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Abstract

This thesis is about analytic number theory. In particular, I prove theorems about
class numbers, L-functions, and partitions, by using methods from the theory of
modular forms and a generalization of modular forms called harmonic Maass forms.

Class numbers of quadratic number fields count classes of quadratic forms, and
information about their arithmetic properties percolates into many areas of number
theory. I quantified a recent theorem of Wiles, who proved the existence of imaginary
quadratic fields with prescribed local conditions whose class numbers are indivisible
by a given odd prime. I extended Wiles’ result by proving a lower bound on the
number of such fields with discriminant down to a given bound. I used this estimate
to count rank 0 twists of certain elliptic curves.

Partition numbers are given by a simple combinatorial definition, but are con-
nected to deep ideas in math. I proved Hardy-Ramanujan-type effective estimates for
the number of k-regular partitions for low k. With Bessenrodt, I used these estimates
to prove formulas for multiplicative partition functions arising in group theory.

I studied parts of partitions lying in given residue classes with respect to a fixed
modulus. For large n, how many parts of a partition of n should one expect to
be equivalent to r (mod m)? Mertens and I used the Circle Method, a technique for
estimating the coefficients of modular forms that have a pole, to answer this question.

The theory of modular forms is the two-dimensional case of a larger body of work
called the Langlands Program. A challenge in this area is studying the analytic
properties of L-functions for automorphic forms; the Rankin-Selberg method allows
one to do this in certain settings. Recent work to extend this technique has led to the
development by Hoffstein and Hulse of shifted convolution L-series. Making use of
mock modular properties of a class of these series, I proved bounds for special values

of symmetrizations of the shifted convolution series.
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Chapter 1

Introduction

1.1 Class numbers, partitions, and L-functions

In this thesis, I present original results in the areas of class numbers, L-functions,
and partitions. Each of these areas played a major role in the some of the most
important developments in number theory of the twentieth century. Before I delve
into the details of my work, let me give a brief overview of these three areas and their
significance.

Class numbers were defined by Gauss to count classes of binary quadratic forms
up to matrix equivalence. At first glance this may seem boring, but it turns out
that class numbers are also the orders of groups which describe the obstruction to
unique factorization for rings of integers of number fields, and consequences of deep
knowledge about these groups percolate through virtually every important question
in algebraic number theory.

Dirichlet found that although algebraic in their definition, class numbers are pro-
duced by special values of L-functions, giving class numbers an analytic interpreta-
tion. So, the theory of L-functions can be used to study class numbers. This idea also

connects class numbers to the group structure of elliptic curves through the work of



Birch and Swinnerton-Dyer, who conjectured an important relationship between the
analytic and algebraic approaches to studying elliptic curves. Moving forward, the
Langlands philosophy connects the behavior of automorphic L-functions to the struc-
ture of number fields and important ideas in representation theory and arithmetic
geometry.

Partition numbers were first studied by Euler and Ramanujan for their combina-
torial properties. They seem like child’s play: they simply count the nonincreasing
sequences of positive integers with a fixed sum. This elementary idea has played
a role in the representation theory of finite groups through the use of Young dia-
grams and in mathematical physics through the work of Okounkov. Partitions have
also served as a testing ground throughout the development of the entire theory of
modular forms. Hardy and Ramanujan developed the Circle Method to estimate the
partition numbers, and this technique has been used throughout the study of modular
forms and beyond it to classical problems in analytic number theory, including War-
ing’s problem and the Odd Goldbach Conjecture. The Ramanujan Congruences were
proved years before Atkin realized that they are the manifestations for the Dedekind
eta-function of the action of the U(p) operator on modular forms. This led to Atkin
and Lehner’s extension of this work to the theory of Hecke operators and the theory of
newforms, which are necessary for understanding the structure of spaces of modular
forms and for stating the most well-known formulation of the Modularity Theorem.
The Ramanujan Congruences can also be viewed as consequences of properties of the
Deligne-Serre Galois representations for modular forms, which played a central role
in the proof of Fermat’s Last Theorem.

I describe my results in Sections 2-5 of the present chapter, and present their
proofs in Chapters 3 - 6. Chapter 2 introduces the primary objects used in these

proofs: modular forms and harmonic Maass forms.



1.2 Class Numbers

Ideal class numbers of imaginary quadratic fields have been studied since Gauss, who
conjectured that for any given h, there are only finitely many negative fundamental
discriminants D such that h(D) = h. The history of Gauss’ Conjecture is rich. The
conjecture was shown to be true by work of Heilbronn [Hei34], who did not show how
to find the imaginary quadratic fields with a given class number. Siegel [Sie35|] proved
that h(—D) grows like |D|'/2, but did so ineffectively. In other words, for each ¢ > 0
he proved that for sufficiently large D that there are positive constants ¢; and ¢y for
which
¢, DY?7¢ < h(—=D) < ¢, DY?*e

While explicit upper bounds for h(—D) are known, the constants ¢; are ineffective for
all e. Baker [Bak66] and Heegner [Heeb2]and Stark [Sta67] computed the complete
finite list of negative fundamental discriminants D for which h(D) = 1. The works
Gross and Zagier [GZ86] and Goldfeld |Gol85] produce a lower bound for h(D) which
is asymptotically smaller than Siegel’s bound, but is effective and allows one (in
principle) to compute the complete list of imaginary quadratic fields with any given
class number.

It is natural to ask what else can be said about the structure of ideal class groups.
For example, how often should we expect the ¢-torsion subgroup of the class group
to be trivial for a given odd prime ¢? The Cohen-Lenstra heuristics |[CL84] predict

all answer:

1 1
st (L)

. #{-X<D<0:0{h(D)} 1 1
i X :H(l_g_n)_l_z

n=1

Here the numbers D are fundamental discriminants. Note that the Cohen-Lenstra
heuristics actually predict much more about the structure of the class groups, give

similar predictions for real quadratic fields, and have been generalized by others to



other number fields. For a concise description for the quadratic number field case,
the reader is encouraged to read Chapter 5 Section 10 of [Coh93].

Numerical data provides some evidence for the Cohen-Lenstra heuristics, and for
¢ = 3, strong theorems supporting equation are known. Gauss’ genus theory
says that the number of order 2 elements of the class group is 20~ — 1, where ¢ is the
number of distinct prime divisors of the discriminant (see Proposition 3.11 of [Cox97]).
For ¢ = 3, a theorem of Davenport and Heilbronn [DH71] says that if e > 0, then for

X sufficiently large we have

#H-X<D<0:3th(D)} _ 1
#{-X <D <0}

v

They proved this by showing that the cubic number fields are in a discriminant
preserving correspondence with a certain set of classes of binary cubic forms, and
they used this fact to count the order 3 elements of class groups of quadratic number
fields.

For ¢ > 3 much less is known about the ¢-torsion of class groups. Soundararajan

[Sou00] used analytic techniques to count ¢-torsion points of class groups, and showed
#{-X <D <0: (D)} > X270,

where €(¢) > 0 approaches 0 as ¢ — oo. Kohnen and Ono [KO99] used the theory of
modular forms to study the occurrence of class groups with trivial ¢-torsion for ¢ > 3.

They proved for any € > 0, for sufficiently large X we have

#{-X <D<0:0{h(D)} > < 2(0-2) _€> VX

V3(0—1) log X

Information about the structure of class groups of quadratic fields can be used to

study questions about Mordell-Weil groups of elliptic curves in families of quadratic



twists, however, additional information about the splitting and ramification data of
the quadratic number fields is often required for such applications. For E : y? = p(z)
an elliptic curve over Q with p(x) in Weierstrass form, we define the twist of £ by a

fundamental discriminant D to be the elliptic curve defined by
Ep :y*D = p(x).

Note that Ep is isomorphic to E over Q(\/ﬁ), but not over Q. The Heegner hypotheses
are a set of conditions about how the rational primes of bad reduction of an elliptic
curve split in an imaginary quadratic field. The work of Kolyvagin on the Birch
and Swinnerton-Dyer Conjecture (see [Kol89a], [Kol89b]) is based on the existence of
suitable quadratic twists of elliptic curves in which the twisting discriminant satisfy
prescribed Heegner hypotheses. Combining his work with an important theorem of
Gross and Zagier, who showed that the height of the Heegner point is a multiple of
the derivative of the L-series of the elliptic curve at 1, it follows that the Birch and
Swinnerton-Dyer Conjecture holds when the analytic rank is at most 1.

Heegner points have played an important role in studying Goldfeld’s Conjecture,
which concerns the ranks of the twists as D varies over the set of fundamental dis-
criminants. Define ML(X) := #{D : |D| < X : ords—1L(s, Ep) = r}. If E/Q is an

elliptic curve and r is 0 or 1, then
X

The best general results on Goldfeld’s Conjecture were, until recently, due to Perelli,
Pomykala, and Skinner (see [OS98| and [PP97]). For the rank 0 case, Ono and
Skinner [OS9§] showed that

(1.2)



For the rank 1 case, Perelli and Pomykala [PP97] showed

Mp(X) > X' (1.3)

for any € > 0.

Recently, Kriz and Li [KL17] showed for a large class of elliptic curves,

>

M"(X) >

(<]

log® (X)

Strong results on Goldfeld’s conjecture have been obtained for special elliptic
curves by making use of the aformentioned theorem of Davenport and Heilbronn on
the 3-indivisibility of class numbers. Using the half-integral weight modular forms
established by Waldspurger and a theorem of Frey [Fre88|, James [Jam98| showed
that the elliptic curve with Cremona label 14B satisfies M2(X) > X.

Showing that an elliptic curve has a positive proportion of twists with rank one
requires more than Waldspurger’s modular forms. Vatsal [Vat98| used a theorem of
Gross and Zagier [GZ86| to show that the elliptic curve EF = X(19) has M (X) > X
for r = 0,1. Vatsal’'s argument was extended by Byeon [Byel2| to elliptic curves in
the isogeny class of an elliptic curve with a nontrivial cuspidal 3-torsion point and
square-free conductor.

The results toward Goldfeld’s conjecture described above apply to certain elliptic
curves with residually reducible mod 3 Galois representations, and rely on a refine-
ment of the theorem of Davenport and Heilbronn due to Horie and Nakagawa [HN8S].
Their refinement showed that a positive proportion of imaginary quadratic fields have
trivial ¢-torsion and satisfy prescribed local conditions. One might hope to extend
the work of Horie and Nakagawa to a theorem on /(-indivisibility of class groups for
¢ > 3 by refining the work of Kohnen and Ono [KO99| in an analogous way.

A barrier to refining Kohnen and Ono’s theorem is showing that the modular forms



arising in their argument have Fourier coefficients which are supported on prescribed
arithmetic progressions and are nontrivial modulo ¢. This is difficult because for
many modular forms this property doesn’t hold. For example, the values of the
partition function p(n) are the Fourier coefficients for the modular form 1/7(z), and
the Ramanujan congruences tell us p(5n+4) = 0 (mod 5), and so sieving the Fourier
expansion of this form can return a modular form which is trivial modulo 5. Here
n(z) == qg/** T[22, (1 — ¢") (throughout we use the notation ¢ := €>¥) is Dedekind’s
eta-function, a weight 1/2 holomorphic modular form.

Recently, Wiles [Will5| established the existence of imaginary quadratic fields
with prescribed local data whose class numbers are indivisible by a given odd prime

l.

Theorem. (Wiles) Let ¢ > 5 be prime, and let Sy, S,,S_ be finite disjoint sets of

distinct odd primes not containing £ such that the following are true:

1. Sy does not contain any primes which are 1 (mod /)
2. 84 does not contain any primes which are —1 (mod ¢)

3. S_ does not contain any primes which are 1 (mod ¢) and —1 (mod 4).

Then there exists a negative fundamental discriminant D such that ¢ t h(D), and
@(\/ﬁ) splits at every prime in Sy, is inert at every prime in S_, and ramifies at

every prime in Sp.

In view of the work of Horie and Nakagawa when ¢ = 3 [HNS8S], I prove a quantified
version of the theorem of Wiles for the ¢ > 3 case by obtaining an estimate for the
number of imaginary quadratic fields which satisfy the conclusion of Wiles’ theorem,
similar to the estimate of Kohnen and Ono.

Define the following:

My = é[Fo(l) () (1.4)



and

Noi=4Q8( [ ) (15)

qE€SoUS_US
where Qx, is equal to 1 if S_ is nonempty and otherwise is the smallest odd prime not
contained in S, U S_ U Sy which is not congruent to 1 modulo ¢ and -1 modulo 4.
In Chapter 3, I prove the following estimate for the smallest discriminant divis-
ible by a given prime p lying in a certain arithmetic progression which satisfies the

conclusion of Wiles’ theorem.

Theorem 1.2.1. Suppose p > My, is a prime such that the following are true:
1. We have that (8) =1 and p # 1 (mod ¢),
2. We have that p =1 (mod 8),
3. For odd primes q < My, q # {, we have <§> =1

Then there is some k, < pMy, such that p t k, and ¢ {1 h(—kyp) and Q(\/—k,p)
ramifies at all primes of Sy, splits at every prime in Sy, and is inert at every prime

m S_.

Combining this result with Dirichlet’s Theorem on primes in arithmetic progres-
sions, I obtained the following corollary, which can viewed as an extension of [KO99|
to allow for local conditions. To state it, let T, denote the set of all fundamental
discriminants which satisfy the conclusions of Theorem m That is, Ty, contains
the set of negative fundamental discriminants D of quadratic fields K which ramify
at all primes of Sy, split at every prime in S, and are inert at every prime in S_,
and have ¢ 1 h(D). Also, let rs be the number of odd primes less than My, excluding

¢. Then we have the following:

Corollary 1.2.2. Let ¢ be an odd prime. If € > 0, then for sufficiently large X we



have

#{—X<D<O:Nh(D),D€Tw}2( £-2 ) vX

—€ .
(0 —1)2r=t4y/ My, log X

One can apply Corollary to count quadratic twists of certain elliptic curves
which have Mordell-Weil rank 0 over Q and trivial /-Selmer group. To state this result,
it is convenient to define the following subsets of primes dividing the conductor Ng.

Let Sg be the subset of odd primes dividing the conductor Ng of E defined by
S = {pINp: p=—1 (mod (), ordy(Ap)}. (1.6)
where Ag is the discriminant of E. Also, we set
Ty = {p|Ng,ord,(jg) < 0; E/Q, is not a Tate Curve}, (1.7)

and

T ={p|Ng:p¢ T ,p=3 (mod4)}. (1.8)

A Tate curve E/Q, is such that £ /@p ~ @; /q” for some q € Q,, for details see
Appendix C of [Sil86].

Corollary 1.2.3. Suppose E/Q is an elliptic curve with odd conductor Ng, and
suppose E has a Q-rational torsion point P of odd prime order £, and suppose P is
not contained in the kernel of reduction modulo . Assume ordy(j(E)) > 0. Also
assume Sg = 0 and neither Ty nor T_ contain a prime which is 1 (mod ¢). Then we
have

VX

#{—X <D<0: SGZZ(ED) = {1}} > @



10

1.3 Shifted Convolution L-functions

Let fi, fa € Sk(I'o(IV)) be cusp forms with L-series given by

L(f;,s) = i ai?), i—1,2
n=1

Rankin and Selberg independently defined the Rankin-Selberg convolution series L( f1®
fa,s) as

L(fi ® fa,s) := Z M

for ®(s) > k and by analytic continuation elsewhere. Rankin-Selberg convolution
series were first used to bound Fourier coefficients of cusp forms in the direction of
the Ramanujan conjecture, and the idea has also been important in studying the
Langlands program. Selberg [Sel65] later defined shifted convolution L-functions,
which have been important in studying the Lindel6f hypothesis.

In [HH16] Hoffstein and Hulse defined shifted convolution series as follows:

D(fu, fo b 5) = Z a(n + h)az(n)'

n=1

- (1.9)
Hoffstein and Hulse established meromorphic continuation for this series and used
it to prove strong estimates for certain shifted sums (see Theorem 1.3 of [HH16]).
From these estimates a subconvexity bound for Dirichlet character twists of modular
L-functions was obtained.

