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Abstract

Resonance asymptotics for asymptotically hyperbolic
manifolds with warped-product ends

By Pascal Philipp

We study the spectral theory of asymptotically hyperbolic manifolds with
ends of warped-product type. Our main result is an upper bound on the
resonance counting function, with a geometric constant expressed in terms
of the respective Weyl constants for the core of the manifold and the base
manifold defining the ends. As part of this analysis, we derive asymptotic

expansions of the modified Bessel functions of complex order.
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Chapter 1

Introduction

For the eigenvalues of the Laplacian on a compact Riemannian manifold of dimension d,
Weyl’s law states that

#{k . VA <1} =Wrd+o(r?), (1.1)

with a constant W that depends only on d and the volume of the manifold. The goal of
this dissertation is to find an upper bound of the form (1.1) for the counting function of the
discrete spectral data of a certain type of infinite-volume manifolds.

We will consider asymptotically hyperbolic manifolds with warped-product ends (X, g),
with dim X =n+ 1, n > 1. By this we mean that X admits a decomposition

X = KU X,,

where Xy = (0,1] x ¥ with (£, k) a compact Riemannian manifold without boundary, and
K is a compact manifold with boundary 0K ~ Y. The restriction of the smooth metric g

to Xy is of the form
dz®> + h

22

91Xo = (1.2)

We allow ¥ to be disconnected, so that multiple ends can be considered without changing
the notation.

The projection x : Xo = (0,1] x ¥ — (0, 1] can be continued smoothly onto K, and hence
we can think of it as a function on all of X. The effect of the division by z? in (1.2) is
illustrated in Figure 1.1, and the general concept behind (1.2) is explained in Appendix A.
In particular, (X, g) is a conformally compact manifold and, moreover, asymptotically hy-

perbolic (see Appendix A for the definitions of these terms).



Figure 1.1: An example for n = 1 for the compact Riemannian manifold (X,x2g) and

the boundary-defining function x are on the left. After removing the boundary 90X and
dividing the metric by 22, we obtain the complete infinite-area Riemannian manifold (X, g).

Figure 1.2: The hyperbolic plane with its metric. Identifying the dashed lines gives the
parabolic cylinder. If n = 1 and [ = Vol ¥, then (1.2) is just the restriction of the hyperbolic
metric to the shaded area.

For a general conformally compact, asymptotically hyperbolic manifold, Joshi-S& Barreto
[20] proved the existence of a product decomposition near infinity with a metric of the form
(1.2) where h = h(x,y, dy), meaning that h could also depend on z. Our restrictions amount
to having a fixed metric h independent of x.

In the n = 1 case, X is a circle, and the model X is isometric to the flared end of the
parabolic cylinder H2/(z + z + 1) (c.f. Figure 1.2). In higher dimensions X will generally
not have constant curvature.

The metric (1.2) is even in the sense introduced in Colin Guillarmou’s Ph.D. thesis [13]

(if we write points on X as (z,y) € [0,1] x ¥, then the flow from the boundary along



grad,2,(z) is just the identity, and (1.2) in Definition 1.2 of [13] becomes
¢*(a%g) = dt* + h,

where h, which for g to be even needs to have only even powers of ¢ in its Taylor expansion
at t = 0, is independent of ¢). Hence, the resolvent R,(s) := (A; — s(n — s))~! admits a
meromorphic continuation to s € C, with poles of finite rank, by Mazzeo-Melrose [24] and
Guillarmou [13]. We define the resonance set R, to be the set of poles of Ry(s), repeated

according to multiplicity. The corresponding resonance counting function is

Ny(t) :=#{(eRy: |C— 2| <t}. (1.3)

In the general asymptotically hyperbolic setting, we know essentially nothing of the res-
onance set beyond the meromorphic continuation result that allows its definition. At this
level of generality, we have no bounds on N4 (t) and no existence results for R,. The only
general information we have on the distribution of resonances is a result of Guillarmou [14]
that establishes exponentially thin resonance-free regions near the critical line Res = 5. All
of the current resonance counting results for asymptotically hyperbolic metrics assume that
the sectional curvature is constant outside a compact set. Under this stronger assumption,
we have N, (t) = O(t"*1), as well as a Poisson-type trace formula expressing the regularized
wave trace as a sum over the resonance set ([17, 8, 3]). These results will now be translated
to the asymptotically hyperbolic setting described above.

In order to state the first main theorem, we define the wave 0-trace as follows (as in
[19, 3]). The finite part of a function of ¢ that admits an expansion as € — 0 in terms of

log e and powers of ¢ is

m

—q /

&F_E) [Zajs T+ ajloge + ap + o(1)| := ap.
7j=1

Let an operator A be given and assume that its integral kernel A(z, z) with respect to dV

is continuous. Then, if A(z,z) has an expansion for z — 0 in terms of powers of z, we

define
O-tr A := FP/ A(z, 2)dVy(z),
{z>e}

e—0

where x is to be thought of as a function on all of X, so that K is containend in {z > ¢} for ¢

sufficiently small. (The definition of the O-trace depends on the boundary-defining function,



but note that our choice p = x is somewhat canonical. Further we have that differences
arising from different choices of the boundary-defining function cancel out on the left side of
the relative formula in Theorem 1.1.) Now, the wave operator cos (t\ [Ag — %2) is singular

across the diagonal, and the above definition cannot be applied directly. However, the

/00 ©(t) cos <t\/Ag — %) dt,

—00

regularized operator

for ¢ € C§°(R) does have a smooth kernel, and hence the wave 0-trace below is to be

understood in a distributional sense.

Theorem 1.1. Assume (X, g) is an asymptotically hyperbolic manifold with warped-product
ends. Let Ay denote the Laplacian with Dirichlet boundary conditions on the model end

(X0,9), and Ry the corresponding resonance set. The difference of the regularized wave

0-tr |:COS <t Ay — —722 )] — 0-tr [cos <t Ay — —Tf )]
1 n 1 n
_ § C—2)|t E : C—2)|t
2 e( 2)‘ | 2 6( 2)' ‘,

CERy CERo

traces satisfies

in the sense of distributions on R — {0}.

We define the scattering matriz Sy(s) of (X, g) as in [20]: For s # § with Res = 5 and

for f € C*(dX), there exists a unique solution u to (Ay; — s(n — s))u = 0 of the form
u=2x""°F+ 2°G,

where F,G € C*(X) and Fox = f. Then, for s = 5 +iy,y # 0, the scattering matrix is
defined by

Sg(s) : f = g7

where g = G‘ sx- This is a family of pseudodifferential operators on ¥ = 0X, and it extends
meromorphically to s € C.

For asymptotically hyperbolic metrics, the relationship between resonances and poles
of the normalized scattering matrix I'(s — 2)(T'(% — 3))71 Sy(s) was established in [19,

6, 14]. In particular, Guillarmou [14] showed that I'(s — 2)(I'(% — ))_1 Sg(s) may have

‘conformal’ poles s € 5 — N which do not correspond to resonances. However, in the case of

asymptotically hyperbolic metrics of warped-product type, we will see that these conformal



poles are ruled out in any dimension. Hence the multiplicities of scattering poles agree with
those of the resonance set, except possibly at the finitely many points s where s(n — s) is
an eigenvalue of Ag.

One application of the Poisson formula of Theorem 1.1 is a Weyl asymptotic for the
relative scattering phase, which is defined as the logarithm of the Fredholm determinant of
Sy(s)So(s)™" on the critical line Res = %. Because of the connection between resonances
and scattering poles, we can follow [4] and use this asymptotic in conjunction with a contour
integral involving det S,(s)So(s)~! to produce a precise upper bound on the resonance
counting function.

To state the bound on the resonance counting function, we introduce the classical Weyl

constants for the compact manifolds K and 3,

Vol(K, g) Vol(%, h)
Wi = e W= o
T am o) T (n)sr(a)

With these definitions, we have the asymptotic (1.1) with W = Wx and W = Wy, for the
counting functions of the eigenvalues of the Dirichlet Laplacian on (K, g) and, respectively,

the Laplacian on (3, h). For arga € [0, §], define

a):=vVa?+1+alog (J),
a

a?+1

where we are using the principal branches of the square root and logarithm. Denote by
ap ~ 1.509 the point on the positive real axis satisfying Re p(ag) = 0, and let the curve 7
be defined as the portion of {Re p(a) = 0} that connects 7 and «g (see Figure 6.1).

Theorem 1.2. For (X, g) an asymptotically hyperbolic metric with warped-product ends,
¢ Ng (t) n+1 n+1
(n+1) [ =£2dt < [2WK + e Ws |a™! + o(a™), (1.4)
0

where the dimensional constant is

. / 1P (a da
" (n+ 1 n+1 n + n+1
n+1) —Re p(ze’l?)] (15)
/ / d + da do.
$n+2

The integrated counting function that appears in (1.4) is common usage in applications



of Jensen’s formula in complex analysis. The bound (1.4) implies a corresponding bound for
Ngy(t), at the cost of an extra factor of e in the constant. However, if (1.4) is an asymptotic,
i.e. if we have equality modulo o(a™*!) in (1.4), then it is equivalent to an asymptotic for
Ngy(t) with the same constant.

This thesis is organized as follows. We start by computing the spectral operators of the
Dirichlet Laplacian on X (Ch. 2). The modified Bessel functions that appear in the explicit
formulas for the components of these operators will then be analyzed carefully (Ch. 3).
Then we will establish a suboptimal bound on the growth of N, (t), using the Fredholm
determinant method (Ch. 4). This crude estimate then allows to apply the methods used
in the hyperbolic-near-infinity case in [3] to prove Theorem 1.1 (Ch. 5). For Theorem 1.2,
we first show that the counting function Ny(t) for Ry satisfies the exact asymptotic

—-n

2n [ |¢() ag ; :
No(t) = d tt e
0() [(n+1)ﬂL‘a|”+1 |a’+n+1 Wy "‘O( J)a

(86.1). Then we bound the relative scattering determinant (which is defined in Ch. 5) in
a subset of the half-plane {Res > 5} (§6.2). Lastly, we use a relative counting formula to
obtain the sharper estimate for Ny(t) that is stated in Theorem 1.2 (§6.3).



Chapter 2
The model case

The model space is Xp := (0, 1] x X, where (X, h) is a compact n-dimensional Riemannian

manifold without boundary. The metric on X is the warped product

_d:v2+h

o .
g 22

and for the corresponding Laplacian
Ay = —(20,)? + nwdy + 22 Ay,

we impose Dirichlet boundary conditions on {z = 1}. By the scale-invariance of the dx?
component of gy, imposing the boundary condition at some other value x = b would be
equivalent to rescaling h ~ b2h.

