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Abstract

Flexible Semiparametric Regression Methods for Observational
Follow-up Studies

By Xiaoyan Sun

Observational follow-up studies often present various challenges that can
complicate statistical analysis, such as complex censoring mechanism, missing ob-
servations, and highly skewed measurements. In my dissertation, we have developed
flexible semiparametric regression methods for three different complex data scenarios.

The first one is recurrent events setting subject to window observation, which
arises when the observation of recurrent event is not available before the follow-up
starts and after the follow-up ends. We adopt the accelerated recurrent time model
(Huang and Peng, 2009), and develop two estimators for window observed recurrent
event data. We illustrate our method via an analysis of the time to expected
frequency of pseudomonas aeruginosa (PA) infection in Cystic Fibrosis (CF) children
through the use of the US CF Foundation Patient Registry (CFFPR).

The second project is about longitudinal data with skewed outcome subject to
left censoring and following an informative intermittent missing pattern, which is
motivated by the Michigan Long-Term Polybrominated Biphenyls (PBB’s) Study.
In this work, we consider quantile regression modeling for the data from such
longitudinal studies. We adopt an appropriate censored quantile regression technique
to handle left censoring and employ the idea of inverse probability weighting to
tackle the issue associated with informative intermittent missing data. We evaluate
our method by simulation studies. The proposed method is applied to the Michigan
PBB study to investigate the PBB decay profile.

The third data scenario is longitudinal data with skewed outcome subject to left
censoring and irregular outcome-dependent follow-up. For example, in the Michigan
PBB study, serum samples were not taken at a set of common time points but at
irregular time intervals. In this work, we propose an inverse intensity-ratio weighted
least absolute deviation estimator in censored quantile regression. This approach
yields consistent estimates of the quantile regression parameters provided that the
model for the follow-up visit process has been correctly specified. The proposed
method is also applied to the Michigan PBB study to investigate the PBB decay
profile.
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Chapter 1

Introduction






1.1 Background

Observational follow-up studies often present various challenges that can complicate
statistical analysis, such as complex censoring mechanism, missing observations,
and highly skewed measurements. Many semiparametric regression models, such as
quantile regression, has received increased attention for their capability of handling
skewed data and allowing for varying covariate effects. In my dissertation, we have
studied three different data scenarios. The first one is recurrent events setting
subject to window observation, which arises when the observation of recurrent
event is not available before the follow-up starts and after the follow-up ends. The
second one is focused on longitudinal data with skewed outcomes subject to left
censoring plus outcome-dependent intermittent missingness. The third one deals
with longitudinal skewed measurements subject to left censoring and observed only
at irregular outcome-dependent follow-up times. As elaborated later, considerable
statistical challenges are involved in developing statistical methods for appropriately

analyzing the complex data scenarios described above.

In the first project, we have studied the accelerated recurrence time model for
recurrent events data subject to window observation. Recurrent events are frequently
encountered in biomedical research. Examples include tumor recurrences, asthmatic
attacks, and hospitalizations. In some observational studies, the observation of
recurrent events is constrained to an observation window between the start of
follow-up and the last follow-up visit. An example is the US Cystic Fibrosis
Foundation Patient Registry (CFFPR) study. Cystic Fibrosis (CF) is a life-limiting
genetic disease without known cure yet, affecting about 30,000 people in the United
States (Cystic Fibrosis Foundation, 2011). For CF patients, lung infections will
result in damaged and lower lung function. Pseudomonas aeruginosa (PA), the most

important pathogen that shortens survival of CF patients, infects more than half of



people with CF (Cystic Fibrosis Foundation, 2011). The first 10 years were known to
be an important potentially beneficial period for early diagnosis and new therapies
(Campbell and White, 2005; Gross et al., 2006). Therefore, it is of scientific interest
to investigate the association between the timing of PA infection recurrences in the
first 10 years and its risk factors. Though the onset and remissions of PA infections
are usually well monitored during CFFPR, follow-up, no record of PA infections is
available before the registry entry. The missing information on PA infection before
registry entry is not ignorable because most of CF children did not entry the registry
at or shortly after birth due to delayed diagnosis after birth or delayed entry to the
registry. At the same time the observation of PA infection is also terminated at the
last follow-up. Such a recurrent event setting is the focus of the first project in my

dissertation.

The second and the third projects are concerned with regression analyses of
longitudinal measurements, which have skewed distributions and are subject to left
censoring. Our motivating example is the Michigan Long-Term Polybrominated
Biphenyl (PBB) Study. PBBs are manufactured chemicals that accidentally mixed
with animal feed during 1973-1974. Residents on Michigan farms and neighboring
communities were exposed to PBBs by consuming meat, milk, and other food
products from contaminated animals. This study was established following exposure
to PBB’s. Since the initial enrollment period (1976 - 1978), the Michigan Depart-
ment of Community Health (MDCH) has periodically contacted cohort members to
obtain additional serum samples to measure PBB concentration levels. PBBs are
stable, persistent halogenated organic pollutants with extremely long half-lives that
have been shown to have suggested effects on several diseases in animal studies.
Participants in this study continued to have measurable serum PBB concentration

levels more than 20 years later. Thus, it is of interest to understand the pattern



by which PBB is eliminated from the body. In the longitudinal data collected in
the Michigan PBB study, serum PBB concentration measurements are highly right
skewed (Figure 1.1). The measurements are also left censored due to laboratory

assay detection. If the serum PBB concentration is less than 1 pbb, it is recorded as

1 pbb.

Subject’s follow-up pattern may depend on observed PBB concentrations. Figure
1.2 presents the distribution of the first PBB measurement in each group of subjects
with the same number of visits. It is clear that the first PBB measurement is higher
in groups with more visits than groups with fewer visits. We take two different
perspectives to handle the statistical issues from the outcome-dependent follow-up
pattern. In project 2, we divide the continuous time scale into prespecified time-
intervals so that we formulate the PBB data as longitudinal data with fixed visit
times. When a subject did not come for a follow-up visit in a given time-interval, the
longitudinal outcome at the given time point is treated as missing. Under this view,
we encounter informative missing data because the missing pattern of longitudinal
outcome are not completely random, as implied by Figure 1.2. To handle the missing
data, we adpoted the assumption of missing at random (MAR), which allows the data
missingness to be related to the observed responses, but is assumed to be conditionally
independent of the missing responses (Little and Rubin, 1987). In the PBB study,
participants were given their PBB levels after they were analyzed. It is reasonable to
make the assumption that the missing pattern is related to the observed measurements
and is independent of the missing measurements given the observed measurements.
In the second projects, we study the estimation and inference of a quantile regression
model for longitudinal measurements subject to informative intermittent missing and

left censoring.
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Figure 1.2: Distribution of log (PBB) at the first visit versus number of measurements



In the third project, we treat visit times as continuous and the PBB data
are then formulated as longitudinal data with irregular follow-up times. By this
approach, we avoid the time interval division, which may involve arbitrariness.
To handle outcome-dependent follow-up, we adopt separate modeling for visit
times and longitudinal outcomes. We model follow-up visits via a recurrent event
process that follows a proportional intensity model. We develop a marginal quantile
regression method for left censored longitudinal data that appropriately handles the

outcome-dependent irregular follow-up.

In all projects, we have adopted semiparametric quantile regression models
that are more flexible than traditional models. Quantile regression can deal with
skewed data without imposing distributional assumptions, such as normality. Also
quantile regression formulates covariate effects separately on different quantiles
and do not require them to be constant over different quantile levels. This feature
may help detect inhomogeneous risk patterns. For example, in the Michigan PBB
study, quantile regression can capture the characteristic that the upper end of
PBB concentration distribution tends to decrease faster than the lower end of PBB
distribution while standard linear mixed models cannot. The accelerated recurrence
time model shares the same spirit as quantile regression. The accelerated recurrence
time model specifies covariate effects on time to expected frequencies. This model
does not imposing any assumption about the pattern of time to expected frequencies
for the reference group. It also has the flexibility to allow covariate to have different

effects on time to different expected frequencies.

In my dissertation, we develop new semiparametric regression methods, pursuing
the advantages described above while appropriately handling the data complexities

present in real studies. In the next section, we present literature reviews separately



on regression for recurrent event data and regression for longitudinal data. An outline

of my dissertation is given in the end of this chapter.

1.2 Literature Review

1.2.1 Existing Work on Regression for Recurrent Event Data

Let T = {T™M, T® ...} be the recurrent event times. Let Z be the associated p x 1
vector of covariates. The corresponding counting process to the recurrent event
times is denoted by N(t) = > 72, [ (TW) < t). The regression analysis of recurrent

event time data, concerned by the first project, has been investigated in literature.

One well known approach is through intensity function which represents the in-
stantaneous probability of an event conditional on the process history. The intensity

function is mathematically defined as

A H (1)) = lim PT{AN(ZT HH®}

(1.1)

where H(t) = {Z,N(s) : 0 < s < t} denote the history up to time ¢. One popular
way to model the association between the intensity function and covariate is the
proportional intensity model proposed by Andersen and Gill (1982) which takes the
form

A(L|Z) = Ao(t)e? 20, (1.2)

where \o(+) is an unspecified baseline intensity function and 3 is a vector of unknown
regression parameters. Andersen and Gill (1982) assumes zero intra-individual cor-
relation among recurrent events when estimating the coefficients which may not be
appropriate in many applications. A useful approach to accommodating the intra-

individual correlation is to incorporate a random effect also called frailty v into model



(1.2):
MH|Z,7) = yXo(t)e? 20, (1.3)

This model has been investigated by Nielsen et al. (1992) and Oakes (1992),
among others. Frailty is usually specified to follow a distribution, such as Gamma

distribution.

Another popular intensity models is through modeling waiting time or gap time
between two adjacent recurrent events. This type of methods is often adopted when
events are relatively infrequent. The simplest example is assuming that the gap times

are independent within one subject,
AtH(t)) = h (t = Tyng-y) (1.4)

where h(-) is the hazard function for the gap times between events which are
independent and identically distributed. Models for gap time have also been
investigated in literature. In dealing with the Gap times between adjacent recurrent
events, the main challenge is dependent censoring. When the overall follow-up time
is subject to independent censoring, the gap time except the first one are subject
to dependent censoring. Prentice et al. (1981) developed a regression for gap times
based on proportional hazard model but only applicable when recurrent event times
are conditionally independent, given the covariate. Regression procedures without
the requirement for conditional independence among recurrent event times also have
been investigated. For example, Huang (2002) proposed a regression procedure
for gap times based on accelerated failure time model. Schaubel and Cai (2004)

developed an estimating equation for fitting proportional hazard model for gap times.
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Conditional models based on intensity function usually requires assumption
about dependence structure among recurrent events within a subject. This potential
drawback makes robust marginal models based on expected event frequency be
popular alternative in practice. For example, proportional mean and rate models
formulate covariate effects on the mean frequency function E[N(t)|Z] or the rate
function E[dN(t)|Z]. These models have been studied by many authors, such as
Pepe and Cai (1993), Lawless and Nadeau (1995), and Lin et al. (2000), and been

extended to models with a more general class of transformation by Lin et al. (2001).

The model we adopted for project 1 falls into the model category that uses
mean /rate rather than intensity. A directly relevant model is Lin et al. (1998)’s
accelerated failure time model (AFT) for recurrent events data.  Specifically,
Lin et al. (1998) proposed to specify covariate effects on the frequency of recur-
rences as expanding or contracting the time scale, E(N(t)|Z) = puo(e?o%t), where
to(+) is an unspecified continuous function. As pointed out by D. R. Cox (Reid
(1994), p. 450), “accelerated life models are in many ways more appealing [than

the proportional hazards model] because of their quite direct physical interpretation”.

It would be desirable to have the flexibility to accommodate varying effects of
covariates. However, Lin et al. (1998)’s AFT model does not have such a capability.
In fact, there are relatively limited work on marginal recurrent event models with
varying covariate effects. Fine et al. (2004) proposed temporal process regression
allowing time-varying covariate effects on the mean frequency function. Chiang and
Wang (2009) proposed a proportional rate model with time-varying coefficients.
Estimators are obtained through maximizing the kernel weighted partial likelihood

function which requires smoothing parameters.
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More recently, Huang and Peng (2009) proposed an accelerated recurrence time
model allowing for varying covariate effects. Define the inverse function of the mean
frequency function as 7z (u) = inf{t : E(N(t)|Z) > u}, which can be easily interpreted
as time to expected frequency u. The accelerated recurrence time model assumes

varying covariate effects dependent on the expected frequency:

log 7z (u) = By(u)' X, Yu € (0, 00), (1.5)

where X = (1,Z")". This model could be viewed as a generalization of the acceler-
ated failure time model for counting process (Lin et al., 1998). When all components
of By(u) except the intercept are constant in u, the accelerated recurrence time model
reduces to the accelerated failure time model for counting processes. Compared
with other varying-coefficient models, the accelerated recurrence time model retains
the appealing advantage of direct physical interpretation that covariate effects are
specified on each recurrence instead of on the mean frequency or rate function. The
modeling strategy for varying covariates effects in the accelerated recurrence time
model shares the same spirit as quantile regression. Quantile regression model for
survival data is a special case of the accelerated recurrence time model when each
individual may experience at most one event. The accelerated recurrence time model
has the flexibility allowing covariates to have different effects on time to different
expected frequencies. Compared to Lin et al. (1998)’s accelerated failure time model,

the new model could provide a more comprehensive view of covariate effects.

Note that, Huang and Peng (2009) only considered observation windows starting
from zero for recurrent events data analysis. It is not straightforward to extend
Huang and Peng (2009)’s work to handle the more realistic recurrent events data

setting where the observation of recurrent event may not start right from the time



12

origin. This hurdles the exploration of the CFFPR data based on the flexible
accelerated recurrence time model. This constitutes the motivation for the first

project

1.2.2 Existing Work on Regression Analysis of Longitudinal

Data

The second and third projects are focused on longitudinal data with repeated mea-
surements where correlation among measurements on the same subject is often not
ignorable. There are two popular approaches to analyzing such data. One is to use
mixed effects model to handle intra-subject correlation through assuming random ef-
fects. Let y;; be the jth response of the ith subject and x; be its covariate vector.

For example, one may assume that

Yij = + ﬂXi + €ij, (16)

where «; is random intercept and ¢;; is measurement error, both with distribution
fully specified. Estimates of 3 can be obtained through maximizing the likelihood.
For example, model (1.6) with normal random effects has been studied by Laird
and Ware (1982) and Ware (1985). The other commonly used method for analyzing
longitudinal data is called generalized estimating equation (GEE) developed by Liang
and Zeger (1986). The advantage of this method is that it does not require the correct
specification of the intra-individual correlation. When the correlation matrix is
misspecified, the resulting estimator is still consistent though less efficient compared

to the estimator resulting from an estimating equation with correct correlation matrix.

Missing data is not unusual in longitudinal data. A subject may dropout in
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the middle of the entire follow-up or a subject may be missing at one follow-up
visit but return at the next visit. Missing data in longitudinal studies has been
investigated by many literatures. Rubin (1976) defined three missing mechanisms.
Missing completely at random (MCAR) when missingness is unrelated with the
data. Missing at random (MAR) if missingness depends on the observed data
only (given the observed data, missingness is unrelated with the unobserved data).
Missing not at random (MNAR) that missingness depends on the unobserved data,
given the observed data. It is well known that MCAR and MAR are ignorable in
the likelihood and Bayesian approaches, while MAR is not ignorable in marginal
regression methods, such as generalized estimating equations (GEE’s) (Ibrahim and
Molenberghs, 2009). Robins et al. (1995) proposed an inverse probability weighted
GEE under the MAR assumption that yields consistent and asymptotically normal
estimators when the dependence of missingness on the observed past is correctly

specified.

Similar results have been shown for analysis of longitudinal data with irregular
outcome-dependent follow-up. Lipsitz et al. (2002) developed a likelihood-based
approach for analyzing longitudinal outcomes following a multivariate Gaussian
distribution. Under some mild assumptions, they showed that inferences can proceed
by analyzing the observed outcome only, without modeling of the follow-up visit
process. Fitzmaurice et al. (2006) extened their method to longitudinal binary data.
Ryu et al. (2007) presented a Bayesian regression method of jointly modeling the
follow-up visit process and the longitudinal outcome process through introducing
a subject-specific latent variable for studies when both precesses are of interest.
They also proposed a novel generalization of a cross-validated Bayesian procedure
for model diagnostics to check whether the ignorability assumption in Lipsitz et al.

(2002) is appropriate for a study. For marginal regression analysis, Lin et al. (2004)
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pointed out that ignoring the dependency between follow-up times and outcomes
would lead to biased estimation. In particular, for a marginal regression of the
conditional mean of the longitudinal outcome, they modeled the follow-up visit
process by a proportional intensity model (Andersen and Gill, 1982) and proposed
an inverse intensity weighted regression approach. When the follow-up visit process
is correctly modeled, their marginal regression estimator has been shown to be
consistent. However, to obtain a consistent estimator of the baseline intensity
function of the follow-up visit process requires kernel smoothing. To avoid estimating
the baseline intensity function, Buzkova and Lumley (2007) further proposed a class
of inverse intensity-ratio weighted estimators which is simple in computation and
moreover, can be applied under mixture of continuous and discrete follow-up visit

times.

Quantile regression for longitudinal data have been investigated by several litera-
tures (Jung, 1996; Lipsitz et al., 1997; Koenker, 2004; Geraci and Bottai, 2007; Wang
and Fygenson, 2009; Yi and He, 2009; Yuan and Yin, 2010; Lee and Kong, 2013). For
example, Lipsitz et al. (1997) studied regression models for marginal quantiles and
adopted estimating equations treating repeated outcomes as “independent”. They
further proposed inverse probability weighted estimators that account for missing
at random dropouts. Koenker (2004) considered quantile regression models with
subject-specific fixed effects which are intended to capture unobserved individual
heterogeneity and proposed an ¢; regularization estimating method to modify the
inflation effect caused by the introduction of individual fixed effects. Wang and
Fygenson (2009) investigated quantile regression for longitudinal outcomes that
are left censored by fixed constants and developed inference procedures accouting
for both censoring and intra-subject dependency. Lee and Kong (2013) presents a

marginal quantile regression procedure for longitudinal data subject to left censoring
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and dropouts.

However, all quantile regression methods are restricted to situations when subjects
have a common set of visit time points with or without monotone dropouts. These
are not applicable to longitudinal data with intermittent dropouts or irregular follow-
up. The goal of my second and third projects are to develop appropriate quantile
regression procedures for longitudinal data with outcomes subject to left censoring

plus intermittent informative dropouts or outcome-dependent follow-up.

