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Abstract

Development of Analytic Energy Gradients for the Driven Similarity
Renormalization Group Second-Order Perturbation Theory

By Shuhe Wang

We develop the theory and efficient implementations of ana-
lytic energy gradients for the driven similarity renormalization
group second-order perturbation theory (DSRG-PT2). Three
DSRG formalisms are considered: single-reference (SR) DSRG-
PT2, multireference (MR) DSRG-PT2, and density-fitted (DF)
DSRG-MRPT2. The Z-vector equation approach and the
method of Lagrange multipliers are utilized for the theory devel-
opment. The analytic gradients possess high accuracy and im-
munity to the intruder state problem. Within DSRG-SRPT2,
we demonstrate that the exponentially regularized DSRG pa-
rameters do not introduce intractable difficulties in the gradi-
ent derivation. The analytic gradients possess an asymptotic
scaling same as that of the second-order Mgller—Plesset pertur-
bation theory (MP2), and are applied to geometry optimiza-
tions for small systems, such as water. For DSRG-MRPT2, we
apply the gradients to investigate the singlet and triplet state
p-benzyne. The resulting equilibrium structures are similar to
those computed via other MRPT2s and Mukherjee’s multiref-
erence coupled cluster theory. We also conduct pilot DSRG-
MRPT2 benchmark studies, investigating the adiabatic singlet-
triplet gap as a function of the DSRG flow parameter. An ap-
proximate DSRG-MRPT2 regime that neglects the three-body
density cumulant contributions is further proposed and tested.
The high accuracy achieved in associated results indicates that
this pruned DSRG formalism could serve as a promising alter-
native for systems using large active spaces. Within DF-DSRG-
MRPT2, we factorize the four-index integrals with density fit-
ting, circumventing the expensive integral backtransformation
process. The implemented DF gradients show decent accuracy
and provide remarkable computational speedup. Overall, the
DF gradient theory leverages the applicability of DSRG-MRPT2
for large strongly correlated systems.
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Chapter 1 Introduction

1.1 Electronic Structure Theory

In quantum chemistry, electronic structure theories are developed so that the elec-
tronic motion in atomic or molecular systems could be accurately described, using
physics, chemistry, and mathematical techniques. To explain chemical properties and
guide experiments, a major goal of electronic structure theories is to be highly pre-
dictive. Although various theories could fulfill the requirement of high accuracy by
yielding exact solutions, such as the full configuration interaction method,® the ex-
ponentially growing cost with respect to the system size inherent to those approaches
limits their applications to small systems. To address this computational bottleneck,
a tradeoff solution is to incorporate a set of manageable approximations into exact
or near-exact theories.

We first introduce the nonrelativistic time-independent Schrédinger equation.?

This corresponds to the eigenvalue problem,
H|U,) = E|T,) (1.1)

where H is the Hamiltonian operator, W, is the electronic wave function and Fj; is the
energy of the state . The many-body wave function ¥ must be antisymmetric under

exchange of any two electrons, according to the Pauli exclusion principle,
\D(:Ul’... 73;'1.,... 71*].’... 7$n> — _\Ij<x1’... 7'1.j7... ’xi’... 71.77,) (12)

We further apply the well-known Born-Oppenheimer approximation, which assumes
that the wave function of electrons and nuclei could be separated because the nuclei

are much heavier than electrons.® Therefore, the electronic Hamiltonian operator



could be simplified to,

L DOED 9 S Dby 13

Tri

where indices ¢ and I label electrons and nuclei, respectively, V is the Laplace oper-
ator, Z is the nuclear charge and r is the distance between two particles. In brief,
the first term represents the electronic kinetic energy, the second term describes the
electron-nuclei attraction, and the last term is the electron-electron repulsion. The
electron-electron repulsion term indicates that a wave function incorporating up to n-
body correlations may be necessary for a system of n electrons. Therefore, obtaining
the exact solution to the Schrodinger equation [Eq. (1.1)] for real molecular systems
is intractable. It is worth mentioning that in second quantization, the Hamiltonian
operator H is written as,

H= th tg .t Zv;;;a; Zasar (1.4)
Pq

pqrs

where hf = <¢p|iz|gz5q> represents the one-electron integral, and v72 = (pp¢|d,ds) —
(PpdqlPspr) is the antisymmetrized two-electron counterpart. The second quantiza-

tion formalism will be discussed later.

1.1.1 One- and Many-Electron Orbital Basis

First, we briefly review the concept of molecular orbitals (MOs). A MO ¢,(r) is

a linear combination of nonorthogonal atomic orbitals (AOs) ¢,(r),

I') = Zé#(r) O,Ll,p (15)

where r are the spatial coordinates, and C,, are components of a MO coeflicient ma-
trix obtained by an orbital-optimization procedure. As a convention, we distinguish
the general MO indices from the AO indices using individual labels as p, g, r, s, and

Geek letters u, v, p, 7, respectively.



A molecular spin orbital (MSO) is the product of a MO ¢(r) and a spin function

o(w), with w for spin coordinates.

Up(r,w) = @p(r)oy(w) (1.6)
Unlike AOs, orthonormality is assumed for MSOs, yielding an identity MSO overlap
matrix S,
Sy = (Unlvg) = o (1.7)
where ¢ is the Kronecker delta.
A many-body basis for an N-electron system is the set of all possible Slater de-

terminants,
Yi(x1)  o(zr) o ()
By, 79, - TN) = \/% ¢1<3x2) ¢2($2) l/JN(:EQ) (1.8)
Ui(zn) Po(zn) - Yn(an)
The coefficient (N!)~'/2 is a normalization factor considering all possible particle per-
mutations. The rows and columns of a Slater determinant are labeled by electrons
and spin orbitals, respectively. Interchanging coordinates x of two electrons corre-
sponds to swapping two rows of the determinant and results in a change of sign,

which satisfies the antisymmetry principle. For convenience, a short-hand notation

with only diagonal components is often used,

(I)(xh'r%”' 7‘TN) = Wlﬂ/}m"' 7¢N> (19>

In full configuration interaction (FCI), the wave function Wgcy is expressed as a linear

combination of multiple Slater determinants ®; with associated CI coefficients ¢y,

\IJFCI = ZC[CI)[ (110)
I

This approach considers all possible configurations within the space spanned by a
specific orbital basis, and provides exact solutions to the Schrodinger equation. '»%?
Unfortunately, FCI is only applicable to the smallest systems due to its high compu-

tational cost.®



1.1.2 Second Quantization

Second quantization is a formalism to represent the many-body configurations in
a more succinct way.>"® Herein, we briefly review the essential terminology of second
quantization for fermions.

The Fermi vacuum state, noted as |—), is introduced as a state containing no
particles. We then define a creation operator dL and an annihilation operator a,,
which respectively creates or annihilates a particle in the spin orbital |¢,). Applying

these operators to a single particle state would modify the occupation status in such

a way,
al |=) = |on) (1.11)
Gy | dp) = 1=) (1.12)
al,|¢,) =0 (1.13)
a,|—) =0 (1.14)

The last two equations indicate that creating fermions in an occupied state or an-
nihilating a particle from a vacuum state is physically prohibited. Furthermore, we
enforce that the pairwise permutations of operators introduce changes of sign of the

resulting determinant,

aal | =) = |¢udy) = — |6veu) = —alal,|-) (1.15)

Q

Therefore, two creation operators or two annihilation operators satisfy the following

anticommutation relation,

-0 (1.16)

(i, Gy} =0 (1.17)

It could be verified that a creation operator and an annihilation operator obey the

anticommutation relation, consistent with the antisymmetric character of the wave



function,
{dlh dzT/} = 5,ulz (118>

where ¢ is the Kronecker delta, that only equals 1 when p equals v and equals 0 for
all other cases.
In terms of these second-quantized operators, a Slater determinant may be written

as a set of creation operators applied to a vacuum state,

atal---al |=) = |oudn - o) (1.19)

1.1.3 Multireference Methods

Although the Hartree-Fock (HF) method is of low cost and easy to implement,?!

it might not be an appropriate choice if high accuracy is entailed. The HF theory
intrinsically omits explicit electron-electron interactions, also named electron correla-
tion, making the electronic description significantly deviate from the actual systems
where the mean-field approximation breaks down.'%!? A plethora of post-HF theo-
ries were proposed to improve the HF performance by recovering correlation energy
contributions AF,

AE = g — pHF (1.20)

Some prominent examples of such wave-function-based theories are Mgller-Plesset

418,19 and coupled-

perturbation theory (MP), "7 configuration interaction theory (CI),
cluster theory (CC).?922 Typically, these post-HF approaches yield more accurate
results than HF', though at the cost of much higher computational complexity.
However, these methods assume a single reference configuration, and provide a
qualitatively wrong description for systems in which strong correlation exists.?*
Examples of strongly-correlated systems are bond dissociation, diradicals, transition

metal complexes, and electronically excited states.'®?*?7 An example of such failure

could be ascribed to the orbital degeneracies or quasi-degeneracies among the highest



occupied molecular orbitals (HOMO) and the lowest unoccupied molecular orbitals
(LUMO).

A prominent multireference approach is the multi-configuration self-consistent
field (MCSCF) method.?®3% A MCSCF wave function ¥ is a linear combination

of Slater determinants (®;),
Mo
|\I/0> = Z Cr |(I)[> (121)
I

The CI coefficients ¢; and the MO coefficients vary, and they are simultaneously
optimized to approximate a wave function that satisfies the variational principle.
Since incorporating all determinants is computationally intractable, restrictions on
the orbital occupations are imposed. The orbitals with variable occupation are called
active. The remaining MOs are classified as core or virtual if they are doubly occupied
or completely unoccupied, respectively [Fig. 1.1]. Subsequently, only determinants
that differ within the active space are used to formulate the reference wave function.
Such approximate MCSCF method with active orbital partitioning is called complete

active space self-consistent field (CASSCF).31:32

virtual (V)

e f... particles (P)
L — a,b,...

active (A) — ceneral

u,v,... E D.Q.T,5, ...
— holes (H

core (C) ioje,s,(, )

m,mn,... e »Js

Figure 1.1: Orbital partitioning in CASSCF.

The CASSCF energy could be written in terms of the 1- and 2-particle reduced

density matrices 7, the one-electron integral i, and the antisymmetrized ERIs v,

C C A C A
E = ;hg+%;vm+§ <h5+;vgg:> 7;‘+in§37§;’ (1.22)

uvTY



Note that the n-particle reduced density matrices (n-pRDMs) are defined as the
expectation value of a product of second-quantized operators with respect to the

CASSCF wave function,

= (Wl @y -yl W) (1.23)
n operators n operators

In CASSCF, dynamic correlations ascribed to determinants outside the active
space are neglected. There has been various multireference approaches developed
to incorporate such dynamic correlations, such as complete active space perturba-
tion theory to the n-th order (CASPTn),** %0 n-electron valence state perturba-
tion theory,3”3% multireference CI (MRCI),*? and multireference coupled cluster
(MRCC).'%26 The details of these methods are beyond the scope of this thesis since
they are overly comprehensive. Generally, these MR theories could yield reliable
results for strongly correlated systems, though at the cost of high computational

complexity. 4243

1.2 Driven Similarity Renormalization Group
1.2.1 Methodology

Multireference electronic structure theories have gained great success in accurately
evaluating near-degenerate electronic states, by simultaneously capturing static and
dynamic correlations with multideterminantal wave functions and associated per-
turbation theories. However, besides the extremely high cost, many multireference
approaches suffer from the infamous intruder state problem. The intruder states may
be introduced when near-degenerate determinants exist within the reference space
and its orthogonal complements, causing small energy denominators.** 6 This is-
sue is often reflected in potential energy surfaces with unwanted discontinuities [see
Fig. 1.2].47

One common treatment to address this issue is applying parametrized level shifts



to the diagonal components of the zeroth-order one-body Hamiltonian matrix. 449
Nevertheless, the empirical level shifts may affect spectroscopic constants and cause
to predict the wrong ordering of states.**** Another well-known solution assumes
a Dyall’s regularized zeroth-order Hamiltonian with bielectronic terms, as done in
NEVPT2.3738 Unfortunately, in this case, intruders may be reintroduced if approxi-

mations are applied to three- and four-body density cumulants.®!

—100.00y DSRG-MRPT2
~100.04}

W -100.08

~

S -100.12

()

5 -100.16

MR-MBPT2

e

-100.24t

Figure 1.2: Potential energy curves for the X 'S state of HF computed using various
methods and the cc-pVDZ basis set. All multireference perturbation theories employed a
CASSCF(2,2) reference. The fluorine 1s orbital was excluded from the correlation treat-
ment. DSRG-MRPT?2 employed a flow parameter of s = 0.5 E; 2, and the MR-MBPT2
curve is identical to the curve of DSRG-MRPT2(s — o0).%”

Our group recently developed the multireference driven similarity renormalization
group (MR-DSRG), an alternative MR formalism that is immune to the intruder
state problem.*"52% The DSRG was originally motivated by the SRG formalism in
quantum field theory and condensed matter physics, proposed by Glazek, Wilson, and
Wegner. 5557 Similar to SRG, within DSRG, the bare Hamiltonian (H) is continuously
transformed into an effective Hamiltonian [H (s)] with a set of parametrized unitary
operators [U(s)],

H(s) =U'(s)HU(s) (1.24)

where s € [0, +00) is defined as the DSRG flow parameter. The meaning of s will be
discussed later when we review the multireference DSRG second-order perturbation

theory (DSRG-MRPT2).1” In general, such a flow parameter affects the Hamiltonian



in the following way (shown in Fig. 1.3): (1) when s equals 0, the unitary operator
[[7(0)] acts like an identity operator, thus the DSRG effective Hamiltonian is identical
to the bare Hamiltonian; (2) as s increases, the transformation gradually decouples the
reference state from its excited configurations; (3) in the limit that s reaches infinity,
the unitary transformation is postulated to completely decouple the reference from
excited determinants outside the active space, that is, the effective Hamiltonian is
fully block-diagonalized. Conclusively, the transformed Hamiltonian incorporates the
correlation contribution from those decoupled excited configurations and could be

diagonalized to yield wave functions of both ground and excited states.

(a) Bare Hamiltonian (b) Renormalized Hamiltonian ij

o e

-2
001 1 Flow parameter 10 s/Ey;

Figure 1.3: Example of the evolution of the two-body components of the transformed
Hamiltonian [H}S(s)] as a function of the flow parameter s in the single-reference driven
similarity renormalization group. H, 7 (s) is represented as a plot of the matrix Mg -5 (s) =
Hy2(s) where [pg] and [rs] are composite indices. The composite indices are divided into
three sets: occupied-occupied ([ij]), occupied-virtual ([ia]), and virtual-virtual ([ab]), and
the matrix plot shows nine distinct blocks that originate from various combinations of
composite indices. For increasing values of s, the DSRG achieves an increasing decoupling
of the block corresponding to HJ(s) = <¢>?Jb| H (s)|®), which is responsible for the coupling
of the reference (®) to doubly excited determinants ((I)fjb) Taken from Ref. 47.

Unlike the SRG routine in which the transformation is realized by solving a set of
ordinary differential equations (ODEs), the DSRG formalism consists of a set of non-
linear equations. Specifically, the DSRG unitary operator is expressed in exponential

form, similar to the unitary coupled cluster (uCC) ansatz,®
U(s) = (1.25)

where A(s) is an anti-Hermitian operator. The operator A(s) is a sum of k-body
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operators truncated at rank n,

Als) =3 Auls) = 3 [ Tils) = T(s) (1.26)

k=1 k=1
where the operator Tk(s) and its Hermitian conjugate T,I (s) correspond to excitation
and de-excitation operators, respectively. The k-body DSRG cluster amplitudes are
defined as,

Ti(s) = @Zzt;@xs) {ag (1.27)

where {- - - } represents a series of normal-ordered creation and annihilation operators.
It is worth mentioning that the cluster amplitudes (tffb) are antisymmetrized, in
other words, any single permutation between either two upper or lower indices will
introduce a minus sign. Nevertheless, the permutation between an upper and a
lower index is generally prohibited. Another important point is that all internal
excitations or de-excitations are assumed to be excluded, implying that if all indices
of an amplitude belong to active orbitals, then the amplitude is zero. Specifically,
v =0,Vu,v,z,y,--- € A. To fulfill the DSRG many-body conditions, we normally
truncate A(s) rank to n = 2, considering only one- and two-body operators. Once
these s-dependent operators are solved for, the electronic energy could be expressed

as the expectation value of the effective DSRG Hamiltonian,
E(s) = (®|H(s)|®) = <<I>|6_A(5)1€16A(5)\<I>) (1.28)

We would like to clarify that this energy is only evaluated at a specific value of s

without numerical integration as done in SRG.

1.2.2 DSRG-MRPT?2

Among developed MR-DSRG approaches, DSRG-MRPT2 offers the best com-
promise between cost and accuracy. This method could yield PESs of comparable
accuracy to other MRPT2 theories, and meanwhile circumvent the use of four-body

reduced density matrices (4-RDMs) of the CASCI wave function, that are required in
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CASPT2 and NEVPT2. Furthermore, DSRG-MRPT?2 is applicable to large systems
with more than two thousand basis functions and large active spaces, if appropriate
integral-factorized techniques and CASCI approximations are applied.®?:%°

In DSRG-MRPT2, the zeroth-order Hamiltonian is chosen to be a diagonal normal-

ordered Fock operator. The electronic energy can then be partitioned into a reference

energy F, and a second-order correction term E?)(s),
E(s) = Ey + E®(s) (1.29)

In our study, a CASSCF reference wave function is used, thus Ej is the CASSCF
energy [Eq. (1.22)]. The second-order contribution is evaluated in terms of a full

contraction with first-order quantities,
E®)(s) = (Wo|[HM(s), TV (5)]| W) (1.30)

where H((s) is a first-order effective Hamiltonian [Eq. (1.31)] and TM(s) is a first-
order cluster operator [Eq. (1.32)], both expressed in terms of first-order DSRG modi-

fied integrals [iz )(s), ~Zb M (s )] and first-order DSRG cluster amplitudes [tfz’(l)(s), tz;(l)(s)],

ZZh (s){ai} + - ZZ*‘“” a (1.31)

ij  ab

Z th s){ag} + Z Zt {agh (1.32)

i  ab
The superscript “(1)” stands for "first-order” and the label “(s)” indicates that a
parameter is s-dependent. In the following text these are omitted for simplicity. The

quantities that enter into the DSRG-MRPT2 equations are then:

th = (fa+ Altiens) Re(A7) (1.33)
t = v R (AZ) (1.34)
= [IP(AL) + ALth s [Ps(AL) — 1] (1.35)

I vabP (Affb) (1.36)

)
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where we define the auxiliary functions R = (1 — e *2")/A and P = 1 + e 2",
Recalling the discussions on the flow parameter s, we note that: (1) Both R and P
are not numerically divergent given near-zero Mgller—Plesset denominators, indicating
that the DSRG energy is immune to intruder states regardless of the s value; (2)
Although arbitrary values of s will not cause numerical issues, a large value of s must
be avoided. It could be mathematically verified that R has a maximum value around
0.63824/s, and intruder states might be reintroduced when using a large s value. Our
previous study has shown that values of s around 1 E} 2 recovers a sufficient amount
of dynamic correlation without overestimation.*”

In brief, we summarize expressions for the reference energy FE, and the second-

order correlation energy £®)(s) in Table 1.1 , where A denotes the n—body density

Table 1.1: DSRG-MRPT2 energy expressions.

Term Energy Expression

qp _ 1,rs Apaq 4 1,78 \pg
EO fp’)/q vaq7r75 + 4qu>\rs

Rt + SRt et + 3 (Bt + o) ATL
EQ@) +% ({]e”t“ —gwgm 4 Eetuv _ iLv tum> )‘ig

zye my-x zvey m Ty

+5 (Dtabmena + Bty + 80t ) Nt

cumulant written in terms of m—pRDMs [Eq. (1.23)] (m € {1,2,--- ,n}),51:62

Xw = Yaw = V¥ + Vo Vel (1.37)

Nove = e = (=N OEA — det(via2) (1.38)

s
In Eq. (1.38), det(-) represents a sum of all upper or lower index permutations asso-
ciated with individual sign factor (1 or -1) based on the parity of permutations, and
ZF(—l)N (™) represents a sum over all permutations of the upper and lower indices

with a sign factor determined by the number of inversions in = [N (7)].
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1.3 Analytic Gradient Theory

In the previous sections, we reviewed basic concepts and prominent examples of
electronic structure theories. Aside from electronic energy, there are other important
physical quantities often substantially overlooked, which also help quantum chemists
understand or predict chemical phenomena.

