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Abstract

Representation Theory of Finite Groups and its Applications
By Siwei Xu

In this paper, we give an exposition of the representation theory of finite groups: character
theory, and Frobenius-Schur descent of complex representations to real ones. We also give
the applications of representation theory in proofs to the following three theorems:
Burnside theorem, on the degree of a+f, Eckmann’s proof on Hurwitz’s theorem.
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0. INTRODUCTION

The aim of this thesis is two fold. We give an exposition of the representation
theory of finite groups: character theory, and Frobenius-Schur descent of com-
plex representations to real ones. We give three applications of representation
theory to solution of problems.

Theorem 0.1. (Burnside) Let G be a finite group of order p°q®, a,b € Z*, p
and q primes. Then G is solvable.

The famous Feit-Thomson theorem asserts that every finite group of odd
order is solvable. The proof runs through 250 pages.

Theorem 0.2. Let F be a field of characteristic zero, and L is a finite extension
of F. Suppose o, € L, [F(a) : F] = m and [F(B) : F] = n with m and n
coprime. Then F(o, ) = F(a+ f).

In general, F(a, ) = F(a + ¢f) for almost all ¢ € F. But in the coprime
degree case, a + [ serves as a primitive element for F'(a, 3) over F.

Theorem 0.3. (A theorem of Hurwitz) Letn € Z%, n = u-2***# with u odd,
and 8 = 0,1,2,3. There exists z1, ...z, bilinear in x1,...x, and yi, ...y, with
complex coefficients satisfying

(1) @224+l o+ = (P2t 2D
if and only if p < 8a 4 2°. Further, we can choose the solutions to be real.

An algebra structure on R" is called a composition algebra if |[v - w|| =
]| - ||w]| where ||z|| = 22 + ... + 22 for 2z = (21, .., 2n).

Corollary 0.4. The only composite algebras over R occur in dimension 1,2,4,
or 8 and they are R, C, H (quaternions algebra), and O (Octonion algebra).

We present complete proofs of the above results using results from represen-
tation theory of finite groups which we give an exposition in the thesis. The
proof of theorem 2 is due to Isaacs ([5]). The proof of theorem 3 presented
here is due to Eckmann ([4]).

Here is a brief description of the contents of the the thesis. In section
1, we recall some standard results from algebra, concerning Sylow theorems,
algebraic integers, Galois theory, and linear algebra. In section 2, we recall
results from representation theory of finite groups required for the proofs in
later sections. Sections 3, 4, and 5 are devoted to the proof of the three
theorems listed earlier.

1. PRELIMINARIES

1.1. Sylow Theorems.
Lemma 1.1. Let p be a prime dividing |G|, then G has an element of order
.

Theorem 1.2. Let G be a group of order p*m, k> 1, and pt m, then G has
a subgroup of order p* (which is called the p-Sylow subgroup of G).



Proof. The proof is by induction on the order of G.

(case 1) p divides |Z(G)|. By 1.1, 3z € Z(G) such that order(x) = p. The
group generated by x: <x> has order p, and is a normal subgroup of G, so
G/ < x > is a quotient group. Observe that |G/ < z > | = p*'m. If k=1,
< x > is the p-Sylow subgroup we are looking for. By induction, G/ < z > has
a subgroup P of order p*~!. We look at the quotient map ¢ : G — G/ < x >.

Then, ker(¢) =< x >, and it is onto. P’ = ¢~'(P) is a subgroup of G. Now,
map P’ to P by restricting ¢ to P’. The kernel is < 2 >, and 3 a isomorphism
¢ from P’/ < x > to P. Thus, |P'| = pp*~! = p*. Thus, P’ is the p-Sylow
subgroup of G.

(case 2) p does not divide |Z(G)|. By class equation, p 1 [G : Cg(x)] for some
x not in Z(G). Then, p* | |Cq(z)|, and |Cq(z)| < |G|. By induction, Cg(x)
has a subgroup P of order p*. Therefore, P is the p-Sylow subgroup of G. O

1.2. p-groups.
Lemma 1.3. The center of a p-group is nontrivial

Proof. Suppose G = p™, m > 1. We have the class equation,
pPr=12@+ Y (G Co(w))

[x;] noncentral

where Cg(x) = {g € G|gzr = zg}. We know that p divides [G : Cg(x)]
for all noncentral x. Hence, p divides |Z(G)|. Thus, |Z(G)| > 1, and it is
nontrivial. U

1.3. Nilpotent and Solvable Groups.

Definition 1.4. A group G is solvable if there is a chain of subgroups
1=GpCG CG,C...CG =G

such that G; is normal in G4 for all i, and G, 1 /G, is abelian fori = 0,1, ., s—1

Theorem 1.5. Suppose G has a normal subgroup H. If H and G/H are both
solvable, G is solvable

Proof. Let ¢ : G — G /H be the quotient map. Since GG/H is solvable, there is
a chain of subgroups: G/H = Gy 2 G} 2 ...G,, = e, such that G, is normal
in G; and G;/G;Jrl is abelian. Now, take ¢! of every term in the chain, and
we get the following new chain:

G2G12GyD2...0H

with G;1 normal in G; and G;/Giy, ~ G;/G.,, is abelian. Since H is also
solvable, we have H O H; O ... O H,, = e, such that H;,; is normal in H;
and H;/H;,, is abelian. Combining the two chains, we conclude that G is
solvable. O

We recall the following standard facts on p-groups. (cf. [1])

Lemma 1.6. Let G be a p-group and H be a normal subgroup of G. Then
HNZ(G)# {1}
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Definition 1.7. A subgroup H of G is maximal if H # G, and if H & H',
H =G

Lemma 1.8. Let |G| = p", then there is a maximal subgroup in G, and all
mazximal subgroups of G are normal and have order p"*

Lemma 1.9. |G| = p", and H is a normal subgroup of G. Suppose p° | |H],
then H has a subgroup K of order p° that is normal in G.

Theorem 1.10. p-groups are solvable

Proof. Suppose |G| = p". By 1.8, 3G, such that G, is of order p"~!, and
it is normal in G. By 1.9, since p"~? divides |G;|, G; has a subgroup Gy of
order p"~2 that is normal in G. We can repeat this process, and get a chain of
subgroups:

G2G2G,2...2G,={1}
Each G;/G;41 is abelian since it is a prime order group. Therefore, G is
solvable. 0

1.4. Algebraic Integer.

Definition 1.11. « € C is an algebraic integer if it is the root of a monic
polynomial with coefficients in 7Z

Theorem 1.12. « is an algebraic integer if and only if Zla] is a finitely
generated Z-module

Proof. (=) Let a be an algebraic integer. Z[a] is a Z-module generated by
{1,a,a? ...}. There 3 a monic polynomial f(z) € Z[z] such that f(a) = 0,
which means " can be expressed as a linear combination of {1, a, 2, ..., a"1}.
Therefore, Z[a] is finitely generated Z-module.

(<) Suppose Z[a] is a finitely generated Z-module and it is generated by
{B1, ..., Bx}. Since af; € Z[a] for all i, there exists a;; € Z such that

k
afi = Z i B;

j=1

Let A = (aj;), then we have the following equation:
A 0

(aly—A)| | =1

B 0

Let (aly — A)* be the adjoint matrix so that

(aly, — A)*(al — A) =det(al, — A) = f(a)

Hence, f(a) - p; = 0 for 1 < i < k. Since 1 is a linear combination of
{B1,...Br}, f(a) -1 =0. Since f(x) is a monic polynomial with coefficients in
Z, we conclude that « is an algebraic integer. U

Theorem 1.13. Let R C C be a subring containing Z which is finitely gener-
ated Z-module. Then every o € R is an algebraic integer.