The Laplacian Aj on the compact manifold ¥ has discrete spectrum and a complete
orthonormal basis of eigenfunctions. We index these eigenfunctions with the positive square

roots of the corresponding eigenvalues, that is
Apdr = Ny

Eigenvalues of higher multiplicity are allowed, even though this is not reflected in the above
notation. If we separate variables by setting w = u(x)¢y, the equation (Ag—s(n—s))w =0

translates to the coefficient equation

[—(ac&,c)2 + nxd, + N2a? — s(n — 3)} u=0. (2.1)



This is a modified Bessel equation, with the Bessel parameter given by

R
Il
®
|
03

To simplify formulas, we will be making this identification throughout this dissertation and
switch freely between s and v.
The general solution to (2.1) is a linear combination of the terms 2 Iy, (A\z) for A > 0

and 22 for A = 0. As z — 0 the Bessel function has asymptotic

IL(\z) ~ r(yl+1) (A;)V (2.2)

for v ¢ —N. For future use we single out the ‘outgoing’ solutions

(s;z):=ax2I,(\x) for A >0,
53

(s;z) := 2%,

Jr
Uy
Jr
Ug

which for v ¢ —N have asymptotics proportional to z° as x — 0. Solutions that satisfy the

boundary condition at x = 1 are given by

ul (s;x) = QSiZﬂI/x% [L (N I-y(Az) — I_,(\)I,(A\z)] for A >0,
1 n—s S
ud(s; z) :ZE[x -]

The prefactor in u3(s) (A > 0) is included to cancel zeros that would otherwise occur at
v € Z, where we have the symmetry I_,(z) = I,(z). In terms of the second standard
solution K, (z) of the modified Bessel equation, which is defined by (3.11), we have

WS (s;2) = 22 [, N K,(\x) — K,(NL(A\x)], A >0.

Similarly, the factor (2v)~! in ufj(s) cancels the zero that would otherwise occur at s = 2.

For later use, recall Euler’s reflection formula,

™

=T'(v)I'(1 —v).
sin v (V)T )

We can now express the model resolvent, Poisson kernel, and scattering matrix in terms
of the solutions u; and u?\. The construction of the resolvent or Green’s function in the

following section is a standard computation.



2.1 Resolvent

We write points on the model ends as z = (z,w) € (0,1] x X, and, using the orthonormal

basis {dx}p2eq(a,) of L*(X), our ansatz for the kernel of the model resolvent is
RO(S; €T,w, :Ela OJ/) = Z a,\(s; x, CL'I)QZ))\(W)QZ))\(LU/). (23)
A

In order to find this integral kernel with respect to the Riemannian volume measure of X,
we note that
AVy(z) = 2~ dz v, (w), (2.4)

and that the defining property of the resolvent is
(Ao — s(n—s))Ro(s) =1. (2.5)
Applying (2.5) to v(x)pr(w), where v € C§°((0, 1]), leads to
[—(:L‘@x)2 + nwdy + N2z — s(n — s)} ax(s;z,x') = 2" Ho(x — o). (2.6)

The functions ay will further need to satisfy the boundary conditions ay(s;1,2') = 0 and,
for v ¢ —N, ay(s;x,2") ~ c(s,2’)x® as x — 0. The reasoning behind the latter condition
will be explained at the end of this section.

In order to conform to (2.6), we set

ax(s;,2') = Ax(s) (2.7)

where the constants Ay(s) are to be determined. Note that the boundary conditions for ay
are met. The kernels (2.7) are symmetric, continuous, and smooth away from the diagonal
with

[—(m@x)2 +nxdy + N2x? — s(n — s)} ax(s;z,2’) =0 for x # 2. (2.8)

Now fix 2’ € (0, 1] and define the distribution w,s on (0, 1] by integration with respect to x
against the left hand side of (2.6). Integration by parts shows that w,, has order at most

2, and (2.8) means that it is supported on {z'}. Hence w, is of the form

Wyt = o0 + Cl(sg(;) + 62(59(3),
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where (53(6]?)(1@ = ¢p®)(2). Tt remains to choose Ay(s) so that ¢y = (2/)"t!, and to show that
Cl = C = 0.
For ¢/ > 0 sufficiently small so that 2’—¢’ > 0, and for any test function ¢ € C§°((0,1+£'])
we have
z'4e +1 .
wyr (Y :/ — 2" 0, (21 " 0an(s; ,
+ ()\2562 — s(n—s))ax(s;z,2") | Y () d,

for any € € (0,¢’). (The coefficient functions a) are well-defined for x > 1 and (2.8) is valid
there as well; we can make use of this in order to deal with the case 2/ = 1 simultaneously.)
Note that d,a)(s; z, ') is defined away from 2’ and bounded in a neighborhood of 2. Hence,
if 1) is constantly equal to 1 in a neighborhood of 2/, letting £ — 0 in (2.9) gives

' +e

— I _ n+l 1-—n . / d
co = lim . x 895(:1: ara,\(s,a?,w)) T

= —Ax(s) (@) W [uf (s;2), u} (s:2)] |,

where W denotes the Wronskian. Using the definition of the solutions ] (s) and u{(s) and
the formula for the Wronskian of I,,(z) and K, (z) (see, for example [27, (10.28.2)]), we find

Ax(s) :== for A > 0,
I,(A) (2.10)
Ao(s) =1
Applying (2.9) to (z — /)1y, we obtain
z'+e
o =— li_r>r(1) (2" — 2")) O (z' " Opar(s; 2, 2")) da
& ! —¢

=— lir% e [(@' +¢)? Oparn(s; 2’ +e,2") + (2 — €)? Opan(s; 2 —€,2")] =0,
E—
and ¢z = 0 follows similarly. Hence the definitions (2.10), (2.7) and (2.3) indeed give the
resolvent on the model end Xj.

From the explicit formulas for ay(s;z,z") we can read off the model resonance set,

Ro= | {s €C: I, 2(N) = o} . (2.11)
A2co(Ar)
A#£0
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Figure 2.1: Resonance plot for the model case Xy = (0, 1] x S2. The thin lines indicate the
spherical harmonic mode [, starting from [ = 1 in the bottom right corner. The multiplicity
on each line is 21 + 1.

For any asymptotically hyperbolic metric, resonances with Res > & could only lie in the
interval [5,n], by the positivity of the Laplacian and the absence of embedded eigenvalues
([23]). Since it is clear from the classical power series definition that I,(z) > 0 for z > 0
and v > 0, the resonance set R lies completely in the half-plane Res < 5. An example
of the model resonance set is shown in Figure 2.1 (self-adjointness implies a conjugation
symmetry across the real axis).

We conclude the discussion of the resolvent with a justification of our choice to use u$(s)
and u{ (s), rather than u$(s) and u} (n —s), for its construction. From (2.4) we derive that

2* € L*(Xo) for Res > Z. Consequently
Ro(s) : L*(Xo) — L*(Xo) for Res > 7,

and we see that the condition ay(s;z,z’) ~ ¢(s,z’)z® at £ = 0 amounts to choosing {Re s >
2} to be the physical half-plane of the modified resolvent R(s) = (Ag — s(n —s))~".

2.2 Poisson operator

The Poisson operator Ey(s) maps functions on ¥ to solutions of (Ag — s(n — s))u = 0 on
Xo. These solutions are not actually eigenfunctions, since they do not lie in L?(Xp), and

we call them generalized eigenfunctions. The kernel of Ey(s) is obtained from the resolvent
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by setting

Eo(s;z,0') == xl/iI_I)lo 7' " Ro(s; 2, 2'),

where 2z’ = (2/,w"). We can thus derive from (2.3) the decomposition

Eo(s;z,w,w’) besﬂf% )or(w),

where

ba(s;z) = lim 2’ "ay(s;z,2)
' =0
= Ax(s)ud(s;2) lim {xhsu;\r(s;x/)] .

' —0

By the asymptotic (2.2) and for v ¢ —Np, this reduces to

L 1 M\ u(s; )
ba(s;z) = m <2> }V(/\) for A # 0,

(2.12)

One can check that given f € C*°(X), we have
(Ao — s(n—s))Eo(s)f = 0.

This corresponds to the action of the classical Poisson operator for bounded domains. How-
ever, while the classical Poisson operator produces solutions with prescribed boundary data
f, Eo(s) maps to functions with a certain asymptotic behavior as x — 0. This asymptotic

behavior is the subject of the next section.

2.3 Scattering matrix

The scattering matrix Sy(s) is derived from the Poisson operator through a two-part asymp-
totic. For f € C*(X) and v ¢ Z we have

(2s —n)Eo(s)f ~ 2" f 4+ 2°So(s) f, (2.13)

as £ — 0. In the language of time-independent scattering theory, the terms with z"~° and
2% in (2.13) are called the incoming and the outgoing part respectively. Sy(s) is diagonalized
by the eigenfunctions {$x}r2eq(a,), and we will use [Sp(s)]x to denote the corresponding



13

eigenvalues.
From (2.12), we find that for v ¢ Z we have

for A # 0,

A)2” T(—v) I_,(\)
L(v) LX) (2.14)

069 = (5
[So(s)]o = —1.

By meromorphic continuation (2.14) extends to v € Z, where the Gamma factors cause
zeros and poles. The formulas (2.14) reflect the general symmetry S(n —s) = S(s)~! of the
scattering matrix. The factors I'(—v)/I'(v) appear in each eigenvalue A > 0, and hence give
rise to infinite-order zeros and poles of Sy(s). Joshi-Sa Barreto [20] showed that I'(—v)/T'(v)
is contained as a factor in the scattering matrix of any asymptotically hyperbolic manifold.

The scattering poles of (Xg,gg) are defined as the poles of the normalized scattering

matrix,
So(s) == m&)(s).

2
In general, the set of scattering poles can differ from the resonance set at the points s € 5—N
and at the finite number of points s so that s(n—s) € 0,(A) C (0, %2) For the model case,
since I_,(z) # 0 for Rev < 0 and z > 0, as noted above, we see that the set of scattering
poles is also given by Ry. Hence we have seen through explicit computations that Sy(s) does
not have any of the ‘conformal’ poles mentioned in the introduction. Since their presence
depends only on the structure of the metric at infinity, the same is true for the scattering

matrix of (X, g).



Chapter 3

Bessel function estimates

Our arguments rely in large part on precise estimates for the model spectral operators
discussed in Chapter 2. This means we need approximations of the Bessel functions I, (z)
and K, (z) when both v and z are large. The estimates given here follow from general
techniques developed in Olver [28]. We need asymptotics for Rev > 0. By the conjugation
symmetry, I5(z) = T(z) for real z, it suffices to consider v in the first quadrant. To develop
the asymptotics we will use A as the large parameter, setting v = Aa and z = A\x.

The asymptotic formulas below are essentially derived from a Liouville transformation
that takes the modified Bessel equation into a form similar to the Airy equation. The

function u(x) = vV Az Iyo(Ax) satisfies the differential equation

O = [)\2]“(0[, x) + g(:v)} u, (3.1)
where > 2 .
flawa) === g@)=—15.

In the following we consider A > 0, arga € [0, 5], and z € Ry := (0, 00).
Our goal is to understand the behavior of w for large A, and hence the zeros of f are
considered to be turning points for this equation. The turning point with « in the first

quadrant occurs at o = ix. To accomplish the Liouville transformation, we introduce

- a—— i
p(a,x) = O[2 + ﬂ?Q —+ alog (Mm) . (32)

As noted above, we can restrict our attention to « in the first quadrant, so p(a, x) is well-

defined using principal branches. (For the sake of comparison, we note that p is related to

14



15

Figure 3.1: Illustration of the dependence of p and ¢ on a, for arga € [0, 7).

the ¢ introduced in [28, §10.7.3] by p = a&(z/a) + iamw/2.) We then set

(V1N

using the [0, 27) branch of log to define the power. With « in the first quadrant, p and ¢
occupy the sectors arg p € [0, 37”] and arg ¢ € [0, 7], as illustrated in Figure 3.1. The turning
point at o = ix corresponds to the corner at p = 0. The change of variables from p to ¢
resolves this singularity.

