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Abstract

An € improvement to the asymptotic density of k-critical graphs
By Victor O. Larsen

Given a graph G the chromatic number, denoted x(G), is smallest number
of colors necessary to color V(G) such that no adjacent vertices receive the
same color. A graph G is k-critical if x(G) = k but every proper subgraph
has chromatic number less than k. As k-critical graphs can be viewed as
minimal examples of graphs with chromatic number k, it is natural to ask
how small such a graph can be.

Let fr(n) denote the minimum number of edges in a k-critical graph
on n vertices. The Ore construction, used to build larger k-critical graphs,
implies that

et k=1) < A+ (0= 1) (5 - 15
A recent paper by Kostochka and Yancey provides a lower bound for fi(n)
which implies that the asymptotic density ¢y := lim,, o0 fx(n)/n = %— ﬁ

In this work, we use the method of discharging to prove a lower bound on
the number of edges which includes structural information about the graph.
This lower bound shows that the asymptotic density of a k-critical graph
can be increased by € > 0 by restricting to (Kj_o)-free k-critical graphs.

We also prove that the graphs constructible from the Ore construction
and Kp, called k-Ore graphs, are precisely the graphs which attain Kos-
tochka and Yancey’s bound. Moreover, we also provide results regarding
subgraphs which must exist in k-Ore graphs. For the discharging argument,
carried out in two stages, we also prove results regarding the density of
nearly-bipartite subgraphs in k-critical graphs.

In the final chapter we examine the minimal set of subgraphs, called
k-critical structures, which one needs to forbid to obtain an e increase
in asymptotic density. This lays the groundwork for future research into
asymptotic density in k-critical graphs.
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Chapter 1

Introduction and history

1.1 Graph coloring

In this work, we assume that the reader has knowledge of basic concepts of
graphs (formal definition, adjacency, connectivity, etc.). All non-standard
terminology and notation will be specifically defined, but for any other def-
initions the reader can refer to a standard textbook such as [8]. This work
was inspired by recent developments concerning Ore’s Conjecture [16] on k-
critical graphs. Let us briefly recall basic coloring definitions and then state
Ore’s Conjecture.

A k-coloring ¢ of a graph G is simply a labelling ¢ : V(G) — [k]. If the
coloring ¢ has the additional property that for every uv € E(G) ¢(u) # ¢(v),
then we say that the k-coloring is proper. If there is a proper k-coloring of
a graph G, then we say that G is k-colorable. Graph coloring has useful
applications in scheduling, and in these applications we want to be as efficient
as possible. Although we can easily prove that every graph G is |V(G)|-
colorable, this is of no practical use. Rather, we are concerned with the
chromatic number of a graph G, which is the smallest k£ for which G is k-
colorable. We denote the chromatic number of a graph G by x(G).

An early classic theorem regarding the chromatic number of a graph is

Brooks” Theorem [3]. Recall that A(G) is the maximum degree of a graph.



Theorem 1.1. If G is a connected graph other than a complete graph or an
odd cycle, then x(G) < A(G).

There is an obvious connection between the number of edges in a graph
and the chromatic number of that graph. As we add more edges, there are
more restrictions preventing an arbitrary k-coloring from being a proper k-
coloring. Brooks’ Theorem provides a bound on the chromatic number in
terms of local density. It is trivial to show that y(G) < 1+ §(G) by making
a greedy coloring argument. Brooks’ Theorem shows that we can be more
efficient by 1 color class as long as (G is not a complete graph or an odd cycle.
For other classes of graphs, it is possible to be even more efficient.

The Borodin-Kostochka Conjecture [2] is as follows.

Conjecture 1.2. If G is a connected graph with w(G) < A(G) — 1 and
A(G) > 9, then x(G) < A(G) — 1.

Using the probabilistic method, this has been proven in [18] for very large
A(G).

If we introduce further restrictions, we often obtain stronger results. A
graph G is planar if it can be embedded in a plane such that no edges are
crossing. A well-known coloring theorem for planar graphs is the celebrated
Four Color Theorem [1].

Theorem 1.3. FEvery planar graph is 4-colorable.

This is of particular interest because the method of proof involves discharg-
ing, which is also the method used in this work. Discharging involves assign-
ing charge to a graph in a particular way (we assign charge to each vertex),
moving the charge around using discharging rules and reducible configura-
tions to find a contradiction. One can contradict any sort of global hypothesis
such as planarity, an assumption on maximum average degree, or—as we do

in this work—number of edges.



The original proof of the Four Color Theorem is famously complex, involv-
ing nearly 2,000 configurations. That proof has been updated and stream-
lined to involve ‘only’ 633 configurations [19] but still remains highly detailed.
The proof becomes much simpler, and the theorem stronger, if we introduce
further restrictions on GG. Namely, all planar graphs which are triangle-free
are 3-colorable [9]. In our work as well, we obtain a strengthening of previ-
ous results if we forbid certain subgraphs. This is a common theme in the

literature of coloring problems.

1.2 k-critical graphs

We return to the idea of density in a graph and its effect on the chromatic
number. Removing an edge from a graph takes away one obstacle for an
arbitrary k-coloring to be a proper k-coloring. Therefore, the chromatic
number of G — e is either x(G) or x(G) — 1. The graphs we are concerned
with are k-critical graphs. A graph G is k-critical if x(G) = k and every
proper subgraph is (k — 1)-colorable. This is equivalent to requiring that
X(G —e) = x(G) — 1 for each edge e € E(G).

A natural example of a k-critical graph is Kj. Also, using the Hajos con-
struction (see [20], page 217) or the Ore composition (Definition 3.1) one can
combine any two k-critical graphs to create other k-critical graphs. When
studying coloring problems, the class of k-critical graphs is of particular inter-
est as it is a natural starting point for general statements about k-chromatic
graphs. For example, if we could prove the Borodin-Kostochka conjecture
for every k-critical graph then it would follow that it holds for all graphs.

From this perspective, we say that k-critical graphs are minimal examples
of k-chromatic graphs. It is natural to ask how small such graphs could be.
This leads to the study of the parameter fi(n), the minimum number of edges

in a k-critical graph on n vertices. Ore’s Conjecture [16] is the following.