Shifted convolution sums such as the ones in [HH16| arise frequently in the the-
ory of automorphic L-function and have been studied by many authors, who often
use them to prove subconvexity bounds. Duke, Friedlander, and Iwaniec [DFI93]
were the first to study bounds for shifted convolution sums of Hecke eigenvalues for
holomorphic forms and their applications to subconvexity estimates. Harcos [Har03]

extended their work to similar results for Maass forms. Works of Blomer, Harcos,
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and Michel [Blo04] [BHMO7] extended the work of [Har03], proving a Burgess-type
estimate in the latter paper. Note that Blomer [Blo04] showed, as a corollary of his

main result, that if € > 0 is fixed, and h < M %’6, there exists 0 > 0 such that

Z ar(m)a;(m + h) < M. (1.10)
m<M
Remark 1.3.1. The convergence of the sum considered in the present work (see
equation m 1s implied by equation . Although Blomer only states his result

for the case that fi = f5, his argument can be extended to the case that fi # f.

These results were extended using automorphic spectral decomposition by Blomer
and Harcos in [BHO8] and [BH10|. In [BHOg|, a sum very similar to the one studied
in [HH16] and in the present work was considered. In [BH10], a Burgess-type estimate
was obtained. Maga |[Magar| [Magl3| generalized the bound and Burgess-type bound
of [BH10] to automorphic GL, twisted L-functions over general number fields (note
that Maga was not the first to obtain a Burgess-type estimate in this generality, but
the first to do so using shifted convolution sums). For an overview of these results
and their applications to quadratic forms, see [Har14].

We consider symmetrized shifted convolution series D( f1, fa, by s) for fi,fa €
Sk(To(NV)), which were first defined by Mertens and Ono [MO16|. They are defined

as follows:

D(fla f2> h'; S) = D(fla f27 h; S) - D(Evﬁ? _h; S)' (111)

This symmetrized series has conditional convergence at s = k — 1.
In view of the works described above, it is natural to ask for bounds for the L-
values in h-aspect. In Chapter 4, I use the theory of harmonic Maass forms to obtain

a polynomial bound in h aspect for ﬁ(fl, fo,h,k—1) as h — 0.
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Theorem 1.3.2. Let f1, fo € Sk(2(Z)). Then
|D(f17f27hak_]-)|<<f17f2 hg, h — oo.

Remark 1.3.3. These methods would probably also work for forms of higher level,
but for simplicity I only do the level 1 case here. By making use of the full strength of
theorem of Mertens and Ono which involves the Rankin-Cohen bracket, these methods
could probably be generalized to the case that the weight of f1 is greater than the weight

of fa, rather than their weights being equal.

1.4 Multiplicative Partition Functions

A partition of a natural number n is a finite weakly decreasing sequence of positive
integers that sums to n. For k € N, k > 1, let pr(n) count the k-regular partitions of
n, i.e., partitions of n for which no part is divisible by k. These generating functions
arise in many different contexts, in particular in connection with the representation
theory of the symmetric groups, Hecke algebras, and related groups and algebras; for
a long time, this has been studied both in combinatorics and number theory.

For the classical (unrestricted) partition function p(n), explicit formulae are known
due to the work of Hardy, Ramanujan and Rademacher, and more recent work of
Bruinier and Ono [BO13|. Based on a result due to Lehmer, the following inequality

was shown in a recent article by the Bessendrodt and Ono [BO16]:
For any integers a, b such that a,b > 1 and a + b > 9, we have p(a)p(b) > p(a +b).

Also the cases of equality were determined in [BO16|. The inequality above was

then used to study an “extended partition function”, given by defining for a partition

o= (pa, pa, - ):
p(u) = [ [ p(n).

j21
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With P(n) denoting the set of all partitions of n, the maximum

maxp(n) = max(p(u) | p € P(n))

was determined explicitly in [BO16]; see Chapter 5 for the complete statement.

In Chapter 5, I present the results of a joint project with Christine Bessenrodt, in
which we obtain results analogous to the theorems [BO16] for px(n). My contribution
to this project was proving a result corresponding to the inequality above for an
extension of the generating function py(n) to a function on the set Py(n) of all k-

regular partitions of n, defined for u = (u1, pa, ...) € Pe(n) by:

pr(p) = [ ] pes).

Jj21

We then determine on which partitions the maximum

maxpy (n) = max(p(u) | 4 € Pu(n)

is attained, and we use this to give an explicit formula for the maximum.

By the work of Bessenrodt and Ono [BO16|, for k£ > 6 nothing new happens, as
all the partitions providing the maximal values maxp(n) are already k-regular; hence
we may restrict our considerations to the cases where 2 < k£ < 6. For this case, we
first show in Theorem that pg(n) satisfies a similar inequality as the one given
for p(n) above, where again we specify the corresponding bounds explicitly.

For the maximum problem, we found that the behavior is quite similar to the
one observed in [BO16], though we lose uniqueness for small k; see Theorem in
Chapter 5 for the detailed results.

The key to understanding the maximal values is the following analytic inequality

for the generating function pg(n). As mentioned above, Theorem is the analogue
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of a result for the ordinary partition function p(n) in recent work by Bessenrodt and

Ono [BO16].

Theorem 1.4.1. Fork € N, 2 < k <6, we define parameters ny, my. by the following

table:

E | 21 814|5]6

ng | 3| 22|22

my | 22| 1719|919

Then for any a,b € N with a,b > ny and a + b > m;, we have

pr(a)p(b) > pi(a +b).

Furthermore, all the pairs (a,b) with 2 < a < b for which this inequality fails are

given in the table below.

k| (a,b) with p(a)pi(b) = pi(a +0) (a,b) with pi.(a)pk(b) < pr(a+b)
21(3,3),(3,5),(3,6),(3,7),(3,8), (4, 15), | (2,%),(3,4), (4,4), (4,5), (4,6), (4,7),
(4,16), (4,17), (5,6), (5,7), (5,8) (4,8), (4,9), (4,10), (4,11), (4,12),
(4,13), (4,14), (5,5)
31(2,2),(2.3),(3,3),(3,4),(3,5),(3,6), |(3,11),(3,13)
(3,7),(3,8),(3,9), (3,10)
41(2,2),(2,3),(2,5),(3,3) (2,4),(3,5)
51(2,3),(2,4) (2,2),(2,5),(3,3), (3,5)
6| (2,4),(2,5),(2,6) (2,2),(2,3),(3,3)

My main tool for deriving Theorem was an analogue of a classical result
of D. H. Lehmer [Leh38|. In particular, I derive precise approximations for py(n)
which have effectively bounded error, which we obtain using work of Hagis [Hag71].

I present these proofs in Chapter 5.
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Remark 1.4.2. Recently, Alanazi, Gagola, and Munagi [AGM17] gave a combinato-
rial proof of Theorem and of the analogous partition inequality of (BO16|.

1.5 Parts of partitions in given residue classes

The Circle Method, certainly one of the most important techniques in analytic number
theory, originates in the investigation of the partition function. Exploiting the modu-
larity of the generating function of partition function, Hardy and Ramanujan [HR18|
found their famous asymptotic formula for the number p(n) of partitions of a natural

number n,

1 2n
p(n) ~ Y exp <7T ?> :

Later, Rademacher [Rad37] was able to refine the method of Hardy-Ramanujan to

obtain his exact formula

p(n) = (1.12)

> Ak (n) (7n/24n— 1)
(24n — 1)1 % 6k ’

=1

where I is the modified Bessel function of the first kind and Ak(n) is a certain
Kloosterman sum (see Chapter 6).

In Chapter 6, I present results on the number of parts in all partitions in certain
congruence classes. These results are joint with Michael Mertens. The first work
addressing the related question of how many parts does a “generic” partition of an
integer n contain, is the seminal work by Erdés and Lehner |[EL41]. To be more

precise, they showed that for large n, almost all partitions of n contain

(1-+ o1 L2

logn

parts.

If A= (Ao, ..., A) is a partition, i.e. a non-increasing sequence of positive integers,
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we let

TonA) =[{A\j: Aj =7 (mod N)}. (1.13)

For a positive integer n we then define

Tov(n) =Y T.n(\), (1.14)

[A|=n
where the summation runs over all partitions of size n. The quantity fn ~(n) counts
the number of parts congruent to r (mod N) in all partitions of n. For example, all

partitions of 5 are
(5)? (47 1)7 (37 2)7 (37 17 1)7 (272? 1)7 (27 17 ]" )7 (]‘7]‘? 17 17 )7

hence f173(5) =13 and f2,3(5) = 5. We will study differences between these functions
for N > 3 and ged(r, N) = 1.

A formula giving a lower bound for the number of parts of a partition of n in a
residue class r (mod d) for a proportion of partitions was proved by Dartyge, Sarkozy,
and Szalay [DSS05] for d < nz=¢. The same authors in [DSS06] proved a formula for
the expected number of parts of a partition in a residue class when the parts must
be distinct.

In [DS05a] Dartyge and Sarkozy proved an inequality that suggests that some
residue classes occur as parts in a partition more frequently than others. They showed
that for sufficiently large n and 1 < r < s < N, a positive proportion of the partitions

of n satisfy

(r+s)\/ﬁ.

TN — T n(A
SO = Tow () > 2

In Chapter 6, I use the Circle Method to prove an asymptotic formula for T w(n)—

fN_T,N(n) for ged(r, N) = 1. I prove the following:
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Theorem 1.5.1. Let r, N be coprime positive integers with N > 3 and 1 < r < %
Then we have that
-~ 1 — e e(7r 3(n=31))

T.n(n) = Tn_rn(n) = NN Z_ U(r') ) (c)cot (—>

o . ex v n2e(3v3(n—5))
Vaw, L OHn +o( )

—1)=—1

where ¥ runs through all odd Dirichlet characters modulo N, L(s,1)) denotes the

Dirichlet L-series associated to 1, and r’ denotes the multiplicative inverse of r modulo

N.

Remark 1.5.2. In the proof of [1.5.1, we also give further terms of an asymptotic

expansion of frvN(n) — ,_Z/;N_,,’N(TL).

Example 1.5.3. Let N =3 and r = 1. Then the formula in simplifies to

1 1 ”

~ ~ 1
Ti3(n) —Ty3(n) ~ —
o) = Tasl) ~ 5 n— L 2v2(n—3)

We denote by Q(n) the quotient of the left-hand side of the above asymptotic equation
by its right-hand side. Table contains numerical values of Q(n) for various n,

tllustrating that the above asymptotic is a relatively good approximation for large n.

n 10 100 1,000 | 10,000 | 100,000
Q(n) | 1.00417 | 1.00142 | 1.00013 | 1.00001 | 1.00000

Table 1.1: Numerics for Theorem m

As it turns out, the generating function of TA} ~n(n) -T ~N—r.n(n) is a weakly holomor-
phic modular form of weight % for I'1 (IV) so that we can essentially follow Rademacher’s

proof for his exact formula for p(n).
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The generating function of fﬁ ~(n) is not modular, but we use a variant of the
circle method due to Wright to prove the following asymptotic formula for T\n n(n).

This is possible due to the fact that fﬁ ~(n) is monotonically increasing in n.

Theorem 1.5.4. For fired numbers r, N € N, r < N, we have the asymptotic

=~ 2n

1 1 2 T
T.n(n)=e"Vin 2——— |logn —log [ — | —2 (—>+lo N)
~(n) 47TN\/§{g g(6> W g

+0 (n_% log n)} ,

where Y(z) = I;((f)) denotes Euler’s digamma function, as n — oo.

Remark 1.5.5. Since the digamma function ¥ (x) is monotonically increasing and
negative for real arguments x < 1, we see at once that for 1 < r < s < N we have

the inequality

for all sufficiently large N.

Example 1.5.6. Let N = 3. We want to illustrate the asymptotic formula from

Theorem for frvg(n) forr=1,2,3. Let Q.(n) denote the quotient of ﬁ,ﬁ(n) by
the respective main term. Table gives the numerical values (decimal expansions

are truncated, not rounded).

n 10 100 1,000 10,000 | 100,000
Q1(n) | 0.982155 | 0.992241 | 0.997608 | 0.999273 | 0.999778
Q2(n) | 1.149645 | 1.017114 | 1.003063 | 1.000592 | 1.000115
Qs(n) | 1.792248 | 1.067095 | 1.011771 | 1.002470 | 1.000563

Table 1.2: Numerics for Theorem m
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Chapter 2

Background

This chapter introduces objects which are vital tools for the proofs presented in
the subsequent chapters. First, we introduce classical modular forms and some of
their important properties, and then we introduce harmonic Maass forms. As an
example of a harmonic Maass form, in Section 2.3 we introduce a harmonic Maass
form discovered by Zagier whose Fourier coefficients are Hurwitz class numbers. This
form will be important in Chapter 3.

We present only a few of the important and interesting properties and examples
of these functions. The reader is encouraged to see other sources for more complete
treatments of these theories, including [Ono00] or |[DS05b| for modular forms, and

[BEOR17] or [BF04] for harmonic Maass forms.

2.1 Modular Forms

Famous for their important role in proving Fermat’s Last Theorem in the 1990s,
modular forms are connected to many areas of mathematics, including number theory,
representation theory, combinatorics, and mathematical physics. A recent example of
their relevance in mathematics is Viazovska’s solution to the sphere packing problem

in R® [Vial7] and its extension by several authors to the dimension 24 sphere packing
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problem [CKM™17].

Modular forms are holomorphic functions on the upper-half plane which transform
nicely under discrete groups of isometries of the hyperbolic plane. Every modular
form has a weight, and the set of modular forms of the same weight satisfying certain
nice asymptotic properties form finite-dimensional vector spaces. Modular forms
are periodic, and their Fourier coefficients are often full of arithmetic meaning. The
following sections make these ideas precise. In Section 2.1.1, the important subgroups
of SLy(R) are introduced. In Section 2.1.2, modular forms are defined and a few of
their important properties are stated. In Section 2.1.3, a few well-known examples of

modular forms are presented.

2.1.1 The Modular Group

Here, we introduce some important matrix groups and state some of their properties.
The modular group and its finite-indexed subgroups arise naturally in the study of
geometry of the Poincaré half plane model for the hyperbolic plane H as discrete
subgroups of the group of isometries of H. While this may seem far removed from
number theory at first glance, these groups give rise to moduli spaces for complex
elliptic curves and are foundational objects in the theory of modular forms.
Throughout the rest of this thesis, let H := {z +iy € C : y > 0} denote the upper
half plane. The group SLs(R) of 2 x 2 determinant one matrices with real entries
acts on H by Mébius transformation. For v = (¢ 9%) € SLy(R), we have the following

action on H:
az+b
cz+d

vz =

These transformations act isometrically on H with with respect to the Poincaré

metric, which is given by

(ds)? :=y 2 ((dz)* + (dy)?) .
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With respect to this metric, H is a Riemannian manifold. Its geodesics are given
by half circles centered on the real line and the vertical lines (Euclidean lines which
are orthogonal to R).

The modular group SLy(Z) is the subgroup of SLs(R) consisting of two by two
determinant one matrices with integer entries. This group has many nice properties.
The modular group (and any finite index subgroup of the modular group) acts on H in
a nice way, in particular, it acts discontinuously in that for any x € H, the orbit of x
under SLs(Z) has no limit points. Consequently, one can find a set of representatives
for the orbits of H under the SLy(Z) action which is finite in volume and is actually
polygonal (the edges are geodesics with respect to the hyperbolic metric, not the
euclidean metric). One can use these facts and a few other properties to show that
the quotient S Ly (Z)\H when compactified is a genus zero Riemann surface. Its points
parametrize the isomorphism classes of complex elliptic curves via 7 — C/{Z + 7Z}.

The modular group has a family of important subgroups known as congruence
subgroups, which also satisfy the interesting properties discussed in the last paragraph.

The principal congruence subgroup of level N, where N > 1, is given by

P(N) ={(2q) € SL2(Z) : (23) = (1)  (mod N)}.