5

Proof. Since Z is Noetherian, and R is finitely generated Z-module, given
a € R, Zla] C R is also a finitely generated Z-module. By 1.12, « is an
algebraic integer. 0

Theorem 1.14. The algebraic integers in C form a ring

Proof. Let «, 8 be two algebraic integers, then Z[«, 5] is a finitely generated
Z-module and o — 8 € Z|«, 5] is an algebraic integer by 1.12. Similarly,
a- B € Z]a,f] is also an algebraic integer. The set of algebraic integers is
closed under multiplication and addition. Thus, it forms a ring. O

Theorem 1.15. The algebraic integers in Q are the elements of Z

Proof. Suppose a € @),we can write it as 5. Since it is an algebraic integer,
f(x) = 2"+ a, 12" + ... + a1z + ag such that f(a) = 0. Plug it in and get
=0
a0+a1d+a2(d> + . +<d)

Multiply both side by d", and get
apd” + arcd” '+ ...+ " =0
This is equivalent to
d(aod™ '+ ... + ap_1c") = —c"

By the equality of rational numbers, ¢ and d are coprime. Since d | ¢*, d=1.
Hence, a is an integer. 0

1.5. Field Extensions and Galois Theory.

Theorem 1.16. Let p(x) € Flz| be irreducible. Let E be a field extension of
F and a be a zero of p(x) in E. Then, there is an F-isomorphism:

5. Pl

<p(z) >
which maps x+ < p(x) > to a.

Corollary 1.17. Let p(x) € F[x] be irreducible. Let E be a field extension of
F and a,b be distinct zeros of p(x) in E. Then, there is an F-isomophism:

¢ F(a) = F(b)

— F(a)

such that ¢(a) =

Theorem 1.18. If K is a field extension of F and o, € K, with o, 5 alge-
braic over F' and deg(a)) = m, deg() = n, such that m,n are coprime, then

[F(a, ) : F] = mn.

Proof. By the multiplicativity of degree in a tower of field extensions, we get
the following two equations:

[F(a, ) F] = [F(a, ) : F(@)][F(a) : F] =t -m

[F(a, ) - F] = [F(e, ) : FBI[F(B) : Fl =t2-n
Since m, and n are coprime, [F'(«, ) F ] > mn. We also know that [F(«, ) :
F] < mn. Therefore, [F(« B) F]= O
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1.6. Linear Algebra/Spectral Theorem.
We recall spectral theorem (cf. [2]).

Theorem 1.19. Given a real symmetric matriz A, 3C € GL,(R), CCT =1,

A ... 0
and CAC™L = |+ -..
0 An
Theorem 1.20. Given a hermitian symmetric matriz A, i.e. AT = A, 3
AM ... O
unitary matriz V€ GL,(C) such that VAVt = : .
0 An
Remark 1.21. Given a hermitian symmetric positive definite matriz A over
A ... O
C, by 1.20, 3 unitary matriz V such that VAVt = [ : .
0 An
Al ... 0 VAo 0
Hence, A=V~ | : .. V. Lt B=V"! : %

0 An 0 vV
In this case, A = B2, and B is a hermitian symmetric positive definite matriz.
Further, B is a real polynomial in A (AP € Rlx] such that P(\;) = /A for
1 < i < n and hence P(A)=B). Suppose A = T?. Since P(T?) = B, T

commutes with B.

2. REPRESENTATION THEORY OF FINITE GROUPS

In this section, we recall the following facts of representation theory of finite
groups. (cf. [3])

2.1. Introduction.

Let V be a vector space over the field C of complex numbers and let GL(V)
be the group of isomorphisms of V onto itself. The group GL(V) is identifiable
with the group of invertible square matrices of order n. Let G be a finite group.

Definition 2.1. A linear representation of G in V is a homomorphism p
from the group G into the group GL(V).

Definition 2.2. Let p and p be two representations of group G in vector
spaces V and V'. Then, we say p and p are isomorphic if 3 a linear isomor-
phism ¢ : V' — V' such that

$pop,=p,0pVseC

Definition 2.3. Let g be the order of G and let V be a vector space of
dimension g, with a basis (e;)cq indexed by the elements t of G. For s € G,
let ps be the linear map of V into V which sends e; to eg; this defines a linear
representation, which is called the regular representation of G.
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Lemma 2.4. Given a representation p : G — GL(V'). For every s € G, the
absolute value of eigenvalue of pg is 1.

Proof. Since G is a finite group, element s has order k, and p* = id. Suppose
A is an eigenvalue of p,. We have \¥ = 1. Taking the absolute value of both
side, we get that || = 1. O

Theorem 2.5. Let p: G — GL(V) be a linear representation of G in V and
let W be a vector subspace of V stable under G. Then there exists a complement

Wo of Wn V which is stable under G, i.e. V =W & W,.

Proof. Let W' be an arbitrary complement of W in V, and let p be the corre-
sponding projection of V onto W. Define

1 _
po:@Zpt-p-ml

teG

Since p; preserves W, we have p” maps V into W. For € W, we have p; 'z €
W. Since p is a projection onto W, pp; 'z = p; *x. This implies p’z = .
Hence, p° is a projection onto W. Let Wy = ker(p®). Claim that W, is stable
under G: We have p, - p° = p°- p, for all s € G. Suppose z € Wy, p’z = 0, and
p° - ps(x) = ps - p°(x) = 0. This implies that p,(x) € Wy. Hence, Wy is stable
under G. O

Definition 2.6. Let p be a linear representation of G. We say that it is irre-
ducible if V is not 0 and if no vector subspace of V is stable under G, except
for course 0 and V

Theorem 2.7. Fvery representation is a direct sum of irreducible representa-
tions.

Proof. Let V be a linear representation of G. We perform induction on dim(V)
If dim(V') = 0, the theorem is obviously true. For V' of degree larger than 0,
if V' is irreducible, we are done. If V' is not irreducible, there is a nonzero
G-invariant subspace W and W # V. By 2.5, we have V. = W @& W, with
dim(W) < dim(V), dim(W,) < dim(V'), and W, W, both stable under G.
By induction hypothesis, both W and W, can be written as a direct sum of
irreducible representations. Therefore, V' can be written as a direct sum of
irreducible representations. O

Definition 2.8. Let p; : G — GL(V}) and py : G — GL(V3) be two linear
representations of a group G. For s € G, define an element p; of GL(V; ® V3)
by the condition:

ps(v1 @ v2) = py(v1) @ p3(va)
We write ps = pl @ p. Then p, defines a linear representation of G in V; ® V5
which is called the tensor product of the given representations.

Let V be a representation of group G, and let # be an automorphism of
V ® V such that 0(z @ y) = y @ x for all z,y € V. Then, #* = id and 6 has
{1, —1} as eigenvalues.
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Theorem 2.9. The space V ® V' decomposes into a direct sum:
VeV =Sym*(V)e Alt*(V)
where
Sym?(V) = {w € V@ V|d(w) = w}
AlP(V) ={w e Vo V|i(w) = —w}
Both Sym?(V') and Alt*(V') are G-invariant subspace of V& V.
2.2. Character.

Definition 2.10. Let p : G — GL(V) be a linear representation of a finite
group G in the vector space V. For each s € G,

XP( T’l” ps Z Au Z )\z

where ); is the eigenvalues of the matrix representation A of ps. The complex
valued function Y, is called the character of the representation p.

Theorem 2.11. If X s the character of a representation p of degree n, we
have:

(1) x(1) =n

(ii)x(s7") = x(s)* for s€ G

(iii) x(tst™') = x(s) for all s,t € G

Property (iii) implies x is constant on elements in the same conjugacy class.

Theorem 2.12. (Schur’s Lemma) Let p' : G — GL(V1), p* : G — GL(V3) be
two 1rreducible representations of G and let f be a linear mapping of Vi into
Vy such that pg of=fopl forallseG. Then:

1) If p' and p* are not isomorphic we have f = 0.

2) If VY =V? and p* = p?, fis scalar multiple of the identity map.