Conjecture 1.4. If k > 4, then

Jeln+k—1) = fuln) + (k- 1) (g—ﬁ)

Another measure of a k-critical graph is the asymptotic density, which we

define to be ¢ := lim fe(n)

n—00 n

that the limit ¢, exists and that ¢ = g — ﬁ

. Ore’s Conjecture [16], if proven, would imply

1.3 History of fi(n)

We want to survey the history of bounds on fi(n). The first natural bound
comes from a connectivity argument. Clearly 6(G) > k — 1 for any k-critical

graph (or a greedy coloring will properly (k — 1)-color G) so therefore

kE—1
fr(n) > 5"
In terms of asymptotic density, this shows that, if the limit ¢ exists then
bk > g — % for k-critical graphs. Throughout the literature there have been

many improvements on bounds for fi(n); however, we will focus our attention
on ¢y.

The reason for examining ¢ comes from an observation about the Hajos
construction (see [20], page 217). Given a k-critical graph G, if we look at
the graph G’ resulting from a Haj6s construction of G and K}, then we have
added k — 1 vertices and added one less than the number of edges in a K.
That is,

(k —2)(k + 1)
; .

V(G = V(G)| + k — 1 and |E(G')]| = [E(G)| +

It follows that fy(n+k—1) < fr(n)+ &ékﬂ), which implies that ¢y, exists
and that

| <(k—2)(k+1)) ko1

< _
O S T 9



This observation led Ore to pose Conjecture 1.4. Thus, it follows that g—% <
o < E— L.

The first improvement to the lower bound on fz(n) came in 1957 when
Dirac [6] showed that f,(n) > %2n + 53 for k > 4 and n > k + 2. When
n # 2k — 1, Kostochka and Stiebitz [12] obtain the improvement

Both of these results are significant in their own right, but in terms of asymp-
totic density of a k-critical graph these results offer no improvement over the
first bound obtained by a connectivity argument.

Gallai [7] was able to improve the lower bound on asymptotic density, as

well as calculate many exact values for f(n). The bound he gives for k > 4

and n > k+2is fr(n) > %n + %n This was further improved to
k—1 k—3
>
Jeln) 2 —=n+ o ="

by Krivelevich [15]. Although these results bring the lower bound on ¢
closer to the upper bound, as k£ grows this improvement diminishes.
Ore’s Conjecture was proven to be asymptotically true in a recent paper

by Kostochka and Yancey [14]. They show the following result.

Theorem 1.5. If k > 4 and G s k-critical then

B(G) > {(m 1)(k = 2)|V(G)| — k(k —:ﬂ |

20k — 1)

Note that % = g — ﬁ, so Ore’s Conjecture is asymptotically true.
In a subsequent work [13], they verified that the graphs which attain this
bound are exactly the k-Ore graphs (defined in Chapter 3). The method of
proof of Theorem 1.5 is to define a potential function which is a measure of

density in the graph. By bounding the potential of a k-critical graph using



a discharging argument, they obtain a bound on the number of edges as a
corollary. The proof in this work mirrors the proof of Theorem 1.5, with
significant modifications to account for the extra information we give on the

structure of k-critical graphs. Our aim is to increase asymptotic density

1

7—7 and to do this, we must forbid certain

past the upper bound of g —
subgraphs. In Chapters 2-6, we lay out a proof which yields an improvement
for (Kj_3)-free k-critical graphs.

A similar attempt to push asymptotic density above the bound given by
Ore’s Conjecture was made by Postle [17] in the case where k = 4. For a 4-
critical graph G, Theorem 1.5 implies that |E(G)| > 2|V(G)| — 2. However,

in [17] it is shown that there exists an € > 0 such that

B@I= (3+) Vi) (1)

when G is a 4-critical graph with girth at least 5. It can be shown that,
in order to obtain any improvement in the asymptotic density, {K3, Cy}
is, in fact, a minimal set of graphs one needs to forbid as subgraphs. For
k-critical graphs with & > 4, a minimal set of subgraphs which we must
forbid to obtain an improvement in asymptotic density is the set of k-critical
structures (Definition 7.1). In Chapter 7, we examine a bound on these k-
critical structures in k-Ore graphs. However, an analogous result to Equation
1.1 using k-critical structures for k& > 4 cannot be obtained through the

methods of this work.

1.4 Results

We now briefly summarize the results of this work and their implications.
The most significant result of this paper is a strengthening of the conclusion

of Theorem 1.5. We make a modification to the potential function which



includes the function T'(G) (see Definition 3.3) which counts, in a particular
way, the Kj_o and Kj_; subgraphs of a graph G.

Below is the precise formulation of the potential function used in this work
to prove results on k-critical graphs for a fixed k. This is examined in depth
in Chapter 4.

Definition 3.4 Given a graph G, we define the potential of a graph to be

pe(G) = ((k = 2)(k +1) + €) [V(G)] = 2(k = )| E(G)| — 0T(G)

for a fived epsilon with 0 < € < Z——r and § = (k — 1)e.  Because
e remains fixed throughout the proof, we omit this subscript. Using this
new potential function, we are able to prove (for any 0 < e < m)
the following theorem via a discharging argument. The reader can find a
definition of k-Ore graph in Chapter 3.

Theorem 3.5 If G is a k-critical graph with k > 4 then

1. p(G) = k(k —3) + ke — 26 if G = K,

2. p(G) < k(k—3)+|V(G)|e— (2 + %) 5 if G is k-Ore and G # Ky,

and
3. p(G) < k(k—3)—2(k—1) if G is not k-Ore, for k > 33.
On its own, this result is slightly opaque so we highlight important corol-
laries below.
Corollary 1.6. If k > 33 and G is k-critical then

(k+1)(k—2)+ &) |V(G)| — k(k — 3) + 26 — ke — 6T(G)
2(k —1) W

and 6 = (k — 1)e.

B> |

4
where € < 33y

Note that by setting ¢ = 0, we get the same result as Theorem 1.5, although
there is an extra restriction on k. Importantly, this gives us structural in-

formation about the graphs which realize or approach the lower bound on



¢ given by Theorem 1.5. Graphs which have fewer K} 5 subgraphs and are
close to the bound will have, in general, more edges than those with many
K5 subgraphs.

