1.4 in [24].

Proof. Since 1 has a-height 1, p — 3; is a root. Since (5 is orthogonal to 3,
(p— D1, B2) = (p, B2) — (B, B2) = (p, B2) = 1,80 p— 1 — (2 is also a root. In



23

the same way, p — 31 — B2 — (3 and, finally, p — 81 — P2 — (B3 — B4 are roots;
since the latter has a-height —2, it must be —p. O

Fact 2.10. If four roots of a-height 1 are mutually orthogonal, then they are

all long roots.

Proof. Call the roots 31, B2, (3, B4. By Fact 2.9, 81 + B2 + (85 + B4 = 2p; since

the roots are mutually orthogonal we then have

A(p, p) = (2p,2p)
= (B1+ B2+ B3+ Bu, b1 + Bo + B3 + Ba)
= (B, 1) + (B2, B2) + (B3, B3) + (Ba, Ba).

Since p is long, (5;, 3;) < (p,p) for each i, 1 < ¢ < 4. Thus we must have
(Gi, Bi) = (p, p) for each i; that is, each root is long. O

Rohrle remarks that sets of four mutually orthogonal roots of a-height 1
are easily exhibited for the Lie algebras we are considering, but does not
give explicit examples. For completeness, we do so here. The verification is
simplified by the observation that, once we have three such roots, we get the

fourth “for free”.

Lemma 2.11. If 3, v and § are three mutually orthogonal long roots of a-
height 1, then e = 2p — 3 — vy — 0 s a root of a-height 1 that is orthogonal to
B, v and 6.

Proof. By Fact 2.8, p — 3 and p — v are orthogonal long roots of a-height 1.
Since (p —7,9) = (p,0) — (7,0) =1 —-0=1, p—~ — § is a root. We then
have
(p=7=0p=P)=(p—"rp=0)=(0,p=0)
=0+ (8—p,0)
=0-1
— 1

Y
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soe=(p—v—9)+ (p— ) is a root. We check that

(6,8)=02p—8—7—0,0)
=2(p,B) — (B, 8) — (7, 8) — (3, 8)
=2-2-0-0
:07

so € is orthogonal to [; by symmetry, it is orthogonal to v and § as well. [

Types B,, and D,, are similar, so we handle them simultaneously. They

have the following in common, which are all the facts we will need:

e The roots ai, as, ag are all long (since we are assuming n > 4 in the

B, case).
e The root @ = g, so (a2, p) = 1 and (a1, p) = (ag, p) = 0.

e The root as is joined by a single edge to each of a; and a3 in the Dynkin
diagram, but ay and a3 are not joined; that is, (o, as) = (a3, ) = —1

and (aq, asz) = 0.

We claim that the following are mutually orthogonal long roots of a-height 1:
a=aqy f=a1+ast+az, ¥y =p—a;—as, 6 = p—as—ag. First, we see that
the first three are roots: « is a simple root; (a1, ag) = —1 implies that a; +aq
is a root, and (a1 +ag, ag) = (g, az) + (ag, ag) = 0+ (—1) = —1 implies that
B is aroot; p— g is a root by Fact 2.8 and (p—as, a3) = (p, as) — (ag, az) =
0 — (—1) = 1 implies that 7 is a root. Each of the three is of a-height 1, and
is long by Fact 2.4. Since o+ 3+ v+ = 2p, by Lemma 2.11 it now suffices
to check that the first three are mutually orthogonal:

(B, ) = (a1, a2) + (a2, ) + (a3, a2)
=—-142-1
=0.
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(v, @) = (p, ) — (a1, az) — (2, a)
=1—-(-1)—-2
= 0.

(v, 8) = (p, B) — (a1, B) — (a2, 3)
= (8,p) — (B, 1) — (B, q)
=1— ({aq,0q) + (ag,aq) + (a3, a9)) — 0
—1-(2-1+0)
= 0.

In the four remaining cases (Eg, E7, Fs and Fj) we simply list suitable
sets of four mutually orthogonal roots of a-height 1 (Table 2.1). We use the
compact notation of [4] for the roots; for example, 1220 means oy +2as +2a3.
In each case, « is one of the roots used; we also include the value of p for

reference.

Ee Er Es Fy
122321 | 2234321 | 23465432 | 2342
010000 | 1000000 | 00000001 | 1000
112221 | 1224321 | 23465421 | 1242
111210 | 1122100 | 11232221 | 1220
011211 | 1122221 | 12233221 | 1222

STRES U R e

Table 2.1: Sets of four mutually orthogonal roots of a-height 1

2.6 Summary

Table 2.2 is a partial list of notations and definitions from this chapter in-

cluded for ease of reference.
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a field of characteristic # 2,3

a simple, connected linear algebraic group, split over F,
not of type A or C, with rank > 4

the Lie algebra of G

the Lie bracket in g

a fixed Cartan subalgebra of g

the roots of g with respect to b

the inner product on the roots (or on h")

,8.%)

(7:7)

elements of a Chevalley basis for g

the structure constant defined by [x3, 2,| = cg,T54+

a fixed set of simple roots of ¥

the highest root with respect to the «;

the unique simple root not orthogonal to p

parts of a grading of g

the quartic form on g; defined by (ad z)*(x_,) = ¢(z)z,
the linearization of ¢(z) given by ¢(z,z, x,x) = q(x)
the bilinear form on g, defined by [z,y] = (z,y)z,

the triple product on g; defined by q(w, z,y, z) = (w, xyz)

Table 2.2: Summary of principal notations and definitions
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Chapter 3

General Results

In this chapter, we present results that apply to all the types of Lie algebras
we consider (viz., types B, D, E and F); the next chapter will contain results
that apply only to some types or just to a specific Lie algebra.

In the previous chapter, we established a Z/5Z-grading on the Lie algebras
in question and used it to define a quartic form and a bilinear form on
the grade 1 elements. We repeat the definitions of these forms and establish
their basic properties in section 3.1. After characterizing the so-called strictly
regular elements (section 3.2), we will verify that g; is a Freudenthal triple
system (section 3.3). Finally, we show how to explicitly compute the quartic

form in the simply-laced case (section 3.4).

3.1 The bilinear and quartic forms

In this section, we define a bilinear form and a quartic form on the space
g1 and establish basic facts about them. For later use, we also compute the
value of the quartic form and its associated 4-linear form on some special

arguments.

The bilinear form on g; is defined in a natural way. Given any x,y € g1,
the Lie algebra product lies in g, = Fx,, so we define the bilinear form (z, y)
to be the resulting coefficient of x,; that is, (z,y) is given by [z,y] = (z,y)z,.

This form is clearly skew-symmetric.
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Lemma 3.1. The bilinear form (—,—) on g1 is nondegenerate.

Proof. The elements xg with 3 a root of a-height 1 form a basis for g;.
Consider the matrix of the form with respect to this basis; the entries are
of the form (xs,x,) with 3,7 roots of a-height 1. Such an entry is zero
unless [xg,z,] is a nonzero element of Fx,; that is, unless 3 + v = p. By
Fact 2.8, p — (8 is a root of a-height 1; hence each row and each column of
the matrix contains exactly one nonzero entry. Such a matrix (sometimes
called a monomial matriz) can be written as the product of a diagonal matrix
with nonzero entries on the diagonal and a permutation matrix, hence it is

invertible. Thus the form is nondegenerate. [

The definition of the quartic form is also straightforward. Since z_, is an
element of g_,, for any x € g; the value [z, [z, [z, [z, 2_,]]]], or, more briefly,
(adx)*(z_,), is in go. Thus we may define the quartic form ¢(z) for = € gy
by (adz)*(z_,) = q(z)z,. This in turn gives rise to a fully symmetric 4-
linear form ¢(z,y, z, w) defined by setting q(z, x,z,x) = g(x) and extending

by linearization.

Lemma 3.2. Let (31, 32, 083, B4 be roots of a-height 1. The value of the 4-

linear form q(xp,, xp,, xp,, xp,) is given by

q(xﬁl’ LBas L3, xﬁz;)xp =

1
A Z (ad LBy © ad L2y © ad L3 © ad xﬂw(z;))(x—/))?
" wESy

where Sy is the symmetric group on {1,2,3,4}.

Proof. Let X\, u,v be indeterminates. By the definition of the quartic form,

we have

q(xg, + Ao, + pag, +vag, )z, = (adxg, + Avg, + pag, +vag, ) (v,).
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Replacing the quartic form on the left-hand side by the equivalent 4-linear
form and expanding this expression by linearity, the resulting coefficient of
v s 24q(zs,, s, ©p,, Tg,)%,. On the right-hand side, the coefficient of
Apvis Yo g (adzg  oadag , oadwzg , oadxg , )(r-,). Equating the
coefficients yields the result. O]

Corollary 3.3. Let 31, (32, 33,34 be roots of a-height 1; then the 4-linear
fOTm q(xﬁuxﬁzu LB3s xﬁz;) = 0 whenever B + B2 + B3 + B4 7é 2p.

Proof. If the summand (adzg_, oadzg , oadzs , oadwzg, , )(z-,) in the
previous lemma is nonzero, it must be some multiple of z,. By Fact 2.1, that

means we must have $y + B2 + 3 + B4 + (—p) = p. The result follows. [

To establish that the quartic form is nonzero, we will use some of the facts
that were given in Section 2.3 about the structure constants that define the
multiplication in g; the reader may wish to review them. These facts allow

us to compute the value of the 4-linear form on some special arguments.

Lemma 3.4. If 8 is a long root of a-height 1, then

q4(zg, 25, Tp—p, Tp-p) = 1. (3.5)
Proof. By Fact 2.8, p— (3 is also a long root of a-height 1, so the 4-linear form
is defined on the specified arguments. We begin by finding ¢(xzg + Az,—g),
which is given by (adzs + Az,—g)*(x—,) = q(xs + Ax,—5)x,. The left-hand
side can be calculated by repeatedly applying adzs + Az,_g. For the first
step,

(15 + Az, 2 p] = C3.-pTp—p + ACpp—pTp,

where the structure constants are not zero since  — p and —f are roots.
Writing a for cg_, and b for c¢,_g_,, we continue, keeping in mind the mul-
tiplication rules for a Chevalley basis given in Section 2.3. For the second

step, we have

[T+ Az ,_p, axs_, + Abx_g] = Aah,_z + Abhg;
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the other terms are zero since 203 — p (resp. p — 2(3) is not a root; indeed,
(B —p,B) =1, so Fact 2.3 applies.

The remaining two steps are as follows:

[25 + AT,_s5, Aah,_g + Abhg] = —2\%az, 5 — 2\bxg + Aazg + \*bz,_g,
(25 + Az, 5, —2X%ax, g — 2M\bas + Naxs + Nbx, 5] =
3\%cs, (b —a)z,.

Since 3, —p and p— 3 are long roots that sum to zero, we can apply Fact 2.5 to
find a = cp,—p = cp—pp = —Cgp—p and b = c,_3_, = c3 -3 = —a. Since the
structure constant cg,_g is £1, the result is 6A\*c} ,_; = 6A%. On the other
hand, the term in A? resulting from expanding g(z + Az,_s) by linearity is

6)\%q(z5, 25, 2,5, %,—p), SO We have

9(p, 2, Tpp, Tp-p) = 1,
as required. O

Since there is always a long root of a-height 1 (e.g., « itself), we have
established that the 4-linear form and thus also the quartic form are not
identically zero. In particular, taking 5 = « and A = 1, we have ¢(z, +
Tp_qa) = 6.