Proof. Suppose p' and p* are not isomorphic. Now, suppose f # 0. Let
Wy = ker(f). For = € Wl, fprlx = p?fxr = 0. Hence, plz € Wy, and W is
stable under p'. Since p! is irreducible, W; = 0 or Vi. If Wy = Vi, ker(f) =V,
and f = 0. That is not the case, so W1 = 0. Let Wy = Img(f). For y € Wy,
Jr € W, such that f(z) = . We have p?fx = fplo € Wa, so p?y € W, and
W, is stable under p?. Since p? is irreducible, W, = 0 or V5. Since f # 0,
Wy = V,. Hence, f is bijective. This contradicts the assumption that p! and
p* are not isomorphic (2.2). Therefore, f = 0.

Suppose now that V =V, = V5, and p = p! = p?. Let X be an eigenvalue
of f, and f' = f — X\. Let W be the kernel of f’. For all x € W and s € G, we
have f'ps(z) = psf'(z) = 0. So ps(x) € W, and W is stable under G. Since p
is irreducible, W is either equal to V or 0. It is not zero, since there exists at
least one eigenvector in ker(f’). Thus, W =V and f’ = 0. Thus, fis equal to
Al O

Remark 2.13. Let h be a linear mapping of Vi into Vy and g = |G|. Let

1 _
h' = EZ(/)?) "hpt

teG



It’s easy to verify that psho = hop!

(case 1) Suppose p' and p* are not Zsomorphic. Then, by (1) in Schur’s lemma,
h® = 0.

(case 2) Suppose V.=V, = Vy and p = p' = p*. Let n = dim(V'). Then, by
(2) in Schur’s lemma, h® = \I. Furthermore,

Tr(h°) = ZTT p; VTr(h)Tr(p) = Tr(h)

. Hence, h° = h) I.

We know that Tr(h) = Tr(h°) = nX, so A =

Now we rewrite the remark assuming that p', p?, h, h° are given in matrix
form:

pi = r(t),p? =d(t),h = z,h? = Y

Then, for arbitrary iy, 12, we have:

Yigiy = E : dlz]z x]zjlrhu(t)

t]l »J2

We plug in case 1 and case 2 to the equation above and get the following
corollary:

Corollary 2.14. For arbitrary iy, J1, t2, jo2,
1) If pt, p* are not isomorphic,

- Z dlzjz T]lll ) =0

tEG

2) If p* = p? of degree n,

=, ifip =1y and j; = ja.
q Z Piajo (E71)75000 () = {n .

9= 0, otherunse.
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Definition 2.15. Let ¢ and ¥ be complex valued functions on G. Define

(0l) = ; S ot

teG

< >= gqu(tw(t-l)

teG

Remark 2.16. If x is the character of a representation of G, (¢|x) =< ¢, x >
for all function ¢ on G by (i) in 2.11: x(t7') = x(t)* Vt € G

With this new notation, corollary 2.14 can be written as:

Corollary 2.17. Let p*, p? be two irreducible representations. Writing p', p
i matrixz form:

pr=r(t),p; = d(t)

For arbitary i1, j1, 12, J2,
1) If p', p* are not isomorphic, < 14, diyj >=0
2) If p' = p? of degree n,

1 . . . . .

= if i =1y and ji = ja.

< Tiyigs Tinia = 1 )
e {O, otherwise.

Theorem 2.18. (i) Let x be the character of an irreducible representation p
of degree n, we have (x|x) =1

(i) If x and X' are the characters of two nonisomorphic irreducible represen-
tations, we have (x|x) = 0

Proof. (i) Let p be an irreducible representation with character y, given in
matrix form p; = (r;;(t)). We have x(t) = >, r;(t). Hence, by case 2 in 2.17

n
(xhx) =< xlx >= Z < Ty, Tjj >= —= 1
i7j
(ii) is proved in the same way, by applying case 1 in 2.17. ]

Theorem 2.19. Let V be a linear representation of G with character ¢, and
suppose V decomposes into a direct sum of irreducible representations:

Then, if W is an irreducible representation with character x, the number of
W; isomorphic to W is equal to (¢p|x) =< ¢, x >

Proof. Let x; be the character of W, we have ¢ = x1 + ... + xx, and

(Blx) = (xa + -+ xelx) = Calx) + -+ Oalx)

By 2.18, (x:ilx) = 0 for W; not isomorphic to W, and (x;|x) = 1 for W;
isomorphic to W. Therefore, (¢|x) is equal to the number of W; isomorphic
to W. U
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Let Wy, ..., W}, be all non-isomorphic irreducible representations of group G.
Let x1, ..., xn be its corresponding character function, and nq, ns, ..., nj, be the
degree of the representations. Let R be the regular representation of G, rg
be its character function, and let g = dim(R) = |G|. Hence, r¢(1) = g, and
ra(s) =0 for s # 1.

Theorem 2.20. FEvery irreducible representation W; is contained in the reqular
representation with multiplicity equal to its degree n;.

Proof. By 2.19, number of irreducible representations that are isomorphic to

W in regular representation is equal to

1 1y _ 9
<TG Xi >= — Zm(t)xi(t D=2 x(l) =n
teG g

Corollary 2.21. The degree n; satisfy the relation: Z?Zl n?=gyg

Proof. By 2.20, for s € G, rg(s) = >, xi(s)n;. Plugging in s = 1 to the
equation, we get

h
d ni=ra(l)=yg
=1
OJ
Corollary 2.22. If s € G is different from 1, we have Y. n;x;(s) =0
Proof. Plugging in s # 1 to the equation in the last proof, we get
Z anz - 7,Cv' ) 0
O

Lemma 2.23. Let f be a class function on G, and p : G — GL(V') be a linear
representation of G. Define ps: V —V as

Pr = Z f(@)pe
teG

If p is irreducible of degree n and character x, py = M, where A = £(f[x*).

Proof. Suppose p : G — GL(V) is irreducible representation of degree n with
character x. It is easy to verify that Vs € G, pspy = pyps. By Schur’s lemma,
py = Al. By construction of p;, we have

nA="Tr(pg) =Y Ft)x(t) = g(fIx)

teG
Hence, A = £(f|x*). O
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Theorem 2.24. Let H be the space of class functions on G. Then, {x1, X2, --s Xn}
form an orthonormal basis of H.

Proof. Theorem 2.18 shows that y; is orthonormal and linearly independent
in H. It remains to prove that they generate H. Since x; is spanned by
Xi, it is enough to show that for every f € H orthogonal to x; for all i,
f=0. Let f € Hand (f|x]) =0 for all i. Let p be a representation of G,
and py = >, f(t)pe. By 2.23, py = 0 if p is irreducible. From direct sum
composition, we conclude that p; is always zero. Now, suppose p : G — GL(V)
is the regular representation of degree n. Let (e;);cc be the basis of V that is
indexd by ¢ € G and e; corresponds to 1 € G. We have

prer =Y f(Omer =Y f(t)e

teG teG

Since py = 0, we have f(t) =0 for all ¢t € G. Hence, f = 0. O

Theorem 2.25. Number of irreducible representations (up to isomorphism)
of G is equal to number of conjugacy classes in G.

Proof. Let (1, ..., C be the conjugacy classes in G. Let f; be the class function
on G such that f;(x) =1 Vz € C;, and 0 for all other elements. It is easy to
verify that fi,...f, forms a basis of the space H. By 2.24, x1,...x; also forms
a basis of H, we have h = k. Hence, the number of irreducible representations
of G is equal to number of conjugacy classes in G. O

2.3. Real Representation.

Definition 2.26. Let p : G — GL(V) be a representation of G over C. We
say p is realizable over R if there is a G-invariant R—subspace V; of V' such
that V =V, @ iVy. We say (V, p) descends to (Vp, po) where pg = p/Vp.