In fact, if G is a (Kj_o)-free k-critical graph, then 7'(G) = 0 and we have
shown the following result. Let f,(n) be the minimum number of edges in a

(Kj_o)-free k-critical graph on n vertices.

Corollary 1.7. The asymptotic density ¢, = lim, oo Lem) o f (Ky_o)-free

n

k-critical graphs is bounded below by

(k—2)(k+1)+e

Oz 2(k —1)

4
where € < Ty

If we restrict our attention to k-Ore graphs then Corollary 1.6 holds for k£ >
4 rather than just £ > 33. Therefore, the structural implications of Corollary
1.6 hold for the family of k-Ore graphs even with smaller k. However, we are
not able to obtain any increase in asymptotic density on this set of graphs
because, by Lemma 3.11, there are no k-Ore graphs which are (Kj_,)-free. In
Chapter 7, we explore a second new definition of potential function. Instead
of T(G), we introduce the counting function 7.4(G) which counts k-critical
structures, which is a minimal set of subgraphs we must forbid to see an
increase in asymptotic density. This yields the following result.

Theorem 7.2 If G is k-Ore and k > 4 then for a = 7(k — 1) the following

18 true.

1. If T.o(G) > 3 then T(G) — 2 > &=L gpg

2a

2. if T.s(G) <2 then a > |V(G)].

The first statement of Theorem 7.2 is similar to the bound which gives

the coeflicient of § in the second statement of Theorem 3.5. This observation



gives hope that a theorem analogous to Theorem 7.2 which uses T.s(G) rather
than 7'(G) could be proven. However, such an endeavor is beyond the scope
of this work.

When we restrict our attention to k-critical graphs which are not k-Ore, a
stronger statement than Corollary 1.6 is possible. This is also a corollary to
Theorem 3.5.

Corollary 1.8. If k > 33 and G is a k-critical graph which is not k-Ore
then

E(G)| > {((k#— D)(k—2)+¢)|V(G)| — k(k —3) —5T(G)—‘ .

2k — 1)

where e <

and § = (k — 1)e.

4
k3—2k2+3k

If we set € = 0, this proves that k-critical graphs which are not k-Ore have
at least one edge more than the bound given by Theorem 1.5. Therefore this
work independently verifies the result of [13], that the graphs which attain
the bound in Theorem 1.5 are exactly the k-Ore graphs.

Theorem 3.5 is the main result of this work. The first statement of the
theorem is a straightforward calculation using the definition of potential and
the second statement requires a lemma (Lemma 3.7) about how T'(G) behaves
for k-Ore graphs. The rest of this work (excepting the final chapter) focuses
on proving the third statement—which is the most complex of the three—via
a discharging argument which is split up into two stages. In the method of
discharging, each vertex is given initial charge relative to its degree. The
assumption that G is a minimal counterexample to the third statement of
Theorem 3.5 implies that the total charge on the graph is positive. Therefore,
there must be vertices in V(G) whose initial charge is positive (we say that
these vertices are unsatisfied); this is exactly the vertices of degree k — 1.
To move towards a contradiction, we will create rules by which high degree

vertices send charge to neighbors of degree k — 1 while still retaining negative
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charge for themselves. Not all vertices can be satisfied in this way, so we finish
with a second round of discharging.

In Chapter 2, we begin by looking at bounds on the number of edges from
an independent set I C V(G) of degree k — 1 vertices in a k-critical graph
G. This requires looking at kernel-perfect directed graphs and list-coloring
arguments. We also state a result by Kierstead and Rabern [11] which is
used to finish the discharging argument.

In Chapter 3, we define k-Ore graphs and the Ore composition operation.
We then prove the first two statements of Theorem 3.5. We also introduce
some structural lemmas about subgraphs that must exist in k-Ore graphs,
which we use in the following chapters.

In Chapter 4, we begin our thorough investigation of the potential function
p. Corollary 4.7 implies that every proper induced subgraph G[R] C G has
potential that is higher than p(G). Therefore p(G) = min{pg(R) | R C
V(G)}, and we are able to use p as a global parameter for discharging.
Because discharging arguments make a global assumption and then examine
specific local structures, it is crucial for this global assumption to also hold on
all induced subgraphs. The main goal of this chapter is to establish Lemma
4.19, which is used in determining the local structure near vertices of degree
k — 1 in a minimal counterexample to the third statement of Theorem 3.5.
This will help inform the rules in the first stage of discharging.

In Chapter 5, we classify all vertices of degree £ — 1 into three different
categories, depending on their local structure. The main lemma is Lemma
5.5 which shows that any adjacent vertices of degree k — 1 must give rise to
one of two structures, each of which has enough charge to compensate for
the degree k — 1 vertices near it.

In Chapter 6, we complete the proof by discharging in two stages. In the
first stage, we ensure that two classes of degree k — 1 vertices are satisfied.

The third class cannot be directly satisfied this way so in the second stage,
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we examine the total charge on the graph and use it to get a bound on
|E(G)|. From our assumption on potential and the result by Kierstead and
Rabern, we have two other bounds on |E(G)|. These bounds cannot be
simultaneously satisfied and we complete the proof of Theorem 3.5.

In Chapter 7, which is self-contained, we examine k-Ore graphs under a dif-
ferent definition of potential. We exclude different structures from k-critical
graphs G, which gives more information about the structure of k-Ore graphs.
These structures, called k-critical structures, are the minimal set of subgraphs
which we have to forbid to obtain an € improvement in the asymptotic den-
sity ¢y for k-critical graphs and thus the proof of Theorem 7.2 is far from
straightforward. Without increasing the complexity far beyond the scope of

this work, we cannot extend these results to general k-critical graphs.
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Chapter 2

Graph definitions and

preliminaries

2.1 Definitions

We begin with some graph notation that is frequently used in this work and
then some preliminary lemmas which will be used in Chapter 6 during dis-
charging. In this work, we focus on k-critical graphs, a special type of graph
with chromatic number k. Recall the following definitions of the chromatic
number and k-critical graphs. A proper k-vertex-coloring, or simply proper
k-coloring is a labelling such that adjacent vertices of G receive different
labels. The chromatic number of a graph G is the smallest k for which G is
properly k-colorable. A k-critical graph is a graph G with chromatic number
k but for any e € E(G), the graph G — e is properly (k — 1)-colorable.