1.3 Outline

In Chapter 2, we present two proposed estimation methods for window observed
recurrent event data under the accelerated recurrence time model. First, we
proposed a two-stage estimation procedure which yields a consistent initial estimator
first and then derives a more efficient second stage estimator from an augmented
estimating equation. Asymptotical properties, uniform consistency and uniform
weak convergence, are established for the resulting estimators. Second, we proposed
an estimation procedure by utilizing a mean zero stochastic process associated
with recurrent event counting process. This new method enables more efficient and
stable computation as compared to existing methods. We derive the asymptotic
properties of the proposed estimator, and develop inference procedures. Results from
simulations demonstrate good finite-sample performance of the proposed methods.

We illustrate the second approach via an application to the CFFPR data.

In Chapter 3, we investigate quantile regression for longitudinal data with left
censored outcomes subject to missing resulted from intermittent subject dropout.

We adopt an appropriate censored quantile regression technique to handle left
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censoring and employ the idea of inverse probability weighting to tackle the issue
associated with informative intermittent missing mechanism. Asymptotic properties
are established for the proposed estimator. We evaluate our method by simulation
studies. The proposed method is applied to the Michigan PBB study to investigate
the PBB decay profile.

In Chapter 4, we develop a censored quantile regression procedure for longitudinal
data with irregular outcome-dependent follow-up. We adopt a proportional intensity
model for the follow-up visit process and propose an inverse intensity-ratio weighted
least absolute deviation estimator in censored quantile regression model. This
approach yields consistent estimates of the quantile regression parameters provided
that the model for the follow-up visit process is correctly specified. We evaluate our
method by simulation studies. The proposed method is also applied to the Michigan

PBB study to investigate the PBB decay profile.

In Chapter 5, we provide a summary of our completed work and plans for future

work.
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Chapter 2

Accelerated Recurrence Time
Analysis of Recurrent Events Data

Observed in a Time Window
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2.1 Regression Procedures

2.1.1 Data and Model

Let T = {TW T .} be the recurrent event times. Let Z be the associated
p X 1 vector of covariates. The corresponding counting process of the recurrent
event is denoted by N(t) = Z;’ilf(T(j) < t). Let {L,R} be the first and
last follow-up time for T. Denote the window observed counting process by
N(t) = > I(L < TU) < (R A't)). The observed data consists of {N(-), L, R, Z}.

It is assumed that N(-) and {L, R} are independent conditionally on Z.

The mean function, defined as uz(t) = E(N(t)|Z), is of interest. Its inverse
function, 7z(u) = inf{t : pz(t) > u}, represents time to expected frequency u. The

accelerated recurrence time model takes the form that

17(u) = exp (XT,BO(u)) , (2.1)

where u > 0 and X = (1, Z7)7.

2.1.2 Two-Stage Estimation
Estimation Procedure

With the observation window starting from zero, Huang and Peng (2009) proposed

an estimating equation that

E [XI (R > exp (X"B,(w))) {N (exp (X"By(w))) —u}] = 0.

However, with L > 0, N (exp (XTBO(u))) is not always observable because of missing

observation before the follow-up starts. If we restrict our analysis on the subsample
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with L = 0, too much information was lost especially when most of subjects have
delayed starting time. Therefore, to extend usable sample size, we propose a baseline
frequency point strategy. Define a baseline frequency point v, less than u. The
definition of 7z(-) implies that E [N {rz(u)} — N {7z(v)}] = u — v. Restricting the

estimating equation on the subsample with N (7z(u)) — N (7z(v)) observed, we have

0=E|XI{L <exp (X"By(v))} I {exp (X" By(u)) < R}

{ZI {exp (X" B, (v)) < TV < exp (X"B(u)} — (u— v)} ] . (2.2)

The only problem here is that B,(v) is unknown. We note that 0 = 77(0) =
exp (XTﬁO(O)) and v < u. Hence, we propose obtaining B(u) by sequentially solving

the following estimating equation for B(u) plugging in B(v) as By (v):

0 =vn®(B(u), u,v, B(v))
1 Xn:Xil {exp (XIB(w) < R} 1{L:i < exp (XTB(0)) |

=1

[Z {exp <X B( )) < Ti(j) < exp (X?B(u))} — (u— v)] . (2.3)

The rule of selecting a baseline point, adopted in the following simulations
and real analysis, is that v(u) = max{v, : v, < w,h = 1,...,H}, where
0=wvy < v <---<wg < U is asequence of equally spaced baseline points. Other

choices of v(u) are possible but need to satisfy that v(u) < u.

The solution-finding problem in (2.3) is equivalent to locating the minimizer of
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the following objective function,

Vil (B(w),u, v, B(v))
SV, zn: {i (X{ﬁ Alog(R;) — log(Tim)>+ I {eXp (Xffi(v)) <1/ < Rz}

i=1 L j=1

— (XTB Alog(Ry)) (u — v)] x T{Li < exp (XTB(v)) }.

However, some arbitrariness can be involved in the selection of baseline points.
A careless choice may lead to low efficiency in estimation and even large bias
especially when the sample size is small or moderate. In estimating equation
(2.2), time to expected frequency w is compared with time to expected preselected
baseline frequency, v. If v is too small, there may be only few subjects satisfying
L < 1z(v); if v is too large, the time interval between 77 (v) and 7z(u) would be very
narrow. Our empirical rule of selecting the equally spaced baseline points is that

vy X {# of subjects with L = 0} ~ 10.

In the second stage, we propose to improve the performance through an augmented
estimating equation. The left end of the time interval is broaden, from time to
expected baseline frequency, 7z(v) > L, to the follow-up starting time, L. The
stochastic estimating equation, which utilizes the event information between L and

17(u), is
0 =vnA(Biu) =n"12 " [Xﬂ (exp (X B(w)) < R:)

i=1

X {i I (Lz- < TV <exp (XT B(U))) — (u—u A fig,(Li; B))} ] . (24)

J=1

where fiz(L;8) = [;°I(L > exp(X"B(u)))du represents the expectation of the

recurrent events number before the follow-up starts. Note that the parameter 3 here
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is a function on (0, U], not a single vector.

The problem here is that the equation /nA(B;u) = 0 is not easy to solve. That’s

why we consider a modification

n

\/EA(a; u,3) = n~1/? Z [Xil (exp (Xz‘Ta) < Ri)

=1

X {ZI (LZ- < T <exp (X?a)) —(u— uAﬂzxLi;ﬂ))} ] (2.5)

We propose a cadlag estimator 3 (u) jumping only on a equally-spaced grid, Sk, =
{0=uy <uy <+ <ugm =U}. So iz (L ,8) =71 <L > exp (XTB(u)>) du =
> exp U . We propose the following iterative algorithm o

k“gKf(fnzL XT,B Wi he following iterative algorithm of

estimating 3.

1. Let B(o) be the initial estimator from estimating equation (2.3). Estimate the
recurrent events number before the follow-up starts fiz (L; B(o)) denoted by

(o). set m = 1;
2. Find B(m) by solving v/nA <a; U’B(mfl)> = 0;
3. Estimate fi(n) <L B >

4. Increase m by 1 and go back to step 2 until the convergence criteria, i.e.

~

,B(m) - B(m—l)H < 107" and ||ﬂ(m) - ﬂ(m_l)H < 10710 is met.

A

Denote the converged estimator as 3. In step 2, the solution to VA (a;u, Bm-1)) =0

is the same as the minimizer of a in the following objective function:

R n [e%} N+ )
VnO(asu, B, p) =n"2> [Z (XFantog R —log ) 1(L; < T < Ry)

i=1 L j=1

— (XTa Alog R)) {u — A iz, (Li; B(m_l)) } } .
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This algorithm shares similar idea with the EM algorithm. At each iteration, the
expectation of recurrent events number before the follow-up starts based on estimates
from previous iteration is plugged in to the objective function to obtain the updated

estimates.

Asymptotic Results

We can show that B(o) is consistent. Based on that, we can prove that B is consistent
although the original estiamting equation /nA(B3;u) = 0 may contain inconsistent

roots. We also want to point out that B(m) ieself is a legitimate estimator for any m.

The regularity conditions include:

C 1. Foru € (0,U], E [X®? (L < exp(X"By(v(w)))) I (R > exp(X”By(u)))] is non-

singular.

C 2. By(u) is a Lipchitz continuous function and in the interior of a compact and
bounded space B for all u € (0, U].

C 3. ||Z]| is bounded.

C4. Y%, I(TY) < R) is bounded.

j=1

C5. (L,R), given Z, has a bounded conditional density function f gz(l,r) at
{(l,r) = (t2(u1),72(u2)) : uy, us € (0,U]}, for all Z.

C 6. fiz(t) = duz(t)/dt is continuous and bounded at {7z(u) : v € (0,U]} for all Z.
C 7. inf,e(ou) eigminE [X®2[i(1g(u))mz(u)I (L < 17(v(w))) I (R > 17(u))] > 0.

We establish the uniform consistency and weak convergence of ﬁ(T) stated in the

following theorems.

Theorem 2.1.1. Under conditions C1-C6, sup,e oy HB(O) (u) — ﬁo(u)‘ 0.
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Theorem 2.1.2. Under conditions C1-C7, n'/? {B(o) — 50} converges weakly to a
Gaussian process with mean 0 and covariance matriz 32, where X is presented in the

proof (2.5 Appendiz).

Theorem 2.1.3. Under conditions C1-C6, sup,e oy HB(u) - ,Bo(u)‘ 5o.

Theorem 2.1.4. Under conditions C1-C7, n'/? {B—ﬂo} converges weakly to a
Gaussian process with mean 0 and covariance matrix Y, where X is presented in

the proof (2.5 Appendiz).

The proof of all theorems are presented in section 2.5 Appendix.

Inference

Inference about B(u) are important for scientific conclusions; however, as seen in
proof of Theorem 2.1.4, the covariance matrix of n'/? {B(u) - Bo(u)} is complicated
and not available. Therefore, we adopt the resampling approach of Jin et al. (2001)
to estimate the covariance matrix. Let v;, ¢ = 1,...,n be i.i.d. from a nonnegative
distribution of unit mean and unit variance, e.g., an exponential distribution of unit

rate. We consider perturbed estimating equations

0 =0 23" 03X, {exp (XTB()) < R} T{Ls < exp (XIBo(w)) )

i=1

x [fjf {10 € (exp (XTB(o(w))) ,exp (XTBw) | } = (u - v(u»] . (26)

J=1

and

X1 (exp (X7 B(u)) < R)

0 =n"1/2 i V;

i=1

X {iz (T}” € (Li,exp (XTI B<u>)}) — (u—u AﬂzxLi;m)} ] (2.7)
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Solving perturbed estimating equations (2.6) and (2.7) following the same two-
stage estimating procedure, we could obtain a new estimator denoted by ﬁ*() It
can be shown that the distribution of n'/? { B*(u) - B(u)} conditionally on the data
is the same as n'/? {B(u) - Bo(u)}. Thus, we can approximate the distribution of

nl/? {B(u) - Bo(u)} by a simulated distribution of n!/? {B (u) — B(u)} Pointwise

confidence interval for 3,(-) can be obtained by the Wald method,

Blu) + 8535 SE{B () }

A X

where SE {B (u)} is the empirical standard error of {B*(u) — B(u)} and @y g5 is

the 97.5th quantile from standard normal distribution.

2.1.3 Estimator Based on Counting Process
Estimation Procedure

Our key idea to estimate B (u) is based on the fact that

E{X(N(GXP(XTﬁo(U))) - /Ou I(L < exp(X7By(s) < R)dS)} =0, (2.8)

where X = (1, Z7)T.

According to (2.8), the estimation of B,(u) only includes {B,(s) : s < u}. This
motivates us a grid-based estimation procedure for 8,(u) sequentially from u = 0 to
the above limit of interest, say U. Define a grid S,y = {0 =up < uy < -+ < upm) =
U}. Our proposed estimator B(u) is a right-continuous piecewise-constant function
that jumps only at grid Sp,). Note that 0 = 77(0) = exp(X7B,(0)); therefore, we

always set eXp(XTB(O)) = 0. We propose to obtain B(uk) (k =1,2,...,L(n)) by
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sequentially solving the following monotone estimating equation for B(uy):

n'?8,(8,u) = n~? 3" X { Nifexp(X] B(w)))

k—1

= > (L < exp(X] Blum)) < Re) (i1 = )} = 0.

m=0

(2.9)

Because (2.9) is not continuous, an exact root may not exist and the proposed

estimator B(uz) are defined as generalized solutions (Fygenson and Ritov 1994).

The monotonicity of (2.9) greatly facilitates the computation. It implies that all
generalized solutions belong to a convex set and that the left side of (2.9) is the
gradient of a convex function. The solution-finding problem for (2.9) is equivalent to

locating the minimizer of the following L;-type convex objective function:

L) =55 1L <79 < Ry

log TV — X;r”h(

i=1 j=1
R = QoD 1L < TP < R)(=X:)™h
i=1 j=1
n k—1
+{R = (> 2X; Y I(Li < exp(X] B(um)) < Ri) (1 — ) h,
i=1 m=0
where R* is a very large number and j = 1,..., L(n). The foregoing minimization

problem can be easily solved using the Barrodale-Roberts algorithm (Barrodale and
Roberts 1974), the implementation of which is available in standard statistical soft-
ware, for example, the [1fit() function in S-PLUS or the r¢() function in R package

quantreg.
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Asymptotic Results

The proposed estimator B() has the properties of uniform consistency and weak
convergence under some regularity conditions. Define Fyz(l) = Pr(L <1|Z), Fryz =
Pr(R < r|Z), fuz(l) = dFyz(l)/dl, and frz(r) = dFgrgz(r)/dr. The regularity

conditions are as follows:

C 1. Z is compact, i.e., sup; ||Z]| < oo.

C 2. (a) Each component of £ [X S T (L <TW <exp (XTBy(u) A R)} is a Lip-
schitz function of u, and (b) frz(t) and frjz(t) are bounded above uniformly in

t and Z.

C3. (a) E[I(L<exp(X™) < R) iz (exp(X"b))|Z] > 0 for any b € B(dy),
(b) E(Z%?) is positive definite, and (c) each component of E[X®?exp (X”b)
{f112(exp(XTb)) — friz(exp(XTb))J{E[X?? exp(X"b)I(L < exp(X'b) < R)
fiz(exp(XTb))]} ! is uniformly bounded in b € B(dy), where B(dy) is a neigh-
borhood containing {3, (u),u € (0,U]}, defined in Appendix A.

C 4. infyepp) eigminE{I(L < exp(XT By(u)) < R)fiz(exp(XTBy(u))) exp(XT By(u))
X®2} > 0 for any v € (0, U], where eigmin(-) denotes the minimum eigenvalue

of a matrix.

C 5. N;(t) is bounded above for all i = 1,...,n.

We have the following theorems.

Theorem 2.1.5. Assuming that conditions C1-C4 hold, if lim,_, ||Srm)|| = 0, then
SUD (v, 1] HB(U) — Bo(u)|| 20, where 0 <v < U.
Theorem 2.1.6. Assuming that conditions C1-C6 hold, if lim,,_, n1/2||SL(n)|| =0,

then n'?{B(u) — By(u)} converges weakly to a Gaussian process for u € [v, U], where

O<v<U.
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The proof of all theorems are presented in section 2.5 Appendix.

Inference

Similarly, we adopt the resampling approach of Jin et al. (2001) to estimate the
covariance matrix. Let v;, ¢ = 1,...,n be i.i.d. from a nonnegative distribution
of unit mean and unit variance, e.g., an exponential distribution of unit rate. We

consider a perturbed estimating equation

12 Zv X Niexp(X7 B(w)))
k—1
— S (L < exp(XTBum)) < Rty — um)} —0.  (2.10)

The perturbed estimating equation (2.10) could be solved by minimizing an objective
function using r¢() function in R. Denote a new estimator denoted by 3 (-). We can
approximate the distribution of n*/2{3(u) — By(u)} by a simulated distribution of
nl/Q{B*(u) — B(u)}. Pointwise confidence interval for B,y(+) can be obtained by the

Wald method,
Blu) £ @g g SE{B (u)},

where SE{B*(u)} is the empirical standard error of {ﬁ* (u) — B(u)} and &y} is the

97.5th quantile from standard normal distribution.

2.2 Simulation Studies

Finite-sample performance of the proposed method is evaluated through Monte Carlo
simulations similar to Huang and Peng (2009). A Gamma frailty on a standard ho-
mogeneous Poisson process was applied to generate recurrent events. Variance of the

Gamma frailty, o2, determines the level of intra-individual correlation. We consid-
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ered 02 = 0 and 0.5, where 0 corresponds to zero intra-individual correlation. Two
covaraites, Z; and Zy, were generated from Bernoulli(0.5) and Uniform(—0.5,0.5)
respectively. A reccurrent event time sequence was generated by
. () ,
TV = exp{min ( 1, —— | Zy + Zo p T*V) /, ji=12 ...,
1.5y
where {T*) j = 1,2,...} is a recurrent event sequence generated from a standard

homogeneous Poisson process and frailty v was generated from a Gamma distribution.

It can be shown that under this setup,
77(u) = exp {log(u) + min(1, %)Zl + Zg} :

Covariate Z; had an increasing effect and Covariate Zs had a constant effect. The
first visit time, L, was generated from w - Unif(0,1), where w ~ Bernoulli(0.8).
We included w to ensure L had a probability mass of 0.2 at zero and render a
scenario that the low tail of 3, was identifiable. The last follow-up visit time, R was
generated from distribution Unif(L,12). This observation window resulted in an

average of 4 observed recurrent events.

Under each configuration, we generated 500 datasets of sample size n = 100.
For interval estimation and inference, the resampling size of 100 was chosen. An
equally spaced grid on u € (0, 3] with size 0.02 was adopted when estimating 3,. For
two-stage estimators, baseline points v’s were chosen as {0.5k : k =0,1,...,5}. The
rule of selecting a baseline point is v(u) = max{0.5k : 0.5k < u,k =0,1,...,5}. The
estimator from estimating equation (2.3) is referred as the initial estimator and the

estimator from the iterative algorithm is referred as the iterative estimator.

Simulation results are summarized in figures. Figure 2.1 and Figure 2.2 present
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simulation results from the set-up with 0> = 0 and the set-up with ¢* = 0.5
respectively. In the first row, we plots the empirical bias from the stage-one
estimator (initial, doted line), the stage-two estimator (iterative, dashed line), and
the estimator based on counting process (sequential, solid line), versus expected
frequency u. It shows that the iterative estimator and the counting process based
estimator have smaller bias compared to the initial estimator. The plots in the second
row depicts the empirical mean squared errors (MSE) versus expected frequency wu.
The iterative estimator and the counting process based estimator have smaller MSE
than the initial estimator. The third row presents the coverage probability of 95%
confidence intervals (CI) obtained from resampling of the iterative estimator and the
counting process based estimator. The resulting 95% Cls are slightly under-covered
and yet have coverage probabilities fairly close to the nominal value. In the last
row, we plot the relative efficiency of the counting process based estimator over the
iterative estimator. The effciency gain seems to increase with the expected frequency

and can be over 40% at some large u.