Definition 2.27. A Hermitian scalar product on Visamap: VxV — C
denoted as (z|y) satisfying, for a,b € C,z,y € V,

1) (azly) = a(z]y)

2) (x]by) = b(xly)

3) (z[y) = (y|)

4) (z|y) is biaddictive

(x|y) is positive definite if (z|x) > 0 for all x € V,x # 0.

(x]y) is G-invariant if given a representation p, (x|y) = (psz|psy) Vs € G.

Remark 2.28. Let p: G — GL(V) be a representation of G over C. Then V
admits a Hermitian positive definite scalar product that is G-invariant:
Define a map A : C* xC" — C by A((z1,.--Tn), (Y1s oy Yn)) = T1G1+ .- + T Yn -
Then, A is a positive definite hermitian product on C". Let ¢ : V — C"
be an isomorphism of C-vector spaces. We can construct a positive definite
hermitian product (x|y) on V by

(z]y) = A(o(x), ¢(y))
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Since (z|y) is a positive definite hermitian product on V, we define

(2,) = é S (pylog)

geG

which 1s a G-invariant positive definite hermitian scalar product on V.

Remark 2.29. Let p : G — GL(V) be a representation of G over C. Let

!/

V' = Hom(V,C) be the dual vector space. Define a linear representation

p G — GLV"), for every f eV v e V:
p(s)(f) () = f(p~"v)

Let B :V xV — C be a G-invariant symmetric bilinear form. It induces a
map:

B:V =V by B(z)(y) = B(x,vy)
which is G-module homomorphism. For g € G,xz,y € V,

B(py)(y) = Blpg,y) = Bl p;'y) = B(2)(py'y) = pyB(2)(y)
Hence, B(pz) = pB(z).

Theorem 2.30. (Frobenius-Schur Theorem) Let p : G — GL(V) be a repre-
sentation of G over C. Then, p is realizable over R (2.26) if and only if there
1s a nonzero G-invariant symmetric bilinear form on V.

Proof. Let p: G — GL(V) be a representation of G over C.

We first prove the forward direction. Suppose p is realizable over R. By
definition, there 4 a G-invariant R-subspace Vy C V such that V = Vi @ V.
This implies every vector in V' can be written as vg + v1t, vg, v € Vj
Suppose {vy,...,v,} is basis of the R-subspace Vj. Let ¢ : V; — R™ map
> ¢ivi to (c1, ¢, ..., ¢y). We have the scalar product on R":

(X1, ooy Tn) - (Y1y ooy Yn) = leyz

Define By : Vo x Vo — R by By(x,y) = ¢(x) - #(y). Since we are taking the
inner product of two vectors, Bé is a symmetric and bilinear form on V. We
set By : Vo x Vo — R to be

1 /
By(z,y) = €] Z By(pgz; pgy)
geG

Then, we know that By is a G-invariant symmetric bilinear form. We can
extend By to B:V xV — R by

B(vo + v1%, wo + wyt) = By(vo, wo) — Bo(v1, w1) + i(Bo(vo, w1) + Bo(v1, wp))

We verify that B is a nonzero symmetric bilinear G-invariant form on V' by
the fact that By is a nonzero symmetric bilinear G-invariant form on Vj.
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Now, we prove the opposite direction. Suppose there is a symmetric bilinear
G-invariant form B : V x V — C. Then B induces a G-isomorphism B : V —
V' (2.29) by

B(z)(y) = B(x,y)

Step 1: Let (x|y) be the G-invariant positive definite hermitian scalar product

on V defined in 2.28. For x € V, let f, : V. — C be the map f.(y) = (z]y).
Check that f is linear: for A € C

f=(Ay) = (z[Ay) = (\ylz) = AMylz) = Mz|y) = Afa(y)

Therefore, f, € V', and we can define a map from V' — V' by mapping x to
fz. We claim that this map is an isomorphism by proving the kernel is zero.

Suppose x € V and f,(y) =0 Vy € V. This means (z|y) = (y|z) =0 Yy € V.
Hence (x|z) = 0. Since the hermitian product is positive definite, we have
x = 0. Therefore, x — f, is an isomorphism.

Step 2: For x € V, B(z) € V'. Then, 3y € V such that f, = B(z). We call
this transform y = ¢(z). Then the map ¢ : V — V satisfies the following
relationship:

B(x,y) = B(z)(y) = fo)(y) = (6(z)|y) YVz,y € V

First, we claim that ¢ is semilinear. For all z,y € V,

B(Az,y) = (6(Az)|y) = (y[o(Ar))

AB(z,y) = Mo (2)ly) = Mylo(x)) = (y[Ad(2))
Since B is bilinear, B(Ar,y) = AB(z,y). Hence, (y|¢p(A1)) — (y|Ap(z)) =

(ylop(Ax) — Ad(x)) = 0 implies that ¢p(Ax) = A¢(z).
Second, we claim that ¢ and ¢* are both G-invariant. Since (z|y) is G-
invariant, we have:

B(z,y) = (¢(x)ly) = (ylo(x))

B(pgz, pgy) = (6(py7)lpgy) = (peyld(pyz)) = (ylp, ' d(gz))
Since B is G-invariant, B(z,y) = B(p,y, pgy). Hence, p;'¢(pgz) = ¢(x), and
d(pgx) = pyp(x). With the same deduction and the fact that ¢ is G-invariant,
we get that ¢? is also G-invariant.
Third, we claim that ¢? is Hermitian symmetric. Since B is symmetric, we
have:

(y|¢*(2)) = (¢*(2)ly) = B(¢(2),y) = B(y, d(x)) = (8(y)[o(z)) = (8(x)|¢(y))
For similar reasons,

(0°(y)lz) = (8(2)|¢(y))
Hence, (y|¢*(z)) = (¢°(y)|z).

Last, we claim that ¢? is positive definite:

(¢*(2)|2) = (¢(2)|d(x)) > 0 if z # 0
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Therefore, ¢ : V — V is a C-linear, hermitian symmetric, positive definite,
and G-invariant map.

Step 3: By 1.21, there J C-linear, hermitian symmetric, positive definite map
w: V — V, which is a polynomial in ¢? such that ¢?* = u?®. Then, u is G-
invariant and commutes with ¢. Define 0 : V — V by 0 = ¢u~"'. Since ¢ and
u are both G-invariant, ¢ is also G-invariant. Since ¢ is semilinear, and wu is
linear, we get that o is semilinear. Because u commutes with ¢, we have:

o’ =utput = P =id

Therefore, o : V — V is a semilinear automorphism G-invariant map with

0% = id. Considering o as an R-isomorphism, o is R-linear, and 0% = id.

Hence, {1, —1} are the only eigenvalues of ¢. The corresponding eigenspaces
are:

Vo ={veVio(v) =v}

Vi={veVl|o(v)=—v}
We have V = Vy @ V4. Further, V; = iV, so V = Vj @ V. Since o is G-
invariant, Vj is G-invariant, Therefore, (V] p) is realizable over R from (V4, po)
where py = p/Vj. O

Theorem 2.31. Let p: G — GL(V) be a representation of G over C, and B
be a symmetric bilinear form on V. Then, B is G-invariant if and only if p,
s orthogonal for every g € G.

Remark 2.32. By Frobenius-Schur’s theorem, and 2.31, those orthogonal rep-
resentations are equivalent to real representations.

Theorem 2.33. Let p : G — GL(V) be an irreducible representation of G
over C of degree n, and let X be its character. Define

S = éZx(Sz)

Then, S is equal to 1, -1, or 0.

Proof.
Step 1: By theorem 2.9,
VeV =Sym*V)o Alt*(V)

Let x2, x3 be the character of Sym?(V) and Alt?(t) respectively. Then, for
every s € G

1

XA(5) = 3 X()? + x(5)]
X(5) = () — x(%)]

Subtracting the bottom equation from the upper one, and summing it over

every s, we get
D ox(s%) =D (E(s) = X3(9))

s
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By definition,

S = 12){(52) =<1L,>—-<1,x >
g seG
By 2.19, < 1, x2 > is the number of times the irreducible trivial representation
occurs in Sym?(V), and < 1,x3 > is that of Alt?(V).