In the next section we will also need to know that the 4-linear form is
nonzero in another special case. We show this after the following lemma,

which is a fact about structure constants that will also be used in Section 3.4.

Lemma 3.6. Let 3 and v be two orthogonal long roots of a-height 1. FEach
of B—p, v—p and p— 3 — is a root; each of the structure constants cg—,,

Cy,B—ps CB,—ps Cy,—p 45 E1 and their product is 1.

Proof. By Fact 2.8, p — 8 and p — ~ are long roots, so their negatives are as
well. Since  and v are orthogonal, (p — 3,7) = (p,7) = 1,80 p— [ — 7 is
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a root; by Fact 2.4 it is long. Since these are roots, the specified structure

constants are nonzero; since all roots involved are long, they are £1.

We apply (2.6), replacing (3,7, 9, e with p — 3 —~, 3,v, —p to yield
Cp—B—4,8Cy,—p T CByCp—p—y,—p T Cy,p——C8,—p = 0.

As 3 and v are orthogonal long roots, 3 + v (likewise —(3 — ) is not a root;

thus the structure constants in the middle term are zero. Thus we find

Cp—B—7,8Cy,—p = T Cx,p—B—7CB,—p-

By Fact 2.5, we have ¢, 515 = ¢aqyp and ¢y ppy = Copy = —Cyp;

substituting these yields

CBy—pCrvi—p = Cv,8-pCB,—p-
Since each side is £1, the product of all four structure constants is 1. O

Lemma 3.7. If 8 and v are two orthogonal long roots of a-height 1, then

1

(T8, Ty, Tpppy Tp—y) = T 9B —pCr—p # 0. (3.8)

Proof. By Lemma 3.2, there are 24 terms to consider. We divide them into
three classes.

Class 1: These are the terms in which the first two elements applied to z_,
are xg and x,_g, in either order, or, likewise, x, and x,_. The result in g
is thus in h. By Fact 2.8, since § and v are orthogonal, so are p — 8 and
p — . As a result, half the terms in this case are zero; e.g., [x,_g, [z, 2_,]]

is a multiple of h,_g, and [z,—, hy,—g] = (p — B, p — 7)z,—y = 0. There are
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eight terms in all:

~Cy,0—7Cp—B,—pTps

[ il
[ 1
[ il
[ il
[ [T, [T, [28, 2 p]]I] = —CpyyC8,-pTp;
[ 1
[ 1
[ 1

Tp—ps [ﬁ,@v [xp—w [xw T—plll] = —Cp—B,8Cy,—pTp;
28, [Tp-p, [T [Tpmrs Tpl]]] = —CBp-Co—,—pT)p-
By Fact 2.5, we have ¢, _, = ¢,—yy = —Cy,p—y = —C,—~,—p, and, replacing ~y
with 3, cg_, = c,—p3 = —C3,p-3 = —Cp—p,—p. Thus each of the four nonzero

terms computed above is equal to —c, _,c3_,7,.
Class 2: Here the terms are those in which the first two elements applied
tox_, are xg and x,_-, in either order, or, likewise, ., and z,_g. Since 3 —+

(resp. v — [3) is not a root, each of these eight terms is zero:

8
A
®
=
2

8
3
2
)
2

&
s

Lp—ys L—p

S o o o o o o o

S v v S v S " S o— . —)
U v e " o— . — . —
S v v v S " S e— . —)

Class 3: The remaining terms are those in which the first two elements

applied to x_, are g and x, in either order, or, likewise, z,_, and z,_g.
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Since 3 + v — p is a root by Lemma 3.6, the result in gy is nonzero and
not in h, so we compute each term by simply accumulating the structure
constants. Here are the eight terms with the results simplified by use of the

properties of the structure constants:

[y, (29—, [T, [28, T p]l]] = oy yCp—p,847—pCy,8-pCB,—pTp
= Cy,—pC—ry,p—BC~,3—pCB,—pLp

= T Cy,—pCB,—pTp;

[y, [26, (2o, [2o-p, T p]I]] = C3,0-+CB,0-5—7Cor,~BCo—B,-pT0
= CopyCy—p,8Cp—,~BC~p,6Lp

= T Cy—pCB,—pTps

[Zp—5; [Tp—ys [T, [T, T, ]]]] = Cop,8Co—,847—0Cr,8—0CB,—pTp
= CB,—pC—B.p—Cr.p—pCB,—pTp

= —CB8y—pCy,8—p;

(28, [2y, (2o, [To—p, T ]I]] = €8,p-8C,p—8-7Cp—y,~8Co-B,~pTp
= CB,p=BCB—pyCp—,~BCBp—BLp

= —CB8y—pCy,8—p>

[Tp—; [Tp—ys [T, [T, T, ]]]] = Cop,8Co 7 14B-0CBA—0Cr—pTp
= CB8,—pC=Bo—CBr—pCy.—pTp

= TCB8.—pCy,—pTp;
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28, [xw [xp_g, [xp—w I—pm] = C8,0—BCy,p—y—BCp—B,—vCp—v,—pLp
= C—p,8C8—pyCp—B,—C—pyLp

= —C8,—pCy,—pTp>

[Zp—, [2p—p, [28, [Ty, Tp]]]] = CoryyComBy+B-pCBA—pCr.—pTs
= Cy,—pCry,p—BCBy—pCy,—pTp

= T C.6-pCBy—p>

[y, [5, [2o-5, (Lo, T p]I]] = C30—+CB0—y—BCo—B,~7Cp—r,—pTp
= Cy,p—yCy—p,8Cp—B,—vCv,p—vTLp
= 7Cy,8-pCBy—p-

These eight terms thus consist of four terms equal to —cg ¢4, —,2, and four
equal to —cgy—,Cy.8-pTp.
Combining all the terms, we have

1 1
Q(Tp, Ty, Tp-py Tp—y) = T 3By T B Gy B—p)
but it follows from Lemma 3.6 that the two products of structure constants

are equal. Thus we have

1
(T, Ty, Tpppy Tpy) = — 5 6B=pC—p-

In particular, it is not zero. O

3.2 Strictly regular elements

We recall the definition of the triple product on g;. For any fixed x,y, 2z € g1,
the expression q(w, z,y, z) with w € g; is a linear function of w. Since the

skew-symmetric bilinear form (—, —) is nondegenerate (Lemma 3.1), we may
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define the triple product of x,y, z to be the unique element xyz of g; such
that ¢(w, z,y,z) = (w,zyz) for all w € g;.

Following Ferrar ([11], §3), we call a nonzero element « € gy strictly reqular
if zxy € Fx for all y € gy. In this section we will give several equivalent

characterizations of strictly regular elements.
Lemma 3.9. The basis element x,, is strictly reqular.

Proof. Let 3,v be roots of a-height 1. By Corollary 3.3, if (z,, zaz02g) =
q(%~, To, To, ) is nonzero, then 2ae + 4 v = 2p. Since the simple root o
has height 1, this implies ht(5 4+ v) = 2ht p — 2. As p is the unique highest
root, 3 and ~ have smaller heights than p, so this can only occur if both
have height ht p — 1. Since the only simple root not orthogonal to p is «, the
only root of that height is p — o, and (., xoz42g) is therefore zero unless
B8 = v = p— a. The orthogonal complement of any z,x,y thus includes
the space generated by all the x.,, v # p — a. Since this is the orthogonal

complement of x,, we have z,z,y € Fz,. O
Corollary 3.10. For any long root 3 of a-height 1, xg is strictly reqular.

Proof. Since the property of being strictly regular depends only on the triple
product, it is preserved by the action of (Gg)* by Fact 2.7. It is also preserved
by scaling, so it is preserved by the action of Gy. By Lemma 2.1 in [24], all
the elements x5 with 3 a long root of a-height 1 are in the same Gy-orbit,

so they are are all strictly regular since x,, is. O]
Lemma 3.11. Let x € g1 be such that xxy =0 for all y € g1; then x = 0.

Proof. The set of all z such that xzg; = {0} is invariant under the action
of G on gy, so it is a union of Gy-orbits; it is also closed (in the Zariski
topology). Thus it suffices to show that zxg; # {0} for a representative x

of the smallest nonzero orbit (i.e., orbit 1); this follows if there are y, z € g;
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such that ¢(z,x,y, z) # 0. A representative of the smallest nonzero orbit is

T =, we let y =2z =12, ,. By (3.5), we have ¢(z,z,y,2) = 1. O

Lemma 3.12. Let «, 3,7, be mutually orthogonal roots of a-height 1; then
(o, T3, Ty, 5) # 0.

We will give an explicit expression for this value in Proposition 3.35.

Proof. Since z + xg + 2, + x5 is a representative of the dense orbit and ¢ is
not identically zero, ¢(x,+23+x,+x5) # 0. Expanding the corresponding 4-
linear form, we obtain five kinds of terms, corresponding to the five partitions
of 4:

e Those with four equal arguments, e.g., q(zs, g, ¥g,23). Since 20 is
not a root, we cannot have 43 = 2p, so this expression is zero by

Lemma 3.2.

e Those with exactly three equal arguments, e.g., ¢(xg, x5, 3, z,). Since
a, 3,7, 06 are mutually orthogonal, they are long by Fact 2.10. Thus z
is strictly regular (Corollary 3.10), so this expression is (x., zgzgrg) =
M@, xg) for some A € F; but (z.,, z5) = 0 because v+ (3 is not a root.

Thus these terms are also zero.

e Those with two pairs of equal arguments, e.g., ¢(zg, xg, ©, ;). The
sum of the orthogonal long roots 5 and v is not a root; in particular it

is not p. Thus 23 + 2v # 2p, so this expression is zero.

e Those with exactly two equal arguments, e.g., ¢(zg,23,2,25). By
Fact 2.9, a+ G4+ v+ § = 2p; thus 28 + v+ 6 # 2p, so those terms are

Zero.

e Those with four unequal arguments, e.g., ¢(xq, g, T, Zs), which by

elimination must be nonzero. O
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Proposition 3.13. The strictly reqular elements of g1 are those contained

in the smallest nonzero orbit.

Proof. The set of strictly regular elements is a union of orbits; its union with
0 is a closed set. Since z,, is a representative of the smallest nonzero orbit and
is strictly regular by Lemma 3.9, all elements of the smallest nonzero orbit
are also strictly regular. It thus suffices to show that representatives of level 2
orbits are not strictly regular. Let «, 3,7, 0 be four mutually orthogonal roots
of a-height 1. We take z, + x3 as a representative of a level 2 orbit.

