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Abstract

Motivated by three different biomedical studies, this dissertation investigates novel
Bayesian feature selection methods to analyze complex biomedical data.

In the first project, motivated by the colorectal cancer study, we propose a unified
Bayesian approach for hierarchical feature selection of structured functional predic-
tors in Generalized Functional Linear Models (GFLMs). Feature selection here is
inherently hierarchical, involving selection of functional predictors and selection of
regions within them. To achieve hierarchical feature selection, we construct a class of
mixture priors for functional coefficients based on Gaussian processes. In addition,
we use Ising priors on the model space to incorporate hierarchical structural infor-
mation. Applying our approach to the motivating study, we find that one functional
biomarker and its expression level in the transitional region between the proliferation
and differentiation zones are associated with the risk for colorectal cancer.

In the second project, motivated by the Autism Brain Imaging Data Exchange
(ABIDE) study, we are interested in identifying important biomarkers for early de-
tection of the ASD under high resolution brain. We propose a novel multiresolution
variable selection procedure under a Bayesian probit regression framework and it re-
cursively uses posterior samples for variable selection at a lower resolution to guide
variable selection at a higher resolution. The proposed algorithms are computational-
ly feasible for ultra-high dimensional data. In addition, we also incorporate two levels
of structural information into variable selection. Applied to the resting state func-
tional magnetic resonance imaging (R-fMRI) data in the ABIDE study, our methods
identify imaging biomarkers predictive of the ASD in several brain regions, which are
biologically meaningful and interpretable.

Finally, with the goal to select gene and gene subnetworks with periodic behavior
in a microarray dataset, we propose a nonparametric Bayesian model incorporating
network information. In addition to identifying genes that have a strong associa-
tion with a clinical outcome, our model can select genes with particular expressional
behavior. We show that our proposed model is equivalent to an infinity mixture
model for which we develop a posterior computation algorithm. We also propose two
fast computing algorithms that approximate the posterior simulation with good gene
selection accuracy but low computational cost.
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Chapter 1

Introduction



1.1 Background

Recent advances in biomedical technologies enable scientists to produce complex and
big data in order to obtain useful information that provides valuable insights into
biomedical research. This brings new challenges to develop efficient statistical meth-
ods for extracting important features from such data while integrating relevant sci-
entific findings from prior biomedical research. In this dissertation, we propose some
new Bayesian methods and develop computational tools to analyze large complex

datasets motivated by several biomedical studies.

1.1.1 A Colorectal Adenoma Study

One motivating example is a recent study of protein biomarkers of risk for colorectal
cancer (Ahearn et al., 2012). This study is aimed to investigate whether the expres-
sion patterns of several markers in normal-appearing colorectal mucosa are associated
with the presence of colorectal adenomas, a surrogate for the risk for colorectal cancer.
The panel of protein biomarkers under investigation (Table 1.1) represents highlights
of features that are related to the known molecular basis in the earliest stages of col-
orectal carcinogenesis. In addition, colorectal crypts, U-shaped microscopic structures
in human colon, are known to be a nice model for the regulation of cell proliferation,
differentiation, and apoptosis in a continuously renewing colorectal epithelium. Thus,
it is of particular interest to examine whether the profiles of the biomarkers along the

length of colon crypts and their features are associated with cancer risk.

In this study, subjects with and without adenomas were considered at higher risk
and lower risk for colorectal cancer, respectively. Biopsy samples of normal-appearing
colorectal mucosa were collected from participants. Through automated immunohis-

tochemistry (staining) with quantitative image analysis, each crypt was divided into



Biomarker Group Biomarker Names

Inflammation COX2
Colon Carcinogenesis Pathway
APC pathway - APC, B-catenin, c-myc, cyclin D1, E-cadherin
Mismatch repair pathway - MSH2, MLH1, TGFSRII, bax
Cell Cycle:
Proliferation - mibl
Differentiation - p21
Apoptosis inhibition & promotion - bcl2; bak, bax
Crypt Stem Cell Longevity - Telomerase

Autocrine/Paracrine Growth Factors & Receptors: TGFa, TGFg;, TGFSRII

Table 1.1: Biomarkers of risk in the colorectal adenoma study

two symmetric hemi-crypts, and the entire length of each hemi-crypt was standard-
ized into a fixed number of segments, numbered in an ascending order from the base
to the top of a crypt; subsequently, the staining optical density, representing the
biomarker expression level, was recorded for each segment and was plotted against
the segment location to construct the expression profile along the length of crypts;
cf. Figure 1 in Ahearn et al. (2012). The expression profile along the length of crypts
forms a natural one-dimensional curve, and is an example of functional data measured
over space. We refer to these biomarker profiles/curves as functional biomarkers or
functional predictors. The functional biomarkers can be divided into different groups
based on biological functions and pathways (Table 1.1), noting that biomarkers (e.g.,
bax) may belong to multiple groups. In addition, the functional biomarkers were
measured at discrete design points subject to measurement error. For each subject,
multiple biomarkers were measured; for each biomarker, the expression curve was

measured in multiple hemi-crypts from each subject’s biopsy tissues.

The goal of the this study is to identify important functional biomarkers and their
features that are associated with the risk for colorectal cancer, while also incorporating
the structural information. Clearly, feature selection in this case is inherently hier-

archical with two levels: first, select important functional biomarkers (i.e., between



functional predictors); and second, for each selected biomarker, identify the regions
of its profile that are associated with cancer risk (i.e., within functional predictors).
Similarly, there are also two levels of structural information that can be incorporated
into the feature selection process: the biological structure between biomarkers and

the spatial structure within each biomarker curve.

1.1.2 Autism Brain Imaging Data Exchange (ABIDE)

Another interesting example that motivates our methodological development is the
Autism Brain Imaging Data Exchange (ABIDE) study (Di Martino et al., 2013).
The major goal of the ABIDE study is to explore association of brain activity with
the autism spectrum disorder (ASD), a widely recognized disease due to its high
prevalence and substantial heterogeneity in children (Rice, 2009). The ABIDE study
aggregated 20 resting-state functional magnetic resonance imaging (R-fMRI) data
sets from 17 different sites including 539 ASDs and 573 age-matched typical controls.
The R-fMRI is a popular non-invasive imaging technique that measures the blood
oxygen level to reflect the resting brain activity. For each subject, the R-fMRI signal
was recorded for each voxel in the brain over multiple time points (multiple scans).
Several standard imaging preprocessing steps (Di Martino et al., 2013) including
motion corrections, slice-timing correction, and spatial smoothing have been applied
to the R-fMRI data, which were registered into the standard Montreal Neurological
Institute (MNI) space consisting of 228,483 voxels. To characterize the localized
spontaneous brain activity, we focus on the fractional amplitude of low-frequency
fluctuations (fALFF) (Zou et al., 2008) based on the R-fMRI time series at each
voxel for each subject. The fALFF is defined as the ratio of the power spectrum
of low frequency (0.01-0.08Hz) to the entire frequency range and has been widely

used as a voxel-wise measure of the intrinsic functional brain architecture derived



from the R-fMRI data (Zuo et al., 2010). In this work, we analyze the voxel-wise
fALLF values over 116 regions in the brain involving 185,405 voxels in total, where
regions are defined according to the Automated Anatomical Labeling (AAL) system
(Hervé et al., 2012). Besides the imaging data and the clinical diagnosis of the ASD,
demographical variables were also collected, such as age at scan, sex and intelligence

quotient (1Q).

One question of interest in this study is to identify imaging biomarkers, i.e., voxel-
wise fALFF values over 116 regions, for detecting the ASD risk. In particular, our
goal is to perform two levels of variable selection: at the first level, important regions
are selected in relation to the ASD risk; at the second level, a set of important vox-
els within the selected regions are selected and are referred to as ASD imaging risk
factors. Correspondingly, two levels of structural information — functional connec-
tivity among regions and spatial dependence among voxels — can be incorporated to
facilitate variable selection and produce biologically more interpretable results. To
achieve this goal, we use a Bayesian probit regression model for spatial variable selec-
tion, where the binary outcome is the ASD disease status and the predictors include
all voxel-level imaging biomarkers from multiple regions. We use Ising prior models
to incorporate structural information for the two levels of variable selection. Howev-
er, it is extremely challenging to perform spatial variable selection in such ultra-high
dimensional structured feature space (185,405 voxels within 116 regions) under our

modeling framework.

1.1.3 Spellman Yeast Cell Cycle Microarray Data

The third motivating example is the Spellman Yeast Cell Cycle Microarray Data
(Spellman et al., 1998). The dataset is intended to detect genes with periodic be-

havior along the procession of the cell cycle. It has been extensively used in the



development of computational methods. The gene network information depicting
the biological relationships is summarized from the Database of Interacting Proteins
(DIP) (Xenarios et al., 2002). We use the high-confidence connections between yeast
proteins from the DIP. Eventually, the network contains 2031 genes, where the mean,

median, maximum and minimum edges per gene are 3.948, 2, 57 and 1 respectively.

Different from the previous two motivating examples, there is no outcome variable
in the cell-cycle dataset, and we focus on the selection of genes and gene sub-networks
with periodic behavior in light of the network. It is known that such genes show
different phase shifts along the cell cycle and may not be correlated with each other
(Yu, 2010). We perform the Fishers exact G test for periodicity (Wichert et al.,
2004) for each gene. In this case, a linear regression or parametric model may not
be suitable, and we propose a Bayesian nonparametric mixture model for large scale

statistics incorporating network information.

1.2 Literature Review

In this selection, we provide an overview of existing statistical methods on variable

selection and discuss their advantages and limitations.

1.2.1 Variable Selection in High-Dimensional Feature Space

We first consider the observed data (y;,®])", with y; and x; denoting a clinical
outcome and a p-dimensional predictor, respectively. Let 8 = (Bi,...,5,)", then

without specifying the distribution of y;, we construct the following regression model:

9By | )y = /B8, i=1,...,n, (1.1)



with ¢g{-} being a link function and E(y | ) denoting the conditional expectation of

Y given .

Over the past decades, a unified approach to model selection for (1.1) has been

suggested—optimization penalized likelihood

L(B) + PA(B), (1.2)

with the loss function L(-) and penalized function Py(-). When y; is from Gaussian dis-
tribution with g{-} chosen as the identical link, minimization (1.2) based on (1.1) has
been well investigated from a frequentist perspective. Starting from the least absolute
shrinkage and selection operator (LASSO) using Li-penalty proposed by Tibshirani
(1996), a large number of methods equipped with various penalized functions have
been proposed to extend theoretical properties, improve practical performance or ac-
commodate to the emergence of new data structures. These approaches include the
nonconcave penalized likelihood variable selection using the smoothly clipped abso-
lute deviation (SCAD) penalty (Fan and Li, 2001), the least angle regression (LARS)
(Efron et al., 2004), the elastic net (Zou and Hastie, 2005), the adaptive LASSO (Zou,
2006), the group LASSO (Yuan and Lin, 2006) and many other extensions (Tibshi-
rani et al., 2005; Li and Li, 2008; Pan et al., 2010; Friedman et al., 2010; Wang et al.,
2009; Wu and Wang, 2013). Most of the above LASSO-type optimization problems

can be computed through the LARS algorithm by operating the entire solution path.

Compared with the frequentist approach, a huge advantage of Bayesian methods is
their ability to quantify uncertainty. Polson and Scott (2010) demonstrated that the
estimate based on a LASSO-type optimization method was equivalent to the posterior

mode under a Bayesian framework with a global-local (GL) prior

Bj ~ N(vajT)a w ~ f7 T~g, (13)



with properly specified f and g. In (1.3), 7 controls the global sparsity (spike) and
1, allows deviations (slide). The Bayesian LASSO (Park and Casella, 2008; Hans,
2009) is a canonical application of this type of method by setting an exponential

distribution for f to obtain a double-exponential prior.

The GL prior owns computational advantages compared with the other Bayesian
variable methods, however, it results in many of the ;s very small but not exact to
zero, which limits its application to some extent. The most widely used Bayesian
variable selection method for (1.1) in the literature is to set a conditional two com-
ponents mixture prior for the coefficients with one component concentrated at zero
(spike) and the other diffuse (slide). Specifically, we can introduce a latent selection
indicator v = (7, ...,7,) with 7; € {0, 1} indicating the selection status of ;. Then

one can assign a prior for 3;:

where 0% is a small value for spike and ¢%, is a large value for slide. Here 0% can

be viewed as a threshold for selection, and without prior knowledge, one can also

simplify (1.4) as

B 175~ (1 =73)8(0) + %N(0,05), j=1,....p, (1.5)

where §(0) represents a point mass at zero. Prior (1.5) indicates the preference to
only exclude 3; that exactly equals zero, and any coefficients, no matter how small,
can be selected into the model with enough data as long as they are distinct from
zero. In practice, it is intractable to calculate the posterior probability of ; based on
(1.5) and (1.4) exactly. Alternatively, rather than search for the entire model space,

George and McCulloch (1993) proposed a stochastic search method named Stochastic



Search Variable Selection (SSVS) to efficiently locate the optimal model in the poste-
rior inference. This technique is further discussed by George and McCulloch (1997);
Brown et al. (1998); Chipman et al. (2001). Such two-component variable selection
procedure has been extensively adopted by a wide range of applications (Yi et al.,
2003; Ishwaran and Rao, 2003; Theo and Mike, 2004; Sha et al., 2006; Li and Zhang,
2010; Stingo et al., 2011; Goldsmith et al., 2012; Huang et al., 2013). Different from
the classical slide and spike method, more recently, Johnson et al. (2012) proposed
a new model selection procedure by imposing nonlocal prior densities (Johnson and
Rossell, 2010) for the coefficients. Such nonlocal prior owns the advantage to have
a zero density function in the case of a zero model parameter, and has been shown
to have a promising performance in the high-dimensional and ultra high-dimensional
cases (Johnson, 2013). However, due the complex prior formulation and potentially
intensive posterior computation, both the first and second topics of our work adopt

the point mass mixture approach as in (1.5).

Although regression models are widely used for the selection of informative fea-
tures associated with an outcome variable, in some situations, we are interested in
identifying certain type of features, like the third motivating example, to study the
periodicity behavior of genes without an outcome variable. To conduct such selec-

tion/detection, we assume the following mixture distribution

pofo(x) + p1fi(x) (1.6)

of the observed data which forms a classification problem. Bernardo et al. (2003)
proposed a two-step procedure to address the problem by reducing the dimension of
the data via Principal Component Analysis (PCA) following with a mixture model.
By incorporating biological information, Wei and Pan (2012) used a two-component

Gaussian mixture model with a Markov random field prior to jointly study multiple



gene networks. Tadesse et al. (2005); Hoff et al. (2006) adopted finite mixture of
Gaussian distributions with model parameters updated through Markov chain Monte
Carlo (MCMC). To further release the model assumption, Kim et al. (2006) conducted
clustering via Dirichlet process mixture models which allows the flexility on cluster
number and could better fit the data. In the third topic, with the goal to select
genes with periodic behaviors, we formulate the problem into a clustering procedure
and adopt a Bayesian nonparametric mixture model with network information also

incorporated.

1.2.2 Incorporating Biological Information

In biomedical studies, the biological information/knowledge that we learn from pre-
vious research findings has always been an important factor that leads the feature
selection procedure to a more biologically interpretable direction. For example, in
a gene selection problem, incorporating the gene network/pathway information can
greatly improve the selection accuracy (Li and Li, 2008; Pan et al., 2010; Stingo et al.,
2011) and obtain scientifically meaningful results. In a study on the identification of
imaging biomarkers, the relevant brain functional networks are very useful to facili-
tate the problem solving and provide valuable insights behind the results (Goldsmith

et al., 2012; Huang et al., 2013).

From a frequentist perspective, incorporating the biological information into fea-
ture selection has been implemented in multiple scenarios by constructing different
penalized functions accordingly (Tibshirani et al., 2005; Li and Li, 2008; Pan et al.,
2010; Yuan and Lin, 2006; Friedman et al., 2010; Wang et al., 2009; Wu and Wang,
2013). Those approaches have been widely adopted for feature selection or prediction
in various applications, particularly in genomic studies, to import gene network /path-

way information.
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In a Bayesian framework, it is natural to incorporate such biological information
through the prior setting for the latent selection indicators or the coefficients with the
former approach more often used. Specifically, under model (1.1), with an undirected
graph G representing the biological connectivity information among the p predictors,

we can specify an Ising / Binary Markov random field (MRF') prior for + as

YIn § eXp(UZ%‘JrﬁZZI[%:%])- (1.7)

=1 jrk

Here, “5 ~ k7 represents predictors j and k are biologically connected in G. We refer
to n as the sparse parameter which controls the overall sparsity among « and ¢ as
the smooth parameter which regulates the impact from the biological information.
In the presence of high-dimensional data/big data, the posterior inference for Ising
parameters 7 and & can lead to intractable computation due to the calculation of
the normalized constant. Even through the posterior inference can be proceed under
path sampling method (Gelman and Meng, 1998) or certain strategies for smooth
parameter by Smith and Fahrmeir (2007), most of the previous work (Li and Zhang,
2010; Stingo et al., 2011; Goldsmith et al., 2012; Huang et al., 2013) still fixed these
parameters in the posterior inference based on either a biological priori or the cross-
validation approach. In the absence of prior knowledge, particularly, one can also
assign a zero external field-remove the sparse parameter 7 in (1.7) as the previous
work Smith and Fahrmeir (2007); Barbu and Zhu (2007); Johnson et al. (2012), which
can also ease the computation. When ¢ = 0, prior (1.7) reduces to independent and
identically distributed Bernoulli distributions with no biological information incorpo-
rated. In the first topic, we hierarchically incorporate both biological connectivity
among the functional predictors and the spatial information within each curve. In
the second topic, we consider the functional connectivity among ROIs and the spatial

information among the voxels. And in the third topic, the gene network information
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is directly incorporated. In this dissertation, we adopt different strategies to estimate

Ising parameters.

1.3 Outline

The remainder of the dissertation proposal is organized as follows. In Chapter 2, we
propose a unified Bayesian framework for hierarchical feature selection of structured
functional predictors measure with error. In Chapter 3, we develop a Bayesian feature
selection method for ultra high-dimensional data based on a multiresolution approach.
In Chapter 4, we investigate gene selection via Bayesian nonparametric method. We

finally conclude this dissertation with discussion and future plans in Chapter 5.
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Chapter 2

Bayesian Hierarchical Feature
Selection of Structured Functional

Predictors Measured with Error
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2.1 Introduction

Functional data, measured temporally or spatially, have been regularly collected in
many biomedical and epidemiological studies. In these studies, it is often of interest to
investigate the association between a scalar outcome and functional predictors while

also conducting feature selection between and within functional predictors.

2.1.1 Functional Data Analysis

Ramsay and Silverman (2005) provides a nice, thorough review of different types of
models for functional data. In particular, when assessing the relationship between
multiple functional predictors (say, 6,(-), j = 1,...,m) and a scalar response (say, y),
the generalized functional linear models (GFLMs), an extension of the Generalized

Linear Models (GLMs) in the presence of functional predictors, are a natural choice,
JEWO0T =L ml = ot [ o080
j=1

where (;(-)’s are the functional coefficients and g(-) is a monotonic and smooth link
function. GFLMs have been intensively investigated in recent years (James, 2002;
Miiller and Stadtmuiiller, 2005; Malloy et al., 2010; Yao et al., 2005; Reiss and Ogden,
2007; Kréamer et al., 2008; Reiss and Ogden, 2009). In many studies such as our moti-
vating study, functional predictors are not fully observed, in which case [ 6;(t)3;(t)dt
is intractable and needs to be approximated in order to fit GFLMs. To this end,
one approach is to approximate 0;(-) using a truncated series expansion based on a
set of basis functions; for example, James (2002) used cubic spline bases and Yao
et al. (2005) used a set of parsimonious bases obtained from functional principal

component analysis (FPCA) (Yao et al., 2005). Alternatively, one can fit discretized
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GFLMs (Reiss and Ogden, 2007, 2009; Malloy et al., 2010). In the presence of mea-
surement error in functional predictors, a popular, desirable approach is to jointly
model the scalar outcome and the error-contaminated functional predictors (James,
2002; Crainiceanu et al., 2009); a less desirable approach is to estimate functional
predictors first and plug their estimates into GFLMs, which ignores the uncertainty

of estimating functional predictors and underestimates the true sampling variance.

Functional data analysis has been extended to multi-level functional data such as
the biomarker curve data in the motivating study. For example, Morris and Carroll
(2006) adopted a wavelet-based Bayesian approach for modeling multi-level functional
data and applied their methods to a colon carcinogenesis study, and Baladandayutha-
pani et al. (2007) considered a similar setting and proposed a hierarchical Bayesian
model to account for spatial correlation among functions measured from the same
study unit; however, these authors focused on models with functional biomarkers
as outcomes, which is fundamentally different from our setting. Crainiceanu et al.
(2009) have extended GFLMs to handle multi-level functional data that were mea-
sured temporally; their approach used multi-level functional principal component
analysis (MFPCA) (Di et al., 2009) to derive basis functions and also accounted for

measurement error in functional predictors.

2.1.2 Feature Selection in GFLMs

There has been limited work on feature selection in GFLMs and most existing meth-
ods focus on the case of no measurement error in functional predictors. For feature
selection between functional predictors, Zhu et al. (2009) proposed a Bayesian hier-
archical model for classification which also accounted for batch effect; their approach
for variable selection was to specify a hierarchical mixture prior on functional coeffi-

cients ;(-) along the lines of stochastic search variable selection (SSVS) proposed by
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George and McCulloch (1997). A more recent work by Lian (2011) adopted a regu-
larization approach to select functional predictors in functional linear models using
group smoothly clipped absolute deviation penalty (SCAD), where the coefficients of

basis functions for the same functional predictor were grouped together.

To conduct feature selection within functional predictors, i.e., identify regions
where () = 0. James et al. (2009) proposed to enforce sparsity in the deriva-
tives of (-) and Tian and James (2012) proposed a different approach by expanding
B(-) based on a set of piecewise constants or linear basis functions that are inter-
pretable. Alternatively, regularization methods such as lasso and SCAD have been
used in functional linear models to realize selection of basis functions for modeling
B(-) (Zhao et al., 2012; Lee and Park, 2012), which does not directly lead to fea-
ture selection within functional predictors; however, if B-spline basis functions are
used, such an approach can induce sparsity in the estimate of 5(-) and hence feature

selection within functional predictors (Zhou et al., 2012).