Step 2: Suppose ¢ is a G-invariant bilinear form on V, then ¢ is either sym-
metric or alternating.

Proof. The G-invariant bilinear form ¢ induces G-homomorphism ¢ : V —
V' by ¢(z)(y) = ¢(z,y). Suppose 3 another G-invariant bilinear form ), it
induces z/; -V — V', which is also a G-isomorphism. Hence, 1/;_% V=V
is an G-automorphism, which implies it commutes with p, for all s € G.
By Schur’s Lemma, ¢)"'¢ = Al and ¢ = M. Therefore, ¢ is unique upto
homothety.

Since ¢ is bilinear on V| it induces a homomorphism V ®V — C. Hence, we
can consider ¢ as living in the vector space V' @ V'. By 2.29 and 2.9, we can
define a representation on the vector space with the following decomposition:

V' oV =Sym*(V') @ Al (V')
We can write ¢ = ¢ + ¢_ with ¢, symmetric and ¢_ alternating, then ¢,
and ¢_ are also G-invariant bilinear forms. Since ¢ is unique upto scalar, we

have either ¢, = 0 (¢ is alternating) or ¢_ = 0 (¢ is symmetric).
0

Step 3: There exists a G-invariant symmetric (alternating) bilinear form ¢
on V' if and only if there is an irreducible trivial representation in symmetric
(alternating) square of V.

Proof. If ¢ is symmetric, ¢ € Sym?*(V'). Since ¢ is G-invariant, p,(¢) = ¢ for
all s € GG. Therefore, we find a irreducible trivial representation W spanned
by {¢} in Sym?(V'). We omit the other way around since it is similar. |

Suppose there is a G-isomorphism ¢ : V — V', the number of trivial rep-
resentations in symmetric square of V' is the same as that of V. Combining
Step 2, and Step 3, we exhaust all possibilities with the following three cases:
case 1: G does not have a nonzero invariant bilinear form on V. In this case,
there is no irreducible trivial representation in symmetric or alternating square
of V. Hence, S=0—-0=0
case 2: G has a symmetric nonzero invariant bilinear form on V. In this
case, there is a trivial representation in Sym?(V'), and it is unique. Hence,
S=1-0=1
case 3: G has an alternating nonzero invariant bilinear form on V. In this
case, there is a trivial representation in At/?*(V), and it is unique. Hence,
S=0—-1=-1. O

Corollary 2.34. An irreducible representation V- comes from a real represen-
tation if and only if S = 1.
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Proof. First, suppose V' comes from a real representation, then by the Frobenius-
Schur theorem (2.30), 3 G-invariant symmetric bilinear form on V over C. By
2.33, this is in according to case 2, and S = 1. Now, we prove the other way
around. Suppose S = 1, there is an irreducible trivial representation in sym-
metric square of V, and 3 G-invariant symmetric bilinear form on V. Hence,
V' comes from a real representation. 0

Corollary 2.35. When S = 0 or -1, there exists an irreducible representation
of G over R of degree 2n.

Proof. Let p : G — GL,(C) be a irreducible representation of G with S =
0 or — 1. It induces p : G — GLs,(R) by mapping p(g) = A+ iB to p(g) =

B A
is not irreducible, then 3V5 C R?**, V; # 0, Vo # R?" that is G-invariant,
ie. p(g)(Vo) € Vo. We know that C* = R?*". Hence, p(g)(Vo) C Vi, and
p(9)(1Vo) = ip(g)(Vo) € iVy. Thus, Vo @ iVy # 0 is a G-invariant C-subspace
of C™. Since C" is irreducible, we have V; @ iVy = C". This contradicts to the
fact that p does not come from a real representation. Therefore, p is a real
irreducible representation of G with degree 2n. U

(A _B). Claim that p is an irreducible real representation. Suppose p

Theorem 2.36. Given a group G. Fvery real irreducible representation of G
occurs as one of the following:

1) p: G — GL,(C): a complex irreducible representation which comes from a
real representation. The dimension of the real representation is n.

2) p: G — GL,(C): a complex irreducible representation which does not
come from a real representation. Then p: G — GLa,(R) is a real irreducible
representation and dim(p) = 2n.

This theorem uses the decomposition of the semisimple algebra R[G] as a
product of simple algebra of the form M, (R), M, (C), or M, (H), where H is
the quaternion algebra, and every irreducible representation of GG corresponds
to one of these simple algebras. We do not give a proof here of these results.

3. BURNSIDE’S THEOREM

Theorem 3.1. (Burnside) Let G be a finite group of order p°q®, a,b € ZT, p
and q primes. Then G is solvable. (1.4).

The rest of the section is devoted to the proof of the theorem.

Lemma 3.2. For every character v of the finite group G, ¥(x) is an algebraic
integer for all x € G

Proof. Given z € G, let its matrix representation be p,. Since G is finite, we
can assume the order of x is k, then (p,)* = I. p, can be written as AJA™!,
where J is in Jordan canonical form, thus, a lower triangular. (z) = Tr(p,) =
Tr(J). Since (p,)* =1, J* =1, and JE = 1 for i = 1,..,n, implying that Jj; is
a root of 2% — 1. Thus, Jj; is an algebraic integer, and Tr(J) = >0 Ji is also
an algebraic integer by 1.14. Therefore, 1)(z) is an algebraic integer. U
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Given a group G, let x1,x2, ..., x» be all the characters of the distinct
irreducible representations of G. Let K, K,, ..., K, be the conjugacy classes
of G. Let ¢; be the matrix representation of irreducible representations with
character y;.

Theorem 3.3. Define a complex valued function w; on {Ky, Ks, .., K,} for
each i by
K |xi(9)

xi(1)
where g is any element of K;. Then w;(K;) is an algebraic integer for all i
and j.

wi(K;) =

Proof. Let X = deKj ¢i(g). For any element p in G,

&i(p) ' Xei(p) = > dilp )dil9)i(p) = X

geK;

since every element of form p~'gp is in the conjugacy class K;. Thus, X
commutes with ¢;(p) for all p. Since X is a linear mapping from a vector
space to itself, by Schur’s lemma 2.12, X = o/ for some a € C.

a-xi(1) =tr(X) = Y tr(ei(9)) = |K;xi(9)

geEK]

From this equality, we conclude that o = % and X = w;(K;)I.

Substituting w;(K;) with X, we get, for all 7,7,¢ in 1,2,..,1:

wi (K )we (K;) ] = (Z ¢t(9))(z P(9)) = Z Z Di(9i95) = Z Z aijsPi(g)

9eK; g€K; g:€K; g;€K; s=1 gcK,

where a;;5 is the the number of pairs of (g;, g;) such that ¢;g; = ¢, g in K.
This value is independent of choice of g because for other elements in K of
form zgz~!, xg;z™!, and xg;2~" will pair up and return such an element (vice

versa). We apply this property to the equation above,

( [ - ZG’Z]S Z ¢t Z aijswt<K I
s=1

geKs,

Hence, w(K;)wi(K;) =0, aijswi(Ks).

Thus, the ring M = Z[wi(K;),wi(K3), ...,w(K,)] is a finitely generated Z-
module, generated by 1, w;(Ky), ..., w:(K,.). Since Z is Noetherian, and Z[w;(K;)]
is a submodule of M, it is also finitely generated. By 1.12, w,(K;) is an algebraic

integer for all t and i.
O

Corollary 3.4. x;(1) divides |G| for alli=1,2,..,r
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Proof. Since x;(g;) and x;(g;)* is the same for every element g; € K, we have
S
xi(1) Xl(l)
_ Z |55 xi(95) xi(95)"
xi(1)

— (xilxi)

j=1
- sz Xz g] Zwl XZ g]

By 3.2, Xi(gj_l) is an algebraic integer, and by 3.3, w; (k) is also an algebraic
integer. Thus, the right hand side is an algebraic integer (1.14). Since the left
hand is rational, it is an integer (1.15). O

Lemma 3.5. If G is any group with conjugacy class K and an irreducible
matriz representation ¢ with character x such that ged(|K|, x(1)) = 1, then
for g € K, either x(g) =0 or ¢(g) is a scalar matriz.