We compute

(x5, (xo + 28) (T + 25)T4) = q(Ta + Tg, To + X8, Ty, Ts)
= Q(Iom Loy Lry, 356) + 2(]([130“ TpyLry, *I(S)
+ Q<'r,37 T3, Tn, I5>

= QQ(:COU T3, Ly, 1’5)7

the other terms being zero since a +a+y+4d and S+ 3+ 7+ 0 cannot equal
2p since a+B+v+4d = 2p by Fact 2.9. By Lemma 3.12, the result is nonzero,
so in particular the triple product (x, + z3)(z4 + )2, is not orthogonal to
xs. However, (x, + 23,25) = (To, Ts) + (T3, 25) = 0 since neither a + § nor
B+ 4 is a root. Hence the triple product (z, + 23)(z4 +25)z, is not a scalar
multiple of x, + z3; thus z, + 2 is not strictly regular. O

Lemma 3.14. The strictly reqular elements span g;.

Proof. By Proposition 3.13, orbit 1 consists of strictly regular elements. The
span of orbit 1 is invariant under the action of GGg; thus it is a union of orbits.
Both z, and z,_, are in orbit 1, so x, + x,_, is in their span, but is also a
representative of the dense orbit. Thus all of the dense orbit is in the span
of orbit 1. Since the dense orbit is not contained in a proper subspace, the

span of orbit 1 is all of g;. O
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An element x € g, is rank one if zxg, is a one-dimensional vector space

over F.

Proposition 3.15. An element x € gy is strictly reqular if and only if it is

rank one.

Proof. Suppose z is strictly regular. By definition, xxg; is contained in the
one-dimensional space Fx. In the case ©r = x,, we know x,x,8; is not zero
because (T,—a, TaTaZp—a) = ¢(Tp—a) Ta, Ta, Tp—a), Which is 1 by (3.5). The
condition that xxg; is not zero is invariant under the action of Gy, so it holds
for all of orbit 1.

As in the proof of the previous proposition, let «, 3,7, be four mutually
orthogonal roots of a-height 1, and choose x = x, + 23 as a representative of
a level 2 orbit. Since the set of rank one elements is a closed union of orbits,

it will suffice to show that x is not rank one. We have

<xp—ﬁv xxxp_a> = q(Tp—p,Tas Tay Tp—a) +
C](«'Ep—ﬂ, T3, T3, xp—a) + 2q($p—/37 Loy, L, xp—a)
= 2q(Tp-p; Ta, g, Tp—a)

70,
by Corollary 3.3 and (3.8). However,
<$P—57 ZEII,Y> - q(‘rp—ﬁv Loy Loy xw) + q<£P—f5’7 LB, L3, J:’Y) + 2(](1’,)—,8, Loy L3, x’)’)
-0,

where we know the first term is zero because it is (z,_3, za%o2,) and the
triple product is a scalar multiple of x,; the other two terms are zero by

Corollary 3.3. On the other hand, we know that xzz, is nonzero since

<.Z’§, xxxﬁ = Q(x(S; Loy Lo, 'T’y) + Q<I67 XT3, T3, ,T7> + 2(](135; Loy g, x’y)

= 2Q<xaa T3, Ly, 1’5),
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where once again the other terms are zero by Corollary 3.3; the remaining
term is not zero by Lemma 3.12. Thus zzx,_, is not orthogonal to z,_g3
but xxw, is; hence they do not lie in the same one-dimensional subspace.

Therefore z is not rank one. O

The following result allows us to compute the triple product and the 4-
linear form if two of the arguments are the same strictly regular element. It

will be useful in several proofs and computations.

Lemma 3.16. For x strictly reqular and any y, z € g1,

zxy = (Y, x)x, (3.17)
q(z,x,y, 2) = (y,z)(z, ). (3.18)

Proof. Since x is strictly regular, for any y € g; we have zaxy € Fx. If
(y,x) = 0, then for any z € g; we have (z, xzxy) = q(z,z,x,y) = (y, xxz) = 0,
thus zzy = 0. Define f : g — F by zxy = f(y)z; then f is a linear form
and f(y) is zero whenever (y,z) is zero. Thus f(—) is a scalar multiple of
(—, ).

By Proposition 3.13, x is in orbit 1; by Lemma 3.9, so is z,. Hence there is
some element g € (Gy)*™ such that g - x = cz,, for some ¢ € F*; by Fact 2.7,
the action of g stabilizes the bilinear and 4-linear forms. Let 2’ = g~' - 2,_4;
since the bilinear form is preserved, we have (2',x) = (2,_q, cxo) = £c. We
can now compute ¢(z,x,z’,2’) in two ways. On the one hand, since the

4-linear form is preserved, we have

Q(x7 xz, 17/7 ZL’/) = Q<CIaa Clay Tp—ay mp—a)
= CQQ(xaa Tay Tp—as xpfa)
=c? (by (3.5))

= (2, z)?.
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On the other hand, it is (', zza’) = (2/, f(2")z) = f(a'){a’,z). Thus f(z') =
(«',x), and therefore f(y) = (y,x) for any y € g;.

By the definition of f, we now have zxy = (y, x)x for all y € g;. Further,
for any z € gy we have q(z,x,y, 2) = (z,zay) = (y,z)(z, x). O

Lemma 3.19. Let 3,7 be roots of a-height 1. The triple product xgxzx., is
zero unless 3+ v = p.

Proof. Since x4 is strictly regular (Corollary 3.10), (3.17) gives zgxgr, =
(y,x8)x3. As (X, xs) is zero unless § + v = p, the result follows. O

Lemma 3.20. If 31, 52, B3 are roots of a-height 1 such that xg xg,28, # 0,
then By = 2p — B1 — B2 — (3 s a root and xg,v8,25, € Fx,_g,.

Proof. By Corollary 3.3, if (x,,, x5, 28,23,) = q(xy, 23, 2p,, ;) # 0 for some
root 1 of a-height 1, then we have n+ (31 4+ 82+ 33 = 2p. Since, by hypothesis,
the triple product is nonzero, there must be some such 7 and it must be
By = 2p — B1 — B2 — PB5. For any basis element z, of g; other than zg,, we
have ¢(x,, xg,, 2g,,v3,) = 0; therefore the triple product is orthogonal to all

basis elements other than xg,. Thus it is a scalar multiple of x,_g,. O

Proposition 3.21. An element x € gy is strictly reqular or zero if and only

if vex =0 and x = xxy for some y € g;.

Proof. First, assume that z is either strictly regular or zero. If x = 0 then
rxrxr = 0 and zaxy = x for any y € g;. On the other hand, if x is strictly
regular, then (3.17) gives zzx = (x,z)x = 0. Furthermore, by Lemma 3.11,
xxy is not identically zero, but it is in Fx since x is strictly regular. Thus
xxy takes on all values of Fz, including x itself.

The set of elements = for which zxx = 0 is a closed union of Gy-orbits; for
the present we will show that it does not include orbit 3. Let (3, 32, 03, b4
be mutually orthogonal roots of a-height 1, and take x = xg, + x5, + 23, as
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a representative of orbit 3. We have xxx = 6xg,v4,73, since the other terms
vanish by Lemma 3.19. Thus we have (xg,,zxz) = 6q(rs,,%s,, Tp,, Tg,),
which is not zero by Lemma 3.12. Hence zzx # 0.

Thus if zzx = 0 then x is in the closure of the level 2 orbits; so we need
only show that if x is in a level 2 orbit then there is no y € g; such that
x = zxy. We take v = x3 + 2, as a representative of a level 2 orbit, where

(3,7 are orthogonal roots of a-height 1. For any root 1 of a-height 1, we have
TXXy = TRTRTy + TyToyXy + 2T3T~Ty).

Since xg is strictly regular, the first term lies in Fxg and is zero unless
n = p— [ (Lemma 3.19); likewise, the second is in Fz., and is zero unless
n = p — . If the final term is a nonzero element in the span of x5 and z,,
then 7 must be p — v or p — 8 by Lemma 3.20. Thus z,_g and z,_, are
the only basis elements of g; that can yield a triple product with nonzero
coordinates for xg or z,. Hence if there is some y such that zzy = 25 + z,,
then there is such a y in Fa, 3 ® Fx, .

Write y = ax,_g + bx,_; then we have
TXY = aTBTRTp—3 + DTy Ty + 2008047, 5 + 200327, .
Define a;; for 1 <14, j <2 by the following relations:

TTplp—p = A1123,
2T3TTp—ny = Q127 3,
23T Tp— = A21T~,

LylyLp—ry = A22Ty,

SO we may write

rTY = [Qjﬁ ZL‘.Y} [an a12] [Z] (3.22)

Q21 A22
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We compute

a11(Zp-8, Tp) = (Tp-p, T4TATp—p)
= q(Tp—p, T8, T3, Tp—p)
=1
by (3.5). Since (x,_g,23) = c,—p3 = 1, we have a1 = ¢,_g3 = c3_, by
Fact 2.5(b). Similarly,
A22(Tp—rys Ty) = (Tprys Ty Ty Tpry)
= (Tpry, Ty, Ty, Tpy)
thus age = ¢,y = Cy,—p.
For as;, we have
21 (Tpry L) = (Tp—r, 202485 )
= 2q(Tp—v, Tg, Ty, Tp—p)
= —CB,—pCy,—p
= —C8,—pCp—ryy
by (3.8). Thus agi1¢,—yy = —Cg,—pCp—ry, SO a21 = —cCp,_,. Similarly, for ais,
a12(Tp-p, T3) = (Tp—p, 22T T )
= 2q(Tp-p, T3, Ty, Tp—s)
= 7Cy,—pCB,—p
= —Cy,—pCp—8,5-

Thus a12¢,p,5 = —Cy,—pCp—pp, SO Q12 = —Cy,—p.
Thus the 2 x 2 matrix in (3.22) is

[ CB,—p _C%—p] _ [ 1 ] [65 i
P V=P | 7
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a rank-1 matrix. Therefore zzy is a scalar multiple of 3 — x,. This cannot

be x5 + x, as required. O

Lemma 3.23. Fach element in the dense orbit of g1 can be expressed as the

sum of two strictly reqular elements in one and only one way.

Proof. Since the action of (G)* and scaling by elements of F'”* both preserve
strictly regular elements, it suffices to prove this for any representative of
the dense orbit. We choose © = x, + 7,_, as the representative, which
immediately establishes the existence of an expression as the sum of two
strictly regular elements.