By these definitions of ¢ and f, we have

Hence, for w = (fcfl)%u, the equation (3.1) for u transforms to
8?10 = (/\QC + ¢)w. (3.4)

The error term is given by

o= 7 =3(0) 35 (7))

5 1 4o22?% — 2t
=6 ST
16 ¢ 4(a? 4 22)

(3.5)

Without the error term, (3.4) would be the Airy equation, and we will show that any
solution of (3.4) can be represented as an Airy function plus an error we can control. This

leads to the following:
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Proposition 3.1. There exists a constant M > 0 such that for X |a| > M we have

)]

>i [AI(ATQ) + (AF QR R o((fal) )],

[N

La(Az) = 2525 (i) % (@) " A <e*¥x%<) [1 +O0((\al)~

¢

o? + x2

Kyo(Azx) = 23 A3 (

™

uniformly for arga € [0, 5] and v € Ry,

The proof of Propositon 3.1 will be deferred to the end of this chapter. The slightly more
complicated form of the asymptotic expansion of the K-Bessel function is due to the zeros

of the Airy function on the negative real axis.

3.1 Applications of Proposition 3.1

For the estimates below, it is convenient to rescale p to

P(v, Ax) = Ap(a, x)

= V2 + \2p2 —|—1/10g( Az > )
v+ V2 + \222

We can now combine Proposition 3.1 with the basic Airy function estimates recalled in

(3.6)

Appendix B. In the I-Bessel case, (B.1) applies for all a in the first quadrant. For the
K-Bessel function, we also need (B.3). This yields the following:

Corollary 3.2. Forargv € [0, 5], A > 0, and x € Ry, with v sufficiently large, we have

I,(\z) =

1 2 2,2\~ 1 —imv/2 4 -1 -2
+ A 17V 1+0 + 0 3)|. 3.7
S5 07+ W) e (1 0w + 0 ) (37)
(Recall that ¥ = 0 for v =i\x.)
Similarly, for v sufficiently large and arg(v —idx) < § —e (which implies arg ¢ € [0, 7 — 4]

for some ¢ depending on €),
N 2 2\—1 imv/2, —y -1 _2
K, (\e) = |50 + N%a?) i e [1+0(¢ )+ O(v s)]. (3.8)
If arg(v — idx) € [§ — ¢, 5], then (3.8) is replaced by
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(Under this condition, Ret < 0, so the extra term ie? is O(1) and does not affect upper
bounds for K, .)

These estimates do not apply near the ‘turning point’ v = iAx of the transformed Bessel
equation, where ¥ = 0. We use the symbol < to indicate that the absolute value of the ratio
of the two sides is bounded above and below by non-zero constants that do not depend on

the variables (and similarly: < and ).

Corollary 3.3. For argv € [0,5] and x in a compact interval of Ry, suppose that v is
close to i\x in the sense that || < ¢* with ¢* sufficiently small. Under these conditions,

for |v| sufficiently large we have

()\:L,)féefimj/Z7

()\x)—%ezﬁru/Q‘

N
>
=
X

(3.9)

g
>
&
X

Proof. To estimate near the turning point, suppose that a = iz + n with Ren > 0, and
v = Aa as above. For 7 sufficiently small and = > 0 we have

p =20 3 (i) 1+ O()). (3.10)

This means 1) < )\:f%n%, so that || < ¢* corresponds to |n| = A"323 with a constant
that depends only on ¢*. In particular, for any choice of ¢*, (3.10) applies if A is sufficiently
large.

Consider the estimates of Proposition 3.1, and note that the assumption || < ¢* means
that ])\%C | is bounded by some constant depending only on ¢*. Hence by our choice of ¢*
we can ensure that )\%C avoids the first zero of the Airy function, so that the Airy function

factors in Proposition 3.1 are bounded away from zero. We also note that

¢

o? + x?

ol

=x 3,
for i sufficiently small. The estimates then follow immediately from Proposition 3.1. O

In addition to the estimates given above for I,,, K,,, which extend to Re v > 0 by conjuga-
tion, we will need to be able to control the ratio I_,/I,. This ratio appears, for example, in
the scattering matrix. We can derive the necessary estimates from the results above using

the identity
2sin v

K, (2). (3.11)

™
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Figure 3.2: Regions for the estimates in Lemmas 3.4 and 3.5. The red zone contains the

non-trivial zeros of I_, (Ax).

We first consider estimates away from the zeros of I_, (Az).

Lemma 3.4. Assume that argv € [0, 5], X > 0, x is restricted to a compact interval of Ry,

and |v| > M, with M sufficiently large. There exist constants 6 > 0 and ¢* > b* > 0 such

that:
(i) For either Rev > b* or ] < c*,

The constants in (3.12), (3.13), and (3.14) depend only on M, c¢*, b*, and 0.

(3.12)

(3.13)

(3.14)
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Proof. By (3.11) we need to estimate

—1+ ANZY (3.15)

The approximations of Proposition 3.1 lead to

=1 _'_e% (1 _ 6271'7;11) |:

(3.16)

i((3y
(1+

(i) For Imt = A (which is implied by || < ¢* and by Im1 < 0), we can drop the term
e?™ in (3.16), and applying (B.2) to A1((%¢)§) in the denominator yields

I, (\x) 5

4mi 2 1 2
CAile 5 3 3 1e YO(v~3
—ss) i(e” 5 (39)7) ng )t to) [1+ 0w 5)] +0(r5). (3.17)
v(Az) Ai(e™ 5 (3)3)
Since Ai(0) # 0, the asymptotic (3.12) for || < ¢* follows if ¢* is sufficiently small.
In the case Rev > b*, we have for the arguments of the Airy functions in Proposition 3.1

that
27 2 T
arg(eT B AIQ) € [-Z, 1], arg(A3() €0, 5).

Hence, when applying (B.1) in the derivation of (3.7) and (3.8), we can use ¢ = § and
e = 2 (cf. Appendix B) to obtain the constants 0.79 and 0.12 for the bounds on the
respectlve O(¢p~1) error terms. Then (3.7) and (3.8) show that for || > ¢*, Rey > b* and

|v| > M we have

2sin7v K, (Ax)
m  I,(\z)

—2p* _2. | c"+0.12
< 140 ¢ +o1z
¢ ’ O e

and, comparing to (3.15), the claim follows if b* is sufficiently large. Since the first zero of

Ai(w) occurs at w ~ —2.338, we conclude that b* < ¢* can be satisfied.

(ii) For |¢| > ¢*,Imvy > 0, Rey < —b*, Corollary 3.2 gives

2sinmv K, (Ax)
T  I,(\z)

(1 - ) (14 00 1)) (1+ 0@ ),

where the 14+ O(x»~1) error is the ratio of the corresponding terms in (3.8) and (3.7), and
is bounded below by (¢* — 0.79)/(c¢* + 0.12). Hence, if Ret¢) < —b* and provided ¢ is not
too small, the K/I term dominates (3.15).
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(iii) Under the assumption Im1) < 0, the arguments of the Airy functions in (3.17) lie in
largw| < 2F. We apply (B.1) to obtain

I_,(\x)
I,(\z)

— e (1+ 0@ )+ 0 3)) + O(v 3).

For || > ¢* and M sufficiently large, the multiplicative error term is bounded below by
(c¢* —0.79)/(c* 4+ 0.12). This completes the proof. O

Lemma 3.4 leaves out a region where [¢)| > ¢*, Im > 0 and |Re| < b*, as illustrated
in Figure 3.2. In this zone lower bounds are more delicate because it contains a non-trivial

portion of the zero set
Zyei={v: I_,(\x) =0}.

Lemma 3.5. Assume that argv € [0, 5|, x is restricted to a compact interval of Ry, and
lv| > M, with M large enough that the estimates from Proposition 3.1 apply, and that
Imvy >0 and |Rev| < b*. Then

‘ ek O

I,(\x)

If in addition we assume that d(v, Zx;) > (V)™P for some B > 0, then

I_,
! ] AD)] 5 errslvllog .

I,(\z)

Proof. By the estimates in Lemma 3.4, we can see that for |v| > M with M sufficiently

large,

L —oq)

I,(\z)

for v on the boundary of the region in question, with constants that are independent of v
and A. The upper bound follows immediately.

For the lower bound we apply the minimum modulus theorem in the form [21, Thm 1.11]
to f(v) := I,(A\x)/Ip(Az) (normalized so f(0) =1). For > 0 sufficiently small and m > 0

fixed, inside the disk |v| < mA, but excluding a set of disks whose radii sum to at most

> . (3.18)

4dmnA, we have
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Since
[Rep(v, A\x)| = O(X), for |v| < CA,

we can apply Corollary 3.2 (or Corollary 3.3 in case 2me is close to 1) and (3.11) to deduce
that for any m > 0,
log|I,(Az)| < CiA,  for |v| < 2me,

for A sufficiently large. For the Iy term the standard Bessel function asymptotic gives
Io(\z) ~ (2w z)~1/2e**. Combining these estimates with (3.18) thus gives a lower bound

log | I, (\z)| > —cm(1 4 logn™ A, (3.19)

for |v| < mA, excluding a set of disks whose radii sum to at most 4mnA.

Now we wish to apply the estimate to the region described in the lemma, in which || < A
and d(v, Zy,) > (v)78. We can fix m independently of A and choose n = kA™#~L. For x
sufficiently small, the hypotheses of (3.19) will be satisfied for all v, \ in the region of
interest. For A sufficiently large, the claimed lower bound then follows from (3.19), with

the extra log |v| coming from the variable choice of 7. O

3.2 Proof of Proposition 3.1

We begin by making an ansatz for solutions to (3.4), in the form

2mioc

Wy = Al()\%e 3 C) + ha’()\aavx)7 (320)

for o € {—1,0,1}. The differential equations for the error terms follow directly from (3.4),

(02 = N2Q)ho = d[ho + AI(A5e 3°C)]. (3.21)

Our goal is to derive bounds on h, from this equation.

Step 1. To determine the appropriate boundary conditions for (3.21), we need to identify
the modified Bessel functions I and K with the w, in the ansatz (3.20). As |z| — oo,
the Airy function Ai(z) decreases exponentially in the sector |argz| < %, and it increases
exponentially for |argz| € (§,m). Note that p ~ = for  — oo, and consequently [{| — oo

with arg ¢ — 0 in this limit. K, (Ax) decays exponentially for x — oo. Hence the equation

(fC_l)%\/fEK,\a()\w) =cx (N a) wy (N, o, 2), (3.22)
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implies 0 = 0 as well as the boundary condition
ho = O(z7?) for z — oo.

On the other hand, if Rea > 0, then I, (Az) — 0 as z — 0, and for Rea = 0 we have

Io(Ax) = O(1). For x — 0 we have p ~ alogx, and consequently x — 0 takes {( — oo in
2
3
I-Bessel function.

the sector [%F,7|. This shows that we need o = —1 in (3.20) for an approximation of the
As the two cases are quite similar, in the following we will present the detailed arguments

only for the case o = 0. We then indicate briefly how to handle the ¢ = —1 case at the end.