To the best of our knowledge, no methods have been proposed to conduct hierar-
chical feature selection between and within functional predictors, not to mention in-
corporating structural information. In particular, different from Zhu et al. (2009), we
investigate feature selection between and within functional predictors that is guided
by structural information through a class of Ising priors (Li and Zhang, 2010). While
there has been considerable interest in incorporating structural or biological infor-
mation in feature selection in recent years (Li and Li, 2008; Pan et al., 2009; Li and
Zhang, 2010; Stingo et al., 2011), this approach has not been adopted for functional

data.

The novel contributions of our work are several-fold. First, it makes the first at-
tempt to propose a unified framework for hierarchical feature selection between and

within functional predictors in GFLMs. Second, with a consideration for measure-
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ment error, we incorporate a hierarchical Bayesian model for multi-level functional
data into the joint-modeling framework. Third, our approach incorporates two levels
of structural information into feature selection, leading to more biologically meaning-
ful and interpretable results. Lastly, we assign Gaussian process priors to multi-level
functional predictors in the model and adopt a discrete approximation, which is more
amenable to our hierarchical feature selection procedure. More importantly, this
approach circumvents the issue of varying variable dimensions and simplifies the pos-
terior computation as an alternative to more complicated trans-dimensional MCMC
algorithms. In addition, different covariance functions such as the exponential kernel
and theM atérn kernel can be specified for Gaussian process priors in light of different

degrees of smoothness.

2.2 Model Formulation

2.2.1 Basic Structure

To fix ideas, suppose that the observed data have the same multi-level structure as the
motivating data described in Section 1.1.1. For subject i (i = 1,...,n), let y; denote
the binary outcome, s; denote a set of p scalar predictors including an intercept term,
and {X,x(t) :7=1,....m;k=1,...,¢;5;l =1,..., L} denote the observed, error-
contaminated functional data at design point [ (e.g., crypt location) of replicate curve
k (e.g., crypt k) for functional predictor j. Without loss of generality, we focus on
the case of a balanced design, i.e., the set of design points {¢,t,...,¢.} is the same
for all functional predictors and for all subjects. It is straightforward to extend our

method to data with unbalanced design or data with a different multi-level structure.

For the multi-level functional data, we denote by 6, (-) the true replicate curve k
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for predictor j from subject i, by 6;;(-) the true curve for predictor j from subject 4,
and by 6;(-) the true mean curve for predictor j across all subjects. Let 7 denote
the compact domain of all functional predictors; without loss of generality, we take
T =10,1], ¢t =0 and t;, = 1. We model y; through a GFLM with the probit link by

introducing a latent variable z; as follows,

Y = I[ZZ > O],
j=1"T

Xik(t) = biji(t) + €iju,

where I(A) = 1 if event A is true and 0 if otherwise, ¢; i N(0, 1) with N(u,o?)

denoting a normal distribution with mean p and standard deviation o, and €;;, =
(€ijk1s €ijk2y - - - €ijir)” ~ N(0,Q) with Q@ = ¢%I; and I, denoting an identity ma-
trix of L x L. The parameters of interest include the scalar coefficients a and
the functional coeflicients {£1(-),...,0n(")}. Write Y = (y1,92,....Yn), Xij =

(Xijk(t1)7 e ,Xz'jk(tL))T, X = {X”k,Z = 1, e ,n;j = 1, Ce ,m;k = 1, e ,q,;j}.

We adopt a Bayesian hierarchical model with Gaussian process priors for the func-

tional predictors at each level of the hierarchy. Specifically, the proposed priors are:

a ~ N(0,021,), (2.2)
Oiji(-) ~ GP(0i;(), Ka(50)), (2.3)
0i;(-) ~ GP;(-),Ks(-, ), (2.4)
0;(-) ~ GP(0,Ks(--)), (2.5)

where GP(u(-), (-, -)) denotes a Gaussian process with mean function yu(-) and co-

variance function (-, -).
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2.2.2 Priors for Functional Coefficients: Feature Selection

We investigate three prior models for 5;(-) (j = 1,...,m) and their utility in feature

selection. We start with a model assuming that f3;(-) is a Gaussian process, i.e.,

Bi() ~ GP(0,Ky(:-))-

Under this model, §;(-) is almost surely non-zero in any specific region of 7; thus,

this model does not directly allow for feature selection at any level.

To enable feature selection between functional predictors, we assume

Bi()=CiBi(), i) ~ GP(O, Ka(--), (2.6)
where C; € {0,1} is a latent selection indicator. If C; = 1, 8;(-) = f3;() is a Gaussian
process, indicating that functional predictor j is selected. If C; = 0, §;(-) = 0,
indicating that predictor j is not related to the outcome. It follows that model (2.6)

is equivalent to a mixture of Gaussian process and a point mass concentrated at a

function that equals zero everywhere, denoted by §(0),

Bi() [ Cy ~ (1=C5)5(0) + C3GP(0, Kyl:,-))- (2.7)

We refer to the model based on (2.6) as the Selection Between-Predictor Model

(SBPM).

To conduct hierarchical feature selection between and within functional predictors,

we need to modify prior (2.6) further. To facilitate feature selection within functional
predictors, we introduce a set of grid points and, to simplify exposition, we consider
the case where the set of grid points for feature selection is the same as the set of design

points in the observed data {t; = 0,t,...,t;, = 1}. However, our method can be read-
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ily extended to conduct feature selection in a set of arbitrarily chosen subintervals by
introducing additional grid points and we provide a brief discussion on this extension
in Section 2.6. Given the set of grid points t = {¢;,l =1, ..., L}, the compact domain
T =[0,1] is divided into L — 1 subintervals, {[t;,t;41) : 1l =1,2,..., L — 2;[tr_1,tL]}.
We then introduce a set of lower level latent indicator variables for each functional
coefficient f;(-), namely, v; = {y;; € {0,1}:{=1,...,L — 1}, where 7; = 0 indi-
cates that (;(-) = 0 in the subinterval [t;,t,11). To ensure selection consistency at

both levels, we impose a constraint on ~; as

max{vy,} = C;, j=1,...,m, (2.8)

which essentially avoids the situation that a functional predictor is selected but none

of its regions is selected.

Given ~;, the functional coefficient j is divided into R; regions and each region
includes a set of contiguous subintervals that have the same ~ value; we denote by
K the number of such regions with v = 1, i.e., the number of selected regions where
B;(+) is allowed to be nonzero. It can be shown that K; = [(R; + v;1)/2|, where |z]

is the largest integer not greater than x, and

L-2 L2
Ri=> I(lvay—wml=D+1, K=Y I(yem—y=1+r
=1 =1

For example, as illustrated in Figure 2.1, given L = 8, v; = {0,0,1,1,0, 1, 1} indicates
that ﬁ]() =0 in [tl,tg) U [t5,t6) and ﬁj() 7é 0 in [tg,t5> U [t6,t8] with Rj =4 and

K; = 2. We define an index set b; = {bjr}ii({ based on =, as follows,

bjl = mm{l . ’le = 1},

bjr - l>€’rjl(irri1){l : Pyﬂ =1- ijj(Tfl)}’ = 2’ B QKJ N 17
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and bjek;) = minl>bj(2Kj71>{l typ=1-— ’yjbj(ZKjfl)} if R; — ;1 is an odd number and
bjex,) = L—1 if R;—~;1 is an even number. The set, I;j, essentially includes the indices
of grid points that are at the two ends of each selected region with v = 1 for functional
predictor j and there is a one-to-one mapping between «; and l~)j (j=1,...,m). Inthe
aforementioned example (Figure 2.1), with «; = {0,0,1,1,0, 1,1}, the corresponding

index set is l~)j = {3,5,6,8}. Given l~)j, we can write the set of selected (active) regions

. . K; K;
for predictor j as R; = Up21[th, o_1)» ;o)) = Ui Rk

YVin=0 v2=0 vyi3=1 yu=1 ys=0 ye=1 vyp=1

F----- F----- : : Fo- - : : |
t; t, ts ty ts te t, tg
b]1:3 b]2:5 b]3—6 b]4:8

Figure 2.1: Relationship between ¢, ; and I~)j. The dashed lines represent the non-selected
regions and solid lines represent the selected regions.

To enable selection within functional predictors, we modify prior (2.6) given C}

and ~y; as follows,

500 =S Iy (B0 B) ~GP(O, Kl ), (2.9)

where the indicator function Iz, (t) = 1if ¢ € R and 0 if otherwise. Given C; = 1,
model (2.9) implies that 3;(-) is allowed to be nonzero in R; and 3;(-) = 0 in R; where
R; denotes the set complement of R; in 7. Similar to (2.7), integrating out Bj(-), prior
(2.9) is equivalent to a mixture prior distribution with its mixture components in-
dexed by different values of R; (or equivalently, ~;); for a given R, ZkK; r, () 3,0
defines the form of the distribution for the corresponding mixture component, which

is constructed from a Gaussian process. For example, for R; = [0, 1], the correspond-
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ing mixture component is GP(0, Ky4(-,-)); for R; = @, the corresponding mixture
component is §(0). It follows that the number of components is the number of values

that R, can take. We refer to the model based on (2.9) as the Hierarchical Feature

Selection Model (HFSM). Of note, while this prior assumes that £;(-) is continu-

ous within each selected region R i, it does not impose continuity conditions at the
boundary points {t;, :r =1,...,2K;}. The SBPM is a special case of the HFSM,
since prior (2.9) reduces to (2.6) when v; =1 foralll=1,...,L — 1 or equivalently

R; can only take the value of [0, 1].

2.2.3 Hyperpriors: Incorporating Structural Information

Structural information is incorporated through hyperpriors on C' = (Cy,...,Cp,)T
and v = {v;,7 = 1,...,m}. Suppose that the structure of the functional predictors
is represented by an undirected graph G where an edge indicates that two predictors
are connected biologically either in the same pathway or with the same biological
function as shown in Table 1.1. Based on G, we define an m X m connection matrix
R = (rg) where ry = 1 if functional predictors s and ¢ are connected in G and 0
if otherwise. We introduce an Ising prior for C, the indicator for feature selection

between functional predictors, as follows,

C|n o exp nz Z IIC; =Cyl |, (2.10)

J=1 k=1

which naturally incorporates the structural information in G. In the absence of prior
information, we here assign a zero external field in (2.10) (Smith and Fahrmeir, 2007;
Johnson et al., 2012; Barbu and Zhu, 2007), resulting in the marginal probability of
P(C; | n) = 0.5 for each j = 1,...,m. The parameter n > 0 controls the degree

of smoothness of C over G. When 1 = 0, the prior (2.10) reduces to independently
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identically distributed Bernoulli priors, which does not incorporate any structural in-
formation between functional predictors. We can assign a prior for 1, n ~ Unif(0, U,)
with a pre-specified U,), e.g. U, = 10, where Unif(a, b) denotes a uniform distribution
in (a,b). When m is not too large, we can calculate the normalizing constant in the
Ising prior, namely, 2(n) = Y- cez exp(n -, > ki1 105 = Ci]) with Z being the
domain of C, which allows for posterior inference for . This approach is adopted in

our numerical studies.

To incorporate the spatial information within each functional predictor, we assume
a conditional Ising prior for vy, the indicator for feature selection within each functional

predictor, given C|, as follows,

L-2 m
Y| C o exp (fzthjl = %‘(l+1)]> H-’(mlaXij = Cj), (2.11)

j=1 1=1 j=1

where £ controls the degree of smoothness of v over the spatial structure of each func-
tional predictor. Essentially, this prior treats two adjacent subintervals as connected.
Similarly, when & = 0, prior (2.11) reduces to independently identically distributed
Bernoulli priors with no spatial information incorporated. Since = is often of high
dimension even for moderate m, we choose to pre-specify £ to avoid intractable com-
putation. We propose to run MCMC for different £ values and select an optimal value
of ¢ based on a chosen criterion. In our numerical studies, we use the posterior Bayes

factor (Aitkin, 1991) for its ease of computation.

The hyperpriors for the remaining parameters introduced in Sections 2.2.1 and
2.2.2 are as follows. The covariance functions for Gaussian processes (2.3) — (2.5) and
(2.9) are assumed to be ICy(s,t) = 77 exp{—p(s —1)*},Vs,t € T, p=1,2,3,4. Other
covariance functions can also be used depending on the specific property of the data.

To set a fairly noninformative prior for a, we specify a large value for its variance o2,
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e.g., o4 = 20. The hyperpriors for other parameters are
o? ~1G(ay, (), p ~ Unif(0,U,), T]f ~1G(az, (), p=1,2,3,4

where IG(a, ¢) denotes an inverse gamma distribution with shape o and scale ¢ and

a1, ag, (1, and (, are pre-specified.

2.2.4 Model Approximation

To conduct posterior inference for the SBPM and the HFSM, we adopt a discretized
representation of model (2.1); specifically we approximate [ j3;(¢)0;;(t)dt using the
trapezoidal rule, similar in spirit to the discrete model formulation in Malloy et al.
(2010). Such a model approximation, though not as widely used as the approach
of basis expansion, facilitates one essential idea in our approach — feature selection
within each functional predictor. Since the SBPM is a special case of the HFSM, we
only discuss the model approximation for the HFSM, which can be readily modified
to accommodate the SBPM. Similar to what is encountered in Section 2.2.2, we need
to choose a set of grid points for model approximation. Again, we focus on the case
where the set of grid points for model approximation is the same as the set of design
points, i.e., {t1,ts,...,t1}, and our numerical studies in Sections 2.4 and 2.5 show
that this approach performs well when the number of design points in the observed

data is moderate to large, e.g., L = 20.

We denote functional predictors 6;(-), 6;;(-), 0:ix(-) and functional coefficients
B;(-) at design points by 0; = (0;(t1),...,0;(tr)", 0 = (0ij(t1),...,0:(t))",
0. = (0 (t1), ..., 0k (tr))", and B; = (B(t1), ..., B;(tr))", respectively. We denote
the index set of selected (active) functional predictors by S = {j : C; = 1}, and the

index set of selected (active) grid points for predictor j by Q; = Ufil(bj(%,l) : bj(ar))
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where (a : a') = {a,a—|— 1,...,a'} for integers a < a'. It follows that vi = 1if
l € Q;, otherwise v;; = 0. Let d; = |Q;| denote the number of active grid points for
predictor j where | - | is the cardinality of a set. Given C' and -y, we denote selected
functional coefficients at design points in selected regions by 85 = (8;(t,),l € Q;)"
(of dimension d; x 1), and write B8s = (8;",j € S)" (of dimension (3, gd;) x 1)
representing a collection of functional coefficients corresponding to all the select-
ed functional predictor segments. Similarly, we write selected functional predic-
tors at design points in selected regions by 67 = (0;(t;),l € Q)" (of dimension
d; x 1). We write 0s; = (65,5 € S)" (of dimension (3, gd;) x 1) and 05 =
(051,052, - - ., 0sy) (of dimension (3 ;s d;) xn). Under the SBPM, 37 and 6;; simply
become 3; and 0;;, respectively. Denote by At ; a diagonal matrix with the diagonal

elements as (Atg(g1), Ag(ge2), Atigr1)(g+3), - - - Db(r-3)(7-1), Db(r-2)(7-1), Dt(s-1)7),

where Aty = 2 ;t". Define AT} as a block diagonal matrix with K blocks and

the kth block being Aty and AT as a block diagonal matrix with |S]|

(2k—1):05(2k)

blocks and the diagonal blocks being ATj (j € S). Then, model (2.1) is discretized

according to the trapezoidal rule as follows,

4 o= sla+) (05)TATH +,

jes
or in a more compact form,
Z = STa+(05)"ATBs +¢, (2.12)
where Z = (z1,...,2,)7, € = (e1,...,e,)T, and S = (s],...,;sI)T. In addition, it

follows from models (2.3)—(2.5) that the priors for the discretized functional predictors
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are as follows,
O ~ N(0ij, 77 H (p)), 0i; ~N(8;,73H(p)), 6; ~N(0,7H(p)),

where H(p) is the correlation matrix and its (p,q)th element is exp{—p(t, — t,)*}
(p,qg = 1,...,L). From model (2.9), the priors for the discretized functional coeffi-

cients 3] are

[B;k ’ Cj = 1,’}’]‘] ~ N(O,TEHj(p)),]: 1,...,m

where H7(p) is a sub-matrix of H(p), namely, H(p)[Q;, Q;], noting that Q; is the
index set of the active grid points in all selected regions of functional predictor j and

is used to index the corresponding rows and columns of H(p).

2.3 Posterior Inference

To conduct posterior inference, we adopt the Swendsen-Wang algorithm (Swendsen
and Wang, 1987) by introducing two sets of auxiliary variable u = {ug;ry = 1} and
v = {vjl,j =1,...ml=1,...,L — 2} for C and «. Each ug corresponds to an
edge in G that connects the functional predictor pair (s,t) and each v;; corresponds
to an edge in functional predictor j that connects two adjacent subintervals indexed
by [ and [ + 1. Specifically, given C and -, all the auxiliary variables are assumed to

be mutually independent and their conditional distributions are given by

m(us | Cyn) = exp(=nl(Cs = Cy)) - (0 S ug < exp(nl(Cs = Cr))),  (2.13)

(i | v;) = exp(={ (v = via41))) - 10 < wj < exp(§ (v = Vi) B-14)
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noting that & is pre-specified. The full list of parameters in our model is ©, O,
O;, B, 0%, a, %, p, C, v, u, v and 7, where ©; = (0;,j = 1,...,m), Oy =
(@i,i=1,....,n;5=1,...,m), O3 = (Ojjp,i=1,....n;5=1,....m;k=1,...,q;),
B=(8;,7=1,...,m),and 7% = (72,...,7). To speed up the convergence of the

posterior simulation, we integrate out parameters @3, ®{, 3 and « in the model.

This leads to the target distribution of our MCMC algorithm:

W(Za 927T270-2apa Ca’77u7v’n | Y7X)

x 7Y | Z)n(Z | Oy, C,v, 7% p)n(X | O, 7%, p,0)1(Os, 72, p, 0% )7 (C, vy, u, v(H)L5)

A detailed formulation for (2.15) is provided in Appendix 2.7.1. The posterior
inference is similar for the SBPM and the HFSM and the main difference is in
the updating scheme for the latent indicators C' and ~, noting that the SBPM
does not involve . Thus, we focus Sections 2.3.1 and 2.3.2 on the posterior in-
ference for C' and < under each model. The details of the complete MCMC al-
gorithm are provided in Appendix 2.7.2. Given simulated samples from the poste-
rior distribution (2.15), it is straightforward to make posterior inference on other
parameters in the model by conditional sampling. For example, recall that each
sample of C' and = partitions the functional coefficient 8 into two parts Bs and
B_s = (B7,7 € 8),(8],j ¢ S)]" where B = (B;(t:),1 ¢ Q;)". Thus, to obtain
a sample from the posterior distribution of B3, we draw Bs from N(ug, X3) and set
B_s = 0, where X5 = [ATOs{I, — S(L,o5* + STS) ' STYOLAT + (72H*(p)) 4]
and pug = X - (ATOs){I,, — S(I,o5* + STS)"18T} . Z. We note that our posterior
simulation algorithm is similar in spirit to the SSVS algorithm proposed by George
and McCulloch (1997) and the Bayesian variable selection approach by Li and Zhang
(2010) and the dimension of the parameter space in our MCMC algorithm does not

change.
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2.3.1 Posterior inference for C under SBPM

Note that in (2.21) a value ug > 1 indicates Cy = C;. Hence, given a sample wu,
we partition the m functional predictors into G classes (F 4,9 = 1,...,G) with [,
functional predictors in class g (¢ = 1,...,G), and the predictors in the same class
are either added to or dropped from the active set S together. The full conditional
distribution of C follows a discrete distribution with N = 2¢ elements which is given

by

™(C = (¢cry,...,¢r,) | Z,8,0s, 7% p,u)
ZT{W + (5 — SW)Z,(S — SW) }Z}
2

Sl [Zalt exp | H(p)] {2.16)

where ¢, = ¢g1;, with ¢, € {0,1} (9 = 1,...,G), 14 is a d-vector with all elements
equal to 1, ¥y = {(AT - 05)(AT - 0s)" + (i H*(p) 1}_ (AT -05)TS (AT -
0s), and X, = (STS — STW S+ I,0,%)~*. Here, H*(p) and AT are defined as those
in Section 2.2.4 with Q; = (1 : L) for j € S, i.e., without feature selection within

functional predictors.

The above algorithm becomes computationally intensive when G becomes large.
As an alternative, we update each element in Cr, = (C},j € F,) for g =1,...,G

directly from a Bernoulli distribution:

7T<Cj/ g kllg ‘ CL/ g7Z7 57035T27p7 U)
ZT{W + (S — SW)S.(S — SW)T}Z]
2

1 1 1
o Sy} [Zalb exp | [TEH (p) 2.17)

where k takes values O or 1, and C_;, = (Cy,...,Cr, ,,Cr ..,...,Cr ).
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2.3.2 Posterior Inference for C' and v under HFSM

Under the HFSM, both C' and ~ are included in posterior inference to realize hierar-
chical feature selection. We consider two algorithms for updating C' and . One is a
nested Swendsen-Wang algorithm through which we jointly update (C,~). In (2.21),
a value vj; > 1 indicates v = 7j41), thus, u and v divides all functional predictors
into G classes; it also divides the set of L —1 subintervals for each functional predictor
J into H; groups with their index sets defined as {¢;,,h = 1,..., H;} and group h
has L, elements (h = 1,..., H;) with 3377 1 = L — 1. Let Y, = (75,7 € Fy).
Given the constraint (2.8) on -, a natural extension of (2.17) for the posterior in-
ference for (Cy,,~,) is implemented by drawing from a discrete distribution with
N =1+]l¢ g(QHJ' —1) elements. However, this algorithm becomes computationally

infeasible even for moderate G and H;’s.