We also compare the estimation efficiency between the proposed estimator and
Huang and Peng (2009)’s estimator assuming that the observation window starts
from zero. We set L = 0 while keeping (TV); R; Z) generated from the same way. In
Figure 2.3, we plot the relative efficiency of the counting process based restimator to
Huang and Peng (2009)’s estimator. It is shown that the new proposal for estimating
the ART model is always more efficient than the method of Huang and Peng (2009).
The efficiency gain seems to increase with the expected frequency and can be over
100% at some large u. This finding is consistent with Koenker (2008)’s empirical
results about the efficiency comparison between Peng and Huang (2008)’s and Powell

(1984, 1986)’s methods on censored quantile regression.
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Figure 2.1: Bias, MSE, coverage rate and relative efficiency of the counting process
based estimator compared with the stage-two estimator; Gamma frailty = 1; sample
size = 100.
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Figure 2.2: Bias, MSE, coverage rate and relative efficiency of the counting process
based estimator compared with the stage-two estimator; Gamma frailty variance =
0.5; sample size = 100.
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Sample size = 100

Frailty variance = 0
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Figure 2.3: Simulation results on the efficiency of the proposed counting process based
estimator relative to Huang and Peng (2009)’s estimator

2.3 CFFPR Data Example

Cystic Fibrosis (CF) is a life-limiting genetic disease without known cure yet,

affecting about 30,000 people in the United States (Cystic Fibrosis Foundation,
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2011). For CF patients, lung infections will result in damaged and lower lung
function. Pseudomonas aeruginosa (PA), the most important pathogen that shortens
survival of CF patients, infects more than half of people with CF (Cystic Fibrosis
Foundation, 2011). Characterizing the timing of PA infections and assessing how
it is influenced by potential risk factors can help make treatment decisions and are
thus of scientific interests. To address these questions, we utilized the data from
2875 children documented in 1986-2008 CFF Patient Registry (CFFPR). All these
children were born in or after 1998, with AF508 mutation, and had at least 5 year

follow-up in the registry.

We applied the proprosed estimator based on the mean-zero stochastic process
to this CFFPR dataset. The recurrent event time 7) is the age of a CF child when
s/he had the jth PA infection. Due to late diagnosis or late entry to the study
after diagnosis, some CF children had delayed CFFPR entries after birth. Time
from birth to registry entry constitutes the follow-up starting time L in our method
framework. In this dataset, age at the first CFFPR visit ranges from 0 to 5.7 years
with mean=0.7 years and median=0.4 years. The number of positive PA cultures at
CFFPR visits ranges from 0 to 50; the mean and median number of PA infections
are 3.9 and 2 respectively. We considered risk factors including sex, patient’s CFTR
gene classification (I=AF508 homozygous, II=AF508 heterozygous), meconium ileus
(MI), and pancreatic insufficiency. The covariates for a subject are coded as Female,
1 if the subject was female and 0 otherwise, F508/Other, 1 if the subject was AF508
heterozygous and 0 otherwise, MI, 1 if the subject was diagnosed by MI and 0
otherwise, and Pancreat, 1 if the subject was pancreatic insufficient (defined as never

on enzyme) and 0 otherwise.

Figure 2.4 displays the estimated coefficients (solid lines) along with the 95%
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Figure 2.4: Coefficient estimates (solid lines) and 95% pointwise confidence intervals
(dotted lines) from the proposed method; the coefficient estimates from Huang and
Peng (2009)’s method (dash dotted line)

pointwise confidence intervals (dashed lines). The intercept (panel A) represents the
estimated log time to expected frequency of PA infections for the reference group, i.e.,
CF boys with homozygous F508del mutations, had no MI, and pancreatic insufficient.
The non-intercept coefficient estimates (panels B-E) plot the estimated effects of
covariates, which are allowed to be frequency-varying. Negative coefficient estimates

indicate sooner progression to recurrence of PA infections. To better summarize the
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varying covariate effect estimates, we present the average covariate effects in the
frequency intervals (0.4, 1.4], (1.4, 2.4], and (0.4, 2.4] respectively in Table 2.1. The
estimates strongly suggest that CF children with pancreatic insufficiency tend to
experience recurrent PA infections at earlier ages than CF children with pancreatic
sufficiency. CF girls have marginal increased risk at later recurrent PA infections.
The average effect estimates for MI demonstrate a cross-over pattern, changing
from -0.37 to 0.74, though not reaching statistical significance in either frequency
interval. There is not enough evidence to show a significant difference between
F508del homozygous group and F508del heterozygous group. We also conducted
constancy tests for each covariate effect. MI has a frequency-dependent effect on the
timing of PA recurrence, while other covariates displayedmore constant effects over

the frequency of PA infections.

In Figure 2.4, we also plot the coefficient estimate obtained from applying Huang
and Peng (2009)’s method assuming that the observation window starts from zero
(dashed dotted lines). intercepts estimated by Huang and Peng (2009)’s method are
significantly larger than those from the proposed method. This observation conforms
to the intuition that naively treating PA infection frequency before registry entry as

0 would lead to over-optimistic estimates for time to expected frequency.

2.4 Remarks

The accelerated recurrent model offers a useful and flexible alternative to current
approaches for analyzing recurrent events data. In this project, we propose a two
estimation procedures for the accelerated recurrent time model when recurrent events
data is only observed in a random time window. In addition, we require L and R to

be always observed, which is often true in registry study setting. Both estimators are
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Table 2.1: The CFFPR example: average covariate effect estimates along with stan-
dard errors (SE) and the corresponding p values, and the p values from constancy
tests.

Average Covariate Effect Estimates

Frequency Interval Sex  F508/Other  MI  Pancreat

(0.4, 1.4] Estimate -0.06 -0.17 -0.04 0.74
SE 0.10 0.12 0.09 0.29
P value 0.55 0.15 0.69 0.01

(1.4, 2.4] Estimate -0.11 -0.10 0.07 0.86
SE 0.06 0.07 0.06 0.21
P value 0.05 0.19 0.21 <.001

(0.4, 2.4] Estimate -0.09 -0.13 0.02 0.80
SE 0.08 0.09 0.08 0.24
P value 0.28 0.16 0.81 < .001

Constancy Tests
Constancy tests P value 0.32 0.26 0.06 0.50

consistent and asymptotically normal. The second estimator based on a mean-zero
stochastic process is more efficient and easier in implementation, which have been

shown by simulation studies.

2.5 Appendix

2.5.1 Proof of Theorems

Lemma 1. Define ¢(a,u,v,b) = E{¥(a,u,v,b)}. Given h, and u € (vj,vpi1],
w(a, u, vy, By(vr)) has a unique minimizer at a = B,(u), under condition(a).

Proof: Define

B(X,L,R;a,u,v,b) = E{I (L < exp(X™b)) [Z(XTa Alog R — log TW)*

j=1

x I(XTb < logTW <log R) — (XTa Alog R)(u — v)] 'X, L, R}
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Since we have

U(a, u, vp, By(vn))

= E[B(X, L, R;a,u, vy, By (vs)) I (L > exp(XT By(vn)))]

+ E[B(X, L, R;a, u, vy, Bo(vi)) I{L < exp(XT By (vp)), min(X” By(u), X" a) > log R}]
+ E[B(X, L, R;a, u, vy, Bo(vn)) I{L < exp(X" By(vn)), X" By(u) > log R > X" a}]

+ E[B(X, L, R;a,u,vn, By(vn)) I{L < exp(X" By (va)), X" By(u) < log R}],

we could prove it case by case.

e When L > exp {XTﬂO(Uh)}7 B(X, L, R;a,u, vy, By(vn)) =

B(X7L7R7 ,60<U/),U,Uh,,30(vh)) = 0.
e When L < exp(XT8,(vn)),

1. When X*3(u) > log R and X"a > log R,

B<X7 La Ra a,u,v, BO(Uh)) = B(X> L7 R7 ﬂO(u)’ u,v, IBO(Uh))

—E{ > (logR — log TV (X" By(vy,) < log TV < log R)
j=1
—log R(u — ) |X, L, R}

2. When X7 3,(u) > log R and X"a < log R,consider

fy; X, L, R) IE{ iI(XTﬂO(Uh) <log TV <log R)

j=1

x (y Alog R —log TY)* — (y Alog R)(u — vh)‘X,L,R}.
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of(y; X, L,R)
oy

=E{ > I(X"By(vh) <logTW < y < log R)
j=1
X, L, R}

§E{I(y <logR)| > I(X"By(vs) < log TV < log R)
j=1

— (u — Uh)] ‘X, L, R}

SE{I (y <logR) il (X" By(vn) <log TV < X" By (u))

j=1

—(u— vh)] ‘X, L, R}

=0

— I(y <log R)(u — )

Since XTa < XT8,(u), we have B(X, L, R;a,u, v, By(vy)) = f(XTa)
Z f(XT/80<u>> = B<X7 La R; /60(“)7 U, Up, BO(U’Z))'

3. When X*3,(u) < log R,
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Of (y; X, L, R)
dy

=E{ S I(X7By(on) < 1o TH) <y < log )
j=1
X, L, R}

Z (X7 B,(vn) < logTW < y)

— I(y <log R)(u — wvy)

:E{ y < log R)

'X,L,R}

=I(y <log R) [1(y = X" By(vn))(u(exp(y)) — vn) — (u — vp)]

(

— (u —vp)

<0 if y < X7 B (u);

=0 if y = X7 By(u);
) >0 if XT8y(u) <y <logR.
| = 0 ify >logR

So y = X?3,(u) is the unique minimizor of f(y; X, L, R) which means
B(X7 L7 R7 a, U, Up, IBO(Uh)) > B(X7 L7 Ra /80<u>7 U,y Vpy /BO(Uh))7

where the equality holds if and only if XTa = X7 8,(u).

In summary, for any u € (vs, vp11], Y(a, u, vg, Bo(vn)) > V(By(w), u, vs, By(vy)). And
under condition (a), we have Pr{X7(8,(u) — a)I(L < exp(XTBy(vy)))I(log R >
XTBy(u)) # 0} > 0 for any a # By(u). Thus, strict inequlity holds that

E{B(X,L,R;a,u, vy, By(vy))I (L < exp(X"By(vh))) I (X" By(u) <logR)}

>F {B(X, L, R; By(u), w, vs, By(vp)) L (L < exp(XT,BO(vh))) 1 (XTBO(u) < log R)} )
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Hence,(a, u, vy, By(vn)) > ¥(By(w), u,vp, By(vy)) for any a # By(u). Lemma 1 is

proved.
Proof of Theorem 2.1.1: B,(u) is a Lipchitz function, so there exist a finite number

Cy that for any uy,us € (0,U], ||By(u1) — Bo(ua)|| < Coluy — ugl. If we could prove

,,,,,

sup ||B(u) — Bo(u)|

ue(0,U]
< k:lI{l..E?l}g(n) 18(ur) — Bo(ur)| + u:g};ﬂ 18o(u) — By(v(w))||

< max ||B(ux) = By(u)|l + Co sup |u—v(u)]
k=1,....K (n) ue(0,U]

: U
< — L
< et 190) = Bl Co- s

Denote

o(X, L, R, T;a,u,v,b) = I(L < exp(X"b))x

{ 3 [(XTa —log T " + (log R — log TU'))*} (XTb < log TY < log R)
j=1
— > (X"aVlog R —logT?)" (X"b < log T < log R)

Jj=1

— (XTaAlog R)(u — v)}

Since linear functions, concave and convex functions are Glivenko-Cantelli (G-
C) classes and the sum or product of G-C classes are also G-C classes,

(X, L, R, T;a,u,v,b) is a G-C class with index a, u, v, and b under condition
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(b). This fact coupled with pointwise convergence by the strong law of large numbers

implies the convergence of ¥(a,u,v,b) to ¢ (a,u,v,b) uniformly in a, u, v,and b

(Andersen & Gill, 1982)

1. For u, € (0,v], it can be proved as Theorem 3. in Huang and Peng’s paper

(2009) that max,, (o, ||B(Uk) ~ Blug)|| = 0.

2. For uy, € (vn,vp41), h = 1,2,..., H, we need to prove maxy, e (v, v.1] ||,f3(uk) —

B(ug)|| 2 0 given B(v) =25 By ().

According to Glivenko-Cantelli theorem,

Sup |\Ij(aﬁu7v7b) _¢(a7uﬂv’b>| ﬁ_>0
aeBue(0,U],ve(0,U],beB

which implies

o W8, ks vy B(0n)) = (B, i, vn, Blun))] = 0.

BEB,uk€(vp,vn+1].8(vn)EB

Under condition (c), (d), (e) and (f), given B(vy) == By (vn),

o (8, wk, v, Bvn)) — (B, wk, vn, By(vn))] < 0.

BEB,urE (v, vn41],8(vn)EB

(2.11)

(2.12)
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~

0 <Y(B(ur), uk, v, Bo(vn)) — Y (Bo(ur); uk, v, Bo(vn))

~ ~ ~

= (B(uk), Uk, Vn, Bo(vn)) — V(B(ur), uk, va, B(vn))

A A ~

+Y(B(ur), ur, vn, B(vn)) — V(Bo(ur), ug, vr, B(vn))

~

+ (B (ur), ur, vn, B(vn)) — V(Bo(ur), ur, v, Bo(vn))

=0 (B(ur), wr, vn, Bo(vn)) — Y (B(ur), wr, v, Blon)) (2.13)
+ (B ur), wr, vns Blon)) — V(B(u), wr, vr, B(vn)) (2.14)
+ W(B(ur), wk, vn, Blvn)) — U (Bo(ur), wr, vn, Bvn)) (2.15)
+ W(Bo(ur), wr, vns Bon)) = $(Bo(u), ur, vn, B(vn)) (2.16)
+ (8o (ur), w, v, Blon)) — ©(Bolur), ur, vn: Bo(vn)) (2.17)

Since (2.15) is less than or equal to zero,

A

max _|Y(B(uk), uk, vn, Bo(vn)) — Y (Bo(ur), uk, vn, By(vn))|

Uk € (VWA 1]

< max [(2.13) + (2.14) + (2.16) + (2.17)]

T up€(vn,vht1]

< max [(213)]+ max [(2.14)]+ max [(2.16)]+ max [(2.17)]

- uke(vh7vh+l] uke(vh,vh+1] uke(vh,vh+1] uke(vhﬂ)h_;,_ﬂ

According to (2.12), maXy,c(v,vn.q [(2.13)] and  maxy, (v, [(2.17)]  con-
verges to zero almost surely. According to (4.10), maxy, e(v,v,.,] |(2-14)]

and max,, ¢ (2.16)| converges to zero almost surely. Hence, we have

Uhvvh+1] |

MAXy, e(up0n 1] [ (B(k), wr, v, Bo(vn)) = ¥ (Bo (), wk, vn, By(vn))| == 0.

Next, we followed Huang & Peng (2009)’s proof of theorem 3. It
MAXy, € (vp 0 11] 18(ur) — Bo(ug)|| £33 0, then there exist an ¢ > 0 and a se-

quence of {u,(}, satisfying that ||[¢(¢, u, vn,B0(vr)) — Y (B(u), u, vp, Bo(vy))|| — 0

and ||¢ — By(u)|| > e. There must exist a subsequence converging to {u*,{*}. Since

¥(a,u,v,b) is a continuous function in a and v and B,(u) is continuous in u, we have

(¢, u o, Bo(vn)) = W(By(u*), u*, vy, By(vy)) and ¢* # By(u*) which contradicts
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with the fact that B,(u*) is the unique minimizor.

Since H is a finite number, we could conclude that maxi—12 . x(n) H@(uk) —
Bo(ur)|| <25 0. Proof is completed.

Lemma 2. Denote  ¢(a,u,v,b) = E{®(a,u,v,b)}. Given
Bw) — Bo(u)|

20,

SUDye [Vh,Vh41]

sup
u€ (vp,vp41)

\/ﬁ{‘P(B(U), U, Vp, ﬁ(?ih)) — ®(By(u), u, vn, By(vn))

— $(B(u), u,vn, Blon)) + D(By(u), u, vh,ﬂo(vh»}H LN
Proof: Denote

A;(a,u,v,b)
= I(L; < exp(X]b))[(X]a < log R;)X; [N(exp(X]a)) — N(exp(X/ b)) — (u —v)]
Under the conditions (b) - (f), there exist finite numbers My, My, M3, My, Ms5 that
o [IX[| < M;
o > 2 I(TY) < R) < My;
o [1z(t) < Ms;
o frz(t) < My and frz(t) < My;

9 exp(XT

o [|ZF2 a)HgMg, for any a € B.
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E||Ai(a, u,v,b) — Aj(ag, u,v,b)|?