More generally, a congruence subgroup of level N is a subgroup of SLy(Z) that

contains T'(IV). Here are two important families of level N congruence subgroups:

Iy (V) :={(2q) € SL2(Z) : (23) = (57)  (mod N)},

and

Po(N) :={(2q) € SL2(2) : (23) = (5%)  (mod N)}.

The action of a congruence subgroup on H extends to an action on QU{ico}. The

orbit classes of QU {ico} under the action of a congruence subgroup I' are called the
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cusps of I'. For example, SLs(Z) has just a single cusp ico, because every reduced
rational —¢ is mapped to ico by (254).

Similar to the modular group, the compactifications of the quotients I'\H are
Riemann surfaces (although the genus is rarely zero). It turns out that these quotients
are also algebraic curves whose points parametrize isomorphism classes of elliptic
curves enhanced with torsion data.

Congruence subgroups and cusps are needed to define modular forms, which we’ll

do in the next section.

2.1.2 What is a modular form?

For each integer k and each v = (¢ 4) € SLy(Z), we define the operator |y on smooth

functions f : H — C by

(flen)(2) = (ez + )" f(72).

Let k£ be an integer, and let I" be a congruence subgroup.

Definition 2.1.1. Let f : H — C be holomorphic. Then f is a weight k modular
form with respect to I' if the following are true:

(i) f is weight k invariant under T, that is, for ally € T, (flxy) = f.

(i) f(7) has at most polynomial growth in Im(T) as T — ioco, and analogous

conditions hold at the other cusps of T'.

When k is an even integer, condition (i) basically says that we can interpret a
modular form of weight &k as an order k/2 differential form on H/SLy(Z).

If I contains I'(IV), then we say that a modular form with respect to I' has level
N. Since I'(N) always contains (3 4), condition (i) ensures that all modular forms

are periodic. The second condition then ensures that f has a Fourier expansion of
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the form > °°  a,qV/N, and (f|xy) for v € SLy(Z) have similar expansions, where
through q := %"=,

A modular form that vanishes at every cusp of I' is called a cusp form. Cusp
forms are an important family of examples of these functions.

We let Mi(I") (resp. Sk(I')) denote the complex vector space of modular (resp.
cusp) forms of weight k with respect to I'. The spaces M(I') and Si(I") are both
finite dimensional for all congruence subgroups.

The spaces My (I'1(IN)) each admit a useful decomposition as a direct sum of
subspaces. Let x be a character modulo N. We let M (T'o(IN), x) denote the space
of holomorphic functions f : H — C which satisfy (f[xy) = x(d)f for ally = (294) €

Lo(N) as well as condition (ii) from the definition above. Then we have

Mi(T'1(N)) = &, Mi(T'o(N), x),

where the sum is over all Dirichlet characters modulo N. The eigenspaces My (I'o(V), x)
will be important in Chapters 3 and 6, where we will use them to construct modular
forms with Fourier coefficients supported on specific residue classes.

Note that while we only define integral weight modular forms here, the definitions
above can be modified to allow for half-integer values of k. Many important modular
forms are of half integral weight, including the generating function for the partition
numbers p(n).

Another space that is important is the space of weakly holomorphic modular forms,
which is denoted M} (T). The difference between weakly holomorphic modular forms
and ordinary modular forms is that weakly holomorphic modular forms are allowed
to have poles at the cusps of I'. The vector space M, ,L (T") is infinite dimensional.

Remarks on the structure of My(I'): The remainder of this subsection is not

essential for understanding this thesis, but is included to provide a more complete
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summary of the theory of modular forms.

The weight k cusp forms are endowed with a Hilbert space structure given by
the Petersson inner product, < f, g > petersson, Which can be viewed as a hyperbolic
analogue of the LQ(R) inner product. While < f, g > peersson does not extend to an
inner product on all of M(I"), it is well defined if the product fg vanishes at all

cusps. We can therefore decompose M (I') as

Mi(T) = Sp(D)*" @ Si(D).

The orthogonal complement of Sy (I") consists of the Fisenstein series of My (I'). When
k > 3, the space of Eisenstein series can be described explicitly by constructing, for
each cusp « of I', a modular form which is nonvanishing at a and vanishes at all
other cusps. When k£ = 2, this construction produces functions which do not satisfy
the modular transformation law (it turns out that they are quasi-modular), and the
weight two Eisenstein series are obtained by taking the linear combinations of these
forms for which the sum of the constant terms in the Fourier expansions is zero. There
is also an analogous construction of Eisenstein series when k& = 1. The weight one
Eisenstein series are used extensively in Chapter 6.

Bases for Si(I") are less straightforward to construct. One can quickly see that,
as I'(dN) C I'(N), the space Si(I') can be decomposed as the direct sum of the space
of old forms of cusp forms of lower level, and the space of newforms Sy (Io(N))™".

The Hecke operators T,, are a family of commuting operators on M (I") that act
on Fourier series in a nice way. It turns out that the Hecke operators form an algebra
of linear operators acting on My (T") which are fundamental for understanding many
of the arithmetic properties of modular forms, such as the famous Ramanujan Con-

gruences for p(n). The Hecke operators are self-adjoint with respect to the Petersson

inner product on the space of newforms, and it follows that Sy(I'o(/N))"* has a basis
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of simultaneous eigenforms for the Hecke operators.

A typical feature of modular forms is for their Fourier coefficients to encode various
kinds of arithmetically important information. In the next subsection, we give some

examples of this.

2.1.3 Examples

Here, we give three examples of classical modular forms.
Modular forms can often be constructed by averaging some function over the

action of modular group. Here is the simplest example:

1 1
QC(k) (m,n)eZ? (0,0) (mZ t n)
For even k > 2, this is a modular form of weight k& with respect to the full modular

group. Its Fourier series is given as follows:

where By, is the kth Bernoulli number and oy_1(n) is the well known sum of divisors

function given by:

or_1(n) := Z d"=t

dn
An important half weight modular form is the Jacobi theta function, which is

defined by

O(z) := Z 7.

neL
This is a weight 1/2 modular form with respect to I'g(4). By taking its cube, we

obtain the weight 3/2 modular form ©(z)3 =: >.°° r(n)¢". This modular form is

n=0
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intimately tied to class numbers for imaginary quadratic fields. It is well known that

the r(n) are given by Hurwitz class numbers H(n) (see Section 2.3).

Theorem 2.1.2 (Gauss).

(12% Y ti(d) (5#) or(§) n=1,2 (mod 4)

r(n) = 2 Yy nld) (1) ou() n=3 (mod 8)
r(n/4) n=0 (mod 4
0 n=7 (mod 8)

\

I conclude the chapter with a famous example arising in the study of partitions.

Let n(z) be defined by
n(z) =g ] —q).
n=1

This is a weight 3 modular form on SL,(Z) and consequently 1/n(z) is a weight —
modular form on SLy(Z). It is easily seen that ¢'/2*/n(z) is the generating function
for the partition numbers p(n).

The proofs in Chapter 6 rely on the Circle Method. We record here, for later
use, the explicit transformation formula for 7(z), in a form that is convenient for
ascertaining the behavior of 1 near a cusp % Assuming (h,k) = 1, there is an

element of SLy(Z given by ay, ), = (:Z %) .

T _h o iz . —1(
For 7/ = 4=+ 2 and 7 = ¢ + 75, where 2 is complex, we have Ozh’k,(T) =17

Theorem 2.1.3. Let h, k, H, 7,7 be as described above. Then we have

T 1
g eM'u <z>2 o~ ioez + Bz Tmis(~HK)
)
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where s(h, k) denotes the Dedekind sum,

w35 (5 -15]-3) =

r=1

See Theorem 5.1 in [Apo90| for a proof.

2.2 Harmonic Maass Forms

A harmonic Maass form is a certain kind of nonholomorphic modular form that has
a natural decomposition into a holomorphic and nonholomorphic part. The holomor-
phic part of a harmonic Maass form is called a mock modular form, and every mock
modular form naturally has a cusp form associated to it called its shadow. In this sec-
tion, we define level 1 harmonic Maass forms (harmonic Maass forms of level greater
than 1 are defined as the natural generalization of the definition given here) and state
some of their important properties. For more on mock modular forms and harmonic
Maass forms, see references such as [BF04], [Ono09], and [BFOR17]. Throughout,
the variable z lies in H with z = x + iy, where z,y € R.

The weight k hyperbolic Laplacian operator A is defined as follows:

0? 0? 0 0
Ay ==y ==+ = ‘ —+i— .
k Yy <8x2+8y2>+zkzy(ax+zay)

Bruinier and Funke in [BF04] first defined harmonic weak Maass forms.

Definition 2.2.1. Let F : H — C be real-analytic, and assume that k > 2 is an even
integer. Then F' is a weight 2 — k harmonic weak Maass form if the following hold:

(i) F is weight 2 — k invariant under SLy(7Z), that is, for all v € SLy(7Z),
(Flo—ky) = F.

(ii) The weight 2—k hyperbolic Laplacian operator annihilates F, that is, Ag_p F' =
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(1ii) There is a polynomial Pr(q) € Clg'] such that F(z) — Pr(q) = O(e™%) as

Yy — 00.

We let Hy_j denote the vector space of weight 2 — k& harmonic weak Maass forms.
For convenience, we refer to harmonic weak Maass forms as harmonic Maass forms,
and omit the word “weak”.

The following fact is straightforward from the definition.
Theorem 2.2.2. Fvery F' € Hy i can be written in the following way:

F(z) _ F+(Z) 4 (4’/Ty)1—k

ﬁmﬂL F~(2),

where F™ and F~ have Fourier expansions as follows, for some mg € Z:
Fi(z)= Y cp(n)q",

n=mo

and

F~(r) = Zc}(n)F(l — k, 4mny)q~".

n>0

In the theorem, F'* is called the holomorphic part of F', and %M—I— F~(7)
is called the nonholomorphic part of F'. When the nonholomorphic part is nonzero,
FT is called a mock modular form.

The following theorem, due to Bruinier and Funke [BF04], explains why we con-

jugate the coefficients of the nonholomorphic part in Theorem [2.2.2]

Theorem 2.2.3 (Bruinier, Funke). The operator & : Hy . — Sk given by &_j =

22—k 0

2iy*"" 2= is well defined and surjective. Moreover, for F' € Hy_y,

& 1(F) = —(4m)* 13" cp(mn* 1" € 5,

n>0

where cp(n) and ng are as in Theorem .
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For any F' € H,_y, the cusp form (—4m)*'3°" cp(n)¢" € S is called the

shadow of the mock modular form FT.

2.3 Hurwitz Eisenstein Series

In this section, we give an example of a harmonic Maass form that will be useful in
the next chapter.

For nonzero integers D, we let h(D) be the class number of Q(v/D). In other
words, h(D) is the size of the index of the group of fractional ideals for Og/p)
over its subgroup of principal fractional ideals. Recall that h(D) = 1 precisely when
O@( VD) 18 a Unique Factorization Domain.

The class numbers h(D) count classes of binary quadratic forms with discriminant
D up to matrix equivalence. The Hurwitz class numbers H(n) come from counting
equivalence classes of binary quadratic forms inversely weighted by the size of their
stabilizer in SLo(Z). Specifically, we define H(n) as follows for positive integers n.

Suppose —n = D f?, where D < 0 is a square-free fundamental discriminant.

() = NS o) () onh)

daf

where w(—n) is half the number of units in the integer ring of Q(v/—n), that is
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Zagier showed that #(z) is a harmonic Maass form [Zag75].

Theorem 2.3.1. (Zagier) H(z) is a weight 3 harmonic Maass form of moderate

growth on To(4). Moreover, &2(H) = — 0.

167

By “moderate growth”, I mean that instead of (iii) in the definition of harmonic
Maass form, we have H(z) = O(y") as y — oo for some real value r, and analogous
conditions hold at all cusps. We have to modify condition (iii) due to the presence of
the third term in the definition of H(z). Harmonic Maass forms which satisfy certain
weakened or altered growth conditions have shadows which are modular forms but
are not cusp forms, as we see in Theorem [2.3.1

In the next chapter, I show how one can use #H(z) to construct modular forms
whose coefficients are the Hurwitz class number for fields with desired splitting con-

ditions.
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Chapter 3

Indivisibility of Class Numbers of

Imaginary Quadratic Fields

This chapter is devoted to the proof of Theorem Corollary [1.2.2] and Corollary
123

Theorem gives a bound on the smallest discriminant satisfying Wiles’ the-
orem. The proof relies on Zagier’s weight 3/2 harmonic Maass form H(z), which is
discussed in Chapter 2.3. The idea is to take linear combinations of twists of #(z)
to construct a modular form that is only supported on discriminants satisfying the
desired local data. Then we use the theory of modular forms to bound the smallest
Fourier coefficient that is indivisible by p.

Corollary follows from using Dirichlet’s Theorem on primes in arithmetic
progression to count discriminants given by Theorem [I.2.1] Specifically, one obtains
an imaginary quadratic field whose discriminant is divisible by p for every p in a
certain arithmetic progression.

Corollary follows from using the primes of bad reduction of an elliptic curve
to generate the local conditions, and applying Corollary [[.2.2l A theorem of Frey

relates the indivisibility of the class numbers to that of Selmer groups of quadratic
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twists.

Remark on the necessity of harmonic Maass forms: The ©3 modular form was
used in most modular forms results on indivisibility of class numbers, such as [K099).
However, it is insufficient for our result, because its Fourier coefficients are not sup-
ported on all arithmetic progressions. For the square free n with n =7 (mod 8), the
class numbers h(—n) are not represented. We do not have this problem when working

with #(z), because its Fourier coefficients represent all class numbers.

3.1 Sieving Zagier’s Harmonic Maass Form

We require the following result, which shows that we can define holomorphic modular
forms whose coefficients are supported on fundamental discriminants satisfying local
conditions and are given by class numbers. Given sets S, S_, Sp as in Theorem [I.2.1]

we let Ay, be defined as the set of positive integers n such that the following hold:
1. Forpe S, US_US_, p*{n.

2. Q(v/—n) splits at the primes in S, , ramifies at the primes in Sy, and is inert at

the primes in S_.

Lemma 3.1.1. Let S;,S_,S be sets as in Theorem and assume that S_ is
nonempty.
Then there is a weight 3 modular form H*(z) = > 77 a(n)q™ on T'o(Ny), where

N, 1s as in equation , such that

H(n) ne As
a(n) =

0 otherwise

The idea is to take combinations of twists of Zagier’s function #(z) to obtain

holomorphic modular form. The key properties of H(z) that allow us to do this are
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1. The Fourier expansion of the non-holomorphic part is supported on terms of the
form ¢, which allows us to use twisting to annihilate the non-holomorphic

part of H(z), and

2. H(z) has moderate growth at poles, which ensures that any linear combina-
tion of twists of H(z) will not have any exponential singularities, as a weakly

holomorphic modular form would.

For x, ¢ Dirichlet characters modulo m and N, the twist of G(z) := >~ ja(n,y)q" €

Hi(To(N), ) by x is given by

G(2) =) _x(n)a(n,y)q".

nel

If d is a positive integer, the operators U(d),V (d) are defined, as one does when

working with holomorphic modular forms, by

(GIU(@)(2) =) aldn,y)q"

nel

and
(o)

(GIV(d))(2) = ) _aln,y)g™

neL

It is well known that a twist of a modular form is itself a modular form, for
a proof, see Proposition 17 on page 127 of |[Kob93]. The same proof shows that
twists of harmonic Maass forms are also harmonic Maass forms. Specifically, for
G(z) € HI:fé(FO(ZLN),@/J), the form G, (z) belongs to H,:f%(FO(4Nm2),¢ - x?), and
(G|V(d)) and (G|U(d)) lie in Hl’zf%(FO(4Nd),w~ (4—d))

Proof of Lemma |3.1.1]: First, we take a combination of twists for which the nonholo-
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morphic part of H(z) is annihilated. Let p be in S_. We have

1) = ) = (1) Hg, )

2

_ 1% (1 _ (%‘)) Hn)q" + # plznr(—%,élm”ﬂy)q" .

n=

Note that the coefficient of ¢ in the holomorphic part of f(z)is 1H(n) if p|n,
H(n) if (’7”) = —1, and 0 if (%") = 1. The nonholomorphic part of f is supported
on multiples of p, because twisting the nonholomorphic part by the Legendre symbol
annihilates those coefficients. To eliminate what remains of the nonholomorphic part
and the multiples of p in the holomorphic part, we take the twist f(;>2.