There are a few other definitions for graphs that we use frequently through-
out this work which we make note of below. Definitions not specifically stated
in this work can be found in [8].

For a graph G we say that two subgraphs Hy, Hy are incident if V(Hy) N
V(Hy) # 0, we say that an edge e is incident to a vertex z if x is one of the
endpoints of the edge, and we say that an edge e is incident to an edge f if

x € V(G) is an endpoint of both edges.
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The neighborhood, Ng(z), of a vertex x € V(G) is the set of all adjacent
vertices. The closed neighborhood, N¢g|x], is the set Ng(z) U {z}.

For a graph G with two vertices x,y we define the graph G/ry to be
the graph obtained from G by identifying the vertices x and y. That is,
V(G/xy) == (V(G) U{ry}) — {r,y} and the new vertex xy is adjacent to
each vertex in Ng(x) U Ng(y).

2.2 Almost-bipartite subgraphs in a k-critical
graph

We begin this work on k-critical graphs by examining edge bounds of an
almost-bipartite subgraph of a k-critical graph G. By almost-bipartite sub-
graph, we are referring to an induced subgraph on disjoint sets A, B C V(G)
such that A is an independent set. Because we only specify that A is in-
dependent, the induced subgraph G[A U B] is not necessarily bipartite. In
proving these results, we consider putting an orientation on edges of G to
create a digraph D. On this digraph, we will make a list-coloring argument

to achieve bounds on the number of edges in an almost-bipartite subgraph.

Definition 2.1. For a graph G with disjoint vertex subsets A, B, we define
G(A, B) to be the bipartite graph obtained from G[A U B| by removing all
edges from G|B] and G[A]. We define ec(A, B) to be the number of edges in
G(A, B).

For a graph (or digraph) G, a list L is a mapping which assigns to each
v € V(G) a set of available colors for v. Let L(v) be a set of available colors
for each v € V(G). We say that G is L-colorable if there is a proper coloring
¢ of G such that ¢(v) € L(v) for all v.

In [14], the authors prove (Lemmas 8 and 9) the following statement, where

deg}(v) is the out-degree of v in the digraph D.
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Lemma 2.2. Suppose that A is an independent set in a graph G and B =
V(G) — A. Let D be the digraph obtained from G by replacing each edge in
G[B] by a pair of opposite arcs and replacing each edge connecting A with B

by an arc with arbitrary orientation. If L is a list such that
|L(v)| > 1+ degh(v) for allv € V(D)
then D 1s L-colorable.

The following lemma is a specific case of another result (Corollary 11) in
[14].

Lemma 2.3. Let G be a k-critical graph with disjoint vertex subsets A, B
such that

1. A is independent,
2. degs(a) =k —1 for each a € A, and
3. degq(b) =k for each b € B.

Then eq(A, B) < 2|A| + 2|B.

We will need to prove similar lemmas where the vertices b € B all have
degree k 4 1, or have degree d with k < d < k + 1.

Lemma 2.4. Let G be a k-critical graph with disjoint vertex subsets A, B
such that

1. A is independent,
2. degn(a) =k —1 for each a € A,
3. and degy(b) =k + 1 for each b € B.

Then eq(A, B) < 3(|A| + |B]).
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Proof. Suppose that the hypotheses of the lemma hold. If A or B are empty
then eq(A, B) < 3(|A| + |B]) is trivial, so we may assume that they are not
empty. Let G' = G[AU B| and let G” = G(A, B). We claim that 6(G") < 3.
Suppose, for sake of contradiction, that §(G”) > 4.

From G” we construct a new graph H be splitting each vertex b € B into
[dgn(b)/4] vertices of degree at most 4. Let B” be the partite set obtained
from B in this manner. Then H is a bipartite graph, degy(a) > 4 for each
a € A, and degy(b) < 4 for each b € B”. Hall’'s Theorem ([10]) gives a
matching M C E(H) that covers A. Because each edge in H corresponds to
an edge in G = G(A, B), we will also say that M C E(G")

Now we construct a digraph D from G’ by replacing each edge in G[B] by
a pair of opposite arcs, orienting all edges of M C E(G") toward A, and
orienting all remaining edges in F(G”) towards B. Because G is k-critical,
we can properly (k — 1)-color G — {A U B} with ¢ using color set C'. For
each v € AU B, we let

Lw)y=C—- ] o).
Cem(@)
Note that for any v € (AU B) we get |L(v)| > (k— 1) — degg(v) + dege (v).
Therefore for a € A and b € B, we have |L(a)| > degq (a) and |L(b)| >
dege(b) — 2. It follows that degf(a) = degq/(a) — 1 < |L(a)| — 1. Further,
because each b € B has at most [ deg.(b)] incident arcs which are oriented

towards A and because each b has at least 4 neighbors in A it follows that
3
dogh0) < dege ()~ |} desen(8)]| < (L) +2) ~3= 1200 - 1

By Lemma 2.2 D is L-colorable. But this implies that ¢ can be extended to
properly (k — 1)-color G, which is a contradiction. Therefore, we have shown
that §(G”) < 3.

We now prove by induction on (|A| + |B]) that eq(A, B) < 3(|A| + | B|).
This is trivial for |A| 4+ |B| = 2, which is the base case. Now suppose that
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|A|+|B| = ¢ and that the lemma holds for |A|+|B| < ¢. Because 6(G") < 3,
there is a vertex x with deg..(z) = d < 3; without loss of generality, suppose
that € A. By the inductive hypothesis eq(A — {z}, B) < 3(J]A| + |B| — 1).
Therefore eq(A, B) < 3(|A| + |B]) —3+d < 3(|A| + | B)). O

Lemma 2.5. Let G be a k-critical graph with disjoint vertex subsets A, By, B1
and let B := By U By. If

1. A is independent,

2. degn(a) =k —1 for each a € A,

3. and degq(b) = k + 1 for each b € B; with 0 < i < 1.
Then eq(A, B) < 2|A| + 2|By| + 4| By |.