~{ (2 < exp(Xb)X
‘ {1 (XTay < log R., X as < log R,) (N (exp(X7ay)) — N (exp(XTay))
+1 (X7 a; <logR;,X]ay >logR;) (N (exp(X[a;)) — N (exp(X]b)) — u+v)
— I (X7a; >log R;, X[ ay <log R;) (N (exp(X]as)) — N (exp(X] b)) — u+v)
— 1 (XZ-Tal > log R;, X;fpag > log RZ-) . O] }2

<M7 - My - Ms - Ms||a; — a,||
+ M7 Mj - My - Ms|a; — as|
+ M7 Mj - My - Ms|a; — as|

=C1 - [lay —
where Cl = M%M2M3M5 + 2M12M22M4M5

EHAZ(a, u,v, bl) - Ai(aa U, U, b2)”2

=L [[(Ri > exp(X;a))X;
X {[ (L; < min(exp(X; by),exp(X]bs))) (N (exp(X{by)) — N (exp(X;by)))

+ 1 (exp(X{by) < L; < exp(X{ b)) (N (exp(X]a)) — N (exp(X]b1)) — u+v)
— I (exp(X]by) < L; < exp(X]bs)) (N (exp(Xja)) — N (exp(X]bs)) — u+v)

7

— I (L; > max(exp(X] by), exp(X/ by))) - O}}

§M12 - My - My - Ms||by — bs||
+ M} MZ - My - Ms||b; — by||
+ M} MZ - My - Ms||b; — by||

=C5 - [[b1 — ba|
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where CQ = M12M2M3M5 + 2M12M22M4M5

sup E|A; (a,u,vn,b) — A (Bo(w), u, vn, Bo(va)) |I”

u€(vn,vpt1)sl[a—=Bo(u)l[<er,[lb—=Bo (vh)l|<e2

= sup EHAZ (a,u,vh,b) _AZ (a7u7vh7ﬂ0(vh))

u€ (vn,vh+1];lla—Bo (u)[|<er,|[b—Bo (vn)l|<e2
2
+ A @, 00, Bo(en)) — Ai (Bo(w), w, v, Bo(en) |

<2 sup EHAz (a7uavh7b) _A-Z (a7uavh7ﬁ0(vh))||2

u€(vn,vnt1]lla=Bo(u)[[<ers|[b—=Bo (vn) [ <e2

+2 sup EHAZ (a7u>vh7/80<vh)) _Al (ﬁO(U),U,Uh,B()(Uh))H2

u€(vp,vht1l,lla—B(u)||<Ler

<20%€5 + 2016
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~

sup VG?“{Ai(B(U)a%Uh,ﬁ(Uh)) — Ai(Bo(u), u,vn, By(vn))

u€ (vp,vp+1)

- B [AB w0 B0)] + B A0 s o)) |

< sup EHAz‘(B(U), vy B(on)) = Ay(Bo(u), u, v, BO(vh))‘)Q

u€(vp,Vp+1]

= sup {HAi(B(U),U’vh,B(%))—Ai(50<“)’“’“h’ﬁ0(vh))H2

u€(vp,Vp+1]

UE (Vh,Vh 1]

x 1 ( S 1B(w) = Bo(w)| < e1, [1B(vn) = Bolvn)|| < 62)

2

+ HAi(B(u),u,vh,B(vh)) — Ai(By(u), u, vn, By(vn))

xf( sup Néwww%wm>aowmww—ﬁawm>@)}
< sup B[ A v 0) — A (B, w0, Boon) |

u€(vn,vn1]lla=Bo(uw) [ <er,|[b—Bo(vn)[[<e2

+M{M; sup  Pr ( P 1B(w) = Bo(w)| > €1 or [|B(vn) — By(va)l| > 62)

UE (Vh,Vp 1] VR, Vp 1]

< 2Cy€9 + 2016, + MPM; Pr ( sup  [|B(u) — By(u)|| > €1>

UE(Vp,Vp11]

+ MEMEPr (11B(vn) = Bo(wn)]| > e2) (2.18)

The inequality in (2.18) holds for any ¢; > 0 and €; > 0. Since B(u) is uniformly

consistent to B,(u), as €; and ey goes to zero,

sup VW{&@W&UWMMWD—AM%WL%mﬁMm»

u€(vp,Vp+1]
- £ [A (B0, 1,00 B0)] + E A By(0), . n, Bufun))] | 50

(2.19)

Lemma 2 is proved.

Proof of Theorem 2.1.2: Let o;(p,) denote a term that converges uniformly to 0
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in probability in v € I after being divided by p,. According to Lemma 2.,

\/ﬁ q)(IBO(U)a U, Up, ﬁo(”h)) + ¢<B(u)’ U, Uh, B(Uh)) - ¢(,30(U), U, Uh, ﬁo(vh))

:\/ﬁ@(ﬁ(u)a U, Up, B(Uh)) + O(Uhavh+1] (1> - O(Uh7vh+1} (1> (22())

Define

D()(auvb) M

= E[exp (XTa) X®2{ (exp(XTa)) — pz(exp(X'b)) — u + v}

exp(XThb)
X/ fL RlZ l GXp(X a))dl}

0

00 exp(XTb)
> / / P2 (L, ) dldrX 2 exp(XTa)) exp(XTa)
exp(XTa) J0O

and

o¢p(a,u,v,b)
Ob

=F {exp(XTb)X@{pZ(exp(XTa)) — pz(exp(X™b)) —u + v}

Dg)(a,u,v,b) =

X / fr.riz(exp(X"b), r)dr}
exp(XTa)

- F

o) exp(XTb
[ fumetndidrX (e (X b)) exp(XTb>] -
exp(XTa
Using Taylor expansion of ¢(B(u), u, v, B(vy)), we get

Vit | $(B(w). u, vh B(vr)) = $(8y(w), u, v, By(vn)|
= D (By (), u, v, By(vn))Vr(Blw) = Bolw)) + 0 (Va(Blu) = By(w))
D (B (1), u, vn, Bo(o))Vr(B(wr) = Bo(vn)) + o (VA(Bun) — By(vn) )
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where

DY (By(w), uw, vn, Bo(vn)) = B [Xju(rz(w))72(u)T (L < m2(0(u)) I (R > 72(u))]
and
D} (Bo(u), w, vn, By(vn)) = —E [XZju(rz(vn))ra(vn)T (L < 72(0(w)) I (R > 77(u))] .

After replacing \/ﬁ{¢(3(u)>uwhﬁ(vh» - ¢(50(U)>U,Uhﬁo(vh))} in the LHS of
(2.20) by Taylor expansion, under condition (b*), we get

Vi(B(u) = Bo(u))
- |:D$)(60<u>7 U, Up, IBO<Uh)) + 0(1):| B {\/ﬁ@(ﬁo(u)a U, U, /BO(Uh» + e(u)

+ (DS (Bo(w). v, By(en)) + 0(1) ) V(Blvn) - ﬁo<vh>>}
Given /1 <B(Uh) — Bo(on) — 13, é’i(vh)) . 0, we have
Vi (mu) Byl - %Zem) %0,
where (1) =~ [DY (A0 1,8,0) |

Y {Ai<ﬂo<u>, 0, 00, Bo(vn)) + D (Bo(u). u, vn. ﬁowh))&(m}.

Based on this relationship and the fact &;(0) = 0, we can get &,(v;,) denoted by

€, sequentially for h = 1,2,..., H. After determining &, ;’s, for u € (vj, vp11], we
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-1

can get &,(u) = — {Dg)(ﬁo(?ﬁ),% U, Bo(vn))

x{Axaauxmvmﬂaw»w+Dﬁkﬂau»mvmﬂamwzm}.

Note, {&(u),u € (0,U]} is a Donsker class, which implies that
Vi {B(w) - By(w) } 2 G

with mean 0 and covariance (s, t) = E{&,(s),&,(¢)}.
Lemma 3. Let O(u,a, ) = E[O(u,a,f)]. Given u, 0(u,a,3,) has a unique mini-
mizer at a = B,(u), under the same condition as in lemma 1.
Proof: Denote
H(X,L,R;u,a,b) = E[Z (X"aAlog R —log TW) " I(L < TV < R)

Jj=1

— (XTaAlogR) - (u— fiz(L;b) A u)‘X, L, R]
Since we have

0(u,a, B,)

=FE{H(X,L,R;u,a,B,) (X" By(u) > log R, X"a>logR)}
+E{H(X,L,R;u,a,B)I(X"a <log R < X"B,(u))}
+ E{H(X,L,Ryu,a,B,)I(L < exp(X"By(u)) < R)}

+ E{H(X,L,R;u,a,B)(exp(X"By(u)) < L)},

we could prove it case by case.
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e When X73,(u) > log R, XTa > logR,
H<Xa La Ra u, BO(U)a /30) = H(Xa La Ra u, a, 130)
e When XTa < log R < XT83,(u), = pz(L) < u,

consider f(y;X,L,R) = E[Zj‘;l (y—logT(j))+ I(L < TYW < R) — y(u —
nz(L))|X, LR,

df(y;§7L7R) _ E[Z[(y > log TOYVI(L < TV < R) — (u MZ(L))‘X,L,R}
Yy -
j=1

— I(L < exp(y)) (nz(exp(y) A R) — pa(L)) — (u — uz(L))

<0

— )

because pz(exp(y) A R) < wu and u > puz(L).

=
H<X7 La Rﬂ%ﬁo(“)u@o) = f(lOgR) S f(XTa) = H(X7 L7 R;u7a7 /60)

e When L < exp(XT8,(u)) < R,

POTLT) 1 < expl)) unlexplu) A B) = pa( D) = (1= L)
<0 if y < XTB8,(u);
=0 if y = X" By (u);
>0 if XTB,(u) <y <logR.

So y = XT3,(u) is the unique minimizor of f(y; X, L, R) which means

H<X7 La Ra a7 ua ﬁo) Z H(Xa L7 Ra ,60<U>, ua 160)7
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where the equality holds if and only if XTa = XT3, (u).

e when exp(X78,(u)) < L,

o0

H(X, L, Ru.a,80) = B| 3 (X"b Alog R~ log TV) " I(L < TV < )|

1=

—_

>0=H(X,L,R;u, By(u), By).

In summary, for any u € (0, U], 0(a, u, By) > 0(By(u),u, B,). Under condition (a), we
have Pr {[B,(u) — a] XI(L < exp(XTBy(vs)))I(log R > X" B(u)) # 0} > 0 for any

a # By(u). Since exp(XTBy(vy)) < exp(XTBy(u)),

Pr{[By(u) — a] XI(L < exp(X"By(u)) < R) # 0}
>Pr{[By(u) — a] XI(L < exp(X* By(va)))I (log R > X" By(u)) # 0}

>0.
Then stict inequality holds that

E{H(X,L,R;u,a,B,)I(L < exp(X'B,(v)) < R)}

>E{H(X, L, Ryu, By(u), By)I(L < exp(X" By(u)) < R)}.

Hence, 0(a, u, 3,) has a unique minimizer at a = 3,(u) given u. End of proof.

Proof of Theorem 2.1.3: Let

WX, L,R, T;u,a,b) :Z [(XTa —log TG))* + (log R — logT(j))+] I(L<TY < R)

Jj=1

) (X"aVlogR —logTV)"I(L < TW < R)

J=1

— (XTaAlog R)(u —u A fiz(L; b))
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Since linear functions, and concave or convex functions are Glivenko-Cantelli classes
and the sum or product of G-C classes are still G-C class, ¥(X, L, R, T;u,a,b) is a
G-C class with index u,a, b under condition (b). This fact coupled with pointwise
convergence by the strong law of large numbers implies the convergence of (:)(u, a,3)

to O(u, a, @) uniformly in u, a, and B (Andersen & Gill, 1982).

sup |O(u,a,B) — 0(u,a,8)| 20 (2.21)
ue(0,U],aeB,BeB

sup ‘e(uv a, /80) o 0(“7 a, B(m—l))‘

ue(0,U],aeB

= swp |B[(XTanlogR) (jin(Li By) A — fin(Li By) M) ‘
ue(0,U],aeB

= sup E’(XTa A log R)/ (I(L > exp(X*B,(v)))
ue(0,U],aeB 0

— I(L = exp(X" By (v))))dv

< sup FE
ue(0,U],aeB

(X"a A log R)uMyMs sup, 1B(m-1)(v) = Bo(v) H]

ve(0,u

%0 (2.22)

0 <6(u, By (1), By) — 0(u, By (u), B)

=0(t, By (1), Bo) = 01ty By (1), B-1) (2:23)
+ 0(u, By (1), Bin-1y) = Otty By (1), B-1)) (2.24)
+0(t, By (), Brn—1y) — O, By (1), By (2.25)
+O(u, By(w), B—1)) — 0(tt, By (1), Bin—1y) (2.26)

+9(u7 BO(u)v/B(m—l)) - H(u,ﬁo(u),ﬁo) (227)
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Since (2.25) is less than or equal to zero,

sSup |0(U7B(m)(u)a60) - 0(“760(“)760”

u€(0,U]

< sup [(2.23) + (2.24) 4 (2.26) + (2.27)|
u€e(0,U]

< sup [(2.23)|+ sup [(2.24)|+ sup [(2.26)| + sup |[(2.27)]
u€(0,U] u€(0,U] u€(0,U] u€(0,U]

According to (2.21), sup,e (o, [(2.24)] and sup,,¢ o 1 |(2.26)| converges to zero in prob-
ability. According to (2.22), sup,¢ g [(2.23)] and sup,¢ (o ¢ [(2.27)| converges to zero
in probability. Hence, we have sup,,¢ g |0(u, ,@(m) (u), By) — 0(u, By(u), By)| 2 0.
Following similar arguments to those in Huang and Peng’s (2009) proof of theorem,
SUPye(0,0] |/B(m)<u> — Bo(u)| 0.

Lemma 4. Given B(mq) and B(m) are uniformly consistent,

sup [VA{ A (B (1) 1B ) = AlBo(u)in. )

ue(0,U

A

= 8By ()5, Buury) + 8(Bo(w)sw, Bo) I 0,

where 8(a; u, b) = E[A(a;u, b)].

Proof: Denote D;(a;u,b) = X;I(X7a < log R;)[N(exp(X'a)) Vv N(L;) — N(L;) —



5}

u+uA ﬂZZ(LZ’b)]

E[D;(a;;u,b) — D;(ag; u, b)]?
= {Xi](maX(XiTal,XiTaQ) < log R;)
x [N(exp(X{a;)) V N(L;) — N(exp(X]az)) V N(L;)]
+ X, I(X a1 < log R, < X an)[V (exp(Xar)) V N(L)N (L) — u+u A fiz, (L D)
~ X,I(XTay < log By < XTa) [N (exp(Xa) V N(L)N (L) — u+ u A jig, (L D)
+ X, I(min(XTa;, X ay) > log R;) x 0}2
<M} - My - Ms- Ms - ||la; — ay|
+ M7 M2 - My - Ms - ||a; — ag|
+ M} M3 - My Ms - |la; — as|

203”8.1 — a2|| (228)
where 03 = M12M2M3M5 + 2M12M22M4M5

E[Dl(a, u, bl) — D,(a, u, b2)]2
=B {X;I(X{a <log R)[u A fiz,(Li;b1) — u A fig,(Ls; b2)]}2
U
<FE {X,- [/0 (I(L > exp(X by (u))) — I(L > exp(Xing(u))))du} }

<M{-U-My-Ms- sup |[by(u) — ba(u)]

ue(0,U]

=C,; sup |[by(u') — ba(u)]| (2.29)
u' €(0,U]
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where Cy = MM M5U.

sup E [D;(a;u,b) — Dy(8,(u); u, By)]?
u€(0,U],la—Bg (w)|[<e1,supye (0,07 [P (w)—(Bo (w) | <e2
<2 x sup E[Dy(a;u,b) — Dy(a; u, By)]”
u€(0,U],la—Bq (w)|[<er,supyye (0,07 [P (w)—(Bo (w) | <e2
+2x sup E [Ds(a;u, By) — Dy(Bo(w); u, By))*

u€(0,U],[la=Bo (v)[|<er

§204€2 + 20361

sup VGT{Dz‘(B(m) (u), U7B(m_1)) — Di(By(u), u, By)

ue(0,U]

- F [Di(lé(m)<u)7 u, B(m—l)) + B [Di(By(w), u, By)] }

A ~ 2
< sup B Di(B (1)1 B 1) = DilBo(u), . By)

~ ~ 2
= sup D180, )~ DB .50

ue(0,U]

I<HB<m><u>—ﬁo<u>HsQ, b 1B )—ﬁo(w)HSEz)
[ DBy (). 1. B 1y) ~ DilBow) 8)|
I<Hﬁ<m><u> Bo(u)ll > evor sup B 1(w)—ﬁo(w)||>€2>}

we(0,U

< sup EHD (a,u,b) — D; (By(u),u, B) H

ue(0,U],[la=Bg (u)l[<€1,5upy e (0,0 [[P(w) =By (w)]|<e2

- MEME sup Pr <Ilﬂ<m() Bulwll > or sup 1B (w) ~ o<w>||>e2)

ue(0,U] we(0,U
< 205%€ + 2Ch €1 + M; ]\422 sup Pr (||,8 ( ) — Bo(u)|| > 61>

ue(0,U]

we(0,U]

+M12M22P7“( Sup || B 1y (w) = Bo(w)]| > 62) (2.30)
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The inequality in (2.30) holds for any ¢; > 0 and €2 > 0. Since B(m_l) and B(m)

uniformly consistent to 3, as €; and ey goes to zero,

sup Var{DxB(m)(u),u,ﬁ(m_U) ~ D(Bo(u). u. Bo)

u€e(0,U]

= B [DiBiy(0).. B )] + E DB, 0,80 } 20

Lemma 4 is proved.

Proof of Theorem 2.1.4: According to Lemma 4,

|Vt BBy (0): . B 1)) — ABofu): . Bo)

~ A

= 3By (1): 1 Bry) + 3(Bo(w)i . Bo) } || = 00,1 (1).

(2.31)

(2.32)

Suppose that \/ﬁ(,@(m,l) —B) =n~Y23" &, is a tight Gaussian process on (0, U],

and B(m) is uniformly consistent to 3,. We want to prove that \/ﬁ(,@(m) - By) =

_1/2 n * . .
n~t /2370 & is also a Gaussian process.

First, we can see that

d(a;u,b) = E{X[(R > exp(XTa))

X [N(exp(XTa) VL)—N(L)—u+ /O ' I(L > exp(XTb(w)))dw] }

:E{XI(R > exp(XTa)) [N(exp(XTa) VL)—N(L)— u} }

+ /0 ’ E{X[(R > exp(XTa)) (L > eXp(XTb(w)))}dw

Denote

_ dé(a;u,b)
a da a=0,(u),b=0,

=E [X*ji(r2(u))72(u)] (L < 72(v(w))) I (R > 72(u))]

Sl(ﬁo(“)? u, By)

(2.33)
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dE{X[(RZTZ(u))I(L>exp(XTa))}

and p(u,w) = o

. Using Taylor expansion, we get
a=f(w)

\/ﬁ[g(B(m(u), u, é(m—l)) - g(ﬁo(“)é u, By)]
=818y (u): 1, BBy (1) = Bo(w) + 0 (VA By () = By(w) )
+ / " ot ) Bin 1) (1) — Bo(w)]dw + 0, s VAlB_1)(w) — Bo(aw)])

we(0,U]
(2.34)
Since v/n [B(mfl)(u) — ﬁo(u)} is a tight Gaussian process on u € (0, U],
Op ( sup /(B (w) — ﬂo(w))> = 0p(1).
we(0,U]
Plug equation (2.34) into equation (2.32),
VB ) (1) = Bo(u))
=~ [8(8uw: . B0) + 0, (1) {VAABo(w): . B0) + 00211
[ ol )R = Bolwlld + 0,1} (2.35)
S R LN RN NN

Define £ = —81(By(w); u, By) [Di(ﬁo(“)J u, Bo) +fou p(u, w)si(w)dw]' Since & is a
Donsker class, \/ﬁ(ﬁ(m) — B,) asymptotically converges weakly to a Gaussian process
with mean zero and covariance X(s,t) = E{&](s),&;(f)}.