Herein, we discuss the gradient, defined as the vector of first-order energy deriva-

tives with respect to nuclear displacements,

J =VE= it (1.39)

where the nabla symbol V denotes the vector differential operator, and @, is a nor-
malized vector in a n dimensional space. Since 7 is the force acting on the nuclei, the
gradient plays an important role in first-principle geometry optimizations and molec-

63-65

ular dynamics simulations. The gradient could further be used to evaluate the

Hessian, the matrix of second-order energy derivatives, which allows one to evaluate
spectroscopic properties, including vibrational frequencies and IR intensities. %667
One straightforward way to obtain gradients is to use the so-called finite-difference

approximation (FD). For example, a five-point stencil technique involves evaluating

the following expression,

—E(x +2Ax) + 8E(x + Azx) — 8E(x — Azx) + E(x — 2Ax)
12Ax

9o (1.40)

where F is the electronic energy computed at discrete grid points, and Ax denotes
the displacement. The error is of order (Ax)*, thus reliable gradient estimations
could be obtained for small displacements (e.g. Az = 0.005A). Nevertheless, the
required number of single-point energy computations increases linearly with system
size, making FD methods impractical for large molecules. Another practical issue
is making sure that FD computations all converge to the same electronic states,

especially when geometric displacements lower the molecular symmetry. %%
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To effective address these bottlenecks, computing analytic gradients from reliable
wave functions has been a preoccupation in quantum chemistry for decades.™ In con-
trast to FD, the computational cost of the analytic routine scales with system size
as an energy computation and circumvents the evaluation of energies at distorted
structures. For example, for the DSRG-MRPT2 approach, an analytic gradient com-
putation on the pentacene molecule is about 70 times faster than a FD one [see chap-
ter 4]. The analytic derivative theory is based on the Hellmann-Feyman theorem,”
which states that for an exact eigenstate or a variational wave function, the energy

derivative with respect to a perturbative parameter \ is given by the derivatives of

the Hamiltonian with respect to A,

dE) dH,
Y <¢/\|W|¢A> (1.41)

Due to the fact that for many electronic structure theories the energy implicitly
depends on the MO coefficients [Eq. (1.5)] and CI coefficients [Eq. (1.10)], the analytic
gradient can be solved from a series of reference-dependent coupled-perturbed (CP)
equations, such as the CP-SCF and CP-CASSCF equations.”®™ Specifically, the CP

equations assume that the perturbed MOs are expanded in the unperturbed basis,
i) = Y1) Uy, (1.42)
J

where U denotes coupled-perturbed coefficients. This theoretical approach is appli-
cable to any methods whose orbitals are formulated from SCF or MCSCF reference
computations. Despite its generality and effectiveness, the CP formalism is limited to
small systems. For a molecule with N atoms, there are 3N CP equations, showing
a computational complexity similar to FD gradients. An alternative, the Z-vector
approach, proposed by Handy and Schaefer, reduces the 3N CP equations to a single
response equation independent of nuclear displacements, whose solution is sufficient
to compute analytic energy derivatives of all nuclei. ™™ As discussed by Helgaker and

Jorgensen, methods that incorporate redundant or non-variational parameters require
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a more general treatment based on Lagrange multipliers. ™ For example, the MO and
CI coefficients used in the unrelaxed DSRG-MRPT2 are determined by the CASSCF
and CASCI stationary conditions, but they are not variationally optimized. There
are also redundant parameters in DSRG-MRPT?2, such as modified n-body integrals
and cluster amplitudes, which could be expressed in terms of other quantities.*” The

general method of Lagrange multipliers forms the Lagrangian function L,
LA, M) = E(z) + ) \ifi(x) (1.43)
i=1

where f; denotes a Lagrangian constraint, and ), is its associated Lagrange multiplier.

Unfortunately, although these schemes and associated equations are well estab-
lished, developing the analytic energy gradients for MR theories is still challenging. It
requires extensive mathematical derivations and comprehensive software implemen-
tations. To the best of our knowledge, the first MRPT2 gradient theory was done by
Nakano et al. on the analytic gradients of multi-configurational quasi-degenerate per-
turbation theory (MC-QDPT).™%™ Recently, the gradient theory for extended MC-
QDPT (XMC-QDPT) was implemented to optimize conical intersections of a retinal
model chromophore.™® Subsequently, analytic derivatives and its excited-state ex-
tensions were extended by Werner and coworkers to partially internally contracted
CASPT?2, and by Hoffmann’s generalized Van Vleck perturbation theory.®%3 The
gradients for fully contracted CASPT2 were implemented two decades after the debut
of the original theory, using automatic code generations by Shiozaki et al., circum-
venting laborious manual derivations.®* Shiozaki and co-workers further developed

8586 multi-

gradient theories for CASPT2 with density fitting and imaginary shift,
state extensions of CASPT2,%" extend multi-state (XMS) CASPT2,* and explicitly-
correlated CASPT2 (CASPT2-F12).8%8 Another important achievement is the im-
plementation of analytic gradients for strongly-contracted, partially contracted, and

quasidegenerate NEVPT2 by Park and Nishimoto. %92 In addition, Nishimoto for-

mulated the derivative theory for the restricted active space second-order perturba-
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tion theory (RASPT2).%® Most recently, using automatic code generation, Abbott
and coworkers presented a state-of-art automatic differentiation technique, capable of
yielding arbitrary-order electronic energy derivatives with respect to nuclear coordi-
nates for common methods like HF, MPn and CCSD(T).%* Although such approach
has limited practical applications, it could be useful to generate reference data for

developing efficient implementations of analytic gradients.

1.4 Prospectus

In chapter 2, we introduce the analytic gradient theory for the single-reference
DSRG second-order perturbation theory (DSRG-SRPT2) using the method of La-
grange multipliers. We reveal that the DSRG parameters do not introduce insur-
mountable difficulties in the derivation of gradients, and the resulting first-order
derivatives possess the same asymptotic computational scaling of MP2. We conduct
geometry optimizations for fifteen small molecules, and the equilibrium structures are
compared to the ones obtained by other single-reference theories. In chapter 3, we
subsequently develop the analytic gradient theory for the unrelaxed DSRG-MRPT?2
method, considering additional Lagrangian constraints. The equilibrium bond lengths
and angles of p-benzyne for both singlet and triplet states are computed and compared
with the ones yielded via other MR approaches. We also evaluate the s-dependency
of the DSRG-MRPT?2 energy, by investigating the adiabatic singlet-triplet splitting
as a function of the DSRG flow parameter s. Furthermore, we study an approximate
variant of DSRG-MRPT2, which completely neglects the contribution of three-body
density cumulants. In chapter 4, we apply the density fitting technique to extend the
DSRG-MRPT?2 analytic energy gradients to large molecular systems. The optimized
geometries, vibrational frequencies, and IR intensities of p-benzyne with large orbital
basis and active spaces are reported, and compared with experimental data and other

electronic structure theories. Finally, in chapter 5, we summarize these works and
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discuss prospects for future developments.
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Chapter 2 Analytic Gradients for DSRG-
SRPT2

Chapter Abstract

We derive and implement analytic energy gradients for the single-reference driven sim-
ilarity renormalization group second-order perturbation theory (DSRG-PT2). The
resulting equations possess an asymptotic scaling that is identical to that of the
second-order Mgller—Plesset perturbation theory (MP2), indicating that the expo-
nential regularizer in the DSRG equations does not introduce formal difficulties in
the gradient theory. We apply the DSRG-PT2 method to optimize the geometries
of fifteen small molecules. The equilibrium bond lengths computed with DSRG-PT?2
are found similar to those of MP2, yielding a mean absolute error of 0.0033 A and
a standard deviation of 0.0045 A when compared with coupled cluster with singles,

doubles and perturbative triples.

2.1 introduction

Second-order Mgller—Plesset perturbation theory (MP2) features prominently in
quantum chemistry—it is the simplest wave-function method that includes electron
cor relation effects. Highly efficient algorithms have been developed that enable MP2
computations on molecular systems with up to thousands of atoms. > Meanwhile, nu-
merous variants have been proposed to improve the accuracy or applicability of MP2.
For example, spin-component scaled MP2 improves the energetics for non-covalent in-
teractions,®® while orbital-optimized (OO) MP2 is applicable to symmetry-breaking

systems. 5 More recently, it has been shown that spin-projected regularized OO-MP2

Reproduced from Wang, S., Li, C., & Evangelista, F. A. J. Chem. Phys. 2019, 151, 044118,
with the permission of AIP Publishing
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can provide reliable results even for diradical systems, which is intractable with MP2
due to static correlation effects.!®

The developments of analytic energy derivatives for MP2 and its variants have
provided an efficient way to explore ground-state potential energy surfaces (PESs) of
closed-shell or high-spin open-shell systems.'"!” However, as other single-reference
methods, 73 reliable predictions are typically obtained only near the equilibrium ge-
ometry. A multireference (MR) generalization of MP2 is usually required at stretched
geometries or when two or more electronic states become near degenerate.3¢** Unlike
the case of single-reference approaches, analytic derivatives have been formulated only
for a few MR methods. Some of the more recent contributions in the context of nu-

45,46

clear energy gradients include MR configuration interaction, several second-order

MR perturbation theories (MRPTs),"5% and the state-specific MR coupled cluster
theory. %54

A potential problem in the development of analytic energy gradients for MR for-
malisms is the presence of discontinuities in the PESs. For instance, the removal of
linearly dependent excitations in internally contracted MR methods may lead to dis-
continuities on PESs.?>*% Intruder states can also break the continuity of PESs and
add extra complexity in the derivation of analytic gradients*® due to the use of reg-
ularization techniques.®” % To address these problems, we have recently introduced
the MR driven similarity renormalization group (DSRG) approach,5? a many-body
formalism that is robust to intruder states and immune to the discontinuity problem
of internally-contracted MR theories. Numerical results show that the DSRG-MRPT's
yield smooth PESs and results that are similar in accuracy to those obtained by other
MRPTs of equal order. %% Given the desirable properties of the MR-DSRG methods,
it is then useful to develop the corresponding nuclear energy gradients, especially for

the lost-cost second-order scheme (DSRG-MRPT?2).%

Deriving energy derivatives under the MR framework, in itself, can be an in-
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tractable task. For example, analytic gradients for the fully internally contracted
second-order complete-active-space perturbation theory (CASPT2) were only very re-
cently attained via automatic code generations,? twenty-three years after its debut.?’
Therefore, as an initial step towards the realization of DSRG-MRPT2 gradients, we
have decided to address the question: How does the presence of a regularization
function in the DSRG equations affect the formulation of analytic gradients? In this
work, we will focus on the single-reference DSRG second-order perturbation theory
(DSRG-PT2),7 which is equivalent to DSRG-MRPT2 in the limit of an active space
of dimension zero.%® The DSRG-PT2 gradient theory is considerably simpler than
the multireference version, but it should reveal any difficulty that may arise from the
presence of a regularizer in the DSRG-MRPT2 equations and enable us to investigate
the numerical robustness of the resulting linear-response equations. We also note
that the DSRG-PT2 energy expression is equivalent to the second-order perturbative
energy (assuming Mgller—Plesset partitioning) of the in-medium similarity renormal-

ization group (IM-SRG) approach.67:6%

Hence, this work also provides some insights
into the IM-SRG linear response theory.
We derive the DSRG-PT2 gradients using the method of Lagrangian multipli-

20486971 GQince the DSRG-PT2 energy expressions must be formulated in the

ers
canonical basis, we explicitly impose constraints in the Lagrangian to guarantee that
the orbitals remain canonical in response to nuclear displacements. This approach
has recently been applied to develop analytic gradients for imaginary-shift CASPT?2, "
where a similar problem arises. Alternatively, an orbital-invariant formalism must be
adopted, an option that has been explored by Lee and Head-Gordon in their regular-
ized OO-MP2 methods.?

We start our discussion by deriving analytic expressions for the DSRG-PT2 gradi-

ents and comparing them to the MP2 gradient theory. In Sec. 2.3, we benchmark our

implementation by computing the equilibrium molecular geometries of fifteen small
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molecules using DSRG-PT2. These results are compared against the geometries ob-
tained at the MP2, coupled cluster with singles and doubles (CCSD),™ and CCSD
with perturbative triples [CCSD(T)]™ levels of theories. We then discuss our findings

and future work in Sec. 2.4.

2.2 Theory

2.2.1 Energy and amplitude expressions

We first introduce a set of orthonormal molecular spin orbitals (MSOs) G =
{p(r,0),p = 1,2,..., Ng}, where r and ¢ indicate spatial and spin coordinates,
respectively. Each MSO is a product of a spin function (o,) and a molecular orbital
(MO) ¢p(r), ie., Yp(r,0) = ¢p(r)o,(c). The MOs are expanded using a set of atomic

orbitals (AOs) {x,.(r),p=1,2,...,N} as

AO
Gp(r) = Y Xulr) G, (2.1)

The orbital coefficients (C,,,) are obtained from a self-consistent-field (SCF) computa-
tion. The MSO set is separated into occupied (O) and virtual (V) orbitals according
to their occupation in the reference determinant. For post-Hartree-Fock theories, each
of the two orbital sets is further partitioned into frozen and active parts, where excita-
tions are only allowed among active orbitals. Accordingly, we partition the occupied
orbitals into frozen core (FC) and hole (H) orbitals (with O = FCUH) and the vir-
tual orbitals into particle (P) and frozen virtual (FV) orbitals (with V.=P UFV).
The MSO indices used to label orbitals belonging to these sets are summarized in
Table 2.1, while AOs are labeled by the indices p, v, p, 7.

The DSRG-PT2 method can be considered as a variant of MP2 theory, modified

using a regularizer that depends on the flow parameter s € [0, 00).%” The DSRG-PT2
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Table 2.1: Definition of the molecular spin orbital spaces used in this work.

Space Symbol Size Indices Correlated® Occupied®
Frozen core FC Nrc 1,J F T
Hole H Nyg 1,7, k,1 T T
Particle P Np a,b,c,d T F
Frozen virtual FV Ngv A B F F
Occupied Q) No m,n HUFC

Virtual A Ny e, f PUFV

General G Ng Dyq, T, S ouvVv

2 True (T) if electron correlation is considered in the orbital space, otherwise false

(F).

> True (T) if orbitals are occupied in the reference determinant, otherwise false (F).

first-order amplitude equation reads as

ij .
i7,(1 v, _s(AY )2 ..
tajb( '(s) = A_’? [1 — e Ba) ] , Vij € H, Vabe P, (2.2)
ab
where v = (Yap|1iv;) are antisymmetrized two-electron integrals and Aab =€+

€j — €, — € indicate Mgller-Plesset denominators defined by the canonical orbital
energies €,. These orbital energies are given by the diagonal elements of the Fock
matrix (e, = f?). The elements of the Fock matrix are defined in terms of one-

electron integrals (hL) and vy?,

o
fr=nr+ > o (2.3)
Note that the Fock matrix is diagonal in the canonical orbital basis, that is, fI' = 0

ifp#gq.
The DSRG-PT?2 correlation energy may be expressed as

ZZ 5 0(s) [1 4 e @] (2.4)

ij ab

Equations (2.2) and (2.4) imply that for any finite value of s, the DSRG-PT?2 energy
does not diverge even when the denominators A , go to zero. If no denominator
is null (i.e., A% # 0), in the limit of s that goes to infinity Eqs. (2.2) and (2.4)
approach the MP2 amplitude and energy equations, respectively. Thus, the DSRG-

PT2 energy gradient becomes identical to the MP2 gradient in the limit of s — oo.
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Note that the DSRG-PT2 amplitude and energy equations are not invariant under
separate rotations of hole and particle orbitals because the exponential regularizer
is defined using canonical orbital energies. Consequently, two options are available
for formulating DSRG-PT2 gradients: i) generalizing the DSRG-PT2 equations to
an orbital-invariant form, or ii) enforcing diagonality of the Fock matrix in the linear
response equations. The former solution is problematic, because it increases the com-
putational cost of the DSRG-PT2 due to the need to transform and back-transform
the amplitudes to the canonical basis.%? We instead follow the latter approach which,
as we shall demonstrate, leads to a numerically robust computational procedure that

has the same asymptotic cost of the MP2 gradient theory.

2.2.2 Energy gradient expression

Since the DSRG-PT2 scheme assumes canonical SCF orbitals, it is convenient to

derive equations for analytic gradients using the Lagrangian approach.?*48:69°71 To

this end, we write the DSRG-PT2 Lagrangian as

L(s) =E(s
1 H P
.
128 [ws) — A%t )
ij  ab
18 1.E
5 D A= ote) — 5 Y wi(SE = ). (2.5)
pq pq

where ST = (i,|1,) are overlap integrals and 07 denotes the Kronecker delta. For

]

brevity, we also introduce the shorthand notation 9% (s) = v%[1 — e‘s(AZjb)Q].

In
Eq. (2.5), we have enforced three constraints: i) the DSRG-PT2 amplitude condi-
tions (second line), ii) the diagonality of the Fock matrix (first term in the third
line), and iii) the orthonormality of the MSOs (last term). To these three constraints

. . 1 b,(1)
we associate the corresponding Lagrange multipliers, ffj (s), 2P

P, and WP, respec-

tively. Following convention, we refer to 27 as the DSRG-PT2 one-particle density

matrix (OPDM) and to w! as the energy-weighted density matrix (EWDM), noticing,
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however, that other derivations may absorb a factor 1/2 into these expressions.

The Lagrangian [Eq. (2.5)] is equal to the energy expression [Eq. (2.4)] when L(s)
. . . . zab,(1 +7,(1
is stationary with respect to all its parameters [t;; ( )(s), 28, WP, tajb( )(s), €, and C, |,

that is, when the following conditions are satisfied

(0L(s)/0l5; " ()] = 0, (2.6)
OL(s)/02F =0, (2.7)
OL(s)/0wb =0, (2.8)
OL(s)/0lty ()] =0, (2.9)
dL(s)/0e, = 0, (2.10)

| 9L(s)/0C,, = 0. (2.11)

Consequently, the DSRG-PT2 energy gradient with respect to a perturbation x can

be written as

(2.12)

Note that the stationarity conditions [Egs. (2.6)—(2.11)] apply in the unperturbed
situation (z = 0).

Equations (2.6), (2.7), and (2.8) correspond to the three constraints imposed on
L(s) and they are trivial to derive. The amplitude response equation [Eq. (2.9)] may

be expressed as:

oL 1, —oaii2] Loab 1) aij
5 = 1% 1 e @] - ZE Al ~ o, (2.13)
ab

where here and in the following text we drop the label “(s)” for all s-dependent

quantities. The amplitude Lagrange multipliers [75_?;’(1)] are thus given by

pab ] 4 es(A)?
tjﬂ),(l) _ zq{ [1 + e—s(Aan)ﬂ _ t”l;(l)—i_e—f' (214)
v T AT b ey

Note that according to Eq. (2.14) the value of t_?f’(l) diverges when Azjb — 0; however,

(1)

the Lagrangian terms that depend on t_fjb will not diverge. It is easy to show that
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terms that contribute to the second line of Eq. (2.5) individually go to zero:

_ i5)2
. mb,(1)~ij _ w1 —e 2s(A) _0 515
Allmo ij Uab = Azljmovm UabT — Y ( . )
b_> ab
tim 7P OAZEY = tim ot ® 14 e @] o, (2.16)
A —0 AV —0

We can now use Eq. (2.14) to remove 257;,(1) from the Lagrangian [Eq. (2.5)]:

Z Z ,Uizjbtfljb (AZJA)Q}

ij  ab
H P ij\2
1 32 gi L e
~a () o
i~ 1<
+35 > 2B (fl— dl,) — 5 D wh(SE—on). (2.17)
Ppq Pq

Next, we consider the canonical orbitals constraint. Adding orbital energies to
the optimization procedure is convenient because once Eq. (2.10) is satisfied, terms of
the form J¢,/0C,, do not contribute to the gradient. Imposing this constraint leads
to the following expressions for the diagonal elements of the OPDM:

2l =24 =0, (2.18)

1 — 6728(A” )2

H P -
zf = Z Z(U?jb)2 [486_2S(A;jb)2 . W]’ (219)

J ab
H P ij\2
ij 1 — e 25(Ag)
2= — 02 [~ 25(80)° _ —] 2.20
== TSAE (2:20)

We are now ready to derive the orbital response terms by requiring stationarity
with respect to orbital coefficients [Eq. (2.11)]. Here, we follow the approach of
Levchenko et al.*” where derivatives 9£/0C,,, are contracted with the MO coefficient

matrix, i.e., by imposing

Z Mpac 0, VpgeG. (2.21)

Expressions for all the DSRG-PT2 OPDM blocks are reported in Table 2.2. Here we

illustrate the approach used to derive these expressions by considering the elements
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Table 2.2: The DSRG-PT2 one-particle density matrix elements. Einstein convention
of summation over repeated indices is adopted. The big O notation is assumed for
computational cost analysis.

Term Expression® Cost
z? 0 N%V
zj 0 Ngco
2114 IZp/AI NéNFCNFV
2 A“ Np N Nev
zé (vgéqu - vlbw;jb)/AI N N&Npc
2y (v 2P + vew?) /Ay NEN& Npy
Z;' ( abw]k abvgkz)/Az NI?-’INI%

b

% (U whe + WiFvpe) [Aq NpNi
i (vgi 28 — v + viwid) /AL N Vi
@ wrs = sl — e 285" JATS and thus whd = —wls.

of the H-H block (z ) Imposing the condition X; J — ( leads to the following system

of equations

G

Z Zv t]k [1 + e’S(AZI;)Q] + e + Z zgvpz w! =0, (2.22)

Pq

for Vi, j € H. Since both the OPDM and EWDM are symmetric (i.e., 21 = 2P and
wi = wk), we can eliminate the w! terms by evaluating the difference X7 — X 1=0

and express 2] in closed form as

(2.23)

1 — e—2s(AZ) 1 _ e—zs(Agg)?]