Repeating the above steps for every p € S, U S_, we obtain a form which is
supported on n for which the primes in S; U S_ split or are inert in Q(v/—n) as
desired.

To obtain a modular form which is supported on coefficients which are multiples
of the primes in Sp, let d be the product of the primes in Sy. We apply the U(d),
operator, then twist by (%”)2 for each g € Sy, and then apply the V(d) operator.

]

3.2 Proof of Theorem 1.1

The proof of Theorem requires a well known result of Sturm [Stu80], which
says that if a modular form with integer Fourier coefficients is nonvanishing modulo
a prime £, then there is a bound on the index of the first coefficient which is nonzero
modulo ¢. To state his theorem, for a rational prime ¢ and a modular form f(z) =

S a(n)g™ € M(To(N), x) with coefficients in Z, we define

n=0

ordy(f) := min,{n : £+ a(n)},
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and we say ordy(f) := oo if £|a(n) for all n.

Theorem 3.2.1 (Sturm). For a modular form f(z) =" a(n)¢" € My(To(N), x)

with integer Fourier coefficients, if

ordy(f) > %[Fo(l) :To(NV)],

then ordy(f) = oco.

Remark 3.2.2. Note that Sturm’s theorem was originally only formulated for holo-
morphic modular forms of integer weight, but the proof carries over to half-integral

weight modular forms by raising half-integral weight forms to even powers.

Proof of Theorem |1.2.1: Let H*(z) be the modular form from Lemma for S,
S_, and Sy, replacing S— with {Qs} if S_ = 0. Let

F(z) == (H|U(p)) —p (H*|V(p)) .

By Lemma [3.1.1] the form F(z) is a modular form of weight 2 on I'o(pNy). By
Theorem 1 of Wiles [Will5], F(z) has a Fourier coefficient which is indivisible by Z.
Therefore Sturm’s Theorem tells us that we have

ny = ordy(F) < %[Fo(l) : To(pNy)].

It follows from a well-known formula for [I'(1) : T'o(IV)] (see for example [Ono00))
that we have

Ny < Mg(p—i- 1)~

We have that n, must be of the form fz?k:p, with k, square free. It follows from
conditions (1)-(3) in Theorem that for all n < My, the np' Fourier coefficient

of F(z) is divisible by ¢, so p { k,. Therefore either —pk, or —4pk, is a fundamental
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discriminant for an imaginary quadratic field satisfying the desired local conditions

and whose class number is indivisible by /. O

3.3 Proof of Theorem 1.2

Note that at least half of the values k,p from the main theorem must be distinct as
p varies over the primes greater than My satisfying the conditions of Theorem [1.2.1]
If instead we had k,p = k,q = k.7 with p < ¢ < r, we would have ¢r|k,, which would
violate the bound on k,.

To count the fundamental discriminants down to —X which satisfy the desired
conditions, it suffices to count the primes which satisfy the conditions of Theorem
for which the fundamental discriminant from Theorem [1.2.1]is greater than —X.

The primes p that satisfy the third condition of Theorem [1.2.1] are those for
which for each ¢ up to My, p lies one of q;21 arithmetic progressions modulo ¢,
which correspond to p being a quadratic residue modulo ¢g. Similarly, the other two
conditions amount to restricting p to certain arithmetic progressions modulo 2 and /.

For the fundamental discriminant corresponding to p obtained from Theorem|[1.2.1

to be guaranteed to be greater than —X, it suffices to require
dpMs(p+1) < X.

It follows from Dirichlet’s Theorem for primes in arithmetic progressions that

given € > ( for sufficiently large X, we have

#{—X<D<0:Mh(p),D€TE}Z<€—2 1 €> VX

(=124 /My, ) log X
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3.4 Twists of Elliptic Curves

First we recall a theorem of Frey [Fre88|, which gives a relationship between Selmer
groups of quadratic twists of certain elliptic curves E and the ideal class group of
the quadratic field associated with the twisting discriminant. For the quadratic fields
Q(v/D) appearing in Frey’s result, all of the primes of bad reduction of E factor
(i.e. split, ramify, or remain inert) in Og(vp) in a prescribed way depending on their
reduction type.

To state Frey’s conditions precisely, we must define Tate curves, which are a class
of elliptic curves over local fields. The local fields we will refer to are simply the p-adic
completions of Q, denoted by Q,. Tate curves admit a uniformizing map (which here
means a complex analytic isomorphism of Riemann surfaces that also preserves the
group structure) that is analogous to one admitted by all elliptic curves over C. We
recall the analogous facts for elliptic curves over C in the next paragraph.

Every elliptic curve over C admits a uniformization £(C) = C/A, where A is an
additive discrete subgroup of C which can be taken to be of the form A = Z+ 77, with
7 € H. The map z — €™ applied to C/A yields the uniformization E(C) = C/e?™"2,
where C* is the multiplicative subgroup of C and €% denotes the subgroup of C*
generated by €277,

Now let K be a local field which is complete with respect to a discrete valuation
v. A Tate curve over K is an elliptic curve E over K which admits a uniformization
K*/q* =2 E(K) for some q € K*with |g|, < 1, where ¢ is the subgroup of K* (the
multiplicative subgroup of K') generated by q. A Weierstrass form and uniformizing
map for such curves can be defined explicitly by series expansions in terms of g. The -
invariant and discriminant A are given by %4—744—1— 196884¢+--- and ¢ [],>,(1—¢")*
respectively, which are identical to the formulas in the complex case. See Appendix
C.14 of [Sil86] for a much more detailed introduction to Tate curves.

Let E be an elliptic curve over Q with conductor Ng, j-invariant jg, and discrim-
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inant Ag, and suppose that £ contains a point P of odd prime order ¢. We let Sg
denote the set of primes ¢ dividing Ng such that ¢ = —1 (mod /), and v, (Ag) # 0
(mod /), and v,(jg) < 0. Let Sely(Ep,Q), denote the elements of order ¢ in the

Selmer group of Ep.

Theorem 3.4.1 (Frey). Suppose E/Q is an elliptic curve with a Q-rational torsion
point P of odd prime order £, and suppose P is not contained in the kernel of reduction
modulo £. Suppose §E = (). Suppose that D is a negative square-free integer coprime

to INg and satisfies
1. If 2|Ng then d = 3 (mod 4)
2. If ordy(j(E)) <0, then (%) = —1,

3. If p|Ng is an odd prime, then

¢
-1 ifordy(jr) >0

d
(—) =93-1 iford,(jrg) <0 and E/Q, is a Tate curve

1 otherwise

\

Then Sel,(Ep,Q), is nontrivial if and only if {|h(D).

Now to prove the corollary, note that the twists Ep have trivial ¢ torsion over Q.
We set

Sy ={p|Ng,ord,(jg) <0: E/Q, is not a Tate Curve},

and

S ={pINg:p ¢ S:},

and Sy = ). Tt follows from Corollary [1.2.2| that there are at least O(%) funda-

mental discriminants down to —X which satisfy Frey’s conditions, and so the result

follows from Theorem [B.4.1]
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3.5 Examples

Here we illustrate Theorem [[.2.1] and Corollary

Example 3.5.1. Suppose that { =5 and that the sets are S; = {3}, S_ =Sy = 0.
The smallest prime which satisfies the conditions of Theorem 15 394969. The
smallest discriminant bounded by Theorem s a multiple of this prime, however,
it 1s clear that one shouldn’t need to look at numbers that large to find imaginary
quadratic fields which split at 3 and have a class number which is not divisible by 5.
By direct calculation, we see that for the primes p less than 100, for all but 79 we have
51 h(—p), out of which 11 of the 21 corresponding imaginary quadratic fields split at
3. This discrepancy between the bounds predicted by Theorem and the actual
fundamental discriminants we observe is typical of these theorems, and it illustrates

the main obstacles which remain in attacking the original Cohen-Lenstra conjectures.

Example 3.5.2. Let E : y* +y = 2° — 2% + 200 — 8 be the elliptic curve with
Cremona label 203.a1. Then E(Q) ~ Z/5Z. The conductor of E is 7 -29. It follows
from Corollary[1.2.3 that we have

#{—X <D<0: TIC(ED) = 0, S€l5(ED) = {1}} > %



40

Chapter 4

Shifted Convolution L-functions

The goal of this chapter is to prove Theorem [1.3.2]

The main ingredients of the proof, in addition to many basic facts about har-
monic Maass forms which are discussed in Chapter 2, are a theorem of Mertens and
Ono |MO16|, which says that the generating function for the symmetrized shifted
convolution L-values is nearly the product of a mock modular and modular form, and
the Eichler-Shimura isomorphism theorem which we use to describe the obstruction
to modularity for our generating functions.

This chapter is organized into three subsections. The first subsection describes the
theory of period polynomials and the Eichler-Shimura theorem, the second describes

the work of Mertens and Ono [MO16], and the third proves Theorem [1.3.2]

4.1 Period Functions

We require some facts about period polynomials and their relationship to the ob-
structions to modularity for mock modular forms. We first recall the definition and

important properties of periods polynomials.

Definition 4.1.1 (Period Polynomial). Let f € Si(I'o(N)) be a cusp form where
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k > 2 is even. We define the nth period of f by

ro(f) == /000 f(at)t"dt.

The period polynomial of f is defined by

r(fiz) =rt(f,2) +ir (f,2),

where
_ n—1 k - 2 ) S
= X 0w (4 e
0<n<k—2
2in
and

ACE D D G [T R

n
0<n<k—2
2|n

Remark 4.1.2. One can show that L(f,n+ 1) = (QWiTJrlrn(f), where L(f,s) is the

L-series for f.

The Eichler-Shimura isomorphism theorem and the work of Kohnen and Zagier
[KZ84] imply that the maps r* and r~ define correspondences between Si(T'o(N))
and explicitly defined subspaces of the vector space of degree k — 2 polynomials with
coefficients in C. These important bijections can be used to efficiently compute spaces
of cusp forms.

Bringmann, Guerzhoy, Kent, and Ono in [BGKO13] connected period polynomi-
als to the theory of harmonic Maass forms. They showed that the obstruction to
modularity for a mock modular form can be described in terms of the periods of its

shadow.

Definition 4.1.3 (Period Function). Let F*(7) be a mock modular form of weight

2 — k with respect to SLy(Z), and v € SLs(Z). The period function of F* with
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respect to v is defined as follows:

(4m)k-1

P(F*,v;7) = —F(k: Y

(FT = Fla))(7).

Theorem 4.1.4 (Bringmann, Guerzhoy, Kent, Ono). Let S = ({ }'). Then we have

that the period function with respect to S is given by

?T‘

-2

L(f,n+1)

P(F+,S;7') m

(2miT)F—27,

i
o

We require a generalization of this result due to Bringmann, Fricke, and Kent
in [BFK14]. Among other results, they proved that the period functions correspond-
ing to other modular transformations are also polynomials whose coefficients are
essentially values of additive twists of L(f,s).

Let L(f,e?™4/¢; 5) be defined for ¢ # 0, ¢,d € Z by

2mdn/c

L(f, —27rzd/c i €

n=1

for R(s) sufficiently large and by analytic continuation elsewhere. The analytic con-

tinuation is given by

Theorem 4.1.5 (Bringmann, Fricke, Kent). Let v = (¢ %) € SLy(Z) satisfy ¢ # 0.

Then
k—2 k—2—n
L( f e—2mid/c n+ 1) koo (€2t
E -2 " ) 4.1
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4.2 Work of Mertens and Ono

Mertens and Ono related the values ﬁ( f1, f2, h; k—1) to the theory of harmonic Maass

forms by studying the generating function

L(f1, fai7) = Y D(f1, fos hik = 1)g",

h=1
where ¢ = €*™™ for 7 € H. They proved that L(fi, fo;7) is the sum of a a weakly
holomorphic modular or quasimodular form and the product of a mock modular form
and a cusp form.
To state their theorem, we need to define a few spaces. Let My(Io(IN)) be as
follows for even k > 2:
— M;(To(N)) if k>4

M(To(N)) := (4.2)
My(To(N)) & CEy,  if k=2

Moreover, let M}C(FO(N)) be the extension of Mk(FO(N)) by the weight k weakly
holomorphic modular forms on I'g(N). A weakly holomorphic modular form is a
meromorphic modular form whose poles are supported at cusps.

We say that a harmonic Maass form F'is good for a cusp form f if f is the shadow
of F* and F(7)f(7) is bounded at all cusps. Note that there are cusp forms f for

which there is no mock modular form that is good for f.

Theorem 4.2.1. For fi, fo € Si(I'o(N)), we have

L(fi, foi ) = = e MA (D) fo(7) + F(7), (1.3

(k—1)

where M} is a mock modular form whose shadow is fy and F(1) € Mé(FO(N)). If
My, is good for fa, then F € MQ(FO(N)).
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Remark 4.2.2. They actually prove a more general result for when fi and fo are cusp
forms of weight ki and ks respectively with ki > ko. In this case, the formula involves

the Rankin-Cohen bracket [M (1), fo(T)]k1-r, , and the form F lies in M}q_@ (To(N)).

The form F(7) in Theorem can be described as the image of My, fo under
a modified holomorphic projection operator. Recall that if f is a smooth (that is,
analytic in the variables Re(7) and I'm(7), and not necessarily holomorphic) weight
k > 2 modular form for I'y(/NV) with moderate growth at cusps, then its holormorphic
projection mho f lies in My (Io(N)). For more on the classical holomorphic projection

operator, see [Stu80], [IRR14], [Mer| and |GZ86].

€g

., 1s an extension of mpy to

The regularized holormorphic projection operator m,
an operator on smooth modular forms with certain exponential singularities at cusps.
This definition is due to Mertens and Ono |[MO16| who based it on Borcherds’ [Bor9§|

regularized Petersson inner product.

Definition 4.2.3. Regularized Holomorphic Projection Let f : H — C be real-
analytic, weight k > 2 modular with respect to To(N), and have Fourier series
Yonezar(n,y)q" . Let the cusps of Io(N) be denoted ky,--- ks where k1 = 100.
For each k;, fir some y; € 2(Z) with vyjk; = ico. Suppose that for each k;, there is a

polynomial H, (X) € C[X] such that

(flev; () = Hey(a71) = O(v™),

for some € > 0. Also, suppose ag(n,y) = O(y*>*) as y — 0 for alln > 0. Then we

define the regularized holomorphic projection of f by

o0

(Mot f) = Hiso(a™") + ) e(n)a",
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where

c(n) = lim (mn)"

~ 7 = —4mny, k—2—s
LT /O ar(n,y)e "y T dy.

It turns out that if f is a real analytic modular form, 7,7 f is a weakly holomorphic

modular or quasimodular form.

Theorem 4.2.4 (Mertens, Ono). Suppose f is as in the previous definition. Then
el (f) lies in Mi(To(N)).

Remark 4.2.5. In Theorem [{.2.1, we have

Fvw=@f}mﬁ$m¢;ﬁxﬂ.

4.3 Proof of Theorem [1.3.2

In this section we prove Theorem First we prove a lemma which gives a bound
for the obstruction to modularity for a mock modular form. Throughout the section,

let F denote the usual fundamental domain for H, given by

F={reH:|r|>1,-1<R(r) < 1}.

4.3.1 Lemma

We prove an estimate for IP’(MJT, a;7) (defined in Section 4.1).