Note that ,@ is a consistent solution to the stochastic estimating equation
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VRA(B;u) = 0. Equation (2.35) implies that

V(B  By)
~ = (BBt .80] " { VBB .5

+ / p(u, w)v/n[B(w) — Bo<w)]dw} + op.01(1). (2.37)
0
By viewing the foregoing stochatic differential equation (2.37) for n!/? [,B — ,80} , and

using the theory for linear Volterra equations of the second kind (theorem 3.1 and

3.3, Peter Linz 1985), we get

w2 [Bu) — Bo(w)] = =81 (By(w); . Bo) VA Bo(w); . By)
+ /OUT(U,w) {—51 Bo(w); w, By —1\/55(60(10);10,@])} dw
_1/22{ 51 (By(u

+ /Ouf(u,w) {

where T'(u,w) = 377, kj(u,w) with ky(u,w) = —01(B(u); u, By) ' p(u, w) and

); s /30)_1Di( o(w);u, By)

(By(w)sw. By
~5.(B0(u)iw. B0) "Dl Byfw)iw. )}

Kk, (u,w) = [k (u,v)Ky_1 (v, w)dv. Define

£ =- 51</80(U)5 u, By) " DBy (u); u, By)
[ ) {8180 0. 80) DB (w8 d

Since & is a Donsker class, \/H(B — B,) asymptotically converges weakly to a

Gaussian process with mean 0 and covariance matrix (s, t) = E{&7"(s), &1 (¢)}.

Proof of Theorem 2.1.5: Define A(b) = E[X} 77 I(L < TV <
exp(XTb) A R)] and B(b) = E[X®?exp(XTb)I(L < exp(XTb) < R)jiz(exp(X™h))],
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and v, (b) = n 'S0 X 0 I(L; < TV < exp(XTb) A R) — A(b). Define
A(b) = E[XI(L < exp(X"b) < R)] and J(b) = E[X®? exp(XTb){ frz(exp(X b)) —
friz(exp(XTD))}], and v, (b) = n~' 31" X;I(L; < exp(X!'b) < R;) — A(b).

For d > 0, define B(d) = {b € RP*' : inf,cou |A(b) — A(By(w)|| < d}.
Let a, = ||Scmll; then L(n) = Ula,. Let A(d) = {A(b) : b € B(d)}.
Under condition C3, A(:) is a one-to-one map from B(dy) to A(dp), since
(b = b)(A(D) — A(b)) = B((X"D' — X"b)(N(exp(X"D)) — N(exp(X"D)))) = 0
and the equation only holds when b = b’ under condition C3. So the inverse function

of A(-) exists, denoted by &(+), such that k(A(b)) = b for any b € B(dy).

Since B(uy) is the generalized solution to n'/2S, (83, uy), we have

G =17 Y X S 0L < T < exp(XT Blun)) A Ry)
i=1 j=1
~ I(Li < exp(X] B(s)) < R))ds |

for ¥k = 1,2,...,L(n). Here, by the definition of a generalized solution,

maxy—1, ..1(n) |Cnell < sup; [|X]|/n.

Simple algebra shows that

ul+1 -

A{B(ur)} — A{Bo(ur)} Z / (5)) — A(By(s))}ds

v (B} + / G Blur)}ds + o

Following similar arguments as in Peng and Huang (2008), it can be shown that

under condition C1-C3, sup,¢ (o A (B(u) — A(B,y ()| 2 0.
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Using Taylor expansion of x(A(B(w))) around A(B,(u)) for u € [v,U], from

condition C4, we get that

1B(u) = Bo(w)|| < IIB(Bo(w) ™ (A(B(w) — A(Bo(w))]| + lle;,(w)]
< Col|A(B(w) — A(By(w)]| + lles (w)]]

where sup,,c(,, 17 [|€, (v %0 and Cg > 0 does not depend on w. This completes the

proof.

Proof of Theorem 2.1.6: Following the proof of Lemma B.1. in Peng and

Huang (2008), we can show that given sup,c IA(B(u)) — A(B,y(w)| 2 0,

~

sup [0/ 37 X (Ni(exp(XT B(w))) — Ni(exp(X] Bo(u))))

ue(0,U] i—1

—n (A (B() — ABy(u)|| 0. (2.38)

and

sup } Hnﬂ/z ZXi(I(Li < exp(XiTB(u)) < R;) —I(L; < exp(XTBy(u)) < Ry))

ue(0,U i—1

—n (A B() — ABy(u))|| £ 0. (2:39)

Let or(a,) denote a term that converges uniformly to 0 in probability in u € I
after being divided by a,. Because n'/?||Sr¢| — 0, similar arguments as in Peng
and Huang (2008) show that n'/?S,(8,u) = o@u(1), a.s. Then (2.38) and (2.39),

coupled with the fact that A(B(u)) converges uniformly to A(B,(u)) for u € (0,U],
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imply that

- nl/2sn(/307 u)
=LA (B) ~ ABo(u)] — [0 PAB() ~ A(By(s)lds + o0 (1)
=n'/*[A(B(u)) — A(By(u))]

~ [ BB + o (D) (A B(w) - AlBofu))ds + o0 (1)

According to the production integration theory (Gill and Johansen 1990; Andersen
et al. 1998, 11.6), we get

n'2(A(B(u)) — A(By(w))) = d{—n""S,(By(u), u)} + 00,0 (1), (2.40)

where ¢(-) is a linear operator from F to F (see Peng and Huang, 2008).

By the Donsker theorem, —n'/2S,(8,,u) converges weakly to a tight Gaussian
process G(u) for u € (0,U]. Hence, n'/2{A(B(u)) — A(By(u))} converges weakly
to ¢(G(u)) which is also a Gaussian process since ¢ is a linear operator. Using
Taylor expansions we have n'/2{8(u)—3,(u)} converges weakly to a Gaussian process

B(8y(u)) t¢(G(u)), which is also a Gaussian.
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Chapter 3

Censored Quantile Regression
Analysis of Longitudinal Data with
an Informative Intermittent

Missing Pattern
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3.1 Regression Procedures

3.1.1 Data and Model

Suppose that N individuals are expected to be measured at K occasions. Let y: =
(Y, Yoy - -, Uix), where y;; denotes the jth outcome of the ith subject subject to
left censoring by a fixed known constant ¢, and let z; = (z},,2z,,,...,2x)", where
z;; denote the corresponding p x 1 covariate vector, 7 =1,...,N and j = 1,..., K.
Define the observed y;; = max(c, y;;) and n;; = I(y;; > ¢), where I(-) is an indicator
function. Let &;; = 1 if (vi;,mij,2i;) is available and 0 if missing. Observed data
include {(yi;, 1ij, zi;) : 0;; = 1}. Without loss of generality, the conditional quantiles
of yj; given z;; is defined as Qy;j(7'|zij) = inf{y : Pr(yj; < ylzi;) > 7} for 7 € [0,1].

A quantile regression model may linearly link Q- (7|z;;) to z;; as follows:
Qu, (7lxi5) = x5;80(7), (3.1)

where x;; = (1,2;;) and B,(7) is a vector of unknown regression coefficients, repre-
senting the effects of covariates on the Tth conditional quantile of y;; and may change

with 7. For the observed y;;, the corresponding conditional quantile satisfies

Qy,; (Tlxi;) = max(c, x;;8(7))- (3.2)

This fact serves as the base for the proposed estimation of B,(7).
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3.1.2 Estimation Procedure and Inference

With complete data {(vij,mij,2i;) i =1,...,N,j=1,..., K}, the estimating equa-

tion for censored longitudinal data is

0= Z inj {m — I(y;; < max(c,x3))}. (3.3)

i=1 j=1

Missingness in the data may cause problem in estimating equation (3.3). When the
missingness is completely at random, the estimating equation (3.3) is still working.
However, when the missingness is informative about the response variable, estimators

resulting from equation (3.3) would be biased.

Our strategy is to adopt the inverse probability weighting method and assume the
responses are missing at random (MAR). Here are assumptions needed.
Assumptions:

(1) There is a ¢ x 1 random vector v;;, such that
mi; = P(0y; = 1lyi, z:) = P(0;; = 1|vi;) = p(vij, @),

where a denotes some parameters.
(2) For all v.e V. C RY, p(v) > 0, where V is a set of all possible v;;.
(3) vi; is observed whenever §;; = 1.
We propose to weight the available data on (y;;, z;;, 7;;) by the inverse probability of
d;; = 1. Specifically, the proposed estimating equation for B,(7) takes the form,
_ 17 _ nr-1/2 < I(5z‘j = 1) T
0=URXN(B) =N Z Z W—inij {7‘ — I(y;; < max(c, X;j ))} ) (3.4)

=1 j=1

The probability 7;; is usually unknown. We need to conduct additional modeling
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for the missing mechanism. Note that d;; is a binary variable. So regression models
for binary variable, such as logistic regression, could be adopted depending on the
missingness structure present in the data. Define an estimator, such as maximum
likelihood estimator, of v as & and an estimator of m;; as ;; = p(v;;, &). Plugging

in m;; in equation (3.4) by 7;; = p(vij, &), we get a new estimating equation that is

N K
Un(B) = N7V/2 Z Z I((Si;—jl)xij {r — I(y;; < max(c,x;;3))} . (3.5)
i=1 j=1 K
It can be proved that if & and p(v, ) satisfy some condition (C1 in section 3.1.3
Asymptotical Results), estimator B(7) resulting from estimating equation (3.5)
would be uniformly consistent and asymptotical normal. Fortunately, the condition
C1 is not hard to satisfy. Examples satisfying condition C1 are present in 3.5

Appendix.

The solution-finding problem to (3.5) is equivalent to locating the minimizer of

the following objective function,

N i I(éi;'f 1)p7 {y;j — max (c,x78)}, (3.6)
i=1 j=1 K

where p.(u) = url(u > 0) —u(l —7)I(u < 0). The minimizer to (3.6) is denoted by
B(7). The minimization problem of (3.6) can be easily solved using the Barrodale-
Roberts algorithms ((Barrodale and Roberts, 1974)), the implementation of which
is available in standard statistical software, for example, the [1fit() function in

S-PLUS or the rq() function in R package quantreg.

The covariance matrix of n'/? { B(r) — ,30(7')} depends on some unknown value,

such as the probability density function of the outcome variable. Therefore, we
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adopted bootstrapping method to obtain the confidence interval of 3,(7).

3.1.3 Asymptotic Results

We can show that for 7 € (0,1), 3(7) is uniformly consistent and n'/? {B(T) - 60(7’)}
converges weakly to a Gaussian process. The regularity conditions include:

C 1. Let ¢ be the parameters in the missing model. Denote & as the estimator and

oy as the true value. Define 7;; = p(v;j, &).

(a) & is consistent to ap;

(b) There exist &, ;, such that H\/ﬁ(d —a) —n YT € 20

(¢) p(vij, o) has continuous derivatives of a around o, for all v;; € V.
C 2. z is bounded.

C 3. (a) By(7) is a Lipschitz continuous for 7 € (0, 1);

(b) The density function of Yy, fx(y|z;) is bounded above uniformly in z;.

C 4. For some py > 0 and ¢y > 0, infpepy) eigminA(b) < —co, where B(p) = {b €
RPHL - inf ¢, b — By(7)|| < p} and

K
310 =t < |

7T.
) ik

We establish the uniform consistency and weak convergence of B(T) stated in the

following theorems.

Theorem 3.1.1. Under conditions C1-C4, Sup,¢ 1) 18(7) — By(1)|| & 0.
Theorem 3.1.2. Under conditions C1-C4, {n1/2 <B(7) — ,80(7')> :1 € (0, 1)} con-
verges weakly to a Gaussian process with mean 0 and covariance matriz 33, where Y

18 presented in proof.
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Condition C 1 is usually satisfied if only we have a correct model for missingness
(examples see 3.5 Appendix). The proofs of Theorems 3.1.2 — 3.1.2 are presented in
3.5 Appendix.

3.2 Simulation Studies

Finite-sample performance of the proposed method was evaluated through Monte
Carlo simulations. We considered the scenario that 200 individuals are expected
to have repeated measurements at four time points, 0,5,11, and 18. We call the
measurement at time zero as the baseline measurement. Let x;; be the jth visit time
of the ith subject. The latent response variable y;; is generated from the following

models:

e Case 1 (normal random effect and constant slope):

y:;:15+al—001l’”+€”, 7,:1,,200, j:1,,4,

where random effect a; ~ N(0,1) and e;; ~ N(0,0.09). In this setup, Qe (7]24)
=1.5 + \/ (109) X ¢_1(7—) — OOl.’L’Z]

e Case 2 (skewed random effect and constant slope):

y;j:1+ai_0-01xij+eij7 1=1,...,200, y=1,...,4,

where random effect a; ~ I'(3,0.5) — 1.5 and e;; ~ N(0,0.09). In this setup,
Qy;j (T|xiy) = 1+ F,l.(1) — 0.012;, where F,,. is the distribution function of

a+ e and F, ;' (7) is gained from Monte Carlo simulation.

e Case 3 (normal random effect and changing slopes):
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y:} = 1.5—|—CLZ'0— (0014-0/21);@] —CLZQ,/LCZ']'—Q—GU, 1= 1, .. .,200, j = 1, . ,4,

where ;o N(07 091), (075 N(O, 10_4), Ao N(O, OOQ), and
e ~ N(0,0.09). We can show that y;; given x;; follows a normal distri-
bution, N (1.5 —0.01z;;, (14 0.01z)?), that its quantile is linear in x;;. That is,

Qy;, (Tlzij) = 1.5+ O1(r) — 0.01(1 — (7)) ayy.

We left censored y;; at zero, i.e. the observed y;; = maX(y;j, 0). About 10% of
response variables are left censored at zero. In our simulation, y;; is always observed
and let v;; = y;1, for j = 2,3,4. The probability of y;; being available in the other
three time points follow a logistic regression model:

exp(2 — yi1)

P . i=1,...,200, j =2,3,4.
J 1+ exp(2 —yi) J

The average of m;; for j = 2,3,4 in three cases are 40%, 30%, and 40% respectively.

Bootstrapping size for inference is 500. Each setup is repeated 500 times.

We fitted the model by using the proposed estimating equation (3.4) (referred to
as Weighted QR). We also applied Wang and Fygenson (2009)’s method which does
not account for informative missingness (referred to as Unweighted QR). Coefficient
estimates from both unweighted and weighted estimating equations of the 25th, 50th,
and 75th quantiles are summarized in Table 3.1. Without considering informative
missingness, unweighted estimators appear to be biased. The coverage rate of 95%
confidence interval from bootstrapping seems to deviate from the nominal value. In
contrast, the proposed estimator is virtually unbiased. The coverage rate of 95%
confidence interval from bootstrapping is close to the nominal value. Table 3.1 also

shows that the empirical standard error (Emp SE) agree quite well with average
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bootstrapping-based standard error estimates.

In summary, our simulation study suggests that the proposed weighted estimator
is a good estimator for quantile regression coefficients when outcome is under left
censoring and missing at random. It is also demonstrated that bootstrapping is an

appropriate approach for inference.

Table 3.1: Comparison of the unweighted censored quantile regression estimator
(Unweighted QR) and our proposed weighted estimator with logistic missingness
model(Weighted QR): Cov95 — coverage rate of the bootstrapping 95% confidence
interval; Emp SE — empirical standard error; Avg SE — average bootstrapping-based
standard error estimates.

Unweighted QR Weighted QR
TRUE Bias Cov9h Bias Emp SE Avg SE  Cov95
7=0.25
Case 1 AW 796 -.077 88  -.006 .098 104 94
B® 010 -.014 63 -.000 .005 .006 97
Case 2 B0 344 -.015 95 .004 .063 .063 95
B@ 010 -.005 93 .000 .004 .004 95
Case 3 AW 826 -.054 91 .006 .099 .100 94
B® 017 -.015 79 -.000 .007 .007 .94
7=0.5
Case 1 B0 1.50 -.088 82 -.002 .100 101 93
B® 010 -.017 99 .001 .006 .007 .96
Case 2 W 856 -.049 .89 .001 .076 078 95
B® 010 -.008 98 .000 .005 .005 .96
Case 3 AW 1.50 -.065 87 .006 .092 .096 95
B® 010 -.017 .85 .000 .007 .008 .96
7=0.75
Case 1 B0 2.20 -.096 .82 .002 115 120 .94
B® 010 -.020 13 .001 010 010 97
Case 2 BN 150 -.087 82 -.005 113 117 94
B@ 010 -.012 A1 .000 .008 .008 96
Case 3 AW 2.17 -.080 .84 .003 111 114 95

£ -033 -.019 .35 .001 010 011 .95
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3.3 PBB Data Example

In this project, we use the same data set as in Terrell et al. (2008) except for six
women whose first visit is more than 13 years later since the exposure (defined ad
July 1, 1973). These six women were excluded because they would contribute little
information for studying PBB change in a time window not far from exposure. The
data were collected during 1976 - 1994. Specifically, data were collected in 12 years:
1977, 1978, 1979, 1980, 1981, 1982, 1983, 1988, 1989, 1992, 1993, and 1994. The
outcome y;; is the underlying PBB level of the ith subject at the jth year in the 12
years listed above. The maximum visit number in the data is 7, which means many
y;;’s are not available. Knowing that the missingness pattern is related with the
observed measurements, we first need to model the missing pattern before conducting
quantile regression. We assume that the missingness pattern in the follow-up visit
is dependent on the observed measurement at the first visit which is referred to
as initial PBB measurement in the following. We categorized the initial PBB
measurement (after logarithm transformation) into six groups: [0,1), [1,2), [2,3),
3,4), [4,5), and [5,7). Let pg-k) be the probability of a woman with first measurement
in the range [k — 1,k) or [5,7) for k = 6 to have a PBB concentration measurement
in the jth year. We plot the empirical sample proportions in Figure 3.1. It shows
that high PBB concentration tends to have more measurements. As explained by
epidemiological investigator of this study, this occurred because in the late 1980’s
those with PBB > 10 were contacted by project staff for re-tests. They chose 10
ppb because they noted that it would be easier to see a decrease in PBB if the
level was around 10 ppb. In the 1990’s, there was an updated health questionnaire
done for the entire cohort, and at this time all participants were able to have their
PBB levels measured again. Figure 3.1 also demonstrates that (a) the visiting
pattern of each group in each year is quite different from the pattern in another

year; (b) the probability of being observed does not seem to be linearly correlated
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Figure 3.1: Empirical sample proportion of being available for each group in every
year

with the continuous initial PBB outcome. Based on these observations, we use the
sample proportion of being followed up in each year as the estimator of m;;, m;; =
22:1 p§k)I (ith subject is in kth group according to the initial PBB measurement),

avoiding strong parametric assumptions.