Step 2. The next step is to transform the equation (3.21) with ¢ = 0 into an integral
equation. Note that for the homogeneous version of (3.21) we can use the independent

solutions

Ai(ASQ),  AI(ASe ().
From the well-known formula for the Wronskian of Airy functions (see, e.g. [27, (9.2.8)]),

we have
W [Ai(z),Ai(ei%z)} = — €%,

If we apply the method of variation of parameters to (3.21), treating the entire right-hand
side as the source term, and taking into account the boundary condition ho(z) = O(z~2)

as x — 00, then the result is a recursive integral equation,

—27
i

2
€6 \3

[ Ko o an + i) TD 0, @29

hol, @,2) = (y)

where

27i 27

K(z,y) == Ai(AT¢(y))Ai(ATe™ 5 ¢(x)) — Ai(ATe 5 (1)) Ai(A5 ().

Step 3. We next want to estimate the kernel appearing in the integral equation (3.23),
so that we can apply the method of successive approximations as outlined in Appendix C.
Note that (B.1) and (B.3) imply a global upper bound,

|Ai(w)] < C(wfi exp (— Re [%w%]),

valid for all w € C. This estimate and the monotonicity of Re p(«, .) imply that for z <y
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we have

where

p(z) = p(\, o, z) = (A5 ((, 2)) " Te AReple),

<
~—~
<
N—
I
Q
—
>
L
<
N—
I
o
—
>
wiN
CA
—~
Q
<
N—
~
|
PN
)
>
s}
]
2
L
s

The supremum

is bounded independently of A and «.
Applying the method of successive approximations from Appendix C to the integral

equation (3.23) leads to an estimate of the error hg in the ansatz (3.20). The supremum

)

k= sup q(y) ’Ai(ﬁ/gg(y))
yER4

is bounded independently of A and «, and hence we have

lho(@)] < p(a)= [exp(r®(a)) - 1], (3.24)
where -
O(x) == A5 / ‘(¢f%g—%)(a,t)‘ dt,
with ¢ given by (3.5).

Step 4. From (3.24) we see that for a uniform error bound it suffices to estimate the

integral -
M(a) ;_/0 (675¢ 3 @) do (3.25)

Before showing that the integral converges, we analyze the dependence of the integrand on

|a|. First observe that {(a,x) = a%C(l, 2), so that from (3.5) we can see that ¢ scales as

$la,z) = a"5 (1, L).

Substituting z = £, we obtain

/OOO [(673¢ 3 (0,2)| do = o] 73 /

{arg z=—arg a}

(0£3¢3)(12)| dlsl. (3:26)
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Recall the definition (3.2) of p = %C 3. For 6 >0 sufficiently small we have

2 2| > L |z 4+i| >4
p(lz) < q—logz |2/ <1 (3.27)
lz+il? |z+i] <4,
where z lies in the fourth quadrant of the complex plane, argz € [~F,0]. The behavior
close to z = —i is found via a Taylor expansion. We now consider the contributions of the
regions in (3.27) to the integral on the right hand side of (3.26) separately. Let § = — arg a.

Denote by J; the set {z € C : argz =0, |z| > 1,[z +1i| > §}. With the definitions of ¢
and f, and the formula (3.5) for ¢, we find

J,

The contribution of J, := {argz = 6,|2| < 1} to the integral is bounded by

[e.9]

(6£3¢73)(1,2)| 4l < c/ 2173 dlzl < oo,

1
2

independently of 6.

1
2 2 1
cl/ 12|~ (— log ]z\)*g dlz| + 62/ 2| (log? || + %2) 6 d|z| < o0.
0 0

The third and final region to consider is J3 := {argz = 0, |z 4+ i| < 0} The integrand of
(3.26) is bounded near z = —i, and hence the contribution from J3 is uniformly bounded
as well.

We conclude from these estimates that
M(a) = O(]a|75). (3.28)
By (3.24) we find that for A |a| sufficiently large,
[ho(2)] < e(Ala])3p(z).

After comparing to the ansatz (3.22), we have now established that

¢

o? + g2

Kya(Mz) = exc (N, a)( )‘1* [Ai(A%g) +p(x)0((x|a|)—%)] (3.29)

Step 5. It remains to fix the constant cx from (3.22), i.e. to compare the behavior for
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x — oo on the left and on the right of this equation. As x — oo,

pla, ) =z +alogi+ O(z1),
so that

1 _1

as ¢ — 0o0. On the other hand,

Kxa(Az) ~ (QL) e,

as x — 0o. We conclude that

cxk (N a) = 23\ "3 rolosi, (3.30)

The combination of (3.29) and (3.30) completes the proof of the K-Bessel asymptotic
in Propostion 3.1.

As we noted above, the I-Bessel estimate follows from very similar
arguments with ¢ = —1. In this case the integral for the error term is

hoi(h a,z) = ﬁ%/oxK(x,y)fb(y) [ho1(M\ a,y) + Ai(AFe 5 ¢(y))] ‘é%idy.

The key difference is that range of integration now starts from 0, but the method of suc-

cessive approximations applies in the same way. From (3.28) we can derive

La(Az) = e1(, @) <042—<|—x2) AL (e A8¢) 1+ 0l )], (3.31)

To compute c7(A, ), we note that as x — 0,

pla,x) = aloga:#—a—i—alog% + O(z?).
(6]

With « in the first quadrant, x — 0 takes e_%g“ — 00 in the sector (0, §). In this limit,

1 1
4 2mi | 2 a2 mi 1 i
< 5 ¢ > Aj (e—%)\gg) ~ e%)\—ge)\[alogx+a+alog i]
a? + x?
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Comparing this to the asymptotic

1 Az \
La(ha) ~v ———— (22)
ra(A) P(Aa+1)<2)

as x — 0, we find that

1 Aa
2 )\ e i
C[()\,Oé) = I‘(#:_l) (2> a%e_FA%e_A[a'f‘alOg %].

In conjunction with (3.31) and Stirling’s formula,
'v+1)=+Vv2r e(”"'%)log”_”(l +0(v™), for |argy| <7 —¢, (3.32)

this completes the proof for the I-Bessel case.



Chapter 4
Resonance order of growth

For an asymptotically hyperbolic manifold (X,g) with warped-product ends, the model
estimates of the previous chapters lead to a growth estimate on the resonance counting
function Ny(t). The basic technique is the Fredholm determinant method of Melrose [25,
26], as adapted to the hyperbolic setting by Guillopé-Zworski [18]. Indeed, the only real
difference in our proof from that of [18] lies in the model estimates proven in Chapter 2.
Let Ry(s) denote the resolvent for the model end Xy = (0,1] x X, as studied in Chap-
ter 2. The resonance set Ry was identified explicitly in (2.11), and we let Ny(t) denote the

corresponding counting function. In Proposition 6.3 we will show that
No(t) ~ ct™, (4.1)

and compute the constant explicitly. The main goal of this chapter is to prove the following;:

Proposition 4.1. Let (X, g) be a conformally compact manifold with asymptotically hyper-

bolic warped-product ends. Then the resonance counting function satisfies
N,(t) = O((tlogt)" ™).

The bound in Proposition 4.1 is not optimal and will be refined later in Chapter 6.

4.1 Spectral operator estimates

Our first step is to apply the estimates from Chapter 3 to the formulas for the model
resolvent, Poisson operator, and scattering matrix from Chapter 2. For the resolvent, we

only need estimates in the physical half-plane, Res > 5. Throughout this section we will

27



28

make use of functions in C5°(0,1) as cutoff functions on Xy that depend only on the x

variable.
Proposition 4.2. Suppose x1,x2 € C5°(0,1) are cutoff functions with disjoint supports
and 0 > 0. Then for Re(s — 5) > ¢, we have

Ix1Ro(s)x2ll 10,10y < Ceo ()™

For 0 < Re(s — %) < e, with ‘s - %‘ > e, we have

I Ro()xz g0 ey < Cer(s)757.
Proof. By a standard argument involving resolvent identities, it suffices to prove the esti-
mates for o = 0 (see, e.g. [2, Lemma 9.8]).

The first bound depends only on the location of the spectrum. Since there is no discrete
spectrum by (2.11) and the remark following, we have o(4Ap) = [%2, o0). From the spectral
theorem and the fact that

|s—§ Re(s —

2) > [T s
2|Re(s — 5)Ims| Re(s—%) < |Ims],

we find that

for Res > § +¢.

For the bound near the critical line we turn to the decomposition (2.3). Since the cut-
offs yield a smoothing operator with compactly supported coefficients, it suffices to obtain
pointwise estimates of the coefficients ay. By symmetry we need only consider 1 < z2, in

which case we have

a)(s; 1, xe) = 2siZ7r1/ (z122)2 1,(Ax1) |:I_V()\.’L'2) — II_,,V(()\E) IV()\wg)] , (4.2)
or, using (3.11),
ax(s;x1,x9) = (.%'11‘2)%[”()\.%1) [K,,()\xg) — Iz'(()\)\))ll,()\wg)] . (4.3)

Here v := s — 5 as always.

We may assume that || > M such that the estimates of Proposition 3.1 apply. First we
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consider the case away from the turning point. That is, we assume |¢)| > ¢* for any of the
values x = 1, x1 or z2. By the analysis used in the proof of Corollary 3.3, this corresponds
to an assumption that |v — i\z| > c)\%, for x = 1, x1, and z2. Then we can apply (3.7) and

(3.8) directly in (4.3), giving the estimate

jax(sin,2)| < O+ (a8 02 4 Oua)?|

(4.4)
X <6Re[¢(V7A$1)7’[Z)(U,)\$2)} + eRe[’l/)(l/,Axl)+1Z)(V,)\$2)72’¢)(1/,)\)]) .

Since

2 22
Oui ) = ERE

we observe that Re ¢ is an increasing function of « for Rev > 0. Thus the final expression in
(4.4) is O(1). The worst-case scenario for the estimate of the prefactors is |v — idz;| < cA3,

in which case ’1/2 + ()\xj)Q} = |V|%. Under these assumptions we conclude that
_2
lax(s;z1, 22)| = O({s)73),

uniformly in A.
If v is near the turning point with respect to any of x = 1, z1, or x2, then we use the
corresponding estimates from (3.9) for those terms. As an example, suppose v lies near the

turning point for x5 but not for x; or 1. Then (4.4) becomes

1
lax(s; 21, 22)| < C[v° + (Aay)?|* |Aza| 75 <6R6W”’Ml)] + eRe[w(”’)‘ml)_w(”’)‘)]) :

For the first term in brackets we note that v = i/\asg—l—O()\%) and the fact that [iAx; — i\xa| <
A imply Im v > Az for v sufficiently large. This gives Re (v, Az1) < 0 (see Figure 4.1) and
similarly we find Re (v, A\) > 0. Hence the bracketed term is O(1) and the claim follows
for v near the turning point for zs. The cases where v is close to ¢A and iz are very

similar. O

We turn next to estimates of the Poisson operator, which is quite straightforward in the

physical half-plane.