Suppose r = u+v with u, v strictly regular. The triple product zzx is thus

(u~+v)(u+v)(u+v) = uuu + 3uuv + 3uvy + Vo
= (u,u)u + 3(v, u)u + 3(u, v)v + (v, v)v
= 3(v,u) (u —v);

in particular, this is true if v = x, and v = z,_,, so we have shown that
3(v,u)(u —v) = 3(Tp_q, Ta)(Ta — Tp_a)- (3.24)
The quartic form ¢(z) = (z, xzz) is thus

(u~+ v, 3{v,u)(u —v)) (v, u)(—(u,v) + (v, u)

<U7u>2;

I
o w

again, this must be the same as 6(z,_, Zo)?. Thus (v,u) = £(x)_a, s ), SO
(3.24) yields v — v = £(xq — )_o). Combined with u +v =z, + z,_4, one
choice of sign yields u = 24, v = z,_4, and the other u = x,_,, v = 4, S0

the choice of u and v is determined up to order. O
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3.3 Freudenthal triple systems

In this section we verify that g, equipped with the quartic and bilinear forms
defined above is in fact a Freudenthal triple system, a term which we now
formally define. A Freudenthal triple system is a finite-dimensional vector

space V over a field F' (with characteristic not 2 or 3) such that

e There is a nonzero quartic form ¢ defined on V. A corresponding 4-
linear form, also called ¢, is given by linearization, with ¢(x,z,z,z) =

q(z) for all x € V.

e There is a nondegenerate skew-symmetric bilinear form (—, —) defined
on V. Thus for given x,y, 2z € V we may define the triple product xyz
to be the unique vector in V' such that ¢(w,x,y, z) = (w,zyz) for all

we V.

e The triple product satisfies the following identity:

2(zxx)ry = (y, x)rax + (y, xxz)x. (3.25)

Definitions of Freudenthal triple system in the literature vary. For example,
in [11] the coefficient 2 on the left-hand side of (3.25) is omitted; in [26] the 2
becomes a 6 and the triple product is defined so that 8q(w, x,y, z) = (xyz, w).
However, these variations are inessential; it is easy to convert one definition

to another by rescaling the quartic and bilinear forms as needed.

Theorem 3.26. The vector space g1 equipped with the quartic form q and

the bilinear form (—, =) is a Freudenthal triple system.

Proof. We established in Section 3.1 that (—, —) is skew-symmetric and non-
degenerate and that ¢ is nonzero. Hence it remains only to show that the

triple product identity (3.25) is satisfied.
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We first set © = x4 + ©,—q. As in the proof of Lemma 3.23, we use (3.17)

to compute

22T = (T + Tpo)(Ta + Tpeo) (Ta + Tp_a)
= TaTala + 3TaTalpa + 3Talp—alp—a T Tp—alp—alp—a
= 3(Tp—a; Ta)Ta + 3(Tas Tp—a)Tp-a

= 3(Tp-a; Ta)(Ta — Tp-a)-

Thus the left-hand side of (3.25) is

2(zrx)Ty = <$p—0m Ta)(Ta — $p—a)($a + xp—a)y

6
6<x/1—047 $a>(IaZan - xp—axp—ay)
6

<xp*0w $a>(<y> xa>xa - <y7 xpfaﬁ:pfa)-

The right-hand side is

(y, v)wze + (y, v22)0 = 3(Tp—a, Ta) ((Y; Ta) + (¥s Tp-a))(Ta — Tp—a)
+ 3<‘TP—047 .Ta>(<y, l’a> - <y7 xp—a>)<xa + xp—a)

= 6(Tp—a Ta) (Y Ta)Ta — (U, Tp—a)Tp-a);

thus (3.25) holds for z =z, + z,_, and any y € g;.

Since the action of (Gy)™ on g; stabilizes the bilinear form and the triple
product, and since (3.25) is preserved if x is adjusted by a scalar factor, it
holds for the entire orbit of z, which is the dense orbit. Since the identity is
a polynomial condition it also holds on the closure of that orbit, which is all

of g1- ]

3.4 Computation of the 4-linear form

In this section we show how to evaluate the expression ¢(zg, =, s, z.) when-

ever f3,7,9, € are long roots of a-height 1. Among the Lie algebras we are
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considering, the roots are always long in types D and F, so, by linearity, this
will suffice to compute ¢ for any values in g; in these cases.

By Corollary 3.3, q(x3, 2., Ts, x¢) is zero unless the roots satisfy 3+~ +0 +
e = 2p. As the following lemma shows, this is a very restrictive condition;
indeed, the subsequent proposition will show that there are only three ways

long roots can add up to 2p.

Lemma 3.27. Suppose 31, (s, 33, B4 are long roots of a-height 1 and that
their sum is 2p. It follows that

(Br, B2) + (Br, B3) + (b1, 84) =0 (3.28)

and

(B1, B2) = (B3, Ba)- (3.29)

Proof. Whenever [ and v are roots of the same length, we have (3,v) =
2% = 2% = (7, ); hence we may reverse the arguments of (—, —) when
both are long roots. Thus to show (3.28) we compute

(81, B2) + (B, B3) + (b1, Bu) =

2, 01) + (B3, B1) + (B4, Br)

(
(B2 + B3 + Ba, 1)

= (2p — b1, B1)
=2(p, b1) — (B, B1)
= 2(B1,p) — 2

= 0.

To show (3.29), we expand the equal expressions (51 + (o, 1 + 32) and (2p —
B3 — B4,2p — B3 — B4). Taking the long roots to have unit length, we have on
the one hand

(B + B2, By + B2) = (Br, Br) + 2(B1, B2) + (B2, B2)
=2+ 2(51, B2).
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Keeping in mind that, for example, 2(p, f3) = (p, #3) = 1, we have on the
other hand

(20— B3 — B4, 2p — B3 — Ba) = 6 — 4(p, B3) — 4(p, B1) + 2(B3, Ba)
=2+ 2(B3, Ba).

Thus 2(61752) = 2(53754)7 that iSu <61752> = <63764>- [

Proposition 3.30. If the sum of four long roots of a-height 1 is 2p, then

one of the following three cases must hold:

(a) The four roots consist of two equal pairs; that is, they are of the form

B,B,p—B,p— P for some 5.

(b) The four roots consist of distinct pairs that sum to p; that is, they are
of the form B,p — B,~v,p — v for distinct 3,~v. Moreover, we may take
B and ~y to be orthogonal.

(¢) The four roots are mutually orthogonal.

Proof. Let (1, (2, B3, B4 be four such roots. No two can be opposite since all
have a-height 1. If any two are equal, say 5 = (32, then by (3.29) we have
2 = (1, B2) = (B3, P4), so B3 = B4 as well. This is case (a).

Suppose some root, say 1, is not orthogonal to all of the others. By (3.28)
we have (01, 32) + (01, 3) + (01, B4) = 0; since each term is —1, 0 or 1 and not
all are zero, we must have one of each. Without loss of generality, assume
(61, P2) = —1 and (f, B3) = 0; then 5+ 5 is a root. Since it has a-height 2,
it must be p. By (3.29), we also have (s, 84) = —1, thus also 35 + 4 = p.
Thus we are in case (b). As indicated, we have (3; and (3 orthogonal.

The only remaining possibility is that the four roots are mutually orthog-

onal, which is case (c). O
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We now proceed to give the value of q((1, 52, O3, 54) in each of the three
cases. We remind the reader that we will be making extensive use of the
facts about structure constants previously mentioned in Section 2.3.

The first case was already handled in Lemma 3.4, where we showed that
q(xp, g, 2,-3,2,—3) = 1 for any long root [ of a-height 1. The second
case was computed in Lemma 3.7; there we found ¢(zg,z,,2,_3,2,—) =
_%Cﬁ7_pcm_p where 3 and ~ are orthogonal long roots of a-height 1. The

remaining case is covered by the following lemma.

Lemma 3.31. If (31, B2, B3, B4 are mutually orthogonal roots of a-height 1,
then

q(xﬂ1axﬁ27 T3, I54) = CB1,84—pCP2,81—pCB3,84—pCh4,B1—p 7é 0. (3'32>

Proof. By Fact 2.9, the sum of four mutually orthogonal roots of a-height 1
is 2p, and by Fact 2.10 they are all long roots. We will apply (2.6) with
B =p01,v7=pP0=03—pand e = [y —p. Observe that 3+ ~v+3d+¢€ =0,
as required, all four roots are long (Fact 2.4), and no two of ,7,4d,¢€ are
opposite; for example, 5+ & = 0 implies 51 + B3 = p, but #; and (3 are
orthogonal. With these values, (2.6) becomes

CBy B2 CBs—p,Ba—p T CB2,B3—pCB1Ba—p T CB3—p,p1CBa,a—p = 0.

The structure constants in the first term are zero since (3; + (3, is not a
root and thus (85 — p) + (84 — p) = —P1 — P2 is also not a root. The

remaining structure constants are nonzero, since for distinct 7,7 we have

(Bi = p, B5) = (Bi, Bj) — {p, B;) = —1; thus f; + B; — p is a root.

We now have
CB2,83—pCB1,B8s—p = ~CB3—p,61CB2,8a—p>

or, more symmetrically,

CBa,B83—pCB1,82—p = CB1,83—pCB2,814—p-
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Using a;; as an abbreviation for cg, 5. ,, we can rewrite this as
92314 = A130A24. (333)

Since the numbering of the indices is arbitrary, we think of this as saying
that, in a product of the form a;;ai; that uses four different indices, we may
interchange the first subscripts of the two factors; that is, a;jarn = agjaq
when i, 5, k, [ are distinct.

Since all the a;; are £1, we can freely move them across the equals sign; in
particular, we also have

13023 = 14024; (3.34)

in other words, in a product of the form a;ja;; involving three different in-
dices, the repeated index may be replaced by the unused one.
The term in the sum for ¢(zg,,xgs,, ¥p,, ¥p,) given by Lemma 3.2 arising

from the term (ad g, o adzg, o adxg, o adxg, )(z_,) is

C—p,B31CB1—p.B2Cp—B5—B4,83Cp—Ba,Bs = CB1,—pCB2,81—pCB3,84—pCPBa,—p
= CB1,B4—pCB2,61—pCB3,84—pCh4,B1—p

= A140210A34Q471,

where we have used Lemma 3.6 in the form cg, _,c3,—p = €8, 8,—pCp4,8,—p fOr
the second equality. Every other term in the sum is obtained by permuting
the indices; we will show that the value is unchanged in each case. Since the
two permutations given by 1 +— 2+ 3 +— 4+ 1 and by 1 +— 2 — 1 generate
the symmetric group, it suffices to show that asjassasiars and asgaisazsass
are the same as the product above.

We first apply the principle of (3.34) in the form ajsa3s = ajsass to find
that

(14021034041 = Q12021032041

= (21032041012,
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so the first required equality holds. Proceeding from the last expression, we
alternately apply (3.34) and (3.33) as follows:

(21G32041012 = A230A32043012, SINCE Q21041 = Q23043

since as3a13 = A940Q14

( )
= (93032013042,  (SiNCE Q43012 = 13G42)
= (24032014042, )

( )

= (24012034042, SICE 32014 = (12034

which is the required product.

Thus all 24 summands are equal, so we have

q(xﬁl 1y LBy s LBg s xﬁ4) = (14021034041,
which, by substituting for the a;;, becomes the desired equation. O
To summarize, we have the following result.

Proposition 3.35. If (1,32, 083, B4 are long roots of a-height 1, then the

value of q(xs,,%s,, Ta,, Ta,) is one of the following:
o 0, if 81+ Ba + B3+ Ba # 2p;
o 1, if By + P2+ B3+ B4 = 2p and there are two pairs of equal roots;

° —%c@,pcm,p if the roots are, in some order, B,v,p — B,p — v with

(8,7) = 0 for some 3,7, or

® B, 31— pCBo.Br—pChs,Ba—pChupr—p Uf the four roots are mutually orthogonal.