We fit model (3.1) with z;; being the jth visit time (referred to as Time) of
the ith subject since PBB exposure. We fitted the model by using the proposed
estimating equation (3.4) (referred to as Weighted QR). We also applied Wang
and Fygenson (2009)’s method which does not account for the informative missing

pattern (referred to as Unweighted QR). The estimates of quantile regression
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coefficients B(7) are summarized in Table 1. From the weighted estimating equation,
the negative coefficients for Time conform to our intuition that PBB concentration
generally decreases over time. The increasing pattern in the magnitude of the Time
coefficient with 7 further demonstrates that a faster decaying profile for high PBB

quantiles compared to low PBB quantiles.

The decay rates for the 25th, 50th, and 75th percentiles of PBB concentration
are not significant, while the estimated decay rates for the 85th, 90th, and 95th
quantiles are significantly lower than zero. Specifically, the 85th percentile decreases
3 percents per year (95% confidence interval: 0 - 5 percents per year). The 90th
percentile decreases 4 percents per year (95% confidence interval: 1 - 7 percents per
year). The 95th percentile decreases 6 percents per year (95% confidence interval: 3

- 11 percents per year).

On the other hand, results from the unweighted quantile regression appear to
underestimate the decay rate. In fact, the unweighted quantile regression results in
positive slope estimates for time. This result is not right, because the PBB serum
concentration is impossible to increase in body. This real example further demon-
strates that failing to handle informative missingness, the resulting estimates would

be substantially biased and conclusions would be incorrect.

3.4 Remarks

Left censoring and missing measurements are often simultaneously present in lon-
gitudinal studies. Failing to handle these data features, as shown in our simulation
study and data example, can lead to considerably biased estimation and consequently

misleading scientific conclusions. The new regression method developed in this work
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Table 3.2: Parameter estimates and 95% confidence interval for 25th quantile, 50th
quantile, 75th quantile, 85th quantile, 90th quantile, and 95th quantile

Unweighted QR Weighted QR
Quantile Effect Estimate 95% CI Estimate 95% CI
25th Intercept 0.159 ( 0.134, 1.109) 0.182 ( 0.127, 2.538)
Time 0.006 (-0.119, 0.013) -0.000  (-0.595, 0.014)
50th Intercept 0.851 ( 0.519, 0.968) 0.773 ( 0.556, 1.030)
Time 0.005 (-0.007, 0.022) -0.008 (-0.026, 0.008)
75th Intercept 1.533 ( 1.340, 1.859) 1.476 (1.289, 1.798)
Time 0.025 ( 0.000, 0.047) -0.006  (-0.029, 0.002)
85th Tntercept 2.298 ( 1.838, 2.924) 2.208 ( 1.706, 2.695)
Time 0.019 (-0.012, 0.071) -0.026  (-0.054, -1e-4)
90th Intercept 2.973 (2.331, 3.617) 2.897 (2.168, 3.272)
Time 0.035 (-0.014, 0.085) -0.043  (-0.069, -0.006)
95th Intercept 3.872 ( 3.204, 4.852) 3.917 (3.032, 4.422)
Time 0.043 (-0.012, 0.075) -0.060 (-0.113, -0.026)

appropriately account for these complications. Furthermore, by adopting quantile
regression modeling, we may offer a more comprehensive view of the profile of
longitudinal outcomes as well as its relationship with covariates, as compared to

some traditional modeling, such as linear mixed models.

Here we need to emphasize that our proposed weighted estimating equation is
sensitive to the probability weight. For example, the unweighted quantile regression
without considering informative missingness is a kind of model without appropriate
weight. Good probability estimate for missingness is key to gain a good estimate in

quantile regression models.

3.5 Appendix

3.5.1 Examples of Estimators Satisfying Condition C 1

Condition C 1 is usually satisfied if only we have a correct model for missingness.
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e Example 1: Empirical sample proportion:
Empirical sample proportion of an event is a consistent estimator for true prob-
ability of the event. Define &, ; = I(event happens for the jth subject) — ayq. It
is easy to see that ||\/n(& — ap) —n=1/2 > i1 &yl 2 0. Also, p(v, @) = o has

continuous derivatives in or.

e Example 2: Maximum likelihood estimator (MLE):
First, MLE is a consistent estimator. Denote the score function as S(a) =

IS Sila) =250 9@ “where I;(a) is the log-likelihood function for the

T n oa !

ith subject. Define s(ar) = E(S;(cx)). Briefly, we have ||\/n{S(&) — S(a) —
$(6) + slao)}] B 0, S(@) = 0, and 5(&) — s(aw) = ((ex) + 0,(1)) (@& —
o). Define &, ; = —5'(ap)'Sj(ap). It can be proven that [/n(é& — ag) —
nV2Y &l 0. Also, p(v, o) = % has continuous derivatives in

.

3.5.2 Proof of Theorems

Proof of Theorem 3.1.1 Define u(3,7) = E {n~"2U"(8,7)}. Condition C1 cou-

pled with C2 implies that

sup  [[nV2UL(B, 7) — nTVPUR(B, )| = o(1),  a.s.

7€(0,1),8€ RPH1

Define F = Y0, %Xik |7 — I {yax < max(c,x}B)}], B € R, 7 € (0,1).
The function class F is Donsker and thus Glivenko-Cantelli because the class of
indicator functions is Donsker. It then follows the Glivenko-Cantelli theorem that

SUPgeRrrt1,re(0,1) H”_lﬂUZ(/@ﬂ') — p(B,7)|| = o(1), a.s. Therefore,

sup  [[nPUL(B,T) — u(B,7)| =o(1), as. (3.7)

BeRrPt1 re(0,1)



7

Given p(By(7),7) = 0, we have sup, ¢ )||n*1/2U (By(7),7)|| = o(1), a.s.. And
according to our estimating method, U, (3(7), ) = o(1). Simple manipulation shows
that

sup [|(B(7),7) = 1(Bo(r), )]

7€(0,1)
< sup [p(B(r),7) —n PULB(T), 7| + sup |n*UL(B(7),7)|
7€(0,1) 7€(0,1)
+ sup [In?Un(By(7), )| + sup [[n~2Un(By(7),7) — m(Bo(7), )
7€(0,1) 7€(0,1)
=o(1), a.s. (3.8)
Now we have sup, ¢y [l4(B(7), 7)|| <= 0. If sup,¢ (o |1B(7) 7)|| £ 0, then

there must exist pg > € > 0 and a sequence {7, (} satisfying ||{ — ,80<7')H > € such
that ||(¢, 7) — u(By(7),7)|| — 0 . However, since u? u(By(7) +ud, 7) is a decreasing

function in § for any u € RPT! satisfying ||ul|> = 1 and condition C4, we have

112(¢,7) = (Bo(7), D% - v
> VT {u(¢,7) — p(By(r), 7}
> VI {u(By(7) + ev,7) — p(Bo(7), 7)}]

> cie? (3.9)

”g:gggg”. Inequality in (3.9) contradicts with ||u(¢, 7) — p(By(7), 7)|| — 0.

Therefore, we proved that sup,¢ 1) HB(T) — Bo(1)|| £ 0.

where v =

Lemma 1. For any positive sequence {d,,}>° ;| satisfying d,, — 0,

b U(b,7) — UL (b, 7) — n'{pa(b, 7) — (b, 7)}H|| =5 0.

b,b’eB(po),|[b—b’||<dn,T€(0,1)




78

Proof. This lemma can be proved by using the results in Alexander (1984) and the
arguments for theorem 1 of Lai and Ying (1988). The crucial step is to show that

there exists Gy > 0 such that

K

S = 1)
Z k sz [I{yir, < max(c,x},b")} — {I(yir < max(c,x;,b))}]
k= 1

< Gol[b —b'|.

This follows from the uniform boundedness of fi(y|z) and the boundedness of Z and
B(po), which are implied by C2 and C3.

Proof of Theorem 3.1.2 Denote

zk

K
1

Z —2 i = DX [T — I{ya < max(c,x2b)} |,

k=

. Using similar empirical process arguments for F, we can
a=og

— 0 (Vi s )
where h;, = pa—olja’
show that n=' 77 T8 w_%,gl(éi’“ = 1)xix [T — I{yax < max(c, x4 b)}Hhy, converges to

w(b, 7) uniformly in both b € RFt! and 7 € (0,1). Denote

60 =3 O = e, (e 1 i < max(e x5}

=1 Tk
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It follows from standard asymptotic arguments that

Un{/80<7-)7 T}
=Ur{Bo(7), 7} + [Un{Bo(7), 7} — UZ{By(7), 7}]

=n~1/? Z &,(7)
i=1
1

+n /2 Z Zf(éik = 1)x[7 — I{ya < max(c,x},8y(7))}] { Al - }

i=1 k=1 ik Tik

an Z &2,4(7)
i=1

n K n
1
ZZ[ i = Dxa[7 — Hya < max(c,x2,8,(7) }]W—Q\/ﬁz h;;&
ik j=1

=1 k=1

=n~/? Z &2,4(7)

n n K
+n 2 Z §1 % Z wi?kf(éik = 1)xi[r — IH{yir < max(c,x;,8(7))}hi
1 =1 k=1 "1
~n 12 Z &o4(7) + n Y2 Z €1, W(Bo(7),7)
i=1 g=1
=Y (60,() + w(Bl7). )6 ) (310
=1

where ~ denotes asymptotic equivalence uniformly in 7 € (0, 1).

We claim that F* = {§,;,7 € (0,1)} and F* = {w(B(7),7)&,;,7 € (0,1)} are
Donsker. First, given 8,(7) is continuous in 7 and w(b,7) is monotone in b and
7, we can show w(8,(7),7) is Donsker. Since Donsker property perserves under
product, F** is a Donsker. Similar arguments as w(b,7), we can show that F* is
also a Donsker.

Next, simple algebraic manipulations show that U, {B(7),7} — U, {B,(7),7} = (I) +
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(II), where

n K
—U2§:§: 0 = D [ < max(e. B}
i=1 k=1

Z

— H{ya < max(c, x;8(7))}

and

n K
WSS 16 = |y < mas(e <5371}

=1 k=1

- o < maxexhy))] (- =)

Tk Tk

From Lemma 1 and the uniform consistency of 3(7), we have

(1) ~ /2 [1{B(r), 7} = 1{Bo(r), 7}

Since sup; ;. {#;;' — 7'} = o(1), it is easy to see that U, {B(7), 7} — U, {By(7), 7}
is dominated by (I). Taylor expansion of u(b,7) around b = B,(7), along with the

fact that () uniformly converges to B,(7), gives that
U {B(7), 7} = Un{Bo(7), 7} = [A{Bo(7) + ea(1)}] - n'*{B(r) — By(7)},
where sup_ ||e,(7)|| = 0. Given U,{B(r),7} = 0, this further implies that
n'2{B(r) = Bo(7)} = —~A{Bo(1)} ' Un{Bo(7)} + &5(7),
where sup,. || (7)[| = 0.It follows that

nl/z{B(T) — Bo(7)} = n/? Z A{ﬁo(T)}il (£2z<7') +w(B(7), 7')51,1) . (3.11)
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Weak convergence of n*/2{3(7) — B,(7)} follows since F* and F** are Donsker classes

and the Donsker property preserves under addition.
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Chapter 4

Censored Quantile Regression
Analysis of Longitudinal Data with
Irregular Outcome-Dependent

Follow-Up
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4.1 Regression Procedures

4.1.1 Data and Model

Let Y;*(t) denote the outcome process of interest and Z;(t) denote a vector of external
covariate processes for the ith subject. Let [L;, R;] be a time interval indicating
when the ith subject is under study. We assume that {L;, R;} is independent of the
outcome process Y;*(-) given covariates Z;(-). The outcome process Y;*(-) and Z;(-)
are only observed at L; when a subject enters the study and at a sequence of follow-up
visit times {tz(j) : 7 =1,2,...,m;} within (L;, R;], where m; is the total number of
follow-up visits. Define a counting process on study entry as N*(t) = I(L; < t) and a
counting process for follow-up visits as N;(t) = > 7" I(tl(j) < t). We allow N;(t) to be
dependent on previsous outcome measurements in order to accommodate for outcome-
dependent follow-up. Observed outcome is left censored at a fixed constant c. Denote
Yi(t) = max(c, Y;*(t)). Hence, the observed data consists of n i.i.d. replicates, denoted

by {Li, Zi(L:), Yi(L:), £, Z,(t9), v;(t9), Ri: j=1,2,....ms; i=1,2,...,n}.

Define a conditional Tth quantile of a random variable Y given Z as Qy (7|Z) =
inf{y : Pr(Y <y|Z) > 7}. We assume that the conditional quantile of the longitudi-

nal outcome at time ¢, Qy=(;)(7]Z;), follows the marginal regression model
Qv)(T|Zi(t)) = X:(t)"By(1), forallt>0 (4.1)

where X;(t) = (1,Z;(t)")" and B,(7) is a vector of unknown regression coefficients.
External covariates Z;(t) can include the observation time. For example, in the
motivating PBB data where the primary goal is to characterize the change in outcome
over time, we let Qyx()(7) = Bo(T) + B1(7)t, where (y(7) represents the baseline 7th

quantile of outcome at time 0 and /31 (7) stands for the change rate of the 7th quantile
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over time. This model could also be used with any monotone transformation of Y;(t).
Under model (4.1), quantiles of the left censored outcome Y;(t) follows a censored

quantile regression model

Q.(v(7|Z4(t)) = max(c, Xi(t) By (7).

To have a good estimate in the quantile regression model, we also need to
model the visit process. The initial visit time, L;, is not necessary to be fixed
but is assumed to be conditional outcome-independent that L; L Y;*(-)|Z;(-). This
assumption is reasonable in most cases. In the PBB data, participants had little
knowledge about how much they were exposed to PBB until they received results
from their initial visits. Since conditional outcome-independent visit time will not

bias the estimation, it is not needed to specify the distribution of the initial visit time.

On the other hand, follow-up after the initial visit is outcome-dependent. In the
PBB data, subjects with high PBB levels are more likely to have frequent follow-up
visits. Define a history function H;(¢) as all observed data before time ¢ of the ith
subject. The follow-up visit process are assumed to follow a proportional intensity
model (Andersen and Gill, 1982) that

AEH:() = lim éP{Ni(t FAD) — Ni(t) = 1[Hi(8)}

At—0

where h;(t) is a time-dependent covariates belong to H;(t) and ay is a vector of
unknown coefficients. Suppose that h;(t) contains the initial outcome Y;(L;), then
the corresponding coefficient ag represents how the follow-up visit process depends
on the initial outcome. A positive oy means that subjects with large initial outcome

tend to have more visits while a negative coefficient means the opposite. And ay = 0



87

implies that follow-up is independent of the initial outcome. The choice of h;(t)
could contains initial outcome measurements or previous outcome measurements.
The validity of the inverse intensity-ratio weighting appraoch requires a stronger
assumption that dN;(¢t) L {Y;*(t),Z;(t)}/Hi(t); in words, dN;(t) is independent of

current outcome and covariates given the history.

4.1.2 Estimation Procedure

Without outcome-dependent follow-up, we can follow Powell (1986)’s method to es-

timate (3,(7) through minimizing an objective function

n

n2% [ /0 "y {i(t) — max (e, X,(0)8) } (ANE(E) + dN(0) | (4.3)

=1

where p.(u) =u- {7 — I(u < 0)} is the quantile loss function.

However, as discussed in introduction, if follow-up is outcome-dependent, there
would be bias in estimates by minimizing the objective function (4.3). Suppose ay
is known. The inverse intensity-ratio weighting approach weights each observation
by the reciprocal of its intensity-ratio function compared to a reference group in
model (4.2). Specifically, the objective function (4.3) consists of two parts: one
is about the measurement at study entry L;; the other is about measurements at
follow-up visits. Study entry time L; is conditional independent with outcome,
hence we do not need to weight the part about Y;(L;); it is equivalent to that its
weight = 1. Since follow-up visits are outcome-dependent, we weight follow-up visits
by the reciprocal of their corresponding intensity ratio defined as w;(¢; ), where
w;(t; o) = exp (h;(t)"e). To balance the weights between these two parts, 1 versus

wi(t(j ) ay)’s, covariates in model (4.2) are centered at their average. For example,

7
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suppose g;(t) is a covariate belong to h;(t). Define a centered covariate g} (t) equal
to gi(t) — g, where g = >, > gt/ >, m;. By centering covariates, we can

7

ensure that at the “average level”, its inverse intensity-ratio weights is 1.

Since ay is unknown, the estimation procedure consists of two steps. The first
step is to estimate ap in model (4.2) through maximizing a partial likelihood func-
tion (Andersen and Gill, 1982). With consistent estimates &, we can estimate the
intensity-ratio weights by plugging & into w;(t; ). In the second step, we estimate
Bo(7) by minimizing inverse intensity-ratio weighted objective function ¥(3; 7, &),

where

n

w(gie) =32 [ [ () - max e X (07 8))

i=1 Y0

1
AN} (t) + ——dN;(t 4.4
< (avio + o)) @)
The minimizer to the objective function ¥(3; 7, &) is also a solution to
U {B;a} =0, (4.5)

where

U(Bio) =Y | [T X0 (078> )

T8y _ , Lipys 1t an
< {1 (Vi) < Xu(0)"B) — 7} (dNZ 0+ a)dNZ(t)”.

This fact will help to prove the asymptotical normality of /n(B(7) — By (7))
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Applying the objective function V., (3; &) to a sample, it is equivalent to

n

n-1/2 Z {PT {Yi(L;) — max (¢, X;(L;) " 8) }

L b ()]

j=1 W; t( (84

[

By treating each observed Y;(t) as independent and specifying weights as the
reciprocal of estimated intensity-ratio, the minimization problem can be implemented

by standard statistical software, such as the crq() function in R package quantreg.

4.1.3 Asymptotic Properties

First, we need to show good asymptotic properties of &«. By imposing stronger
conditions as in Andersen and Gill (1982), we can follow their arguments to show that
& converges to ay almost surely and /n(& — o) + 1 Y2J ()P Y0 ti(a) 40,

where

n 00 " I(L: <t < R:)h,(t)®2ehi®) e
J@) = —E 12/ i Ly <1< Ry)by (1)
n 0 ijll(Lj <t < R;)ehi®Ta

i=1
Sy <2 R
B Z?:l I(L; <t < Rj)ehi’a i(t)

and

_ [ S I(L; <t < Ryhy(t)eh®e
vl hilt) - i h;(t)Ta
° S I(Ly <t < Rj)ehy

X {dNi(t) CI(Li<t< Ri))\o(t)ehi(t)T"dt} .