} : 2 : ab, ik [ _
i ’Lk: ab 7k ik
Aab Aab

Z

At first glance, Eq. (2.23) may appear to diverge when orbitals ¢; and 1; have de-
generate orbital energies, yet its value is bounded since
os(Aik)2
Al}riloz = Z va,fv;l; [456’28(%@2 — #]. (2.24)
Equation (2.24) is bounded even in the limit of A* — 0, in which case it is equal
to 2/ = 2530 S0 v®v’y. Interestingly, the diagonal elements of Eq. (2.24) have
expression identical to those of 2! as defined in Eq. (2.19). It can be shown that

terms in Table 2.2 are universal for both diagonal and off-diagonal elements of the
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OPDM. We note that the MP2 density can also be retrieved using equations in Table
2.2 by setting s — oco. In this limit, the denominators associated with z} and zj
can be easily removed. For example, in the case of z; the term in square brackets

appearing in Eq. (2.23) may be written as 1/A} — 1/A% = AL/(ATFA%) ™

Table 2.3: The DSRG-PT2 energy-weighted density matrix elements. Finstein con-
vention of summation over repeated indices is adopted. The big O notation is assumed
for computational cost analysis.

Term Expression® Cost
wh 0 Niy
wf zé’vz}] NN
wf‘ 612}4 NFCNFV
wif EiZ{’ + nggf NéNHNFC
w% Easzl NPNFV
wl €azl + zgvgc{ N& Np Ngc
W;A EZ‘ZiA NHNFV
w} €;2% + 2007 +vipwiy N N2
wy €a?y + VI Wy, N N4
W €% — VWi NENg
gy = ol — MR AT

Once the DSRG-PT2 OPDM is determined, we can solve for w!? by imposing
XP =0or X! =0. In Table 2.3, we report the most efficient way to compute the
EWDM, implicitly assuming its symmetry (wg = w?). At this point, the DSRG-PT2

Lagrangian is fully specified and the energy gradient [Eq. (2.12)] can be evaluated as:
dE®  1& = o
P DL (U 0
pq m

1 H P y 1 G
52 2 Tal) = 5 D WS, (2.25)
Pq

ij ab

where (hf)®, (S)*, and (v,7)* are the skeleton one-electron, overlap, and antisym-
metrized two-electron derivative MSO integrals,? respectively. In Eq. (2.25), T, is

the DSRG-PT2 two-particle density matrix given by:

T — i) [1 n e—s(A’;j‘m] _ (2.26)
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Finally, we briefly discuss the computational complexity of the DSRG-PT2 an-
alytic gradients and compare our derivation to MP2 gradient theory. The cost of
computing 2! and w? is given in Tables 2.2 and 2.3, respectively. The most expensive
step in the computation of the DSRG-PT2 gradient is evaluating the 2" and wj terms,
which scales as O(NpgN&). This cost is found to be identical to that of MP2 gradient
theory. In comparison to the MP2 densities,” the DSRG-PT2 counterparts [Tables
2.2 and 2.3 and Eq. (2.26)] all possess additional exponential factors that arise from
the regularizer. In the limit of s — oo, the DSRG-PT2 densities become identical to
the MP2 ones, assuming all denominators differ from zero.

The derivation presented in this section explicitly imposes the canonical-orbital
constraints in the Lagrangian. This approach can also be used to derive MP2 gra-
dients. A more convenient method to obtain MP2 gradients uses equations that
are invariant with respect to separate unitary rotations of occupied and virtual or-
bitals. In this case, there is no need to impose the canonical-orbital conditions in
the Lagrangian and no singularities need to be removed in the unrelaxed OPDM (z;
and zf). For DSRG-PT2, the presence of an exponential function e=5(A%)% in the
energy expression [Eq. (2.4)] complicates the formulation of orbital-invariant energy
and amplitude equations, and as such, enforcing the canonical-orbital constraints in
the Lagrangian is preferable. Note that the DSRG-PT2 derivatives can also be ob-
tained without using the method of Lagrange multiplier following the approach used
for MP2 gradients.” Nevertheless, this route appears to be more complex than the

Lagrangian approach.

2.3 Results

We have developed a proof-of-principle implementation of DSRG-PT2 gradient
theory as a plugin of Ps14.”® The correctness of this code was verified by two internal

tests using H,O and NH,. First, we verified the equivalence of the electronic dipole
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moments and equilibrium geometries between MP2 and DSRG-PT2 when s > 107
E; 2. Second, the analytic DSRG-PT2 energy gradients were tested against those from
five-point finite-difference calculations using a 0.005 a.u. step size. All components of
the analytic and finite-difference gradients differed by less than 1071 a.u.

To illustrate the performance of the DSRG-PT2 gradients, we computed the equi-
librium structures of fifteen small molecules, taken from Ref.3! These molecules in-
clude H,, N,, HF, CO, CO,, H,0, HOF, H,0,, HNC, HCN, NH,, CH,, C,H,, C,H,
and CH,O. The DSRG-PT2 optimized geometries were compared against those ob-
tained from MP2, CCSD,™ and CCSD(T).™ Analytic gradients were employed for
MP2 and CCSD, while the CCSD(T) gradients were obtained using a five-point finite-
difference formula. For geometry optimizations, we used a set of tight convergence
criteria where the maximum force and displacement between two consecutive steps
differ by no more than 2 x 107% and 6 x 107% a.u., respectively. In all computations,
we adopted the cc-pVQZ basis set”” and the MOs mainly built from 1s orbitals of the
second-row atoms were excluded for post-Hartree-Fock treatment. The flow param-
eter of DSRG-PT2 was set to 1.0 E; 2. The MP2, CCSD and CCSD(T) geometries
were optimized using MOLPRO 2015.1.7%™

Tables 2.4 and 2.5 report bond length and bond angle deviations for DSRG-PT2,
MP2, and CCSD from the CCSD(T) values. The geometries optimized using DSRG-
PT2 and MP2 yield almost identical mean absolute deviations, 0.0033 and 0.0035 A,
respectively. This result is expected for the following reasons: i) both methods are
based on the second-order perturbation theory, and ii) the molecules considered here
are closed shells and the magnitude of the Mgller—Plesset denominators is sufficiently
large that regularization has a minor effect on the energy. Interestingly, the CCSD
results show slightly worse statistics than those of DSRG-PT2, as previously also
observed for MP2.%
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Table 2.4: Equilibrium bond lengths (in Angstrém) of DSRG-PT2, MP2, and CCSD
relative to those of CCSD(T). The absolute values of CCSD(T) are shown in the right-
most column. The flow parameter of DSRG-PT2 is set to 1.0 £} 2 All computations
employ the cc-pVQZ basis set and the frozen-core approximation.

Molecule Bond DSRG-PT2 MP2 CCSD CCSD(T)
H, H-H -0.0059 -0.0058 -0.0000 0.7419
HF F—H 0.0009 0.0009 -0.0025 0.9162
H,O O—H -0.0002 -0.0002 -0.0026 0.9579
HOF O—H -0.0002 -0.0002 -0.0035 0.9665
H,O, O—H 0.0004 0.0004 -0.0033 0.9627
HNC N—-H -0.0004 -0.0003 -0.0026 0.9961
NH, N—H -0.0027 -0.0026 -0.0024 1.0124
C,H, C—H -0.0023 -0.0023 -0.0018 1.0634
HCN C—-H -0.0027 -0.0026 -0.0020 1.0668
C,H, C-H -0.0029 -0.0028 -0.0017 1.0823
CH, C—H -0.0039 -0.0038 -0.0014 1.0879
CH,O C—H -0.0029 -0.0030 -0.0022 1.1022
N, N—N 0.0087 0.0101 -0.0072 1.1003
CcO Cc-0 0.0025 0.0032 -0.0071 1.1314
CO, Cc-0 0.0031 0.0036 -0.0072 1.1626
CH,O Cc-0 0.0003 0.0016 -0.0068 1.2066
HCN C—N 0.0042 0.0070 -0.0074 1.1564
HNC C—N -0.0004 0.0011 -0.0072 1.1720
C,H, c-C -0.0016 0.0021 -0.0065 1.2065
C,H, c-C -0.0073 -0.0047 -0.0060 1.3343
HOF O-F -0.0129 -0.0121 -0.0198 1.4347
H,0, 0-0 -0.0069 -0.0061 -0.0182 1.4525
Mean absolute deviation 0.0033 0.0035 0.0054

Standard deviation 0.0045 0.0047 0.0050

Table 2.5: Equilibrium bond angles (in degrees) of DSRG-PT2, MP2, and CCSD
relative to those of CCSD(T). The absolute values of CCSD(T) are shown in the
rightmost column. The flow parameter of DSRG-PT?2 is set to 1.0 E, 2. All compu-
tations employ the cc-pVQZ basis set and the frozen-core approximation.

Molecule Bond angle DSRG-PT2 MP2 CCSD CCSD(T)

H,0 H—O—H 20.09 0.10 0.28 104.12
HOF H-O-F 0.16 0.14 0.76 97.78
H,0, H-0-0 -0.22 0.25 0.73 99.91
NH, H-N—H 0.29 0.29 0.28 106.18
C,H, H-C—H 0.20 0.23 0.12 117.12
CH,O H-C—H -0.04 -0.00 -0.06 116.44
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2.4 Conclusions

We have presented a derivation of the DSRG-PT2 analytic energy gradients us-
ing the method of Lagrange multipliers that includes canonical orbital constraints,
as required by the formulation of the DSRG-PT2 method. Importantly, this addi-
tional constraint does not introduce any difficulty in the derivation of the DSRG-PT2
one-particle density matrix and the energy-weighted density matrix. The DSRG-PT2
Lagrangian is also found to be bounded for small energy denominators. The evalu-
ation of DSRG-PT2 gradients has essentially the same computational cost of MP2
gradients, since additional terms due to the regularizer have a negligible cost.

We have employed the DSRG-PT2 analytic gradients to compute the equilibrium
structures of fifteen small molecules. The DSRG-PT2 optimized geometries are in
excellent agreement with those obtained by MP2. This observation indicates that
s =10 E, 2 is sufficiently large for DSRG-PT?2 to recover the most of the electron
correlation captured by MP2. In general, both DSRG-PT2 and MP2 theories yield
a good balance between accuracy and cost for optimizing molecular structures, and
they are in fortuitously good agreement with CCSD(T) for the molecules considered
in this work.

Based on the current work, we envision the following challenges for developing
gradient theory for the multireference DSRG-PT2 (DSRG-MRPT?2). Obviously, the
multireference partitioning of non-frozen orbitals into core, active, and virtual sets
increases the number of orbital response equations. Perhaps, the major difficulty is to
implement an efficient algorithm for optimizing the DSRG-MRPT2 Lagrangian with
respect to the reference wave function. This challenge results from the fact that the
DSRG-MRPT?2 energy is written in terms of the one-, two-, and three-particle density
matrices of the reference. The derivatives of the higher-order reduced density matrices
introduce a memory bottleneck that may require the use of a batching algorithm, as is

done in the context of CASPT2.%! Additional complications may also come from the
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DSRG-MRPT2 amplitude equations where singles depend on semi-internal doubles.

There are several other directions worth explorations. The simple structure of
the DSRG-PT2 gradient equations suggests that energy derivatives of the nonper-
turbative version of single-reference DSRG theory may be easily attained.®” Note
that, as any other regularized MP2 approach, the DSRG-PT2 energy lies in between
the Hartree—Fock and MP2 energies. In particular, for systems with one or more
small denominators, the DSRG-PT2 method will ignore large unphysical contribu-
tions to the correlation energy due to the presence of a regularizing function. Thus,
the DSRG-PT2 in itself is not applicable to systems that require a multireference
treatment. However, the DSRG-PT2 may be useful in other contexts where the per-
formance of MP2 can be improved by regularizations, like in the case of dispersion
interactions. °*2 It would also be interesting to see how an orbital-optimized version
of DSRG-PT2 may perform against other regularized OO-MP2 methods recently pro-
posed by Lee and Head-Gordon.? In the near future, we plan to optimize the value of
the flow parameter s by developing test sets in which static linear response properties

are considered along with energies.
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Chapter 3 Analytic Gradients for DSRG-
MRPT2

Chapter Abstract

We derive analytic energy gradients of the driven similarity renormalization group
(DSRG) multireference second-order perturbation theory (MRPT2) using the method
of Lagrange multipliers. In the Lagrangian, we impose constraints for a complete-
active-space self-consistent-field reference wave function and the semicanonical or-
thonormal molecular orbitals. Solving the associated Lagrange multipliers is found
to share the same asymptotic scaling of a single DSRG-MRPT2 energy computation.
A pilot implementation of the DSRG-MRPT2 analytic gradients is used to optimize
the geometry of the singlet and triplet states of p-benzyne. The equilibrium bond
lengths and angles are similar to those computed via other MRPT2s and Mukher-
jee’s multireference coupled cluster theory. An approximate DSRG-MRPT2 method
that neglects the contributions of three-body density cumulant is found to introduce
negligible errors in the geometry of p-benzyne, lending itself to a promising low-cost

approach for molecular geometry optimizations using large active spaces.

3.1 introduction

Analytic energy derivatives play a central role in modern quantum chemistry.*
They enable efficient geometry optimizations and ab initio (including non-adiabatic)
molecular dynamics simulations,?* two tasks that require rapid evaluation of energy
gradients with respect to nuclear coordinates. Recent developments of analytic gra-

dients for local correlation methods have extended first principles geometry optimiza-

Reproduced with permission from Wang, S., Li, C., & Evangelista, F. A. J. Chem. Theory
Comput. 2021, 17, 7666-7681. Copyright 2021 American Chemical Society.
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tions to weakly correlated molecules with hundreds of nuclear degrees of freedom.®”

For strongly correlated systems (e.g., diradicals and transition-metal complexes), mul-
tireference (MR) methods® ! are generally necessary to obtain accurate global po-
tential energy surfaces (PESs). Unfortunately, the development of analytic energy
gradients for multireference theories has trailed that of single-reference methods both
in terms of the underlying mathematical formalism and the broad availability of soft-
ware implementations, limiting studies of strongly correlated systems.

Within the domain of MR methods, the sweet spot between accuracy and compu-
tational cost is found in second-order perturbation theory (MRPT2). Various MRPT2

methods have been proposed over the years, '272°

among which the most widely applied
are the complete-active-space (CAS) second-order perturbation theory (CASPT2)!
and n-electron valence second-order perturbation theory (NEVPT2).'® The CASPT2
scheme based on a single CAS configuration interaction (CI) state is known to suffer-
ing from the intruder-state problem. This issue is commonly addressed by applying
level shifts to the diagonal elements of the one-body zeroth-order Hamiltonian.?¢:27 A
different, parameter-free approach is used in NEVPT2 to deal with intruder states,
whereby the zeroth-order Hamiltonian is augmented with bi-electronic terms, as pro-
posed by Dyall.?® Nonetheless, both CASPT2 and NEVPT?2 in principle require the
four-body reduced density matrix (4-RDM) of the CASCI wave function that are
both costly to compute and store in memory. Numerous efforts have been made to
reduce the cost of high-order density matrices. For example, building and storing

the 4-RDM can be avoided using a cumulant decomposition?® 3>

and subsequently
neglecting contributions from the 4-body density cumulant. This approach has lent
itself to efficient and robust implementations of CASPT2 that can handle up to thirty
active orbitals. %37 Such approximations are less successful in NEVPT2 and “false in-

truders” may appear due to the density dependencies of the Koopman’s matrices in

the energy denominators.*®3Y For a similar reason, the use of Cholesky decomposed
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integrals may also destabilize the numerical robustness of the NEVPT2 method.
For certain formulations of MRPT2, it is possible to avoid computing the 4-RDM
by introducing appropriate intermediates, employing an uncontracted formalism, or
a matrix product state reference. 41745

The developments of analytic energy gradients for MRPT2s were largely over-
looked for a long time. The very first derivation were reported by Nakano and co-
workers in 1998, on the multi-configurational quasi-degenerate perturbation theory
(MC-QDPT).*" However, applications of MC-QDPT gradient theory were restricted
to small systems*® until the recent work of Park that employs the analytic gradient
theory of the extended MC-QDPT? to optimize the conical intersections of a reti-

50,51

nal model chromophore. The analytic first derivatives have also been developed

for Werner’s partially contracted CASPT2°? and Hoffmann’s generalized Van Vleck

53,54 55-57

perturbation theory, along with their extensions for excited states.

More recently, significant advances have been made in developing the analytic
gradients for CASPT2 and NEVPT2. The analytic gradients for the fully internally
contracted CASPT2 were first achieved by MacLeod and Shiozaki via automatic
code generation.”® Multi-state generalizations of CASPT2 have also been derived
by Shiozaki and co-workers,?* %! and made publicly available through the BAGEL
package.%? Song, Martinez, and Neaton developed the analytic gradients for the re-
duced scaling CASPT2 based on supporting subspace method. %% Gradient theory
for NEVPT?2 was introduced independently by Park%-% and Nishimoto.%"%® Analytic
gradients for the restricted active space second-order perturbation theory have also
been developed by Nishimoto. %

The driven similarity renormalization group (DSRG) provides an alternative frame-
work to formulate MR theories that avoid the intruder-state problem and yield smooth

PESs. %™ In the DSRG, the many-body Hamiltonian is unitarily transformed in such

a way that interactions that couple the reference state and the excited configurations
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are zeroed (this is equivalent to a unitary internally contracted theory). Importantly,
this decoupling depends on the magnitude of the energy denominator of each in-
teraction removed, and it is gradually suppressed when a denominator approaches
zero. This feature of the DSRG introduces a separation of energy scales, the extent
of which is controlled via the so-called flow parameter s. For finite values of s, the
MR-DSRG methods yield continuous potential energy surfaces that are free from the
characteristic “spikes” caused by intruder states.

Over the past few years, we have proposed and implemented several practical
MR-DSRG ansitze. ™ The least computational demanding member of this family
is the DSRG-MRPT2 method.™ This approach uses a diagonal normal-ordered Fock
operator as the zeroth-order Hamiltonian. As a result, the DSRG-MRPT2 energy
only depends on the reference 1-, 2-, and 3-RDMs. Previous benchmarks on small
molecules show that the DSRG-MRPT2 approach yields PESs of similar accuracy to
other MRPT2s.7>7 When combined with factorization of the two-electron integrals,
DSRG-MRPT2 be routinely applied to systems with more than two thousand basis
functions.”” The DSRG-MRPT?2 approach has also been combined with approximate
CASCI methods to target large active spaces. ™™ These encouraging results motivate
us to further extend its applicability.

Herein, we report a pilot implementation of the analytic energy gradients for the
state-specific unrelaxed DSRG-MRPT2 method.™ The DSRG-MRPT?2 energy is not
variationally optimized with respect to the orbital and CI coefficients, nor the cluster
amplitudes. Following a standard approach,®’®! we construct a Lagrangian function
(£) and incorporate constraints for non-variational quantities. As anticipated from
previous experiences,®*°®82 the computational bottleneck of the gradient procedure
is solving the coupled Z-vector equations®*** for the orbital and CI coefficients. Due
to the complexity of the DSRG-MRPT?2 analytic gradients, in this work we restrict

our derivation to the original unrelaxed approach.™ Variants of the DSRG-MRPT2
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that include reference relaxation” will be considered in future works.

This paper is organized as follows. We start by introducing the DSRG-MRPT2
energy expressions and the amplitude equations in Sec. 3.2.1, followed by a general
discussion of gradient theory using the method of Lagrange multipliers in Sec. 3.2.2.
We report expressions for all the constraints and the corresponding Lagrange mul-
tipliers in Sec. 3.2.3 and 3.2.4, respectively. The theory section is concluded with a
brief discussion on the computational cost and limitations of the current implemen-
tation (see Sec. 3.2.5). In Sec. 3.3, we report the adiabatic singlet—triplet splittings
of p-benzyne computed from the DSRG-MRPT2 optimized geometries using analytic
gradients. Finally, we conclude this work in Sec. 3.4 by pointing out several future

directions and applications of DSRG-MRPT2 gradient theory.

3.2 Theory

We first introduce the orbital notation adopted in this work. Consider a set of
CASSCF orthonormal molecular spin orbitals (MSOs) G = {¢,(r,w) = ¢,(r)o,(w),p =
1,2,...,Ng}. Each MSO is a product of a molecular orbital (MO) ¢,(r) and a spin
function 0,(w), and the spatial and spin coordinates are indicated with r and w, re-

spectively. An MO is a linear combination of nonorthogonal atomic orbitals (AOs)
Xpu(T):
AO
&p(r) =D xu(r) Crp, (3.1)
m
where C),, is the orbital coefficient matrix. The MSOs are assumed to be orthonormal,

in which case the MSO overlap integral (S7) is an identity matrix:

5;’ = <¢p|¢q> = 537 (3-2)

where 07 is the Kronecker delta. We partition the MSOs into three subsets: core (C,
doubly occupied), active (A, partially occupied), and virtual (V, unoccupied). For

convenience, we also introduce composite orbital spaces, namely, hole (H = CU A)
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and particle (P = A UV). The indices labeling MSOs are summarized in Table 3.1,
and Greek letters u, v, p, 7 are utilized to index AOs.

Table 3.1: Partition of the spin orbital spaces.

Space Symbol Size Indices Description
Core C N¢ m,n,o Occupied
Active A Na U, v, W, T, Y, 2 Partially occupied
Virtual \Y Ny e, f Unoccupied
Hole H Ny 1,7, k,1 CUA
Particle P Np a,b,c,d AUV
General G Ng D,q, T, S CUAUV

The CASSCEF reference wave function Wy (often referred to as the “reference” in

the following) is a linear combination of Slater determinants ®;:

Mo
To) = er|®y), (3.3)

with ¢; being the vector of CI coefficients. These determinants form a complete active

space (CAS) denoted by My. Any ®; € M, can be expressed as

@) =T [ [ &l 1-) (3.4)

where |—) is the true vacuum and af (a,) is a fermionic creation (annihilation) oper-
ator. In Eq. (3.4), the operator It = alal - is one of the | My| choices of creating
ng electrons in the N, active orbitals in such a way that ®; has the desired spin and
spatial symmetry. In the following, we use capital letters I and J to label the index
of determinants in M.