In particular, q(zg,, gy, Tp,, Tp,) is nonzero whenever By + Ba+ Ps+ B4 = 2p.
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Chapter 4

Special Results

This chapter presents results that are valid for specific Lie algebras or types
of Lie algebras. In Section 4.1 we show that, for types D and E, the Freuden-
thal triple system has an eigenspace decomposition into four subspaces. For
the same types, we characterize the Gg-orbits of the Freudenthal triple sys-
tem in Section 4.2. The remaining sections examine groups whose actions
preserve the Freudenthal triple system operations (either exactly or up to
scalar multiples); in the case g = FEs, we find that F7 is the group that
stabilizes both the forms on the prototypical Freudenthal triple system, the
56-dimensional minuscule representation of F;. In the case g = Dy, we obtain
similar results, extended to allow for the symmetry of the Dynkin diagram
of Dy.

4.1 Eigenspace decomposition of g;

In this section we assume that g is a Lie algebra of type D or E. We show
that there is an element h in the Cartan subalgebra h such that g; is the
direct sum of the four eigenspaces under ad h corresponding to the eigenvalues
—3,—1,1,3, and that the eigenspaces corresponding to the eigenvalues —3

and 3 are one-dimensional (cf. [11], §4).
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Proposition 4.1. Let g be a Lie algebra of type D or E. For any root 3 of
a-height 1 we have

-3 if f=aq,
<p—204,ﬁ>: 3 if f=p—a,

+1 otherwise.
Moreover, the cases (p—2a«, ) = —1 and (p—2«, 3) = 1 occur equally often.

Proof. Let 3 be a root of a-height 1, necessarily a long root since g is simply
laced. For each such root, p — (8 is another long root of a-height 1, and we
have {a, 8) + (o, p — B) = (B,a) + (p— B,a) = (p,a) = L. Since (@, B) = 2
only if 8 = a, it follows that (o, ) = —1 only if 3 = p — . Thus for the
remaining pairs of roots 3, p— 3 we have («, 3) = 0 or 1 and correspondingly
(a,p— ) =1or0.

As (p,B) = 1, we have (p — 2a,3) = 1 — 2(a, 3). Thus (p — 2, ) =
1-2(o, ) = =3 and (p—2a, p—a) = 1—2(a, p—a) = 3, with the remaining
cases split equally between (p — 2c, f) =1 and (p — 2a, 3) = —1. O

The above proposition can be generalized by using p — 2’ with o/ any root
of a-height 1 in place of p — 2a; the proof goes through unchanged. However,
we do not make use of this added generality.

At this point, we know that the promised element of § exists because the
Chevalley basis gives an isomorphism between h and the coroot lattice with
scalars extended to F'. Explicitly, we recall from Section 2.3 that, for any
root [3, the element hg € b is defined to be [z4,2_5] and has the property
that [hg,z,] = (7, B)x, for any root 7. Setting h = h,_, — ho € b, we then
have [h, 23] = ((B,p—a) — (8, @))zs = (p—2a, B) 23, yielding the eigenvalue

decomposition described above.
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4.2 Characterization of the orbits

Proposition 4.2. In the cases where there are five Gy-orbits in gy, namely

for g of type Eg, E; or Eg, the orbits are characterized as follows:
e x isin orbit O iff x =0,
e 1 is in the closure of orbit 1 iff xxy € Fx for all y € gy,
e 1 is in the closure of orbit 2 iff xxx =0,
e 1 is in the closure of orbit 3 iff q(x) =0, and
e x is in orbit 4 iff q(x) # 0.

Proof. The statement for orbit 0 is clear; the statement for orbit 1 is Propo-
sition 3.13.

The conditions for orbits 2 and 3 are invariant under the action of G and
define closed sets, so it suffices to consider representatives of the orbits. Let
01, P2, B3, B4 be four mutually orthogonal roots of a-height 1.

Choose * = wg, + x5, as a representative of orbit 2. The triple product
xxx contains the terms xp, x3,%3,, T3,T8,T8,, T3,2p,2s, and Tg ra,2a,. All
are zero by Lemma 3.19; thus zzz = 0 for any z in orbit 2.

Conversely, for x = 23, + xg, + 23, in orbit 3, we have xxx = 6x3,23,73,
since the other terms vanish by Lemma 3.19. Thus we have (xg,,xzzr) =
6q(xs,,s,, gy, Tg,), Which is not zero by Lemma 3.12. Hence zxx # 0 for
any z in orbit 3.

For x = x4, + x5, + x5, in orbit 3, all the terms arising when ¢(z, z, z, z) is
expanded are zero: some x, must be repeated, so we have terms of the form
q(xs,, 15, 73,,15,) With i, j,k not necessarily distinct; such a term equals
(v3;,2,2825,), which is 0 by Lemma 3.19. Thus ¢(x) = 0 for any x in
orbit 3.
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Finally, recall that the fourth orbit is represented by = = x, + z,-» ([24],
Corollary 4.4). By the remark following Lemma 3.4, we have ¢(z) = 6; hence
q(z) # 0 for any z in orbit 4. ]

A similar result applies for Lie algebras of type D,,, except that the elements
x € g satisfying zxzx = 0 are those that belong to any of the level 2 orbits or
their closures. As these orbits are each represented by elements of the form
xs, + xg,, but for different choices of 31, 32, 33, B4, the proof goes through
unchanged.

Krutelevich ([20], Definition 22) defines the rank of an element of Freuden-
thal triple system constructed from a cubic Jordan algebra using characteri-
zations which are nearly the same as those given in the preceding proposition.
His definition of rank 1 differs from the characterization of orbit 1; it is equiv-

alent (apart from a different convention on scalars) to (3.17).

4.3 Related groups

As in Ferrar’s article ([11], §7), we define two subgroups of the group of linear
automorphisms of g;. The first, ), preserves the quartic form on g; up to a

nonzero scalar factor, that is,
Q= {neGL(g1) : Yz € g1,9(n(z)) = rq(z) for some r € F*}.

We call r the ratio of n in Q.
Similarly, the elements of B are those that preserve the bilinear form up to

a nonzero scalar:
B ={ne GL(g1) : Vx,y € g1, (n(x),n(y)) = r(z,y) for some r € F*}.
In this case, we call r the ratio of n in B.

Lemma 4.3. The set of strictly reqular elements is invariant under any

n € GL(g1) that preserves the quartic form.
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The following argument is adapted from Ferrar ([11], Cor. 7.2).

Proof. Suppose = € g, is rank one; that is, the elements of the form zzy with
y € gp constitute a one-dimensional subspace. Then ¢(z,z,y,2) = (z, zxy)
is zero for all y € g; and all z in a codimension-1 subspace. Conversely,
if + # 0 and q(z,x,y,2) = (z,zzy) is zero for all y € g; and all z in a
codimension-1 subspace, then the elements xxy lie in a 1-dimensional space.
Since the elements zxy are not all zero (Lemma 3.11), z is rank one. Thus
this condition on the 4-linear form characterizes the rank one elements among
the nonzero elements of g;.

Since any map 7 in GL(g;) is nonsingular, it preserves the dimension of
subspaces. If n preserves the quartic form (and hence the 4-linear form),
then the condition on the 4-linear form is true of n(x) if it is for z. Thus
7 maps rank one elements to rank one elements; by Proposition 3.15, this
is the same as saying it maps strictly regular elements to strictly regular

elements. O
Proposition 4.4. ) is a subgroup of B.

Proof. Let n be an element of (). To show that n preserves (z,y) up to a
scalar factor, it suffices to show it for all z in a spanning set, such as the
strictly regular elements (Lemma 3.14), and all y € g;.

By (3.18), for x strictly regular and any y € g; we have ¢(x,z,y,y) =
(x,y)%. By Lemma 4.3, n(z) is also strictly regular, so

(), n))* = a(n(z),n(x),n(y).nY) = - qlz, z,y,y) = r{z,y)*,

where 7 is the ratio of  in ). Thus 7 is a square, say r = s*; we then have
(n(x),n(y)) = £s(z,y). The choice of sign does not depend on y, since for any
y1,y2 € g1 we have £s(z, y1 +y2) = (0(x),n(y1 + y2)) = £s{z, y1) £ s(2, 1),

so the signs must be the same whenever the bilinear forms are nonzero. Let
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us say that x is associated with s if (n(z),n(y)) = s(x,y) for all y € gy, or
that z is associated with —s otherwise.

The set of strictly regular elements associated to s (resp., to —s) is a rel-
atively closed subset of the set of all strictly regular elements, and the set
of strictly regular elements is the disjoint union of these two sets. However,
since the set of strictly regular elements is an orbit under the action of the
connected set G (Proposition 3.13), it is connected. Thus all strictly regular

elements are associated to the same square root of r, so 7 is in B. O

Corollary 4.5. Any element n € GL(g1) that stabilizes the quartic form also

preserves orthogonality.

Proof. 1f n stabilizes the quartic form, it is in @ (with ratio 1); thus it is in
B (with ratio +1). Therefore, for any x,y € g1, we have (z,y) = 0 if and

only if (n(x),n(y)) = 0. O

4.4 The stabilizer of the quartic form: G = Eg

Suppose that G is of type Eg and g is thus the Lie algebra FEjg, which has
dimension 248 ([4], §V1.4.10). In this case the simple root « is, in the labeling
of [4], as. The root subspaces within gy are then generated by the xz where 3
is a root of a-height 0; that is, a root of the Lie algebra of type E; produced
by removing o« = ag from the Dynkin diagram of Eg. There are 126 such roots
([4], §VI.4.11); combined with the 8-dimensional Cartan subalgebra of Fj,
we have dim gy = 134. Thus Gy is the subgroup E7 plus a one-dimensional
torus, so (Go)* is Er.

Since dimg_o = dimgy, = 1, we have dimg_; = dimg; = 56. We see
that the action of (Gy)* on g is irreducible since the dense orbit cannot be
contained in any proper subspace, so g; is the well-known minuscule repre-

sentation of E-.
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As noted in Section 1.2, it has been known since Cartan, in the case where
I = C, that there is a quartic form on the minuscule representation, V', of
E; that is invariant under E7; indeed, the subgroup of GL(V') stabilizing
this quartic form and a skew-symmetric bilinear form is exactly E7. In this
section we use our techniques to establish the subgroup stabilizing the quartic

form and the subgroup stabilizing both forms in our more general context.

Theorem 4.6. For G = Eg, the subgroup of GL(gy) stabilizing the quartic
form, Stab(q), is generated by E; and py, where g is the group of the fourth

roots of unity.

Proof. First, E; = (Gy)™ stabilizes the quartic form by Fact 2.7.

Next, for k € py, we have q(k - z) = k'q(z) = q(z) for any = € g1, so
also stabilizes the quartic form. Thus Stab(q) contains the group generated
by E7 and 4.

To show the reverse inclusion, suppose g € Stab(q). Let v = z, + 2,_4.
Since v is in the dense orbit, we have by Proposition 4.2 that ¢(v) # 0 and
also, since ¢q(g - v) = q(v) # 0, that g - v is in the dense orbit. Thus there
exists some z € FE; such that zg - v = kv for some k € F*. Let ¢ = zg;
then ¢’ is also in Stab(q), so q(v) = q(¢' - v) = k*q(v). Thus k € puy. Let
¢" =k 'q¢', then ¢" - v = v, so ¢g" both stabilizes ¢ and fixes v.