Lemma 4.3.1. Let f € Sy be a cusp form, and M}“ be a harmonic Maass form whose
shadow is f. Then there exists a constant C(f) > 0 such that for alla = (25) € 2(Z)

with ¢ # 0 and 7 € F, we have

B} a37)] < C(f)ler +d*>.
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Proof. By Theorem [£.1.5] we have

P(M},a;7)  2L(S, e—amd/c n+1) 1
—omi)k—2n . 4.4
(CT + d)k—2 ; —2—nl) (—2mi) (ck_2_”(c7' + d)”) (4.4)

One can show that [ f(iy — x)y*~'dy is a periodic continuous function in z, thus
for fixed n the values L(f,e 2™/, n 4 2) can be bounded independently of ¢ and d.
Since |¢| > 1 and |er +d| > ‘/7?: for 7 € F, the right hand side of equation 1 is

bounded uniformly in o and 7 € F. O

4.3.2 Proof of Theorem [1.3.2|

Let F(7) := myol (My, fo) — My, fo = my) (M, fo). By Theorem §4.2.1} we have F(7) =
(k’ — 1)' . ]L(fla fg, T).
Since F' is holomorphic, by Cauchy’s integral formula the coefficients of IL( f1, f2, 7)

are given by a contour integral as follows.

(k_1>'D<f1,f2,h k—1)= ! Lg;jgdq

i

1 .
:/ F :v+1 o~ 2mih(a+(i/h)) g
0 h

Choose 8 € C so that G(7) := 7, (M, f2) — BE2(7) lies in M3 (SLy(Z)), and let

E5(7) be the completed weight 2 nonholomorphic modular form E3(7) = Es(71) —
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. We rewrite the integral in the previous expression as follows:
. 1 , , i i
k—DID(f1, fo,hik—1) = [ e Zmhet@m) (gpx oz 4 — ) +Gax+ — | | dz
2 h h
0
1 A A i 1
_/ e—27rzh(aﬁ-‘r(z/h))]\4f1 (l‘ + _) f2 (ZL’ + _) dr
0 h h
1 ‘ : (o (i/m)
M - v —2mih(xz+(i/h d
o (e ) (e

1
—5/ 6_2mh(z+(i/h))#dx.
. S+ 4)m

3
73(7)

By direct evaluation, the fourth integral is 0.
The difference of the first and second integrals satisfies an O(h) estimate. This

follows from the fact that the difference of the integrands is a smooth weight 2 modular

form which vanishes as e*™7 as T — i00.
To complete the proof, it is sufficient to show that the third integral satisfies an

O(h?) estimate, and for this it is sufficient to establish that h(7) := Mf_l(T)fg(T)y%

is bounded on H.
As 7 — 100, h(7) has exponential decay because of the exponential decay of f,

Thus, h is bounded on the fundamental domain F.
It is sufficient to show that for « = (¢%) € SLy(Z), h(ar) is bounded on F

uniformly with respect to «. Rewriting |h(a7)| using the modular invariance of

|f2(7)%(7')§|, we have

NES

|h(ar)] = [fo(T) My, (ar)|[S(7)]>.

Substituting
My (7) + P(f, a,7) = M |o—i()(7)
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gives

& M (T
h(ar)] < (73] (| I +1d>k2P<f7a;r>|> .

The second factor is bounded on F because of Lemmal4.3.1], the fact that |c7+d| >
\/75 on F, and the exponential decay of M; (7) as 7 — ioo. On the other hand,
f2(7)|S(7)|2 has exponential decay at ico. Thus, |h(a7)| is bounded for 7 € F. This

completes the proof.

4.3.3 Example

When f; = fo = A, where A(7) is the modular discriminant, that is, the unique

normalized cusp form of weight 12, Theorem [4.2.1] says

QT (=1,12,1;7)A(T)  Ex(7)
1118 B

L(A,A;7) = = 33.38465...q + 266.447..¢> + - - -,

where Q1 (—1, 12, 1; 7) is the holomorphic part of the Maass-Poincare series of weight
12 and level 1 with a simple pole at i00. It follows from Theorem that the
Fourier coefficients of (A, A;7) grow as O(n%). The following table illustrates the
significant cancellation that occurs. Here, cX(n) denotes nth Fourier coefficient of

Q1 (—1,12,1;7), which grows exponentially with n.

n 1 10 100 1000
ck(n)/111 | —1842.89.... | 4.94..101 5.19...10% 1.30...10™°
D(A, A, n;11) | 33.384... | 538192.6... | 80949379532.2... | 5.4234...10°

Table 4.1: Numerics for Theorem m
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Chapter 5

Multiplicative Partition Functions

The purpose of this chapter is to describe the mazpg(n) functions, which were intro-
duced in Chapter 1.6. The values of maxpy(n) are given explicitly in the third section
of this chapter for all £ and n. The key to determining these values is an effective
estimate for pg(n), which we obtain in Section 5.1. The estimate that we show allows
us to prove inequality Theorem [1.4.1] and the complete finite list of the pairs (a, b)
for which the inequality fails, which are necessary for understanding the maxpg(n)
values. We prove Theorem in 5.2.

This was joint work with Christine Bessenrodst.

5.1 Explicit estimates for p;(n)

Hagis [Hag71|] proved an explicit formula for p(n) that is analogous to Rademacher’s
formula for p(n). Before describing his theorem, we introduce several necessary quan-
tities, most importantly the Kloosterman-type sums A(m,t,n,s, D) and the expres-

sions L(m,t,n,s, D).

Let D divide ¢ + 1, let J = J(t,D) := Y2EL and let a = a(t) == &4. Let I,

be the order one modified Bessel function of the first kind, and let L(m,t,n,s, D) be
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given by

L(m,t,n,s,D):= Dim~! (‘] — S) : I <4me—1 ((J —s)n+ “)> é) . (5.1)

n+a (t+1)

Several definitions are needed to define the modified Kloosterman sums A(¢,m, n, s, D).
First ¢ = g(m) is defined to be ged(3, m) when m is odd, and 8ged(3,m) when m
is even. We define M = M(m, D) := 5. Additionally, we define f = f(m) := 2!74,
and define » = r(m) to be any integer such that fr = 1 (mod gm). Further, G is
defined to be analogous to g, in that G = G(m, D) := ged(3, M) when M is odd and
G :=8gcd(3, M) when M is even. Then we also let B = B(m, D) := &, and we define
A to be any integer such that AB =1 (mod GM). We also let T' = T'(¢, D) := tt

I

and choose 7" = T"(t, D) to satisfy 77" =1 (mod GM). More importantly:
U=U(t,m,D):=1—AB(t+1),V = V(t,m,D) := ABT'D — 1.
Hagis defines special roots of unity, w(h, t, m, D), which satisfy the following:
w(h,t,m, D) = C(h,t,m, D)exp(2mi(rUh + rVh')/gm).

The C(h,t,m, D) satisty |C(h,t,m,D)| = 1, and are independent of h if m is odd,
or if m is even and we restrict to h = d (mod 8) for some odd d. In what follows we
will not explicitly use the definitions of C'(h,t, m, D).

Then we define A(m, t,n,s, D) to be the Kloosterman sum with multiplier system

given by

A(m,t,n,s,D) = > w(h,t,m, D)exp(—2wi(nh — DT'sk/)/m),  (5.2)

h  (mod m),
ged(h,m)=1

where hh/ =1 (mod gm).
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Let p/(s) be the number of partitions of s into an even number of distinct parts
minus the number of partitions of s into an odd number of distinct parts; by Euler’s
pentagonal number theorem, p/(s) is 1 if s is a pentagonal number, and 0 otherwise.
Recall Glaisher’s partition identity saying that the number py(n) of k-regular parti-
tions of n is equal to the number of partitions of n where no part has a multiplicity
> k. Using the previous notation, Hagis proved the following for the numbers py(n)

in [Hag71, Theorem 3.

Theorem 5.1.1. For all k > 2, the number of k-reqular partitions of n € N is given

by

_2n Z Z S —1,n,5,D)L(m,k — 1,n,s, D).

D\kl acd(bmy=p 5<I(k.D)
D<kZ

(5.3)

For 2 < k < 6, in the summations above, we only have s = 0 and D < 2. Thus,
the formulae needed for Theorem [1.4.1] consist of one or two of the inner sums in

Theorem B.1.11

5.1.1 Estimates in the theorem of Hagis

In this section, we obtain an asymptotic for py(n) with an explicitly bounded error
term.

Let ay, be defined as follows:

1.8 if k=2
9.84 if k=3
ar:=X 18.-3z2 ifk=4 (5.4)

14.37 ifk=5

\ 123.52 ifk=6
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We also let oy := 19.68.

1
Theorem 5.1.2. Forn € N, let u = p(n, k) == ”((k_l)zzljgn(k_l)ﬂ .

1. For 2 <k <5 we have:

where

g k-1 | ,
FE —ef(1 .,
Brl < % (g ) et e

2. For k = 6 we have:

where

1 1
T 5 5@66#‘ T 1 2 /"L
E, — —— (144 - I
Eon)] < 3 <24n+5> 2 O (24n+5) 1 (105>’

i

4, v
where §(n) = bule " + %J(mil) <1 +e Vo %)
Remark 5.1.3. Theorem[5.1.9 is analogous to [Leh38, (4.14)] in the case of p(n).

To prove this theorem, we need some preparations. The first is a bound on the

divisor counting function d(n).

Lemma 5.1.4. Let d(n) denote the number of positive divisors of a positive integer

n.
1. For alln, d(n) < 3.57n3.

2. If n is odd, then d(n) < 1.8n3.
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3. If ged(n,3) = 1, then d(n) < 2.46n5.

W=

4. If ged(n,5) = 1, then d(n) < 3.05n
5. If ged(n, 6) = 1, then d(n) < 1.23n53.

Proof. Let n = [, p:i%, where each p; is prime. Then d(n) = [, (1 + a;). We

follow the classical method in [HWO0S] of bounding [], L. For p; > 11, we have

a
3
P

@tl < 1 for a; > 1. For the remaining p;, the quantity %+l is maximized when
-+ 3
p; p;

a; is equal to 3,2,1 and 1 for p; equal to 2,3,5 and 7, respectively. The lemma

follows by maximizing Hf\il %tl over n which respect each of the given divisibility
pi3
constraints. 0

The next lemma is a bound on A(m, k—1,n,0, D), which is related to the classical

Kloosterman sums defined below; it is a slight modification of [Leh38, Theorem 12].

Definition 5.1.5. Let a,b,m € N. The Kloosterman sum S(a,b,m) is defined by

S(CL, b, m) — Z eQwi(ah—i—bh’)/m’

1<h<m—1
ged(h,m)=1

where h' is the multiplicative inverse of h modulo m.
Weil proved the following bound (see [Ilwa97, Theorem 4.5]):

Theorem 5.1.6. Let a,b,m € N.

N

1S(a,b,m)| < d(m)m? ged(a, b, m)?.

We will use this bound in the following lemma.

Lemma 5.1.7. 1. For 2 < k < 6, and for all n,m > 1 with ged(k,m) = 1, we
have

|A(m,k —1,n,0,1)| < ams.
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2. For all n,m > 1 with ged(6,m) = 2, we have
|A(m,5,n,0,2)| < a%m%.

Proof. We will follow Hagis” argument in [Hag71, Theorem 2|. Our strategy is to
rewrite A(m,k — 1,n,0, D) as a sum of ordinary Kloosterman sums and apply The-
orem [5.1.6]

In order to bound the ordinary Kloosterman sums, we will need to be able to bound
certain greatest common divisors. We use the notation introduced at the beginning of
the section, and we begin by stating a series of bounds for ged(Ur — gn,rV, gm) and
ged(Ur — gn, rV + =¢%, gm) which depend on k and D. These are straightforward to
verify from their definitions.

For D =1, 2 <k <6 we have ged(r,gm) = 1 and ged(k, gm) = 1, thus

ged(rV, gm) = ged(kV, gm). Then since kV = k(T" —1) =1 —k (mod gm), we have
ged(rV,gm) = (1 — k,gm) < k — 1.

Let k = 3,5, let D = 1, and let m be even. Note that ged(r,g) =1 and U = k—1,

which implies ged(Ur — gn, g) = ged(k — 1, g). Also for 1 < w < 8, we have

ged(rV + %,m) = ged(V,m) = ged(1 — k,m).

Therefore ged(Ur — gn, rV + “4% gm) divides (k —1)?, so it must be 1,2,4,8, or 16.
However, the highest power of 2 that Ur — gn can be divisible by is k — 1, because g

is divisible by 8, and r is odd, and Ur — gn = r(1 — k) — gm. Thus we have:

ged(Ur — gn, Vr + %,gm) <k-1
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For the last bound, we let £ = 6 and D = 2. Then we have g =8, T =3, M = 7,
and ged(6,m) = 2. So ged(rV + 4=, m) = ged(V,m) = ged(2ABT" —1,m). Now we
have 2AB =2 (mod m) and 67" = 2 (mod m), thus

ged(V,m) = ged (27" — 1,m) = ged(3(2T" — 1), m) = 1.

wgm

Therefore we have ged(rU — gn,rV + “4= gm) < g = 8.
To use these bounds, we rewrite A(m,k — 1,n,0, D) as a sum over a reduced

residue class modulo gm:

1
A(m,k—1,n,0,D) = — E C(h,k—1,m, D) exp 2mi((Ur — gn)h + rVh')/gm)).
g h mod m
ged(h,m)=1

For odd m, C'(h,k — 1,m, D) does not depend on h. Therefore we have

1
A(m,k—1,n,0,1)=C(1,k—1,m,1)- Z exp(2mi((rU — gn)h +rVh') /gm).
g
g}éd(rfﬁ(ﬁ)zl
The sum on the right is an ordinary Kloosterman sum, so by Theorem [5.1.6[ we have,

for all odd m:

N

1
|A(m, k —1,n,0,1)| = |S(Ur — gn,rV,gm)| < Ed(gm) ged(Ur — gn,rV, gm)%(gm) )

Then by Lemma [5.1.4 and the bounds at the beginning of the proof, it follows that

for all m such that 24 m and ged(k, m) = 1, we have:

N[

. 1.8-ms.

This proves the lemma for £ = 2,4, and for £ = 3,5 in the case of m being odd.
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Similarly, for £ = 6, by Lemma [5.1.4] we have:

.1.23 - ms.

o=

|A(ma 5,1, 0, 1)| < (k - ]')

For k =6, D = 1, the proof is complete.

If m is even, we write

A(m,k —1,n,0,D)

= Ai(m,k—1,n,0,D) + As(m,k — 1,n,0,D) + As(m,k — 1,n,0, D) + Az(m,k — 1,n,0, D),
where

Ay(m,k—1,n,0,D) = 1 Z C(h,k—1,m, D) exp 2mi((rU — gn)h + rVh')/gm).
g

h  mod gm,
h=d mod 8,
ged(h,m)=1

Over each d, the coefficient C'(h, k — 1, m, D) does not depend on h, so

Ay(m,k—1,n,0,D) = C(d, k—1,m, D)1 Z exp (2mi((rU — gn)h + rV'h')/gm).

g h  (mod gm),
h=d (mod 8),
ged(h,m)=1

By the formula on page 266 of [Sal33], for dd’ =1 (mod 8), we have:

.d!

8
C(d,k—1,m,D) Ze%’TwS(UT —gn,Vr+ %ng)-

w=1

1
Ay(k—1,m,n,0,D) = 30
g

By Theorem [5.1.6]

Ag(m,k—1,n,0,D) =
8

1 L g/
5, C(dk—1m.D) S e ged(Ur — gn, Vi + %,gm)%d(gm)(gm :

N|=

w=1
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For k = 3, by the bounds at the beginning of the proof we have:
I 1 1 1 5
Ay(m,2,n,0,1) <8- 30 22 -2.46(gm)3 - (gm)2 < 2.46ms.
g

Similarly for k£ = 5, if 3|m, by our previous bounds we have:

1

Ag(m.4,n,0,1) <8 o~ +47 - 3.05 - (24m)3 - (24m)2 < 3.592ms.
If 3 1 m, then we have:
1 1 1
[Ag(m. 40,0, 1) 8- o= 42 -2.46 - (8m)5 - (8m)? < 3.48ms.