It is convenient to express the properties of the CASSCF reference in terms of gen-
eral n-particle reduced density matrices (n-pRDMs), with nonzero elements defined
as

= (Bl dal - ayd ). (3.5)
n operators n operators

For example, the reference energy Ey = (Uo|H| W) may be expressed in terms of

v

the 1- and 2-pRDMs (v, and ~;), and the one-electron (hf) and antisymmetrized
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two-electron (v)%) integrals. In particular, we have

pq

Eo = (Wo|H|Wo) = Ef + E, (3.6)

where the core (Ef) and active (E§) parts of the energy are defined as:

C 1 C

E§=Y hn+ 5 > (3.7)
AL

By = fuvi+ 3> vy, (38)
uv uvTy

In Eq. (3.8), we have introduced the core Fock matrix (f9):

p
B C
fo=ni+> vl (3.9)
C A \
0
f =
0

Figure 3.1: Generalized Fock matrix in the semicanonical CASSCF basis. The blocks
colored in blue are dense while the three diagonal blocks contain only diagonal ele-
ments.

We further define a generalized Fock matrix of the reference with components f¥?
given by:
A

=1+ ol (3.10)

The DSRG-MRPT2 method is formulated in the semicanonical orbital basis, such

that the core, active, and virtual blocks of the generalized Fock matrix (see Fig. 3.1)
are diagonal:

fi=fhol, Vp,qe0, VO € {C A V}. (3.11)

The diagonal entries fI' can thus be viewed as orbital energies and they are denoted

as €,. From here, the Mgller-Plesset denominators are defined as:
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In this semicanonical basis, the zeroth-order Hamiltonian [ﬁ ©)] of DSRG-MRPT2

has a simple form:
G
HO = Ey+Y e {ala,}, (3.13)
p

where the curly braces “{-}” indicate operator normal ordering with respect to the

state Uy, following the approach of Mukherjee and Kutzelnigg. 3!

3.2.1 DSRG-MRPT2 Energy

In this section, we summarize the DSRG-MRPT2 energy expression within the
unrelaxed formalism. The reader is encouraged to consult Ref.” for a detailed deriva-
tion. In Table 3.2, we summarize the scalar and tensorial quantities that enter in the
DSRG-MRPT?2 energy expression.

Table 3.2: Summary of notations used in the DSRG-MRPT2 energy.

Name Expression Description

Ey Eq. (3.6) CASCI reference energy

E®) Eq. (3.15) DSRG second-order energy correction
hd (Pplhl)g) 1-electron integrals

(G (gl rts) antisymmetrized 2-electron integrals
I Eq. (3.9) core Fock matrix

I Eq. (3.10) generalized Fock matrix

fe Eq. (3.19) modified first-order Fock matrix
%’“j Eq. (3.5) n-particle reduced density matrices
A Eq. (3.12) Moller—Plesset denominators

ﬁfjb Egs. (3.17) & (3.18) modified first-order integrals

" Egs. (3.21) & (3.22) first-order cluster amplitudes

The unrelaxed DSRG-MRPT2 energy £(s) is the sum of the the reference energy

FEy [Eq. (3.6)] and a second-order correction £ (s):
E(s) = Ey+ EW(s), (3.14)

where s € [0,4+00) is the DSRG flow parameter, whose significance will be clari-

fied later. The second-order energy correction in Eq. (3.14) is given by the fully
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contracted terms from an effective first-order Hamiltonian H (M(s) and a first-order

cluster operator 7 (s):
E®(s) = (Wo|[HV(s), T (s)][¥o) - (3.15)

Detailed expressions for equation (3.15) are presented in Appendix 3.A. In general,
E®@)(s) is a sum of tensor contractions of the first-order cluster amplitudes [tfi(l)(s),
7MW (5)], the modified first-order integrals [h""(s), Bﬁ;”(l)(s)], and 1-, 2- and 3-
pRDMs. For brevity, in the following we drop the superscript “(1)” for the first-order
quantities and the label “(s)” for s-dependent amplitudes or integrals.
The effective first-order Hamiltonian possesses the form
H P 1B P
ﬁe:EIE:BﬂﬁJ~FZ§:§:%?d$, (3.16)
i a ij ab

where the modified first-order integrals are given by: ™

hi = fi 4 - Ay, —(Via€A), (3.17)
heb = 202 — AU (3.18)

In Eq. (3.16), we have introduced a compact notation for a string of creation and
annihilation operators: a247 = alal ---asa,. In Eq. (3.17), we have also defined an

auxiliary one-body intermediate fi“
A
fir= £+ ) At (3.19)
The DSRG-MRPT?2 cluster operator T is written as

H P H P

r ifra 1 ij fra

T=3 > tdat+ 1> > tafay (3.20)
7 a ij  ab

where the cluster amplitudes are determined via:

th = fARL(AY), ~(Vi,a € A), (3.21)

td, = v Ry(AL,), ~(Vi,j,a,b € A). (3.22)
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Here, R4(A) is a function that regularizes the inverse of A:

1 — 6—5A2

R(A) = —% (3.23)

The internal amplitudes labeled solely by active indices do not follow Egs. (3.21) and
(3.22) as they are assumed to be zero,™ that is, t*¥7 = 0,Vu,v,z,y,--- € A. For
convenience of deriving the gradient theory, these internal excitations are excluded
from the cluster operator without loss of generality. For this reason, along with the
fact that f¥(Vu,v € A) contribute only to HO_ the one-body components of H should
not include elements labeled by only active indices either [see Eq. (3.17)]. Contrarily,
no index restrictions apply to 71;’;’ [Eq. (3.18)] because v*¥, YV u,v,z,y € A are proper
contributions to the first-order Hamiltonian such that Bﬁj = 20 Vu,v,x,y € A.
We also point out that both E?Jb and tfb are antisymmetric with respect to individual
permutations of upper or lower indices, e.g., tffb = —té{l = —tﬁ = tz;

The denominators A% that enter into the DSRG-MRPT2 amplitudes [Egs. (3.21)
and (3.22)] may be positive or close to zero. When the latter occurs, these amplitudes
remain bounded for finite values of s because the divergence of the denominator is
suppressed by the regularizer Ry [Eq. (3.23)]. However, even if a denominator is
not zero, the magnitude of R, can be as large as ~ 0.6382y/s.” Therefore, it is
necessary to use a value of s that balances the amount of correlation captured by the
DSRG-MRPT?2 with the risk of reintroducing intruders. Previous work™ has found

a “Goldilocks zone” for s around ~ 1 E;? that yields accurate results and avoids

intruders.

3.2.2 DSRG-MRPT2 Gradients

Analytic expressions for the DSRG-MRPT2 gradients are obtained by taking the
total derivatives of the energy [Eq. (3.14)] with respect to external perturbations.
Without loss of generality, in this work we take the external perturbations to be

nuclear displacements. The difficulty of deriving the DSRG-MRPT?2 gradient theory
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can be easily appreciated. Consider the derivative of an amplitude ¢ with respect to
an atomic coordinate R in the gradient contribution gt‘i 82 As shown in Eq. (3.21),
all quantities that enter in the equation for t¢ (f!, A?, and t*) depend on R, leading
to numerous contributions to the derivative equations.

More importantly, the DSRG-MRPT2 energy implicitly depends on both the or-
bital coefficients C),, [Eq. (3.1)] and the CI coefficients ¢; [Eq. (3.3)]. These quan-
tities are determined by the CASSCEF stationary conditions but are not variation-
ally optimized in DSRG-MRPT2. Thus, computing the DSRG-MRPT2 gradients
requires the evaluation of 0C,,/OR and dc;/0R, which can be solved via the coupled-
perturbed (CP) CASSCF equation.®% For a molecule with M atoms, there are 3M
CP-CASSCF equations, the solution of which becomes computationally impracti-
cal for large systems. As realized by Handy and Schaefer,®® the 3M CP-CASSCF
equations may be replaced with a single perturbation-independent response equa-
tion (Z-vector approach), whose solution suffices to compute the energy derivatives
for all nuclei. The Lagrangian formulation of the gradient theory of Helgaker and
Jorgensen® directly leads to a set of response equations equivalent to the Z-vector
approach.

Herein, we follow the standard approach for deriving analytic energy gradients
based on the method of Lagrange multipliers.®%® The DSRG-MRPT2 Lagrangian
(L) reads as

L= 5+Z W) F AW X+, (3.24)

with scalar terms reflecting the constraints on the n-body cluster amplitudes (7,), the
n-body modified integrals (H,,), the use of semicanonical CASSCF orbitals (F), the
orthonormality of the MSOs (W), and the use of a CASCI reference (X') subject to
normalization ())). In general, each of these terms is written as a dot product between
a vector (or tensor) of equality constraints and the associated Lagrange multipliers,

where every constraint is a zero-valued function of some parameters. All terms of
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Eq. (3.24) are summarized in Table 3.3 and explicit definitions are discussed in detail

in section 3.2.3.

Table 3.3: Summary for the DSRG-MRPT?2 Lagrangian constraints.

Term Constraints Multipliers Description
T, T3 Eqgs. (3.35) & (3.36) T n-body cluster amplitudes
H, f[fjlfjj'Eqs. (3.37) & (3.38) KD n-body modified integrals
F  F¢ Egs. (3.29)-(3.32) & CASSCF semicanonical orbitals
W W7 Eq. (3.47) wl orthonormal orbitals
X X; Eq. (3.40) &r CI coefficients from CASCI
Y Y Eq. (341) L normalized CI coefficients

When the Lagrangian is stationary with respect to variations of all the parame-
ters and multipliers, the DSRG-MRPT2 analytic energy gradients (evaluated at the

reference geometry Ry) can be computed as:

d&
dR

o
r-r, OR

R=R,

G G G

=) IRRE)T Y TR(0p)T 4 ) wh(SE)”. (3.25)
Pq pars pa

Here, (hD)®, (v;2)%, (S3)* are skeleton one-electron, antisymmetrized two-electron, and
overlap derivative MSO integrals, respectively. 38687 These quantities are multiplied
by the corresponding relaxed one-body density (I'"), relaxed two-body density (I'??),
and the energy-weighted density w?, which can be obtained by collecting the respective

terms in front of kY, v’

1, vpa, and S in L. Contributions to the relaxed densities are given

in Appendix 3.B.

3.2.3 DSRG-MRPT2 Lagrangian Constraints
CASSCF Semicanonical Orbitals

To impose that the orbitals are variationally optimized using CASSCF and satisfy

the semicanonical condition [Eq. (3.11)], we include the term F in the Lagrangian
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function [Eq. (3.24)]. This term is defined as:

G
F=> (I, (3.26)
pq

where (! are the Lagrange multipliers associated with the constraints F? = 0. For

converged CASSCF orbitals, the following conditions are satisfied: %%

fo=0, fr=0, fu—fu=0, (3.27)

with the intermediate f;j defined by:
) A 1A
fy =D B+ 5 D vy (3.28)
v vTY

Equation (3.27) is easily translated to the following constraints:

Fo =F"=f°, meC,eecV, (3.29)
Fe=F* = —f* ueheeV, (3.30)
Fm = FY = fu _ fu weA,mecC, (3.31)

where the symmetry of FY reflects the Hermiticity of f7 and fg . To formulate the
CASSCF constraints in a consistent manner, in Eq. (3.30) we define F¢ to be the
negative of the corresponding term in Eq. (3.27).

We impose the semicanonical orbital basis condition [Eq. (3.11)] by defining the

diagonal blocks of F as:

Fi=f1—e06l, Vpge0, VOe{C,A,V} (3.32)

p p

We point out that in our formulation the orbital energies (¢,) in Eq. (3.32) are treated
as parameters constrained to take the value of diagonal elements of the generalized
Fock operator, as done in MC-QDPT?2 and CASPT?2 gradient theories. %! It can be
easily checked that the quantities F! implicitly depend on three sets of parameters:
1) the MSO coefficients C (via the one- and two-electron integrals), 2) the reference

CI coefficients ¢ (via the 1- and 2-pRDMs), and 3) the MSO orbital energies €.
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Cluster Amplitudes and Modified Integrals

The DSRG-MRPT?2 correlation energy E®) [see Eq. (3.15)] is a function of cluster
amplitudes (ty, t2), modified integrals (hy, h,), and the reference n-pRDMs, as shown
in Appendix 3.A. To shift the dependence of C away from E® we consider both
cluster amplitudes and modified integrals as parameters in the DSRG-MRPT2 La-
grangian. This aspect is embodied in the 7,, and H,, constraints in Eq. (3.24), which

are given by

H P
o Tk SN T (3.33)

ij- ab--
1 H P
YR ab- Trab---
H, = Tk SN ki HD (3.34)
ij- ab-

The constraints for the one- and two-body cluster amplitudes are obtained by rear-

ranging Eqgs. (3.21) and (3.22):

Tci - fia RS<AZ) - tfza _'(Viv ac A)? (335)

T = v R(AZ) — 1 ~(V1,j,a,b € A), (3.36)

with the associated Lagrange multipliers 7! and Téi, respectively. Similarly, Eqs. (3.17)

and (3.18) result in constraints for the modified integrals:

A = fo+ o - Al — e, ~(Via € h), (3.37)

rrab ab _ ATI 435 Tab
H’ij = 2Uij Anptap hij?

(3.38)

with the corresponding multipliers denoted as x{ and Ii?]b, respectively. Notice again
that Eqs. (3.35)—(3.37) inherit the restrictions of indices from Egs. (3.21), (3.22),
and (3.17). As far as the implicit dependence on parameters concerned in these
constraints, T;{) depends on ty, C, and €, while T" depends on t;, C, €, ¢ and ts.
Compared to the same-rank amplitude constraints, the one- and two-body constraints

for modified integrals simply add additional dependences on h; and hy, respectively.
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Reference CI Coefficients
Next, we discuss constraints that arise from enforcing the variational condition
on the reference and its normalization. The reference wave function ¥, [Eq. (3.3)]

satisfies the eigenvalue problem:

Mo
> (@|H|®,)) ey = Eocr, VI € M, (3.39)
J

Mo 2
I

subject to the normalization condition ||c||3 = ¢; = 1. As such, we may write

out the CI constraints as a vector (X;) and a scalar (Y') defined as

X[ = (®;|H| W) — Eocy, (3.40)
Mo

Y=1-) ¢, (3.41)
I

and associate each constraint of Eq. (3.40) with a multiplier ; and Eq. (3.41) with
the multiplier ¢. In Eq. (3.40), we have used the fact that the ¢; coefficients are real to
symmetrize the expression for X;. It is easily verified that the X; and Y constraints
only depend on the parameters C and c.

In the DSRG-MRPT?2 Lagrangian [Eq. (3.24)], the CI constraints are imposed via

both X and Y:
Mo Mo N
X =Y &X;=(E§—Eo))Y &er+ Ej, (3.42)
I I

y=u(1- 21: 3). (3.43)

where E¢ has been defined in Eq. (3.7). The term E3 in Eq. (3.42) is similar to
Eq. (3.8) except that the 1- and 2-pRDMs in Eq. (3.8) should be replaced to the
corresponding modified RDMs (mRDMs) given by:

Mo
Vg = Z&CJ (Drlag, | Ps) . (3.44)
17

As noted by Celani and Werner,? any multiple of ¢; can be added to &; without

altering the Lagrangian contribution X" (since Z;Vlo c;X; =0). It is thus convenient
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to use this degree of freedom to make & and ¢ orthogonal:

Mo

> &er=0. (3.45)

I

Given such orthogonality condition, the CI constraint X' [Eq. (3.42)] can be further
simplified to only one term ES

Orbital Orthonormality

Lastly, the orthonormality of MSOs is imposed via the Lagrangian term W:
G
W= wiwy, (3.46)
Pq
where the constraints are defined by

Wi = 50— 5. (3.47)

p

The multipliers wi are identified as elements of the energy-weighted density matrix.
The MSO orthonormality constraint [Eq. (3.47)] depends parametrically only on the

orbital coefficients C.

3.2.4 DSRG-MRPT2 Lagrange Multipliers

After defining each term in the DSRG-MRPT2 Lagrangian, we solve for the
Lagrange multipliers by imposing stationarity with respect to all the parameters
(C,c, fll, l~12,t1,t2, and €). These parameters can be separated into two categories.
The orbital and CI coefficients stationary conditions resemble the coupled perturbed
CASSCF equations, which require an iterative procedure for the solution of the corre-
sponding multipliers (¢ and &). Instead, the multipliers associated with the remaining
parameters can be obtained in a direct way.

Modified Integrals
We first solve the Lagrange multipliers k; and ks corresponding to the modified

integrals constraints. Taking the derivative of £ with respect to the modified integrals
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and setting them to zero leads to:

oc B OE®

~ =0 = o — 2 = (W|[{al}, T]|W,), 3.48
o7 K= (oll{E) Tl (3.48)
oL OE® o

— =0 = K =4—— = (Uy|[{a”}, T]|T,) . 3.49
on B =g = lllEh 7). (349

We point out that 1) Ii%b is antisymmetric with respect to individual permutations

of upper or lower indices and 2) those elements labeled by active indices are zero
(K = kY = 0, Yu,v,2,y € A). Explicit expressions of x{ and x{? are reported in
Appendix 3.C.1, where we evaluate the fully connected terms of the commutators in
Egs. (3.48) and (3.49). Identical expressions can be alternatively obtained by directly
taking the partial derivatives of E®) with respect to the modified integrals (ﬁf and
ﬁ%b) and antisymmetrizing the resulting contributions to /@?JI? with respect to index
permutations.

Cluster Amplitudes

The Lagrange multipliers for the one-body cluster amplitudes can be easily solved:

oL . OE® .
- =0 = ! = — — kIAL. 3.50
atza 7-(1 ata K‘/Z a ( )
For the two-body multipliers, we have
8’C i a ¥ a i
7 =0 = T = 4W(E<2> +Ti+ Ha) — K AL, (3.51)
ab ab

The derivatives of the second-order energy correction with respect to cluster ampli-

tudes can be written as:

OE® ~
ot (Wo|[H, {a;}][Wo), (3.52)
OE® 1 N
17 =7 <\1J0| [Hv {d?b ]|\Ij0> ) (353)
ot~ 4 J

and their explicit expressions are presented in Appendix 3.C.1. To continue, we

evaluate the partial derivatives of f¢ [Eq. (3.19)] with respect to £

off 1 e
{f = —P(ab)P (i) (A7~} ;%) (3.54)
ots 4




71

where P(pq) is an antisymmetrizer with respect to indices p and q: P(pq) f(p,q,r,...) =

f(p,q,r,...)—f(q,p,r,...). We may then calculate the 7; and H, terms in Eq. (3.51)

as
1 -
T ZP(ab)Plis) [t Ro(2))] (3.55)
or1 4
oM, 1 e
o 1 P(ab)P(ig) (Afy]5). (3.56)

Two aspects are worth mentioning. First, only the active-active block of the 1-pRDM
contributes to Eqs. (3.54)-(3.56). Hence, 7¢ may be replaced with v (Vu,v € A)
after appropriate reindexing. Second, multipliers labeled only by active indices (77

u

and 7Y, Vu,v,z,y € A) are not defined because internal excitations are forbidden
and they are conveniently set to zero in our implementation.
Orbital Energies

The diagonal elements of ¢ can be obtained by making the Lagrangian stationary

with respect to the semicanonical orbital energies:

oL 0 [ -
a_ep:O = 45:8—%[;(7;+Hn)]- (3.57)

Evaluating the derivatives that enter into Eq. (3.57) is straightforward and the re-
sulting expressions are provided in Appendix 3.C.2.
Energy-Weighted Density, Orbital Rotations, and CI Coefficients

The remaining unknowns are the energy-weighted density (w) and the orbital (¢)
and CI (& and ¢) multipliers. In principle, these quantities are all coupled together,
but as shown by Celani and Werner,®? it is possible to write separate equations for
¢ and & from those for w. The equations for ¢ and & form a coupled linear systems,
whose solution may be then used to evaluate w.

When differentiating the Lagrangian with respect to the orbital coefficients C, it
is convenient to express this quantity as a unitary transformation of the unperturbed

orbitals (Cy):
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C = Cyexp(9). (3.58)

Here, ¥ is an anti-Hermitian matrix whose elements become the actual variational
parameters. This parameterization ensures that the perturbed orbitals remain or-
thonormal.

Imposing the stationarity of the Lagrangian with respect to orbital rotations

oL oL
— e T_ p—
(aﬂ)ﬁzo (C ac)ﬂzo ; (3.59)

yields a set of equations that depend on w, ¢, and £ (via the mRDMs &g;’), as
reported in Appendix 3.C.3. A way to decouple w from the other variables is suggested
by the structure of the MSO overlap contribution to Eq. (3.59)

oW oW

597 = 5 = > (whSh 4+ whST) = — (Wl + wh). (3.60)

T

To remove the dependence on w;, it is sufficient to consider the antisymmetric part of

0L/,
ococ
o0 004
which only depends on the unsolved orbital (¢) and CI (&) multipliers. Equa-

—0, (3.61)

tion (3.61) forms a set of linear equations of the form
A°°C + A°°€ =Db°, (3.62)

where A°° and A°° are matrices of dimension N2

indep and NingepNdet, Where Nipgep 1s

the number of independent orbital rotation parameters and Ng, the number of CI
determinants. The vector b® collects all constant terms and is of dimension Nipgep.
Equation (3.62) alone is insufficient to determine ¢ and &, and must be augmented
with additional conditions obtained from imposing stationarity with respect to the
CI coefficients.