To mitigate this problem, we consider an alternative approach by using a Metropolis-
Hastings (MH) algorithm to jointly update (C, ). We choose the following proposal

distribution:
g(C* v | CV 4 P SR = n(v|C"P,S) pC"|S R), (218)

where the superscript “«” and “(0)” denote the proposed and the current parame-
ter value respectively, and P = {Z,0s,7% v,p,n}. The term p(C* | S, R) is the
marginal posterior probability of C' defined under the SBPM and 7(~v* | C*, P, S) is
the conditional posterior probability of v* defined under the HFSM. Drawing (C*, v*)
from this proposal entails two steps. We first draw C* from the posterior sample of
C generated using the algorithms in Section 2.3.1 based on (2.16) or (2.17). Subse-
quently, given C*, we draw ~* from its full conditional (provided in Appendix 2.7.2)

with C' fixed at C*. One can show that p(C | S, R) > 0 for any C, so the sample
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space for C under this proposal function is the same as that for C under the HFSM,
making (2.18) a valid proposal. In addition, our numerical studies show that this

proposal achieves satisfactory performance.

2.4 Simulation Studies

We conduct simulation studies to assess the performance of the proposed approach
in terms of hierarchical feature selection for structured functional predictors. Since
no existing methods can handle hierarchical feature selection between and within
functional predictors, we focus on comparing the HFSM and the SBPM and note
that the approach by Zhu et al. (2009) is similar to the SBPM but cannot incorporate
the biological information between functional predictors. Each Monte Carlo data set,
containing n = 50 or n = 100 subjects, is generated based on models (2.1) and
(2.3)-(2.5) including eight functional predictors and one scalar predictor. The scalar
predictor is generated from a uniform distribution on (—15,25). The intercept and
the scalar coefficient are set to @ = (1,1). The underlying true curves for each
functional predictor — namely, 6;;%(-), 6;;(-) and 6;(-) — are generated from models
(2.3)-(2.5) with 77 = 77 = 72 = 0.5 and p = 36, where 1 = 1,...,n, j = 1,...,8,
and £ = 1,...,10. Given 6;;(-), the observed functional data X are generated at
20 equally spaced design points between 0 to 1 with independent measurement error
added. To examine the effect of measurement error, all components of o2 are set to 0.1
or 0.2. The functional predictors are structured through the network that contains
edges {1~4,2~4, 3~4, 4~5 5~6,5~7, 5~ 8} with functional predictors
4 and 5 as the central nodes. Following this structure, we set the true values for C
as (1,1,1,1,0,0,0,0). The binary outcome, Y, is generated from model (2.1) where

the integrals are calculated using the approach of Gaussian quadrature. The true
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functional coefficients are set as (1(t) = 0.5 + 9sin(4t + 1), Ba(t) = 1.5 — 8sin(6t),
Bs(t) = 1—8sin(ct+1) with ¢ = 19/14 x (arcsin(0.125)+4), B4(t) = 1+8sin(4t—1.05),
and f5(-) = -+ = [g(-) = 0. In addition, to evaluate feature selection for both
discontinuous (51 (+) and 53(+)) and continuous (33(-) and S4(+)) functional coefficients,
we set £i(-) = 0 in (0.000,0.315) and (0.632,1.000), Bo(-) = 0 in (0.263,0.789), and
Ps(-) = 0 in (0.000,0.737), whereas £4(-) remains unchanged.

Given the simulated data (Y,.S, X)), the analyses are conducted using both the
HFSM and the SBPM, where we use the set of design points as the set of grid points
for discretizing the GFLM and for feature selection. In both models, we use a flat prior
for a with of = 20 and set hyper-parameters a1, az, ¢; and (s to 1 and U, to 1000. We
let the smoothing parameter £ in the Ising prior for  vary in (0.0, 1.0, 1.5, 2.0, 2.5, 3.0)
to investigate the effect of different £&. We use the marginal posterior mode of C' and
~ to conduct feature selection. In each simulation scenario, multiple chains with
random initial values are run for 5000 iterations with the first 2000 as burn-in. Our
results show that the posterior inference is insensitive to initial values and a proper

mixing for each parameter is verified by the trace plots.

In all settings, the posterior samples of C' converge to its true value within 30
iterations, indicating a good performance of our method on feature selection between
functional predictors. Therefore, we focus on feature selection within predictors and
we calculate the sensitivity (Sens) and the specificity (Spec) for feature selection
within -,

> (ineso Lpr(y = 1) > 0.5) G oo Sngs (i =1) < 05)
50 P mL — [ >

Sens =

where 8° = {(j,1) : v;; = 1} is the true active set in v and pr(y;; = 1) is the marginal

posterior probability of v;; = 1.
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Table 2.1 summarizes the simulation results for different settings. The proposed
approach achieves a very good performance under n = 50 and a larger sample size
(n = 100) leads to only modest improvement in performance. When ¢ is between
1.0 and 2.0, the proposed approach achieves a satisfactory performance in feature
selection with both the sensitivity and the specificity approaching 1. As ¢ increases,
the sensitivity further approaches or remains at 1, whereas the specificity gradual-
ly decreases and approaches that of the model with only feature selection between
predictors (i.e., the SBPM). This is expected since larger values of ¢ induce stronger
effect of the Ising prior on the posterior inference of ~; eventually, the Ising prior
would dominate the likelihood and, in our case, result in the same values in the
posterior samples for all v’s that are connected in a network. The impact of o2 is
moderate in our simulation studies and the results in the cases of 02 = 0.2 and 0.1
are comparable given the same sample size, showcasing the ability of our model to
handle measurement error. The criterion of the posterior Bayes factor is presented in
Table 2.1 with the model under £ = 0 as the reference; an optimal value of £ = 1.5 is
chosen for both ¢? values under n = 50 and £ = 1.5 (£ = 1.0) is chosen in the case
of 0> = 0.1 (62 = 0.2) under n = 100. As shown in Table 2.1, £ = 1.0 and £ = 1.5
lead to two of the best results in feature selection, confirming the usefulness of this

tuning strategy.

To further evaluate the performance on feature selection within functional predic-
tors, Figure 2.2 presents the marginal posterior probability of v = 1 for the selected
functional predictors (i.e., 41 through ~,) under n = 50 in the case of ¢ = 0.1 and
¢ = 1.5. Figure 2.2 shows that our model correctly selects most of the nonzero re-
gions for «; and =3, which have considerably higher posterior probabilities of being
selected than the zero regions. The only false positive in the second curve is located

closely to the transition point between zero and nonzero regions. For (4(-) which has
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o2 =0.1 02 =0.2

n 19 Sens Spec PBF Sens Spec PBF

0.0 0.750 0.982  referent 0.725 1.000  referent

1.0 0.900  0.991 46.244 0.800 1.000  -47.314

1.5 0.925 0.991  195.809 0.900  0.991 26.954

50 2.0 0.950  0.973  185.245 0.925  0.991  -55.004
2.5 0.950  0.929 66.696 0.950  0.884  -69.436

3.0 1.000  0.804  131.257 0.950 0.839 -25.775
SBPM 1.000  0.679 -2.195 1.000  0.679 -308.282

0.0 0.800 0.955  referent 0.850  0.964  referent

1.0 0.900  0.982 -114.533 0.950  0.982  338.773

1.5 1.000  0.982  280.001 1.000  0.982  -70.689

100 2.0 1.000  0.964  118.216 1.000  0.938  -14.098
2.5 1.000  0.848 91.300 1.000  0.884  -62.905

3.0 1.000  0.759  167.309 1.000  0.804  -40.732

SBPM 1.000  0.679 -338.464 1.000  0.679  -29.413

Table 2.1: Simulation results under different 0> and n. Sens and Spec, sensitivity and
specificity for v; and PBE, log posterior Bayes factor with the model under £ = 0 as the
referent.

no pre-specified zero region, the posterior mode of ~, is exactly equal to the truth;
however, the posterior probabilities of being selected are lower in the region (0.579,

0.737) than in the other regions. A closer examination reveals that this region is close

to the point where the true functional coefficient £4(-) crosses zero.

Finally, Figure 2.3 presents the posterior means and credible intervals for [ (-)
through (4(-) with a comparison between the HFSM under £ = 1.5 (right panel) and
the SBPM (left panel) in the case of 02 = 0.1 and n = 50, illustrating the differences
between the two models. As shown in Figure 2.3, for all four functional predictors,
the 95% credible intervals estimated by the HFSM cover the true curves and the
posterior means are fairly close to the truth. In the case of the SBPM, however, the
posterior inference fails to identify the regions in which each functional coefficient is

0, resulting in over-smoothed posterior means for such functional coefficients.
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Figure 2.2: Posterior probability of v = 1 for the functional coefficients that are selected
in the case of 02 = 0.1 and & = 1.5 (n=50). The symbol * indicates a true value of 1 for
the corresponding indicator . The dotted horizontal line highlights the cutoff of 0.5.

2.5 Application to the Colorectal Adenoma Data

We apply the proposed approach to the motivating study introduced in Section 1.1.1.
In this study, a total of 17 functional biomarkers (Table 1.1) were measured, though
not all biomarkers were measured for each participant. Since the data processing is
still ongoing, the final results will be reported elsewhere once all data become avail-
able. Nevertheless, our current analysis of the data represents the first attempt to
identify functional biomarkers and their features that are associated with the risk for
colorectal cancer through hierarchical feature selection while incorporating biological
information. We conduct an analysis of seven functional biomarkers (namely, APC,
MSH2, bax, (-catenin, E-cadherin, MLH1, and TGFf;), for which data processing
has been completed. In the data set for our analysis, we have complete data for all
seven biomarkers in a subset of 44 subjects and the number of hemicrypts scored per
biomarker and per subject ranges between 1 to 76. Functional data measured at 24

equally-spaced design points between 0 and 1 are used to model biomarker profiles

34



with 0 representing the base of crypts and 1 representing the top of crypts. The bio-
logical information listed in (Table 1.1) and the spatial information are incorporated
through Ising priors (2.10) and (2.11), respectively, in the analyses. The outcome
variable, y, is binary with 1 for presence of adenoma and 0 for absence of adenoma;

our GFLM also includes a scalar predictor, age.

Both the SBPM and the HFSM are applied to the data set, where we again use the
set of design points as the set of grid points for discretizing the GFLM and for feature
selection. Similar to the simulation studies, we set 02 = 20, (a1, s, (1, () = (1,1,1,1)
and U, = 1000. We fit the HFSM with different values of the smoothing parameter £
in the Ising prior (2.11) for ~, ranging between £ = 1.0 to 3.0 with a step size of 0.1
as well as £ = 0, and we use the posterior Bayes factor to choose an optimal £ value.
For each model, starting with random initial values, we run MCMC chains for 5,000
iterations with a burn-in period of 2,000 iterations. The trace plots for all parameters

are checked for convergence, all showing satisfactory mixing.

The hierarchical feature selection is conducted based on the marginal posterior
mode of C' and «. TGFf; is the only biomarker selected by the SBPM and the
HFSM with different ¢ values and the marginal posterior probability for selecting
TGFpg; is greater than 0.9 in all models. For the HFSM, ¢ = 2.5 is chosen as the
optimal value based on the criterion of the posterior Bayes factor. Under this model,
the region between 0.435 and 0.826 for TGFf; is selected. The right panel in Figure
2.4 presents the posterior mean and 95% credible interval of the functional coefficient
B(:) for TGFpy; it shows that the 95% credible interval of 5(-) excludes 0 between
0.565 and 0.696, indicating that higher expression level of TGFf3; in this region is
associated with lower risk for colorectal cancer. In addition, the lower 60% and the
upper 40% of colon crypts are known as the proliferation zone and the differentiation

zone, respectively (Gerdes et al., 1993); the expression levels of biomarkers that are
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involved in cell cycle change in the transitional region. Our results indicate that
the expression level of TGF 5, near this transitional region is likely predictive of the
risk for colorectal cancer. To evaluate the goodness of fit of the model, a posterior
predictive assessment (Gelman et al., 1996) is conducted using a discrepancy measure,
the sum of mean x? discrepancy for y; and mean x? discrepancy for X;;;. The resulting

posterior predictive p-value of 0.542 suggests a good fit to the data.

When the HFSM with £ = 0 is used (i.e., feature selection is conducted within
functional predictors without incorporating the spatial information), no region within
the expression profile of TGFf; is selected with the posterior probabilities of v = 1
all less than 0.5; evidently, without incorporating the spatial information, signals
selected under the HFSM with ¢ = 2.5 — the region between 0.435 and 0.826 —
are lost. When the SBPM is used (i.e., feature selection is not conducted within
functional predictors), the estimated functional coefficient is fairly flat with its 95%
credible interval covering 0 throughout (the left panel of Figure 2.4), underestimating
the strength of the association between TGF(; and the outcome. In addition, we also
fit a GFLM without feature selection at any level and find no statistically significant
results, further demonstrating the importance of feature selection between and within

functional predictors.

2.6 Discussion

In this article, we propose a unified Bayesian framework for hierarchical feature s-
election of structured functional predictors in GFLMs, which also accommodates
multi-level functional data and measurement error. We present our method in a
simplified setup where the set of grid points for feature selection within functional

predictors and for model discretization are the same as the set of design points in
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the observed data. We briefly describe here how to extend our method to conduct
posterior inference on an arbitrary set of grid points. Suppose that we consider a set
of grid points that include all design points in the observed data and L* additional
points {t{',l = 1,...,L*}. A careful examination of our method shows that we can
conduct posterior inference using this set of grid points as long as we can generate
the posterior samples for 8f; = (0;;(t;),l = 1,..., L*). This can be readily achieved
through the posterior predictive distribution for 67, by recognizing that (65, 6;;) fol-
lows a multivariate normal distribution based on model (2.4). Specifically, we draw

0% from a conditional normal distribution given 6;; with 8;; drawn from its posterior

distribution.

In our numerical studies, we choose the marginal posterior mode of C' and ~ to
conduct hierarchical feature selection in our model. A different threshold can also be
used, in particular, if it is motivated by prior knowledge. In addition, the smoothing
parameter £ in the Ising prior (2.11) is fixed in posterior inference to avoid potentially
intractable computation. We use the posterior Bayes factor (Aitkin, 1991) to choose
an optimal value for £ for its ease of computation, which is shown to achieve good
performance in our simulation studies. In practice, we can also use other criteria such

as variations of the Bayes factor as discussed in Kadane and Lazar (2004).

Our model does not impose any continuity condition on functional coefficients
at the boundaries of selected and unselected regions, essentially allowing for jumps
within a functional coefficient at these boundaries. Such jumps may capture a sudden
change of biological events and are potentially biologically meaningful. In cases where
continuity holds true, our model is expected to still work given that our model relies
on a weaker assumption, as shown in our simulation studies. If such prior knowledge
is provided, our model can be extended to impose this condition by modifying the

mixture prior (2.9).
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2.7 Appendix

2.7.1 Marginalizing the Likelihood with respect to @3, ®,, 3
and «
The posterior likelihood of all the parameters (@1, @5, O3, 3,02, a, 7%, p, C, v, u,v,n)

18

ﬂ-(Zv ®1a®2a @3,5,@,0'2,7'2”0, Ca'YaUa'Uﬂ? | Y7X7S)
n (Z — STa — 0L ATBs)™”

x H(I[zi > 0 [y; = 1] + I[z; < 0)[y; = 0]) exp { — 5 }
n m 4ij
1 (Xij — i) (Xijie — Oigi) | | o 1 1 T
111 [‘7 exp { 952 [T H(p)| "2 exp { - 2—712(9z‘jk - 6;)
i=1 j=1 k=1
) 0., — 0,)"H(p)"'(6;; — 0,
H(p) 1( ik — } HH‘7_22H { ( J j) (2> ( J J)}
=1 j=1 27—2
= i 0 H(p)~'0; 1 BSH (p)~'B a’a
2 ~32 _ g\ Iy 217%(p)| 2 _PsE ) PS il
]Hl 73 H (p)| 2 exp( 22 ) - 1277 H™(p)| ™2 exp( o ) exp( 207 )
4
(@) exp(— ) [T exp(=5) - [T 10 < uw < exp(nI(C = C)))
p=1 p s,tirse=1
L " I0<p<U)] I0<n<U,)
TTTT 700 < v < exp(l (v = via11)) - Hf(mlaX’Yﬂ =Cj) - i : i -
j=11=1 j= p N

After integrating out @3, @1, 3 and «, we obtain 7(Z,©@,, 72,02 p,C,~v,u,v,7 |
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Y, X.S)

W(Z7®2a7—270—27p7c777u7'v7n | Y,X,S)

W8T Z] exp | — = L 9T g7 pr ()1, 3 0.,) H(p)~!
)12 | exp [ 22{2 o ol )0 = T (O ) H )
- - L (H(p)! . (0", H(p)~!
(Z 9”)}] exp { Z Z 5 ( 2 0, + 02 X1 — + 27 ( 5
i=1 i=1 j=1 k=1 1 1 1
n m  4ij T
Xl“ XZ « Y fo 7
+o 2ijk> } HH ot exp(— ]2k02 kYL (o) 1exp(——;) H(T;) 21 exp(——z)
i=1 j=1k=1 p=1 P
m L—2
H 10 < ug < exp(nl(Cs = Ct))) - H 10 < vy < exp(§l (v = ’Yj(l+1))))
s,tirse=1 Jj=11=1
m i Z;.":l(qij+1)
1 1 Hp)l— =
H[(maxf}/jl — CJ) . [0 <5 < Up] . [0 <£ < U’V]] s zlm (q’i)l — —
=i p v e BRI g )
H -1 i E}'nzl qij 1 1 * _1
IO o R s e (o)
1

2.7.2 MCMC Algorithm

We provide here the details of the Metropolis—Hastings within Gibbs sampling al-
gorithm for posterior inference under the HFSM . The MCMC algorithm under the

SBPM is a special case of this algorithm.

Scheme for sampling Z : The full conditional for Z is as follows:

71-(Z | Y757 6277—427:07 077) ~ TNn(Oa I-‘l’Z_al-'l’Z+72Z)7 (219)

with TN, (e, =, u™, X) denoting a n dimensional truncated normal distribution with

mean g (of dimension n x 1), element-wise lower and upper bounds = (of dimension
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nx1)and p* (of dimension nx 1), and covariance matrix ¥ (of dimension nxn). Here,

_ e n\T _ (Ipn=1]—1 Iyn=1]-1 s n o
l'l'Z :(:ul yeeea M >T_([Iy[1yl:]1]""7 [}J[yn:]l] )T7 NZ+—(/~L1+7---7M +)T_

(sl ST and 7 = {1, - W — (S = W - §)S.(S — W - §)T} L.

I[y1=0] » Iyn=0]

Based on (2.19), we perform an element-wise update for Z from conditional uni-
variate truncated normal distributions through a Gibbs sampler with

7T(Zi ’ Zfiayiasa @277-427p7077) ~ TNl(uzi|Z_i7uZi77/fLZi+70'2)7 1= 17 s N,

)

where Z_; = (21,...,2i-1, Zit1, - - - Zn)s Moz, = (87 )7 (X%, ) 'Z_; and o} =
¥ — (37,87, X7 . Here, ¥_; _; (of dimension (n — 1) x (n — 1)) denotes the
sub-matrix of ¥ by eliminating the ith row and ith column; ¥; _; (of dimension

(n — 1) x 1) denotes the sub-vector of the ith column of ¥ by eliminating its ith

element.

Scheme for sampling ©, : The full conditional for 6;; is as follows:
ﬂ.(oij ’ Xa Sa 27 9*1'7]'7 T27 P, C? 7) X N(,u97 29) ' Q97 (220)

with@_,_; =(0,5,i=1,...,i—1i+1,....n;5=1,...,5—1,5+1,....,m),

ZT AW +(S-W -8)S.(S—-W-8)") . Z
2

1 1
Qo = exp| JI= s 2,
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o = |(H+ ) H(p)

2

.
— Y. . | H(p) L —39w,
Heo 1 [ (P) ;nTng—l—Té J

+(rH(p)) ™ {(O_QIL + (i H(p) ) oY XMH :

Based on (2.20), we update 6;; as follows:

1. Draw 67; ~ N(ug, o).
2. Set 0;; = 6;; with probability (1 — C;) + C;min {1, Re}, where

W(ij | X,8,0_;_;,Z,7,p,C,7)

Ry = .
0 7T<Bz] | Xvsve—i—j7Z7T27p7 C7 PY)

Scheme for sampling © and v : As stated in the paper, the conditional uniform

distribution for each wug is

m(ug | C,n) = exp(—nI(Cs = C})) - 1(0 < ug < exp(nl(Cys = CY))),

where functional predictor pair (s,t) satisfies ry = 1, corresponding to each edge in
G. Similarly, for each vj; with j =1,...,m;l =1,...,L — 2, we have the conditional

density function

m(v | ;) = exp(=§1 (vt = Vi) - 1(0 < vy < exp(EL (v = Vi)

Scheme for sampling C' and ~
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As stated in the paper, one approach is to jointly update C' and + by drawing

from the full conditional

7T((;’Fg = k1l97{7j¢jh = kjl/}jhlljhhj S Fg;h = 17 SR 7H]} | C*Fg7Z7 57 037T27p7uav)

1 1 1
o T Fma e = )[Rl 8l exp [ 527 (W
JeF g
(S — SW)S.(S — SW)T}z] T2 H* (p)] 2 (2.21)

Y

where Ky, takes value 0 or 1, and vy, = (71,1 € ¥;s). Based on (2.21), one can

update each element (Cy,,v,,) individually (g =1,...,G).

The alternative approach is to sample proposal (C*, v*) through g(C*,v* | C©©,~) P, S R)
with the full conditional 7(y* | C*,P,S) depending on (2.21). Given the proposed

values (C*,~*), the MH acceptance ratio can be calculated as follows:

ﬂ_(C*7’y* | P? S? R) g<C(O)7’y(O) ’ C*7’7*?,P7 S7 R)
m(C v | P S R) g(C*,~*|CC), ~C) P S R)
m(C*| S.R,P) p(C“ |S,R)

= FCUS.RP) pC ISR (2:22)

R(C*,~v* | 7(0)70(0)) _

In (2.22), the second ratio in the right-hand side is calculated directly from the pos-

terior sample under the SBPM; for the first ratio
W(C|SRP) = [#(Cy|S.R Py (223)

Integral (2.23) is computed using importance sampling with a given instrumental

distribution and the sample size n, (e.g., vj v Bernoulli(0.5), n, = 10000).
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Scheme for sampling n : The full conditional for 7 is as follows:

exp(n Zj Zlmkj:l I[C; = Cy])
Jexp(n32; Yk, 1[C) = Ci])dC

m(n|C, R) I0 <n < U,). (2.24)

Based on (2.24), we update n by sampling a proposal n* ~ N(7, O’%) and setting n = nP

with probability min{1, R, }, where R, = %.