We note that |[A(m,k—1,n,0,D)| < 4]Aq(m,k—1,n,0, D)|. Comparing these bounds
to the bounds in the odd m case, we conclude that for £ = 3,5, the desired bound
holds whenever ged(m, k) = 1.

For ged (6, m) = 2, we have:

1
|A(m,5,n,0,2)| < 4|Aq(m,5,n,0,2)] < 4- (882 o 2.46(gm)? - (gm)?) < 19.6ms.
g

This completes the proof. n

Now we come to the proof of Theorem [5.1.2| For 2 < k£ < 5, Theorem [5.1.1
says

27 = 1 kE—1 : 1
pr(n) = p mzzl m <(k . 24n) A(m,k—1,n,0,1)1; <m> , (5.5)

ged(k,m)=1
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and for k£ = 6, Theorem [5.1.1| says

T 542 1 7
=5 1 — 757 707]--[ <_>
peln) =3 5+24n2m221m 10 DA .
2.6
T 1 W
+ A2a5n02[( )
3 (5+ 24n)2 (;_1 ot

Let o = %. Our proof works by bounding the sums in and (| . We have,
for any v 7& 0,

2j+1

Zml 1n01[1<—)\<204km’“z

m=N-+1 m=N+1
2j+1

<ak/ wz j+1

We substitute ¢ = ﬁ

Y Ak (L)1 <an [Ty
m=A(m, k—1,1,0,1 11<—> gak/ Vya~ 77 v
m=N+1 m o 20 = glg Dt
v N O (tQj—l-l—a)
—auye [T
2 0 ;]!(]Jrl)'
(L)Qj-i-a

(AN

=

ol
(VNIAN

N

|

Q
/\/\

[N}
sk
Q

_I_
8
—
—
ST
~— |
= ™
I
=
N——

—

|

Q

cosh(v/N) —1+ > <1>2) .

To bound » % \.1(2a) " A(2a,5,n,0,2)I(%), we replace o with o in the previ-
ous argument. To complete the proof, we let N = 1, and apply the above inequality

to the sums in Theorem [5.1.1| where v = i for 2 < k <5, and for £k = 6, v is set to

be p and \/% in the first and second sum, respectively. ]
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5.2 Proof of Theorem [1.4.1]

This proof is analogous to the proof of [BO16, Theorem 2.1].
By well known properties of Bessel functions, such as the bounds in (9.8.4) of

[AS72], for > 37.5 the modified Bessel function I;(x) is bounded by
N < x%e_xll(:r) <M

where N = 0.394, M = 0.399.
First, let 2 < k <5, and let 8 := <. Then by Theorem [5.1.2, for n > 450 we

have:

SIS

2T k—1 15} _ et

- <—k—1+24n> <N—ﬁ(1+5u26 “)) NG < pr(n)
o [ k-1 \% e B .

it W(M+ﬁ(”5“2€ )

We assume a < b and write b = Aa for some A > 1. Then it is sufficient to show

er@tuOD-nata) 5 g\ (\)(k — 1+ 24a)1,

where
(M + ——2— (1 +5p(Na + a)ze_“()“”r“)))
vV #(Aa+ta)
Sa,k()\) = Ck ,
N — 22— (1 4 5p(Xa)2e=r0)) | [ N — —2— (1 4 5p(a)2e—r@
(3 = s (o suapeson) ) (N = 2 (14 plape i)
3
for Cy, ;== —%*1 . For a fixed a, the left-hand side of the inequality is increasing

1
2(m(k—1))2
for all A > 1, and the right-hand side is decreasing. Thus, for any given a, to prove

Theorem for b > a, it suffices to verify the inequality for A = 1. Taking the

natural logarithm of each side, it is straightforward to verify that the inequality holds
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for a > 1000 for k = 2,4, and holds for a > 5 - 10* for kK = 3,5. Then for each of the

remaining a, we wish to find A, ; such that for A > A, x:

[SIES

mf k-1 __ B oy | €0
pr(a) = <k:—1+24)\a) (N ) (1 + 5p(Aa)e 0 )) o >

1
o7 E—1 2 emn(Aata) B
— M+ ———— (1+5u(ha + a)?e #Pata) |

For a > 20, k = 2,4, A\, = maﬁ suffices. For a < 20, k = 3,5, Aoy = @ suffices.
For smaller a, the needed a), . values can be as large as 4-10°, except when k = 5 and
a = 2, where the larger bound in Theoremfor k = 5 causes the needed A, ;, values
to be much larger. All other cases are reduced to checking a large but finite number
of pairs (a,b), where a < 5-10% and b < )\, pa. We carried out these calculations using
Sage mathematical software [ST14]. To ease our calculation, we proved the inequality
p5(2) - ps(b) > ps(b+ 2) for b > 75 with a combinatorial argument (see the end of the
section), and used Sage [ST14] to check the remaining pairs.

Now we handle the k = 6 case. This case is very similar to the cases for 2 < k <5,
but because of the second summation in (5.6, we have additional, non-dominant
terms in our expressions. Using Theorem and factoring out the leading term,

we obtain

T V5 et B

3240 + 5 /1o (N(l ~ ) = Vi h 5(n))) <ol
T Vb et s

<5y (M) o).

1 -1
)Z e”<10 1>. The desired inequality is implied by

M@ tHO@—n0ata) 5 g (V) (k — 1 + 24a)?,
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where

<M(1 +n(Aa+a)) + m (14+0(Xa+ a)))

Sa(A) = C16

)

(0 =) - 2 (1 30 ) (V1 = n(@) — s (14 6(a))

w(Aa)

3
and Cg = %g(\%ﬂ)%- As before, it suffices to verify that this is true for A = 1, which

is straightforward for a > 3500. Then for each a < 3500, we wish to find A, such

that for all A > Ay,

T V5 h(Aa) 3
RN ey (N(l ) = e (14 50@))) >
T V5 ch(Aa+a) 3
3 V240 + a) + 5 /(X + 1)a) <M(1 +n(Aa+1))+ YT (14 6(Xa+ a))) .

It is straightforward to verify that the inequality holds for A\ > % for all @ > 4. For
a = 2,3,4, the inequality holds for A > @. This reduces the k = 6 case to a finite
number of pairs (a,b) to check, which we computed with Sage [ST14].

Finally, we prove that for b > 75, we have ps(b + 2) < 2ps(b). To do this, we
separate the 5-regular partitions of b + 2 into two disjoint sets. Let S; be the set of
5-regular partitions of b + 2 which contain 1 as a part with multiplicity at least two.
Let Sy contain all the other 5-regular partitions of b+2. Let S be the set of 5-regular
partitions of b. We map S; and S5 each injectively into S. To map S injectively into
S, for each partition in Sy, simply remove two parts 1.

Next, we define an injective map from Sy into S. Let v = (71,72,...,7) be a
partition in Sy. If 7, > 2 and v, > 7, then v is mapped to (7o, .., 7, 17772) (here,
we use exponential notation for multiplicities). If v, > 2 and 7; < 7, then if 2 has
multiplicity at least 5 in v, replace five parts 2 with eight parts 1. Otherwise, if
has five parts 3, we replace them with thirteen parts 1. If v has five parts 4, then we

replace them with eighteen parts 1. Otherwise, ¥ must have at least five parts 6, which
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we replace with 28 parts 1. Finally, assume 7, = 1. If 7,1y = 1 (mod 5), then we map
v to (Y1, Y2, Yeo1 — 4,13). Otherwise, v is mapped to (y1,...,%Ve2,%—1 — 1).
Note that the mapping from S5 to S is not onto by considering any 5-regular partition
of b which contains exactly two ones. Thus we obtain the inequality ps(b+2) < 2ps5(b)
for b > 75.

This completes the proof of the inequality stated in Theorem [1.4.1]

The exceptional pairs given in the table are then easily obtained by direct com-

putations. O

5.3 The maximum property

We first recall [BO16, Theorem 1.1].

Theorem 5.3.1. Let n € N. Forn > 4 and n # 7, the mazimal value maxp(n)

of the partition function on P(n) is attained exactly at the partitions (in exponential

notation)
(41) whenn =0 (mod 4)
(5,4"7") whenn =1 (mod 4)
(6,4"7") when n =2 (mod 4)
(6,5,4"7 ) whenn=3 (mod 4)

Forn =17, the maximal value is maxp(7) = 15, attained at the two partitions (7) and
(4,3).

In particular, if n > 8, then

(

5% ifn=0 (mod4),

75" ifn=1 (mod4),
maxp(n) =

11-5" ifn=2 (mod 4),

11-7-5"7 ifn=3 (mod 4).
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Since the partitions where the maximum of p(n) is attained on P(n) are k-regular

for any k£ > 6, in the following it suffices to consider the cases k € {2,3,4,5,6}.
Theorem 5.3.2. Let ke N, k > 1. Let n € N.

(i) k=2. Forn>9 and n # 11, the mazimal value maxpy(n) of pa(n) on Py(n)

1$ attained exactly at the partitions

(94, 3%) whenn =0 (mod 3)
(9¢,7,3")  whenn=1 (mod 3)
(99,7,7,3%) whenn =2 (mod 3)

where a,b € Ny may be chosen arbitrarily as long as we have partitions of n.

In particular, we have

25 whenn =0 (mod 3)
maxpy(n) =4 5-2"5  whenn=1 (mod 3)

52.2"% whenn=2 (mod 3)

(ii) k =3. Forn > 2 and n # 3, the mazimal value maxp4(n) of ps(n) on Ps(n) is

attained exactly at the partitions

(49,2%)  whenn =0 (mod 2)

(5,49,2%) whenn =1 (mod 2)

where a,b € Ny may be chosen arbitrarily as long as we have partitions of n.

In particular, we have

22 when n =0 (mod 2)

n—>5

5:22 whenn=1 (mod 2)

maxpy (n) =

(iii) k = 4. For n > 2, the mazimal value maxp,(n) of ps(n) on Py(n) is attained
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exactly at the partitions

(6, 3%) whenn =0 (mod 3)
(62,3%,2,2), (7,6% 3", (6%, 5,3",2), (6%, 5,5,3") whenn=1 (mod 3)
(6%,3°,2), (62,5, 3%) whenn =2 (mod 3)

where a,b € Ny may be chosen arbitrarily as long as we have partitions of n,
and with the understanding that partitions with given parts 2,5,7 of positive
multiplicity do not occur when n is too small.

In particular, we have

35 when n =0 (mod 3)
maxp,(n) =4 4.3"5 whenn=1 (mod 3)

23" whenn=2 (mod 3)

(iv) k =5. Forn > 2, the mazimal value maxps(n) of ps(n) on Ps(n) is attained

exactly at the partitions

(41) whenn =0 (mod 4)
(4"7°,3,2),(6,4"7,3) whenn=1 (mod 4)
(4"5°,2),(6,4"7) when n =2 (mod 4)
(4"7°,3) whenn =3 (mod 4)

with the understanding that partitions with given parts 2,3,6 of positive multi-

plicity do not occur when n is too small.
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In particular, we have

a3

when n =10

5
6-57 whenn=1
maxps(n) = <

( )
( )
2-51 whenn=2 (mod4)
3-5"7 whenn=3 ( )

(v) k =6. Forn > 2, the mazimal value maxpg(n) of ps(n) on Ps(n) is attained

exactly at the partitions

47) when n =0

( (
(5,4"T°) whenn=1 (mod 4
(4777,2) whenn=2 (
( (

"17,3) whenn=3

In particular, we have

n
1 when n =10

5

7-57 whenn=1
maxpg(n) = < B
2.5 whenn=2

3.57 whenn=3

Proof. (i) We will need the partitions where maxp,(n) is attained for n < 22; these
are given in Table (computed by Maple [Map|). We see that the assertion holds

as stated up to n = 22.

Now take n > 22. Let u € Py(n) be such that py(p) is maximal; let m; be
the multiplicity of a part j in pu. Suppose p has a part 7 = 2h + 1 > 19; let
{h,h+ 1} = {2l,h'}. Then by Theorem and Table , replacing j by the parts
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Table 5.1: Maximum value partitions p for k = 2

n pa(n) maxp,(n) H

1 1 1 (1)

2 1 1 (1,1)

3 2 2 (3)

4 2 2 (3,1)

5 3 3 (5)

6 4 4 (3%)

7 5 5 (7)

8 6 6 (5,3)

9 8 8 (9), (3%)

10 10 10 (7,3)

11 12 12 (11), (5,3?%)
12 15 16 (9,3), (3
13 18 20 7,32)

14 29 25 (7%)

15 27 32 (9,3%),(3%)
16 32 40 (9,7),(7,3%)
17 38 50 (7%,3)

18 46 64 (9%),(9,3%),(3°%)
19 54 80 (9,7,3),(7,3%)
20 64 100 (72, 3%)

21 76 128 (92,3),(9,3%),(37)
22 89 160 (9,7,32),(7,3°)

h',2l — 3,3 in u would produce a partition v € Py(n) such that ps(v) > pa(p). Thus
4 has no parts 5 > 19. By Table , a part j € {13,15,17} could be replaced in
by a partition in P»(j) giving a partition v € Py(n) of larger po-value. Thus u only
has odd parts 57 < 11.

Any two parts (11%), (11,9), (11,7), (11,5), (11,3), (11,1) can be replaced by a
2-regular partition to obtain a higher ps-value, see Table [5.1} thus my; = 0. Also
(7%), (7,5), (7,1) can be replaced to obtain a higher py-value. Thus my; < 2, and the
part 7 can only occur when p is of the form (9%,7,3%) or (9¢,7%,3%); in the first case
n =1 mod 3, in the second case we have n = 2 mod 3. Also (5%) can be replaced by
(7,3) to obtain a higher po-value, so ms < 1; then replacing (9, 5) or (5,3%) by (7?),

and (5,1) by (3%) shows that p has no part 5. Hence if p has no part 7, then p is of
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the form (9%,3%), and n =0 mod 3. As p2((9)) = p2((3?)), the part 9 and the parts
3,3, 3 can always be used interchangeably. Now for n > 19 and any congruence n = ¢
mod 3, ¢ € {0, 1,2}, we have found just one type of 2-regular partition maximizing
the py-value, namely (9%, 7¢,3%), with a,b € Ny such that (3a+b)-3+c-7 = n, where

p2((99,7¢,3%)) = 230+P5¢ = maxp,(n). This proves the claim for k = 2.
(ii) By Table the claim holds for n < 16. So we assume now that n > 16.

Table 5.2: Maximum value partitions p for k = 3

n| p3(n)| maxp(n) I

1 1 1 (1)

2 2 2 (2)

3 9 2 (2,1)

4 4 4 (4),(2%)

5 5 5 (5)

6 7 8 (4,2),(2%)

7 9 10 (5,2

8 13 16 (42), (4,2%), (2

9 16 20 (5,4), (5,2%)
10 29 32 (42,2),(4,2%),(2%)
11 27 40 (5,4,2),(5,2%)
12 36 64 (4%), (42,2%), (4, 24), (29)
13 44 80 (5,42), (5,4,22), (5,21)
14 57 128 (4°,2),(4%,2°), (4,2°), (27)
15 70 160 (5,42,2), (5,4,2%), (5,2%)
16 89 256 (44),(4%,2%), (42,2%), (4,25), (2°)

Let u € P3(n) be such that ps(u) is maximal. Suppose p has a part j > 17.
Replace j by v; = (j —2,2) if j =1 mod 3, and by v; = (j — 4,4) if j =2 mod 3.
By Theorem we have p3(j) < ps(v;). Thus p only has parts < 16. By Table[5.2]
any of these can be replaced by a partition of the form (5%,4°,2¢ 19) to increase the
ps-value, and we note that the parts 4 and 2,2 can be used interchangeably. Hence
only parts 1,2,4,5 can appear in u. By Table the following replacements would
increase the ps-value: (5%) — (2°), (5,1) — (2%), (4,1),(2%,1) — (5), (1) — (2).