Proposition 4.3. For xy € C§°(0,1) and Res > 7,
1 (XEo(s)) < Clecrlsi—eak!/™

where uy, denotes the k-th singular value. The same estimate holds if x is replaced by a



30

10 T

Re (v, idzy) <0

Re (v, ilxy)

Figure 4.1: The lines Re¢(v,iAx) = 0 for = z1,22,1 (here: A = 10,27 = 0.6, 22 =
0.8). Comparing to Figure 3.2, we see that v close to iAzs gives Rew(v,iA) > 0 and
Re(v,idz1) < 0.

radial differential operator with coefficients in C3°(0,1).

Proof. Since the cutoff depends only on z, the operator (xEo(s))*xEo(s) is diagonal with

respect to the eigenfunctions ¢y, with eigenvalues given by

[ x@ms P (15)

for A2 € o(A},). Up to a possible change of ordering, these values correspond with the set
of values of ux(xFo(s))?.

n
2
restrict our attention to Imv > 0. We assume that |v| > M with M large enough that

To analyze the asymptotics, we set ¥ = s — 2 and use the conjugation symmetry to

Proposition 3.1 applies. From (2.12) and (3.11) we can write

K, (A\)
I, ()

by(s;x) = Mx% K,(\z) —

T(v+1) L(Az)l,  (A>0). (4.6)

Assuming M is sufficiently large, Corollary 3.2 (along with Corollary 3.3 if either ¢ (v, Ax)
or ¥ (v, ) is close to zero) shows that the K, (Ax) term dominates in (4.6). The key point
is that < 1 and Re (v, Ax) is a increasing function of z. Thus for |v| > M and A > 0 we
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have

ba(s; )] < C ‘%' e Rev(:) (4.7)

Applying Stirling’s formula, (3.32), then yields

log [ba(s; )| < Re [—I/log <

2
) e VTR L] o).

If Az > |v| then this estimate reduces to

log [bx(s;2)| < —Aa + O (yyy log \2) .
Hence, for A > m|v| with m sufficiently large, we have
log |ba(s; )| < —cA.
On the other hand, for A < m |v|, (4.8) clearly shows that
log [bA(s; )| = O((s)).

The result follows from the formula (4.5) for the eigenvalues of (xEo(s))*xEo(s) and the
Weyl asymptotic for the values of A2 € o(Ap,).

To extend the estimates to include radial derivatives is a straightforward exercise using
(4.6) and the identities

8,1, (\t) = My1 (M) + gly(m),

9., (Ar) = —AKys1(\z) + %Kl,(/\m).
O

The extension of Proposition 4.3 to the non-physical plane is complicated by the presence
of poles at the resonances. For this purpose it is most convenient to use the scattering

matrix, because the scattering matrix is already diagonalized.

i ) § <_ n27 EZ(S7RO) ><_ <S> B} n (S; n‘z ()) > 57 w“’;h 576 > 0; we
ha/Ue ana (t RI

Proof. Since our Bessel asymptotics are restricted to Rev > 0, it is convenient to produce
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a lower bound of Sy(s) in the region Res > § and then exploit the symmetry So(n —s) =
So(s)~L. By the conjugation symmetry, So(5) = So(s), we are free to restrict our attention
to the quadrant argr € [0, 5], and we can further assume |v| > M.

Consider the eigenvalue computed in (2.14),

S(n s = (

Applying Lemmas 3.4 and 3.5 to (4.9), we find that for [v| > M, argv € [0, 5], d(v, 5—Ro) >
()78, and d(v,Ng) > § we have

‘ L ‘ ) eCWlogv)  |Reqp| < b, || > ¢ (4.10)
I (N~ 1 otherwise,

with constants that depend only on b, ¢, 5, and §. Using Stirling’s formula and the Euler

reflection formula, we find that

I'(v)
I'(-v)

for argv € [0, §] with d(v,Ng) > 6. The claimed estimate follows by applying these estimates
to (4.9). O

log =2vlogr — (2 +im)v + O(1),

Using the standard identity
Eq(s) = —Eo(n — s)So(s), (4.11)

we can estimate
k(X Eo(s)) < pe(xEo(n — s)) [[So(s)] -

Hence Propositions 4.3 and 4.4 together give us the:

Corollary 4.5. For x € C§°(0,1), Res < 2 with d(s, Ro) > (s)™7, and d(s, 2 — No) > 6,
1e(xEo(s)) < Cecr(sogls)—eak?/™

The same estimate holds if x is replaced by a radial differential operator with coefficients in
C5e(0,1).
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4.2 Resonance counting estimate

Choose smooth cutoff functions x; € C§°(X), such that

1 on K
Xt =141 in Xy when z >27%

0 in Xy when z < 2~ (k+1),

(In other words, the cutoffs are nested and their derivatives have disjoint supports.) For

some fixed sg with Re sg large we define the parametrix,
M(s) := x2Rg(s0)x1 + (1 — x0)Ro(s)(1 — x1),
as a meromorphic function of s € C. This satisfies
(Ay —s(n—s))M(s) =1— L(s), (4.12)
with the error term

L(s) := =[A, x2]Rg(s0)x1 + [s(n — s) = so(n — s0)]x2Rg(s0)x1

(4.13)
+ [A, x0] Ro(s)(1 — x1)-

Note that y3L(s) = L(s). Using this and applying the resolvent to (4.12), we can write
M(s)x3 = Rg(s)x3(1 — L(s)x3)-

Because the resolvent is a pseudodifferential operator of order —2, L(s)x3 is a pseudod-
ifferential operator of order —1 with compactly supported coefficients. In dimension n + 1,
a pseudodifferential operator of order —m will be trace class for m > n + 1 (see e.g. [2,
Prop. A.26]). Thus, (L(s)x3)""? is a trace class operator and we can define the Fredholm

determinant

D(s) :=det [1 — (L(s)x3)" ] . (4.14)
From Vodev [31, Appendix], we obtain the following:

Lemma 4.6. The resonance set Ry (counted with multiplicities) is contained within the

union of the set of zeros of D(s) and n + 2 copies of the set Ry.

The proof of the Lemma is essentially identical to that of [2, Cor. 9.3].
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Lemma 4.7. For 3,6 > 0, suppose that d(s,Rq) > (s)~? and d(s,5 —No) > 5. Then for

e > 0 sufficiently small we have

C(s)ntl for Res —

Proof. To estimate the growth of D(s), we separate
L(s)xs = To + T1(s) + Ta(s),

corresponding to the three terms on the right-hand side of (4.13). All terms are compactly
supported, and Tx(s) is smoothing and therefore trace class.
To break up the determinant estimates we can use [18, Lemma 6.1], which says that for

compact operators A, B in the p-th Schatten class,
|det(1 + (A + B)P)| < det(1 4 2P~ |A]P)?P det(1 4 2P~1 | B|P)?. (4.15)

This estimate is based on the Weyl inequality for determinants in terms of singular values,

log [det(1+ A)| <> ur(A), (4.16)
k=1

which we will also need to make use of below. By applying (4.15) twice to the formula for

D(s), with p = n + 2, we deduce the bound

[D(s)| < det(l +Cy ]T0]”+2)2"+4 B
4.17
X det(l +Cy \T1(8)|n+2)(2n+4)2 det(l + Cy !T2(3)|)(2”+4)2.

The high powers here don’t trouble us, because the estimate we are seeking is exponential.
The first term on the right in (4.17) is just a constant. To estimate the second term, we

note that 7' (s) is quadratic in s,
Ti(s) = [s(n — s) — so(n — s0)]x2Rg(s0)x1-

Since Ry(so) has order —2, T (s)"2 is a pseudodifferential operator of order —2(n + 2),

with compactly supported coefficients. We therefore have a bound on the singular values
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(see e.g. [2, Prop. A.26]),

2(n+2)

pie(T1 ()" %) < O(s) 22~ Tnst,

Thus by (4.16),

n+2 - (s)"1\7
det(1+ Cy |T1(s)| )Skl:Il<1+C( p ) )
where v :=2(n+2)/(n + 1). We can then estimate

<8>n+1

T

log det (1 + Cy [Ty (s)["*?) < c/loo log <1 + C( )7> dz = O({s)").

Finally, the proof comes down to a growth estimate on
det(l + Cy ‘TQ(S)D,

where

Ta(s) :== [A, xo0] Ro(s)(x3 — x1)-

From Proposition 4.2 we can use comparison to eigenvalues of the Laplacian on a compact
domain (see [2, §9.4] for details) to derive the bound

u(To(s) < Cmin {k=2(s)200, 1},
for Re(s — 5) > . We can then apply the Weyl determinant estimate (4.16) to deduce
log det(1 + Gy [Ta(s)|) = O((s)™*1). (4.18)

(See e.g. the proof of [2, Lemma 9.12].) Similarly, for 0 < Re(s—5) < ¢ (assuming € < 1/6),
Proposition 4.2 yields
logdet(1 + Cs [Th(s)]) < C<s>”+%. (4.19)

To obtain bounds for Re(s — 5) < 0, we appeal again to the estimate (4.15) to write
det(1 +2|To(n — s)|) < det(1+2|Ta(s)|)* det(1 + 2|Ta(s) — Ta(n — s)|)* (4.20)

The first determinant on the right has already been dealt with. As for the second, we can
use the identity
Ro(s) — Ro(n — s) = (25 — n)Ey(s)Eo(n — s)°, (4.21)
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(c.f. [2, eq. (7.33)]) to reduce this to a determinant involving
Ty(s) — Ta(n — 5) = (25 — n)[A, x| Eo(s) Eo(n — )" (x3 — x1)-
By Corollary 4.5, assuming d(s, Ro) > (s)?, and d(s, 2 — Ng) > 4, we find that
p(Ta(s) — Ta(n — 5)) < Cer(oalsi=eakt/

In particular,

IT5(s) — To(n — s)|| = po(Ta(s) — Ta(n — s)) < Cecris)108(s),

This time we can exploit the Weyl determinant estimate (4.16) in the form

|det(1+ A)] < (1+ [[A])™ exp < > Hk(A)> ,
k=m+1

with m = (c1(s) log(s)/c2)™. This yields

log det(1 + 2 |Ty(s) — To(n — s)[) = O(({s) log(s))"1).