Scheme for sampling 0? : The full conditional for o2 is as follows:

7T( 2|X ®2a P, 7—12)

m  dij
x exp { 3 (
1

i=1 j=1 k=

T —1
H(p)™ H(p)™
i+ ‘QXU,C) ( (flz) +0_2[L) ( )",

T

+U_2Xijk> }0‘_ Dot 2y @i L2012 exp (

) s 12 L1 5
. STy
: ‘ )~ g2, ’ I[o* > 0]. (2.25)

Zz 1 Z] 1 qu XZsz]k + 271)

202

2
1

Based on (2.25), we update o2 by sampling a proposal o?P) ~ N(0?,02) and setting

2(p) 7
0% = 02 with probability min{1, R, }, where R, = W(UQ‘ )‘(X@G:Qpi 12))

Scheme for sampling 72 : The full conditional for 77 is as follows:

(111X, @2, p,0%)

m qij T B 1 B
! - Hp)H H(p)™!
o { 223 2 ( Ot QX”k) < 2 I ( =Y
i=1 j=1 k=1 1 i
1 i S Y g D200 —
+O’72X1’jk> _§ZZQJO 10” ﬁ} -7y ZZ_1ZJ_1Q L—2a5—2
i=1 j=1 1
1 Z;n 12 =1%j
H(p)~ Zi=l —j=1%j
NHO) e 72> 0). (2.26)
-
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2
T1

Based on (2.26), we update 77 by sampling a proposal le(p) ~ N(72,02) and setting

2(p)
2 =17 ®) with probability min{1, R, }, where R, = WfrT(lTQ| )'(Xé‘?i;’;‘;; ).
1 ) 5Py

Scheme for sampling 77 : The full conditional for 72 is as follows:

W(TZQ‘Xv @27 P, 7—32)

T
1 Zm Z - 7'32 Zn -1

i=1

(Z 9”) } B —75] Ly OIS0 (2 4 2y T2 s ] (2.27)
- To
=1

2

T2

Based on (2.27), we update 72 by sampling a proposal 72 ~ N(72,62) and setting

7r(7'2< )|X 9247,73)
7r(7' | X, @27/)7'3) ’

72 = 72%) with probability min{1, R,,}, where R,, =
Scheme for sampling 72 : The full conditional for 77 is as follows:

7T<T32|X7 827 P T22>

j=1 1 i=1
-7-3’20‘2’2 (13 + nTg)_"gL][Tg > 0] (2.28)

2
T3

Based on (2.28), we update 75 by sampling a proposal 7'32(’)) ~ N(72,02 ) and setting

(2P| X, ©4,p,72)
7T(T32|X7627p77—22) ’

72 = 72%) with probability min{1, R, }, where R,, =

Scheme for sampling 77 : The full conditional for 77 is given by (72 | Z, S, ©4, p, C,~) x Q-
eXp(lg) . (7_42>—a2—1— 2(p)

I[7? > 0]. We update 77 by sampling a proposal 7, ~
N(72,02) and setting 77 = 7'42(19) with probability min{1, R >4}, where R »p) =
Ta T4

>jesdj
2

T4

w(1;"|2,8,02,0,C7)
W(TZ|Z757®2707077) ’
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Scheme for sampling p : The full conditional for p is given by

n

1 — "4 ij Ty - 73 -
x Q- exp [— 3 Z { ———20 H(p)™'6,; — —32(2 0:;;)" H(p)™"

73+ n(1372) —

1

+0 2 Xijn

Al
>

<.
——

N—— I

o

]

T
—
i
<
I}
~
’l

_Z;ﬂzl Z;-":l(qij-&-l) H P -1 _
2 : ( 2) +o 2IL
Ti

}I(O <p <Up)|H(p)l

We update p by sampling a proposal p? ~ N(p, 02) and setting p = p? with probability

' _ m(p"2,5,.05,7%Cy)
min{1, R,»}, where R, = 756, 2705
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Figure 2.3: Posterior inference of the functional coefficients under the mode of C' and ~ in
the case of 02 = 0.1 (n=50). The left panel is for the case under the SBPM and the right
panel is for the case under the HFSM (£ = 1.5). The solid blue lines represent the true
functional coefficients; the dashed lines represent the posterior means; and the dotted lines
represent the corresponding 95% credible intervals.
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Chapter 3

Bayesian Spatial Variable Selection
for Ultra-High Dimensional
Neuroimaging Data: A

Multiresolution Approach
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3.1 Introduction

3.1.1 Variable Selection in Ultra-high dimensionality

As discussed in Section 1, variable selection is a widely encountered issue in biomed-
ical studies to facilitate comprehensive statistical learning and biological discovery.
Regularization methods have been developed to conduct variable selection and ex-
tended to handle high-dimensional feature spaces. Alternatively, Bayesian methods

also play a prominent role in solving the variable selection problem.

Although the aforementioned methods have been successful for variable selection in
relatively high-dimensional feature space (e.g., the number of predictors is on the order
of thousands), these methods become infeasible due to their prohibitive computation-
al costs when faced with a problem such as our motivating study involving hundreds
of thousands or even millions of predictors. This has stimulated the development of
variable selection techniques for ultra-high dimensional problems. Fan and Lv (2008)
proposed the Sure Independence Screening (SIS) approach often used in conjunction
with regularization methods. This method does not require intensive computations
and has good theoretical properties. Although it is applicable to a probit regression
model, the SIS does not explicitly model the dependence among variables and cannot
assess the uncertainty of variable selection. In a Bayesian modeling framework, Bot-
tolo and Richardson (2010) developed a powerful sampling scheme to accommodate
the high-dimensional multimodal model space based on the evolutionary Monte Car-
lo. This method has been shown to be able to handle up to 10,000 predictors, but it
is still computationally inefficient when applied to our motivating study with almost
200,000 predictors. More recently, by assigning nonlocal priors to model parameters,
Johnson and Rossell (2012) proposed a novel Bayesian model selection method that

possesses the posterior selection consistency when the number of predictors is smaller
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than the sample size. Johnson (2013) demonstrated that it can achieve high selec-
tion accuracy in ultra high-dimensional problems, comparable to the SIS combined
with regularization methods. However, their method is not directly applicable to our
problem in that it was developed for a linear regression model without incorporating
any structural information in the covariate space. Goldsmith et al. (2012) and Huang
et al. (2013) developed a single-site Gibbs sampler for Bayesian spatial variable se-
lection using Ising priors with application to neuroimaging studies. This algorithm is
able to fit linear regression models with ultra-high dimensional imaging biomarkers,
i.e. “scalar-on-image regression” models, however, the single-site updating scheme
leads to a very slow mixing of the Markov chain in the posterior computation for
a probit regression model (Lamnisos et al., 2009, 2012). Thus, there are needs for
developing more efficient posterior computation algorithms that can be applied to our

motivating problem. Particularly, we resort to a multiresolution approach.

3.1.2 Multiresolution Approach

The idea of multiresolution, which facilitates the information transition through a
construction of coarse-and-fine-scale model parameters, has been adopted to optimize
algorithms successfully in data mining and machine learning. The pioneer work of u-
tilizing the multiresolution idea for Bayesian computation traces back to a multi-grid
MCMC method proposed by Liu and Sabatti (2000). This approach was original-
ly adopted by Goodman and Sokal (1989) to solve a problem in statistical physics.
Motivated by image denoising problems, Higdon et al. (2002) proposed a coupled
MCMC algorithm with the coarsened-scale Markov chains serving as a guide to the
original fine-scale chains. The coupled Markov chains can better explore the entire
sample space and avoid getting trapped at local maxima of the posterior distribution.

Holloman et al. (2006) further proposed a multiresolution genetic algorithm to reduce
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computational burden, provide more accurate solution of maximization problem, and
improve mixing of the MCMC sampling. In a similar fashion, Koutsourelakis (2009)
adopted a multiresolution idea to estimate spatially-varying parameters in PDE-based
models with the salient features detected by the coarse solvers. From the computa-
tional perspective, Giles (2008) showed that the computational complexity for esti-
mating the expected value from a stochastic differential equation could be reduced by
a multiresolution Monte Carlo simulation. More recently, Kou et al. (2012) applied a
multiresolution method to diffusion process models for discrete data and showed that
their approach improves computational efficiency and estimation accuracy. From the
perspective of model construction, Fox and Dunson (2012) adopted the multiresolu-
tion idea in Gaussian process models to capture both long-range dependencies and

abrupt discontinuities.

In this chapter, we develop efficient multiresolution MCMC algorithms for variable
selection in the ultra-high dimensional image feature space. In contrast to the coupled
Markov chain methods (Higdon et al., 2002; Holloman et al., 2006; Kou et al., 2012)
that alternate between different resolutions in posterior simulation, we construct and
conduct posterior computations for a sequence of nested auxiliary models for variable
selection from the coarsest scale to the finest scale. Our goal is to conduct variable
selection at the finest scale — the resolution in the observed data. The MCMC algo-
rithm for the model at each resolution depends on the posterior inclusion probabilities
obtained from fitting the auxiliary model at the previous, resolution through the use
of a “smart” proposal distribution that allows the algorithm to explore the entire
sample space more efficiently. This avoids the complication of alternating between

resolutions for a large number of selection indicators in our problem.
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3.2 Model Formulation

3.2.1 A Probit Regression Model for Variable Selection

Suppose there are n subjects in the data. For ¢ = 1,...,n, let y; € {0,1} be the
binary outcome representing the disease status of subject i (disease = 1, control =
0). Assume that the whole brain B consists of R regions and region r contains V.
voxels, for r = 1,..., R, with V = Zle V.. representing the total number of voxels
in the brain. Let x;., denote the imaging biomarker at voxel v within region r for
subject ¢ and s;; denote clinical variable j for subject i (j =1,...,p). We consider a

probit regression model for variable selection
p R Ve
Y; = I[Zz Z 0], Zi = O + Z ajsij + Z Cr Z ’ymﬁmxm + €, and €; ~~ N(O, 1)(31)
7=1 r=1 v=1

where indicator function I(A) = 1 if event A occurs and 0 otherwise, «; and f3,, are
coeflicients of clinical variable s;; and imaging biomarker z;,,, respectively, ¢, € {0,1}
is the selection indicator for region r, and ., € {0,1} is the selection indicator for
voxel v in region r. Thus, the imaging biomarker z;., is excluded from the model if

at least one of ¢, and ~,, is zero.

We further denote by e,,x = (0,...,0,1,0,...,0)" an m x 1 vector with the kth
element of 1 and all other elements of 0, by 0,, = (0,...,0)" an all-zero vector of
dimension m x 1, by 1,, = ", €, an all-one vector, and by L, = >_" | e,€,, an
m x m identity matrix. Define M, = (OL, 1), O%)T (of dimension V x 1) and M =
(My,--- ,Mpg) (of dimension V' x R), where V, = Z:;ll V,,and V, = Zﬁ:rﬂ V.

It follows that M represents an index map between voxel and region and model (3.1)

52



can be rewritten in a compact form,

y=1z>0,], z=Sa+XAXoB)+e, e~N(0,IL,) (3.2)

T7 Xry = (xlrva cee axan)Ta
XT = (X,«l,...,XTVT)7 X = (Xl,...,XR), 5, = (Slj,...,Snj)T, S = <1n,Sl,...,Sp),

a = (QOaala-"aap)Ta /87“ = (ﬁrl;-"vﬂr‘/})—ra /3 = (/8;—7""/6;)1—7 C = (617"'7CR)Ta

Yo=Yty ) Y= (., R) T, and A = (Mc) o vy with “o” representing

where y = (y1, ..., yn) , 2= (21,...,20) , €= (€1,...,8n)

the Hadamard product (or entry-wise product) (Styan, 1973). It is worth noting that
A, the V' dimensional binary vector, defines the set of important voxels.
3.2.2 Prior Specifications

We assign the Gaussian priors to the regression coefficients in model (3.2),
a~N(0,.1,02L,,1) and B~ N(Oy, aglv), (3.3)

where o2 and ag are the prior variances of the regression coefficients. Given a network
configuration matrix W = {w;;} for a multivariate binary random variable d =
(dy,...,dn)" € {0,1}™ we denote by d ~ Ising(a,b, W) an Ising distribution with
a sparse parameter a and a smooth parameter b and the probability mass function
of d is proportional to exp (a Doy I[di =01+ 03770 Y70 wigl[d; = dj]>. The prior

specifications for ¢ and -, are
c ~ Ising(n, &, F)  and  ~, S Ising(ne, &2, L), forr=1,... R, (3.4)

where F = {f,.,} with f,,, € R representing the population-level functional connec-

tivity between region 7’ and region r and L, = {l,,,,} with [, € {0,1} indicating
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whether voxels v" and v are neighbors in region r. In our case, F' can be estimated
separately from the R-fMRI time series or obtained from existing literature. For the

hyper-prior specifications in (3.3) and (3.4), we have
o5 ~1G(ag,bg), M ~ Ulay,by), and & ~ Ulag, be), for k=12, (3.5)

where IG(a, b) denotes an inverse gamma distribution with shape a and rate b, and

U(a, b) represents a uniform distribution on region [a, b].

3.2.3 Standard Posterior Computation

In a standard MCMC algorithm for posterior computation of models (3.2)-(3.5), each
parameter in z, c, -y, a and UE_, can be directly sampled from its full conditional. The
sparse and smooth parameters in the Ising priors, n, and &, for k£ = 1,2, can be
updated using the auxiliary variable method by Moller et al. (2006). The details of

the MCMC algorithm are provided in Appendix 3.7.1.

In the case of high or ultra-high dimensional data, we suggest a block update of

3. The full conditional of 3 is

R Vi

1
w8 z.0em.ot) < [[T[ 0 Gufon exp{ -} 2~ Sa = X (xo B}, 0
r=1v=1
where ¢(-) is the standard normal density function and || - || denotes the Euclidean

vector norm. Given A, the block update entails drawing 3; (the coefficients corre-
sponding to the selected predictors with A = 1) and By (the coefficients corresponding

to the unselected predictors with A = 0) separately from

B ~ N(pg,%g) and By~ N (04,,05L,,), (3.7)
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where S, = (052, + X Xa) ', g, = X5 (z — Sa), my = | A%, mg = V—my,
and X includes the columns of X corresponding to the important voxels defined by
A. The computational complexity of computing 3g, is O(nm?). Also, we implement
the rank-one downrate algorithm of Cholesky decomposition on sampling 3; with
an order of O(nm?). While m; changes from one MCMC iteration to another, the
posterior samples of m; are likely concentrated on values substantially smaller than

V when the true model is sparese, i.e., the number of important voxels is small.

Compared with the single-site Gibbs sampling approach (Goldsmith et al., 2012;
Huang et al., 2013), the block update of B reduces the computational costs and
improves Markov chains mixing and hence is more appealing for high-dimensional
problems where the number of predictors is on the order of thousands. However,
for ultra-high dimensional problems such as imaging data in a standard brain space
with around 200,000 voxels, this algorithm is still very inefficient. To address this

challenge, we propose a novel multiresolution posterior computation approach.

3.3 Multiresolution Approach

The basic steps of our multiresolution approach include first carefully constructing a
sequence of partitions of brain regions from the pre-defined coarsest scale to the finest
scale — the resolution in the observed data — and subsequently defining and fitting a
sequence of auxiliary models for variable selection from the coarsest scale to the finest
scale. The key idea is that the posterior samples on coarse scale variable selection
are used to create a “smart” proposal for the MCMC posterior computation for the
model in the next, finer scale resolution, allowing the MCMC algorithm to explore

the entire sample space for model selection more efficiently.
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3.3.1 Partition and Auxiliary Models

Suppose that we define K resolutions with resolution K being the target resolution in
the observed data. At resolution k, the R brain regions are grouped into G*) mutually
exclusive partitions with 1 = G < GM < G® < ... < G¥) = R and each partition
is a collection of regions based on spatial contiguity or functional connectivity. The
partitions at resolution k£ are nested within the partitions at resolution k£ — 1. Let
B® = (%) be an R x G® matrix with 6% € {0,1} indicating whether region r
is located in partition g at resolution k, and B®) = (552) be a G*) x G*~1 matrix
with E;’;? € {0, 1} indicating whether partition g at resolution k is located in partition
g’ at resolution k — 1. We have B® 1,4 = 1x due to mutually exclusive partitions
at each resolution and B®—D = BOB® due to nested partitions across resolutions.
In addition, B¥) = I, B — 1a0, ﬁ(k)].G(k—l) = 1gm and {B®}E s uniquely
determined by {ﬁ(k)}kﬁl. Figure 3.1 provides a detailed illustration on the partitions
of a two-dimensional rectangle area in one slice of brain at three resolutions. Of note,

B®) defines the partitions at resolution k.

In a similar fashion, at resolution k, we divide region r with a total of V,. voxels into
H mutually exclusive subregions with 1 = HY <« HY « 7® < .. < g = V.
and each subregion is a collection of contiguous voxels. The subregions in resolution
k are nested within the subregions in resolution k — 1. Let A% = (af,]f})h) denote a
V, x H* matrix with affz)h € {0, 1} indicating whether voxel v is located in subregion h
at resolution k and let A% = (’dg;l)h,) denote an H" x H*™ Y matrix with 'dil,?h, € {0,1}
indicating whether subregion h at resolution k is located in subregion A’ at resolution

k — 1. Similarly, we have A1 gz = 1y, due to mutually exclusive subregions at

(k—=1)

each resolution and A = Aﬁ“&ﬁ“ due to subregions nested across resolutions.

In addition, A,(nK) =1y, AWV = lHﬁl), M’“)lHﬁk_l) = lHﬁk), and {Ai’“) K | is uniquely

determined by {A/ﬁk)},f:l. It follows that A*) = diag{Agk), . ,Ag)} defines the
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subregions at resolution k.

Given the partitions defined by B®) and the subregions defined A®) which could
be specified in light of the brain anotomy, we define an auxiliary probit model for

variable selection at resolution k, denoted as M®*) which is given by
y=1[z" >0,], 2% =8Sa® +X{A®ogW} 4 ), (3.8)

where z®®, a®) 3%) and €®) have the same definitions and dimensions as z, a, 3 and

€ in the target model (3.2). The binary indictor vector A®) = (MB®c*))o (AR~ *)),

where c¥) = (cgk)) is of dimension G*) x 1 with cf;k) denoting the selection indicator for

partition g; ’yﬁk) = (vﬁﬁ)) is of dimension H™ x 1 with vﬁfl) representing the selection
indicator for subregion h; and %) = ('yfk)T, . ,'7](3{{)T)T is of dimension H® x 1 with

H® = Zle Y, By this definition, M) is equivalent to model (3.2) including
the prior specifications Section 3.2.2. The main difference between M®* (k < K) and
M) is that variable selection is conducted at the partition level and the subregion
level in M®) as opposed to the region level and the voxel level in M) reflected by

the definitions of the selection indicators in M®) i.e. {c®) ~®1.

The dimensions of ¢® and 4 increase as the resolution k increases and eventually
become equal to the dimensions of ¢ and ~ in the target model (3.2). In other
words, the large number of latent indicators ¢ and - in the target model are replaced
by a smaller number of latent indicators ¢, v®*) (k < K) in the auxiliary model
M) particularly in the initial resolutions. In ultra-high dimensional problems, this
dimension reduction can be very significant and is exploited in our proposed sampling
schemes in Sections 3.3.2 and 3.3.3 to allow for efficient posterior computations for

the sequence of auxiliary models M®* (k < K) and the target model M),

To complete the specification for auxiliary models M®*) (k < K), we assign the
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) the prior

same priors to a®) and B*) in (3.8) as a and B in (3.2) and denote by aé(k
variance for B~ and we assign i.i.d Bernoulli priors with a probability 0.5 to c*)
and v®). Under such prior specifications, it can be shown that the posterior inclusion

probability for each voxel or region is always positive in each auxiliary model.

Resolution 3 Resolution 2 Resolution 1
G® =64 G? =16 G =4
rl 2 5 6 17 18 21 22 r . ! g !
Q_| 3 4 7 8 I19 20 23 24 I
3] 9 | 10 [ 13014 | 25 .|26 29 | 30 Y
2 11 12 15 16 27 28 31 32 ﬁ (3) i i 7.. 1 ﬁ (2)
_qg 37 50 | 53 | 54 Il6®14 r |13 I4®14
'5 52 55 Si ﬂ
58 | 61 6-1 3 k.
B® =1 B® =I®1, BW =1, ® 1

Figure 3.1: An example of multiresolution partitions and variable selection. Suppose a rectangle
area in one axial slice cutting through brain that contains 64 regions (R = 64) is of interest. We
consider three resolutions (K = 3). Three images in the right, middle, and left panels are labeled
with the partition indices for the nested partitions at resolutions 3, 2 and 1 respectively. At the
highest resolution (Resolution 3) there are 64 partitions (G = 64) with each partition including
only one region and the partition indices are the same as the region indices, thus B®) = Ig,.
Resolution 2 has 16 partitions (G(®) = 16) where each partition g contains four regions indexed
by 4g — 3,49 — 2,49 — 1 and 4g, for g = 1,...,16, indicating B®) = B® =I5 ® 1,, where ® is
Kronecker product. Resolution 1 has four partitions (G(") = 4) where each partition ¢’ contains
four finer-scale partitions at resolution 2 indexed by 4¢’ —3,4¢’ —2,4¢' —1 and 4¢/, for ¢’ = 1,...,4,
resulting in B(®) = I, @ 14; thus it contains 16 regions indexed by 16¢g’ — 15, 16¢’ — 14, ...,164’, for
¢ =1,...,16, leading to B") = I, ® 1;4. Suppose the true important voxels (yellow) are located
in regions 39, 40 and 41. Valid posterior inferences for models at different resolutions produce high
posterior inclusion probabilities of imaging biomarkers in the corresponding partitions (red) at all
resolutions.