Proof. By hypothesis, 3s,t € Z such that s|K|+ tx(1) = 1. Pick g € K, and
multiplying both sides by x(¢), and dividing both sides by x(1), we get

~ x(9)
sw(K) +tx(g) = (D

We know that the left side is an algebraic integer. Thus, a; = % is also

an algebraic integer. Let p(x) be the minimal polynomial of a; over ). Let
Ar+Ao+. 4+

aj, as, .., a,, be roots of p(x). Let n = x(1), then a; = Ao, where \;
is an eigenvalue of ¢(g) for each i from 1 to n, and |\;| = 1 by 2.4. Thus,
la;| < 1, and so are a; for all i. Now, we go back and find minipolyg(a,) =
(x — ar)(x — ag)...(x — a,,) € Q[z], which means the constant term of the
polynomial is a rational number. Thus, b = II!" ;a, is rational, and by 1.15, an
integer as well. Further, |b| <1 since |a;| <1 for all i.
(case 1) b=0=a; =0= x(g9) =0
(case 2) b = +1 = |a;| = 1 for all i = |x(g)| = x(1). Since ¢(g)! = id for
some 1, ¢(g) is a diagonalizable matrix. Let C' =< €y, €9, ..., €, > be a diagonal
matrix conjugate to ¢(g). If there exists 7, j such that €; # ¢;, then |x(g)| =
le1 + ... + 4] < n by triangle inequality, which contradicts to |x(g)| = x(1).
Thus, C' = el. Since ¢(g) is similar to C, ¢(g) = €l.

U

Lemma 3.6. If |K| is a power of a prime for some nonidentity conjugacy
class K of G, then G is not a non-abelian simple group.

Proof. Suppose G is a non-abelian simple group and |K| = p° Let g € K,
g#1

case I: ¢ =0= |K|=1= 3dg € Z(G),g # 1. This contradicts to the fact
that non-abelian simple group has a trivial center.

case 2: ¢ # 0. Recall that x1, x2, ..., X, are the character functions of irreducible
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representations of G. Assign y; to be the character of trivial representation.
Pick g € G, and g # 1. Then, by 2.22

0= Z xi(1)xi(g)

=1+ Z xi(1)xi(g)
i=2
Suppose p divides x;(1) for all j such that x,(g) # 0, then

0=1+p> dix;(9)

J

Zdej(g) -

D

Left hand side of the equation is an algebraic integer. Thus, —% is an algebraic

integer, and an integer as well. Since p is a prime number, this leads to a
contradiction. The hypothesis is wrong: 3j such that p does not divide x;(1)
and x,(g) # 0. Thus, gcd(p®, x;(1)) =1 =. By 3.5, ¢;(g) is a scalar matrix.
Since G is a simple group, the normal subgroup of G, ker(¢;) = {1}, and ¢;
is injective. For any a € G

pilag) = ¢;(a)g;(g) = ¢;(g)¢;(a) = ¢;(ga)

Then ag = ga, and g € Z(G), which contradicts to the fact that non-abelian
simple group has a trivial center. Thus, we conclude that G is not a non-
abelian simple group.

0

Proof of Burnside Theorem: Let G be a group of order p®¢®. We prove the
theorem by induction on |G|. If p = ¢q or if a or b is zero, then G is solvable
(1.10). Otherwise, let G be a counterexample with minimal order, i.e. G is
a non solvable group of form |G| = p®q®, where p,q are distinct primes and
a>0,b> 0, and |G| is the least. Suppose G has a proper, nontrivial normal
subgroup N. Thus, both N and G/N are solvable by induction hypothesis,
and by (1.5), G is solvable, which is not true. Hence, G is a non-abelian
simple group. Let P be a p-Sylow group in G (1.2). Jg € Z(P) such that
g # 1 (1.3). By definition, P C Cg(g). If Cg(g) = G, then g € Z(G).
Since g # 1, G has a nontrivial normal subgroup Z(G), which contradicts
to G is simple. Hence, Cq(g) & G, and |Ca(g)| = p¢® with 2 < b. Thus,
ICl(g9)] =[G : Ca(g)] = ¢>*, which means in G, there 3 a nonidentity conju-
gacy class K, whose order is a power of a prime. By 3.6, GG is not a non-abelian
simple group, and this leads to contradiction. This completes the proof of
Burnside’s Theorem.
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4. ON THE DEGREE OF a + 3

Theorem 4.1. Let F be a field of characteristic zero, and L s a finite extension
of F. Suppose o, 8 € L, [F(a) : F] =m, and [F(B) : F| = n. Suppose that m,
n are coprime, then F(«, 5) = F(a+ B).

The rest of the section is devoted to the proof of the theorem.

Let f(z) = minipolyr(a), g(z) = minipolyr (). Then deg(f(x)) = m, and
deg(g(x)) = n. Since char(F) = 0, f and g has no multiple zero. Let A, B
be the set of zeros of f(z), g(z) respectively. ie. A ={a=aq,..,a,}, B=
{8 = PB1,..., Bu}. Let F be the algebraic closure of F. Let F(A), F(B), F(A, B)
be the subfields of I’ generated by A, B, and AU B respectively.

Lemma 4.2. Let H be Aut(F(A)/F). Then H acts transitively on A, i.e.
gwen (i,7), 30 € H such that (o) = «;.

Proof. Suppose a;, oj are two distinct zeros in set A. Since oy, and o are zeros
of the same irreducible polynomial f(x) € F[z], there is an F-isomorphism:
¢: Foy) = Fl(ay)

such that ¢(o;) = «; (1.17). Since F'(A) is a splitting field of f(z) over F, we
can extend ¢ to o : F((A) — F(A), such that o|p(.,) = ¢. Hence, 3o € H such
that o(o;) = a;. And H acts transitively on A. O

Lemma 4.3. Let G be Aut(F (A, B)/F). Then G acts transitively on A x B.

Proof. First, show that g(z) is irreducible in F'(«)[z]. Suppose g = g1¢2, where
g1, 92 € F(a)[x]. Given that m, and n are coprime, by 1.18, we show that

. _ [F(a,p): F]  mn
Since [ is a root of g(x), B is also a root of either g;(z) or go(z). Suppose
is a root of gi(x). Then deg(gi(x)) > degree of minipolyr.)(8) = [F (o, 5) :
F(a)] =n. Thus, deg(g(x)) = deg(g1(x)), and g(zx) is irreducible in F(«)[z].
There is an F-isomorphism:
¢ : F(Ozl) — F(Oéj)

such that ¢(a;) = o (1.17). Since g(x) is irreducible in F(o;)[z], and 5,, 5
are zeros of g(z), 3 an isomorphism:

¥ Flag, 5r) = Flay, Br)
such that ¢(8,) = B, and ¢|pw,) = ¢ implying that ¢(co;) = «;. Since
F(A, B) is a splitting field of f - g over F, we can extend ¢ to o : F(A, B) —
F(A, B). Then, d0 € G such that o(ay) = o(ay), and o(f;) = (s for arbitrary
a1, g, Br, Bo. Thus, G acts transitively on A x B. O

Let V4, Vg denote the F-subspace of F'(A, B) generated by A and B respec-
tively. Let G be Aut(F (A, B)/F). Since A is the set of zeros of an irreducible
polynomial f(z) € Flx], G permutes elements of A, and Vy is a G-invariant
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subspace of F(A, B), For the same reason, Vp is a G-invariant subspace of
F(A, B). Hence, we can define the following representation