By applying this estimate to the second factor in (4.20), and using (4.18) and (4.19) for the
first factor, we can thereby deduce that (4.19) holds for —e < Re(s — %) < 0 and (4.18)
holds for Re(s — 5) < —e with d(s, Ro) > (s)7P, and d(s, 5 —Ng) > 0. O

Proof of Proposition 4.1. To complete the argument, let Ry denote the set of resonances of

Xo. By the asymptotic (4.1), we can form the Weierstrass product,

Ho(s) = [] <l—z)exp §+---+ni1 (Z_)nﬂl

CERo
Lindel6f’s Theorem (see e.g. [1, Thm. 2.10.1]) shows that the associated entire function

go(s) = Ho(s)Ho(e”/("H)s),

is of finite type, so that
log |go(s)| < C(s)"+L. (4.22)
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From (4.13) we can see the poles of D(s) are contained within some finite number of
copies of Rg. Hence, for some N > 0, the function h(s) := go(s)" D(s) will be entire. Using
(4.22) we can apply the bounds from Lemma 4.7 to h(s). And since h(s) is entire, we can
use the maximum modulus theorem to fill in the missing disks around Ry and § — Np, and
the Phragmén-Lindelof theorem to extend the stronger bound into the strip at Res = 3.
The result is that

log [h(s)| < C((s)log(s))""",

for all s € C. Since, by Lemma 4.6, the zero set of h(s) contains R, the claimed counting

estimate follows from Jensen’s formula. O]



Chapter 5
Poisson formula

To establish the Poisson formula for resonances, we need to introduce the relative scattering
determinant. Let Sy(s) and Sp(s) denote the scattering matrices associated to (X, g) and

the background manifold (X, go), respectively. By (4.12) we have the relation
M(s) = Ry(s) — Ry(s)L(s), (5.1)
from which we can derive, by taking boundary limits on the right and left, that
So(s) = Sy(s) — (25 — m) Ey(5)' A, xo] Eo(s) (5.2)

This shows in particular that S,;(s)So(s)™! — 1 is smoothing and hence trace class on X.

Thus we can define the relative scattering determinant,
7(s) := det Sp(s) Sy (s).

By the order bound of Proposition 4.1, we can define the Weierstrass product,

= T (-2t ()]

CER,
and we recall that Ho(s) was defined as the corresponding product over Ry.

Proposition 5.1. The relative scattering determinant admits a Hadamard factorization of

the form
Hy(n—s) Ho(s)

Hy(s) Ho(n—s)’

7(s) = 1) (5.3)

38
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with q(s) a polynomial of order at most n + 1.

Proof. To work out the divisor of 7(s), we can appeal to the theory developed by Gohberg-
Sigal [11, §4-5] to deduce that

/

Res¢ T—(s) = tr Res¢ [S;(S)Sg(s)_l] — tr Res¢ [56(8)50(8)_1] :
T
Letting mg(¢) denote the multiplicity of a resonance at ¢, we have the relation

—trResc [S(5)Sy(5) '] = my(Q) = my(n = ) + > (Lajp 4(Q) = Lujpenl)) i (5.4)
keN

where dj, is the dimension of the kernel of the k-th conformal Laplacian on (X, h). This result
is due to Guillarmou [14] (with earlier partial results by [6, 12, 19], and with a restriction
that was later removed in [16]).

Since the dj, cancel between the Sy(s) and Sp(s) terms, we obtain

/

Resq = (s) = my(n — ¢) = my(C) +mo(C) — mo(n — ¢).

This proves the claimed formula with ¢(s) an entire function. It remains to show that ¢(s)
is a polynomial and bound its order.
Using the parametrix formula (4.12) and the fact that x3L(s) = L(s) we can rewrite the
identity (5.1) as
M (s) = Ry(s) — M(s)(1 — L(s)x3) " L(s)-

The corresponding scattering matrix identity is
So(s) = Sy(s) — (25 = n) Eo(s)! (1 = x1)(1 — L{5)xa) " [A, xo) Eo ).
Using the identity (4.11), the relative scattering determinant is thus given by
(s) = det(l (25— n)By(n — )1 — x1)(1 — L(s)xg)_l[A,Xo]Eo(s)>. (5.5)
The L(s)xs term we write as

(1= L(s)xs) ™" = (14 L(s)xs + - - + (L(s)xa)™ ) (1 = (L(s)xa)"™2) .
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Using Proposition 4.2, the identity (4.21), and Corollary 4.5, we have
[T+ (L(s)xa)" | = 0.

Since (L(s)x3)""? is trace class we can use a resolvent estimate from Gohberg-Krein [10]
(see also [2, Thm. A.23]) to obtain the estimate

(1+]L(s)xs|"™)

b2 — det
0 (Bspea)) | < S,

where D(s) is the determinant (4.14). Lemma 4.7 gives the upper bound
4
log | D(s)| = O (((s) log(s))"*3 ) .

for d(s,Ro) > (s)~" and d(s, 2 —Ng) > 6. We can clearly derive the corresponding estimate
for logdet(1 + |L(s)x3|""?) by the same argument. The minimum modulus theorem [30,
8.7.1] shows that if we assume that 5 > n 4 4/3, then the upper bound for D(s) implies
the lower bound

~log|D(s)] = O({s)"*5%%),

for e > 0, d(s, Ro) > (s)# and d(s, %2 — Ng) > 6. So our estimate becomes
11 = Z(s)xs) 7] < @, (5.6)

for m >n+ 3 and d(s, Ro) > (s) ¥ and d(s, % — Ng) > 6.
Returning to (5.5), after combining (5.6) with the singular values estimates for the Ey(s)

terms from Corollary 4.5, we can use the Weyl determinant estimate to deduce that
log|7(s)| = O((s)" ™),

form >n+ % and d(s,Ro) > (s)™" and d(s, % —Np) > 6. This implies at least that g(s) is
polynomial, although with an order possibly much higher than claimed.

Once ¢(s) is known to be polynomial, the fact that its maximal order is n 4+ 1 follows
by examining the asymptotics of the relative heat trace as in [3, Prop. 7.2]. We will not
include those details here, because in Proposition 6.5 in the next chapter we will establish
much sharper estimates on the growth of log 7(s) for ‘arg(s — %)| £ 5 —e. Those estimates

imply in particular that ¢(s) has order at most n + 1. O
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The Poisson formula follows from Proposition 5.1, by the same analysis developed for
the surface case by Guillopé-Zworski [19]. In the case considered here we could follow
exactly the argument in Borthwick [3, §8]. The factorization of Proposition 5.1 which is
our starting point here was given in that paper by [3, Prop. 7.2]. (See also the detailed
expository account of this same argument in [2, §11].) The crucial step is a Birman-Krein
type formula that relates the derivative of the scattering determinant to the O-traces of the

spectral measures,
—dslog 7(s) = (25 — ) <O—tr[Rg(s) — Ry(n — s)] — 0-tr[Ro(s) — Ro(n — s)]). (5.7)

In the present context this follows immediately from a result of Guillarmou [15, Thm. 3.10],
which shows that each O-trace on the right is given by the Kontsevich-Vishik trace of the
logarithmic derivative of the corresponding scattering matrix. When we take the difference
of these two formal traces, we recover the actual trace of the logarithmic derivative of the
relative scattering matrix.

The traces on the right in (5.7) are the Fourier transforms of regularized wave traces.
Proposition 5.1 gives an explicit formula for the left side and shows that it is a tempered
distribution. Taking the Fourier transform of (5.7) (as in [3, Thm. 1.2], for example), yields
the proof of the Poisson formula stated in Theorem 1.1.

Finally we consider the asymptotics of the scattering phase,

i

log 7(5 +it), (5.8)

o(t) 5

with branches chosen so that o(t) is continuous. By the properties of the scattering matrix,
o(t) is a real-valued odd function of t € R. Using the analysis of the big singularity of the
wave traces at t = 0, developed in the asymptotically hyperbolic case by Joshi-Sa Barreto
[20], and the method from Guilopé-Zworski [19, Thm. 1.5], we can derive the:

Corollary 5.2. Assume (X,g) is asymptotically hyperbolic metric with warped-product
ends, with core K. Ast — 400,

o(t) = Wrt" ™ + O@t™),

where Wi is the Weyl constant
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As a final remark, we note that because the Poisson formula of Theorem 1.1 includes the
resonances of the background metric gg, it does not lead to a lower bound for resonances
along the lines of [19] or [3]. The technique used in those arguments, based on the big
singularity of the wave trace at ¢t = 0, would produce a lower bound only for the sum
Ng(t) + Ngo(t), as in [5, Cor. 3.2]. The results of §6.1 will show that Ny (t) saturates the

resonance bound, and so the joint lower bound yields no information on Ng(t).



Chapter 6
Sharp upper bounds

In this chapter we will refine the crude counting estimate of Proposition 4.1 into the proof of
Theorem 1.2. The first step is to compute the asymptotic constant of the counting function
for the model space (Xp,¢g). This amounts to counting zeros of Bessel functions, a similar
argument to a calculation of Stefanov [29].

Proposition 5.1 shows how the divisor of the relative scattering determinant 7(s) is de-
termined by the resonance sets R, and Rg. Using a contour integral as in [4, Prop. 3.2], we

obtain the formula (which is due to Froese [9]):

Proposition 6.1. As a — oo,

a N —N a z .
/ Mdt: 2/ U(t)dt+1/2 log"]'(% —i—aeze)’ df + O(log a).
0 t o 1 2 -3

The asymptotic for the scattering phase o(t) was given in Corollary 5.2. Hence for the
application of Proposition 6.1 we must establish the asymptotic for Ny(¢) and estimate
|7(s)| for Res > 3.

6.1 Asymptotic counting for the model space

The resonances of the model space were identified explicitly in (2.11) as zeros of I,,(\), where
v:=s—%and \? € o(A). In this section we will use the Bessel function asymptotics from
Chapter 3 to work out the constant in the asymptotic that we claimed for the model space
counting function Ny(r) in (4.1).

Since our Bessel function asymptotics assume that Rev > 0, we will study the zeros

43
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through the reflection formula,

I—l/()\) = Il/()\) +

K,(\). (6.1)

There are two distinct sources of zeros of I_, (). For |v| = A, the K, (\) term is dominant
in (6.1). Thus I_,(\) has some zeros which are perturbations of the integer points where
sinty = 0. We refer to these as ‘trivial’ zeros, as they are quite easy to count. Note that
because the trivial zeros are perturbations of simple zeros, and the zero set of I_, () has a
conjugation symmetry, the trivial zeros must remain on the real axis. They can never occur
precisely at an integer, however, since I_x(z) = Ii(z) for k € Z, and I;(z) > 0 for z > 0.

The ‘non-trivial’ zeros of I_, () occur within the highlighted zone shown in Figure 3.2
(and its reflection by conjugation, of course). Within this zone and away from the real axis,
the approximation (3.17) is valid, and the zeros are approximately given by solutions of the
equation

Ai (e%(gzp)%) =0, (6.2)

where ¢ = (v, \), as defined in (3.6). Since we fix = 1 for the applications in this
chapter, we define p(a) := p(«, 1) and recall the definition,

pla) = \/a2+1+alog(

i
—_— ], 6.3
a+vVa?Z+ 1> (6:3)
and the relationship ¥ (v, \) = Ap(«), where v = Aa. Within the zone that contains the
non-trivial zeros, the corresponding values of i are close to the positive imaginary axis.

Hence we can apply the approximation (B.3) to reduce (6.2) to a simpler equation
cosh(Ap(a) —iZ)=0. (6.4)

Our strategy will be to count the solutions of (6.4) and then control the distances between
these solutions and the true zeros, for which I_,(\) = 0.
We will count the solutions of (6.4) that lie on

v:={a: Rep(a) =0, arga € [0, 5]} — {iy : y > 1},

and then relate the corresponding counting function to Ny(r). Let ap denote the real
solution to Re p(a) = 0. The curve ~ is shown in Figure 6.1; it corresponds to the center of

the highlighted zone in Figure 3.2. Note that the actual resonance lines in Figure 2.1 are



08F I

06 \’y\

04 L

.