Since a good estimation of B,(7) relies on a good estimation of ay, in the

following discussion of B(7) it is always assumed to be true that & =% e« and
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V(& — ag) +n V23 (o) TS i) 0.

Define (7 (8; @) = S p-Ya(t) = max{¢,X;(t)"BHAN(t) +
exp{—h;(t)Ta}dN;(t)] and ¥,(B;) = E{n Y?V_ (B;)}. Define 17(3;a) =
Joo X H{Xi(t) T8 > c}I{Yi(t) < Xi(t)"B} — 7][dN/(t) + exp{—hi(t) T a}dN;(t)]

and p (B;a) = E {n_l/zUT(ﬁ; a)}. To guarantee good asymptotic properties of

B(T), we further need some regularity conditions:

C1. (a) There exists v > 0 such that E[[;~ I{X ()" B(y) > ¢} X(t)**{dN"(t)+I(L <
t < R)Ao(t)dt}] is positive definite;
(b) The conditional density function of Y (t) given Z(t), fy{y|Z(t)}, is contin-

uous and greater than zero at y = X(¢)'B,(7) for any 7 € [, 1).

C2. B,(7) is in the interior of a compact space B for all 7 € [y, 1).

Y- (ﬁ;a) —
lole’

C3. There exists a small circle of « centered at oy, denoted by A, such that
E(fooo pr [Y (t) — max {¢,X(t)"B}] h(?) exp{—h(t)Ta}dN(t)> is bounded uni-

formly in B € B, € A, and 7 € [y, 1).

C4. ¢J(B; ) has finite first and second moments for any 8 € B, a € A, and

7€ [7,1);

C5. (a) The covariate space Z is compact, that is, sup;, ||Z;(t)|| < oo, where || - ||
stands for Euclidean norm;
(b) [ exp {—h;(t)Ta} dN;(t) is uniformly bounded for any o € A;
(¢) fya {X(t)"By(7)|Z(t)} is uniformly bounded for any Z(t) € Z and 7 € [v, 1);
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(d) For any d > 0, there exists a positive constant M ™ such that

sup F
T€[Y,1)

| HxO 80 - ol < X010}

x {dN (t) + I(L <t < R)\(t)dt} | < M* - d;

(e) E[[y"h(t)exp {—h(t)"a} dN(t)] is uniformly bounded for a € A.

C6. Define

B.(Bic) = P2 ] [T X001 (x(078 > o)

Xy {XOTBIXO} {aN (t) + I(L < t < R)Ao(t)dt} |.

inf.cpy 1) eigminB, (B (7); o) > 0, where eigmin(-) denotes minimum eigenvalue

of a matrix.

We establish the asymptotic properties of B(T) stated in the following theorems.
Theorem 4.1.1. Under conditions C1-C4, sup,¢, 1 1B(1) = Bo(7)]| = 0,  a.s..

Theorem 4.1.2. Under conditions C1-C6, {n”g |:B(T) — BO(T)] 1T € [, 1)} con-
verges weakly to a Gaussian process with mean 0 and covariance matrix >, where X

is presented in (4.15) in Appendiz.

Condition C1 is very standard for identifiability of B,(7) in censored quantile
regression. The boundedness of parameter space, the derivative function, and the
moments of the objective function imposed by conditions C2-C4 and the boundedness
requirement of covariates, the inverse intensity weighted number of measurements and
the density function associated with the outcome imposed in condition CbH are easy

to met in practice. The condition C5 (d) is a condition to rule out the situation that
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there exists a subpopulation with positive probability satisfying that the 7th quantile

of their outcome is at c¢. Condition C6 is to ensure the finite asymptotical variance

of it { B(r) — Bo(7)}.

4.1.4 Inference

To make inference on B,(7), bootstrapping procedures can be used. Each time,
randomly select n subjects with replacement. Based on every new bootstrapped
sample, repeat the estimation procedure and obtain a new estimator, denoted by
B(7)*. The asymptotic distribution of \/n(B(7) — By(7)) can be approximated by
the distribution of v/n(3 (7) — B(7)).

We also developed a sample-based inference procedure. The reason we can not
directly estimate the asymptotic variance matrix is that the unknown density func-
tion fy, ) (X Bo(7)|X;) is involved in matrix B, (8y(7); o). Huang (2002) and Peng
and Fine (2009) proposed a novel way to estimate a derivative matrix, such as matrix
B, (B,(7); ap), by adding a “little-0” perturbation E to the primitive function which
is U, (8y(7); o) here. The idea is that if we could find two (p+ 1) x (p+ 1) matrices
B =(B,...,B(p+1)) and e = (ey, ..., €(1)) such that e; is relatively goes to zero
compared to U (B,(7); ) as n increases and e; = U, (8}; ) — U, (By(7); o) =~
VB (By(7); a0) (B — By(r)) for j = 1,...,(p + 1), we can estimate matrix
B.(By(7); ag) by n/2ED™!, where D = (8] —B,(7), ..., 85,1 —Bo(7)). The specific

procedure follows:

1. Define I7(3; o) = [;° X;(t)] (X;(t)T8 > 0) {I (Y;(t) < X;(t)"'8) — 7}
x (ANF) + 5 agdo (), and 9(r) = 07 S0 {0(B(r) a0}, where

v® = vv'. Find a symmetric and nonsingular (p + 1) x (p + 1) matrix E

such that Q(7) = E%
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2. Solve the equation
Us(b:é,4) = Ur(B(7): 6.9) + e (47)
for b, and denote the solution by 87 (j =1,...,p+1).
3. Calculate D = (bl —B(7),..., by — B(T))
4. Compute n~'/2ED~!, which provide consistent estimate for B, (8,(7); ).

It is not very straightforward to solve the estimating equation in step 2. In order
to take advantage of existing software package, we convert the estimating equation

as a new solution-finding problem:

n 00 1
> / X;()I(Xi(t) 'b > 0) {I(Yi(t) < Xi(t) 'b) — 7} <de(1€) pe a>dN"(t)>

=170 i\t;
+I(X Tb>0)X*{I(0< X Tb) -7} =0, (4.8)
plus a condition that X*'b > 0, where X* = —n'/2e;(7)/(1 — 7). The former

equation (4.8), ignoring the condition X*'b > 0, can be solved using crq() function.
Denote the estimate by b;. If it satisfies that X*"b; > 0, then B; = b;. Else if
X*Th; < 0, we replace e;() by —e;(7). Since the change in the direction of e; does
not change its desired asymptotic order, our procedure is still valid. Then we have a
new X* = —X* and repeat step 2 to obtain a new vector b’. Since b; and b’ are
both close to B(T), X’*Tb; which is close to —X*"b; should be greater than zero.
Then define 3; = b’. Note that if the direction of e;(7) is changed, the direction of
e; in matrix E needs to be changed as well.

~

Denote the estimators of B, (3,(7); a) by B(7). A consistent sample-based co-
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variance estimator may be given by

4.2 Simulation Studies

Simulation studies were conducted to assess finite-sample performance of the proposed
method. We also compare the proposed estimator with censored quantile regression
for longitudinal data without adjustment for outcome-dependent follow-up (Wang and
Fygenson, 2009). Two covariates are considered: Z;; ~ Uniform(0,1) and Z; ~
Bernoulli(0.5). Two distributions are adopted: Normal distribution and Gamma
distribution. Specifically, we have the following two scenarios:

Case 1: Y;(t) = max(0, 4.5+ a; — Zy + Zip —t + &4(1)),

where a; ~ N(0, {(Zi1 + Zin + 1)% - 5}) and &;(t) ~ N(0, §) which are mutually

independent. It follows a quantile regression model that
QYi(t)(T‘Zila ZzQ) = Imax [O, 4.5 + (I)il(T) + {—1 + (I)il(T)} Zil + {1 + (I)il(T)}Zi,Q - t:|

Case 2: Y;(t) = max(0, 3.5+ a; —2Zy —t+¢&;(t)),
where a; ~ Gamma(3, 1(Ziy + Zp + 1)) and &;(t) ~ Gamma(1, §(Za + Zin + 1))

which are mutually independent. It follows a quantile regression model that

QYL(t) (T’Zil, ZZQ) = max <0, 3.5 -+ FG_almma(4,1) (7')

+ <_2 + FC:almma(4,1) (T)> Zin + F(;almma(4,1) (T)Zl? - t) :

The study entry time L; were generated from Uni form(0,1); the end of follow-up
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R; were generated from Uniform(4,5). Follow-up visits were generated according to

a proportional intensity model:

P{dN;(t) = 1|H;(t)} = I(L; <t < R;)0.2texp (0.2Y (¢ 7)) dt,

where Y (t7) represents the last observed outcome before time ¢. A positive coefficient
corresponding to Y (¢7) indicates that subjects with large previous outcome have
higher intensity of follow-up visits. Under these setups, the average number of visits
are 4.4 and the average left censoring rate is 10% in both case 1 and case 2.

For each scenario, we generated 1000 data sets of sample size n = 200. Two
methods were applied to estimate covariate effects on three outcome quantiles (25th,
50th, and 75th): the censored quantile regression for longitudinal data without
adjustment for irregular outcome-dependnet follow-up (Naive); the proposed inverse
intensity-ratio weighted approach (Proposed). Bias and empirical standard deviation
of estimators from two methods are present in table 1. The proposed estimator
has much smaller bias compared to the naive estimator. Considering the empirical
standard deviation, the proposed estimator is virtually unbiased while the naive

estimator is biased in the presence of outcome-dependent follow-up.

Both bootstrapping and sample-based inference were applied for the proposed
estimator. The bootstrapping size is 500. The Emp SD in table 1 stands for
the empirical standard deviation of 1000 @’s and the Avg SD is the average of
estimated standard deviation from bootstrapping or sample-based inferences. Cov95
in table 1 stands for the coverage rate of 95% confidence intervals covering the true
value. Generally, both standard deviation estimates from two inference procedures
are acceptably close to the empirical standard deviation. In particular, the SD

estimates from bootstrapping method is closer to the empirical SD compared to
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Table 4.1: Comparison of the censored quantile regression estimator for longitudi-
nal data ignoring outcome-dependent follow-up (Naive) and the proposed inverse
intensity-ratio weighted estimator (Proposed): Emp SD — empirical standard devia-
tion; Avg SD — the average of standard deviation estimates; Cov95 — the coverage
rate of a 95% confidence interval.

Naive Proposed

Bootstrapping  Sample-based

Effect True Bias EmpSD  Bias EmpSD AvgSD Cov95 AvgSD Cov95

Case 1
T=0.25
Intercept 4.163 -0.077 0.157 -0.011  0.162 0.172 0.97 0.194 0.95
Z1 -1.337 0.149 0.284 0.028 0.307 0.323 0.96 0.348 0.94
Ly 0.663 0.131 0.175 0.011  0.190 0.189 0.95 0.201 0.94
t -1 0.033 0.032 0.0007 0.035 0.041 0.97 0.054 0.96
7=20.5
Intercept 4.5 -0.066 0.145 -0.007 0.144 0.153 0.95 0.162 0.95
Z1 -1 0.134  0.269 0.015 0.269 0.287 0.96 0.301  0.95
Zy 1 0.130 0.169 0.002 0.171  0.173 0.95 0.174 0.93
t -1 0.028 0.027  -0.0006 0.028 0.031 0.97 0.036 0.97
7=0.75
Intercept 4.837 -0.061 0.155 0.002 0.149 0.159 0.96 0.165 0.95
Z1 -0.663 0.117  0.300 -0.010 0.278 0.298  0.96 0.300 0.94
Zy 1.337 0.142 0.191 0.0008 0.178 0.185 0.96 0.184 0.94
t -1 0.025 0.027 -0.002 0.027 0.030 0.97 0.033 0.96
Case 2
7=0.25
Intercept 4.134 -0.029 0.121 0.006 0.121  0.125 0.94 0.135 0.93
Z -1.366 0.062 0.218 -0.003 0.211  0.225 0.96 0.235 0.95
Lo 0.634 0.065 0.127 -0.001  0.129 0.132 0.95 0.135 0.94
t -1 0.022 0.026 0.001  0.027 0.031 0.97 0.038 0.97
7=0.5
Intercept 4.418 -0.043 0.142 0.006 0.136  0.146 0.96 0.155 0.94
Z -1.082 0.097 0.261 -0.005 0.244 0.263 0.96 0.275 0.95
Zo 0.918 0.093 0.166 -0.007 0.154 0.155 0.94 0.157 0.93
t -1 0.027 0.028 0.001  0.028 0.031 0.97 0.035 0.96
7=0.75
Intercept 4.777 -0.060 0.195 0.002 0.178 0.190 0.96 0.199 0.95
Z1 -0.723 0.134 0.383 0.001 0.327 0.339 0.94 0.352 0.93
Zs 1.277 0.151 0.241 -0.008 0.209 0.210 0.94 0.205 0.92

t -1 0.033 0.035  0.0004 0.034 0.037 0.97 0.040  0.96
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the sample-based inference procedure. Both procedures have acceptable coverage
rates that are close to the nominal value. There is no trend of being over-covered or

under-covered.

We take a close examination of the boostrapping SD estimates and sample-based
SD estimates. Take the intercept in case 1 for example. Figure 3. contains histogram
plots of 1000 SD estimates from two inference procedures respectively. The solid
upright line stands for the empirical SD = 0.121, which could be viewed as a
true value. The bootstrapping SD estimates are distributed closer to the true
value. We conclude that the bootstrapping SD estimates is more accurate than the
sample-based SD estimates. We also notice an interesting trend that the difference
between the average of SD estimates from two inference procedure gets smaller when
7 increases, especially in case 1. Since the effective sample size that I(X] B,(7) > ¢)
increases as T increases, we guess that as the sample size increases, the performance of
the sample-based inference procedure improves. Besides accuracy, we also compared
the computation time. The computation of the sample-based approach is about 50
times as fast as the bootstrapping procedure. Summarily, bootstrapping performs
better than the sample-based method while the latter one saves much computation

time.

In our simulation, we encounter a “feasible” problem with estimation in lower
quantiles. It is straightforward in censored quantile regression that if left censoring

rate in a sample is larger than, e.g., 25%, it is very likely that estimation of the 25%th
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Bootstrapping SE estimate —— 25% Sample-based SE estimate —— 25%
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Figure 4.1: Comparision between the SE estimates from bootstrapping and sample-
based appraoch; Intercept in case 1 for 25%th quantile, 50%th quantile and 75%th

quantile
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quantile is not feasible. The reason can be expressed in math that for any 3,

Z[I(Y < max(c, X' 3)) — 7]
>3 IV =c)-(1-7)= ) 1Y >¢)7

>n-7-(l=7)—n-(1—=7)-7=0.

However, for weighted censored quantile regression estimating equation, the story is
a little bit different that the requirement for a feasible estimate also depends on the
weight. Since Y. w[[(Y < max(c, XTB3))—7] > Y wI(Y =¢)[1—7] =Y wI(Y > ),
a necessary condition is that Y wl(Y = ¢)[1 — 7] = > wI(Y > ¢)7 < 0. In our
simulation setups and the PBB data example, subjects with lower outcome have
fewer visits thus have larger weight. In other words, weights of I(Y = ¢) are larger
than weights of I(Y > c); therefore, even that the left censoring rate is less than 7,

it is still possible that the estimation of B,(7) is not feasible.

In summary, simulation studies demonstrate that ignoring outcome-dependent
follow-up would result in biased estimation in censored quantile regression while our
proposed weighted estimator is unbiased. Two inference procedures are valid. SD
estimate from bootstrapping approach is more accurate while the sample-based in-

ference procedure saves computation time.

4.3 PBB Data Example

Polybrominated biphenyls (PBB’s) are manufactured chemicals added as flame
retardants to electrical devices, plastics, and various textiles. A widespread con-
tamination with PBB’s occurred in Michigan during 1973 - 1974 when Fire master

FF-1, instead of NutriMaster, was accidentally mixed with animal feed. Residents on
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Michigan farms and neighboring communities were exposed to PBB’s by consuming
contaminated animal food products. The Michigan Department of Public (now
Community) Health (MDCH), in collaboration with the US Health Service, estab-
lished a registry of individuals exposed to the contaminated food products. Since the
initial enrollment period (1976 - 1978), the MDCH has periodically contacted cohort
members to obtain additional serum samples. Serum samples from cohort members

were analyzed for PBB during 1976C1993.

Our analysis is focused on understanding the decay rate over time of serum PBB
concentration in females. PBB’s are stable, persistent halogenated organic pollutants
with extremely long half-lives. Participants continued to have measurable PBB levels
in serum after more than 20 years. PBB exposure is of special concern to the fetus and
neonate because it can cross the placenta and is concentrated in breast milk. There-

fore, we are interested in the elimination rate of PBB in serum among female subjects.

We include females who were born before the contamination incident (July, 1973)
if they had at least two serum PBB measurements, an initial serum PBB measurement
of > 2 parts per billion (p.p.b.) and after age 16 and if the time between any two
consecutive measurements was at least 6 months apart. We required an initial serum
PBB measurement of at least 2 ppb to ensure that their levels were above the limit
of detection of 1 pbb. We exclude females who were younger than age 16 at initial
measurement because childhood growth could potentially affect the compartment
mobility and thus the equilibrium of serum PBB concentration levels. We also ex-
cluded measurements taken during pregnancy or during any period of breast-feeding

because of the potential mobilization of PBB into the bloodstream during these times.

Our analysis includes 386 women. The longitudinal data set was arranged with
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one observation per serum PBB measurement, yielding 2 - 7 measurements per
woman. Initial PBB concentration level ranges from 1 to 559.80 p.p.b. (mean=11.44,
median=2.40). Outcome Y is defined as log(PBB). Time origin is set as the
exposure time to PBB which is defined at July 1, 1973 (t=0). Study enter time L is

defined to be the first visit time and R is the end of study, December 31, 1993 (t=20.5).

When we model follow-up visits, the entire study were divided into three periods
(1976-1981, 1982-1989, and 1990-1993) according to the study design. During 1982-
1989, a substudy focused on high PBB levels was established since these participants
were more severely exposed and it may be easier to see a decrease in PBB. After 1990,
all participants were contacted again for serum samples. Converting three periods as
time since the time origin, time intervals are (2.5,8.5], (8.5,16.5], and (16.5,20.5].
We also assume that follow-up are dependent on the initial measurement log(PBB).