The derivative of £ with respect to the CI coefficients takes the form

Y

= (E+Ti+HI+F+X+Y)=0, VIe M, (3.63)
801 801
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Equation (3.63) consists of a large set of linear equations for the orbital multipliers

¢ and the CI multipliers &, that is,

A®C + A€ = b, (3.64)

where the matrices A® and A are of size NindepNVaer and Nget, respectively, while

the vector b® contains Ny entries. The Lagrange multiplier connected to the CI

normalization condition [¢, see Eq. (3.43)] can be computed as:
1R 9 -

which depends on the orbital multipliers ¢ (see Appendix 3.C.4). Equation (3.65)
is obtained from Eq. (3.63) (327 cl% = () using the fact that [|c|3 = 1 and
H | Vo) = Ey |Wo).

The linear equations for the orbital and CI multipliers [Eqs. (3.62) and (3.64)]

may be combined into a single linear system of the form Ax = b with entries defined

A= <izz izz) , X = <§> , b= (EZ) : (3.66)

When written in this form, A may be identified as a Jacobian matrix. Expressions for

as follows

all the blocks of A and b are reported in Appendix 3.D. We postpone the discussion
of how this linear system is solved to Sec. 3.2.4.

Once ¢ and € are determined, the symmetric counterpart of Eq. (3.61) (i.e.,
L[99 + 9L/0VE = 0) can be used to recover the energy-weighted density:
1 9 2 N
Wi = Z(Tfa_q?’q’) [E0+Z(7ZL+H”)+J-"+X . (3.67)

n=1
Here, we have ignored the contribution from E®) because it is independent on orbital

rotations, as stated in Sec. 3.2.3.
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Iterative Solution of the Orbital and CI Multipliers

The system of linear equations for the orbital and CI multipliers involve Niyqep +
Nget variables. When either the number of independent pairs or the size of the CI
space becomes too large, it is unfeasible to store A explicitly and solve the linear
system by direct inversion. The standard solution to this problem is employ a direct
iterative linear solver that directly builds a vector & = Ax, thus avoiding the storage
problem.

As noted in Sec. 3.2.3, to find a unique solution to the CI multiplier equations,
we impose the constraint &€ - ¢ = 0 [see Eq. (3.45)]. To enforce this constraint in the

solution of the linear system, we define a projection matrix P

. <(1) . _OCCT) . (3.68)

Then the constraint £ - ¢ = 0 is equivalent to the condition Px = x, and we may use

this result to write the linear system in the form
(PAP)x = Pb. (3.69)

The matrix PAP is rank deficient since the vector xI = (0,¢)” is such that Px/l =
0. This linear system can be solved using the generalized minimal residual method

without explicitly storing the matrix PAP.

3.2.5 Computational Cost

We end this section by briefly discussing the computational cost of the DSRG-
MRPT?2 analytic gradients. In general, the cost of solving the Lagrange multipliers
has the same scaling of a DSRG-MRPT2 single-point computation with a slightly
larger prefactor. A vanilla DSRG-MRPT2 energy computation based on the CASSCF

orbitals can be largely separated into four steps:

1. Solve the CASSCF problem for the orbital and CI coefficients.

2. Compute the 1-, 2-, and 3-pRDMs using the CASSCF wave function.



5

3. Transform the one- and two-electron integrals to the MO basis.

4. Build the modified integrals and cluster amplitudes, and use these quantities to

evaluate the DSRG-MRPT?2 correlation energy via tensor contractions.
In comparison, the gradient computations take the following additional steps:
5. Compute the multipliers K1, kg, 71, T2, and (}.

6. Setup the coupled linear system [Eq. (3.66)] and solve for the multipliers ¢ and
£

7. Form the relaxed density matrices and energy-weighted density.

8. Transform the MO densities in step 7 to the AO basis and contract it with

skeleton derivative integrals.

We can see a rough correspondence between these two procedures. For exam-
ple, step 5 in the gradients computation corresponds to step 4 of the energy com-
putation. In these two steps, with the assumption of using a small active space
(Na < N¢ < Ny), the computational cost is dominated by the tensor contraction
of an MP2-like term with a scaling of O(NZNE). The cost of solving the linear sys-
tem (step 6) is slightly higher than the cost of second-order CASSCF optimization
(step 1). In fact, the linear system [Eq. (3.66)] is analogous to the Newton optimiza-
tion step in CASSCF, where A and b correspond to the Hessian and the gradient
vector, respectively. However, the b® vector contains terms involving v /Ocy,
which share the same O(N§ Nge;) scaling of computing the 3-pRDM. This steep cost
may be avoided by considering the additional tensor contractions and introducing
clever intermediates, as suggested in Ref.*> The computational scaling for the MO
to AO transformation of the relaxed densities (step 8) is identical to the integral

transformation step for the DSRG-MRPT2 energy (step 3). Overall, we see that the
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computational cost to obtain the analytical gradients is similar to that of an energy

computation.

3.3 Results

We implemented the DSRG-MRPT?2 analytic energy gradients in the open-source
program FORTE.? The one- and two-electron integrals along with the corresponding
derivative integrals were obtained from Psi4 1.4.°" The correctness of the implemen-
tation was validated by comparing the analytic gradients against five-point finite-
difference numerical gradients using a 0.005 a.u. step size. In particular, we tested
the gradient and the optimized bond lengths of HF and N, using CASSCF(2,2) and
CASSCF(6,6) reference wave functions, respectively. The cc-pCVDZ basis set %%
was used for all computations in this work.

As a pilot application of the DSRG-MRPT?2 gradient theory, we optimized the ge-
ometry of p-benzyne for both singlet and triplet states. The resulting geometries were
used to compute the adiabatic singlet-triplet gap (AFEsr = Et — Es). We compared
the DSRG-MRPT?2 results to those of CASPT2,'6 the partially contracted NEVPT2
(pc-NEVPT?2),'® and Mukherjee’s state-specific multireference coupled cluster theory
with singles, doubles, and perturbative triples [Mk-MRCCSD(T)].*% We employed
the minimal CAS(2,2) active space that consists of two electrons in the two o or-
bitals located on the dehydrogenated carbon atoms. For geometry optimizations, the
maximum component of the gradient was converged to less than 2 x 107% a.u. Both
CASPT?2 and pc-NEVPT?2 results were obtained using MOLPRO 2015.1%¢ while those
from Mk-MRCCSD(T) were computed using Psi4 1.4.%

We notice that the minimal active space and the cc-pCVDZ basis set are both
too small to generate convincing results for p-benzyne to compare with experiments.
However, there are several limitations in the current implementation that prevent us

from large-scale applications of the DSRG-MRPT2 gradient theory, including 1) the
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storage of all four-index two-electron integrals in memory, 2) the explicit storage for
the derivatives of 1-, 2-, and 3-pRDMs with respect to CI coefficients, and 3) the
lack of functionality of freezing core orbitals. We plan to address all these issues in a

forthcoming paper.

Singlet / Triplet

W
CASSCF 1.4029/1.3950 J117.68/117.16 J120.32/121.28
DSRG-MRPT2  1.4335/1.4127 117.65/116.64 118.80/121.19
CASPT2 1.4439/1.4160 117.84/116.68 118.04/121.11

pc-NEVPT2 1.4370/1.4142
Mk-MRCCSD(T) 1.4392/1.4194

117.76 /116.70
117.87/116.91

118.61/121.19
118.82/121.06

1.0807/1.0810 1.3721/1.3764 L4
1.0928/1.0937 1.3763/1.3870
c-pCVDZ basis set 1.0928/1.0940 1.3757/1.3897
bond lengths in Angstroms ~ 1.0927/1.0936 1.3774/1.3893
bond angles in degrees 1.0956 /1.0967 1.3871/1.3971

Figure 3.2: Equilibrium geometries of singlet and triplet p-benzyne optimized using
various multireference methods using the cc-pCVDZ basis set. The DSRG flow pa-
rameter was set to 1 E; . The CASSCF(2,2) reference was used for all computations.

Figure 3.2 presents the DSRG-MRPT?2 optimized geometries of singlet and triplet
p-benzyne. Here, we set the flow parameter to s = 1 E 2 a value that previously
shown to yield reliable singlet-triplet gap of p-benzyne.™ The DSRG-MRPT2 opti-
mized geometries are in excellent agreements to those of CASPT2 and pc-NEVPT?2.
For example, the DSRG-MRPT2 bond lengths and angles deviate from those of
CASPT?2 by at most 1.0 pm (C;—Cg of the singlet) and 0.8° (ZH,C,C; of the sin-
glet), respectively. Compared to Mk-MRCCSD(T), DSRG-MRPT2 underestimates
all C—C bonds by roughly 1 pm for both singlet and triplet states. Interestingly, all
bonds are elongated when dynamical correlation effects are added on top of CASSCF,
most prominently displayed by the 3.0-4.0 pm difference on the C;—Cg4 bond of the
singlet.

In Fig. 3.3, we show the sensitivity of the DSRG-MRPT2 optimized bond dis-
tances and angles [computed as deviations from CASPT?2 values| with respect to the
flow parameter s. As s increases from 0, all geometric parameters vary quickly and

converge roughly around s = 1 £} 2. Interestingly, the bond lengths first decrease
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Figure 3.3: (a) Bond lengths and (b) bond angles from DSRG-MRPT2 optimized
geometries relative to the CASPT2 optimized geometries as a function of the flow
parameter. (¢c) DSRG-MRPT2 adiabatic singlet—triplet gap as a function of the flow
parameter. Two flow parameters are indicated by the vertical dotted lines: s = 0
[i.e., CASSCF(2,2)] and s = 1 E;* (used in Fig. 3.2).

for s < 0.04 Eh_2 and then start to increase for 0.04 < s < 1 E{2. When s keeps
growing from 1 to 10 E; 2, small yet noticeable changes are observed for the C5—Cg
bond (< 0.4 pm) and ZH,C,C; (< 0.4°) of the singlet.

The bottom panel of Fig. 3.3 also reports the adiabatic singlet—triplet splittings
of p-benzyne computed using various multireference methods. For DSRG-MRPT2,
we again see a quick convergence of AEgy near s = 1 E} 2 while further increase

of s leads to only 0.1 kcal mol™! difference in AEgr. The DSRG-MRPT?2 (s = 1)
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prediction of AFEgr is 2.7 kcal mol™!, which is 0.6, 1.8, 1.6 kcal mol™! smaller than
that of pc-NEVPT2, CASPT2, and Mk-MRCCSD(T), respectively. This underesti-
mation has been observed previously, even when A FEgt is computed using optimized
Mk-MRCCSD/cc-pVTZ geometries. ™ However, we note that the AEgr of DSRG-
MRPT?2 can be improved via reference relaxation.” Specifically, using the corre-
sponding unrelaxed DSRG-MRPT2 geometries reported in Fig. 3.2, the partially
relaxed and the relaxed versions of DSRG-MRPT2 (s = 1) predict the AEgr to be
3.57 and 3.76 kcal mol~!, respectively. These values fall in between the pc-NEVPT2
and Mk-MRCCSD(T) results.

Finally, we investigate the effects of neglecting the 3-body cumulants in DSRG-
MRPT2, which avoids the computation of the reference 3-pRDM without introducing
artificial intruders.?®™ Without three-body cumulants, the active space dependence
of the DSRG-MRPT?2 gradients can be reduced to O(N} Ny) for the correlation en-
ergy terms and O(N3 Nge;) for the CASCI contribution to the response equations. To
test the accuracy of this approximation, we re-optimized the singlet and triplet ge-
ometries of p-benzyne using s = 1 E; . Comparing to the geometries optimized using
the complete DSRG-MRPT?2 theory (i.e., with 3-body cumulant contributions), the
equilibrium bond lengths and bond angles deviate by at maximum 0.4 pm (C;—Cjq
of the singlet) and 0.5° (£ZH,C,Cy of the singlet), respectively. We also employed
these geometries yet computed the AFEgr using the complete DSRG-MRPT2 the-
ory. The resulting spin gap is 2.67 kcal mol™!, only 0.03 kcal mol™! smaller than
the exact answer (see Fig. 3.3). Such negligible deviation indicates that the pruned
DSRG-MRPT2 scheme may be used to optimize the geometry without significant

degradation of the accuracy.
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3.4 Conclusions

We have derived and implemented the analytic energy gradients of the unrelaxed
DSRG-MRPT2 approach. Our derivation uses the method of Lagrange multipliers to
impose constraints on the first-order modified integrals and cluster amplitudes, the
orbitals, and CI coefficients. Despite the complexity of the final Lagrangian, analytic
expressions for the DSRG-MRPT2 gradient could still be derived by hand (albeit
via a laborious procedure). Inheriting the numerical robustness of the DSRG equa-
tions, the corresponding Lagrangian is similarly well-behaved even when small energy
denominators arise, circumventing the intruder state-problem in linear-response com-
putations.

We have used the DSRG-MRPT2 analytic gradients to optimize the equilibrium
structures of p-benzyne and study the dependence of the optimized geometry on the
flow parameter s. The optimized geometries of both the singlet and triplet states
show very good agreement with those computed with CASPT2, pc-NEVPT2, and
Mk-MRCCSD(T). Comparing geometries between the two states, those of the singlet
are more sensitive to the value of s. The s-dependency plot also shows that sufficient
correlation contributions are captured with s equal to 1.0 £ 2 Finally, we investigate
the singlet-triplet splittings of p-benzyne, which are underestimated using the DSRG-
MRPT?2 formalism compared against other MRP'T2 approaches.

The current results motivate us for further developments of the theory. On the
algorithmic side, an important bottleneck is the high memory cost required to store
the two-electron integrals, which may be alleviated by applying resolution the iden-
tity techniques (i.e., density fitting). Another important limitation of the current
implementation is the explicit storage of derivatives of the reduced density matrices
required to solve the coupled equations for the orbital and CI multipliers. From the
theory perspective, it would highly desirable to develop the gradient theory for the

state-averaged DSRG-MRPT2Y to allow optimizations of both ground- and excited-
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state PESs, in particular near conical intersections. A more challenging future ex-
tension is the development of analytic gradients of higher-order MR-DSRG theories,
including third-order perturbation theory and nonperturbative MR-DSRG methods.
These extensions would require significant human effort and the use of automatic

implementation techniques.'*%64
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Appendix

3.A DSRG-MRPT2 Energy Expression

The DSRG-MRPT2 energy contributions are reported in Table 3.Al.

In

82

our

previous work, 7" these terms are written in terms of cluster amplitudes, modified

first-order integrals, 1-pRDM, one-hole RDM (1-hRDM), and two- and three-body

density cumulants. In contrast, here we expand the 1-hRDM and all density cumu-

lants in terms of 1-, 2-, and 3-pRDMs for the purpose of deriving the CI response

terms (see Appendix 3.C.4).

Table 3.A1: DSRG-MRPT?2 energy contributions expressed in terms of the modified
first-order integrals (h), the first-order cluster amplitudes (¢), and the reference 1-,

2-, and 3-pRDMs (). More compact expressions can be found in Ref. 74.

Term Energy Expression
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3.B Contributions to the Relaxed Density Matri-
ces

We first focus on the one-body relaxed density matrix elements I'l. Assuming the

use of real orbitals, the nonzero elements of I'] are given by

s = ¢, Ve, feV (3.70)

7 =6+, Vm,n € C (3.71)

Ly =0+, + ¢ Vu,v €A (3.72)

It = oy, +2¢,, VecV,VmeC (3.73)
A

T =l +2> ¢, VueAVmeC (3.74)
A

IS =af—2> (U, VeecV,VueA (3.75)

where 1 = 0; — 7 are the 1-hRDM elements and we also introduce an intermediate
agjb = 2/{%?'.'] + T;i::: RS(AZJb) for convenience. In deriving Egs. (3.70)—(3.75), we
have used the fact that ¢ is symmetric, that is, (1 = (7.

The two-body relaxed density matrix elements can be summarized as follows.

There are seven terms involving a/?:

1
Lt = 7%, (3.76)
4
1
ref = Zaq‘i{), (3.77)
1
rw =~ 3.78
mn 4 ’u/U’ ( )
1
ree = —at, (3.79)
2
Lo, = oy, + (0, 4+ 2C5) 7 (3.80)
1 A
Iif = o +alyy — me, (3.81)
uxr 1 v AU
Loy = 0y + (0l +2G1) 71 — Z Gyt (3.82)
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The remaining eight terms are expressed as:

Lm =17, (3.83)
Lo = s (3.84)
Lo = T (3.85)
Iom =T (3.86)
I = Som G (3.8
Ion = Gl + 62T, (3.88)
I'% = Vs (3.89)
i = (ol +35) + G (390)

Here, we follow the index convention in Table 3.1 and thus omit the orbital type in

the above equations for brevity.

3.C Derivatives in Multiplier Equations
3.C.1 Modified Integrals and Cluster Amplitudes

In this appendix, we derive the expressions for the derivatives given by Egs. (3.48),
(3.49), (3.52) and (3.53). Because H and T include only one- and two-body operators,
we only need to derive the fully connected terms from the following three types of

commutators [{a}},{a%}], [{a}},{ag/}], and [{a%},{as?}]. These commutators are
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evaluated to be

[{ag}, {a5}o =~jm — nih, (3.91)
[{ae}, {as o = P(cd)ogNig — P(KL)GN, (3.92)
{ag,}, {ai Yo = P(ROP (cd) (il ngns — nimi~vis)
+ P(kD) (A — o)A
+ P (cd) (ims — 5N
+ P(ij)P(ab)P (k)P (cd)yim; i
— P(ij)P(ab)P(kl)P(cd)riye A

+ P(ab)P(cd)oN

— P(if)P (kL) SN (3.93)
Here, we have introduced the two- and three-body density cumulants defined by:

Mo =Yl — Yy + 8, (3.94)

Nove = s = N (=N — det(1E9275). (3.95)

In Eq. (3.95), det(-) indicates the sum of all permutations of lower (or upper) labels
with a sign factor corresponding to the parity of permutations and Zﬂ(—l)N (™) in-
dicates a sum over all permutations of the lower and upper labels with a sign factor

given by the number of inversions in 7 [N (7)].!



86

It is now easy to check that

P P H
1 , 1 .
I I Sy T 399
kKl d cd 1
OE® S e
aﬁab = P(ab) Z tl;/\k]b - P(Z]) Z tc)\ajb
ij k c

H P
+ >t it nind + Pi5)Plab)vini Ny
kil d
[ H P . B
+ 5 2 D (W NG+ )
kl d
1 H P )
+5Plabd) SN NG
kl d

~ 5PNy

l c

S LN, (3.97)
d
The derivatives of E?) with respect to amplitudes can be obtained by making the
replacements of ¢t/ — h¢ and t%, — ﬁ?f in Egs. (3.96) and (3.97).

Several properties can be used to further simply Egs. (3.96) and (3.97). The

1-pRDMs 7 and 1-hRDMs 7} possess very simple structures:

o Vp,qeC on Vp,qeV
Ye=4% Vp,a€A, my=490;—7 Vp.g€eA. (3.98)
0  otherwise 0 otherwise

Density cumulants are only nonzero when all indices are active orbitals, that is,

APe = () if any of the indices p,q, 7, s,- - is not active.
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3.C.2 Orbital Energies

For convenience, we first evaluate the derivatives of ff and ’RS(AZ)) with respect

to semicanonical orbital energies:

O o=
oE =Dt — 1), (3.99)
P i b
_8RS (AZLJ) —s i i
S = [2se B - R (AL NG D (3.100)
p
where D;]b =0 Aifb/ dep, = 5; + (513; +---— 0P — 9y —---. Using these expressions, the

partial derivatives in Eq. (3.57) are calculated as follows:

0T. _ N~ LOf" L OR(AL)

8_67; B ZZTG [RS(AG)a_Ep +fz aEP ]7 (3101)
o ZZ Tap? ZbaR Az‘b), (3.102)
Oe, — -~

OH )

aepl - Z Z ki (017 0¢p) Z Z ki1, D}, (3.103)
P Z Z iyt Doty (3.104)
Oe, —

3.C.3 Orbital Rotations

The derivatives of the Lagrangian amplitude contributions with respect to orbital

rotations are given by

OTi  ~~x= i 0ff

59 = 22 et (3.105)
0T 1= i OV

o0y~ 12 2 T gy 100
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where 7 = 7i R (AY) and 7% = 7 R (AY). The orbital response from modified
integrals also appears transparent:

P

OH, afs

901 —QZZ et (3.107)
OH, 1

o0 ZZ ij aﬁq (3.108)

The derivatives of the bare integrals with respect to orbital rotations are shown to

be:
af’;'g S S S S
51 = 330 I+ duee (v + 03)
A
+ 5q€A |: Z ( rp’}/x + Urm/yq)i| (3109)
81)3;7 _ ab5q abéq pb(;a ap5b 3.110
67911 Up]l+vzp J+UU q+vw q ( )

In Eq. (3.109), we have introduced the indicator function:

1 ifpeO
) = ' 3.111
pe0 { 0 otherwise. ( )

The orbital response term from the reference energy FEj is well-known from CASSCF

orbital conditions:
0FE,

=7 = 2[0gecfy + denfy]. (3.112)
0%

Similar equations can be obtained for the CI term in L:

OX S . ~

B = 2|facc 2Bl +Sendilr = A)]. (3.113)
where fg(fy — 4) holds a similar form of Eq. (3.28) with the pRDMs v [Eq. (3.5)]
replaced by the corresponding mRDMs 4 [Eq.(3.44)].