Lemma 4.12 below, which is the key to the proof, shows that any element
that stabilizes ¢ and fixes v is in the group generated by E; and py; thus ¢”
is in that group and so is g. Therefore Stab(q) C (Er7, ju4). O

Before completing the proof, we use the preceding theorem to determine

the group that stabilizes both ¢ and the bilinear form (—, —).

Corollary 4.7. For G = FEg, the subgroup of GL(g1) stabilizing both the

quartic form and the skew-symmetric bilinear form, Stab(q, (—, —)), is Ex.
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Proof. The previous proposition and the fact that E; stabilizes both forms

yield the following containments:
Er € Stab(q, (=, —)) € Stab(q) = (E7, u4).

Let Lo be the root lattice of E; and L; its weight lattice. Then L,/Ly is a
group with two elements (see, for example, [17], §13.1 or [27], p. 45). From
[27], p. 45, the center of E7 is isomorphic to Hom(L; /Ly, F*), so the center
of Er consists of the elements 1 and —1. Thus the group (FE7, y4) has two
components: Fr and iFE;, where 7 is a primitive fourth root of unity. However,
i is not in Stab(q, (—, —)) since (ix, iy) = —(z,y) for any x,y € g;. Therefore
Stab(q, (—, —)) = Ex. O

In the remainder of this section we complete the proof of the two preceding
propositions by using a result of Springer ([26]) on so-called FEg-structures.
An FEg-structure consists of two 27-dimensional F-vector spaces, A and B,
with a nondegenerate pairing (—, —) along with two irreducible cubic forms,
fi:A— F and fy: B — F. After defining corresponding trilinear forms
by fi(a,a,a) = fi(a) and fo(b,b,b) = f2(b), we can also define symmetric
bilinear products maps A x A — B and B x B — A, each denoted by

juxtaposition, that are given implicitly by
3f1 (aa ai, a’2) - <a7 a/la2>7 3f2(ba b17 b2) = <b1b27 b>7

Finally, these maps must satisfy the following conditions:

(aa)(aa) = fi(a)a, — (bb)(bD) = fa(b)b (4.8)

foralla e A, b e B.

We will take A and B to be the eigenspaces in g; described in Proposi-
tion 4.1 corresponding to the eigenvalues +1 and —1. Thus A is generated
by elements x5 where [ has a-height 1 and («, §) = 0, whereas B is gener-
ated by elements ., where 7 has a-height 1 and (a,7) = 1. When g = FEj,
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g1 has dimension 56, so A and B are 27-dimensional, as required. However,
none of our results before Lemma 4.12 make use of the dimension, so they
apply equally well if g is any Lie algebra of type D or E; in particular, we
will apply Lemma 4.11 with g = D, in the next section. For the pairing on
A and B, we use the skew-symmetric bilinear form (—, —) previously defined
on all of g;.

We define the cubic forms f; and f5 as follows:

1 1
fl(a) = 6q<xaaa>aaa>7 f2(b) = EQ(xpfomba b> b)
To verify that we have an Eg-structure, we begin by computing the bilinear
products on A and B. For convenience, we will assume without loss of

generality that the structure constant c,_,q is 1.

Lemma 4.9. For basis elements xg,x, € A, if B and v are orthogonal the
bilinear product is given by rgr, = kg x,—s5, where § =2p —a — 3 — and
kg = 3C5p-60(Ta, 25, Ty, x5). Similarly, for basis elements xg,x, € B with
B and v orthogonal, the bilinear product is given by xgr, = k/’gﬁxp,y, where
=pt+ta—pB—vandk;, = %c(;/,p,(;/q(xp,a, T8, Ty, Te). In both cases, if B

and v are not orthogonal, the bilinear product is zero.

Proof. We first check that the specified § and ¢' are actually roots. In the
first case, 0 and v are orthogonal to each other and also to «, so we have
(p—a,B) = (p, B) — (e, 3) = 1,0 p—a—Fisaroot, and (p—a—F,p—y) =
(p—0B,p—7) —{a,p—7) =—=1,800 =2p—a— [ —is also a root. In
the second case, we now have that p — a, 3, 7 are mutually orthogonal, so
by Fact 2.8 the same is true of o, p — 3, p — . The work for the first case
thus shows that 2p —a— (p—5) — (p — ) = + v — «a is a root; since it has
a-height 1, it follows that ¢’ = p— (6 +~ — ) is also a root. Note that § and
0" have a-height 1 and that (6, a) = 0 and (¢’, ) = 1; thus x,_s is indeed in

B and z,_y is in A.
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By the definitions of the bilinear product and of the cubic form f;, we have

in the first case

(a, xﬂx’y> = 3fi(a, g, x’v) = §Q(xow LBy Ly, a)

for any a € A. By Corollary 3.3, the only basis element for which the right-
hand side is not zero is a = x4; the same must be true of the left-hand side,
SO xgr, is a scalar multiple of z,_5. Setting a = x5 and xgx, = kx,_5, we
find k = %c(;,p,(;q(:ca, T8, Ty, Ts).

In the second case, we have

(50, B) = 32(0322,D) = 50(Ep-ar 05,27, )
for any b € B. The only basis element for which the right-hand side is not
zero is b = x5 ; thus xgx., is a scalar multiple of z,_5. We find zg2., = k'z,_s,
with £ = 505/79_5/q(xp_a,xg,xw,x(;/).

When zg and x, are in A, the bilinear product can be nonzero only if there
is a root 0 such that o« + 3+ v+ 0 = 2p. If B and v are not orthogonal,
then Proposition 3.30 implies that some two of «, # and v must sum to p.
However, since 3 and ~ are each orthogonal to «, neither a4+ 3 nor av + y is
a root. Also, B+ v # p, since (8 + v,a) = 0 but (p,«) = 1. Thus zgz, is
zero if 3 and ~ are not orthogonal.

Likewise, if 3 and ., are in B, then the bilinear product can be nonzero
only if there is a root ¢’ such that (p— )+ G+~v+0" = 2p. Again, if 5 and ~
are not orthogonal, some two of p — «, § and v must sum to p. In this case,
p — a is orthogonal to each of 5 and ~, so neither (p — )+ S nor (p — )+~
is a root. Finally, B+ # p, since (G+v,p—a) =0but (p,p—a)=1. O

Lemma 4.10. With the preceding definitions, (A, B, {(—, =), f1, f2) is an Eg-

structure.

Proof. We need to show that equations (4.8) are satisfied. First, we show

that any element a € A is not in orbit 4. Since the elements of the form z
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with  having a-height 1 and (a, 3) = 0 are a basis for A, we may write a
as an F-linear combination of such elements, say a = > \jzg,. Thus ¢(a) is
a sum of terms of the form A\g(zg, ., x5, z.) with A € F' and where (3,7, 0, €
are roots, not necessarily distinct, of a-height 1 that are orthogonal to a.
However, the sum 3+ v+ 0 + € cannot equal 2p since (B+v+d+¢€,a) =0,
but (2p, @) = 2. Hence all such terms are zero by Corollary 3.3, so we have
q(a) = 0. By Proposition 4.2, a is thus not in orbit 4, so it is in the closure
of orbit 3.

The equation (aa)(aa) = fi(a)a is preserved by scaling and all the oper-
ations being used are defined in terms of the forms that are stabilized by
(Go)™, so to verify the equation on A it will suffice to choose a to be any
representative of orbit 3. Choose 3,7v,d so that a, 3,v,6 are mutually or-
thogonal; by Fact 2.9, a + 8 +v+0d = 2p. Now a = 25+ 2, + 25 is a
representative of orbit 3. Using the notation of the preceding lemma, we

compute

aa = 2x3%~ + 22,15 + 22573

= 2kt p—5 + 2ky520-5 + 2k582 s,
and thus

(aa)(aa) = 8kgky 57 p-52p—p + 8y 6ks, 520 52—y + 8ksghsTpyTp-s

= 8kp kv sk, 5, sTy + 8kyskspk, 5, w5+ 8kspks K, ., srp.

Applying the definitions of the scalars k and k', we find that the coefficient
of each term is —cg p—3Cy p—~Csp—60: G2, Where q1 = q(Ta, 25, 2, 75) and go =
(T p—a,Tp_p, Tpr, Tp—s). Thus (aa)(aa) is proportional to a; it remains to
show that the coefficient is equal to fi(a).

By definition, fi(a) = %q(xa, a,a,a). Since a = rg+ ., + x5, the expansion
of the 4-linear form includes six terms equal to ¢(x,, g, T, xs); all other

terms include a repeated argument and thus are seen to be zero by applying
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Lemma 3.19. Hence fi(a) = ¢(z4, v, x,, T5); that is, fi(a) = ¢;. Thus it will
suffice to show that —cg ,—5cy p—~Csp-5G1q2 = 1.

By Proposition 3.35, we have

41 = Co,6—pCB,a—pCy,6—pCs,a—p

and
92 = Cp-a,~6Cp—p,~aCp—,~Cp—b,~a-

Some of the factors are equal, and so will cancel in the product:

Ca,5—p = Cp—b,—as

Csa—p = Cp—a,—6-

The product —cg ,—gCy ,—~Cs,p—5q1G2 is thus

—CB,p—BC,p—7C6,p—6CB,0—pCy,6—pCp—B,—aCp—v,—6

Introducing two factors of ¢, ,— and substituting c, 5 _o = cap—, and

Cp—r,—5 = Cs~—p, We regroup the resulting nine factors as

—Cap-a(Cap—aC8,p—6C8,a—pCa,8—p) (Cyp—C8,p—6C,6-pCo.4—p)-

Applying Lemma 3.6 to the orthogonal roots o and (3 (resp. 7 and 0) yields
Ca,B—pCBa—pCa,—pCh—p = 1 (Y€SP. Cy5_pCsy—pCy—pCs—p = 1). These are the
same as the parenthesized products, so the complete product is —cq, p—q-
Since we are assuming ¢, = 1, this is 1, as required.

For an element b € B, the result (bb)(bb) = f2(b)b follows in similar fashion.
Specifically, we take b = x,_g+x,_, +x,_5 as a representative of orbit 3 and

compute

bb =2, gx, y + 2%, X5 + 2%, 5Tp—3

— / / /
= 2Ky o5 + 2Ky p5Tp + 2K 55Ty
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and thus

(bb)(bb) = 8K/ k

/ /
p=Bp=y 5T5%5 + 8Ky o sKps,p-pTT,

/
p—Y.p—
/ /
+ 8k s,-aKp—p,0—1 T2 Ts
/ / / /
- 8kp—ﬁ7p—7kp—%p—6k5»5$ﬂ—7 + 8kp—v,p—5kp—&p—ﬁkﬁﬁxp—‘s

! /
+ 8kp—57p—6kp—ﬂ,p—wk%ﬂﬂ—ﬂ‘

Once again, the coefficients are equal; each is —cg ,— ¢y p—~Cs,—5G1G3, Where

¢1 and gy are as before. This must be the same as fo(b) = %q(xp_a, b,b,b);
here the resulting nonzero terms are the six equal to ¢(z,—a, Tp—g, Tp—ry, Tp—s),
so fa(b) = go. Hence it suffices to show —cg ¢y p—vCs,—s1G2 = 1, exactly

as in the previous case. O

The following lemma allows us to move from an element that stabilizes the
quartic form and fixes v to one that preserves even more structure. It will

be used again in the next section.