PA - G — GL(VA)
PB - G — GL(VB)
by pA(0> = U|VA7 and ,OB(U) = U|VB'

Lemma 4.4. Suppose ¢ : V4o — Vg is a G — homomorphism, then it maps
the entire module V4 to the trivial G-module

Fo(Bi4 ...+ B

Proof. Set G,. = {0 € Glo(a;) = «o;}. By 4.3, G,, acts transitively on
{ai} x B, i.e. given (o, §;), and (o, Bx), there exists o € G,, such that

o(ai, B5) = (cu, Br)

Suppose ¢(a;) = 181 + ... + kP + .. + Cufn, ¢; € F. Let oy, € G, map «; to
a;, and By to Bg. Since ¢ is a F[G] — homomorphism,

P(ai) = ¢(ora;) = oxp(ai) = c10(B1) + .. + caow(Bn)
= 1Bk + c20k(B2) + ... 4 cnow(Bn)

Comparing the two different expressions for ¢(a;), we get that ¢; = c¢.
Varying k from 1 to n, we conclude that ¢; = ¢ = ... = ¢,, and ¢(q;) =
c1(B1 + ... + Bn). This applies to «; for 1 < i < m. Therefore, ¢(V4) =
F-(B1+Pa+ ...+ Bn), and the G action on F'- (81 + o+ ...+ [,) is trivial. [

Proof of 4.1: Suppose that F(a+ ) C F(a, $). This implies
| Aut(F (e, B)/F(a + B))| = [Fa, B) : Fla+B)] =2

and we can pick 0 € G, 0 # id such that o(a + 5) = a + 3, but o(a) # «,
or o(f) # B. In this case, o(a) # « and o(f5) # . Set § to be o(a) —a =
p—o(B) #0. We claim that 6 ¢ F. Suppose ¢ € F, and o is of order [ in G.
Then,

ca)=o0..0(a+d) =0.0(a+5+6)=a+1f=a

Since char(F) =0,1# 0, we get d =0. But § #0,s0 0 ¢ F.

Let U be the F-subspace of F(A, B) spanned by {gd,g € G}. We have

=o(a) — a € V4. For every g € G, g6 € V4 since Vy is G-invariant, hence,
U C V4. Further, U is a G-invariant subspace of V. Since char(F) = 0, we
have a direct sum decomposition V; = U@V, by 2.5. Since 6 = B—0(3) € Vg,
U C Vg is G-invariant, and Vg = U @ Vj. Let p : V4 — U be the projection
which is a G-homomorphism. Composing p with the inclusion mapping ¢ :
U — Vg, we get a G-homomorphism ¢ : V4 — Vg whose image is U. By 4.4,
UCF-(B1+ ..+ 0,). Since F - (1 + ... + B,) has trivial G-action, U has
trivial G-action. Hence, g6 = § for all ¢ € GG, and 6 € F which leads to a
contradiction. Therefore, F(a, 5) = F(a + ).
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5. ECKMANN’S PROOF ON HURWITZ’S THEOREM

We want to find n bilinear forms zi,..., 2, in x1,...7p, and y1,,,,y, with
complex coefficients such that the following equation holds:
(2) (a:f+x§—|—...—l—xf,)(yf—i—y%%—...—l—yi):zf+...+zi

Theorem 5.1. Let n = u - 28 where u is odd, and 3 = 0,1,2,3, there
exists complex solutions to equation (2) if and only if p < 8a + 2°. Further,
we can choose the solutions to be real.

Proof. Step 1: Suppose the original equation has solutions. Then we can

express 2j as > afj:tiyj for K = 1,..,n. Now, we construct matrices
1<i<p,1<j<n

with the coefficients of the solutions: [A];; = a}, and Ay is a n x n matrix.

By equation (2), for a fixed pair of ¢ and j, we know that 1 zk: afj = 1 since
<kr<n
the coefficients before (z;y;)? is 1. On the other hand, the coefficients of every

other possible term is 0, so we get that A,AT = I, which is equivalent to
saying Ay is orthogonal for k£ = 1,...p. We also get the following equation:

Therefore, the original problem is equivalent to the following matrix prob-
lem: Find p complex orthogonal n x n matrices A, ..., A, that satisfy equation
(3). The case p=1 is trivial, so we assume p > 2.

Now, we multiply all matrices with the orthogonal matrix Ag and obtain a
different solution to the problem, where the new A, is I, and Al + A; = 0 for
k=1,..,p— 1. Plugging Al = — A} into equation (3):

ArAr+ AAL =0, kil=1,..p—1; k#1
and because Ay AT =1,
A=—I k=1,.,p—1

Therefore, it is sufficient to solve the problem in the following form: Find p-1
complex orthogonal n x n matrices Ay, ..., A,_1 such that the following relation
is satisfied:

(4) Az:—f, AkAl:—AlAk, k,l:1,..,p—l; k‘#l

Step 2: We construct the group G, generated by p elements, ai, ..., a,—1, € with
the following relations:

€ =1, a; =, eap = age, arpa; = eaqray, kl=1,....p—1;k#I

Then, the problem can be expressed as following: We look for a complex or-
thogonal representations of G in which € is mapped to -1.

Step 3: All elements in group G can be listed as follows:

Qfy Ay ... A, and €ay, agy...a5., 7 =0,....,p—1
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where k; is a number from 1 to p-1 such that k; < ko < ... < k,. Therefore, G
is of order 2 - 2P~1 = 2P,

For p = 2, G is the cyclic group of order 4, and there are 4 irreducible
representations of G. Then, there exists real solutions to the original equation
if and only if n = 2m. Take n=2 as an example:

(23 + 23) (Y7 + v3) = (21y1 + T2yo)? + (T1y2 — T2v1)?

For bigger n, we pair up y; with y; 1, and perform the same trick above. In
conclusion, we only need to consider p > 3.

The set of commutators in G is {1,€e}. The commutator subgroup K has
order 2, and the abelian group G’ = G/K has order 2P~!. Trreducible rep-
resentations of an abelian group are in degree one. Therefore, G has 2P~}
inequivalent representations of degree 1.

Step 4: Let h be the number of conjugacy classes in G:

h=2P~1 4+ 2if p is even

h =271+ 1if pis odd
Proof. case a) Let g = ag,...ax,, 1 <r <p—1, in which r is even,

a,;llgakl = eay, (ap, ...ap, )ag, = (Qgy...ax, )ay, =€ g =eg
There are no other elements that is conjugate to g since the a; conjugates of
g do not change. Hence, the conjugacy class of an element g of such form
including ajas...a,—; (p odd) is {g, eg}.
case b) Let g = a,...ax., 1 <r < p— 2, in which r is odd, and we can choose
k to be a distinct number from {ky, ..., k. },
a;lgak = eay(ag,...ap, )ar = e€'aig = € 29 = eg

so the conjugacy class of an element g of such form is {g, eg}
Combining case a) and b), we get that when p is odd, Z(G) = {1,¢}, and
g # 1 or € is conjugate to €g. Therefore,

h=2+(2"—-2)/2=2"1 11

Now, suppose p is even, case a) and b) do not cover the case when g = a;...a,_1.
We show that b=1gb = ¢ for all b € G. It is sufficient to show that for all the
generators:

-1 2 2
ay gar = €QRa1Qs...0p_10) = €67 "aza1as...a,_1 = €’a109...0p—1 = g

(Remark: the switch is one less since ay, is the same as one of the terms in g)
So we get that Z(G) = {1,¢,g,eg}, and

h=4+(2"—4)/2=2""1 42
O

Step 5: By 2.25, h is the number of inequivalent irreducible representations of
G. From Step 3, we know the number of degree 1 representations, so we get
that when p is even, there are two inequivalent irreducible representations of
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G of degree greater than 1 (degree denoted by f, f'), and when p is odd, there
is only one such representation (degree denoted as f). By 2.21,
1) when p is odd,
fProetor=2or
S0,

f=2

2) when p is even,
f2 + f/2 + 2p—1 . 12 — 9P
S0,
f2 4 f/2 — 2p—1
By 3.4, f, f' divides 2P, so we let f = 2¥, and f’ = 2“. Plugging it into the
—2
equation above and get u = v = ;%1’ f=f =2

Step 6: Since representations of degree 1 map € to the identity, we only consider
irreducible representations p of degree greater than 1. They do not map € to
I, because G’ = G/(1,¢€) is abelian, and representations of G’ are of degree
1. Since € is in the center, p(e)p(g) = p(g)p(e) for all g € G and p(e) is a
G-homomorphism that maps V to V. Hence, by Schur’s Lemma, p(¢) = A,
A € C*. Since €2 = 1, we have \> = 1, and A = —1. Therefore, irreducible
representations of G of degree larger than one map € to —1I.