Proof. Suppose that the hypotheses of the lemma hold. If A or B are empty
then eq(A, B) < 2| A|42|Bo|+4| By is trivial, so we may assume that they are
not empty. Let G' = G[AU B| and let G” = G(A, B). We claim that either
there is some a € A with deg.(a) < 2 or some b; € B; with degq(b;) < 2+2i
for 0 <4 < 1. Suppose, for sake of contradiction, that degq.(a) > 3 for all
a € A and degg.(b;) > 3+ 2i for all b; € B; with 0 <14 < 1.

From G” we construct a new graph H be splitting each vertex b € B into
[de(b)/3] vertices of degree at most 3. Let B” be the partite set obtained
from B in this manner. Then H is a bipartite graph, deg;(a) > 3 for each
a € A, and degy(b) < 3 for each b € B”. Hall’s Theorem ([10]) gives a
matching M C E(H) that covers A. Because each edge in H corresponds to
an edge in G = G(A, B), we will also say that M C E(G")

Now we construct a digraph D from G’ by replacing each edge in G[B] by
a pair of opposite arcs, orienting all edges of M C E(G") toward A, and

orienting all remaining edges in F(G”) towards B. Because G is k-critical,
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we can properly (k — 1)-color G — {A U B} with ¢ using color set C. For
each v € AU B, we let

Lw)y=C- |J o).
z€V(G)—(AUB)
wweE(Q)

Note that for any v € (AU B) we get |L(v)| > (k — 1) — degq(v) + degq (v).
Therefore for a € A and b; € B; we have |L(a)| > degq (a) and |L(b;)| >
degs(b;) — 1 —i. It follows that degh(a) = degq/(a) — 1 < |L(a)| — 1.
Further, because each b; € B; has at most [ deggn(b;)] incident arcs which
are oriented towards A and because each b; has at least 3 + 2i neighbors in

A it follows that

deg}(b;) < dege(b;)— F degG,,(bi)J < (]L(bi)\—i-l%—i)—{ = |L(b;)|-1.

6+ 41
3

3

By Lemma 2.2 D is L-colorable. But this implies that ¢ can be extended to
properly (k— 1)-color G, which is a contradiction. Therefore, we have shown
that there is either some a € A with degqv(a) < 2 or some b; € B; with
degen(bi) <2+ 2ifor 0 <i <1

We now prove by induction on (|A| 4 |B]) that eq(A, B) < 2|A| + 2|By| +
4|By|. This is trivial for |A| + |B| = 2, which is the base case. Now suppose
that |A| 4+ |B| = ¢ and that the lemma holds for |A| 4+ |B| < ¢. Suppose that
there is some a € A with degg/(a) = d < 2. By the inductive hypothesis
eq(A—{a},B) < 2(|A| — 1) + 2|By| + 4|By|. Therefore eq(A, B) < 2(|A] —
1) 4+ 2|Bo| + 4| B1| + d < 2|A| + 2| By| + 4| By|.

Now suppose instead that there is some b; € B; with degq. (b;) = d < 24-2i.
By the inductive hypothesis and assumption on degree of b; it follows that

ec(A, B) < (2|A| + 2|By| + 4|B1| — 2 — 2i) + d < 2|A| + 2|Bo| + 4| B |.
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2.3 Further edge bound on k-critical graphs

The following lemma, used in the second stage of discharging in Chapter 6, is
a restatement in terms of k-critical graphs of a theorem from Kierstead and
Rabern (Theorem 4.5) [11]. Let mic(G) be the maximum of ) _, deg,(v)

over all independent vertex subsets I of G.

Lemma 2.6. Giwen a k-critical graph G with at least one vertex of degree
kE—1,
2|E(G)| > (k—2)|[V(G)| + mic(G) + 1.

In this work, we omit the +1 because the other two terms scale with

V(G)]
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Chapter 3

Ore compositions and k-Ore

graphs

We can equivalently define a k-critical graph to be a graph G with chromatic
number £ such that every proper subgraph of G has chromatic number at
most k£ — 1. In this sense, k-critical graphs can be thought of as minimal
graphs that are not (k — 1)-colorable. It is natural to ask how small such
graphs can be. Recall that fi(n) is the minimum number of edges of a
k-critical graph on n vertices. In a recent paper, Kostochka and Yancey
[14] proved that a k-critical graph must have edge density above a certain
threshold. Namely, they proved that if £ >4, n > k and n # k + 1 then

Further, this bound is tight since it is attained by an infinite class of k-critical
graphs. In a subsequent paper, Kostochka and Yancey [13] proved that
k-critical graphs which attain these bounds are precisely the k-Ore graphs
described below. Therefore, in exploring new bounds on edge-density of k-
critical graphs, it is important to begin our discussion with results on k-Ore

graphs.
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3.1 Ore composition and potential function

Definition 3.1. An Ore composition of two graphs G, and Gy is a graph
obtained by the following procedure:

1. delete an edge xy from G,
2. split some vertex z of Gy into two vertices z1 and zo of positive degree,

3. identify x with z, and identify y with z.

Note that an Ore composition of GGy and G5 does not necessarily obtain a
unique graph. Further, the order in which we list the graphs is important;
we say that G (always listed first) is the edge-side and Go (always listed
second) is the split-side of the composition. The identified vertices x2z; and
yzp are the overlap vertices of the composition. Further, we say that zy is
the replaced edge of G1 and that z is the split vertex of G5. A graph G is a
k-Ore graph if and only if it is in the smallestclass of graphs which is closed
under the Ore composition operation and contains Kj. This means that any
k-Ore graph can be obtained if we start with K} and make repeated Ore
compositions with copies of K} and any intermediate graphs created along
the way.

On occasion, we are interested in decomposing a k-Ore graph G into the
graphs GG; and G5 that were used to obtain G. When we split a vertex z of
the split-side, the resulting graph can be properly (k — 1)-colored, but the
new vertices z; and 2z, must receive different colors. Therefore, if we focus on
colorings of GGy then the restrictions caused by the replaced edge zy € E(G)
are the same as the restrictions caused by the split-side of the composition.
We may view the graph G as a graph G’ isomorphic to GG; where the edge
xy € E(G") corresponds to a subgraph D C G which is the split-side of the
Ore composition of G after the vertex z has been split into two vertices. We

call the edge zy € E(G') an edge-replacement to distinguish it from the edges
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which are in both G and G;. Replacing an edge-replacement e in G’ with its
corresponding subgraph D C G is equivalent to taking an Ore composition

of G" and D/xy.