This implies that x4 can only have one of the forms (4¢,2%) or (5,4%,2%), where in the
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n
2

first case n = 0 mod 2, in the second case n = 1 mod 2. Hence maxps(n) = 2

when n is even, and maxpy(n) = 5-2"2" when n is odd.

(iii) By Table |5.3| the claim holds for n < 15, so now take n > 16. Let u € Py(n)
be such that ps(u) is maximal. Note that by Table [5.3] we may always exchange a
part 6 against the parts 3,3 without changing the p,s-value. Suppose p has a part
Jj > 9. Replace j by v; = (j —2,2), when j # 2 mod 4, or by v; = (j — 3,3)
when j =2 mod 4. By Theorem [1.4.1] ps(j) < pa(v;); hence p only has parts < 7.
Replacing (7%) by (62,2), (7,5) by (62), (7,2) by (6,3), (7,1) by (6,2) shows that u
can have a part 7 only when it is of the form (7,6, 3°), and then n =1 mod 3. By
Table , in these partitions we may exchange 7 with (5,2) or (3,22), and (7,3) with
(5%) without changing the ps-value.

Now assume that u has no part 7. Replacing (5%) by (62, 3), (5%,2) by (6%), (5,1)
by 6, shows that p can have a part 5 only when n = 1 mod 3 and it is of the
form (6%, 5,3% 2) or (62,52, 3%) already discussed above, or n = 2 mod 3 and it is of
the form (6, 5,3%). Note that 5 can be exchanged with (3,2) without changing the
ps-value.

Finally, when u has no parts 5 and 7, the replacements of (6,1) by 7, (23) by 6,
(3,1) by (22), (2,1) by 3, (1?) by 2 show that x can have no part 1 and my < 2. Then
u has one of the forms (62, 3%), (62,3, 2) or (6%,3° 22), when n is congruent to 0,2, 1
mod 3, respectively.

Together with the remarks above, we then have maxp,(n) = 35 when n = 0
mod 3, maxp,(n) = 4-3"5 whenn =1 mod 3, and maxp,(n) = 2-3"5" when n = 2

mod 3, attained at the partitions as stated in the claim for k = 4.

(iv) Table shows that the assertion is true for n < 12. Take n > 13, and let
i € Ps(n) be such that ps(u) is maximal. Note that by Table we may always
exchange a part 6 against the parts 4, 2 without changing the ps-value. Suppose u has

a part j > 7. Replace j by v; = (j — 3,3), when j # 3 mod 5, or by v; = (j — 4,4)
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Table 5.3: Maximum value partitions p for k =4

n|  pin)| maxpy(n) 1

1 1 1 (1)

2 2 2 (2)

3 3 3 (3)

4 4 4 (2,2)

5 6 6 (5), (3,2)

6 9 9 (6), (3%)

7 12 12 (7),(5,2), (3 22)

8 16 18 (6,2), (5,3), ( ,2)

9 22 27 (6,3),(3 )

10 29 36 (7,3),(6,2%),(5%), (5,3 )(32 22)
11 38 54 (6, ),(6 ,2),(5 52) ,(33,2)

12 50 81 (62), (6, 32), (34)

13 64 108 (7,6),(7,3%), (6,5 2),( .3, 2) (52,3), (5,3%,2), (3%,2%)
14 82 162 (62,2), (52 ),(6, ,2), (5 3%),(34,2)
15 105 243 ( ,3),(6,3%),(3°)

when j = 3 mod 5. By Table and Theorem ps(7) < ps(v;); hence p only
has parts < 6.

Replacing (62) by (4%), (6,2) by (42), (6,1) by (4,3), (3%) by 6, (3,1) or (2%) by
4, (2,1) by 3 and (1) by 2 increases the ps-value. Hence p can only have the forms

stated in (iv), and the assertion about the maxp,-value also follows.

(v) Table shows that the assertion is true for n < 10. Let n > 11, and let
i € Ps(n) be such that pg(p) is maximal. Suppose p has a part j > 7. Replace j by

= (j —3,3), when j =4 mod 6, or by v; = (j —4,4) when j # 4 mod 6. By
Table and Theorem ps(J) < pe(v;); hence p only has parts < 5. Replacing
(5%) by (42,2), (5,1) by (4,2), (5,2) by (4,3), (5,3) by (£2), (3%) by (4,2), (3.2) by 5,
(3,1) or (2%) by 4, (2,1) by 3 and (12) by 2 increases the pg-value. Hence p can only
have the forms stated in (v), and the assertion about the maxpg-value also follows in

this final case.



Table 5.4: Maximum value partitions u for k =5

n| ps(n)| maxps(n) I

1 1 1 ®)

2 2 2 (2)

3 3 3 (3)

4 5 5 (4)

5 6 6 (3,2)

6 10 10 (6), (4,2)

7 13 15 (4,3)

8 19 25 (42)

9 25 30 (6,3), (4,3,2)
10 34 50 (6,4), (42,2)
11 44 75 (42,3)

12 60 125 (43)

Table 5.5: Maximum value partitions u for k = 6

n | pe(n)| maxpg(n) 1

1 1 1 ®)
2 2 2 (2)
3 3 3 (3)
4 5 5 (4)
5 7 7 (5)
6 10 10 (4,2)
7 14 15 (4,3)
8 20 25 (42)
9 27 35 (5,4)

10 37 50 (42,2)
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Chapter 6

Parts of partitions in residue

classes

The purpose of this chapter is to prove Theorems [L.5.1] and [1.5.4]

This is joint work with Michael Mertens.

6.1 Generating function

We prove a formula for the generating function for fn ~n(n).

Lemma 6.1.1. T\T,N has the following generating function,

Shame = ([[-— | [ 2] ¥
n>1 (1 q> n=1 dln
d=r (mod N)

Proof. Note that
qm = km
—_— = E kq¢™™.
_ agm)2
(1—=q¢m) =
Then, modifying the proof of Euler’s formula for the generating function of p(n),

we have that



oo

n q" 1
Y amg' = [ =
n=0 (1_q ) n;l 1_q

where a(n) equals the number of times m appears as a part in a partition of n.

Thus, summing over m = r (mod N), we have

oo/\ m 1
DTl = > el |

n=1 dln
d=r mod N

This proves the lemma.

6.2 0Odd Dirichlet Characters

72

In the next section, we relate the generating function for T\nN(n) — T\N,nN(n) to

modular forms. We begin by showing that the odd Dirichlet characters satisfy the

same orthogonality relations as the usual Dirichlet characters.

Lemma 6.2.1. Let G be a finite abelian group containing an element u € G\ {1}

with u? = 1. Fiz such a u, then we have the following equality,

(
1 g=1
2
el
v(w)=-1 0 otherwise.
\

where n := |G| and G := Hom(G, C*) denotes the dual group of G.
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Proof. Since G is finite and abelian, it is a direct product of cyclic groups

G%Cdl X ... X Cd@

with di|...|ds. Since we can define characters on each component separately, we can
assume without loss of generality that G = (g) is cyclic. Note that the existence of an
element u of order 2 in GG assures that at least one of the cyclic factors above has even
order. Now if (,, is a primitive nth root of unity, each character ¢ of GG is uniquely

determined by setting
v(g) =G,

for some k € {0,...,n — 1}. Since u = g2, we see that the condition ¢(u) = —1 forces

k to be odd. Thus we have for any j € {0,...,n — 1} that

n n

> vl = Yo=Y =0 G
YeG F=0 k=0 k=0

(u)=—1

Now, unless j is a multiple of 7, the last sum vanishes because it ranges over all

dth roots of unity, where d = ged(jk, 5). For j = 0, the whole expression obviously

n

becomes 7, for j = 7, we obtain —, proving the assertion. O

Corollary 6.2.2. Let ged(r,N) =1. Then

(
1, ifn=r (modN)
2
¢rn(n) = (V) Z bn-r) =<1, ifn=—r (mod N)
Py (mod )
Y= 0 otherwise

\

where o(N) := |(Z/NZ)*| denotes Euler’s totient function. The summation over

1 runs over all odd characters modulo N and r' is any integer such that rr’ = 1

(mod N).
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Proof. This is an immediate consequence of [6.2.1] O]

6.3 Weight one Eistenstein series

In this section, we recall the relevant facts about Eisenstein series of weight 1. For a
general reference, the reader is referred to Section 4.8. in [DS05b].

For v = (¢,,d,) € ((Z/NZ)*)* with order N we define

omi (T 1\ 27 2ritym | m
v o dy v . v n
97(1) = 0(c,)¢™ (1) + N <N - 5) - N ng_l E| sign(m)e” N qnv.
==cy (mod N)

In this formula, ¢, denotes the integer such that 0 < ¢, < N and ¢, = ¢, (mod N).

We also define

1 ¢ =0,
d(cy) =

0 otherwise,

and the function (?4(k) by
1
¢Y(s) = Z =
nez
n=d (mod N)
for ®(s) > 1 and otherwise by analytic continuation. We shall mainly need the special
value (see [DS05b|, Equation (4.22) and Exercise 4.4.5)

¢l(1) = %Z + % cot (%l) (ged(d, N) = 1). 6.1)

The formula for ¢j(7) is very similar to the typical Eisenstein series for k > 3,
but contains a correction term. One can show that ¢} (7) is a weight 1 modular form

with respect to the principal congruence subgroup I'(/V), and satisfies the equation

g (r) = g1 (1),
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with

~v(v) = (ac, + cdy, be, + dd,).

for any (¢%) € SLy(Z).
To obtain forms which are weight 1 invariant with respect to I'; (), one generally
takes special linear combinations of the g} functions as follows: Let 1, x be Dirichlet

characters modulo u and v respectively with uv = N such that x is primitive and ¥y

is odd. Define G¥** as follows:
Gy (r) = bOX(dgy™ " (7). (6.2)

In our arguments, we choose to take v to be 1 so that y is trivial and v is an odd
character with respect to modulus N. We let Eip (1) denote the normalized series

given by —ﬁGqf’l(T). The Fourier series of EV(7) is given by (see [DS05b], p. 140)

EY(7) = LO,4) +2) | D v(d) | q" (6.3)

n=1 dln

The next result connects the Ef’ series to the generating function for ﬁ,, n(n) —

T\N—T,N (n).

Proposition 6.3.1. If N > 3 and ged(r, N) = 1, then

Grn(q) == Z (er(n) - fN—r,N(”J)) q"

n>1
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where

CrN = — Z () L(0, )
¥ (mod N)
P(=1)=-1

and L(s,v) denotes the Dirichlet L-series associated to 1.

Proof. First, we rewrite G, y(¢) using Lemma [6.1.1]

oo 00
() = )31 EED DD D K
n=1 m=1 dlm dlm

d=r (mod N) d=—r (mod N)

By we see that the coefficient of ¢ is ) dm Or, ~(d), so that we can write

1 N
GT,N(Q>:¢(N)TH1_Q ; C”ZW %N)w(d)w(r) q

P(-1)=-1

Finally, we write this expression in terms of the Eisenstein series given in ([6.3).

1

_ L e PEY (1) — w(r'
Genl@) = oy | 22 (WEG) - et 20.0)

~e(N) ()

]

Our proof will also require some information about the behavior of the Eisenstein

series in near the cusps, that is, near 7 =

>



7

Let E, y(7) denote the Eisenstein series in [6.3.1] that is

En(r):= Y o()E/ ().
¥ (mod N)
B(=1)=—1

Lemma 6.3.2. Let r, N be fized positive integers with ged(r, N) = 1. Let h,k be
integers with h < k and gcd(h, k) = 1. Let H be such that 1 < H <k and hH = —1

(mod k). As introduced in Chapter 2, we let

3 hH+1
h k

-k H

oz;uk =

Then

E. yla)i(T) = Z an(h, k)q%

where the following are true:

ag(h, k) = Y cylh k)u(r) (6.4)
¥ (mod N)
P(=1)=-1
where
Cw(h, k?) =
1 == Wi +1 2mi [ (—hc—ke) 1
- _ _ ( % Jet+He _ S~ - 7
M;;w(@ (5( he — ke)C +He(1) 4 ~ ( ~ 5

and rr’ =1 (mod N).

Also, we have the following:

|ao(h, k)| < Co,
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and for allmn > 1,

‘an<h7 k)| S Cln7
where Cy, Cy, depend on N but do not depend on h or k.

Proof. Recall that

¥ (mod N)
P(=1)=-1
We have
1 N-1N-1 o)
Eip [an )1 (T) = T omi Z Z P(e)g " (7)
c=0 e=0
where

hH +1
apk(c,e) = (—hc— ke, ( k+ ) c—l—He) :

Using the Fourier expansion for ¢} (7), we obtain the following expressions for the

coefficients of EV[a](7):

ao(h, k)= Y ¢ )ey(h k)

1 (mod N)
P(-1)=-1
where
N—1N-1 .
1 2mi [ (=hc—ke) 1
hok) = —— —he — ke)¢FEDeHHe(]) 4 22 -
lh) = = 323010 (e - o 2 (EREEED
and for n > 1:
N—1N-1 .
27 H+1
an(h, k) = Z 2ﬂ(r/) Z 8ign<d)€7d(T+c+H€)
¥ (mod N) c=0 e=0 dn
P(—1)=-1 G=—hc—ke (mod N)

The inner sum is bounded by the divisor counting function 2d(n) which is less than
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2n, so the whole expression is bounded by ¢(N)N?n. Note that much stronger bounds
for d(n) exist, in fact d(n) = O(n®) for any € > 0, however we require only the crude

bound d(n) < n. This proves the second inequality in the proposition. ]

6.4 Proof of Theorem [1.5.1

We will follow the proof of Rademacher’s formula for the partition function, as de-
scribed by Apostol in Chapter 5 of [Apo90|. Throughout the proof, let r and N be
fixed coprime integers with N > 3.

By Cauchy’s integral formula, we have:

where C is any positively oriented contour lying inside the unit circle, which contains
the origin in its interior. By Proposition [6.3.1, we can decompose this integral into

two integrals, as follows,

~

Ton(n) — Ty_rn(n) =Ty + Ty = (6.5)

1 /q 1 1 /qziEer
—C dq + — : dg. (6.6
2o () Jo ) 77 Smip(W) Jo nirygt 4 (60)

The first integral is basically the one Rademacher considered, which yields (see

([T.12))
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where [ 3 is the order % modified Bessel function of the first kind,

Ak(n): Z 677is(h,k)—27rin%) (67)

0<h<k
(hk)=1

and s(h, k) is as in (2.1)).
For the rest of the subsection, we will use Rademacher’s technique to obtain an

2miT

asymptotic formula for T5. We define the contour C to be given by g = e where

7 follows Rademacher’s path of integration P(n) which takes 7 from i to i + 1 by
going along the upper arcs of the Farey circles Cj,j where % is in the Farey sequence

of order n. That is, ged(h, k) =1, and 1 < h < k < n. Let y(h, k) denote the upper

arc of the Ford circle C}, ;. Changing variables from ¢ to 7, we have:

1
Ty = —— Z / 4 7N(T)d
v(h,k)

E,
n(T)q"

NI

T.

As in |Apo90|, we make the change of variables z = —ik? (7’ — %), so that 7 =

b+ £ This maps 7(h, k) to an arc of the circle of radius 1 centered at 1. The contour
goes in the clockwise direction from the image of the left end point of vy, k) to the

image of the right endpoint of y(h, k). It is well-known (see Theorem 5.8 in |[Apo90])

that if % < % < Z—; are adjacent in the Farey sequence of order M, then the image

under the change of variables from 7 to z of the point where v(hy, k1) and v(h, k)

intersect is given by

k? . kky
Al = e e

Similarly, the point where «v(h, k) meets 7(hg, ko) is mapped to

K ikky
K24k R4k

ZQ(]Z, ]{3) =
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This gives us the following:

]’{72

Now we will estimate the integrand by its behavior near the cusps. Let a,(h, k)

be as in 6.3.2] First we decompose the integrand,

=Wy (7) + Vy(7) :=

qine—lg,;ﬂ;ﬁm(_zf,k)ao(h’ k)

z
%

1
e 4?) al )_> “(%)_; qi i e ag (h, k)

Now we show that Wy(7) is negligible. We can adjust to the contour of integration so

that we are integrating along the chord adjoining z;(h, k) and z3(h, k) instead of the

arc. This yields

1

(3) 7 ezt ! (Z( S b, k)p(j)em R G ))‘

n
q m=1 Nj+l=m

< Ik e (i( > alh ki) Wi)mﬁ).

|Z| m=1 Nj+l=m

[Wa(T)| =

For z inside the circle, 3 (%) > 1 ( |[Apo90], page 107). By Lemma , we have
lan(h, k)| < Cin for n > 1. Thus:

Z ( Z a;(h, k:)p(j)) o 2mR(1)(m—31) < Z C1m2p(m)e_2”(m—i)

m=1 \i+j=m

The known asymptotics for p(n) ensure that the sum is convergent.