Finally, for the Lagrangian term on orbital constraints F, we have

ofs afs
(919‘1 ZC < — Orenbscy ] &J;g - 5reA5seD8£g> (3.114)
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where we adopt the short-hand notation d,cpd0sev = 0recndscvt+0sendrey and D = CUV.

The derivatives 0 f*/ V1 in Eq. (3.114) are worked out to be

ofr - 2
507 = 1+ b [;@:g + o]
- A
+ Ogen [ff’yfj + Z ( Oyl + vpy”yqyﬂ (3.115)
Ty

3.C.4 (I Coefficients

We now evaluate all terms in Eq. (3.63). It is straightforward to see that the

0X /Ocr term yields:
Mo

ax Zg, (D | H*| D)), (3.116)

where the active part of the bare Hamﬂtoman is defined by

A
H* =" frat+ 5 Z vl (3.117)

uvzy

The derivatives of € + T; + Hy + F with respect to ¢; can generally be written as

a ~ A A 87””3’
8_Q(8+7E+H1+F Z %ry 601
,Ya:yz
+ Z Ios —get- (3.118)

UVWTYZ

Here, the effective integrals are given by

a au 7_ _i_ﬁ )Avtzu]

’l Z’U u-av

+Z [1 - Freadcy] iﬁ:;—2§j< i (3.119)

1
o Z o, (3.120)

C
uvw 1 ’U/U mw 1 EW LUV
o =3 S z a2
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In Egs. (3.119) and (3.120), the partial derivatives of E® with respect to 7% and =¥

are given by:

1 P C 1 P C
SEP I DY B
Aab m . ~ a mn y ~
| Plua) Y et = Ploy) > Bt |
c v
+ > [Py > am e — Plun) Y b
=YY ey b
1xy A a 7;}1 ~ ~
5 20 M Dt + )
1 w:;yz ;: ~ ~
=5 D M D Uty 4 ht)
wayz T?(LZ A\
3 e (D bt = " R, (3.122)
wrYyz m [

OE® 1~ - 1A
W:+§Zh§tﬁi—§zhfn¢?
1 §~ 1 gb
Py e ly e

1 d 7 ab yuv 1 (C Tuv pmn - T au ymu
+ g ;hzy ab + g %};hmntmy + ;;hmztay
LA v i
5 D08 Sl + )

A C
1 z Tuv ygmw T ow pmu

m

The RDM derivatives in Eq. (3.118) are generically written as

O o e

V..
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As such, the one- and two-body terms of Eq. (3.118) can be computed using a standard
CI sigma build with the revised integrals g, and gyy. In this work, we store the
derivatives 0v*¥2 /Oc; appeared in Eq. (3.118), which requires further optimizations

in the future.

Finally, for the ) term, we have
0Y/0cr = —2ucy. (3.125)

The multiplier ¢ can be easily obtained from Eq. (3.65) using Eq. (3.118):
A A A
D IR DY o S il (3.126)
uv uvxyY uUVWITY2

using the fact that y4 = 3 ?40 107y /Ocy. Note that « depends on the orbital

multipliers (! and changes every iteration of solving the linear system [Eq. (3.66)].

3.D The Response Equation for the Orbital and CI
Coefficients

We are now equipped to show all the components of the coupled linear system
[Eq. (3.66)]. The four blocks of the coefficient matrix A can be written in the partial

derivative form:

K550 = 5P 00 (557) = Gr — Top (3.127
AN SE TR L
o = a%a%f - %f , (3.129)
A, = a%,a%X = %)Ci“’. (3.130)
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As such, the orbital [Eq. (3.62)] and CI [Eq. (3.64)] response equations can be written

as
G Mo
D ARG A L =10, (3.131)
0 -
D ALY AT =1 (3.132)
p 7

The block elements of the b vector on the right-hand-side of Egs. (3.131) and (3.132)

are given by

(¢] 8 2
b = ~P0a) (5 (B + > T+ H,)]). (3.133)
0
bj=——(E+Ti+Hi+ D). (3.134)
801
For b9, all components of Eq. (3.133) have been reported in Sec. 3.C.3, specifically

Egs. (3.105)—(3.112). The expression of b$ can be obtained using Eqgs. (3.118)—(3.121)
by omitting the ¢? contributions in Eqgs. (3.119) and (3.120).
We may further express A%, . [Eq. (3.127)] in terms of £ and f?, resulting in the

pq,Ts

following cases:

Agg,rs = P<pQ) ( [1 - 57“€V536A (afj/aﬁg))
— P(pq) [6renbaca (0.f /099)]. (3.135)

The partial derivatives appeared in Eq. (3.135) are reported in Eqs. (3.109) and
(3.115). Simplifications may be achieved by utilizing the CASSCF semicanonical
orbital constraint [Eqgs. (3.27) and (3.32)]. For example, when all p,q,7,s € C, the

. 0o i s
expression of Apg . is simply

A% = AP(5155 + 6767),  Vp,q.rs € C. (3.136)

q,rS
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In Eq. (3.128), the partial derivatives 8XJ/819§ yield:
aXJ + _ vaf)/v oY %Cclzv/
(a&g) _5qEA< 3 Zy PO )

SILak
+5qe(c<22vq ) (3.137)

"L
where 07,y /08, = (®,lay, | Wo) and we only keep those components that are per-

pendicular to the CI vector c. For the AP term [Eq. (3.129)], we write

I,rs
AP, = [1 - Fovdocs (gf;) —&emaseA(gfj) (3.138)

Here, the derivatives of f; and f % with respect to c¢; are evaluated to be

A

ofs Lo

ro_ u 3.139
o = g (3.139)
~ A
917 gl ,OVey

L 2 . 14
G =Y g z% (3.10)

Lastly, the A%, term [Eq. (3.130)] can be easily derived using Eq. (3.116):

A5y = (D H*|Dy) . (3.141)
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Chapter 4 Analytic Gradients for DF-DSRG-
MRPT2

Chapter Abstract

We report an efficient implementation of the analytic energy gradients for the driven
similarity renormalization group (DSRG) multireference second-order perturbation
theory (MRPT2) using density fitting (DF). In our implementation, the four-index
electron repulsion integrals (ERIs) are factorized with multiple three- and two-index
integrals and the backtransformation of derivative-associated densities is changed cor-
respondingly. Whilst the density fitting technique has negligible effects on electronic
energies and optimized geometries, the viability of the analytic gradients has been
improved for large systems with up to a thousand basis functions. We employed the
new gradient regime to investigate the equilibrium geometry, harmonic vibrational
frequencies, and infrared (IR) intensities of p-benzyne, for both singlet and triplet
states. It is shown that the results are in good agreement with experimental data
and those obtained from other electronic structure theories. Interestingly, we noticed
that certain vibrational modes of p-benzyne using DSRG are numerically sensitive to
the choice of basis sets and the approximation applied to the three-particle density

cumulants.

4.1 INTRODUCTION

The analytic energy derivative theory has been a preoccupation in quantum chem-
istry for decades. Analytic gradients, first-order energy derivatives concerning nuclear
coordinates, serve as necessary quantities for first-principle geometry optimization

and ab initio molecular dynamics. The gradients for single reference (SR) methods
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were well investigated and efficiently implemented in the last century. Despite the
success achieved by SR electronic structure theories, there are certain strongly cor-
related chemical problems for which the SR approaches qualitatively fail, such as
bond dissociations, organic diradicals, electronically excited states, and transition
metal complexes. A multireference (MR) description is thus entailed to approxi-
mate both static and dynamic correlations.' Among various MR formalisms, the
MR second-order perturbation theories (MRPT2) have gained great popularity as-
cribed to reliable accuracy and efficiency.* ' Prominent examples include complete
active space second-order perturbation theory (CASPT2) and n-electron valence state
second-order perturbation theory (NEVPT2), proven effective for strongly correlated
closed-shell or high-spin open-shell systems.%!? Developing the analytic energy gra-
dient theory for an MR theory is typically challenging, considering esoteric mathe-
matical derivation and software implementations. The analytic derivative theories for
CASPT2 and NEVPT2 and associated extensions were recently developed. Celani
and Werner successfully employed the analytic energy gradients for the partially in-
ternally contracted CASPT2 to study the equilibrium geometries of Pyrrole with
low-lying valence and Rydberg states.!” Subsequently, the analytic gradient theory
for the fully internally contracted CASPT2 was realized by MacLeod and Shiozaki
using automatic code generation and was used to evaluate the vertical and adiabatic
ionization potentials of the porphin molecule.'® Shiozaki and co-workers further devel-
oped the analytic gradients for CASPT2 with density fitting or imaginary shifts, 2"
multi-state (MS) CASPT2 and extend multi-state (XMS) CASPT2,%"?* and explic-
itly correlated CASPT2 (CASPT2-F12).?® These gradient methods are implemented
in an open-source BAGEL package.?* Park and Nishimoto contributed to the gra-
dient theory for NEVPT2, including strongly contracted, partially contracted, and
quasidegenerate NEVPT2 extensions. 2 28

Aside from these remarkable achievements, the CASPT2 and NEVPT2, along with
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other widely used MRPT theories, concomitantly suffer from a well-known intruder
state problem.?%3" The intruders are introduced when excitations excluded from the
reference become near-degenerate with the determinants that lie within the reference
state. This numerical issue could be improved by applying level shifts to energy

3132 hut noticeable deviations

denominators obtained from zeroth-order Hamiltonian,
in yielded spectroscopic parameters would be featured.?*3* As discussed by Dyall,?
another effective intruder-removal technique, which has gained success in MRPT and
NEVPT variants, is to define a partially bielectronic zeroth-order Hamiltonian. '%:36
However, Zgid and co-workers found the intruders would be reintroduced if particle
density cumulants are approximated.37

To address the intruder state problem, the driven similarity renormalization group
(DSRG) formulated within the MR, formalism was developed.®**! Within the unitary
DSRG ansatz, a continuous unitary transformation applies to the bare Hamiltonian
to decouple the reference and excited states, in terms of exponentially parametrized
unitary operators tuned by a DSRG flow parameter s. Importantly, the DSRG many-
body cluster amplitudes are numerically finite even with vanishing Mgller-Plesset en-
ergy denominators. Among all MR-DSRG regimes, the DSRG-MRPT2 approach has
gained the most attention ascribed to its relatively low computational cost. The accu-
racy of DSRG-MRPT?2 is comparable to those of CASPT2 and NEVPT2, as reported
in our previous benchmark studies. Aside from intrinsic immunity to intruder states,
another significant advantage of DSRG-MRPT2 is the circumvention of four-body
quantities, including four-body reduced density matrices (4-RDMs) and four-particle
density cumulants as required in CASPT2 and NEVPT2. With factorized electron-
repulsion integrals and approximate CASCI reference wave functions, DSRG-MRPT2
could be applied to large systems with up to 2000 basis functions and a large active

space of CAS(30e, 300).4%43

In recent work, we have developed the analytic energy gradients for DSRG-
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MRPT2 in the FORTE package.** % It is also worth mentioning that the analytic
gradient theory for the spin-free state-averaged DSRG-MRPT?2 variant was indepen-
dently proposed by Park.4” Due to our implementations, the equilibrium geometries
of the singlet and triplet state p—benzyne are similar to those obtained via other
MRPT2 theories, and the adiabatic singlet-triplet splittings are slightly underesti-
mated. An s-dependency study implies that correlation effects are appropriately
captured when the flow parameter is selected around 1.0E; %2 in a good agreement
with previous studies. The exclusion of three-body density cumulants only introduces
negligible errors to energies and optimized structures of p—benzyne.

However, those preliminary results may be less convincing since a minimal active
space of CAS(2e,20) and a small cc-pCVDZ basis set were employed, only consid-
ering the correlation effects between unpaired electrons of p-benzyne. The memory
bottleneck originates from the explicit storage and associated backtransformation of
four-index quantities. Another concern is that it is difficult to determine whether
an optimized geometry represents a stable or a transition state, due to the lack of
Hessians in FORTE.

Herein, we report an efficient implementation of the analytic energy gradients for
DSRG-MRPT2 with density fitting (DF) to address these issues. The DF technique
has been rigorously studied and implemented to improve the performance of analytic
gradients for both SR and MR formalisms. 2>#85* Anticipated from previous studies,
DF has negligible effects on the accuracy of equilibrium geometries and electronic
energies. Combined with the functionality of computing numerical Hessians and an-
alytic dipole moments, DSRG-MRPT2 could be used for spectroscopic analysis. Our
DF gradient implementation is also generalized, and compatible with the potential
gradient extensions for DSRG-MRPT2: a. a different reference wave function, such
as the one from a generalized active space self-consistent-field (GASSCF) computa-

55,56 1,

tion; an alternative CASCI approximation formalism, such as the adaptive
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CI method;**" c. a different integral factorization technique, such as the Cholesky
decomposition.®® This provides great convenience for the future development of the
analytic gradient theory for DSRG.

This paper proceeds as: In Sec.4.2, we briefly review the DSRG-MRPT?2 formalism
and introduce the formulation of DF analytic energy gradients. We conclude the
theory section by discussing the computational scaling. In Sec.4.3, we report the
vibrational frequencies and IR intensities at equilibrium structures of p—benzyne for
both singlet and triplet states. Finally, we summarize this work in Sec.4.4 and discuss

the prospects of DSRG-MRPT?2.

4.2 THEORY

We first introduce the orbital notation in this work. A molecular spin orbital
(MSO) v, is formulated as a product of a spin function o,(w) and a molecular or-
bital (MO) ¢,(r), where r and w respectively denotes spatial and spin coordinates.

Each MO can be linearly expanded via a set of nonorthogonal atomic orbitals (AOs)

{xu(r),p=1,2,...,N},
AO
&p(r) = xu(r)C,, (4.1)

where €', denotes MO orbital coefficients.

The MSOs are partitioned into core (C, doubly occupied), active (A, partially
occupied), and virtual (V, unoccupied) subspaces by their occupation in the reference
wavefunction. For convenience, we further formulate the composite hole (H = CUA)
and particle (P = AUYV) spaces. The index labeling of MSOs is summarized in Table

4.21. Distinctively, we denote AOs using Greek letters pu, v, p,7---.
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Table 4.21: Index labeling of partitioned MSOs.

Space Symbol Size Indices Description
Core C N¢ m,n,o Occupied
Active A Na U, V, W, T, Y, 2 Partially Occupied
Virtual \% Ny e, f Unoccupied
Hole H Ny 1,7, k,1 CUA
Particle P Np a,b,c.d AUV
General G Na D,q, 7S CUAUV

4.2.1 CASSCF reference

We use a CASSCEF reference wave function ¥y,

Mo
To) = cr[®r) (4.2)

where ¢; denotes Slater determinants and c¢; are associated CI coefficients. The n-
particle reduced density matrix (n-pRDM) is formulated in terms of the CASSCF
reference wave function and a series of fermionic creation (af) and annihilation (dy)
operators,

Y5 = (Wolaja] -+~ a;ai| W) (43)
Given the 1- and 2-pRDMs, the one-electron integral h, and the antisymmetrized two-
electron integrals v, the reference energy Ey = (¥o| H|W,) possesses the form[Eq. (4.4)],

C 1 C A C 1 A
Eo=2) hn+5) v+ (hz + va) vt vy (44)
m mn uv m

uvTY

4.2.2 DSRG-MRPT2 energy

Herein, we review the electronic energy within unrelaxed DSRG-MRPT2.%° For
convenience, all tensors and integrals are summarized in Table 4.22.
The total energy is the sum of a reference energy Ey, same to the CASSCF energy

in this study, and a second-order correlation contribution E®)(s),

E(s) = By + E?(s), (4.5)



112

Table 4.22: Parameters within DSRG-MRPT?2.

Name Expression Description
hd (Pp|hli)g) one-electron integrals
Upe (Vpg|rtbs) antisymmetrized electron repulsion integrals
o Eq. (4.14) generalized Fock matrix
ol Eq. (4.3) n-particle reduced density matrices
ns 05 — s one-hole reduced density matrices (1-hRDMs)
Al Eq (4 15) Mgller-Plesset denominators
t(s)  Egs. (4.10) & (4.11)  first-order cluster amplitudes
h$(s) Eq. (4.12) modified one-electron integrals
Uy(s) Eq. (4.13) antisymmetrized modified electron repulsion integrals

where s € [0,400) is a DSRG flow parameter that regularizes DSRG quantities.
The flow parameter controls the continuous unitary transformation applied to a bare

Hamiltonian (H), such that the DSRG effective Hamiltonian could be formulated,
H(s)=U'(s)HU(s) (4.6)

Specifically, when s equals 0, U (0) = 1 so that the DSRG Hamiltonian is identical to
the bare Hamiltonian; and as s becomes larger, the reference is gradually decoupled
from excited states.

The perturbative energy correction E(Q)(s) can be expressed as a fully internal

contraction,

E®(s) = (Wo|[HV(5), TV (5)]| W) (4.7)

where H(s) and T'(s) respectively denote the first-order effective Hamiltonian and
first-order cluster operators, in terms of normal-ordered creation and annihilation

operators {a},

ZZh Mall + = ZZN‘“’(” a (4.8)

ij  ab

Z th s){as} + = Z Zt (s){as (4.9)

i  ab
For concision, the superscript “(1)” for the first-order quantities and the label “(s)”

for s-dependent parameters are omitted in the following context. The DSRG cluster
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amplitudes and the modified first-order integrals are expressed as [Eq (4.10) - (4.13)],

= (fa+ Altiye) Ro(AL) (4.10)
t, = Vi Re(A%) (4.11)
= fIP(AL) + Abtazva [Po(Ay) — 1] (4.12)

T = vifPL(A) (4.13)

where AY" are Mgller-Plesset denominators in terms of MO energies ¢,, and Iy

represents components of a generalized Fock matrix,

fr=nk+ Zv”m Zvé’ﬁﬁ (4.14)

In DSRG, the cluster amplitudes (tifb) are antisymmetric to respective permuta-
tions of superscript and subscript indices, and the internal components are enforced
to be zero, that is, t7¥" = 0,Vu,v,z,y,--- € A. For convenience, we introduce reg-
ularized functions R = (1 — e *2*)/A and P = 1 + e *~’. Given an arbitrary value
of s, both R and P are numerically bounded even if the Mgller-Plesset denominators
are zero or near-zero, thus the associated DSRG parameters are robust to intruder
states. Appropriate values of s, around ~ 1 E, ? as discussed in previous studies,****
must be chosen to circumvent excessive capture of dynamic electron correlations.

The DSRG-MRPT2 energy expressions are concluded in Table 4.23, in terms of
DSRG cluster amplitudes, modified first-order integrals, 1-pRDM, 1-hRDM, and two-

and three-particle density cumulants.®%5°

4.2.3 Analytic gradients

In this section, we briefly discuss the analytic energy gradients for DSRG-MRPT2.
Readers are encouraged to consult the original work for details.**
In unrelaxed DSRG-MRPT?2, the MO coefficients C},, [Eq. (4.1)] and the CI co-

efficients ¢;[Eq. (4.2)] optimized by CASSCF and CI are not variationally optimized
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Table 4.23: Summary of DSRG-MRPT2 energy terms.

Term Energy Expression
Ey Jinp — JuriaPyd 4 Jurs NPt

HhT Y + O T vmeny + 1 (DR + Untet) N,
E® 4 (Tt — b+ oty — byt ) Az

+5 (Uytabmena + Ot vy + 80t i) N

Yy

in DSRG-MRPT2. Therefore, evaluating derivatives of MO and CI coefficients re-
garding nuclear coordinates (0C,,/OR and Oc;/OR) is indispensable, which could
be achieved by solving the coupled-perturbed(CP) CASSCF equations.%"6? Unfor-
tunately, the number of required CP-CASSCF equations significantly increases if a
molecule comprises more atoms, making it intractable for large systems. The Z-vector
approach, proposed by Handy and Schaefer, substitutes a set of CP equations with
one equivalent system-size-independent response equation. %364

Following the Z-vector routine, we employed the Lagrangian formulation, as care-
fully discussed by Helgaker and Jgrgensen.%® The Lagrangian for DSRG-MRPT2
could be rigorously formulated by incorporating all energy-relevant quantities, in-
cluding the n-body cluster amplitudes (7;), the n-body modified integrals (#,), the
semicanonical CASSCF orbitals (F), the orthonormality of the MSOs (W), and a
CASCI reference (X') subject to normalization ()’). In summary, the DSRG-MRPT2

Lagrangian (£) can be simplified as,
2 ~
L=E+) (Ta+H)+F+W+ X+, (4.16)
n=1

where each component is a product of a specific DSRG constraint equation and an
affiliated Lagrange multiplier. All these constraints and associated multipliers are
conceptually manifested in Table 4.24.

The analytic gradients for DSRG-MRPT2 are thus equivalent to the first-order

derivatives of the Lagrangian with respect to the nuclear displacements (R). Mean-
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Table 4.24: Summary for the DSRG-MRPT2 Lagrangian constraints.

Term Constraints Multipliers Description
T, T;i::f T;i::: n-body cluster amplitudes
H,, I:If;b Ii;ljb n-body modified integrals
F Fl ¢ CASSCF semicanonical orbitals
w Wy wl orthonormal orbitals
X X &r CI coefficients from CASCI
Yy Y L normalized CI coeflicients

while the Lagrangian derivatives with respect to all other parameters are assumed
ZEro.

dE _ oL
dR  OR

G G G
=D TR+ T () 4+ > wh (S (4.17)
pq

aL/oM=0 g pars
where (h?)*, (v;2)*, (S1)* are derivatives of one-electron integrals, antisymmetrized
ERIs, and the MSO overlap integral. The associated terms I', I, w! denote the
one-body, the two-body and the energy-weighted density matrices, respectively.