3.3.2 Sequential Resolution Sampling

In the analysis of ultra-high dimensional imaging data, it is reasonable to assume
that the signals (i.e., important voxels and regions) are sparse and the vast majority
of voxels in the brain are not associated with the outcome. Typically, many of the
unimportant voxels/regions, providing little information on prediction of disease risk,

are included in the model at each iteration of a standard MCMC algorithm such
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as the one in Section 3.2.3, resulting in potentially intractable posterior computa-
tions. To construct an efficient and computationally feasible MCMC algorithm, one
solution is to specify a good proposal distribution in the Metropolis—Hastings (M-H)
step for voxel/region selection. Ideally, this proposal distribution should possess two

properties:

P1: Tt assigns large probabilities for excluding unimportant voxels and including
important voxels, which substantially reduces the number of selected voxels

and simplifies computations in most MCMC iterations.

P2: Tt still assigns a positive probability for including each voxel in the model,
ensuring that the simulated Markov chain is able to explore the entire sample

space of the voxel selection.

In other words, we want to construct a “smart” proposal distribution that concen-
trates on the true model with sparse signals. To this end, we resort to the multires-
olution auxiliary models M®*) defined in Section 3.3.1, based on which we develop
a sequential resolution sampling (SRS) procedure. Specifically, we conduct the pos-
terior computations for each auxiliary model M®*) sequentially from resolution 1 to
resolution K. At resolution 1, we use the standard MCMC algorithm for posterior
simulation on model MM At resolution k, for k = 2, ..., K, we propose a resolution
dependent MCMC algorithm for posterior simulation on model M®*) referred to as
the SRS-MCMC. The essential step is an M-H step for sampling selection indicators
{c® ~®1 where the “smart” proposal distribution is constructed using the poste-
rior distribution (samples) of {c*~1 ~®*=D1 in M®*=1) at resolution k — 1. Of note,
based on the SRS procedure, at resolution K, we can obtain posterior samples on

voxel /region selection at the finest scale, i.e. our target resolution.
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The SRS procedure is illustrated in Figures 3.1 and 3.2. Figure 3.1 presents an
example where the location information of the important voxels is passed along from
resolution 1 to resolution 3, becoming more and more precise. Figure 3.2 provides
the details on the SRS procedure. Specifically, to construct the “smart” proposal
distributions in the M-H step of the SRS-MCMC, we first introduce auxiliary variable

selection indicators ¢*~D and 4%~V in M® at resolution k,

T T

k-1 Tk ~(k—1 k) | ~(k
Eg, ) = max{c(k) %) = 1} , and 'y(h, ) = max {v(h) : afqh)h, = }, (3.9)

for ¢ =1,...,G*¥ VD ¢+ =1,...,Rand ¥ = 1,... ,H,gk_l). {ectk=1 F*=DY are
completely determined by {c®), 4*)} and can be considered as a “coarse-scale sum-
mary” of the variable selection indicators in M®). In particular, {c*~1 ~(*-11
in M® are of the same dimension and structure as the variable selection indica-
tors {c*~D 41 in M®*=D_ The key idea is to use the posterior distribution of
{ct=D 4®*=DYin M*=1 as the proposal distribution for {c*~1 F*=D} in M®*),
which subsequently is served as a guide to the construction of the proposal distribu-

tion for {c®) 4*)} in M®).

The posterior distribution of the parameters and latent quantities in M® is

m(z®, P, B9, 20 ) 40 T 501 |8 X y)

= (2™, a®, 89, 07" c® 4N |8, X, y)r(@* | M)r(F*V | 4M3.10)

where 7(c*~1) | ¢®) and 7(3*~V | 4®) are equal to 1 if (3.9) holds and 0 oth-
erwise. In the SRS-MCMC, the updating scheme for {z(k),a(k),ﬁ(k),az(k)} given
all other parameters is the same as the Gibbs sampling scheme for {z,a,ﬁ,ag}
for model (3.2); see Appendix 3.7.2 for details. However, the updating scheme for

{c®) ~W®) ek=1) 5= is more elaborate and is described in detail as follows.
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In the M-H step of the SRS-MCMC, we introduce the subscripts “x” and “0” to
represent the proposed and current values of the corresponding parameters, respec-
tively. Denote by “e” all other parameters {z*), a® 3"} and data {S,X,y}. A

proposal distribution for updating {c((,k),'y((,k), el 1)7 ~£k_1)} is given by

T{c, W, k=D FE1Y 5 {e®) k) gh=1) FE=D1 | o

= H(cM, " | 4P, D 300 ek 3Py @D, 3%7V |8, )
where Py_1(- | -), specifying the sampling scheme for k- 1), %k_l)}, is the posterior

distribution of the variable selection indicators {c*=1 ~®* =D} in the model M*—1)
at resolution k£ — 1 and H(- | -) specifies the sampling scheme for {cik),'yﬁk)} given the
sampled {¢*~ 2 ,:?ik_l)} from Py_1(- | -) and the current state of the Markov chain,
ie. {co RV SR } The sampling scheme based on decomposition (3.11) is
illustrated in Figure 3.2b. Of note, in the SRS procedure Pj_;(- | -) is approximated
by the posterior samples of {c*~1 ~*=D} in the model M®*~Y at resolution k — 1.

One choice of H(- | -) that has performed well in our numerical studies is

H(cF, ~®) | e, P, &l

R
- H h ( ’ H H h ’yrh* | P)/rho?fyrfz’: ’PYTZ’ 3)793))12)
=1

b;’;),71 a® =1

,'75’“ Yel 5)

where h(- | -) is a probability mass function for binary random variable defined as

h(z | y,a,b,v) = (1 —a)do(z) + a[(1 — b)v*(1 — v) " + b, (z)], for z € {0,1}

with v € (0,1) and a,b € {0,1}. The indicator é,(z) = 1 if x = y and J,(z) = 0

otherwise. Figure 3.2c presents a binary tree to illustrate the sampling scheme for cgﬁ

based on the h(- | -) function and the sampling scheme for %EI;L)* according to h(- | -)
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is along the same lines.

Resolution 1 Resolution2  ------ Resolution K

Standard MCMC SRS-MCMC | = SRS-MCMC

! ! J !

(a) Sequential resolution sampling procedure

T( = |e) -
| ¢ ey

Gl ) () ) Il | RPN / \
A(k 1) e

(k) _

Pl

L

=0

H(-[-) / \
data {X,y} and the model at resolution k — 1
= ¢}

(&) cg* ~ Ber(v,)

(b) Proposal function in the SRS-MCMC for resolution
k (c) Sampling cg’? via h(- | )

Figure 3.2: Tlustration of sequential resolution sampling. (a) Initially, we utilize the standard
MCMC algorithm to produce the posterior distribution of the selection indicators in M) at reso-
lution 1, i.e. P1(- | S,X,y), which is then used to guide the construction of the proposal function
in the SRS-MCMC algorithm to produce Py(- | S, X,y) for M(® at resolution 2. This procedure
is performed sequentially until resolution K to generate the posterior distribution Pg(- | S,X,y)
for our target model M), (b) Decomposition of the proposal function T(- — - | ) (red) includes
two steps for drawing a proposed sample. Step 1 (green): draw {c (k= 1),'~yik D } from the poste-
rior distribution Py_;(- | -) under the model M*~1) at resolution k — 1. Step 2 (blue): sample

{c(k U,’y*k 1)} given {E&k_l), ~£k_1)} in step 1 and the current state of the Markov chain using

H(- | -). (¢) A binary tree represents the sampling scheme for cg + based on the probability mass

&) (k).

Sk

function h(- | -). It is determined by ¢, and ¢ “{k) for ¢’ satisfying b(k) =1, and ¢4

In addition to the above M-H step, we suggest a moving step with full conditional
updates for each element of {c®), v*)} given {c*~1 5(*=D} and all other param-
eters using Gibbs sampling. In this step, we only need to update the selection for
the fine-scale partitions/subregions that are nested within the selected coarse-scale
partitions/subregions. Thus, this step does not require extensive computations and
it improves the mixing of the entire Markov chain. To recapitulate, the updating

scheme in SRS-MCMC is as follows.
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Updating Scheme for {c*¥),4*} in SRS-MCMC

M-H Step: Set {c{”, " &~ 37D} = {c®) 4k g1 Fk-1y

— Draw (C(k 1),’7£k_1)) ~Pr1(- 1S, X,y);

k k—1) ~(k—1 k—1) ~(k—1
— Draw (¢, ") ~ H(- | ¢ 40 gD Fi-1 gl 3y,

— Draw 7 ~ U[0,1]. Set {c®, ™ &k-D FE-D} = £l 4N &V FEDy i

r < R, where

k k—1) ~(k-1) k—1 (k—1 k—1)
R = (C>(k )77£ )a 5< )7’7* ‘.) [{C* 7’7* , C ( )77* )}%{CO » Yo )7 ¢ é } ’.]
(e A, 55| ) Tl A0, 0 550} 5 (o, 7,0 50 o]

Moving Step: Full conditional updates of {cék), %E’,?} via Gibbs sampling.

— For ¢’ with Eé]f_l) =1 and g with gg;? =

— if cfﬁ)g] # 0 then draw ) ~ (- | c[_g],'y(k), o), else set ) = 1;

— For r with b8 = 1, o with 3%V = 1 and h with %), = 1,

T

if 'yr(,@h] # 0y _y, then draw 77{:) ~ (| 'yﬁf_)h},f)/[(fl],c(k),o), else set

(k) _

Yrn = L.
k k k k k k k k k
Wherec[(iiﬂ (Cg )7"'7C§7—)lac§7—£17'"ac(c;()k))Ta71E[)h] (751)7"-a7£h) 177£h)+17""7£7[3((k-))—r7
k k)T k k)T
and’y[(_)r]:('yf) yee 77(' )1777€+)1:--‘771(~2) )T‘

3.3.3 Fast Sequential Resolution Sampling

The SRS procedure in Section 3.3.2 provides a general framework for posterior com-
putations for variable selection in a ultra-high dimensional feature space. The choice
of auxiliary models over resolutions and the corresponding MCMC algorithms can be
flexible as long as they reduce the total computational cost and improve the mixing

of the Markov chains. As an example, we consider two modifications that can poten-
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tially further improve computation efficiency: 1) Gaussian quadrature approximation
in the auxiliary models M®* (k < K) that further reduces the number of parameters
in the models and 2) a joint updating scheme for the regression coefficients and the
selection indicators in M®). Combining both, we develop a fast sequential resolution

sampling (fastSRS) algorithm.

Gaussian Quadrature Approximation in Auxiliary Models The element-

wise representation of auxiliary model (3.8) at resolution k is given by

G k) R a®
o +za RN ED ] Z(m Sl ) ot
r=1 h=1

To introduce an approximation to summation Z Bm, Tiry, We first define two

v=1 rvh
integrable functions 8" () and x;,.(+) defined on B with constraints that o (sv) = (&)
and ng) (Sy) = Zipy, where the coordinate s, € B represents the location of voxel v.
Denote by Sﬁfb) the compact domain of subregion h in region r. Let ds represent the

volume of a voxel in the brain. Based on the definition of the Riemann integral, we

have
/(k) ﬁ(k ( )Xz'r' dS ~ 53 Z ath T"U xl?"v <314)

When ds is small, this approximation is accurate. If both 8% (+) and x;,(+) are smooth
over B, we can further approximate the integral using Gaussian quadrature on a set

of sparse grids given by

) 6 ( X”‘ dS ~ Z wrvh rv xl'l‘v - 55 Z qrvh rv xlT”U? (315)
S

rh = Q(k)

rh
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(k)

oh 15 the weight and le,? is a set of voxel indices of the sparse grid points

where w
on Sr(fl) based on the Smolyak’s construction rule (Gerstner and Griebel, 1998). The
term qﬁi}l mh/és if v e th, th = 0, otherwise. Combining (3.14) and (3.15),
we can replace amh by qmal in (3.13) to construct auxiliary models M®) based on

Gaussian quadrature approximation.

Of note, we only need to conduct such approximation at lower resolutions to re-

duce computation when each subregion contains a large number of voxels. With
H(k)

ZT LD Th approaching V' as the resolution increases, the saving in computa-

tional costs vanishes and it is recommended to use the original model (3.8) for higher

resolutions. Since the auxiliary models are only used to guide the construction of

the proposal distributions and our target model M) remains unchanged, such an

approximation is still valid.

Joint Updating Scheme We introduce an auxiliary variable defined as

Bﬁﬁ) = Vﬁz)ﬁﬁﬁ) forr=1,..., R, and v, h with aff])h =1. (3.16)
Define ’67"}1 - (BTU ) rvh - ]') /67("k) = (Igﬁli)Ta SR 7’6£2;))T and /B(k) - (’Bik)—r’ T g)T)T‘

It follows that B(k) is completely determined by 4v*) and B%*) and the joint posterior

distribution of all parameters is given by

W(Z(k)y a(k)a B(k)v O-,Z(k)a C(k)7 V(k)vg(k_1)7 :};(k_l)7 B(k) | S7 X7 Y)

= (2", a®, g® o5, M 4 |8, X, y)r @ [ M)r(BY | v®, BH)x(FE [ 4 W)3.17)

where m(B® | y®, 3®) = 1 if (3.16) holds and m(8® | v® B®) = 0 otherwise.
Furthermore, for r = 1,..., R and h = 1,...,H,Ek), W(B%) | yﬁh = 1,5,X)y) =
W(ESZ) \ ’yﬁl,? = 1,5,X,y) and ﬂ(,@ﬁlfl) ] ”yﬁ’fb) =0,5,Xy) = W(By}?), implying that
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the marginal posterior distribution of 8% is determined by the marginal posterior
distribution of {3%*),4®} and its prior. Thus, we integrate out B*) in (3.17) and
focus on W(z(k),a(k),ag(k), (k) ) Ek-1) 3(k=1) 3k) | § X, y), leading to the target
distribution of the fastSRS-MCMC algorithm. Compared to the SRS-MCMC algo-

(k) O’ )} is the same but the sampling scheme

rithm, the updating scheme for {z*), o
for ¢c(®) ~®) =1 k=1 and B(k needs to be modified. For an M-H step, we choose

the following proposal distribution

[{IBO 7 0 JPYék)JN(() 770k 1 } —> {/8* Y * 77£k)7 B 7%/#(]6 1 } ’ .]

= T[{cP, 4W g1 Fk-1y y [c®) 40 Ghb) k=D o] H(BW | B~ 4H)Y3.18)

where T[- — - | o] is the proposal distribution in SRS-MCMC in Section 3.3.2. The

function H(- | -) is decomposed as

H®

7‘

R
k k k
HBY | Y, 4™, ~F) = [T TLI B | BS . v o3, (3.19)

r=1 h=1

Here, E( | -) is a probability density function for a d-dimensional random vector
h(u|v,a,b,0%) = (1—a)do(u)+a[(l—b)é(u;0,0°I) + b, (u)],

where u,v € R? (d > 1), a,b € {0,1}, 6% > 0, and ¢(-; u, ) denotes a normal density
function with mean g and covariance 3. Figure 3.3 illustrates the sampling scheme
for ﬂrh , based on E( | -), which depends on 519207 77(,?*, ng?o and O'Z)(k)

Again, in addition to the M-H step, we suggest a moving step to improve the

¢*=1 and ¥*-Y. The moving step for

mixing by updating {c®),v® B®)} given €
c®) is the same as the SRS-MCMC in Section 3.3.2. For {E(’“) ("“)} we consider a

block updating scheme. For A’ with 5,(,’,3,_1) = 1, denote by Eﬁh, = (ﬁ : ,,hh, =17
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k
’Yﬁh?*

1/ 0

k 7k
ryﬁh)o 187(“}1),* =0
0

(k Sk k
Brh . /6rh)o Bf“h?* ~ N(07 0-[23( )I)

Figure 3.3: A binary tree to illustrate the sampling scheme of ,@’Z)* via h(- | -).

T, G0 T

and 'y,(,h/ = (v G the collection of the regression coefficients and the

collection of the selection indicators in M®*) for subregion b’/ at resolution k — 1,
respectively. Similarly, define 5(221 = (,[;'J(k)T ; ) 1,a£];),L, = 1)" and ﬁ o =
(BT(,IZ)T : ’yﬁi) = O,Zi?(fz)h, = 1)". The updating scheme for {Brh/,’yrh,} is based on the

following decomposition of the joint full conditional distributions:

k
”(B£h2a7rh' | o) = ”('th/ | o) (ﬁih’l | %h/a o) (ﬁﬁh/o | 'th/a °), (3.20)

The details of (3.20) are provided in Appendix 3.7.3.
The updating scheme for the fastSRS-MCMC is summarized as follows.

Updating Scheme for {c®, ~® g®} in fastSRS-MCMC

M-H Step: Set {ct”, 75", e~ >,f~y§’“ D B} = [, 4®) g1 k-1 Gk}

k ~(k—1) ~(k-1 k) ~(k=1) ~(k—-1
— Draw (e, 4", @70 FET) ~ ((el?, 40, e, A8 Y)

— | ol;
— Draw 8" ~ H(- | B~ ,'vék)),
— Draw r ~ UJ[0,1]. Set {c® cth=1) Fk=1) gk-1)Y — {c* (k) gkl k)

7

if r < R, where

k k—1) ~(k—
(() (k) =( 1) £ 1)5 B

"’ik—l)}

T{Cx ", ¥« 7, Cx
R =
k k—1) ~
(et v e ) S \°)
[{c* N B(k}—>{co ,'ro SV AN B | o
k—1) ~ ’
[{Co ;'7(() )7 (() ) ( /30 }_>{C* 77* 7C( )7 "(< }|.]
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Moving Step: Full conditional updates of {cg ,'yrh,, Th,} via Gibbs sampling.

— For ¢ with ¢ =1 and g with b

— if cfﬁ)g] # 0q_q then draw cgk) ~ (- | c[_g],fy(k), o), else set ) = 1;

— For r with 0%} = 1, # with 75,V =1,

Draw {,Brh,,’yrh,} based on (3.20).

3.4 Application

We analyze the motivating ABIDE study introduced in Section 1.1.2 using the SRS
procedure. Our goal is to identify important voxel-wise image biomarkers that are
predictive of the ASD risk. After removing missing observations, our analysis includes
831 subjects aggregated from 14 different sites. For each subject, the voxel-wise
fALFF values are computed for each of 185,405 voxels over 116 regions in the brain.
In addition, three clinical variables, age at scan, sex and IQ, are included in the
analysis. Since we observe no substantial difference in the fALFF values and the
number of ASDs/TDs between different study sites, site is not included in our analysis,

consistent with the previous analysis of the data (Di Martino et al., 2013).

A region-wise functional connectivity network is constructed based on the correla-
tions between the regional R-fMRI time series that are summarized from voxel-wise
R-fMRI time series using a single value decomposition approach (Bowman et al.,
2012). The neighborhood of each voxel is defined as the set of adjacent voxels from
six different directions (top, bottom, front, back, left, and right); voxels are connected
to their neighbors in the spatial dependence network. These two levels of structural
information are incorporated using the Ising priors for selection indicators ¢ and .
For other prior specifications, we set o2 = 20 leading to a fairly flat prior on a and

set ag = 5 and bg = 10 leading to a less-informative prior on O’Z; we specify the range
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of the uniform distribution priors for the sparse parameters in the two levels of Ising

model as [a,, b,] = [—5,5] and for the smooth parameters as [ag, be] = [0, 5].

In light of the brain anatomy, brain partitions and corresponding subregions at
eleven resolutions are used to construct auxiliary multiresolution models, {M(k) k=1,..., 11}.
We utilize the fastSRS-MCMC in Section 3.3.3 to conduct the posterior inference. For
each resolution, we run five MCMC chains with random initial values for 2,000 itera-
tions with 1,000 burn-in. The MCMC convergence is assessed by Gelman and Rubin’s
method (Gelman and Rubin, 1992). For all resolutions, the potential scale reduction
factors (PSRF) for the log-likelihood over 1,000 iterations after burn-in are less than

1.1, suggesting convergence.

Similar to other works in imaging data analysis, we assume that the true signals are
sparse. After obtaining the posterior samples at the highest resolution, the threshold
for variable selection is set to 99%, 98% or 97% quantiles of the posterior inclusion
probabilities (ranging from 0.000 to 0.380) for all voxels, equivalent to selecting top
1%, 2% and 3% voxels. The selection results based on different thresholds are sum-
marized in Table 4.1. For all thresholds, the selected voxels are mainly located in two
regions: the right postcentral gyrus (PoCG-R) and the right inferior frontal gyrus (tri-
angular part) (IFGtriang-R). With a threshold of 97%, our approach selects 2381 and
1424 voxels in the PoCG-R and the IFGtriang-R, respectively. Most of them are spa-
tially clustered and contiguous within a region, as shown in Figure 3.4a. The PoCG is
known as the center of the brain for sending and receiving the message and its volume
has been shown significantly larger in autism patients compared with controls (Rojas
et al., 2006). The IFGtriang is well known for its dominant roles in the cognitive con-
trol of language and memory (Foundas et al., 1996; Badre and Wagner, 2007). More
recently, several recent task-related fMRI studies (Just and Pelphrey, 2013) showed

that autism patients exhibited reduced brain activities in the IFGtriang-R. Our re-
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sults further suggest that the resting state brain activities (reflected by the fALFF) in
the PoCG-R and the IFGTriang-R along with other four regions are highly predictive
of the ASD risk. Figure 3.4b presents the posterior means of the regression coeffi-
cients for the selected voxels, interestingly, showing both large positive values (red
voxels) and large negative values (blue voxels) in the selected regions, especially the
[FGtriang-R. Di Martino et al. (2013) reported a negative association of the fALFF in
a similar region (the right middle frontal gyrus) with the ASD, suggesting that there
may be an anti-correlation brain network located in this region that is predictive of
the ASD risk. The posterior mean with 95% credible interval of regression coefficients
for age, sex and 1Q) are respectively —0.132 (—0.580,0.352), —0.956 (—2.048, —0.004)
and —1.504 (—1.848, —1.133), indicating that age is not significantly associated with
the ASD, while patients with low 1) and males have a relatively high ASD risk.
These findings have the potential to help neuroscientists and epidemiologists better

understand the autism etiology.

To evaluate the goodness of fit of our model, we perform a posterior predictive
assessment (Gelman et al., 1996) based on the x? discrepancy and obtain a posterior
predictive p-value of 0.850, indicating a good fit. To assess the performance on
the ASD risk prediction, we use a ten-fold cross-validation approach based on the
important sampling method (Vehtari and Lampinen, 2002). Table 4.1 shows that
both sensitivity and specificity are greater than 0.9 for all three thresholds, indicating

a strong predictive power of our method.