Proposition 3.2. Suppose that G is a k-Ore graph. Then there exists a graph
H = K with € edge-replacements {ei,...,es} corresponding to subgraphs
{D1,..., D¢} of G. The graph G can be obtained from H by replacing each
e; with D;.

Proof. Let G be a k-Ore graph. We will prove this by induction on |V(G)|.
If G is K} then the result is trivial, so we may assume that G is the Ore
composition of two k-Ore graphs G; and Gy with overlap vertices {z,y}.
Let D C G be the subgraph G[(V(G) — V(G;)) U {x,y}]. This subgraph is
isomorphic to the k-Ore graph Go after the split-vertex z is split into two
vertices x,y of positive degree.

By induction GG; can be reduced to H; = K} where the graph H; has r
edge-replacements. Suppose that xy is an actual edge in H;. Then G is
reducible to H = K} where H has the same r edge-replacements as H; and
also has the edge-replacement zy corresponding to D. Suppose instead that
xy is not an edge in H;. Then xy is an edge in a subgraph D; C G; which
corresponds to an edge-replacement e; in H;. Now G is reducible to H = K,
where e; is an edge-replacement corresponding to a subgraph which is an

Ore composition of D; and Gs. O

Kostochka and Yancey’s bound on f;(n) also gave an asymptotic confirma-

tion of Ore’s Conjecture; that is, Kostochka and Yancey’s result proves that

Y = lim, o0 % = % — ﬁ One of the goals of this work is to increase

the asymptotic density when k > 33 for the class of k-critical graphs that do
not contain Kj_» as a subgraph, which leads to a strengthening of Kostochka

and Yancey’s result.
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P> <P

Figure 3.1: H; C (G is in bold on the left; Hy C G is in bold on the right.

In order to obtain this improvement, we define a graph function 7" which

‘counts’ the Kj_; and Kj_5 subgraphs in a particular way.

Definition 3.3. Suppose that the graph H is a disjoint union of r Ky_1 and
s Kjy_o subgraphs. Then T(H) is defined to be 2r + s. More generally, we
define T(G) for an arbitrary graph G as follows:

T(G) = Igllgé{{T(H) | H is a disjoint union of Kx_1 and Ky_o components}.

We let T'(G) be the maximum over all choices of subgraphs H C G which
are disjoint collections of Ky _; and Kj_, subgraphs. For example, for k = 5,
Figure 3.1 shows two subgraphs H; and H, of G. Both T'(H;) and T'(H>)
are 2 and so it follows that T'(G) > 2 (in fact, we can check that T'(G) = 2
in this example). These two choices of subgraphs also highlight that there
could be multiple subgraphs H C G which witness 7'(G). Throughout our
proofs, we make no assumptions on how these subgraphs are chosen.

We can now define the potential of a graph.

Definition 3.4. Given a graph G, we define the potential of a graph to be
pe(G) == ((k = 2)(k+ 1) + ) [V(G)| — 2(k — 1)| E(G)| — 6T(G)

for a fized € withogegm and § = (k — 1)e.

Because € remains fixed throughout the proof, we omit this subscript. The

theorem is then proven for any potential function p, with € in the specified
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range. Different values of € in this range will lead to different corollaries,
as discussed in Chapter 1. The main goal of this work, and the aim of the
remainder of this chapter and the subsequent three chapters, is to prove the

following theorem about potential of k-critical graphs:
Theorem 3.5. If G is a k-critical graph with k > 4 then
1. p(G) =k(k —3)+ ke —20 if G = K,

2. p(GQ) < k(k=3)+|V(GQ)|e— <2+|V(,€G 1) if G is k-Ore and G # Ky,

and
3. p(G) < k(k—3)—2(k—1) if G is not k-Ore, for k > 33.

When k£ > 33, this is a complete statement about potentials for all k-critical
graphs. For k < 33 the first two statements hold but, due to constraints in the
discharging argument that we use in Chapter 6, we are not able to prove the
third statement for small k£ without significantly increasing the complexity of
the discharging arguments. Note that T'(K}) = 2 and so the first assertion
of Theorem 3.5 is immediate from the definition of p(G). In the following
Section, we will examine the function T'(G)) where G is a k-Ore graph or an

Ore composition and we will prove the second assertion of Theorem 3.5.

3.2 Results on £-Ore graphs

First, we prove the following lemma about Ore compositions:

Lemma 3.6. If G is an Ore composition of Gy and Gy, then T(G) > T(G1)+
T(G3)—2. Moreover, if Gy = Ky or Gy = Ky, then T(G) > T(G1)+T(G2)—

Proof. Suppose that G is an Ore composition of G; and G5 . Let e be the
replaced edge of GG; and z be the split vertex of GG3. From the definition of an
Ore composition T'(G) > T(Gy —e) + T(Gy — {z}). Note that T(G; —e) >
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T(Gy) —1 and T(Gy — {z}) > T(G2) — 1, because removing a single element
can decrease T'(G) by at most 1. Thus, we get T(G) > T(G1) + T(G2) — 2
as desired. If G; = K}, then T(K) —e) = 2 for every edge e € E(G);
also, if Gy = K} then T'(K} — {v}) = 2 for every v € V(G5). Removing an
element from a K}, graph does not decrease T(K}). Therefore, it follows that
T(G) > T(Gy) +T(Gs) — 1 if either Gy or Gy is Kj. Further, if both G and
G4 are Ky, then T(G) = 4. O

Let G be a k-Ore graph. We can show inductively that there exists an
¢ > 0 such that |V(G)| = k+{(k —1) and |E(G)| = w — (. When
G is a k-Ore graph that is not Ky, then it is an Ore composition and we can

use Lemma 3.6 to get a bound on T'(G).