Hence, the proportional intensity model of follow-up visits is specified as

P(dN;(t)|Hi(t)) = I(L; <t < R;)o(t)

X exp (ozlf(t < 85) : Y;(Ll) + Qs - ](85 <t< 165)Y;(L,) + og - I(t > 165)Y;(LZ)) ,

where oy, as and ag represent the effects of the initial outcome on the follow-up
visit process in three time intervals respectively. Table 4.2 presents the estimates of
coefficients in the recurrent event model. All coefficient estimates are positive, which
means that subjects with high initial log(PBB) levels tend to have more follow-up
visits. The estimate of ay is much larger than a; and as and is significantly larger
than zero (p value < 0.01). The outcome-dependent follow-up pattern is especially
strong during 1982-1989. An increase of 1 in initial log(PBB) would result in a 1.79

time increase in intensity of follow-up visits during year 1982-1990.
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Table 4.2: Parameter estimates of proportional intensity model

Coeff Estimate exp(Estimate) p-value

o 0.027 1.03 0.61
% 0.584 1.79 < 0.01
o3 0.039 1.04 0.52

We model the outcome log(PBB) by marginal quantile regression models that

Qy, ) (1) = Bo(T) + pr(T) x t, 0<7<1, t>0, (4.9)

where [3y(7) represents the 7th quantile of log(PBB) level at time origin and (;(7)
represents the decay rate of the population 7th quantile of log(PBB) level over time.
Both censored quantile regression for longitudinal data ignoring outcome-dependent
follow-up (Naive) and the inverse intensity-ratio weighted estimator (Proposed) are
applied. Confidence interval is calculated through bootstrapping. Bootstrapping
size is 500. Table 4.3 presents point and interval estimates for six quantiles (25th,
50th, 75th, 85th, 90th, and 95th). All £;(7) estimates from Naive method are
positive, which means that the distribution of log(PBB) shifts up as time goes. It

contradicts with the biologic fact that human bodies can not produce chemical PBB’s.

On the other hand, decay rate 5;(7) estimates from our proposed approach are
all negative except for the f;(7) estimate of the 25th quantile which is really close to
zero. Negative coefficient estimates for time demonstrates that PBB concentration
generally decreases over time. Due to that fewer low outcomes are observed in follow-
up visits, the empirical quantile is higher than the population quantile in follow-
up time. By weighting more in the observed low outcomes, the weighted sample
quantile is pulled towards the actual population quantile. Furthermore, there is an
increasing pattern in the magnitude of 1 (7) estimates as 7 increases. It is consistent

to our conjecture that upper quantiles decay faster than lower quantiles. This varying
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covariate effect pattern is not capturable in fixed effect models. Decay rates of lower
percentiles are not significant while the decay rate of the 95th quantile is significantly
less than zero. For example, the estimated decay rate for the 90th quantile is 2.6%
(= 1 —exp(—0.052)) per year with 95% confidence interval between -0.5% and 5.4%.
The estimated decay rate for the 95th quantile is 5.1% (= 1 — exp(—0.052)) per year
with 95% confidence interval between 0.7% and 9.2%.

Table 4.3: Parameter estimates and 95% confidence interval for 25th quantile, 50th
quantile, 75th quantile, 85th quantile, 90th quantile, and 95th quantile

Naive Proposed
Quantile Effect Estimate 95% CI Estimate 95% CI
25th quantile Intercept  0.150  (0.092, 0.208) 0.182  (0.155, 0.210)

Time 0.009 (2E-4,0.018)  6E-17  (-0.008, 0.008)
50th quantile Intercept 0.852  (0.707, 0.997) 0.904  (0.609, 1.199)
Time 0.006  (-0.007, 0.018)  -0.009  (-0.024, 0.007)
75th quantile Intercept 1.496  (1.246, 1.745) 1.435  (1.171, 1.699)
Time 0.028  (0.001, 0.054)  -4E-17 (-0.012, 0.012)
85th quantile Intercept 2.208  (1.763, 2.833)  2.057  (1.635, 2.479)
Time 0.019  (-0.027, 0.064) -8E-4  (-0.024, 0.022)
90th quantile Intercept 2.829  (2.182, 3.475) 2.956  (2.357, 3.555)
Time 0.036  (-0.017, 0.090) -0.026  (-0.056, 0.005)
95th quantile Intercept 3.813  (3.112, 4.514) 4.047  (3.379, 4.716)
Time 0.046  (-0.003, 0.096)  -0.052 (-0.097, -0.007)

In summary, the PBB concentration distribution shifts down slowly over time.
Upper quantiles decease faster than lower quantiles. Significant decrease at 95th
quantile has been shown by the data. Ignoring outcome-dependent follow-up would
result in very biased estimates of (;(7) with opposite sign and opposite changing

trend as 7 increases.

4.4 Remarks

Quantile regression analysis is a very robust and flexible approach for longitudinal

data with skewed outcome and varying covariate effects. Irregular outcome-dependent
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follow-up is a special missing pattern which is easy to be overlooked since there is no
obvious blank cell in data. However, similar to regular outcome-dependent missing
data, it can result in biased estimation in marginal regression methods, such as quan-
tile regression. The proposed inverse intensity-ratio weighted estimator can correct
the bias due to irregular outcome-dependent follow-up, given the model specification

for the visit process is correct.

4.5 Appendix

Proof of Theorem 1.

First, we want to prove that t,(8; ) has a unique minimizer at 8 = By(7).
Define v.{B3;Z(t)} = E (p, [Y(t) — max {c¢,X(¢)"B}] |Z(t)). We can show that
v B Z(t)} > v, {B,(7); Z(t)} for any given B # B,(7) in any possible situations.
(1) When X()"Bo(7) < c and X(t)"B < ¢, v {Bo(7); Z(1)} = v{B; Z(1)}.

(2) When X(t)T8,(7) < ¢ and X(t)78 > ¢,

ve{Bo(7); Z(1)} — v {B; Z(t)}

=E[I{Y(t)=c}(r - 1) {X(#)'B —c} |Z(1)]
+E(I{c<Y(®t) <X(t)' B} [7{X®)'B—c}+Y(t)—X(t)'B] |Z())
+E[I{Y(t) >X(t)' B} {X(t)'B -1} |Z(t)]

<E(H{Y(t) =c}r = 1)+ 7I{Y(t) > }]|Z(t)) {X(t)'B - c} .

Since X(t)"By(7) < ¢, we have that E[I{Y (t) =c}] > 7 and E[I{Y(t) > c}] <1—7.
Therefore, v {By(7); Z(t)} — v {B;Z(t)} <O0.
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(3) When X (¢)"8B,(7) > ¢,

ve{Bo(7); Z(t)} — v {B; Z(1)}
= (1=7)P{Y(t) <X(t)"By(r)} [X(t)"By(r) — max {¢,X(t)" B}]
— 7P {Y(t) > X(t)T,BO(T)} [X(t)TﬁO(T) — max {c, X(t)TB}]

X(t) T Bo(7)
+E ( / [y — max {e.X (1) B)] fy<t>{y|z<t>}dy)z<t>)

max{c,X(t)T B}

X(t) " Bo(7)
—E ( /m [max {e, X(1)78} — ] fY(t>{y|Z<t>}dy]z<t>>

ax{c,X(t) " B}

<0 (4.10)

Under condition C1 (b), there exists a region around X(t)'B,(r) satisfying
that fy@{y|Z(t)} > 0; thus, [max{c,X(t)"B} —y] fro{ylZ(t)} < 0. So if
X(t)'B # X(t)"By(7), then v-{B(7); Z(t)} < v-{B; Z(t)}.

By condition C1 (a), we have that for any 7 € [,1) and B # B,(7),

E [/OOO T{X(®)T8y(7) > e} {X(1)"B = X (1) By(r)}”

x {dN"(t)+ I(L <t < R)Ao(t)dt}} > 0.
Hence, for any 7 € [y,1) and B # B,(7),

E[/OOO[ {X(t)TﬁO(T) > c} (v {B;Z(t)}.

— v {Bo(1): Z() Y {AN"(t) + I(L < t < R)Ao(t)dt}} > 0.
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Since for any 3 # B,(7),

@ZJT(/H; aO) - ¢T {60(7); aO}
= E(/OOo TH{X()"By(r) < e} I{X(t)"B < ¢} [vAB Z(t)} — v {By(7); Z(t)}]
x {dN*(t) + I(L <t < R))\O(t)dt})
+ E(/OOO T{X(t)"Bo(1) < c} T{X()"B > ¢} [v{B; Z(t)} — v- {Boy(7); Z(1)}]
x {AN(t) + I(L <t < R))\O(t)dt}>
cB( [T HXOTBT) > ¢} 18 20) - vr 1By(7): 200))
x {dNL(#) + I(L <t < R)Ao(t)dt}>

> 0.

Therefore, under condition C1, we have proved that B,(7) is a unique minimizer of

1/}7' (/67 aO)'
Given & +2 ay, under condition C3, we have

sup  |1h,(B; &) — ¥-(B; )| == 0. (4.11)

T€[Y,1), BEB

Note that the objective function

iBie) = [ (o) = max e X, BY]
— 71 [Yi(t) < max {c, X;(¢) " B}] [Yi(t) — max {¢, X;(t) ' B}]
+ (1= 7)1 [Yi(t) < max {c,X;(t)' B}] [max {c,X;(t) ' B} — Yi(t)] )

x [dNF(t) + exp {—h;(t) "a} dN;(t)]
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These three terms in the parenthesis (-) are either concave or convex functions of
B and linear in 7, and exp {—hi(t)Toz} is an either concave or convex function of
a. This fact coupled with pointwise convergence by the strong law of large numbers
given condition C4, implies the uniform convergence of n='/2¥_(3; ) (Rockafellar,

1970 (Theorem 10.8)) that is

sup ’nil/Q\DT(/B; OC) - w7'</8; a)‘ ﬂ 0.
T€[Y,1), BEB, acA

Coupled with (4.11), we will have that

sup  [n Y20 (B; &) — ¥, (B ap)| = 0. (4.12)
BeB, T€[v,1)

Given ¢, {By(7); g} = 0 and ¥, {B(T), &} = 0, simple manipulation shows that

sup
T€[Y,1)

U {B(): a0 b=, {By(r)i o} | < sup

TE[,1)

(0 {B(T)a ao}—n_l/z‘I’T {B(T), d} ‘
By (4.12), we have that

U {B(T):an} = {Bo(r)an} | =5 0. (4.13)

sup
T€[v,1)

Based on (4.13), we can prove uniform strong convergency of B(r) by following
similar arguments in the proof of theorem 3 in Huang and Peng (2009). Specif-
ically, we need to prove that for any ¢ > 0, there exists 6 > 0 such that if
SUPcpy,1) U7 {B(7); a0} — 7 {Bo(7); o} | < 4, then sup cp 4y [[B(7) — Bo(7)[| < e
Suppose that this is not true. Then, there must exist a constant ¢* > 0. For any
{+:k=1,2,...}, there exists (8y, ;) such that [¢;, {By; oo} —r, {Bo(Th); 0} | < 1
but |8, — By(7x)|| > €. Since B is a compact space, there exists a subsequence

of (B, k) that converges to, say, (8",7*). Then, we have that ¥.(8"; ag) =
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W Bo(T%); o} but ||3*—By(7*)|| > €*. This contradicts that B,(7*) is a unique min-
imizer of 1.+ (8; ap). Therefore, it is proved that for any € > 0, there exists § > 0 such
that if sup.cp, 1y |7 {B(7); 0} =¥ {Bo(7); o} | < 0, thensup,cp, 1y [|B(7) =B, (7)[| <
(o {B(T);ao} — U {Bo(T); o} | 225 0, it is easy
to prove that sup, ¢, 1) HB(T) — Bo(T)|| £ 0.

e. Consequently, given sup.¢, 1

Lemma 1.

sup [U-{B(r):a} — UABy (7 a0} = 02 [, {B(r): &} = 1 By(7)s )] [ & 0.

T€[y,1)

Proof of Lemma 1.
This lemma can be proved by using the results in Alexander (1984) and the arguments

for theorem 1 of Lai and Ying (1988). The crucial step is to show that

sup Var [lf {B(T), d} —17{B,(7); ao}] 0. (4.14)

TEM,1)

Under condion C5 (a) and (b), there exists a finite number M; such that when

ac A,
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sup Var |17 {B(r); &} = I/{Bo(r): o} |

TE[Y,1)
< B[ {A(r):a} 1 {B(n): a0}
<M sup B { () } 17 {Bo(r); ew} |

< M - sup E

) > c} I{Xi(t)"By(1) > ¢}

x[f{n()_ X.(1)B(r) }—I{n < Xi(6) Bo(r)}

x {dN}(t) + I(L; <t < R;)ho(t)dt} H

+ M, - sup F

T€[y,1)

x [1{Yin) < X7 B() }— ] {ANF(t) + I(L; < t < Ri)Ao(t)dt} H

) > c} I{X;(t) " By(7) < ¢}

+ M, - sup F
T€[y,1)

/OOO Xi(t) {Xz(t)TB(T) < c} I {Xi(t)TﬁO(T) S c}

x [T{Yi(t) < Xi(t) Tﬁo }—T}} {dN}(t) + I(L; <t < Ry)Ao(t)dt} H

> [H{Yi) < X)) B(r) ) — 7|

[exp {—hi(t) a0} — exp {—hi(t)T&)] deH

+ M, - sup F
T€[Y,1)

=)+ {I)+{LII)+(IV)
Under condition C5 (a) - (¢) and theorem 1,

(I) < M- sup E

T€[v,1)

X fri{Xi(t) " Bo(T)|Zi(t)} {dNF(t) + I(L; < t < Ri)Ao(t)dt} + 0,(1)

l

{/X O I{Xi(t) "B > e} T {Xi(t) By(7) > ¢}

x {B(r) = Bo()}

oo
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When {Xi(t)TB(T)—C} {Xi(t)"Bo(r) —c} < 0, it is easy to see that

Xi(8) " Bo(7) — €| < [Xi(t) Bo(r) = Xi()TB(T)] < IXa()[IBo(r) — B(7)]. Under
condition C5 (a), (b), and (d) and theorem 1,

(II) < sup FE

TE[y,1)

x [1 {n(t) < Xi(t)Tﬁ(T)} - T] {dNE(t) + I(L; < t < Ri)Ao(t)dN (1)} H

(1) Bo(r) — el < IXiDIlIB(7) — B! }

)

Similarly, it can be proved that (I11) 2 0.

Under condition C5 (a) and (e) and the consistency of &,

vy <y s | [ X0 {Xi)78(r) > e} [1{¥itn) <X, B(r) } — 7]

T€[y,1)

0

R

Therefore, (4.14) has been proved and Lemma 1 is a direct consequence.

Proof of Theorem 2.
According to Lemma 1 and U, {B(T), d} = 0, we have

— U, {Bo(7); o}
= { . (Bi&) = . (Byi ) } + 0pretry (1)
= [B- {Bu(r); o} + 0,(1)] - /2 { B(7) — Bo() }

+ A {Bo(r); a0} - 0! {&(7) — eo(T)} + Opirepn (1)
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where A, (B;a) = %289 — _ X, ([ {X,;(t)"8 > ¢}

x [1{Y;(t) < X;(t) "B} — 7] hy(t) " exp {—h;(t) "ac} dN;(t)

and 0p.-¢[y,1y(1) means uniform convergence in probability to zero over 7 € [v,1).

Under condition C6,

n'2{B(r) = By(r)} = =B, {By(r): cxs} !
% (UL {Bu(r): cwo} + A {Bo(7); a0} - 02 {&(r) = @ol(r)}] + 0prety(1)

Therefore,

nl/z{B(T) - =n"'? Z { 1Bo(T O‘O}il 17 {By(7); o}

+ B, {By(7); 0‘0}_1 A {By(7); o} J(ao)flbi(ao) + Oprefy,y (1)

According to the definition of quantile and the quantile regression model
assumption, X;(t)"By(7) increases in 7.  Since [T 7X;(t)I{X;(t)"Bo(T) >
c} [dNE(t) + exp{—h;(t) Tao}dN;(t)] and [;° X;(t)[{X;(t)"Bo(r) > cH{Yi(t) <
X;(t)"Bo(T)} [ANE(t) + exp{—h;(?) ao}dNi(t)] are bounded and monotone func-
tions on 7 € [v,1), {I(By(7);0) : T € [v,1)} is a Donsker class. By Donsker
theorem and pointwise central limit theory, n'/? { B(r) — ,30(7')} converges weakly to

a Gaussian process with covariance matrix (7, 72) for 7 € [y, 1), where
2(1i, 1) = E{&(n)&i(m) " } (4.15)

with () = —B; {Bu(7); 0‘0}_1 17 {Bo(7); o} +
B, {B(7); a0} " A, {By(7); co} I (o) ~Hei(exo).
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Chapter 5

Summary and Future Works
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5.1 Summary

In my dissertation we focused on three complex data scenarios often encountered
in biomedical observational studies. We proposed flexible semiparametric regression
methods that properly handle realistic data features including window observation
of recurrent events, outcome-dependent follow-up of longitudinal measurements, and

ete.

For recurrent event data subject to window observation, we developed a two-stage
estimation procedure as well as a novel counting process based estimation procedure
under the accelerated recurrence time model. The counting process based estimation
procedure is more efficient and simpler in computation. The resulting estimators are
shown to be uniformly consistent and converge weakly to a Gaussian. Resampling
method of Jin et al. (2001) and a new sample-based procedure are employed for
inference. Simulation studies show satisfactory performance of our methods with
moderate sample size. An application to the CFFPR data demonstrates practical

utility of our proposals.

We have also investigated quantile regression for longitudinal data with outcomes
subject to left censoring and follow-up pattern being outcome-dependent. While left
censoring is handled by censored quantile regression technique, we investigate two
different strategies to account for the dependency between outcomes and follow-up
visit times. In both strategies, the idea of inverse probability weighting is the essential
to deal with the relevant statistical issues. We evaluate our proposals by simulation
studies. The proposed methods are applied to the Michigan PBB study to investigate
the PBB decay profile. Both simulations and the real data example demonstrate that
failing to handle these data feature can lead to considerably biased estimation and

consequently misleading scientific conclusions.
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5.2 Future Works

In this subsection we discuss work to be done in near future and possible extensions

of this dissertation work.

First, we will conduct more sensitivity analysis simulations for our second and
third projects to obtain a better understanding about how a misspecified model of
missing pattern would influence the quantile regression estimator. Specifically, we
can consider situations when a significant covariate is not included in the model of

missingness or the whole model assumption is not correct.

It is worthwhile to consider the double-robust estimating method for the second
and the third projects. Double-robust approach could also be considered as a
diagnosis approach. If the double-robust estimates are quite different from the
proposed estimates, either the quantile regression model or the model of missing

data is likely to be misspecified.

For the first project, our proposed estimators of B,(u) requires the ART model
assumptions for all 0 < v < u. It would be best if we can find a competative estimator
under a local model with only ART model assumption for expected frequency equal

to u.
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