By Theorem 5.9 in |[Apo90|, we have £(z) < |z| < % on the chord, thus we have
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e2™R(n/K < 87 Using the formulas for z(h, k), zo(h, k), we have that for z on the

chord,
1

|z| > min{Re(z1(h, k)),Re(z2(h, k))} > ool

Thus we have the following:

Wy (7)| < Cken,

for some constant C, independent of h, k, or n. The length of the chord at most @,

so we have

z2(h,k) 5
/ Wy(7)dz < C2V2k>.
(

z1(h,k)

Considering all the integrals over W5 that contribute the calculation of 75, we estimate:

< Z2V2 C2v2 ns.
w(N)

(h k)
Z /zl(h k) T)dz

This allows us to approximate T3 as follows:

i 1 2R N ] — T2y T 4mis(—Hk)
= 2 oy "H(G) e T a0 ks

h,k
7 1 Zg(h,k)
T ) Uy(7)dz
SO(N) hZJg k2 z1(h,k)
1 1 za(h,k) 1 '
ST g () g T e+ Ol
h.k 21

To evaluate the integral, we adjust the contour of integration.Let x1(n) be the
point on the upper half of the circle K with |z1(n)| = %, and let zs(n) be the
point on the lower half of the circle with |z2(n)| = £, and we rewrite the integral as
o = L) = L = iy

We will show that the second two integrals are negligible. On the arc between
z1(n) and z(h, k), and on the arc between z(h, k) and x5(n), we have £ < |z| < %

For z on the circle, R (%) = 1. Combining these facts, we have that the integrand is
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bounded as follows:

N

IN

%(S) (h k?) 27r]z€nh627;gze o5z T 12z Tis(hk)

1 _1 () /K2 TRE) (l)
5 VEI| 2 ag(h k)|
< k2 /nCoke¥™V2/k+13

< Cy VIt a3

Thus, making use of the fact that the length of both arcs is bounded by 7, we have

the following bound for the integral over these two arcs:

1(h,k) z2(n) 3 i
' (/ / 2 ) ( (E) 2 (h k) 27-rznh 62:;2 o 12k2 +-T 52 +7rzs(h,k)>
z

Summing over h, k, we get the total contribution to the asymptotic from these

< CO7T€2\/§7H_§.

arcs,

(k) paa(n) 3
</ / 2 ) ( <E) 2 a/o(h7 k) 27rlz€nh e27);’;z e 12k2 + - 192 +7Ti$(h,k)>
hi \71(n) ©

T
< Cyme?V2mtizn?,

Therefore, we can rewrite T3 as follows:

1 x2(n) 1 ]_ % 2mnz TZ s
T, = —— Bk(n)/ — (—) e k2 12T dz 4+ O(n?),

where
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We change variables by taking ¢ = ;3-. This yields the following:

%J’_Z% n?-1 3 27T2’VL_ 2 4t 9
t 2e12tk2 "~ 112242 dt—|—0(n )

™ % 1 3
T=—(35)" o 2 Belmk ™
127 (N) %; A N Y

Finally, we rewrite all this in terms of modified I Bessel functions. We have the
following well-known description of the /-Bessel function of order v in terms of contour

integrals (see [Apo90|, p. 109)

by B [
L(2) = Vet dt. (6.8)

271

—100

Furthermore, one can express the /-Bessel functions whose order is half of an odd

integer as an elementary function, e.g.,

Ii(2) = \/gsinh(z) = \/217r_z<€z —e 7).

It is straightforward to show

I 400 9 2
12 3 2n°n_ _ w 1
t 2 etom? aZRZ Tt :O(n_z)
- 2
15 tifgVni—1
and
LR S/
iz iVl 2n?n  x2 _1
t 2et12R2 112282 TVt :O(n 2)'
15 —i00

Applying the trivial bound |Bg(n)| < Cok, we have the following:

TQ:‘(E)W

T .
12 —100

[N
—_
Sy
=
—
S
~—
7
[SI[ed)

15 tico 3 2n2n 2 1
/ t 2ei2? 22 Tt + O(n”2) | + O(n?)

272n 2

15 Tioco 5
/ 1t 2e12tk2 " 112242 +tdt + O(n2)
hok 13000

|
|
/N
ol
N—
S
E —
oy
=
S
=
N
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We takez:Zy/b%(n—ﬁ) in and find

Ty = (6.9)

1 ;4)) o).

(6.10)

To compute the asymptotic, we need the k = 1 term of this sum. We find with (6.1)

and the following formula for Bj(n),

Bl(n):ao(o,m:—ﬁ S ) Y wle)eor (%)

We compute the error:

<

%

gL( _

Thus we have:
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6.5 Euler-Maclaurin Summation

In this subsection we recall a maybe not too widely known version of the Euler-
Maclaurin summation formula. For asymptotic exansions in the strong sense, we use

the notation

h(t) ~ ) apt®, (t—0).

k=-—1

This means that for every M > 0 we have

h(t) — MZ_:I apt® = O(tM), (t = 0).

In the following, we will often encounter Bernoulli polynomials B,(x) for n a

non-negative integer, which can be defined via their generating function

> tn te®t
B,(z)— = ——, |t| < 2m,
> Bula)g = oy <o

and the Bernoulli numbers B, :== B,(0).
The Bernoulli polynomials are also given explicitly in terms of the Bernoulli num-

bers as follows:

B,(z) = i <Z) By_ya® (6.14)

k=0

and they satisfy the following relations,
Bu(z +1) — B,(z) = na"* (6.15)

and

Ba(1—2) = (—=1)"By(x), (6.16)

see e.g. equations (24.4.1) and (24.4.3) in [OLBC10].

In Proposition 3 in [Zag75|, Zagier gives the following formula, which we use.



87

He proves a slightly more restrictive version of the following theorem, but states the
version displayed herd!] The reader is also referred to formula 23.1.32 in [AS] as well

as [LamO01] and the references therein.

Proposition 6.5.1. Let f be a C* function on the positive real line which has an
asymptotic expansion f(t) ~ Y2 b,t" ast — 0, and satisfies the property that it
and all of its derivatives are of rapid decay at infinity. Then we have the asymptotic

eTPansion

Bn+1

f: F((m+ a)t) ~ %/OOO F(tydt — ibnr(f)t”, (t = 0).

m=0

for every a > 0.

Remark 6.5.2. An inspection of the proof of Proposition|6.5.1 shows that the given
asymptotic expansion is actually valid whenevert is a complex variable with | arg(t)| <
5 — 0 for some 6 > 0 provided that f™(e?x) is of rapid decay for real x — oo,

0| < 5 — 6 and all non-negative integers n.
For the convenience of the reader, we give a proof of [6.5.1]

Proof. For some t, Let g(x) := f((a + z)t). Note that g is still smooth and has
derivatives of rapid decay at infinity. Applying the first formula on page 13 of [Zag75|

to g(z) gives us the following:

> film+ayy = o T 52D B oy e [ o0 P,

m=1 n=1

where EN(x) = B,(z — |x]).

!The equation he gives (see eq. (44) in |[Zag75|), however, contains a slight typo, the + sign in
front of the sum should be a - sign.
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We notice that the first term is given by

Jur f@)de _ [° f(a)de [ f(a)de
t t t

Using the asymptotic expansion for f, we have

+1tn

f< :anH oMy, (t—0).

3

We notice that the last integral is O(t") as t — 0, since

Y [T P e [T oo P

and since B ~(z) is bounded and f) is of rapid decay.
Now we consider the second sum. We have ¢™(0) = t"f™(at), which has the

following expansion:

N—-1-n

m=0

Substituting this formula and switching the order of summation, we find the

asymptotic expansion as t — 0 for the middle sum:

|
toomgm N—n
b+ Ot )), (t = 0)

bith . (k1 N
kHZ(—m Buaa™"( +O(tY), (t—0).
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Now we can put everything together to obtain

Y fl(m+a)t) = fat) + Y f((m+a))

m=0
N-1 00 N-—1
f(z)dx bpa™ !
=) bttt Y t"
n=0 ! ¢ n=0 n+ 1

By (6.14) we recognize the sum in square brackets as the Bernoulli polynomial
Bpi1(—a). Then using (6.15) and (6.16]), one easily sees that the coefficient of ¢"

Br+1(a)

5=, which is what we claimed. [

(n > 0) in the above expansion is given by —

6.6 Wright’s Circle Method

In this section, we briefly recall two propositions from [NR], based on Wright’s version
of the Circle Method [Wri71], that allow to obtain asymptotic results for products of
functions in a fairly general setting.

Suppose £(q) and L(q) are analytic functions for complex arguments |¢| < 1 and

q ¢ R, such that

(@) L(g) =) a(n)g"

is analytic for |g| < 1. Further assume the following hypotheses, where 0 < § < 7

and ¢ > 0 are fixed constants.

1. Ast — 0 in the cone |arg(t)| < § — 0 and |(t)| < 7 we have, for some B € R,
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either

L) =t"% <§ agtt + O(;(tk)> : (6.17)

in which case we say that L is of polynomial type near 1, or

Le™) = k;—it (i ot + Og(tk)> : (6.18)

=0

in which case we call L of logarithmic type near 1.

2. Ast — 0 in the cone |arg(t)] < § — ¢ and |I(t)| < 7 we have

o~

gle) = e (1+0se7H)) (6.19)

for real constants 8 > 0 and v > 2.

3. Ast — 0 in the cone § —§ < |arg(t)| < § and |J(t)| < 7 one has
|L(e™")| <5 [t]7€, (6.20)

where C'= C(§) > 0.

4. Ast — 0 in the cone § — 4§ < |arg(t)| < 5 and |(¢)| < 7 one has
6(e™)] < €(le™ e M), (6.21)

where K = K(6) > 0.

These hypotheses in f ensure the asymptotics of L and £ on the so-
called major arc, those in f their asymptotics on the so-called minor arc
of the unit circle.

For our purposes, we require the following two propositions (see Propositions 1.8

and 1.10 in |[NR]).
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Proposition 6.6.1. Suppose the hypotheses (1)-(4) are satisfied and that L has poly-

nomaal type near 1. Then there is an asymptotic expansion

M—1
a(n) = p2ev/y, 5 (2B—25-3) (Z pnT 7+ 0(n—¥)> , (6.22)
r=0
where
Dr = Z AsWs,r—s (623)
s=0

with ag as in (6.17) and

Cs+ﬁ*B+% F(S—{—B—B—{—T—I—%)
(—de)yr2me 1T (s+B8—B—r+3)

(6.24)

wS,T‘ g

for the coefficients a(n) of £(q)L(q) as n — oc.
Note that Proposition is originally due to Wright [Wri71].

Proposition 6.6.2. Suppose hypotheses (1)-(4) are satisfied and that L has logarith-

mic type near 1 such that B — (= %, with B and 3 as in equations (6.18]) and (6.19)

respectively. Then we have

%)

a(n) = —e?Vip s (10gn —2logc+ O(n_% log n))

1
472

as n — Q.

6.6.1 A Preliminary Lemma

Here we prove a preliminary result that will be the key step towards the proof of

Theorem [1.5.4] For the rest of this thesis, let
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Lemma 6.6.3. Let r, N be greater than zero. Then we have for |arg(t)| < 5 — & for

50m60<5<§:

S (e 2) o) ~ EOLEE) L ogogry,, o)

m=0

where ¥ (z) = 1;’((5)) denotes Euler’s digamma function.

Proof. From the definition of the Bernoulli numbers we have

_ - By, k—1
ft) = ﬁt
k=0

Let f*(t) := f(t) —t'e~*. Then we have for R(t) > 0
g:gf((m ) )Zni CEE (m+§)t+;f*<<m+%>t>. (6.25)

To find the asymptotic expansion of the second sum in the right hand side of [6.25]

we note that

Fr(6)~ > bttt —0),
k=0
where
b B 1 !
e = Ben =Dy,

Then it follows from Proposition that we have
if*((m+1) t) ~ I EOLL Zb Bt () 4 0,
— N n 4+ 1

Next we consider the first sum of the right hand side of (6.25)).

First, since
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we have the following:

DD DE i Db s (S

m=0 m=1 =1

z[~
2|~

The first sum is equal to —log(1 — e *). Differentiating once with respect to ¢, we

see that the following holds:

o0

—log (1 —e™") ~log (%) — Z Bn it (t—0).

n-n

The second sum is absolutely and uniformly convergent for (¢) > 0 and we have

o0

1 - 1 N r N?
0 DELENNSVIS N . y B ES e
£50 = m(m + %)6 Z m(m+ %) e Y N r2

m=1

by equation (5.7.6) in [OLBC10|, where vz denotes the Euler-Mascheroni constant.

We have that in fact

2

> 1 ., N N

or, equivalently, that
L 1 e — 1
lim

50 £~ m(m + ) tlogt

exists, which can easily be seen by applying de 'Hopital’s Rule (since the series is
still absolutely and locally uniformly convergent for R(t) > 0, we can differentiate
each summand).

Assembling all of this gives the following:
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oo e,%t 1 oo Bn . 00 o .
mz:()f«erN) t) T (——Hog (Z) _;n n't +;m(mii)e t>
+ Ooof;@)dt_ianZj_(l%)tn’ (t—>0)

Simplifying, we have

i 7 ((m+ %) t) ~ _Log(®) td’ (%) , O(logt), (t - 0).

m=0

Here we used the fact (see eq. (5.9.18) in [OLBC10]) that

o0 S| et
*(t)dt = — —dt = .
/0 () / =

6.7 Proof of Theorem [1.5.4

Now we prove the Theorem [1.5.4]

Proof. By Lemma we have

Siaon = (5] [S] © o
" d=r C(llrzodN)

t

Letting f be as defined in the previous section and setting ¢ = e™*, we simplify this

as follows:
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> Tl = (H 1 fqn) >
n=1 n>1 m=r (mod N)
(15 S (e )

1
Now we wish to apply the method outlined in Section 6.6| with &(e™*) = 252 and

(55
L(e™!) = (2m)"2¢2 S o f ((m+ %) Nt). The function £(q) is known to satisfies
hypotheses [2| and 4| in Section m with ¢ = %2, B =3, and v = 47? (see Theorem
4.1 in [NR]).
From Lemma we see that L(q) satisfies hypothesis . By the straightforward

estimate
m o

q g™
2 1—gm SZ1—|q|’”

m=r (mod N) m=1
and Corollary 4.5 in [NR] we see that
Y ot
1—qm

m=r (mod N)

in the bounded cone § — ¢ < |arg(t)| < § and |(¢)| < 7, so that L(q) also satisfies

hypothesis [3| so that we can apply Propositions 6.6.1| and [6.6.2]

To be more precise, the asymptotic expansion as t — 0 has both a polynomial

and logarithmic asymptotic component. The logarithmic component is as follows:

log(t)

(1+0(1)),

to which we can apply Proposition [6.6.2] with B =1 and oy = —

@m)IN’
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For the polynomial part, we have the following:

logN @D(%)
Nt(2m)2  Nt(2rm)2

Ly(e™") =~

™

For L ly Proposition|6.6.1} with B =1, M = 1, apg = —— &) +log N).
or Ly, we apply Proposition|6.6.1} wi , , QU Namd (¢(r>+ 0g )

Putting these results together completes the proof. O]
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