Lemma 3.7. If G is a k-Ore graph and G # Ky then T'(G) > 2 + %

Proof. We proceed by induction on |V (G)|. Since G is k-Ore and G # Kj,
then G must be the Ore composition of two k-Ore graphs G; and G5. Note
that if G is an Ore composition of G; and G5 then, by the definition of Ore
composition, |V(G)| = [V(G1)| + |[V(Gs)| — 1 If G; and G, are both Kj
graphs, then |V(G)| = 2k — 1 so we need to show that T(G) > 4. We know
that T(Ky —e) = T(K) — {z}) = 2 regardless of the choice of replaced edge
e and split vertex z in the composition. Thus T'(G) > 4 as desired.

Suppose that G = K and Gy # Kj. Then by Lemma 3.6 and the inductive
hypothesis, we have that
[V(Gs)| - 1

k—1

V(&) -1

T(G)zT(G2)+12(2+ 1

)+1—2+

as desired. A similar argument covers the case where G; # Kj and Gy = K.
Finally, suppose that neither G; nor Gy is Kj. Then because |V (G)| =
[V(G1)| + |V(G2)| — 1, it follows from Lemma 3.6 that

7(G) > (2+M>+(2+M)_2: <2+W).

k—1 k—1 E—1
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We obtain the second assertion of Theorem 3.5 as a corollary.

Corollary 3.8. If G is a k-critical graph that is k-Ore and G # K} then
V(@)1
p(Q) < k(k —3) + |V(G)]e — (2 + %) .

Proof. To prove this, we recall that
p(G) = ((k =2)(k+ 1)+ ¢) [V(G)] = 2(k — D|E(G)] — 0T(G).

Also, a k-Ore graph which is not K} has k+/¢(k—1) vertices and W—E
edges for some ¢ > 1. Therefore, using Lemma 3.7, it is a straightforward

. V(G)|-1
calculation to show that p(G) < k(k — 3) + |V(G)|e — (2 + %) . O

3.3 Diamonds and emeralds

Definition 3.9. A subgraph D C G is a diamond of G if D = K}, —uv and
degs(z) = k—1 for each x € V(D) — {u,v}. The vertices u and v are called
the endpoints of the diamond.

Definition 3.10. A subgraph D C G is an emerald of G if D = K;_1 and
deg,(z) = k — 1 for each x € V(D).

Lemma 3.11. If G is k-Ore and v € V(G), then there exists a diamond or

emerald of G not containing v.

Proof. We will prove this by induction on the order of G, |V (G)|. Let G be
a k-Ore graph and let v € V(G) be an arbitrary vertex. If G = K}, then
G — {v} is an emerald of G not containing v. Otherwise, we have that G
is an Ore composition of two k-Ore graphs G; and G5 with overlap vertices
{a,b}. We choose this composition to minimize the number of vertices in

the edge-side G;. If v € V(Gy) then, inductively, there is a diamond or an
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emerald D in G5 not containing the vertex ab € V(G3). Note that D is also
a diamond or emerald of G not containing v.

Therefore, we may assume that v € V(Gs) — V(Gy). If G; = Ky, then Gy
is a diamond of G and we are done. Otherwise, (z; is a composition of two
k-Ore graphs H; and H, with overlap vertices {x,y}. If the edge ab € E(G)
is in E(H3) then there is a decomposition of G with H; as the edge-sde,
which contradicts the minimality of G;. Thus, ab € E(H;) and by induction
there is a subgraph D of Hs which is a diamond or emerald not containing
xy € V(Hy). Note that D is also disjoint from vertex v, and is also a diamond

or emerald in G because ab € E(H;). This completes the proof. O

Note that one could prove as a corollary that there is a diamond or emerald

in G disjoint from any edge e € E(G).

Lemma 3.12. If G is k-Ore and D = Kj._1 is a subgraph of G, then either

G = Ky, or there exists a diamond or emerald in G disjoint from D.

Proof. We will prove this by induction on |V (G)|. Let G be a k-Ore graph
and let D = Kj_; be a subgraph of G. If G = K} then we are trivially
done, so suppose that G is an Ore composition of two k-Ore graphs G; and
Go with overlap vertices {a,b}. We choose this composition to minimize
|[V(G1)|. Note that D lies entirely on the edge-side or the split-side of this
composition. If V(D) C V(G,) then by Lemma 3.11 there is a diamond or an
emerald in G5 not containing the vertex ab € V(G2). This is also a diamond
or an emerald of GG and it is necessarily disjoint from D.

Therefore, we may assume that D lies on the split-side. We examine two
cases based on if V(D) contains one of the overlap vertices {a,b} or not.
First, suppose that V(D) contains neither a nor b. Then if G; = K}, then
(G, is a diamond that is disjoint from D. Otherwise, G is a composition
of two k-Ore graphs H; and H, with overlap vertices {x,y}. If the edge
ab € E(Gy) is in E(H,) then there is a decomposition of G with H; as
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the edge-side, which contradicts the minimality of G;. Thus, ab € E(H;)
and by Lemma 3.11 there is a diamond or an emerald in Hy not containing
xy € V(H,). Note that this does not contain a or b, so is also a diamond or
emerald of G which is disjoint from D.

Now we suppose that V(D) and {a, b} are not disjoint. Because ab ¢ E(G),
|[V(D)N{a,b}| = 1 and without loss of generality, we assume that a € V(D).
If Go # K} then by induction, there is a diamond or an emerald in Gs
disjoint from D. This is also disjoint from D in the graph G, so we may
assume that Gy = Kj. Because degg, (ab) = k — 1, it follows that b € V(G)
has exactly one neighbor on the split-side GG;. By Lemma 3.11, there is a
diamond or emerald D" in G, disjoint from a. If D' is a diamond, then it
is also a diamond of G that is disjoint from D because b € V(D’) implies
that b is an endpoint of D', since ab € E(Gy). If D’ is an emerald that does
not contain b, then it is an emerald of G that is disjoint from D. If D’ is an
emerald and b € V/(D’) then degg, (b) = k — 1. However, in G, b is no longer
adjacent to a, and has exactly one neighbor on the split-side GG5. Therefore
degq(b) = k — 1 as well and D’ is also an emerald of G that is disjoint from
D. O
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Chapter 4

Potential and critical

extensions

4.1 Potential

We now recall the definition of the potential of a graph.
Definition 4.1. A graph G has potential
p(G) = ((k=2)(k+1)+¢) [V(G)| = 2(k = |E(G)| — 6T(G).