Lemma 4.11. If g € GL(g1) is an element that stabilizes the quartic form
and fixes v = To +T,_q, then there is an element g' that preserves the spaces
A and B and stabilizes (—, —) and the cubic forms defined on A and B such

that g'g~" € ((Go)™, pa)-

Proof. Let g be an element that stabilizes ¢ and fixes v. By Lemma 4.3,
the action of g takes strictly regular elements to strictly regular elements, so
g-To and g - x,_, are strictly regular. Since g fixes v, we have v = g - v =
g %o+ g7, However, by Lemma 3.23, the expression of v as a sum
of two strictly regular elements is unique, so ¢ must either fix both x, and
T,—q or interchange them. By §12.10 in [15], there is an element z € i(Gg)™
that interchanges x, and x,_,; of course, such an element also stabilizes g.
Hence either g or zg is an element that stabilizes ¢ and fixes x, and z,_,;

call whichever element does so ¢’. Thus we have ¢'g~" € ((Go)™, p4)-
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Let W be the subspace of g; consisting of elements orthogonal to both z,,
and x,_,; by Corollary 4.5, W is invariant under ¢’. All the basis elements
xg with 8 of a-height 1 except for z, and z,_, are in W, and they form
a basis of W. Thus W is the direct sum of the +1 and —1 eigenspaces of
Proposition 4.1, the spaces we have named A and B.

Let A’ be the subspace of elements x € W such that ¢(x,—o,2,y,2) = 0
for all y, z € W, and define a cubic form on A’ by q(z4,z,z,z). Clearly ¢
preserves A’ and stabilizes the cubic form. We claim A’ is in fact A, the +1
eigenspace of Proposition 4.1.

On the one hand, if 25 is a basis element of the +1 eigenspace, then we have
(p — 2, B) = 1. Since (p, B) = 1, it follows that (a, 3) = 0. By writing ele-
ments y, z € W as linear combinations of the basis elements, ¢(z,_q, 28, Y, 2)
expands into a linear combination of terms of the form ¢(z,_q, x3, T, x5) with
7,0 such that (7, «) and (0, ) are each either 0 or 1. But then we cannot have
(p—a)+B+~v+6 =2p,since ((p—a)+B+v+0,a) = —=14+0+ (7, )+ (6, a)
is at most 1, but (2p, @) = 2. Hence all the terms ¢(z,_q, 23, T, Ts) are zero,
so zpisin A’. Thus A C A

Conversely, if z € W is not in the +1 eigenspace, then it has a nonzero
component involving some basis element xz with (3,«) = 1. Thus (p —
a,f) = 0, so p—a and  are orthogonal roots of a-height 1. It follows
from Lemma 2.4 in [24] that any such pair of roots can be extended to a
set of four mutually orthogonal roots, say p — «, 3,7,0. By Lemma 3.12,
q(%p—a, g, T, x;5) is then nonzero, and thus ¢(x,_q, x, x, x5) is also nonzero,
since no other component of x contributes to the value of the form. Thus z
is not in A’. Therefore A’ C A.

Interchanging the roles of z, and z,_,, we similarly define B’ to be the
subspace of elements x € W such that ¢(z,, z,y,2) =0 for all y, 2 € W, and
define a cubic form on B’ by %q(xp,a, x,x,z). As before, ¢’ preserves B’ and

stabilizes the cubic form. We show that B’ is actually B, the —1 eigenspace,
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by an argument parallel to that for A" and A.

On the one hand, if 3 is a basis element of the —1 eigenspace, then we
have (p — 2«, ) = —1 and thus (a,3) = 1. Writing elements y,z € W as
linear combinations of the basis elements, ¢(x,, g, y, 2) expands into terms
of the form ¢(zq, s, %, xs5) with 7,6 such that (y,a) and (d,a) are each
either 0 or 1. But then oo+ 3 4 v + 4 is not 2p, since (o + 5+ v + 0, a) =
24+ 14+ (v,a) + (4,a) is at least 3, but (2p, ) = 2. Hence all the terms
q(xqa, g, T, x5) are zero, so xg is in B'. Thus B C B'.

Conversely, if x € W is not in the —1 eigenspace, then it has a nonzero
component involving some basis element zz with (3,«) = 0. The pair of
orthogonal roots a and 3 can be extended to a set of four mutually orthogonal
roots, say «, 3,7, 6. Then ¢(xq, 2, z, 2s) is nonzero, so ¢(zq, T, T, s) is also
nonzero, since no other component of x contributes to the value of the form.
Thus z is not in B’. Therefore B’ C B.

As in the proof of Corollary 4.5, since ¢’ stabilizes the quartic form, it
preserves the bilinear form up to a scalar factor of +1. However, since ¢
fixes z, and x,_, and (., x,_o) # 0, the scalar factor is 1; thus ¢’ preserves
(=) O

Lemma 4.12. The group that stabilizes the quartic form and fizes the ele-

ment v = Ty + Tp_q @5 contained in the group generated by Er and fu4.

Proof. As the reader will have anticipated, we are going to apply Lemma 4.10,
which says that A and B equipped with (—, —) and the cubic forms defined
above is an Fg-structure. By Lemma 4.11, if ¢ is an element that stabilizes ¢
and fixes v, there is a ¢’ € g(FEr, uy) such that A and B are invariant under
¢ and (—, =) and the cubic forms are stabilized by ¢’. In other words, ¢’ is
an automorphism of the Eg-structure. Proposition 1.6 of [26] shows that the
automorphism group of an Eg-structure is, as the name suggests, Fg. Thus

g € Eg; and therefore g is in (E7, fi4). ]
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4.5 The stabilizer of the quartic form: G = D,

In this section, we again consider the group stabilizing the quartic form and
the group stabilizing both the quartic and the bilinear forms on g, this time
in the case G = D;,.

Although we will not make use of it in the proof, we present a convenient
matrix representation of the Lie algebra Dy, derived from the representation
of the group Dy given in [22], §5.IV. This will serve to provide a concrete
example of a Freudenthal triple system embedded in a Lie algebra in a form
conducive to making explicit calculations.

D, may be represented by the set of 8 x 8 matrices A = (a;;) such that
A is negated when it is reflected in the anti-diagonal; i.e., a;; = —ag_j9—;.
This condition may also be expressed as JA'J = —A, where J is the ma-
trix (sometimes called the ezchange matriz) with ones on the anti-diagonal
and zeros elsewhere. The diagonal matrices in this set form a 4-dimensional
commuting subalgebra which we take as the Cartan subalgebra . Writing
e;; for the unit matrix with a 1 in the i, j-entry, the 24 root subspaces are
represented by matrices of the form e;; — eg_j9_; for ¢ # j and i +j5 < §;
we take those with ¢ < j (that is, with entries above the main diagonal) to
correspond to the positive roots. The representatives of the corresponding
negative roots are obtained by interchanging ¢ and j. This set of represen-
tatives is extended to form a Chevalley basis by setting h; = [xq,, ¥_q,] for
1 <i <4 (note that these are not the obvious basis elements of § of the form
eii — €9—;9-i). The root subspaces for the simple roots are then represented
by Ta, = €12 — €78, To = Tay, = €23 — €67, Tag = €34 — €56 and Ty, = €35 — €46;
here the numbering of «ay, a3 and «ay is arbitrary because of the symmetry of
the Dynkin diagram of D,.

This representation of D, is shown schematically in Figure 4.1. The eight

root subspaces making up g, appear in the rectangle which has z, and z,_,



at opposite corners.

(% Tq, Tp_o
x T
¥  Taz Loy 0
* 0 Ty
0 —% Loy
0 —%
0
0

\

Lp 0
0 —Z,
—Tp g
— T,
—%  —Xq,
—%
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Figure 4.1: A matrix representation for the Lie algebra D,

From another viewpoint, the diagram that results when o = s is removed

from the Dynkin diagram of D, consists of three unconnected vertices; that

is, it represents the Lie algebra which is the product of three copies of sls.

Thus g is 10-dimensional, generated by the three pairs of roots x,,, x_,, for

i = 1,3,4 and the four-dimensional Cartan subalgebra of Dy; (G)* is thus

SL3. Since D, has dimension 28, there are 18 other roots; setting aside p

and —p, we again see that g; and g_; are eight-dimensional. Here is a list

of the roots 3 of a-height 1, sorted according to eigenspace decomposition of

Proposition 4.1:

3 (p—2a,8) | (o, 0)
p— 3 —1
a+a;+ag,a+a;+ag, a0+ as+ oy 1 0
a—+a, a4+ as,a+ as -1
o -3 2
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To establish the stabilizer of the quartic form, we follow a similar strategy
to that employed in the proof of Theorem 4.6: We define the spaces A and
B and cubic forms on them as in the previous section. We adjust an element
g € GL(g1) that stabilizes the quartic form to obtain an element that also
fixes x4 + 2,_q, then apply Lemma 4.11 to obtain a ¢’ that preserves the
spaces A and B and stabilizes the cubic forms on them. In this case A
and B are simple enough so that we can give the cubic forms explicitly and

determine a suitable subgroup of GL(g;) that contains ¢'.

Theorem 4.13. The stabilizer of the quartic form on g1 when G = Dy is
(SL3, j14) x S, where Ss is the symmetric group corresponding to the diagram

automorphisms of Dy.

Proof. Since (Gy)® = SL3 and 4 both stabilize the quartic form, (SL3, y1s) is
in Stab(g). We will now show that the diagram automorphisms also stabilize
the quartic form.

It will suffice to show that a diagram automorphism fixes z, and x_,. By
Corollaire 5.5 bis in [10], an outer automorphism of g may be taken to act
on the Chevalley basis elements z,, corresponding to the simple roots by
permuting the subscripts, and to act on the elements h; = [z4,,7_q4,] by
applying the same permutation to the subscripts; thus the elements z_,, are
also permuted in the same way. We will write z, in terms of the z,,, and
show that this expression is unaltered by a permutation of the subscripts 1,
3 and 4; the same argument with the negatives of the roots will show that
x_, is fixed as well.

The highest root of Dj is p = a1 + 2a0 + a3 + a4. We write this as
p = Qg+ a1 + a3 + ay + ; in this expression each partial sum is also a root.

Thus we have

Lp = C['Taw [xazu [xOés» [xoqvxaz]m» (4'14)

where ¢ is a constant (in fact, ¢ = %1 since all the roots are long and thus the
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structure constants are +1). Our claim is that this expression is unaltered
when the factors z,,, oy, To, are permuted.
To verify the claim for the permutation that interchanges 1 and 3, we must

show that
[l‘a3, [Ialvxaz]] - [xau [xaw xo@]];

this is equivalent to the following structure constant equation:

Ca17a20a37a1+a2 = Cocg,agca1,a2+a3- (415)

To obtain (4.15), we apply (2.6) with f = a3 + g, 7 = ag + a3, 6 = —ay

and € = —ay — ag — a3; this yields

Can+az,astazC—az,—a1—as—az T
Cas+as,—asCar+az,—a1—az—as + C—ag,a1+asCastaz,—ai—as—az = 0.