In addition, we discuss the analytic dipole moment, whose derivatives could further
be used to investigate IR intensities. As showed by the Hellmann-Feyman theorem, %
the energy derivatives regarding a perturbative parameter A could be treated as the

expectation value of the A-dependent Hamiltonian derivatives,

dE) dH,

v = Wl ) (4.18)

We assume that \; represents the electrostatic field strength along the axis ¢, thus the
analytic dipole moment could be written as a product of an one-body density matrix
I'» and an axis-dependent permanent dipole matrix i, -

d\;

 dE,
=

= (]

) AO
) =Y o, (4.19)
pv
It is worth mentioning that I'” is the backtransformed density in AO basis,

G
IR oM viom (4.20)

pq
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The analytic energy gradients and dipole moments for CASSCF could also be
obtained, though inefficiently, by setting the DSRG flow parameter s to zero. The

scheme to compute analytic gradients is conceptually shown in Fig. 4.21.

Cl coefficients
DSRG amplitudes from CASCI

constraints [ tl tzj

Lagrange

multipliers :

e (] (%) (v) (%)

DSRG modified integrals MSO orbital normalized CASSCE orthonormal
semicanonical ;
energy  Cl coefficients  orbitals orbitals

Figure 4.21: Schematic analytic gradient routine within DSRG-MRPT2.

4.2.4 Density-fitting

Density fitting (DF), also named the resolution of identity, is a technique to ap-
proximate conventional two-electron integrals as the repulsion between generalized

electron densities py, using an auxiliary basis set P,

(pqlrs) =(Vpglrths) = (Ppglors) (4.21)
Ppq(T) ~ Z C]I;QXP(F) (4.22)

where C’f:,q are density fitting coefficients, and the Mulliken notation is used for ERIs.
The advantage of DF approximation is twofold: a. explicit storage of large four-
index quantities could be avoided; b. ERI-associated integral transformations or

backtransformations become significantly cheaper, as they can be performed on three-

67,68
.,

index integrals. Specifically, using the DF regime proposed by Dunlap et a we

have,

(palrs) = Y _(pal P)(PIQ) ™" (Qrs) (4.23)

PQ
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When applying density fitting to formulate Z-vector equations, consistently treat-
ing all ERI-associated quantities and procedures is especially important. Among the
changes, reformulating the DSRG-MRPT2 energy is straightforward. Specifically, all
ERI terms involved in the reference energy (Ey) [Eq. (4.4)] and the DSRG parameters
[f2, 2,58 [Eq. (4.14), (4.11), (4.13)] are factorized. In FORTE, the factorization is

accomplished using distinctive three-index factor tensors Bz%’

(pglrs) ~ Z BY B (4.24)
— M _
B = (pg|P)[I7]pg (4.25)
15

where M denotes the size of the auxiliary basis set xp(r), (pg|P) and Jp5 = (P|Q)
represent the three- and two-center integrals, respectively. Based on how the two-
electron integrals are factorized [Eq. (4.24)], current DF gradient implementation in
FORTE is intrinsically compatible to the Cholesky decomposition approximation.°®

Aside from the substitution of ERIs, the integral backtransformation entails addi-

tional modifications. The second term in Eq. (4.17) could be separated into coulomb

and exchange contributions,
IYi(vpg)” = TRl (prigs)” — Ti(pslqr)” (4.26)

For brevity, only the coulomb parts are discussed, and the exchange complement

could be analogously analyzed.

[P (prigs)” = 2L, (pr|P)” — 795, (4.27)
Ty, = (3750 (Qlgs)T! (4.28)
P9 = (pr|P)TP(Qlgs) (4.29)

where I' and I' denote the three- and two-center densities, respectively. Note that
these densities are always represented in the AO basis, but the three-center densi-

ties solved from Z-vector equations are originally formulated with MO quantities.
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Therefore, a backtransformation from MO to AQO is required, shown as,
~ = G ~ =
T, =Y CuCulh (4.30)
pr

Although density-fitting modifies the quantities and processes associated with Z-
vector equations, we want to clarify that such changes have negligible accuracy effects
on the resulting energy gradients. Importantly, the immunity to the intruder states
is still guaranteed for all DSRG parameters, thus both the electronic energies and the

energy gradients are guaranteed numerically robust.

4.3 RESULTS

In this work, various RI basis sets of Weigend were tested, including the cc-
pVDZ/JKFIT, the cc-pVTZ/JKFIT, and the cc-pVQZ/JKFIT. For brevity, they are
denoted as DZ/JKFIT, TZ/JKFIT, and QZ/JKFIT in the following context. A con-
sistent RI basis set is employed for both reference and correlation components in a
single computation. We note that the relative errors by comparing the total ener-
gies using DSRG-MRPT2 with those computed from DF-DSRG-MRPT2 are mostly
around 1073 kcal-mol~!. In addition, the relative errors for optimized bond lengths
and bond angles are normally at the magnitude of 10~* Aand 10~2 degrees, respec-
tively. Importantly, these error comparison tests were conducted for systems for which
the non-DF computations are affordable, such as the p-benzyne with a small active
space CAS(2,2), and we lack such comparison for most large systems investigated in
this study due to the memory limit. However, as expected from other studies,?%*3
the system-size-dependent DF relative errors are normally negligible.

The analytic gradients and the analytic dipole moments for unrelaxed DF-DSRG-
MRPT?2 were implemented in FORTE, and the integral backtransformation of three-
center densities [Eq. (4.28)] was implemented in the open-source quantum chemistry

software Psi4 1.5.7° The accuracy of the analytic gradients and dipole moments
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were verified using the numerical complements got from five-point finite-difference
computations. Specifically, a nuclear displacement of 0.005 a.u. and a perturbed
electric field strength displacement of 0.001 were used, respectively. These validation
tests were conducted on HF, H, with a C} symmetry, N,, CO, and p-benzyne. Whilst
high accuracy was achieved, we employed a timing test on the pentacene molecule
with CAS(2,2) and DZ/JKFIT basis. It took a wall time of 2.3 hours to complete
a single-point DF-DSRG-MRPT?2 gradient computation, while the five-point finite-
difference approach entailed a wall time of 157.4 hours under the same conditions.

For spectroscopic analysis, the Hessians and the derivatives of dipole moments
with respect to nuclear coordinates are necessary, and they could be computed based
on the finite difference method using energies at distorted geometries. However, such
a routine would introduce three major issues: a. Computing Hessians from energies
is extremely slow, especially for large systems; b. The Hessians are computed using
appropriate gradients, downgrading the accuracy; 3, Distorting a reference geometry
may break symmetries of associated orbitals, for example, normal MOs within an
irreducible representation of a D, point group may become a lower-symmetry Co,
point group. To address these issues, we compute the Hessians from analytic gradi-
ents. Similarly, the derivatives of the dipole moments are obtained from the analytic
dipole moments. The correctness of the resulting vibrational frequencies and IR in-
tensities was validated using CO and CHFO molecules, with relative errors as around
0.1 ecm~* and 0.1 km-mol~!, respectively.

We particularly investigate the p-benzyne. The p-benzyne molecule is a biradical
molecule with high stereoselectivity that could be used for drug designs.” A distinc-
tive aspect of such a molecule is that its ground state is a singlet state, thus it could
hardly be analyzed by experimental measurements.? Because of the multiconfigura-
tional character of the biradical system, single-reference methods fail to yield accurate

descriptions.
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We first discuss the equilibrium structures of p-benzyne for singlet and triplet
states, computed with DSRG-MRPT2, CASSCF, and CASPT2. The CASPT?2 results
were distinctively obtained via MOLPRO 2015.1,7 and the DSRG or CASSCF results
were yielded using FORTE. The active space was set to CAS(8,8), including eight
electrons in two sp2 and six p orbitals, and the basis was set to QZ/JKFIT. For
DSRG-MRPT2, the DZ/JKFIT and TZ/JKFIT basis sets were also employed. We
assumed that the equilibrium geometry was reached if the maximum component of
the gradients was less than 2 x 107% a.u. The optimized structures of p-benzyne for

singlet and triplet states are shown in Fig. 4.31.

Singlet / Triplet 1.0718/1.0721 1.3762/1.3666
CASSCF 1.0785/1.0796 1.3602/1.3757
CASPT2 1.0773/1.0781_ 1.3587/1.3714

DSRG-MRPT2

/ /

N

117.89/117.23
117.74/116.59
117.53/116.45

v
120.09/121.29
117.97/121.22
118.40/121.20

1.4075/1.3985
T 1.4324/1.4024
1.4246/1.3997

Figure 4.31: Equilibrium structures of p-benzyne for singlet and triplet states com-
puted from DSRG-MRPT2, CASSCF, and CASPT2. The DSRG flow parameter was
set to 1.0 E}TQ.

For p-benzyne, it has been well-acknowledged that there are through-bond cou-
plings between unpaired electrons, such as the spin polarization effects.” These in-
teractions shorten the four CC(H) bonds and elongate the two (H)CC(H) bonds
simultaneously. The bond length difference Ar = r[(H)CC(H)] — r[CC(H)] could be
treated as a biradical character indicator. The DSRG-MRPT2 optimization yields
a small Ar value as 0.07 A for the singlet p-benzyne, showing that the biradical

properties are properly captured other than erroneously described as a closed-shell
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singlet. In contrast, such biradical quantity Ar is reduced to 0.03A for the triplet
p-benzyne. Consistent with our previous study, the equilibrium geometries for both
singlet and triplet states optimized by DSRG-MRPT2 are consistent with those of
CASPT2 given a small basis DZ/JKFIT and a minimal active space CAS(2,2). The
maximum bond length difference is 1.0 pm, for the (H)CC(H) bond of the singlet p-
benzyne. Interestingly, if a larger active space is used while the small basis remains,
the geometry changes are negligible for the singlet p-benzyne but become noticeable
for triplet p-benzyne. When large basis and large active space are concomitantly used,
the resulting geometries for both singlet and triplet p-benzyne greatly deviate from
those using small basis and small active space. Under the new condition, two MRPT2
methods are still comparable for both singlet and triplet p-benzyne, though DSRG-
MRPT?2 slightly underestimates all bond lengths. The CASSCF results also imply
that considering dynamic correlations would elongate the (H)CC and the (H)CC(H)
bond, meanwhile shortening the (H)CC bond for both singlet and triplet p-benzyne.
We may conclude that the DSRG-MRPT2 results are in good agreement with those
of CASPT2, and the equilibrium geometries for the singlet state p-benzyne are com-
paratively more sensitive.

We further employed the approximate DSRG-MRPT2 formalism named cu-DSRG-
MRPT2, following the terminology proposed by Zgid and co-workers,®” in which
the three-particle density cumulant terms are completely neglected. The equilib-
rium structures of singlet p-benzyne using DSRG-MRPT2 and cu-DSRG-MRPT?2 are
shown in Fig. 4.32. The cu-DSRG-MRPT?2 optimized bond angles and bond lengths
are in excellent agreement with those of the original DSRG-MRPT2, given various
basis and active space settings. For example, the bond lengths deviate by maximally
0.8 pm for (H)CC(H), and the bond angles deviate by at most 0.8° for ZHCC(H).
Such negligible deviation indicates that cu-DSRG-MRPT2 could serve as a reliable

DSRG-MRPT?2 alternative for geometry optimizations, even with large active space
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and a large basis. Interestingly, we also noticed that cu-DSRG-MRPT?2 always over-
estimates the bond lengths for the CH and (H)CC bonds, meanwhile underestimates

the (H)CC(H) bond.

DSRG/cu-DSRG 1.0917/1.0918 1.3785/1.3820

1.0782/1.0784 1.3621/1.3659
1.0771/1.0773 1.3587/1.3625
1.0783/1.0785 1.3572/1.3598

J\~

DZ/JKFIT , CAS(8,8)

TZ/JKFIT , CAS(8,8) J118.67/119.36

J117.74/117.54

aien casee el Timanns [Chetne
QZ/JKFIT , CAS(2,2) 1.4246/1.4163 | 117.53/117.32 118.61/119.13

1.4208/1.4159 117.46/117.31

bond lengths in Angstroms
bond angles in degrees

Figure 4.32: Equilibrium geometries of singlet p-benzyne optimized using DSRG-
MRPT2 and cu-DSRG-MRPT2. The DSRG flow parameter was set to 1.0 E;2.

The vibrational frequencies of the singlet p-benzyne with equilibrium geometries
are shown in Table 4.31. For comparison, we listed the experimental data and those
obtained from various approaches, including RHF, CCSD(T) with RHF or UHF or-
bitals, CASSCF, DSRG-MRPT2, and four-reference reduced multireference CCSD
(4R RMR CCSD). Note that the RHF and CCSD(T) with the RHF reference both
introduce imaginary frequencies, implying that the associated geometries are at tran-
sition states. If a UHF reference is employed instead, the CCSD(T) formalism would
give reliable results, though it may be affected by spin contaminations from the triplet
states. Meanwhile, the MR methods all yield real frequencies for all vibrational
modes, meaning the associated geometries are stable. Comparing DSRG-MRPT?2
with CASSCF, it could be seen that the dynamic correlations significantly affect
certain modes with bs,, a4, by, and by, symmetries. For example, wy(a,) differs by
nearly 200 cm™'. The DSRG-MRPT?2 results are in good agreement with the ex-
perimental data, though wayy(bo,) are overestimated by over 100 cm™!. Tt could be

seen that 4R RMR CCSD yields a better result for this vibrational mode, but its
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Table 4.31: Vibrational frequencies (in cm™!) of singlet p-benzyne obtained with
various approaches, and experiment. The flow parameter of DSRG is set to 1.0 E; %

Frequency Exp.> RHFP CCSD(T)’/RHF CCSD(T)?/UHF CASSCF® DSRG® 4R RMR CCSD4

wi(ag) 3414 3264 3258 3349 3266 3236
wa(ag) 1379 1342 1498 1531 1329 1385
ws(ag) 1256 1174 1183 1221 1161 1167
wa(ag) 990 980 1018 1044 1042 1025 1023
ws(ag) 635 775 608 620 648 632 647
we(ay) 1004 913 938 970 971 924
wr(ay) 489 417 407 435 435 429
ws(big) 961i 349 771 775 709 692
wo (b2g) 946 832 897 941 927 857
wio(b2g) 310i 5612i 577 663 617 547
wi1(b3g) 3396 3250 3242 3332 3253 3217
wi2(bag) 1869 1657 1683 1692 1670 1665
w13 (bsg) 1335 1301 1309 1379 1278 1290
w14 (bsg) 592 586 584 626 566 573
w15(b1u) 3391 3238 3241 3332 3251 3215
wi6(b1u) 1403 1504 1482 1489 1571 1452 1468
w17(b1w) 976 1164 1058 1067 1090 1063 1063
wig(biu) 918 621i 3739i 953 1042 932 869
wi9(bay) 3415 3263 3257 3348 3266 3230
wao(baw) 1331 1546 1388 1391 1409 1457 1341
w21 (b2u) 1207 1144 1275 1256 1262 1232 1223
wa2(bay) 306 1068 1079 1088 1056 1040
w23(b3u) 721 812 750 766 782 776 758
w24 (b3w) 435 519 443 439 463 460 500

a References. %74

b References. ™

¢ DSRG-MRPT?2 with QZ/JKFIT and CAS(8,8). The flow parameter s is 1.0 E; 2.
d References. 70

predictions on wey(bs,) and wig(by,) are comparatively less accurate. We further em-
ployed cu-DSRG-MRPT?2 to investigate the vibrational frequencies and IR intensities
of the singlet p-benzyne, the results are summarized in Table 4.32. Note that cu-
DSRG-MRPT?2 still yields good approximations to DSRG-MRPT2, given a different
basis and active space. Surprisingly, for certain vibrational modes, such as ws(ay),
ws(b1g) and way (bay), the deviations compared to the DSRG-MRPT?2 results are larger
than 20 cm~!. This implies that we may need other density cumulant approximation
techniques for high-accuracy spectroscopic analysis, instead of brutally omitting all

three-particle components. 37
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Table 4.32: Vibrational frequencies (in cm™) and IR intensities (in km-mol™!)of
singlet p-benzyne obtained with DSRG-MRPT2. The flow parameter of DSRG is set
to 1.0 E; 2.

CAS(8e,80) CAS(2¢,20)
cc-pCVDZ cc-pCVTZ cc-pCVQZ cc-pCVQZ

Parameter DSRG cu-DSRG DSRG cu-DSRG DSRG cu-DSRG DSRG cu-DSRG
w1 (ag) 3269 3266 3266 3262 3266 3263 3253 3251
wa(ag) 1363 1410 1333 1386 1329 1383 1353 1390
ws(ag) 1153 1152 1160 1159 1161 1160 1161 1160
wa(ag) 1023 1027 1023 1029 1025 1031 1035 1038
ws(ag) 624 615 629 619 632 621 628 623
we(ay) 944 957 965 977 971 982 953 956
wr(aw) 422 417 433 426 435 428 436 430
ws(b1g) 711 737 712 741 709 739 716 740
wo (bag) 900 914 922 936 927 939 913 918
wio(b2g) 577 593 616 632 617 633 612 625
wi1(b3g) 3255 3252 3252 3249 3253 3249 3240 3237
wi2(b3g) 1664 1658 1664 1658 1670 1663 1687 1682
wi3(b3g) 1266 1271 1277 1283 1278 1284 1274 1278
wi4(b3g) 565 570 565 570 566 571 566 569
wi15(b1u) 3253 3250 3250 3247 3251 3248 3238 3235
wi16(b1w) 1448 1452 1451 1456 1452 1457 1452 1455
w17(b1y) 1054 1049 1061 1056 1063 1058 1065 1062
wis(biu) 928 936 929 938 932 941 951 955
wig(b2u) 3269 3266 3266 3262 3266 3262 3253 3250
w0 (b2y) 1450 1447 1453 1449 1457 1453 1456 1450
w21 (b2u) 1249 1279 1236 1271 1232 1268 1241 1263
w22 (b2w) 1060 1070 1056 1070 1056 1070 1059 1067
wo3(b3w) 760 769 776 784 776 784 764 766
w24 (b3u) 448 444 460 454 460 455 460 455
I15(b1w) 0.08 0.22 0.01 0.01 0.07 0.00 0.10 0.03
Ie(b1w) 4.09 5.31 4.38 5.86 3.88 5.34 3.78 4.65
Ii7(b14) 19.74 16.47 19.73 16.01 20.42 16.58 18.61 16.52
Iig(b1w) 16.53 10.39 16.82 9.70 16.40 9.09 9.30 7.13
Ig(b2y) 0.13 0.73 0.01 0.22 0.19 0.03 0.13 0.00
Ino(b24,) 1.50 1.43 1.54 1.51 1.24 1.25 0.79 0.82
Io1(b2w) 5.80 4.98 6.17 5.15 6.11 4.98 5.19 4.64
Iz (bow) 4.32 4.71 3.15 3.77 3.08 3.72 3.51 3.85
Io3(b3u) 77.86 75.79 83.14 80.94 82.89 80.60 78.68 76.58
I34(b3u) 14.71 14.57 17.81 17.46 18.06 17.67 19.21 18.93

4.4 CONCLUSION

We have presented the analytic energy gradient theory for unrelaxed DSRG-
MRPT2 with density fitting. The DF technique avoids the explicit storage and the

time-costly backtransformation of four-index integrals. Instead, the associated large
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integrals are factorized using small two- and three-center integrals, and the integral
transformation in the Z-vector equation is also correspondingly modified. In principle,
these treatments are similar to those of DF-MP2 and DF-CASPT2. While providing
significant computational acceleration and alleviating the memory bottlenecks, DF
only introduces negligible effects on the accuracy. It is further worth mentioning
that the density-fitted DSRG parameters are still numerically robust, making DSRG
immune to intruder state problems.

To demonstrate the viability of the DF analytic gradients, we have used DSRG-
MRPT?2 to optimize the equilibrium geometries of p-benzyne for both singlet and
triplet states, using large basis and large active space. The DSRG-MRPT2 results
are in good agreement with those of CASPT2, though DSRG-MRPT?2 slightly un-
derestimates the bond lengths. Comparing geometries between two states, those
for the triplet state p-benzyne are more sensitive to basis and active space. The
structures optimized with a pruned DSRG-MRPT2 formalism, cu-DSRG-MRPT2,
perfectly match those computed using DSRG-MRPT2. We also reported the spec-
troscopic parameters, including vibrational frequencies and IR intensities consistent
with those computed with 4R RMR CCSD. The spectroscopic data implies that other
density cumulant approximation techniques should be used for DSRG-MRPT?2 if high
accuracy is required, instead of the simplest cu-DSRG-MRPT2 method.

The current work points out several future directions. Since the DF gradient im-
plementation is generalized, we would expect the development of analytic gradients
for DF-DSRG with a GASSCF reference wave function, or with the conventional
CASCI substituted with selected CI methods, such as ACI. A challenging exten-
sion would be the gradient theory for higher-order MR-DSRG theories, such as the
MR-DSRG third-order perturbation theory (DSRG-MRPT3). We would also like to
develop a new approximate DSRG-MRPT2 formalism instead of cu-DSRG-MRPT?2

for accurate spectroscopic analysis.



126

4.5 ACKNOWLEDGMENTS

This work was supported by the U.S. Department of Energy under Award No. DE-

SC0016004. F.A.E acknowledges support from a Camille Dreyfus Teacher-Scholar

Award.

Bibliography

1]

Mok, D. K.; Neumann, R.; Handy, N. C. Dynamical and nondynamical correla-
tion. J. Phys. Chem. 1996, 100, 6225—6230.