For odd p, there exists only one inequivalent irreducible representation of
higher degree: 2%7". For even p, there are two irreducible representations of
higher degree: 2% Since we only consider p > 2, ’%2 > (, and the degree is
greater than 1. For an arbitrary representation of G' that maps € to —1I, it can
be decomposed into direct sum of irreducible representations, each of degree
greater than 1, mapping € to —1I:

V=wieW,d..eW,

Let the degree of representation be n, then the following equations hold:

n=m-2"% when p is odd

n=m-2" when p is even

Suppose n = u - 2!, where u is odd. Then G has representations that maps e

to —1 if and only if ’%1 <t when p is odd, and ’%2 <t when p is even. After
simplification, GG has such representations if and only if p < 2t + 2. In other
words:

Let n = w-2" with odd u, there exists p-1 complex n X n matrices Ay, ..Ap_1,
that satisfy equation (4) if and only if p < 2t 4 2.

Step 7: We now look for representations of G which are equivalent to orthog-
onal representations. By the remark of Frobenius-Schur theorem 2.30, those
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orthogonal representations are equivalent to real representations. Every solu-
tion of the representation problem is thus equivalent to a real solution to the
original problem.

Let x be the character function of a complex irreducible representation D
of G of degree (denoted as f) larger than 1. We define:

1 2
S:@ZX(Q)

geG

S can only be 1, -1, or 0. (2.33) When S = 1, D comes from a real representa-
tion (2.34). When S = —1, D is not equivalent to a real representation, but we
can construct an irreducible real representation of degree 2f from D. If S=0,
X(D) is not real, but we can again construct an irreducible real representation
of degree 2f from D (2.35). The representations described above are all real
irreducible representations of G (2.36).

For an arbitrary element g € G,

g = A, Qf,y...AF, O § = €Ak, Ak, ...Ak,.

S0,

2 2 rfr—l4.4241 It
g9° = (ag,ap,...ay, )" =€ =€ 2

S0,
¢ =1ifr=3,0 mod4
@ =cifr=1,2 mod4

Since the irreducible representation D maps € to —I, we have:

forr=3,0 mod 4, x(¢°) = f

forr=1,2 mod 4, x(¢*) = —f
Summing over 2P elements of G, we have

2

f — f - number of choices of (ax,) — f - number of choices of (a,ay,)

— f - number of choices of (ay, ap,ar;) + -..]

We simplify the equation and get:

_ 2fo

g =2
|G

where

_(r—1 p—1 p—1 p—1 p—1 p—1
o= (")) - () ) () - (00
To compute the sign of o, we construct the complex number

z=(1—14)P"' =2 +iy, x,y are real



27

Expanding the polynomial, we get that o = x +y. Since argz = —5(p — 1),
we can determine the sign of o:

, T w27
g > O,Zf— Z(p— 1) = O,Z,Z(mOd 27'(')
T _3m Im
U—O,Zf—z(p—l)zz,z(mod 27)
, T 4w Sm 6m
o< O,Zf— Z(p— 1) = Z,z,z(mOd 277)

Therefore, S = 1 for p = 7,0,1 (mod 8), S = —1 for p = 3,4,5 (mod 8), and
S =0 for p = 2,6 (mod 8). Combining the property we said about S, we get:
When p = 7,0,1 (mod 8), D of degree f is a real irreducible representation;

otherwise, there exists a real irreducible representation of degree 2f that comes
from D.

Step 8: The degree n of an irreducible real representation that maps € to —1I
is given by:

a) for p="7,1(mod 8), pisodd, n = f = 2t
b)

(5)
)

C

for p = 0(mod 8), pis even, n = f = 9t
for p = 3, 5(mod 8), p is odd, n:2f:2~2% = 2"
d) for p = 2,4,6(mod 8), p is even, n = 2f = 22" = 25

Complex orthogonal representations of G of degree n = m - 2° for which e is
assigned to -1 exists in the following cases:

a)p = 7,1(mod 8), 25 = 2" —$=3,0(mod 4) and p=2s+1
b)p = 0(mod 8), 2° = 2" 5s5=3 (mod 4) and p = 25 + 2

¢)p = 3,5(mod 8), 2° = 2" — s=2,3 (mod 4) and p = 2s — 1
d)p =2,4,6(mod 8), 2° =2° — s =1,2,3 (mod 4) and p = 2s

(6)

Suppose the degree of an arbitrary orthogonal complex representation that
maps € to —I is n = u - 2!, with u odd. We can find the greatest possible
number p by solving for s < t. Take t = 4a as an example. Let s = t,
s =0 (mod 4), and by case a), p=2s+1=2t+1=8a+ 1. Let s = 40 — 1,
s = 3 (mod 4), and by case b), p =25+ 2 = 2(4da — 1) + 2 = 8a.. Hence, the
greatest possible p for t = 4« is 8a+ 1. Applying the steps above to each case
below and we get:
fort=4a:p=2t+1=8a+1
fort =4a+1:p=2t=8a+2
fort=4a+2:p=2t=8a+4
fort=4a+3:p=2t+2=8a+8

(7)

We conclude:
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Suppose n = u- 28 with u odd, and B = 0,1,2,3, there exists p-1 complex
orthogonal matrices satisfying equation (2) if and only if p < 8a+ 2°. Those
matrices can be chosen to be real.

O

Corollary 5.2. When p = n, there exists real solutions to the original problem
if and only if n=1,2,4,8

Proof. Plugging p = n into the condition we concluded, we get that
u - 2% < 8a 427

case 1: a = 0, u-2° < 2% then v = 1, B can be 0,1,2, or 3, and the
corresponding n is 2% = 1,2,4,8
case 2: a > 1, the left hand is always larger than the right hand by induction.

Therefore, the original problem has real solutions if and only if n = 1,2,4,8.
O

Remark 5.3. The composition law on R™ forn =1,2,4,8 is given by

(1, ey @) - Y1y ooy Un) = (21, oy 20)

where z; is the real solution found in corollary 5.2. Hence, composition algebra
structure exists on R"™ for n=1,2,4,8 and these are all the possible composition
algebra.

We list all the composition algebra:
a) n=1: Ve,y € R, x-y = xy. This satisfies the composition algebra structure
since N(x)N(y) = N(zy) where N(t) = t?
b) n=2: C=R®Ri. Ve,y € C, let x = a+ bi,y = c+ di,

x -y = (ac — bd) + (ad + bc)i

This satisfies the composition algebra structure since N(x)N(y) = N(zy)
where N(t) =12 + 3. i.e. (a*>+b*)(® + d*) = (ac — bd)? + (ad + bc)?

c)n=4: H=RORi®RjPBRij, ij = —ij. Vo,y € H, let x = a+bi+cj+dk,y =
e+ fi+gj+ hk, x -y again satisfies the composition algebra structure given
that N(t) = tt.

d) n=8: It is called the Octonion algebra. It is obtained by doubling H : O =
H & pH. We omit the discussion of the exact group structure here.
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