The sum a7 + 2a + a3 has a-height 2 but is not equal to p, so it is not a

root; thus the first term is zero. Applying Fact 2.5, we have

Cas+az,—as = C—az,—a3
- CCV3,O£27
Cai+as,—a1—as—as = Caz,ar+azs
Cag,a1+as = C—ay,—as
= —Cay,an>
Castag,—a;—az—az — Caiaz+as-

Thus we have Cay.0yCas,0140s — Car,asCar,astas = 0. Since all the structure
constants involved are 41, this is equivalent to the statement that their
product is 1; this in turn is equivalent to (4.15).

By permuting the roots in the expression for p, the same argument applies
to any transposition of two of the subscripts 1, 3 and 4. Since all the transpo-
sitions fix 2, and x_,, all the diagram automorphisms do. Thus (SL3, 114) % S5

is contained in the stabilizer of the quartic form.
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We now consider the reverse inclusion. Let v = o + 2,_,. As in the proof
of Theorem 4.6, given some g € GL(g;) which stabilizes ¢, there exists some
z € (Gp)™ such that zg - v is a scalar multiple of v, and there is some k € py
such that ¢” = kzg fixes v and still stabilizes q.

Applying Lemma 4.11 to ¢”, we obtain an element ¢’ that preserves A and
B and stabilizes (—, —) and the cubic forms on A and B.

By definition, the subspace A is generated by the root subspaces corre-
sponding to roots orthogonal to «; examining the list of roots in g;, these
are 0 = a+a;+a3, vy =a+a; +a4 and 0 = a + ag + ay4. Either by
checking orthogonality directly or by using the formulas given in Section 2.5,
we find that «, 3, v and ¢ are mutually orthogonal. For an arbitrary element

T = Mxg + Aoz, + A3x5 of A, we find that the cubic form is
1
6q<xaa x,x, l’) = )\1>\2>\SQ($0¢7 T3, T, $5)a

since the terms with a repeated argument are zero by Lemma 3.19. By
Proposition 3.35, this is €A 23, where € = 41 is a product of structure
constants.

Let T' = (ai;), 1 <,j < 3, be the matrix of the linear transformation on
A given by z +— ¢’ -« with respect to the basis x3, x,, x5. The value of the

cubic form is the same for x = \jxg + Aoz, + A\35 and ¢’ - , so we have
AMA2A3 = (@11 A1+ a12A0 +a13A3) (a21 A1 + a2 A2 + a3 As) (@31 A1 + asada +azsAs)

for all A\j, A2, A3 € F. By unique factorization in F[Aj, A, A3], the three
factors on the right-hand side are (up to units) i, Ag, A3, say ¢1 A1, caAa, ¢33,
with cieocg = 1. If the factors occur in that order, then T is diagonal, with
the third entry determined by the first two; each such T' corresponds to an
element (cy,co,c3) of G, X G, X Gy, for which the product of the three
components is 1. However, the order of the factors may be different, so in

general T' may be an element of (G,, X G,, X G,,) % Ss.
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The subspace B is generated by the root subspaces corresponding to the
roots p—f=a+ay, p—y=a+azand p—90 =a+ a;. As a,3,7,6 are
mutually orthogonal, so are p — a, p — 3,p — v, p — 6. The cubic form on B
is given by £q(z,—a, x,z,2); for @ = \j2,_g + A,y + A3, this is, as in
the previous case, £\ \2A3. As before, ¢’ must map z, 3, z,_, and z,_s to
scalar multiples of the same basis elements, possibly permuted.

However, since ¢’ stabilizes (—, —), the action of ¢’ on B can be computed
given its action on A. Suppose, for example, that ¢’ maps x5 to cx, in A, then
(xg,x,—5) = (cxy, ¢ -x,_p); since this must be ¢z ,_g, we have that ¢'-x,_g is
necessarily ¢, 3¢y ¢ '2,—. In general, § and v may be replaced by any
of 3, v or ¢, with a similar result. Hence the action of ¢’ on B is determined
by its action on A; in particular, if acts diagonally on A, it also does so on
B.

It remains only to show that an element ¢’ that corresponds to element of
G,, xG,, xG,, is an element of SL%. We will consider the action of an element
of SL% that corresponds to an element of § of the form ¢, h,, +t3ha,+taha,. By
Lemma 19(c) in [27], the action of the element corresponding to t1h,, takes
xg to t?’m)x/g, which is t1z4 since (8, q) = 1. Similarly, it takes z., to t1x,
since (7, a1) = 1 and takes z; to t; ‘x5 since (6, 1) = —1; thus its action on
A'is that of the element (t;,t1,t,") in G,, X G,, X G,,. In the same fashion, we
find that t3h,, corresponds to (t3,t5",t3) and t4ha, to (t; ', ts,t4). Since these
classes of elements are multiplicatively independent, they generate G,, X G, X
G,,; the elements with the product of the components equal to 1 come from
elements of the form ¢1h,, +t3he, +taha, with titsty = 1. Since (o, ;) = —1
for i = 1,3, 4, this element takes x, to t; 't 't; w4 = T4, s0 it fixes z, just as
¢' does. The action on the remaining basis elements, namely z,_, and those
of B, must also correspond to that of ¢’ because an element of SL3 stabilizes
the bilinear form.

Thus ¢ is in SLj x93, from which it follows that the original ¢ € GL(g;)
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stabilizing the quartic form is in (SL3, j14) x Ss. O

The determination of the group that stabilizes both ¢ and the bilinear form
(—, —) is parallel to Corollary 4.7.

Corollary 4.16. In the case G = Dy, the subgroup of GL(g,) stabilizing both
the quartic form and the skew-symmetric bilinear form, Stab(q, (—,—)), is
SL; NSg

Proof. The previous theorem and the fact that SL3 and the diagram auto-

morphism stabilize both forms yield the following containments:
SL3 x93 C Stab(q, (—, —)) C Stab(q) = (SL3, j14) x Ss.

Since —1 € SLy, we also have —1 € SL3. Thus SLj xS is an index 2 subgroup
of (SL3, uu4) x S3. However, the coset containing i, a primitive fourth root
of unity, is not in Stab(q, (—, —)) since (iz,iy) = —(z,y) for any z,y € g;.
Therefore Stab(q, (—, —)) = SLj x.Ss. O
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Chapter 5

Conclusion

In this final chapter, we summarize the preceding results and suggest di-

rections for further research.

5.1 Summary of results

For g the Lie algebra of an algebraic group G of type B, D, E or F' and
rank > 4 over a field of characteristic not 2 or 3, we define a grading g =
g 2@ g_1Dgo® g1 @ go where x € gi, when [h,,z] = kz. The subspaces
g2 and g, are one-dimensional, containing the basis elements z_, and z,,
respectively. We define a nondegenerate skew-symmetric bilinear form (—, —)
on g; by [z,y] = (z,y)z, and a quartic form ¢(—) by (adz)*(z_,) = ¢(z)z,.
Using the linearization of the quartic form determined by ¢(z, z, x,x) = q(x),

we define a triple product xyz on g; by ¢(w,x,y, z) = (w, xyz).

We find q(zg, 25, 25—, Tp—p) = 1 and q(zp, T4, Tp—p, Tp—y) = _%Cﬁ,—pc%—pa
where 3 and ~ are orthogonal long roots of a-height 1,
An element x € g, is defined to be strictly regular if zxg, is the linear

subspace spanned by x. The basis elements x3 with 3 a long root of a-

height 1 are strictly regular. The following conditions are equivalent:

e x € g, is strictly regular,



e 1 is in the smallest nonzero Gy-orbit,
e rxg; is a one-dimensional subspace (i.e., z is rank one),

o v #0, zzx =0 and z € zxg,

e g(z,x,y,2z) =0 for all y € g; and all z in a codimension-1 subspace.
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The strictly regular elements span g;. Any element in the dense orbit is

uniquely the sum of two strictly regular elements. For x strictly regular and

Y,z € g1, TTY = <y,l’>l’ and Q(5E,$,yaz) = <y,l’><Z,ZL‘>

The vector space g; with the operations defined above is a Freudenthal

triple system.

The 4-linear form q(zg,,zg,, Tg,, g,) is zero unless By + fa + fF5 + B4 = 2p.

If the roots are long, this condition is met if and only if the roots consist of

two pairs that each sum to p or the roots are mutually orthogonal. In the

latter case, Q(‘Tﬁl’ LBy, ‘Tﬁmxﬁzl) = CB1,B84—pCB2,61—pCB3,84—pCB4,B1—p-

If g is of type D or E, then g; is the direct sum of four eigenspaces under

ad(hp—a — ha):
e The —3-eigenspace is spanned by z,,
e The —1-eigenspace is spanned by the x5 with («, 5) =1,
e The +1-eigenspace is spanned by the xg with (o, 3) =0,
e The +3-cigenspace is spanned by z,_.

The —1- and +1-eigenspaces have the same dimension.

For g of type Eg, E; or Eg,
e 1 is in orbit 0 iff z = 0,

e 7 is in the closure of orbit 1 iff zxg, C Fx,
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e 7 is in the closure of orbit 2 iff zzx = 0,
e 1 is in the closure of orbit 3 iff ¢(z) = 0, and
e 1 is in orbit 4 iff g(z) # 0.

For g of type D,,, a similar result holds except that the elements for which

zxx = 0 form two (n > 4) or three (n = 4) orbits.

Any element of GL(g;) that preserves the quartic form up to a scalar factor

must likewise preserve the bilinear form, and thus orthogonality.

When G = Ejs, the subgroup of GL(g;) stabilizing the quartic form is
Stab(Q) = <E7a:u4>' Stab(qa <_7 _>) = E7~

When G = Dy, Stab(q) = (SL3, j14) % Ss and Stab(q, (—, —)) = SLj xSs.

5.2 Future work

We have a decomposition of g; as the direct sum of four eigenspaces, two
of which are one-dimensional. In light of other well-known constructions of
Freudenthal triple systems and Lie algebras, it seems likely that the remain-
ing eigenspaces can be described as Jordan algebras or as a Jordan pair.
It would be desirable to describe a natural Jordan structure on them and
thus complete the process of starting with the Lie algebras and reversing the
known constructions.

Some of our results apply only to simple Lie algebras with simply-laced
root systems (or, only to the long roots of a Lie algebra meeting the other
hypotheses); for example, the explicit determination of the 4-linear form
in Proposition 3.35, and the fact that a nonzero element of a root subspace
corresponding to a long root is strictly regular (Corollary 3.10). The situation

in the presence of short roots is more complicated: there are then more cases
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than those listed in Proposition 3.35, and x5 need not be strictly regular if
[ is a short root. Further study is needed to better illuminate these issues.
The stabilizer subgroups for the forms have been determined in two im-
portant cases. It would be of interest to work out other cases as well; in
particular, the case G = Fjg appears to both manageable and of interest.
All of the results assume the characteristic of the underlying field is not 2
or 3. Finding an appropriate way to generalize these findings to low charac-
teristic would certainly be desirable, but is likely more challenging than the

other questions.
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