Lyakh, D. I.; Musiat, M.; Lotrich, V. F.; Bartlett, R. J. Multireference nature of

chemistry: the coupled-cluster view. Chem. Rev. 2012, 112, 182-243.

Evangelista, F. A. Perspective: Multireference coupled cluster theories of dy-

namical electron correlation. J. Chem. Phys. 2018, 149, 030901.

Andersson, K.; Malmqvist, P. A.; Roos, B. O.; Sadlej, A. J.; Wolinski, K. Second-
order perturbation theory with a CASSCF reference function. J. Phys. Chem.
1990, 9/, 54835488,

Hirao, K. Multireference Mgller—Plesset method. Chem. Phys. Lett. 1992, 190,
374-380.

Andersson, K.; Malmqvist, P.-A.; Roos, B. O. Second-order perturbation theory
with a complete active space self-consistent field reference function. J. Chem.

Phys. 1992, 96, 1218-1226.

Kozlowski, P. M.; Davidson, E. R. Considerations in constructing a multirefer-

ence second-order perturbation theory. J. Chem. Phys. 1994, 100, 3672—-3682.

Werner, H.-J. Third-order multireference perturbation theory The CASPT3
method. Mol. Phys. 1996, 89, 645-661.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

127

Mahapatra, U. S.; Datta, B.; Mukherjee, D. Development of a size-consistent
state-specific multireference perturbation theory with relaxed model-space coef-

ficients. Chem. Phys. Lett. 1999, 299, 42-50.

Angeli, C.; Cimiraglia, R.; Evangelisti, S.; Leininger, T.; Malrieu, J.-P. Introduc-
tion of n-electron valence states for multireference perturbation theory. J. Chem.

Phys. 2001, 114, 10252-10264.

Khait, Y. G.; Song, J.; Hoffmann, M. R. Explication and revision of generalized
Van Vleck perturbation theory for molecular electronic structure. J. Chem. Phys.

2002, 117, 4133-4145.

Szabados, A, Rolik, Z.; Téth, G.; Surjan, P. R. Multiconfiguration perturbation

theory: Size consistency at second order. J. Chem. Phys. 2005, 122, 114104.

Hoffmann, M. R.; Datta, D.; Das, S.; Mukherjee, D.; Szabados, A.; Rolik, Z.;
Surjan, P. R. Comparative study of multireference perturbative theories for

ground and excited states. J. Chem. Phys. 2009, 151, 204104.

Evangelista, F. A.; Simmonett, A. C.; Schaefer, H. F.; Mukherjee, D.;
Allen, W. D. A companion perturbation theory for state-specific multireference

coupled cluster methods. Phys. Chem. Chem. Phys. 2009, 11, 4728-4741.

Sokolov, A. Y.; Guo, S.; Ronca, E.; Chan, G. K.-L. Time-dependent N-electron
valence perturbation theory with matrix product state reference wavefunctions

for large active spaces and basis sets: Applications to the chromium dimer and

all-trans polyenes. J. Chem. Phys. 2017, 146, 244102.

Giner, E.; Angeli, C.; Garniron, Y.; Scemama, A.; Malrieu, J.-P. A Jeziorski-
Monkhorst fully uncontracted multi-reference perturbative treatment. I. Princi-
ples, second-order versions, and tests on ground state potential energy curves. J.

Chem. Phys. 2017, 16, 224108.



[17]

[18]

[20]

[21]

23]

128

Celani, P.; Werner, H.-J. Analytical energy gradients for internally contracted
second-order multireference perturbation theory. J. Chem. Phys. 2003, 119,
5044-5057.

MacLeod, M. K.; Shiozaki, T. Communication: Automatic code generation en-
ables nuclear gradient computations for fully internally contracted multireference

theory. J. Chem. Phys. 2015, 142, 051103.

Park, J. W.; Al-Saadon, R.; Strand, N. E.; Shiozaki, T. Imaginary shift in
CASPT2 nuclear gradient and derivative coupling theory. J. Chem. Theory Com-
put. 2019, 15, 4088-4098.

Gyorfty, W.; Shiozaki, T.; Knizia, G.; Werner, H.-J. Analytical energy gradi-
ents for second-order multireference perturbation theory using density fitting. J.

Chem. Phys. 2013, 158, 104104.

Vlaisavljevich, B.; Shiozaki, T. Nuclear energy gradients for internally contracted
complete active space second-order perturbation theory: Multistate extensions.

J. Chem. Theory Comput. 2016, 12, 3781-3787.

Shiozaki, T.; Gyorfty, W.; Celani, P.; Werner, H.-J. Communication: Extended
multi-state complete active space second-order perturbation theory: Energy and

nuclear gradients. J. Chem. Phys. 2011, 135, 081106.

Shiozaki, T.; Werner, H.-J. Communication: Second-order multireference per-
turbation theory with explicit correlation: CASPT2-F12. J. Chem. Phys. 2010,
133, 141103.

Shiozaki, T. BAGEL: brilliantly advanced general electronic-structure library.
Wiley Interdiscip. Rev. Comput. Mol. Sci. 2018, 8, e1331.



[25]

[26]

[28]

[29]

[31]

[32]

129

Park, J. W. Analytical Gradient Theory for Strongly Contracted (SC) and
Partially Contracted (PC) N-Electron Valence State Perturbation Theory

(NEVPT?2). J. Chem. Theory Comput. 2019, 15, 5417-5425.

Park, J. W. Analytical Gradient Theory for Quasidegenerate N-Electron Valence
State Perturbation Theory (QD-NEVPT?2). J. Chem. Theory Comput. 2020, 16,
326-339.

Nishimoto, Y. Analytic first-order derivatives of partially contracted n-electron
valence state second-order perturbation theory (PC-NEVPT2). J. Chem. Phys.
2019, 151, 114103.

Nishimoto, Y. Locating conical intersections using the quasidegenerate par-
tially and strongly contracted NEVPT2 methods. Chem. Phys. Lett. 2020, 744,
137219.

Evangelisti, S.; Daudey, J.; Malrieu, J. Qualitative intruder-state problems in
effective Hamiltonian theory and their solution through intermediate Hamiltoni-

ans. Phys. Rev. A 1987, 35, 4930.

Chattopadhyay, S.; Chaudhuri, R. K.; Mahapatra, U. S.; Ghosh, A.; Ray, S. S.
State-specific multireference perturbation theory: development and present sta-

tus. Wiley Interdiscip. Rev. Comput. Mol. Sci. 2016, 6, 266-291.

Witek, H. A.; Choe, Y.-K.; Finley, J. P.; Hirao, K. Intruder state avoidance
multireference Mgller—Plesset perturbation theory. J. Comput. Chem. 2002, 23,
957-965.

Choe, Y.-K.; Witek, H. A.; Finley, J. P.; Hirao, K. Identifying and removing
intruder states in multireference Mo/ller—Plesset perturbation theory. J. Chem.

Phys. 2001, 114, 3913-3918.



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

130

Camacho, C.; Witek, H. A.; Yamamoto, S. Intruder states in multireference
perturbation theory: The ground state of manganese dimer. J. Comput. Chem.

2009, 50, 468-478.

Camacho, C.; Cimiraglia, R.; Witek, H. A. Multireference perturbation theory
can predict a false ground state. Phys. Chem. Chem. Phys. 2010, 12, 5058-5060.

Dyall, K. G. The choice of a zeroth-order Hamiltonian for second-order perturba-

tion theory with a complete active space self-consistent-field reference function.

J. Chem. Phys. 1995, 102, 4909-4918.

Angeli, C.; Pastore, M.; Cimiraglia, R. New perspectives in multireference pertur-
bation theory: the n-electron valence state approach. Theor. Chem. Acc. 2007,
117, 743-754.

Zgid, D.; Ghosh, D.; Neuscamman, E.; Chan, G. K.-L. A study of cumulant ap-
proximations to n-electron valence multireference perturbation theory. J. Chem.

Phys. 2009, 130, 194107.

Evangelista, F. A. A driven similarity renormalization group approach to quan-

tum many-body problems. J. Chem. Phys. 2014, 141, 054109.

Li, C.; Evangelista, F. A. Multireference driven similarity renormalization group:
A second-order perturbative analysis. J. Chem. Theory Comput. 2015, 11, 2097—
2108.

Li, C.; Evangelista, F. A. Multireference theories of electron correlation based
on the driven similarity renormalization group. Annu. Rev. Phys. Chem. 2019,

70, 245-273.

Li, C.; Evangelista, F. A. Driven similarity renormalization group: Third-order

multireference perturbation theory. J. Chem. Phys. 2017, 146, 124132.



[42]

[43]

[44]

[46]

[47]

[48]

[49]

131

Schriber, J. B.; Hannon, K. P.; Li, C.; Evangelista, F. A. A combined selected
configuration interaction and many-body treatment of static and dynamical cor-

relation in oligoacenes. J. Chem. Theory Comput. 2018, 1/, 6295-6305.

Hannon, K. P.; Li, C.; Evangelista, F. A. An integral-factorized implementa-
tion of the driven similarity renormalization group second-order multireference

perturbation theory. J. Chem. Phys. 2016, 144, 204111.

Wang, S.; Li, C.; Evangelista, F. A. Analytic energy gradients for the driven sim-
ilarity renormalization group multireference second-order perturbation theory. J.

Chem. Theory Comput. 2021, 17, 7666—7681.

Wang, S.; Li, C.; Evangelista, F. A. Analytic gradients for the single-reference
driven similarity renormalization group second-order perturbation theory. J.

Chem. Phys. 2019, 151, 044118.

Forte, a suite of quantum chemistry methods for strongly correlated electrons.

For current version see https://github.com/evangelistalab/forte, 2021.

Park, J. W. Analytical Gradient Theory for Spin-Free State-Averaged Second-
Order Driven Similarity Renormalization Group Perturbation Theory (SA-
DSRG-MRPT2) and Its Applications for Conical Intersection Optimizations. J.

Chem. Theory Comput. 2022, 18, 2233-2245.

Bozkaya, U.; Sherrill, C. D. Analytic energy gradients for the coupled-cluster
singles and doubles method with the density-fitting approximation. J. Chem.
Phys. 2016, 144, 174103.

Bozkaya, U.; Sherrill, C. D. Analytic energy gradients for the coupled-cluster
singles and doubles with perturbative triples method with the density-fitting
approximation. J. Chem. Phys. 2017, 147, 044104.


https://github.com/evangelistalab/forte

[50]

[51]

[52]

[53]

[54]

132

Schiitz, M.; Werner, H.-J.; Lindh, R.; Manby, F. R. Analytical energy gradients
for local second-order Mgller—Plesset perturbation theory using density fitting

approximations. J. Chem. Phys. 2004, 121, 737-750.

Delcey, M. G.; Pedersen, T. B.; Aquilante, F.; Lindh, R. Analytical gradients of
the state-average complete active space self-consistent field method with density

fitting. J. Chem. Phys. 2015, 143, 044110.

Bozkaya, U. Analytic energy gradients and spin multiplicities for orbital-
optimized second-order perturbation theory with density-fitting approximation:

an efficient implementation. J. Chem. Theory Comput. 2014, 10, 4389-4399.

Bozkaya, U. Analytic energy gradients for orbital-optimized MP3 and MP2. 5
with the density-fitting approximation: An efficient implementation. J. Comput.

Chem. 2018, 39, 351-360.

Distasio Jr, R. A.; Steele, R. P.; Rhee, Y. M.; Shao, Y.; Head-Gordon, M.
An improved algorithm for analytical gradient evaluation in resolution-of-the-
identity second-order Mgller-Plesset perturbation theory: Application to alanine

tetrapeptide conformational analysis. J. Comput. Chem. 2007, 28, 839-856.

Ma, D.; Li Manni, G.; Olsen, J.; Gagliardi, L. Second-order perturbation theory
for generalized active space self-consistent-field wave functions. J. Chem. Theory

Comput. 2016, 12, 3208-3213.

Huang, M.; Li, C.; Evangelista, F. A. Theoretical Calculation of Core-Excited
States along Dissociative Pathways beyond Second-Order Perturbation Theory.
J. Chem. Theory Comput. 2021,

Schriber, J. B.; Evangelista, F. A. Communication: An adaptive configuration
interaction approach for strongly correlated electrons with tunable accuracy. J.

Chem. Phys. 2016, 1/4, 161106.



[58]

[59]

[60]

[62]

[64]

[65]

[66]

133

Aquilante, F.; Boman, L.; Bostrom, J.; Koch, H.; Lindh, R.; Merés, A. S. d.; Ped-
ersen, T. B. Linear-Scaling Techniques in Computational Chemistry and Physics;

Springer, 2011; pp 301-343.

Kutzelnigg, W.; Mukherjee, D. Normal order and extended Wick theorem for a

multiconfiguration reference wave function. J. Chem. Phys. 1997, 107, 432-449.

Kutzelnigg, W.; Mukherjee, D. Cumulant expansion of the reduced density ma-
trices. J. Chem. Phys. 1999, 110, 2800-2809.

Koch, W. A New Dimension to Quantum Chemistry. Analytic Derivative Meth-
ods in Ab Initio Molecular Electronic Structure Theory. Von Y. Yamaguchi, Y.
Osamura, JD Goddard und HF Schaefer. Oxford University Press, Oxford, 1994.
471 S., geb. 60.00£.~ISBN 0-19-507028-3. 1995.

Osamura, Y.; Yamaguchi, Y.; Schaefer III, H. F. Generalization of analytic con-
figuration interaction (CI) gradient techniques for potential energy hypersurfaces,
including a solution to the coupled perturbed Hartree—Fock equations for multi-

configuration SCF molecular wave functions. J. Chem. Phys. 1982, 77, 383-390.

Handy, N. C.; Schaefer III, H. F. On the evaluation of analytic energy derivatives

for correlated wave functions. J. Chem. Phys. 1984, 81, 5031-5033.

Amos, R. D.; Rice, J. E. Implementation of analytic derivative methods in quan-

tum chemistry. Comput. Phys. Rep. 1989, 10, 147-187.

Helgaker, T.; Jorgensen, P. Analytical calculation of geometrical derivatives in

molecular electronic structure theory. Adv. Quantum Chem. 1988, 19, 183-245.

Politzer, P.; Murray, J. S. The Hellmann-Feynman theorem: a perspective. J.

Mol. Model. 2018, 24, 1-7.



[67]

[68]

[69]

[75]

[76]

134

Dunlap, B.; Connolly, J.; Sabin, J. On first-row diatomic molecules and local

density models. J. Chem. Phys. 1979, 71, 4993-4999.

Dunlap, B. I.; Connolly, J.; Sabin, J. On some approximations in applications of

X «a theory. J. Chem. Phys. 1979, 71, 3396-3402.

Weigend, F. A fully direct RI-HF algorithm: Implementation, optimised aux-
iliary basis sets, demonstration of accuracy and efficiency. Phys. Chem. Chem.

Phys. 2002, J, 4285-4291.

others,, et al. PSI4 1.4: Open-source software for high-throughput quantum
chemistry. J. Chem. Phys. 2020, 152, 184108.

Kraka, E.; Cremer, D. Computer design of anticancer drugs. A new enediyne

warhead. J. Am. Chem. Soc. 2000, 122, 8245-8264.

Marquardt, R.; Balster, A.; Sander, W.; Kraka, E.; Cremer, D,

Radziszewski, J. G. p-Benzyne. Angew. Chem. Int. Ed. 1998, 37, 955-958.

others,, et al. MOLPRO, version 2015.1, a package of ab initio programs. 2015;

see http://www. molpro. net.

Wenthold, P. G.; Squires, R. R.; Lineberger, W. Ultraviolet Photoelectron Spec-
troscopy of the o-, m-, and p-Benzyne Negative Ions. Electron Affinities and

Singlet- Triplet Splittings for o-, m-, and p-Benzyne. J. Am. Chem. Soc. 1998,
120, 5279-5290.

Crawford, T. D.; Kraka, E.; Stanton, J. F.; Cremer, D. Problematic p-benzyne:
Orbital instabilities, biradical character, and broken symmetry. J. Chem. Phys.
2001, 114, 10638-10650.

Li, X.; Paldus, J. Force field of para-and metabenzyne diradicals: A multirefer-

ence coupled-cluster study. J. Chem. Phys. 2010, 152, 114103.



135

Chapter 5 Conclusion and Future outlook

In this dissertation, we have outlined the development of the analytic gradient
theory for DSRG-PT2 and its applications to geometry optimization and vibrational
spectroscopy. Our efficient implementation of gradients substantially extends the
viability of DSRG for investigating larger strongly correlated systems, which may be
impractical to compute with conventional finite-difference approaches.

Our initial work was devoted to the analytic energy gradients of DSRG-SRPT?2.
The major point of this study was to evaluate how the regularized DSRG equations
affect the analytic derivation. Such derivation was achieved by solving a set of orbital
response equations formulated with the method of Lagrange multipliers, enforcing
canonical orbital constraints and the definition of DSRG parameters. The exactness of
the analytic derivatives is confirmed by comparing to those computed with the finite-
difference method. Importantly, we determined that the gradients are numerically
robust to intruder states. We then employed the DSRG-SRPT2 analytic gradients to
optimize the geometries of 15 small molecules, and the resulting structures are found
to be in decent agreement with those of other single-reference methods. For example,
a mean absolute error of 0.0033 A and a standard deviation of 0.0045 A is observed for
bond lengths, compared to CCSD(T) results. However, such single-reference approach
is not adequate for exploring strongly correlated systems.

Therefore, we further investigated the analytic energy derivatives within the un-
relaxed DSRG-MRPT2 formalism. Switching to the multireference regime, the La-
grangian was reformulated with relatively comprehensive constraints, imposing def-
initions of DSRG modified integrals, one- and two-body cluster amplitudes, semi-
canonical molecular orbitals, and CI coefficients. Furthermore, an iterative routine,

the general minimal residual method (GMRES)), is utilized to circumvent the explicit
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storage of the large linear system of CI response equations. Two similar properties
are retained in our resulting derivative equations: (1) numerical stability is inher-
ited by principle, making the solutions to the response equations immune to intruder
states; (2) the computational scaling is the same as a single-point DSRG-MRPT2
energy computation. The analytic gradients are used to optimize the singlet and
triplet states of p-benzyne with a minimal CAS(2,2) active space. The equilibrium
geometries show good agreement with the ones obtained with CASPT2, pc-NEVPT2,
and Mk-MRCCSD(T). From the s-dependency study, we illustrate that the optimized
geometry of the singlet state is more sensitive to s, while for both singlet and triplet
states the value 1.0 £, 2 represents an optimal choice to capture correlation energies.
We also note that the DSRG-MRPT2 method underestimates the adiabatic singlet-
triplet gap of p-benzyne compared to other MR approaches. It is worth mentioning
that two significant issues exist within this implementation: (1) a large basis or a large
active space must be avoided, due to the storage and the integral transformation of
four-index integrals; (2) explicit storage of six-index intermediate tensors drastically
increase the memory cost of the CI response equations. We tentatively employed a
pruned DSRG-MRPT2 approach, in which all expensive three-body density cumu-
lant terms are excluded. The negligible difference in both optimized geometry and
spin gap suggests that this approximate variant of DSRG-MRPT2 may be useful in
applications involving large systems, without substantial degradation of accuracy.
To address the memory bottlenecks discussed in the previous study, we applied
the density fitting treatment to the DSRG-MRPT2 analytic gradients. With den-
sity fitting, direct storage of large four-index integrals, such as ERIs and dependent
two-body Lagrange multipliers, is circumvented. Moreover, the expensive integral
back-transformation of four-index ERI-associated derivative densities is converted to
multiple affordable back-transformations of three- and two-index density integrals.

Meanwhile, the immunity to intruder states is still guaranteed. The DF-DSRG-
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MRPT2 gradients allow us to study the troublesome p-benzyne, with a much larger
basis and active space such as cc-pCVQZ/CAS(8,8). We applied DF-DSRG-MRPT2
gradients to optimize the geometries of singlet and triplet p-benzyne, and further
performed a vibrational analysis on singlet p-benzyne using semi-numerical Hessian
and the dipole moment derivatives. These results are compared to experimental data,
and found in good agreement with those of other MR approaches. We also employed
the pruned DSRG-MRPT2 formalism, named cu-DSRG-MRPT2, which neglects all
three-particle density cumulants. While the equilibrium structures show only neg-
ligible deviations compared to the original DSRG-MRPT2 method, there exists a
noticeable difference in vibrational frequencies for certain modes, as large as 20 cm™*.

In conclusion, the developed analytic gradient theory significantly expands the ap-
plicability of DSRG to large molecular systems. Herein, we propose several potential
extensions: (1) a straightforward modification would be applying the frozen-orbital
approximation, which further alleviates the computational bottleneck for molecules
with large core spaces; (2) the reference CASSCF wave function may be substituted
with those of other MR approaches, such as restricted (RASSCF) or generalized ac-
tive space self-consistent-field (GASSCF); (3) the conventional CI routine could be
substituted with selected CI approaches that effectively shrink the determinant space
by neglecting unimportant configurations; (4) an alternative approximate regime for
DSRG-MRPT?2 other than cu-DSRG-MRPT2 should be proposed and benchmarked;
(5) the analytic gradients considering higher-order perturbative analysis, such as
DSRG-MRPT3, and orbital-relaxed DSRG formalism may be challenging projects;
(6) motivated by Toru Shiozaki, we envision an automatic gradient generator devel-
oped in FORTE to mitigate laborious derivations. Overall, we anticipate that the
further development of the analytic derivative theory could levitate DSRG to a much

higher level.
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