As a comparison, we also analyze the ABIDE data using an alternative approach,
namely, SIS+LASSO, implemented by R packages SIS and glice. This approach
first identifies a set of potentially important voxels via the SIS method (Fan and
Song, 2010) for a probit regression model and then applies Lasso (Tibshirani, 1996)

to the same model using only the voxels selected in the first step. This approach se-
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Threshold Selected AAL Regions Nyoxel P-Sens P-Spec

99% [FGtriang-R, PoCG-R, DCG-R, 1,779  0.938 0.918

98% I[FGtriang-R, PoCG-R, DCG-R, 3,494 0.927  0.921

IFGtriang-R, PoCG-R, DCG-R,
SFGmed-R, SMA-R, HES-R

97% 9,160  0.901 0.932

Table 3.1: Selection results and prediction accuracy for the ASD risk. The six selected AAL regions
are the right postcentral gyrus (PoCG-R), the right inferior frontal gyrus triangular part (IFGtriang-
R), the right median cingulate and paracingulate gyri (DCG-R), the right superior frontal gyrus
(SFGmed-R), the supplementary motor area (SMA-R) and the right heschl gyrus (HES-R). Nyoxel
is the total number of selected voxels. P-Sens and P-Spec represent sensitivity and specificity in
prediction of the ASD risk via a ten-fold cross validation

(a) Important voxels selected using different thresholds (red 99%, red+blue 98%, red-+blue+yellow
97%)

(b) Posterior mean of regression coefficients for important voxels selected using a threshold of 97%

Figure 3.4: Five real brain Sagittal (right) slices (X = 40, 44, 50,54, 60 mm) cutting through two
regions: [FGtriang-R and PoCG-R.
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lects only 99 important voxels, most of which are not located in the regions identified
by our method. More notably, when evaluated via a ten-fold cross-validation, the
SIS+LASSO approach achieves a considerably lower sensitivity (0.705) and specifici-
ty (0.701) in prediction compared to our method, suggesting the superiority of our

method in the prediction of the ASD risk.

3.5 Simulation Studies

We conduct three simulations to illustrate the variable selection performance of the
proposed methods. In the first simulation, we consider a relatively low dimensional
data set (1600 voxels) to compare the standard method and proposed approach (SRS
and fastSRS) in terms of the selection accuracy, the computational time and the
effective sample size (ESS). The standard method is implemented by the standard
posterior computation (SPC) discussed Section 3.2.3. In the second one, in light of the
original ABIDE data set, we generate 50 Monte Carlo (MC) data sets with number of
signals smaller than sample size to compare the proposed method to the widely used
frequentist variable selection method SIS+LASSO (as illustrated in Section 3.4). In
the third one, we directly mimic the ABIDE study to illustrate the variable selection
performance of the proposed method under the ultra high-dimensional case with
number of signals larger than the sample size. All the hyper-prior settings directly
follow those in Section 3.4. Similarly, all the MCMC simulations are performed
under multiple chains with random initials. The convergence is confirmed by the GR
method, where the PSRF is close to 1 for each of the simulations. All algorithms are
implemented in Matlab. All the simulations are run on a PC with 3.4 GHz CPU,

8GB Memory and Windows System.
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3.5.1 Simulation 1

We focus on a 40 x 40 two-dimensional square with 1,600 voxels (Figure 4.6). It
consists of four regions (regions 1 — 4) where each of them contains 400 voxels, i.e.
R =4V, =400, forr = 1,...,4. We set n = 100 and jointly simulate imaging
biomarkers {z;., }% ;" | from a zero mean Gaussian process with an exponential kernel
(variance 0.5, correlation 36). We further set 35 and 50 voxels in regions 1 and 4 to
general the true signals (red voxels in Figure 4.6) with the coefficients drawn from
Gaussian processes with mean 5 and —6 (variance 0.2, correlation parameter 50). For

each of three algorithms, we run 3,000 iterations with 1,000 burn-in.

The variable selection sensitivity and specificity under different thresholds, the area
under the curve (AUC), the effective computing time, the resolution related time and
the ESS per minute for each algorithm are presented in Table 4.2. Based on the
results, with a similar performance of feature selection accuracy, the proposed algo-
rithms (SRS and fastSRS) require a substantial lower computational cost compared
to the standard method (SPC); and such a difference is expected to become more
remarkable with the number of variables increased. In addition, as shown in Table
4.2, the fastSRS algorithm achieves an around 54 times and 680 times larger ESS per
minute than the algorithms SRS and SPC respectively. This is consistent with our
expectation that the fastSRS substantially improves the mixing of the Markov chains

compared with the other two methods.

The comparable feature selection performance of the three algorithms indicates
that our multiresolution approach is a useful tool to improve computational efficien-
cy and speed up the MCMC convergence. When the data dimension is very high,
the standard MCMC algorithm suffers a heavy or even intractable computation. In
contrast, both the SRS and the fastSRS are still computationally feasible and have a

good performance on feature selection, while the fastSRS provides a more appealing
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Figure 3.5: Simulation 1 design: two-dimensional square with four regions labeled with texts.
Important voxels (red) are located in regions 1 and 4.

ESS. Thus, in the following simulation study, similar to Section ??, we only conduct

posterior inference using the fastSRS.

Threshold SPC SRS fastSRS

95% 0.659/0.984 0.625/0.982 0.671/0.985
90% 0.847/0.941 0.753/0.936 0.847/0.941
85% 0.941/0.889 0.953/0.895 0.965/0.895
80% 0.977/0.838 1.000/0.846 1.000/0.844

Sensitivity /Specificity

AUC 0.973 0.970 0.979

Effective Time (mins)? 13.100 1.600 2.600

Resolution related Time (mins)? 0.000 5.033 7.233
ESS/min 0.669 8.381 454.004

1 The computational time for resolution K (last resolution) for the SRS and the fastSRS.
2 The computational time for resolutions 1,..., K — 1 for the SRS and the fastSRS.

Table 3.2: Variable selection performance by three different algorithms in Simulation 1

3.5.2 Simulation 2

We consider an ultra-high dimensional case in simulation 2 and compare the proposed
fastSRS method with SIS+LASSO approach in terms of variable selection accuracy.
Specifically, we generated 50 MC data sets with the imaging biomarkers obtained

by permuting the original ABIDE data (X) over regions, ie. X} = X, . for

wrv
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r=1,...,Rand v =1,...,V, with X  the observed data form a particular data
set and ((ir, - - -, (o) is one permutation of (1,...,n). In such way, for each data set,
we could keep the correlations of fALFF values between voxels within a particular
region. We set the true signals located in two regions (IFGtriang-R and PoCG-R) as
detected in Section 3.4 with 371 and 241 important voxels that are spatially contigu-
ous. The voxel-wise regression coefficients are drawn from N(7,0.1) and N(5,0.1) for
the important voxels in the [FGtriang-R and the PoCG-R respectively, and are set
to be zero for all other voxels. The fastSRS-MCMC is run 2,000 iterations with 1,000

burn-in. Similarly, SIS and LASSO are implemented by R packages SIS and glice.

Method Threshold TP (sd) TN (sd) Sensitivity — Specificity
99% 586 (19.535) 183,528 (19.421)  0.958 0.993
fastSRS 98% 612 (0.000) 181,701 (4.945) 1.000 0.983
97% 612 (0.000) 180,002 (212.430) 1.000 0.974
SISTLASSO 65 (5.857) 184,777 (4.840) 0.106 1.000

Table 3.3: Variable selection performance over 50 MC data sets by the fastSRS algorithm
and SIS+LASSO approach in Simulation 2

The variable selection performance under different methods are summarized in
Table 3.4 based on true positive (TP), true negative (TN), sensitivity and specificity.
Here, without pre-specifying the number of selected variables for SIS, the SIS function
in the SIS package results in an extremely small number of selections (around 30),
which is far from the truth. To improve the performance of the SIS+LASSO, we
specify the number of selected variable in SIS to be 700 for all the 5 data sets,
which is larger than the true number of signals and conduct LASSO based on these
700 screening variables. Based on Table 3.4, our methods show a substantial better

performance than SIS+LASSO approach in terms of variable selection accuracy.
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Threshold Sensitivity Specificity

99% 0.719 0.998 f s
98% 0.962 0.990
97% 1.000 0.982 =2

False positive rate

Table 3.4: Variable selection accuracy for Figure 3.6: Receiver operating characteris-
different thresholds using fastSRS-MCMC tic (ROC) curve for the variable selection us-
in simulation 3 ing fastSRS-MCMC in simulation 3

3.5.3 Simulation 3

In this part of simulation, we directly adopt the voxel-wise fALFF values over the
whole brain (116 regions and 185,405 voxels) from the ABIDE data for all 831 subjects
containing the region-wise functional connectivity and voxel-wise spatial correlation
information. To create sparsity as the case in practice, similar to simulation 2, the
true signals are set to be located in the two regions (IFGtriang-R and PoCG-R) as
detected in Section 3.4, respectively containing 852 and 1,090 important voxels which
are spatially contiguous. We still let the voxel-wise regression coefficients drawn from
N(7,0.1) and N(5,0.1) for the two pieces of signals, and are set to be zero for the
noninformative part. The fastSRS-MCMC is run 2,000 iterations with 1,000 burn-in.
Of note, in this set of simulation, the number of signals are larger than the sample

size as compared to simulation 2.

The variable selection accuracy under three thresholds are summarized in Table
3.4. The results suggest that our method achieves an extremely high variable selection
accuracy: both sensitivity and specificity are close to one for thresholds of 97% and

98%. Also, we obtain a very good receiver operating characteristic (ROC) curve by
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varying the threshold between 1% and 99% as shown in Figure 3.6. Such satisfactory
performance not only shows the feasibility of the proposed method under an ultra
high-dimensional case, but also verifies the selection results in data application to
certain extent with a consideration of the mimic settings in the current simulation.
The computational time for the whole posterior simulation is 2.77 hours, which is

extremely remarkable under such an ultra high-dimensionality.

3.6 Discussion

In this chapter, we present a novel Bayesian multiresolution approach for variable
selection in a ultra-high dimensional feature space. Our approach is computationally
feasible and efficient and it can incorporate both spatial information and functional
connectivity information into feature selection, leading to biologically more inter-
pretable results and improved performance. As shown in our numerical studies, it
works especially well when the true important voxels are sparse and spatially clus-

tered.

The current multiresolution approach is developed based on the commonly used
latent indicator approach in a Bayesian modeling framework. The bottleneck of it-
s posterior computation comes from the inefficiency in sampling multi-level latent
selection indicators. One direction of extending our work that will further reduce
computational time is to develop parallel computing algorithms for jointly updating
high dimensional latent indicators and implement them using the popular General-
Purpose computation on Graphics Process Unit (GPGPU) technique (Suchard et al.,
2010). Also, the Bayesian shrinkage approach as a different strategy for variable s-
election has also attracted much attention recently (Park and Casella, 2008; Hans,

2009; Li and Lin, 2010; Hans, 2011; Bhattacharya et al., 2012). This method is close-
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ly related to penalized likelihood approaches and it imposes a “weak” sparsity prior
assumption that ensures a high probability on the model parameters being close to
zero rather than a positive probability of exactly being zero. It avoids introducing
latent indictors in the model and the aforementioned complication in posterior com-
putations. Thus, another potentially interesting extension of our work is to develop

a multiresolution variable selection procedure using Bayesian shrinkage methods.

3.7 Appendix

3.7.1 Standard Posterior Computation Algorithm

We provide the details of the standard posterior computation algorithm in Section
3.2.3 which is implemented via a Gibbs sampler. The joint posterior distribution of

all the parameters given the data is

7T(Z7/87aaca’)/ao—g?nlan%gl?ié ’ S,X,y) (321)
R

o w(y|2)m(z|B,ee,v. 8, X)n(B] o)m(a)m(c | m, &) [H (v | 772752)] m(og)m(m)m(§)

r=1

where 1 = (n1,12) and &€ = (&1, &2).

In the Gibbs sampler, the sampling schemes are as follows.

Sampling scheme for z: fori=1,...,n, draw

[Zi | /37 «,C, 7%, Yi, S7 X ] ~ yiN[O,-i-oo) (ﬁw 1) + (]- - yi)N(—oo,O) (ﬁw 1)7 (322)

where N 4 (i, ¥) denote a normal distribution with mean p and covariance ¥ truncated

on region A, and j1; = S;a — X; {A o 8}, where S;, X; are row ¢ for S, X.
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Sampling scheme for a: draw

[ | B,2,¢,7,8,X] ~ N(fta, a), (3.23)
where 3, = (S'S + 0.°L,) " and p, = . (z—X{AoB})S.

Sampling scheme for o3: draw

R V,
(05 | 8] ~1G(ag +V/2,b5+ (1/2) > > 52,). (3.24)
r=1 v=1
Sampling scheme for c: forr =1,..., R, the full conditional of ¢, is given by

W(CT | /87 Z,0,Cp,7, S7 X)

R R n
X exp <771 Z ¢ + &1 Z frnI e = cr]> H ¢ (z — S;a — X; {0 B}) (3.25)
r=1 r'=1

i=1

where c_, = (¢, 1" #7r).

Sampling scheme for ~v: forr=1,..., R and v = 1,...,V,, the full conditional

of v, is given by

7T(’Y7“v ‘ /87 Z,x,C,Y—ru, 87 X)

Vi Vi n
X €exp (772 Z Yro + 52 Z lrv’v[[f)/rv’ = 77“1}]) H ¢ (Zz - Sza - Xz {)\ o /6}03726)
v=1 v'=1

i=1

where v_,, = (Y5, 8 # 1 or t # v).

Sampling scheme for np and &: the parameters in Ising priors are updated using

the auxiliary variable method by Mgller et al. (2006).
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Sampling scheme for 3: based on the full conditional (3.6), update 3 via a block
update by (3.7).

3.7.2 SRS-MCMC Algorithm

The updating scheme for z® a®) g®*) , 1 and & follows the standard posterior

computation algorithm in Appendix 3.7.1.

Sampling scheme for ¢ and v®:

ewhenk=1forg=1,....G®:r =1,... R:h=1,...,H", the full condi-

tionals of cg(,k) and ’yg? are

m(ef? [ 89,20, 0, e 41, 8, X) o H¢( Sia® — X; {A® 0 g0} ) ;

(3.27)

(38 | 89,20, a® ¥ 40 40 8 X) « [[o (zf’“) —Sia® — X, {A® o ﬁ(k)}) :
=1

(3.28)

e when 1 < k < K, the sampling scheme is stated in Section 3.3.2 with the full
conditional updates of cék) and ’yﬁi) in the moving step following (3.27) and

(3.28).

e when k£ = K, the sampling scheme is stated in Section 3.3.2 with the full
conditional updates of cék) and 77{];;) in the moving step following (3.25) and

(3.26).
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3.7.3 fastSRS-MCMC Algorithm

2(k)
B

The updating scheme for z® a® 2% 5 and € follows the standard posterior

computation algorithm in Appendix 3.7.1.

Sampling scheme for c(k),'y(’“),ﬁ(’“):

e when k = 1, the full conditional of c¢®) follows (3.27). For the full conditional
of (v, 8) in (3.20), w337 | &) = [ 7(BL vy | @)AByhy o< 6(0 pyj, ),
~k . .
W(Bq(nh21 | ngh?a °) = ¢(:3(hf1vl"rh/> Erh’) and 7r(,3( wo | 'thu ) = 50(57(%'0) with

-1
=0 =< Ao I‘l'th/th’) o w = sBXT (29 —sa®), (3.29)

Whel"e X’I’h/ = (er’ af’]::))h = 1,77(‘2) — ]"ai'l;jb)h’ — 1)

e when 1 < k < K, the sampling scheme is stated in Section 3.3.3.

e when k£ = K, the sampling scheme is stated in Section 3.3.3 with the full
conditional updates in the moving step following of cék) following (3.25), and
(7("3),5(’“)) following (3.20) with an alternative W(Vﬁi? | o) = (o | ®)
exp (11 Vs e + & XUy bl P = 0]

O0: 133 Sy30).
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Chapter 4

A Bayesian nonparametric mixture
model for selecting genes and gene

sub-networks
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4.1 Introduction

In high-throughput data analysis, selecting informative features from tens of thou-
sands of measured features is a difficult problem. Incorporating pathway or network
information into the analysis has been a promising approach, and the network could
contain information such as protein interaction, transcriptional regulation, enzymatic

reaction, and signal transduction etc (Cerami et al., 2011).

With the primary goal to identify either the important pathways or the genes
that are strongly associated with clinical outcomes of interest, some methods are de-
veloped using the available network topology with incorporating the gene-pathway
relationships or gene network information into a parametric/regression model. For
example, there are a series of works (Wei and Li, 2007, 2008; Wei and Pan, 2010) that
model gene-network using a Discrete- or Gaussian-Markov random field (DMRF or
GMRF). Li and Li (2008) and Pan et al. (2010) used the gene network to build penal-
ties in a regression model for gene pathway selection. Ma et al. (2010) incorporated
the gene co-expression network in identification of caner prognosis markers using a
survival model. Li and Zhang (2010) and Stingo et al. (2011) developed Bayesian
linear regression models using MRF priors or Ising priors that capture the dependent
structure of transcription factors or the gene network /pathway. Recently, Jacob et al.
(2012) proposed a powerful graph-structured two-sample test to detect differentially

expressed genes.

Although regression models are widely used for the selection of the gene subnet-
work that is associated with an outcome variable, in some situations, the question of
interest is to study the expressional behavior of genes, e.g. periodicity, without an
outcome variable. In other situations, the experimental design is more complex than

simple case-control. For example, some gene expression studies involve longitudinal /-
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functional measurements for which the parametric models (Leng and Miiller, 2006;
Zhou et al., 2010; Breeze et al., 2011) or the multivariate testing procedure (Jacob
et al., 2012) may not be applicable without a major modification. A straightforward
approach to this problem is to perform large-scale simultaneous hypothesis testing
on gene behavior. A set of genes can be selected based on the testing statistics or
p-values, where a correct choice of a null distribution for those correlated testing
statistics (Efron, 2004, 2010) should be used. However, this approach ignores the
gene network information that is useful to identify the subnetwork of genes with the
particular expressional behavior. Due to the diverse behavior of neighboring genes on
the network, it is generally believed that genes in close proximity on a network are
likely to have joint effects on biological /medical outcomes or have similar expressional
behavior. This motivates the needs of analyzing the large scale testing statistics or
statistical estimates incorporating the network information. Another motivation is
that a linear regression or parametric model of gene expression levels might not be
suitable in some cases. For example, we may be interested in finding subnetworks of
genes that have nonlinear relations with an outcome without specifying a parametric
form. To address these problems, a simple framework can be adopted. First, a certain
statistic is computed for each feature without considering the network structure. The
statistic can come from a test of nonlinear association, a test of periodic behavior,
or a certain regression model. After obtaining the feature-level statistics, a mixture
model that takes into account the network structure can be used to select interesting

features/subnetworks.

To mitigate problems of the current methods, we propose a Bayesian nonpara-
metric mixture model for large scale statistics incorporating network information.
Specifically, the gene specific statistics are assumed to fall into two classes: “unselect-

ed” and “selected”, corresponding to whether the statistics are generated from a null
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distribution, with prior probabilities py and p; = 1 —pg. A statistic has density either
fo(r) or fi(r) depending on its class, where fo(r) represents “unselected” density and
f1(r) represents “selected” density. Thus, without knowing the classes, the statistics

follow a mixture distribution:

pofo(r) + p1fi(r). (4.1)

As suggested by Efron (2010), it is reasonable to assume statistics are normally dis-
tributed. This justifies the use of a Dirichlet process mixture (DPM) of normal
distributions to estimate both fo(x) and fi(z). Note that different from Wei and Pan
(2012), our model does not assume that fy and f; directly take the form of a normal
density function. The DPM model has been discussed extensively and widely used in
Bayesian statistics (Antoniak, 1974; Escobar, 1994; Escobar and West, 1995; Miiller
and Quintana, 2004; Dunson, 2010), due to the availability of efficient computational
techniques (Neal, 2000; Ishwaran and James, 2001; Wang and Dunson, 2011) and the
nonparametric nature with good performance on density estimation. The DPM has
been extended to make inference for differential gene expression (Do et al., 2005) and
estimate positive false discovery rates (Tang et al., 2007) but without incorporating
the network information. In our model, we assign an Ising prior (Li and Zhang, 2010)
to class labels of all genes according to the dependent structure of the network. As dis-
cussed previously, the class label only takes two values: “selected” and “unselected”,
while a DPM model is equivalent to an infinity mixture model (Neal, 2000; Ishwaran
and James, 2001, 2002), based on which we develop a posterior computation algorith-
m. Our method selects genes and gene subnetworks automatically during the model
fitting. To reduce the computational cost, we propose two fast computation algo-
rithms that approximate the posterior distribution either using finite mixture models

or guided by a standard DPM model fitting, for which we develop a hierarchical or-
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dered distribution clustering (HODC) algorithm. It essentially performs clustering
on ordered density functions. The fast computation algorithms can be tailored from
any routine algorithms for the standard DPM model and combined with the HODC
algorithm. Also, we suggest two approaches to choosing the hyper-parameters in the

model.