0.0 0.5 1.0 1.5

Figure 6.1: The curve v containing solutions of (6.4).
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well approximated by the reflections of + across the imaginary axis, scaled by the square

roots A of the eigenvalues.
Let Wy, denote the Weyl constant for the compact manifold (3, h),

Vol(S, )

Wy =
TR+ 1) (dm)?

defined by the asymptotic,

#{)\2 S U(Ah) A < ’I“} = WE LT + O(TTL—I).

If we index the square roots of the eigenvalues of Ay, as 0 = Mg < A\ < Ao < ...

define an integer-valued function m = m(r) on R4 by demanding
A <71 and Am+1 > T

Then, since m + 1 = #{k : A\y < r}, the Weyl law (6.5) leads to

1

n 1

<I;/n> =[r"+ O(r”_l)] n=r+0(1).
b

This gives the asymptotic formula

_1
Ao = Wg ™ ki + O(1),

for the eigenvalues of Ay,.

, We can

(6.6)

Lemma 6.2. Let M(r;61,02) denote the number of zeros of (6.4) for |v| < r, argr €
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[01,02), and \? € a(Ap) — {0}. For0<6; <6y < 5 this count satisfies the asymptotic

nWs ' ()]
M(r; 61,6 :”“/ da| + O(r™), 6.7
(73 61,62) (n+1)m ' Y1101,02) ‘O‘|n+1 ol =0t o7

where v is parametrized by 0 = arg a.

Proof. For any A, the zeros of (6.4) with Rea > 0 lie on the curve v. Note that the
zeros of (6.4) with Rea = 0 are not included in the count M (r;61,%). As an alternative

parametrization of 7, define 4(¢) implicitly by

p(3(2)) = int.

The constant ag ~ 1.509 is the value of a at which the curve v intersects the real axis. For
any real a, p(a) has imaginary part §a. Hence we have p(ag) = %rozo, and the domain of
7 is seen to be t € [0, 5]

For 0 < 01 < 02 < 7, let ¢ and ¢3 be the corresponding parameters so that y(0;) = 5(t;).
For fixed A, the number of zeros of (6.4) with arga € [01,02) is given exactly by the number

of points in A(tz, 1] N (N — ). We can thus estimate the number of zeros in this range as
At = t2) + O(1), (6.8)

where the error term is bounded by +1.

Now consider the full count, summed over A\. The number of \’s for which  intersects
{la| < r/A} is O(r™) by the Weyl law, so that by applying (6.8) for each A\ and summing
the errors we obtain

M (161, 62) = M(r;01,02) + O(r™), (6.9)

where

M (r;01,0) : Z)\£< [’Y| 101,00) N {le| < ,\}D

For some fixed # and small Af, we define ¢t and At by 5(t) = v(f) and F(t — At) =
~v(0 + Af). Then we can estimate

M(r;0,0+A0) — > AAt| < > At

Alv(0)|<r T/ M max SAST/ [V min

where the extrema of |y| are taken over the sector arga € [0, 6 4+ Af]. Since |V, — [V|imin
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is bounded by cA#, the Weyl law implies that the number of terms in the sum on the right

hand side of the above inequality is O(r"A#). Hence we can write

M(r;0,0 + A0) = > Mt +O(r" T AtAY).
A<r/|7(60)]

Using the eigenvalue asymptotics (6.6), we find

nWs T it n
> A== (ma) o

A</ (0)]

Since |At| < ¢|Af|, we conclude

r

(@)l

We now choose a partition of the interval [f1, 62] and sum up the corresponding equations
(6.10). Letting |A#| — 0, the first term of (6.10) becomes an integral with respect to t.
The second term becomes O(r™) after summing, the constant for its bound changing by a
factor of |t; — ta] < G The rightmost term in (6.10) vanishes. Then (6.9) gives

n+1
M (r;0,0 + A0) = nV+VE1 < > At +O(r"At) + O(r™ 1 (A)?). (6.10)
n

TLWE n t 1
M(T;91>92) = mr +1/t ’,y‘n-i-l dt+0( )
2

The final step is to note that (p o 4)'(t) = im, so that the change of variables from ¢ to

arclength is accounted for by introducing a factor of |p'| /7. O

Proposition 6.3. The resonance counting function Ny for the model space X satisfies the

asymptotic

Ny(r) =
o(7) (n+ 1w n+1 0"

2nWx %%
nwy /|p n+1 Y = as n+1_|_0( ’n+ ) (611)

where Wy, is the Weyl constant for (X,h), v = {a: Rep(a) =0} —{iy : y > 1}, and oy is
the real solution to Re p(a) = 0.

Proof. From Lemma 3.4 we know that the non-trivial zeros of I_,(A) in Imv > 0, |v| > M,

where M is sufficiently large, are contained in the region

Sy :={argr €[0,5]: Imey >0, [Reyp| <"} N {|v| > M}.
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(The strip {Im(.,A) > 0,|Re®(.,A)| < b*} contains the highlighted zone of Figure 3.2,
its center is \y; Sy is empty for Aag(1l +¢) < M and S) is not affected by the intersection
with {|v| > M} for A sufficiently large.) From Corollary 3.2 and (3.11) we deduce that for

1 and v sufficiently large we have

I_,(A)
I,(A)

— (L4ie ) = ie 2 [O(p™") + O 5) — 2™, (6.12)
for v € S). Note that the zeros of the function

1+ie %Y = 2¢7¥Hi% cosh(z/; — i%),

in (6.12) correspond precisely to the solutions of (6.4). The width of the strip Sy in the
v-plane, where by ‘width’ we mean the lengths of intersections with curves Imy = const,
is O()\%) close to the turning point v = i\, and O(1) close to Aay.

We will now prepare to apply Rouché’s theorem to the functions on the left hand side of
(6.12). Let vy ,, denote the solution of (6.4) for which

);

=

Y(vam) = im(m —
with m e NN [%, i + %] Define 7, , to be the contour obtained from the lines
{Rew =b}, {Rey=-b}, {Imy=n(m—3} {Imy=nr(m+7}

in the v-plane. Then each v} ,, lies within 7, ,,, and we have that on v ,,

’e*w‘ <p ‘1 +je” %Y

)

where the constant 8 depends only on b*.

In order to control the right hand side of (6.12) we define for o, 7 > 0 the region
Lori= {I/ : Imv > 7, Rev > U(Imu)1/3} .
Recall from the proof of Corollary 3.3 that for some small § > 0 we have

3
2

1
Y= AN"2(v—iN) for |v —i\| <A

Outside that half-disc, || is bounded from below by the values on its boundary, i.e. by ¢\
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(see Figure 3.2 for the mapping properties of ¢). For v € {|v —i\| < 0A} N T, . we have
¥ = o3,

Hence, by letting both ¢ and 7 be large enough, (6.12) yields

I_y(A)
I, ()

e %Y

)

—(1 +i62¢)‘ < ;

on Sy NIy,

Rouché’s theorem now implies that for A\ sufficiently large, I_,(\) has exactly one zero
within every <, ,, that is contained in I'; . After increasing o and 7 we have that for
A sufficiently large, I_,(\) has exactly one zero within every 7)., that intersects I'y ;.
Moreover, there are no other zeros in I'; ; since the contours v, ,, cover the regions Sy. The

diameters of the vy ,, are O(AY/3) with a constant that depends only on b*. Consequently,

#{CeRy: [¢— 2| <r —C€lgr} < M(r+pr'/30,%) + 00" 6.13)
:M(T;O,g)—i—O(rnJr%). .

for some constant p, where the O(r™) error term in the middle expression is caused by
contours 7y ,, that intersect OI'; ;. We now claim that for A sufficiently large, the number
of zeros of I_, () in Sy —T'5 ; is uniformly bounded by a constant depending only on o and
on 7. We postpone the proof of this detail to the next paragraph and continue the counting
argument first. After noting that M (r — prl/3: 01, 0,) provides an asymptotic lower bound
for (6.13) for all 0 < 6y < 2 < F, we conclude

#{CERy: [C— B <r ImC £0} = 2M(r;0,5) + O("3).

For fixed A sufficiently large, the zeros of I_,(\) outside I', ; are contained in two com-
ponents of S). We skip the easier case, the component that is near Aoy, and concentrate
on Sy —I'sp. Let ¢* be the constant from Lemma 3.4. Since we have no zeros for v with

|| < ¢*, we consider the region
R={yYeC: |¢|>c,Imp <cy,—b" <Retp <b*},

in the v-plane, where ¢; € (b*,¢*) and ¢co = m — 3, m € N, is chosen so that the preimage

4

of R under 9(.,\) overlaps with I'; . Note that both Al((%w)%) and Ai(e_%(%w)%) are
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= 1 on R. Applying Proposition 3.1 and Stirling’s formula to the reflection formula (6.1),

we obtain

L)y e (G
LY T e 2§’(§w>3>[1+0( )

where the error term is an analytic function in a neighborhood of R. The function

on R has a limited number of zeros and does not depend on A. Hence, by Rouché’s theorem,
the number of zeros of I_,(\) outside 'y is bounded uniformly in A.

It remains to show that the contribution of the trivial zeros to the counting function is
given by the second term in the constant claimed in (6.11). By factoring out %K,,(/\) on
the right hand side of (6.1), and applying the asymptotics of Corollary 3.2, we obtain

I(3) = 2K, ()] sin(m) - %ei%”ew(l +on™)].

T
There exist positive constants ¢ and ¢ such that

Rep(a) < —c(a — ),

for real & > (1 — ). Hence for real v sufficiently large with v > A\(1 — €)ag, we have

2
I_,(\)=—-K,(\) <sin v+ 0(6_20(”_)‘0‘0))>.
0
This gives
v
#{CERo: [C— 3 <r,Im¢ =0} = > #{dag <m}+0O(™).
m=1
Estimating the sum using Weyl’s law (6.5) completes the proof. O

From the proof of Proposition 6.3 we observe that in the model case we have a resonance-

free region with boundary given by a cube-root: for some small o,

Ro N {3 €C: Re(s—%) > —a|Ims]1/3} = (.
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6.2 Estimate of the scattering determinant

The goal of this section is to find an upper bound for log |7(s)| with s in a sufficiently big
subset of {Res > §,Ims > 0}.

For some small n > 0, let z; = 1 —nj for j = 0,1,2,3. We choose cutoft functions
x; € C*((0,1]) so that x;(x) =1 for > z; and x;(z) = 0 for < xj41. With the model
Poisson operator Ey(s) defined as in §2.2, we can express the relative scattering determinant
as

7(s) = det (14 (25 — n)Ey(s)"[Ao, x2] R(s)[Ao, x1]Eo(n — s)) .

Since the derivations of this identity and of Lemma 6.4 follow [4, Lemmas 4.1 and 5.2]

closely, we omit the proofs.

Lemma 6.4. For Res > § with d(s(n—s),0(Ay)) > €, the relative scattering determinant

can be estimated by

log|7(s)| < Z log(l + C/{,\(s)), (6.14)
)\260(Ah)

where

Tl 2
K3(s) = |25 — n\z/ 2= by (n — s, 2) dx/ 2= |by (s, 2) | da,

Z2 3

with the coefficients by(s;x) as defined in (2.12), and where the constant C' depends only on
n and €.