4.2 The Model

Let n be the total number of genes in our analysis. For i = 1,...,n, let r; denote a
statistic for gene . It represents either a functional behavior or the association with
a clinical outcome. For the association analysis, it is common to have an outcome Y
and a gene expression profile X; for each gene, i. As an alternative to a regression
model, we can produce statistics for each gene. ie. r;, = s(X;,Y), where s(-,-)
can be a covariance function or other dependence test statistics. For a large scale
testing problem, we usually obtain p-values, p1,...,p,, which can be transformed to
normally distributed statistics, i.e. r; = —®~1(p;), where ®(r) denotes the cumulative
distribution function for the standard normal distribution. This transformation is a
monotone transformation and it ensures the “selected” genes have a larger value of

r;. Let z; be the class label for gene selection, where z; = 1 if gene i is selected,

z; = 0 is unselected. For i,5 = 1,...,n, let ¢;; denote the gene network configuration,
where ¢;; = 1 if gene i and j are connected, ¢;; = 0 otherwise. Write r = (rq,...,7,),
z=(2,...,2,) and C = (¢;;). In our model, r and C are observed data, z is a latent

vector of our primary interest.
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4.2.1 A network based DPM model for gene selection

As suggested by Efron (2010), we assume r;’s are normally distributed. Let N(u, o?)
denote a normal distribution with mean p and standard deviation o. Let DP(G, «)
represent a Dirichlet process with base measure G and scalar precision . Given the

class label z, we consider the following DPM model: for i =1,2,...,n and k£ = 0,1,

[Ti | /M"O'?] ~ N(:U’iao-z?)a (42>
[(,ui,af) | Zi = kak ] ~ Gkv

Gr ~ DP[Gok, T,

where y; and o7 are latent mean and variance parameters for each 7;. The random
measure Gy and the base measure G are both defined on (—oo, +00) X (0, +00).
We specify Gox = N(7, &) x IG(ag, Bi), where IG(a, 3) denotes an inverse gamma
distribution with shape a and scale 3. Note that given latent parameters y;, 02, the
statistic 7; is conditionally independent of z;. By integrating out (u;,0?), we build

the conditional density of r; given z; = k in (4.1), i.e.

Bl = [t 10)iGu@). (1 0)= 2o ( - “) | (13)

g g

where @ = (i, 0%) and ¢(r) is the standard Gausian density function. This provides

a Bayesian nonparametric construction of f(r).

To incorporate the network structure, we assign a weighted Ising prior to z:

m(z |, 0,w,C) x exp [Z (&Z log(7,,) + o, ijcij[[zi = zﬂ)] , (4.4)

i=1 ji

where w = (mg,m) with 0 < m =1—m < 1, @ = (00, 01) with g > 0 for k =0, 1,
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w = (Wi,...,w,) With w; >0 fori=1,....,n, and W; = Y77, cijw;/ > 5 ¢ij. The
indicator function I[A] = 1 if event A is true, I[A] = 0, otherwise. The parameter 7
controls the sparsity of z, and the parameter g characterizes the smoothness of z over
the network. For each gene i, a weight w; is introduced to control the information
inflow to gene ¢ from other connected genes, which can adjust the prior distribution
of z; based on biologically meaningful knowledge, if any. The term w; is introduced to
balance the contribution from 7r and g to the prior probability of z. When g = (0, 0)
and w = (1,...,1), the latent class labels z;’s are independent identically distributed

as Bernoulli with parameter .

4.2.2 Model Representations

As discussed by Neal (2000), the DPM models can also be obtained by taking the limit
as the number of components goes to infinity. With a similar fashion, we construct
an equivalent model representation of (4.2) for efficient posterior computations. Let
Discrete(a, b) denote a discrete distribution taking values in a = (ay,...,ar)" with
probability b = (by,...,br), i.e. if £ ~ Discrete(a,b), then Pr(§ = a;) = b, for
Il =1,...,L. Let Dirichlet(ax) denote a Dirichlet distribution with parameter .
Let Ly, for k = 0,1, represent the number of components for density fi(r). We
define the index sets ag = (—Lo+1,—Lo+2,...,0) and a; = (1,2,...,Ly). Let q, =
(G—Lo41,9-Lg42y---,G0) and q; = (q1, - .., qr,) with deak g=1 Letl,=(1,...,1).

——

Then model (4.2) is equivalent to the following model, as Ly — oo and L; — oo,

[ri 195,01 "~ N(fig,, 3,), (4.5)

U

sH

9 | zi = k,q ] "~ Discrete(ay, qp),

0, ~ Gy, forgeay,

q, ~ Dirichlet(r1., /Ls),
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where 6 = {gg}geawal and 59 = (fig,7;). The index g; indicates the latent class
associated with each data point r;. Write g = (¢1,...,9,) and z = (z1,...,2,). For
each class, g, the parameter 50 determines the distribution of r; from that class. The

conditional distributions of g; and ggi given z; = 0 and z; = 1 are different. Based on

model (4.5), the conditional density of fi(r) in (4.3) becomes

B =3 2 (;—ﬁ) | (146)

This further implies that given Ly and Ly, the marginal distribution of r; also has a

form of finite mixture normals. i.e.,

W(T)=§pkfk(r): LZ %d) <T;—fg> (4.7)

g=—Lo+1

where g, = pogq, if g <0, g4 = p1g,, otherwise.

Model (4.5) is not identifiable for z; in the sense that if we switch the gene se-
lection class label “0” and “1”, the marginal distribution of r; (4.7) is unchanged.
Without loss of generality, we assume that the “selected gene” should be more likely
to have large statistics compared to the “unselected genes”. Thus, we impose an

order restriction on the parameter 5, forg=—Lo+1,..., Ly,

ﬁg < ﬁg—i-l- (4~8)

This also sorts out the non-identifiability of parameter 6. In many cases, the func-
tional behaviors of some genes are strongly evident from prior biological knowledge.
Whether or not those genes are selected is not necessarily determined by other genes
in the network. Those genes are likely to be the hubs of the networks, thus the deter-

mination of the status of these genes might help select genes in their neighborhood.
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This suggests that it is reasonable to pre-select a small amount of genes that can be
surely elictied by biologists from their experience and knowledge. We refer to them
as “surely selected” (SS) genes. These genes are usually associated with very large

statistics. We evaluate the performance via the simulation studies in Section 4.4.2.

4.2.3 Posterior Computation

In model (4.5), given Ly and L;, we have the full conditional distribution of ¢g; = ¢

and z; =k given g_, = (g1, -+, Gi-1,Git1,---Gn)s Z—i = (215« Zio1, Zig1,- - -, 2n) and
data r:
W(gi =0,% = k ’ gfivz—iarv’é) (49)

1 ’i_~ —1 L ~

o o T +mp — 1 ——
g g J#i
n

where my, = 3 i) I[z; = k| is the number of genes in class k and n_;; = >, I[g; = g

represents the number of g; for j # i that are equal to g.

As Ly — oo and Ly — oo, if (g, k) = (g, z;) for some j # i, then

™9 =9,zi=k| g ;2-1,0) (4.10)
x # exp (CDZ log (1) + o ;chijl[zj = k:]) %¢ (%) ,
and
7(gi # g;, % # zj,for all j # i | gﬂ-,z_i,r,g) (4.11)

Tk

X ——————exp ((El log(my) + o ijcijf[zj = k])

T g — 1 i

T(cy + 1/2) 85" (u—fyk)( 1 2)“”“/”
) V21T (o) & /¢ &k Bk+2(rl 2 s,
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where the integral can be efficiently computed by the Gaussian quadrature method

in practice.

The full conditionals of fi, and 52, for g € {¢g1,...,gn} are given by,

~2 2 ~2¢2
@, | 3r] ~N (22 T i Oo (4.12)
g g’ 53 + g;%ng ) 5:3 + ggng 9
g |~ n 1 -
52 | fig,r | ~1G (ozk + 5Bt i;gm — ug)2) , (4.13)

where k = I[g > 0] and n, = > ", I[g; = g]. We summarize this algorithm in
Appendix 4.6.2 and refer to it as NET-DPM-1. It is computationally intensive when
n is very large. To mitigate this problem, we propose two fast algorithms to fit finite

mixture models (FMM) with appropriate choices of the number of components.

4.2.4 Fast Computation Algorithms
FMM Approximation

When L, and Ly fit the data well, we can accurately approximate the infinite mixture
model (4.2) by the FMM (4.5). Given a fixed Ly and Ly, it is straightforward to per-
form posterior computation for model (4.5) based on (4.9). We refer to this algorithm
as NET-DPM-2 (see Appendix 4.6.2 for details). This algorithm does not change the
dimension of @ over iterations. In this sense, it simplifies the computation. Also, in
order to keep computation efficient, we search for smaller values of Ly and L; which
fit the data well. This can be achieved under the guidance of a DPM density fitting

for which we introduce an algorithm in the next section.

91



Hierarchical Ordered Density Clustering

Without using the network information, a DPM model fitting on data r provides
an approximation to the marginal density (4.7). It generates posterior samples for
mixture densities, where the mean number of components should be close to Lg+ L;.
Let us focus on one sample. Suppose Ly + L; is equal to the number of components
in this sample. To further obtain an estimate of Ly and L; for this sample, we
need to partition the Ly + L; components into two classes. Thus, we propose an
algorithm to cluster a set of ordered densities. We call it hierarchical ordered density
clustering (HODC). Here, the density order is determined by the mean location of
that density. For example, a set of Gaussian density functions are sorted according
to their mean parameters. Similar to the classical hierarchical clustering analysis, we

define a distance metric of density functions:

dUJ%j/wU@—f@WM, (4.14)

—0o0

where f and f’ are two univariate density functions. Let P = {(//Ig,E;,ﬁg)}giTLl

denote parameters for Lo+ Ly Gaussian densities, where [, < fig11,9 =1,2,..., Lo+
Lq,—1. This is the input data to the HODC algorithm totally consisting of Lo+ L, —2
steps. At the m step, there are Ly + L1 — m clusters of densities and let sl(m)7 for

l=1,...,Ly+ Ly —m, denote the density indices in cluster [. For simple, we define

%mm=2%42$ﬂ/2@ (4.15)

gEs gEs

which represents a mixture of Gaussian densities, where the components indexed by

s are a subset of {¢[(r — ﬂg)/?fg]/&g}éiirh.

HODC:
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Input: Parameters for a mixture of Gaussian densities, i.e, P.
Initialization: Set m = 0 and S(O) ={i}, forl=1,2,..., Lo+ Ly;

Repeat the following steps until m = Ly + L — 2:

Step 1: Find
(m) _ . T om) - (m)
l = argmin d(gb(,sl ,P),é(+ Sl+177[)) :

Step 2: Forl=1,2,..., Lo+ L —m — 1, set

s If [ < 1™
Sl(mH) = sl(m) U sl(m) If [ =(m
s\") If [ > 1™

Step 3: Set m =m + 1.

Output: {slm)}L”L1 "form=12,..., Lo+ L — 2.

Fig. 4.1 illustrates the HODC algorithm. The algorithm stops when m = Lo+ L; —
2, where the ordered density components are partitionned into two classes indexed
by sgm) and s2 . This suggests that the number of indices in s,g ‘1, denoted by |sk +1|
is an estimate for Ly in model (4.5). By running the HODC, we can obtain one
Ly, estimate for each posterior sample generated from a DPM fitting. We take the
average of L, estimates over all the posterior samples as the input of NET-DPM-
2. The HODC also provides an approximation to fx(r) in (4.6), i.e. &(r; sk+1, P).
This implies that we can further simplify the computation with the algorithm in the

following section.

93



Figure 4.1: An illustration of the HODC algorithm for six density components: the
HODC starts with clustering densities 1 and 2 as a mixture density labeled as 7,
since the “distance” between 1 and 2 is shorter than all other adjacent density pairs.
Then the HODC computes the “distance” between densities 3 and 7, densities 3 and
4, ..., to proceed the clustering. Following this procedure, the HODC ends up with
clustering densities 1,2,3 as a mixture density (labeled as 8) and 4,5,6 as another
mixture density (labeled as 10).

FMM guided by a DPM model fitting

From a DPM model fitting, we obtain V posterior samples of the parameters for

the marginal density of r. We denote them as P, = {(ﬁvg,ﬁgg,ﬁvg)}gi‘}+L”1

, for
v=12,...,V. For each P,, the HODC algorithm partitions L, + L,; components
into two classes, where the class-specific components are indexed by a, and a, ;.

This leads to V' approximations of fi(r), i.e. (E(’f’; ayk, Py). Given fi(r), our proposed

gene selection model reduces to

i.0.d.

[ri |z =k ] fulr), (4.16)

fori=1,2,...,nand k = 0,1, and z follows (4.4). To make inference on the posterior

distribution of z by combining all V' approximations of fi(r), we consider

w(z | v) ~ 1§V:7r(z|r¢,,>, (4.17)

v=1



where $v = {g(r;auo,ﬂ)),&r; a,1,P,)}. For each v, the full conditional of z; is

given by

m(zi=k|z_;1, Py (4.18)

o g(m; a,k, Py) exp (@, log(mr) + ok ijcijl[zj = k:]) )
J#
We refer to this algorithm as NET-DPM-3 (see Appendix 4.6.2 for details). It is
extremely fast with a moderate V. Since the marginal density is estimated without
using the network information, it might introduce bias on the distribution of z; and
underestimate the variability of z;. From our experience, those issues do not affect

the selection accuracy much. Some examples are provided in Section 4.4.

4.2.5 The choice of hyper-parameters

To proceed NET-DPMs, we need to specify the hyper-parameters w, o and w in
(4.4). We assume that w is pre-specified according to biological information. In this
paper, we choose equal weight, i.e. w = 1,, without incoorporating any biological
prior knowledge. We suggest two approaches to choosing 7w and g: 1) we assign
hyper-priors on 7 and @ and make posterior inference; 2) for a set of possible choices
of w and o, we employ the Bayesian model averaging. The details are provided in

Appendix 4.6.3.

4.3 Application

To demonstrate the behavior of our method, we apply the proposed method to the
analysis of the Spellman yeast cell cycle microarray dataset (Spellman et al., 1998) as

introduced in Section 1.1.3. There is no outcome variable in the cell-cycle dataset. In
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this demonstration we focus on the selection of genes with periodic behavior in light
of the network. It is known that such genes show different phase shifts along the cell
cycle and may not be correlated with each other (Yu, 2010). We first perform the
Fisher’s exact G test for periodicity (Wichert et al., 2004) for each gene. We then
transform the p-values to normal quantiles, r; = ®~!(p;) for gene i. We apply the
fully Bayesian inference (NET-DPM-1), one fast computation approach (NET-DPM-
3) and the standard DPM model fitting (STD-DPM) to this dataset. For the NET-
DPM-1, set 7o = 10, 7, = 2; following the results by STD-DPM, set v, = @i, &2 =
52,8, = 10, = B/ + 1 with k = 0,1, where {fi,} and {53} are preliminary
estimations by the STD-DPM. We also conduct a sensitivity analysis for the hyper-
parameters specification (Appendix 4.6.4) to verify the robustness of the proposed
methods. For both methods, the choices of 7y and g for the model averaging algorithm
are (0.75,0.8,0.85,0.9) and (0.5,1,5,10,15) x (0.5,1,5,10,15) with restriction gy <
01. We run all the algorithms 5,000 iterations with 2,000 burn-in. In this article,
as discussed in Barbieri and Berger (2004), a cutoff 0.5 for the marginal posterior
probability of z; is taken to determine whether gene i is selected or not. The standard
DPM fitting is obtained by an R package: DPpackage and all the proposed algorithms

are implemented in R.

Table 4.1 presents the gene selection results based on three methods in a two-
by-two table format. The number of the “selected” genes by the NET-DPM-1, the
NET-DPM-3 and the STD-DPM are 201, 216 and 114, respectively. The summation
of the diagonal elements of the table comparing the NET-DPM-3 and the NET-DPM-
1 is larger than that for NET-DPM-3 and the STD-DPM. This indicates a stronger

agreement between the two algorithms for NET-DPM.

We focus our discussion on the NET-DPM-3 results. After removing all unselected

genes, as well as selected genes not connected to any other selected genes, 163 of the
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NET-DPM-1 STD-DPM
Selected Unselected Selected Unselected

Selected 170 46 100 116
NET-DPM-3 Unselected 31 1784 14 1801

Table 4.1: The genes selection results by the three methods for the cell cycle dataset

216 genes fall into 11 subnetworks. Of the 11 subnetworks, 10 are very small, each
containing 5 or less genes. The remaining subnetwork contains 135 genes. Considering
the purpose of the study is to find genes with periodic behavior, and most such genes
are functionally related and regulated by the cell cycle process, this result is expected.
We present the subnetwork in Fig. 4.2. Sixty-one of the 135 genes belong to the
mitotic cell cycle process based on gene ontology (Ashburner et al., 2000). The yeast
mitotic cell cycle can be roughly divided into the M phase and the interphase, which
contains S and G phases (Ashburner et al., 2000). We do not further divide the
interphase because the number of genes annotated to its descendant nodes are small.
Among the 135 genes, 45 are annotated to the M phase, and 21 are annotated to the
interphase. By coloring the M phase genes in red, the interphase genes in blue, and
the genes annotated to both phases in green, we see that the majority of the selected
M phase genes are clustered on the subnetwork, while the selected interphase genes

are somewhat scattered with 7 falling into a small but tight cluster.

We show part of the subnetwork detected by the NET-DPM-3 with the corespond-
ing one under the STD-DPM in Fig. 4.3, where the genes that are linked by a dashed
line are connected to other genes that are not shown in the figure. In this subnetwork,
the gene selection results by the NET-DPM-1 agrees with the NET-DPM-3 except
only one gene “YML064” for which the NET-DPM-1 does not select it with prob-
ability 0.478 while the NET-DPM-3 selects it with probability 0.687. This implies
that both methods provide large uncertainty on this gene. Comparing the top-panel
(our method, NET-DPM-3) and bottom-panel (STD-DPM), we observe a number of
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Figure 4.2: A subnetwork composed of genes with periodic behavior. The subnetwork
consists of 135 genes. Red nodes: genes functionally involved in the M-phase of cell cycle;
blue node: genes functionally involved in the interphase of cell cycle; green nodes: genes
functionally involved in both M and interphase of cell cycle.
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genes selected by NET-DPM but not by STD-DPM, and almost all such genes are
cell cycle-related (denoted by a star by the ORF name). Examples include YAL041W
(CLS4), which is required for the establishment and maintenance of polarity and crit-
ical in bud formation (Chenevert et al., 1994; Cherry et al., 2012). The gene only
shows moderate periodic behavior, as denoted by the color of the node. However
due to its links to other genes that have strong periodic behavior, it is selected by
our method as an interesting gene. Another example is YFLOO8W (SMC1). It is a
subunit of the cohesion complex, which is essential in sister chromatid cohesion of
mitosis and meiosis. The complex is also involved in double-strand DNA break repair
(Strunnikov and Jessberger, 1999; Cherry et al., 2012). Similar to CLS4, the periodic
behavior of SMC1 is not strong enough. It is only selected when the information is
borrowed from linked genes that are functionally related and show strong periodic be-
havior. A number of other cell cycle-related genes in Fig. 4.3 are in similar situation,
e.g. YBR106W, YDR052C, YJL157C, YGL0O03C, and YMRO76C. These examples
clearly show the benefit of utilizing the biological information stored in the network

structure.

To assess the functional relevance of the selected genes globally, we resort to
mapping the genes onto gene ontology biological processes (Ashburner et al., 2000).
We limit our search to the GO Slim terms using the mapper of the Saccharomyces
Genome Database (Cherry et al., 2012). The full result is listed in the supplemen-
tary file. Clearly the over-represented GO Slim terms are centered around cell-cycle.
Here we discuss some GO terms that are non-redundant. Among the 216 selected
genes, 70 (32.4%, compared to 4.5% among all genes) belong to the process response
to DNA damage stimulus (GO:0006974). The term shares a large portion of its
genes with DNA recombination (GO:0006310) and DNA replication (GO:0006260)

processes, which are integral to the cell cycle. Sixty-seven of the selected genes
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(31.0%, compared to 4.7% among all genes) belong to the process mitotic cell cycle
(GO:0000278). Twenty-six of the 67 genes are shared with response to DNA damage
stimulus (GO:0006974). Forty-one of the selected genes (19.0%, compared to 3.0%
among all genes) belong to the process regulation of cell cycle (GO:0051726), among
which 29 also belong to mitotic cell cycle (GO:0000278). Thirty-one of the selected
genes (14.4%, compared to 2.6% among all genes) belong to the process meiotic cell
cycle (GO:0051321), among which 12 are shared with mitotic cell cycle (GO:0000278).
Other major enriched terms include chromatin organization (12.5%, compared to 3.5%
overall), cytoskeleton organization (12.5%, compared to 3.4% overall), regulation of
organelle organization (9.7%, compared to 2.4% overall), and cytokinesis (7.9%, com-
pared to 1.7% overall). These terms clearly show strong relations with the yeast cell

cycle.

4.4 Simulation Studies

In this section, we illustrate the performance of our methods (NET-DPMs) using
simulation studies with various network structures and data settings compared with
other methods. In Simulation 1, we study the similarity between the fully compu-
tational algorithm NET-DPM-1 and two fast computation approaches NET-DPM-z,
r = 2,3 in terms of gene selection accuracy and uncertainty estimations. Each of
the three algorithms can be used along with one of the two methods for choosing
hyper-parameters: the posterior inference and model averaging. In Simulation 2, we
focus on the gene network selection under a particular network structure and two
types of simulated data to demonstrate the flexibility of the proposed methods. In
both simulations, we compare the NET-DPMs with a STD-DPM combined with the

HODC algorithm without using any network information.
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Figure 4.3: A portion of the subnetwork shown in Fig. 4.2, together with the immediate
neighbors of the selected genes. Upper panel: NET-DPM-3 results; lower panel: STD-
DPM results. The node labels indicate the gene name; circles and triangles represent
selected?and unselected?genes; colors denote the value of the normal quantiles; a star in
superscript represents the genes functionally annotated to the cell-cycle process. Dash lines
denotes connections to genes not shown in the figure.



4.4.1 Simulation 1

FITETY
v v
i

Figure 4.4: Partial network structure with the dash lines representing connections to other
nodes not shown in the figure.

In this simulation, we investigate the performance of the proposed algorithms using
a simulated dataset that mimic the real data in Section 4.3. We generate a scale-
free network with 1,000 genes based on the rich-get-rich algorithm (Barabéasi and
Albert, 1999), i.e. n = 1,000. Two hub genes with 64 and 69 connections to other
genes are in this network; the mean and median edges per gene are 1.998 and 1.
Partial network structure with the two hub genes included is shown in Fig. 4.4. From
the network structure, we generate z from the Ising model (4.4) with the sparsity
parameter my = 0.8, smoothness parameters ¢ = (go, 01) = (5,10). For i =1,...,n,
in light of the results in Section 4.3, we simulate data r; given z; from the empirical
distributions (Fig. 4.5) of the test statistics for “selected” and “unselected” genes in
the Spellman yeast cell cycle microarray data. As shown in Section 4.3, the NET-
DPM-3 (Scenario 1) and the STD-DPM (Scenario 2) provide different gene selections

results. We set both secenarios as the truth to simulate data.