Using the identity
Ey(s) = —Ep(n — s)So(s),

we find

s [ ()

1
/ 2=+ (b, (s, 22 da, (6.15)

3
for £ > 0. Define the following set of radii a, for which the corresponding circles stay away

from the zeros of the scattering matrix in the sense of Proposition 4.4.
A:={acRy: meind(aeie, 5 — Ro) > (a)™P,d(a,Ng) > §},

where # > n+1 and § > 0. Then, for |v| € A, we have control of I,,/I_,()\) by (4.10). The
requirement for Lemma 6.4, that d(s(n — s),0(Ay)) > €, will be satisfied if |§] < § —ea™?

for v = ae® with a sufficiently large. With these two restrictions we obtain:
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Proposition 6.5. For a € A we have
log (3 + ac”)| < BO)a™ + ofa™ "),
uniformly for 0] < 5 — ca"2, with

. * [~ Rep(ae)),
B(9) := 2nt/0 o dx,

where Wy, is the Weyl constant for Ap, and [-]+ denotes the positive part.

Proof. We let v = s — 5 as always and we use the conjugation symmetry to restrict our

attention to Imv > 0. Recall that Re p(a, z) is monotonically increasing in z. For |v| > M,
where M is the constant from Proposition 3.1, (4.7) and (6.15) give
ka(s) < Cem 2 Rerlams)g, (), (6.16)

for A >0, a = ¥, and

00 =75

9 we split the sum (6.14) according to the sign of Re p(5,r3). The sum

Given v = ac’
over A with Rep(a,x3) < 0 is finite and we further divide it into contributions from the
Poisson kernel and from the scattering matrix. Since the A = 0 term in the sum (6.14) is
O(a), we can write

log |7(s)| < X + Xp + Xg + O(a),

where
Spi= ) log(l4 CenARer @, (i),
Re p(a,z3)>0
Ypi= Z 2ARe[—p(a, x3)],
Re p(a,x3)<0
Sgi= Y, log(1+Cgr(v)).

Re p(a,x3)<0

Let us now index the spectrum {\ > 0} by A, k¥ € N. Define the constant w = Wz_l/n,
so that A, ~ wk/™ by Weyl’s law. Also define the function A(f) and constants ¢, Q@ > 0 by

Re p(A(G)ew, x3) =0, quk™ < \p < Quk/™.
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First we show that > contributes only of lower order. For a sufficiently large, the factors

gr(v) in X, are bounded by Lemma 3.4, and therefore we have

Y < CZexp(—Q)\k[Re plo, 3)]4),

where the sum is for & from L(m)”j to co. The monotonicity in = of Re p(a, x) yields

¥ <C Z exp(—2[Re plae?, qwkl/"mg)]+).

Switching to an integral over k and substituting z = —9, we find
W (O 1 2a i0
Y <Ca ; Wexp(—?[Rep(a:e ,qxg)]+> dx + O(1).

Since p(0,qx3) > 0, the integral exists, and the fact that the integrand is decreasing in a
shows that X1 = O(a").
For an estimate of ¥ p, define numbers uj with Ay = (1 + Mk)wkl/" for all k. Then
2\k[— Re p(a, 23)] 1 = 2wk!/™ [~ Rep(—% e (1 + Mk)ZL‘3>J+.

wkl/n

The number of p; with absolute value greater than n/x3 is finite and independent of a.
The corresponding terms in the sum Xp are O(a). For all other k we have (1 + ug)xs >

xs3 —n =: x4 and hence, by monotonicity of Re p and letting z = as above,

wlﬁ/"
Yp < Z 2wk [—Re p(ze?, 24)]4 + O(a),

where the sum is for k£ from 1 to [(m)”] Switching to the corresponding integral over

z, we find

gy < 20 [ [ Replac? o)
P> wh 0 xn+2

* dz a4+ O0(a).
With a simple change of variables we can scale the x4 out of the integral, yielding
Yp < 2;"B(0)a™ 4 O(a). (6.17)

The number of terms in the sum Xg is, as for ¥ p, less than [(m)"] Most of them are

bounded by Lemma 3.4, and Lemma 3.5 states that the remaining terms, those for which
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v is in the highlighted zone of Figure 3.2, are O(aloga) for a € A. More precisely:
Y5 <O0(a")+ K(v)caloga, (a € A), (6.18)
where, with b* being the constant from Lemma 3.4,
K(v)=#{k>0:Ime¢(v,\) >0, [Retp(v,\)| < b*}. (6.19)
Now suppose that for fixed v we have 1, s with

Rew(% Ml) = _b*a Rew(% IU'Q) = +b*7

where the condition on p is replaced by Im (v, 1) = 0 for argv close to 7. We observe
that K(v) is given by the number of eigenvalues A\ between 1 and pg. Since the width of

the region
{v:[Ret(v, p)| <%, Imep(v, p) = 0},

in the v-plane is O(v/3) uniformly in # = arg v, we can estimate

K(v) < Wy ((hé)’ - ca1/3>n —~ (WZL@)I - ca1/3> n) +0(a™ ).

This shows K (v) = O(a"%/?), and from (6.18) we obtain X5 = O(a"t/3loga).

We conclude

log ‘T(% + aew)’ <z;"B0)a"t + C., a3 oga,

where the constant might blow up as n — 0. This gives

lim sup —B)| < (z;"—1)B(0),

a—00

log |T(% + aeie)’
an+1

which, by letting x4 — 1, completes the proof. O
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6.3 Completing the sharp estimate

Proof of Theorem 1.2. With the asymptotics of the scattering phase, as stated in Corol-

lary 5.2, the relative counting formula from Proposition 6.1 becomes
" Ny() = No() L ntl (2 . :
(n+ 1)/ Qf dt = 2Wga"t! + 5 / _log )T(% + ae’ )‘ df + o(a™t).
0 T J_m
2

We can then apply the asymptotic for Ny(t) from Proposition 6.3 and the scattering de-
terminant estimate from Proposition 6.5. Comparing the result to (1.5) shows that for

Theorem 1.2 it remains to show that the contribution of

/g—saQS(’lé

is of lower order. If we assume a € A then by the Hadamard factorization (5.3) of 7 and
the Minimum Modulus Theorem [30, Thm. 8.71], we have the estimate

_log ‘T(% + aew)‘ o,
2

‘T(% + aeie)‘ < Ceexp (a”““),

for any € > 0, provided S > n + 1 in the definition of A. This implies

/;r—saQSGS

which suffices to complete the proof. O

- log ‘7’(% + aew)‘ df = O(a"_1+€),
2



Appendix A

Asymptotics of the sectional

curvatures

Let (N, h) be a compact Riemannian manifold with non-empty boundary and denote by M
the interior of N. The metric on the cotangent bundle of (N, h) is

[dfl, = fih" f; = lgrad f[;,.
We call a smooth and non-negative function p on N a boundary-defining function if
p~1(0) = ON and dp # 0 on ON.

Given such a function p, we can define a non-compact Riemannian manifold (M, g) by
setting
g:=p 2h. (A.1)

The measurement of angles is not affected by (A.1), and hence we call (A.1) a conformal
change and the manifold (M, g) is called conformally compact. The following standard fact
about the curvatures of such manifolds has first been noted in Rafe Mazzeo’s dissertation
[22].

Proposition A.1. The manifold (M, g) as defined above is complete and its sectional cur-

vatures have the asymptotic behavior

secg — — |dp|i as p — 0.
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For instance, let D stand for the open unit disk in R?. Then D with the metric

4 (dx2 + dyz)
(1—22 —y2)2’

is the Poincaré disk model of the hyperbolic plane H?. Multiplying this metric with the

square of
pi=3(1- z? —y?), (A.2)

we obtain the standard Euclidean metric, which extends to a smooth metric on the closed
unit disk. Since ¢ is a boundary-defining function for (D, dz? + dy?), we conclude that H?
is conformally compact. Proposition A.1 further states that the sectional curvatures of H?
approach —1 at infinity.

In general, |dp|;, can vary along the boundary ON. Hence, by Proposition A.1, the limits
of the sectional curvatures of (M, g) lie in some compact interval of (—oo,0). If those limits
are the same and equal to —1 for all possible paths escaping to infinity, then the conformally
compact manifold is called asymptotically hyperbolic.

We end this review of conformal compactness with the construction of a class of boundary-
defining functions that always yield asymptotically hyperbolic manifolds. Given a compact

manifold (N, h) with non-empty boundary, there exists € > 0 such that the mapping

{p€ N : dp(p,ON) <e} — [0,e] x ON
p = (dn(p,0N),q),

where ¢ is the unique point on N with dj(p,q) = dp(p,ON), is well-defined and a diffeo-

morphism. Hence one possible choice for p would be to define

p(p) := dn(p,ON),

in a neighborhood of N, and then continue this function smoothly and positively onto
the remainder of N. In this case, p is a Riemannian submersion in a neighborhood of the
boundary, and (A.1) gives rise to an asymptotically hyperbolic manifold. Note that the
boundary-defining function x in (1.2) is of that form (while (A.2) is not).



Appendix B

Asymptotic behavior of the Airy

function

The Airy function has zeros only on the negative real axis, with the first at w ~ —2.338.
For large arguments we can derive the Airy function asymptotics (following [28, §4.4.1])
from the integral representation

for |arg w| < 7, where

Hence, if we pull out the leading term by setting

1 1
Ai(w) = - w-1e"t [1+ R(w)],
T2

the remainder term is given exactly by

1 o0
R(w) = wf/ e~ Vwt [COS(%t%) — 1} t—% dt.
w2 JO

o8
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This is now easy to estimate by applying Taylor’s theorem to the cosine term at ¢t = 0. The
result is that for w = e, with » > 0 and |0] < T,

1 )
|R(w)\ < E e~ rcos(0/2)tit% dt
73 Jo 18
5 r—3/2

48 [cos(0/2)]7/2
For |argw| < 7 — ¢, this gives the uniform estimate

Ai(w) = —rwte €[1 1 0(¢[ Y], (B.1)

2m2

with the constant in the error term bounded by 2 (sine/ 2)7%.

We can also develop asymptotics near the negative real axis using the identity

Ai(w) = 5 Aile™ 5 w) + e~ 5 Aile™ 5 w). (B.2)
From (B.1) this yields
1
Ai(w) = —— w1 (e—f + ie£> [1+O(jw|2)], (B.3)
2r2

uniformly for argw > § +e¢.



Appendix C

The method of successive

approximations

Consider the recursive integral equation

) = [ K)o b + 1) d (1)

where all functions appearing are complex-valued and measurable on R;. We obtain a

formal solution for (C.1) in the form

h(z) = hy(x), (C.2)
7=1
by setting .
hia) = [ K)o dy. jEN, (©3)
where hg := f.

Suppose that there are positive functions p and ¢ such that

K (z,y)| < p(x)q(y),
for x <y, and that

R = sup q(y)|f(y)| < oo,
yeR

K= sup p(y)q(y) < oo.
yeR L

60
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Suppose further that the integral

converges for all z > 0.

Then from (C.3) we obtain the estimates

for j € N. Consequently, the formal series (C.2) converges absolutely under these hypotheses

and satisfies

|h(x)] < p(x)g[exp (K, @(:1:)) — 1}.
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