We apply the NET-DPM-z, for x = 1,2,3 and the STD-DPM to the simulated
dataset. To choose the sparsity and smoothness parameters, the NET-DPM-1 and
the NET-DPM-3 are both combined with model averaging, where the possible choic-
es of mp and @ are (0.75,0.8,0.85,0.9) and (1,5, 10,20,50) x (1,5, 10,20,50), while
the NET-DPM-2 is combined with the posterior inference on (7, @). As for other

hyper-parameters, we specify 7x, &k, Vi, Ok, @x; k = 0,1 the same way as in the data
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STD-DPM NET-DPM.-3

STD-DPM NET-DPM-3

Figure 4.5: Empirical distributions of “selected” genes (upper panel) and “unse-
lected” genes (lower panel) in the Spellman yeast cell cycle data estimated by the
NET-DPM-3 (right panel) and the STD-DPM (left panel).

application for the NET-DPM-z, for x = 1,2. With random starting values, each
algorithm is run 10 times under 5,000 iterations with 2,000 burn-in. The selection
performance for each method based on the average of the 10 runs are presented in

Table 4.2. We also compare the posterior probability estimates of z between different

algorithms under Scenario 1 in Fig. 4.6.

STD-DPM NET-DPM-1 NET-DPM-2 NET-DPM-3

Scenario 1
True Positive Rate 0.893 0.973 0.920 0.920
False Positive Rate 0.292 0.001 0.000 0.006
False Discovery Rate 0.801 0.014 0.000 0.080
Scenario 2
True Positive Rate 1.000 1.000 1.000 1.000
False Positive Rate 0.232 0.000 0.000 0.007
False Discovery Rate 0.741 0.000 0.000 0.085
Typical computation time (hrs) 0.100 8.500 2.800 0.150

Table 4.2: Gene selection accuracy in Simulation 1

From Table 4.2, it is clear that the NET-DPMs achieve a better selection perfor-
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Figure 4.6: Marginal posterior probabilities of the class labels of all 1000 genes by the
different methods: NET-DPM-3 vs. NET-DPM-2 (left panel) and NET-DPM-2 vs. NET-
DPM-1 (right panel). The probability values are jittered by tiny random noises for better
presenting.

mance than the STD-DPM method under both scenarios. The STD-DPM without
using the gene network information provides an extreme high false discovery rate
in each scenario. This implies that it is critical to incoorporate the gene network
information to control FDR. Table 4.2 also suggests the NET-DPM-2 and the NET-
DPM-3 approximate the NET-DPM-1 very well in terms of the gene selection accuracy
with a substantial lower computational cost (3.4 GHz CPU, 8GB Memory, Windows
System). In addition, a comparison between the NET-DPM-2 and the NET-DPM-
3 shows that the Bayesian model averaging over hyper-parameters (m, @) provides
an efficient alternative to the standard Bayesian posterior inference procedure. For
the posterior probability estimates, the NET-DPM-2 and the NET-DPM-3 achieve a
good agreement as shown in the left panel of Fig. 4.6. However, in the right panel of
Fig. 4.6, compared with the NET-DPM-1, the NET-DPM-3 tends to provide larger
probability estimates for the “selected” genes, but smaller probability estimates for
“unselected” genes. This implies the fast computation approaches underestimate the

uncertainty of gene selection.
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4.4.2 Simulation 2

In this simulation, we demonstrate the flexibility of the proposed methods and their
ability to identify subnetworks of interest. We consider a 94 gene network which
consists of a 11-gene subnetwork by design and a 83-gene scale-free network simulated
from the rich-get-rich algorithm. The mean and median edges per node for the whole
network are 2.02 and 1. Fig. 4.7 shows the designed 11-gene subnetwork, where
genes 5, 6 and 11 are connected with three other genes from the 83 gene scale-free
network. Rather than simulating from priors, we directly specify the class label z as
z = 1fori e {1,2,3,4,5,8,9,10}, z; = 0, otherwise. In Fig. 4.7, the blue nodes
represent the “selected” genes and red nodes are “unselected” genes. In addition, all
other genes in the scale-free network (not shown in the figure) are “unselected”. The
gene subnetwork of interest includes genes 1, 2, 3, 4 and 5, which are encircled by
a rectangle frame in Fig. 4.7. The null distribution for “unselected” r; is specified
as a standard normal distribution: [r; | z; = 0] ~ N(0,1). For the distribution of

“selected” genes, we consider two settings:

Gaussian data: [ri|zs=1]~0.4xN(3,1)+ 0.6 x N(2,0.5),

Non-Gausian data: [ri | zs=1]~0.4x G(5,2) 4+ 0.6 x G(6,3),

where G(a,b) denotes a gamma distribution with shape a and rate b. According to
the above procedure, we simulate 100 datasets for each type of data. We apply the
NET-DPM-3 and the STD-DPM to each dataset. We utilize the model averaging for
choosing hyper-parameters and a set of possible choices are given by {1,2,5,10,15}
for both gy and gy, and {0.8, 0.85, 0.9, 0.95} for mp. We run 10,000 iterations with
2,000 burn-in on each dataset for both methods. In each simulated dataset, we pre-

determine one gene as a “sure selected” gene. It has the largest number of connections
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Figure 4.7: Partial simulated gene network structure: the blue nodes represent “selected”
genes and red nodes represent “unselected” genes. Dash lines denotes connections to genes
not shown in the figure. A subnetwork of interest includes nodes 1,2,3,4 and 5 which are
encircled by a rectangle frame.

with the “selected” genes estimated by the STD-DPM model.

Table 4.3 summarizes the selection accuracy of the gene subnetwork based on
the 100 simulated datasets for each type of data. It is clear that the NET-DPM-
3 provides much higher accuracy of the subnetwork selection than the STD-DPM.
The NET-DPM-3 achieves a more than 60% accuracy rate in correctly identifying
the subnetwork with an additional low false positive and false negative occurrences
regardless of the type of data. This verifies the overall better performance of NET-
DPM-3 than the STD-DPM in terms of identifying the gene subnetwork, and the

robustness of the proposed methods on different types of data.

TPR FPR FDR TPR FPR FDR
Method
Gaussian data Non-Gaussian data
NET-DPM-3 63% 11% 15% 60% 5% 8%
STD-DPM 15% 33% 69% 17% 26% 60%

1 For gene subnetwork selection, the TPR is defined as the percentage of exactly selecting the correct
network. The FPR is the percentage of selecting a larger network containing the correct network
and at least one more other gene that has connection to the network. The FDR is the proportion
of falsely selecting a larger network among all the network discoveries (selecting a correct or larger
network).

Table 4.3: The selection accuracy of gene subnetwork! by TPR (true positive rate), FPR
(false positive rate) and FDR (false discovery rate) in Simulation 2
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4.5 Discussion

In the chapter, we propose a Bayesian nonparametric mixture model for gene/gene
subnetwork selection. Our model extends the standard DPM model incorporating the
gene network information to significantly improve the accuracy of the gene selections
and reduce the false discovery rate. We demonstrate that the proposed method
has the ability to identify the subnetworks of genes and individual genes with a
particular expressional behavior. We also show that it is able to select genes which
are strongly associated with clinical variables. We develop a posterior computation
algorithm along with two fast approximation approaches. The posterior inference
can produce more accurate uncertainty estimates of gene selection, while the fast
computing algorithms can achieve a similar gene selection accuracy. Due to the
nonparametric nature, our method has the flexibility to fit various data types and

has robustness to model assumptions.

When we observe gene expression data along with measurements of a clinical out-
come, we need to create statistics to perform the selection of genes that are strongly
associated with the clinical outcome. The choice of the statistics is crucial to the
performance of our methods. To model the relationship between the clinical outcome
and gene expression data, many literatures suggest a linear regression model (Li and
Li, 2008; Pan et al., 2010; Li and Zhang, 2010; Stingo et al., 2011), from which we
produce testing statistics or coefficient estimates as the candidates. For instance,
the most straightforward approach is to fit simple linear regression on each gene and
use the t statistics as the input data to our methods. However, there is no scien-
tific evidence that the relationship between gene expression profiles and the clinical
outcome should follow a linear regression model. Without making this assumption,
we may test the independence between each gene expression profile and the clinical

outcome via a nonparametric model suggested by Einmahl and Van Keilegom (2008)
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and use our model to fit the testing statistics. Other potential choices of statistics
for the non-linear problems include mutual information statistics (Peng et al., 2005)

and maximal information coefficient (MIC) statistics (Reshef et al., 2011).

4.6 Appendix

4.6.1 Derivations

Derivations of equation (4.9)

mgi=¢9,zi=k|g_;,, 27, 5)
mgi=g.s=kg,zr0)  7(r|6g2)n(g2)
W(gfi,z_i,r,g) N m(r | 5, g .2 )T(8_;,Z_;)
(r| 6 g 2)

> (g | 2)
= = g,z |8 ;,2-;) xm(r;|0,9;) —————n(z =k | z_;),
w(r| 0,8 _,,z_;) ( | ) (r: )W(g—i | z_;) ( 7

where

mglz) _  J7(glz a)r(qy)r(a)dq
m(g_ilz—i) [7(g_; |z d)m(qa)m(a;)dg
T/ L 1= 1
- fqm "9, 19999, 11 a9, Hk/ D (7w )T (7 / L)~ Lyr Hleak/ o/ dq
o T/ L,/—1
f dg, """ 4g;_19gi41 " " " dgn Hk’ ( ’)F(Tk’/Lk’) Ly Hleak/ o/ dq
_F(Tk—i-mk—l) (Tk/Lk—Fnzg—Fl) nzg—FTk/Lk
F(Tk—i-mk) (Tk/Lk—Fnlg) Tk—l-mk—l’

with my, = 30, Iz = k] and nyg = 37, Igr = .
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Derivations of equation (4.11)

ﬂ—(gl 7é 95, % 7& Zj,fOI' all .] 7& i | gfivz—i7r70)

# exp (CJZ log(mx) + o ;chijf[zj = k])

<[o(*7*) & (") Tt o0 (53 )
X # exp (@Z log(7x) + ok ;chijf[zj = k])

x% /¢ (M ;jk) 02(a3+3/2) exp (_@c + %((;;z — ,u)2> dudo
x # exp (C)@ log(my) + o ;chijl[zj = k])

T (o +1/2)85" (u—%) ( i 2>—<ak+1/2>
" V2rl (ag)é /d) &k 6k+2(n 2 dp.

4.6.2 Algorithms

Let = denote a set of the distinct values in {g1,...,g,}. Let d; € {1,...,n} denote
the rank of r;. Given the pre-specified hyper-parameters (7, @), we have the following

algorithms to simulate the posterior distribution of g and 6:

NET-DPM-1

Input: Data r:

Initialization: Set g4, = 0 for d; < myn, and ¢4, = 1, otherwise. Then L; =1

and = = {07 1} Set [79 = Zi:gi:g 7ni/ng and 53 = Zi:gi:g(ri - ﬁg)Q/(ng - ]')

Repeat the following steps until the distributions of Ly and L, get stable:
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Step 1: Fori=1,...,n:
Step 1.1: If n_;,, = 0, then update = to Z/{g;}
Step 1.2: Update (g;, 2;) according to (4.10) and (4.11).
Step 1.3: If (g;, z;) are sampled from (4.11), then
- set g; = (1) (L, + 2) and L,, = L,, + 1;
- draw 5;_ from 1G(ay, Bk );
- given o, sample fiy, from (4.12);
- update = to ZU {¢;}.
Step 2: For g € Z, update iy and &, from (4.12) and (4.13), respectively.
Step 3: Sort 59 by fi, such that g, < py if g < ¢, for g,¢' € =; update
(9i, 2i) accordingly.

Output: Simulated samples from the posterior distribution of z.

NET-DPM-2

Input: Data r and L, for k£ =0, 1.

Initialization: Draw g; ~ DiscretelagUay, 1/(Lo+L1)]. Set jig =3, _ 7i/n,

and o) =3, (ri — [ig)?/(ng — 1). Sort 8, by fiy such that fi; < fig1.

Repeat the following steps until the distributions of g and 0 are stable:

Step 1: For i =1,...,n, update g; and z; according to (4.9).

Step 2: For g = —Lo+1,—Ly,..., Ly, update sz, and 5; from (4.12) and
(4.13), respectively.

Step 3: Sort évg by fiy such that g, < figiq, for g =—Lo+1,..., L1 — 1.
Update (g;, z;) accordingly.
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Output: Samples from the posterior distributions of g and 6.

NET-DPM-3

Input: Data r, posterior samples of parameters {P,}'_, produced by a DPM

fitting and index sets {a, o, a,1}/_; generated by the HODC algorithm.

Initialization: forv =1,...,Vandi=1,...,n, draw z, ~ Discrete({0,1},{0.5,0.5}).

Write z(;) = (214, 22i5 - - - » 2v)’. Sample z; ~ Discrete(zgy, 1y /V).

Repeat the following steps until the distribution of z is stable: for: =1,2,... n,

Step 1: For v =1,...,V | update z,; according to (4.18);

Step 2: Sample z; ~ Discrete(z;), 1 /V).

Output: Simulated samples from the posterior distributions of z.

4.6.3 Hyper-parameters
Posterior Inference

We set hyper-priors for my and g in (4.4) as:

mo o< U(0, 1), gr < U(0, o0), for k =0,1,

where U(a, b) represents a uniform distribution on (a, b). Note that the priors for oo
and g; are improper, however, the corresponding posteriors are proper. A Metropolis-

Hastings algorithm can be used to simulate the hyper-parameters (7, @). We define
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an unnormalized density of z:

h(z | my, @) = exp [Z (&3, log(7,,) + o, ijcij][zi = zﬂ)] , (4.19)

i=1 j#i

where m; = 1—m. Then we have the density (4.4), 7(z | 7, @) = h(z | 7, 0)/Q (70, 0),
where the normalizing constant Q(mo, @) = [ h(z | mo, 0)dz. To efficiently compute

Q, we rewrite

Q(ﬂ'Oa Q) = Ez exXp <Z Oz ijcij[[zi = Zj])] ) (420>
=1 i
where z; " Discrete({0, 1}, {mo, m1}) for ¢ = 1,...,n. To simulate my and o, we

consider the following algorithm:

Algorithm for posterior inference on (7, g):

Input: The number of auxiliary variables V' and the proposal variance ¢:

Initialization: Draw z,; ~ Discrete({0, 1}, {m, m1}), for i = 1,2,...,n and
v=1,2,...,V. Set my = 0.8 and g = (0.5,0.5)"; Compute @(’No, o) according

to
N 1 14 n
Q(m, @) = 17 > exp (Z 05, Y wicil [Zui = Zu‘]) : (4.21)

=1 i=1 j#i

The following steps can be embedded in each iteration of Algorithm 1-3. Sup-

pose z is one simulated sample generated from those algorithm.

Step 1: Draw (7, )" ~ N ((mo, 0)’,613).

Step 2: If 1y € (0,1) and g, 01 > 0, then compute @\(ﬁ), 0) according to
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(4.21) and the acceptance ratio

h(z | 7, €)Q(mo, 0)
Wz | 7. 0)Q(70.0)

and set (7o, ) = (7o, @) and Q (7o, @) = Q(7o, @) with probability min{1, R}.

Output: Simulated samples for (7, @) along with z.

Note that the primary goal of this algorithm is making posterior inference on z by

taking into account for the uncertainty from the choices of hyper-parameters (g, 0).

Bayesian model averaging

In some cases, a set of possible values of 7 and g that can be elicited from biological
knowledge. We denote them as {m,,, 0,,}}_,. If we consider each (m,,, 0,) as a
model choice, then the marginal posterior distribution of z can be approximated by

Bayesian model averaging. i.e.

M
m(z|r)~ Zﬂ' Z | Ty Om, T)T (T, Om | T), (4.22)
m=1

where 7(z | 7, Om,r) refers to the posterior distribution of z given the hyper-
parameters is chosen as (7, @,,). This can be simulated or approximated by one
of Algorithm 1-3. The term 7(m,,, 0,n | r) is a weight for each choice. It can be

represented as
(T, Om | T) X B 0, [7(X | 2)] 1= Wiy, (4.23)

where Eyjx,. 0., [-] is with respect to the prior density of z, i.e., (4.4), with parameter

(7m, Om) and the density 7(r | z) is the likelihood function of z. This suggests that we
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might estimate the weight for each (7,,, 0,,) via Monte Carlo methods. Specifically,
we draw Zy, ~ 7(z | Tm, Om), for v = 1,...,V and m = 1,..., M, then the weight

estimate w,, and the normalized weight estimate w,, are respectively given by

1% v
. 1 _ Yoo (T | Zom)
W = — Y 7(r | Zym), W = == , (4.24)
4 ; Zm’ZI ZvZI 7T(I' | Z”Um/)
where Zn]\le Wy, = 1. Write w = (wy, ..., wyr). We consider the following algorithm

to simulate z from (4.22):

Algorithm for model averaging over (m, 9):

Input: The possible choices {m,,, @, }1_; and the model averaging weight w;

Initialization: Draw z,,; ~ Discrete({0, 1}, {mo,m}), for i = 1,2,...,n and
m = 1,2,...,M. Write z,, = (Zm1,.--,%mn) for m = 1,...,M and z; =

(2145 -y 20) fori=1,... n.

Repeat the following steps until the distribution of z is stable:
Fori:=1,...,n,

Step 1: For m = 1,..., M, update z,,; according to the corresponding

steps in one of Algorithm 1-3 given the hyper-parameter (7,,, 0m)-

Step 2: Draw z; ~ Discrete(z;), W).

Output: Simulated samples from the posterior distribution of z.

Fig. 2 provides an illustration of this algorithm. One could put further restrictions

on the choice of (7, @) based on background information. For example, we could
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assume g; > g to indicate a stronger impact of the “selected” genes than that of the

“unselected” ones.

Z(1) Zg2) ... Z(p) W (71', Q)
z; 21 22 ... Zin Wi (71, 01)
Zy o1 Zop ... Zap Wa (T2, 00)
Zy A1 AM2 --- Zun War (s, Oum)
ol 1
Z < 21 29 ... Zn

Figure 4.8: An illustration of the algorithm for Bayesian model averaging over (7, g).
In each iteration, z,, = (zmn1,-.-,2mn) is simulated from the posterior of z given
hyper-parameters (7, 0m) for m = 1,..., M, Resample z; from z¢) = (21, - ., 2mi)
with probability w, for i = 1,...,n.

4.6.4 Sensitivity Analysis

We conduct sensitivity analysis for effect of prespecified hyper-parameters, i.e. S, 7%
with £ = 0,1 on the application dataset. With the presented results in Section 4.3
under B = 10,k =0,1; 79 = 10, 77 = 2 as the gold standard, we consider additional 9
realizations of the hyper-parameters with other settings staying the same. The gene
selection results for both the whole datasets and the subnetwork of interest illustrated
in Figure 4.2 are summarized in Table 4.4 by sensitivity (Sens) and specificity (Spec)

against gold standard results.

Based on Table 4.4, the gene selection results for both the whole application dataset
and the subnetwork of interest are stable among different combinations. The balance
accuracy (arithmetic mean of sensitivity and specificity) for each scenario is always
larger than 0.8. Based on this sensitivity analysis, we conclude the robustness of
the proposed methods to the hyper-parameters and validate the results in the data

application.
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Dataset Subnetwork

B, To, T1 Sens  Spec Sens  Spec

)
10,10,5) 0.861 0.980  0.857 1.000
10,15,5)  0.826 0.983  0.762 1.000
)
)

(

(

(

(10,15, 5) 0.886 0.979  0.857 1.000
(10,20,2) 0.876 0.995  0.762 1.000
(100, 10,2) 0.761 0.990  0.714 1.000
(100, 10, 5) 0.677 0.990  0.667 1.000
(100, 15,2) 0.736 0.992  0.762 1.000
(100, 15, 5)

(100, 20, 2)

0.910 0.955 1.000 0.737
0.756  0.987 0.762 1.000

Table 4.4: Sensitivity analysis for the hyper-parameters specification for the application
dataset and subnetwork
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Chapter 5

Summary and future research
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Recent advance in technology brings large numbers of complex biomedical dataset-
s with complicated data structures and comprehensive biological information. This
brings new challenges to conduct effective and practical statistical analyses. Among
all, the dissertation focuses on the variable selection problem, one of the most impor-
tant issues to realize statistical learning and biological investigation, for the complex
biomedical data. Under Bayesian frameworks, we develop novel statistical methods
for the analysis of three different types of data—functional data, neuroimaging data

and high-throughput genomics data.

First, motivated by a colorectal adenoma study, with the goal to select informative
profiles of functional biomarkers that are highly associated with the clinical outcome,
we propose a unified Bayesian approach to conduct feature select under GFLMs. We
novelly bring up the hierarchical nature of the feature selection in functional data
and a class of mixture priors for the functional biomarkers to perform selection both
between and within the functional curves. Accordingly, two levels of biological infor-
mation are incorporated into the selection procedure to facilitate more biologically
meaningful results. Due to some limitations of the current work, future research could
be focused on discussing the choosing of grid points of the feature selection and the

continuity assumption of functional coefficients at the boundaries points.

Second, to conduct spatial variable selection in the ultra high-dimensional neu-
roimaging data, we propose a novel multiresolution variable selection procedure un-
der Bayesian probit regression models to make the posterior simulation considerably
more efficient. Our approach is to construct auxiliary models at different resolutions
and sequentially let the coarse-scale selection serve as a guild to fine-scale selection
by constructing a proposal function, which reduces the computation by facilitating
the posterior inference concentrates on the true signals more efficiently. As a future

work, we plan to replace the point mass mixture priors by the continuous shrinkage
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priors to further improve the computation efficiency and build up a multiresolution

shrinkage effect.

Lastly, to select genes and gene subnetworks with periodic behavior in a microarray
dataset, we novelly extend the DPM model by incorporating gene network structure
via Ising priors to estimate the selected and unselected densities of gene features.
Two fast computational algorithms for the posterior simulation are also developed
to dramatically release the computational burden of the standard MCMC algorithm.
As a future extension, we plan to extend the current model from one dimensional to
multiple dimensions. In addition, the current NET-DPM model focuses on the effect
from genes that are directly connected. More biologically meaningful results could
be obtained by incorporating the network distance into the priors of the class label,

and we will also investigate more on this part.
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