We can also define this function on vertex subsets R of a graph G. If

R C V(G), then let
pc(R) = ((k —2)(k+1) +¢€) |R| — 2(k — 1)|E(G[R])| — 6T(G[R])

where we reacall that G[R] is the induced subgraph of G with vertex set R.
Below, we begin the list of complete subgraphs of a k-critical graph for a
fixed k, ordered from smallest potential to largest potential. The complete

subgraphs not listed all have larger potential than these four.
Fact 4.2.

1. p(Kl):kQ—k—2+€
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2. p(Kj—1) = 2k* — 6k + 4+ (k — 1)e — 26.
3. p(Is) = 2k — 4k — 2 + 2e.
b p(Kis) = 3k% — 11k + 10 + (k — 2)e — 0.

To prove Theorem 3.5, our strategy is to look at a minimal counterexample
and use proof by contradiction. Therefore, we now need to precisely define

what makes a graph minimal. Let G and H be two graphs.

Definition 4.3. The graph H is smaller than G if either |E(G)| > |E(H)|,
or |E(G)| = |E(H)| and G has fewer pairs of vertices with the same closed
neighborhood.

Definition 4.4. A graph G is good if it is k-critical and every smaller k-
critical graph satisfies Theorem 3.5.

Therefore, when we say that G is a minimal counterexample to the third
statement of Theorem 3.5, we mean that it is a good graph which is not

k-Ore and does not satisfy Theorem 3.5.

4.2 Critical extensions

If R is a proper subset of a k-critical graph GG, then we can use the criticality
of G to define an extension of R. First, note that if R C V(G), then we can
(k — 1)-color G[R] with some proper coloring ¢ : R — [k — 1]. We define
the graph G4 to be the graph obtained from G' by identifying all vertices
in ¢~1(i) to a single vertex x; for 1 < i < k — 1, adding the edge z;z; for
1 <i < j < k—1, and then replacing any multiedges with single edges. Note
that we don’t remove adjacencies in G, so that if u € R, v € V(G) — R, and
uv € E(G) then vagn) € E(Grg).

The following lemma is proved in [14], we include a proof for completeness.
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Lemma 4.5. If G is a k-critical graph with R C V(G). Then Ggg is not
(k — 1)-colorable.

Proof. Suppose the result fails to hold. Let G be a k-critical graph with
R C V(G) and let ¢ : R — [k — 1] be a proper (k — 1)-coloring of G[R].
By assumption, there is a proper (k — 1)-coloring ¢ of Gg,. Recall that
V(Grg) = (V(G) — R) U{xy,...,x,1} and that Grel{z1,...,2k-1}] is a
Kji_1. We change the labels of ¢ so that ¢ (x;) = i for each vertex z; €
V(GRrg). However, ¥|yc)-r U ¢|r is now a proper (k — 1)-coloring of G,

which is a contradiction. Therefore, the result must hold. O

By Lemma 4.5, we know that there is a k-critical subgraph W C Gpg 4.
Because G is k-critical, W must contain at least one vertex in {z1,...,z,}.
We let X = V(W)N{zy,...,2,} and R := (RUV(W)) — X. Note that
R C R CV(G). We say that R is a W-critical extension of R and that X

is the core of the extension.

Lemma 4.6. If R’ is a W-critical extension of R C V(G) with core X, then
pc(R) < pa(R) + p(W) — p(K|x|) — 0T (K x|) + ] X]. (4.1)

Proof. The three elements of a graph that contribute to potential are vertices,
edges, and the number of K ; and K} 5 subgraphs. Because R = R U
V(W) — X, each side of Equation 4.1 counts the same number of vertices.
For the edges, each side of Equation 4.1 counts some edges that the other
does not. Note that pg(R') counts edges in G from R to V(W) — X. The
right-hand side counts edges in G, from X to V(W) — X. All other edges
(those inside G[R| and those inside W — {X}) are accounted for by both
sides of Equation 4.1. However each edge from R to V(W) — X in G maps
to an edge from X to V(W) — X. Therefore we have the desired inequality

with respect to the edge-contribution to potential.
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Finally we look at the Kj_; and Kj_5 subgraphs. Now T'(G[R']) must be
at least the sum of T(G[R]) and T(W — {X}). Also, T(W — {X}) must be
at least T'(W) — | X| because each x; € X could be in, at worst, one subgraph

counted by T(W). Therefore, we get the desired inequality in Equation
4.1. O

Corollary 4.7. For good graphs G with R C V(Q), pa(R') < pe(R) —2(k —
1) —4.

Proof. By Fact 4.2, we can see that p(K|x|) + 0T (K|x|) — 6|X| is minimized

when | X| = 1. Therefore, Lemma 4.6 becomes
pa(R') < pa(R) + p(W) — (k* =k — 2+ ¢ — ). (4.2)

If W is Ky, then because T (W) = T(W — {z}) for x € X we can ignore the
+6 in Equation 4.2. Therefore for W = K, it follows that

pa(R) < pg(R) + (k* — 3k + ke — 20) — (K* —k — 2+ ¢)

=pc(R) —2(k—1)4+ (k—1)e — 20.
If W is k-Ore and W # K}, then it follows from Theorem 3.5 that

VG -1

pc(R') < p(G)+(k(k=3)+|V(G)|e~ (2 R

) §)— (K —k—2+¢—5).

Because § > (k — 1)e, this implies that pg(R') < pa(R) —2(k — 1) — 6.
Finally, if W is not k-Ore, then p(W) < k(k — 3) — 2(k — 1) because G is

a good graph. Therefore we get pa(R') < pa(R) —4(k — 1) — € and because

—2(k — 1) — € < 6 we have proven the corollary. O

Corollary 4.7 implies that in a minimal counterexample G every proper
subgraph G[R] C G has potential that is higher than p(G) because we can
continue making critical extensions, lowering the potential and growing the

subset until we reach an extension which is all of V(G). Therefore p(G) =
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min{pg(R) | R € V(G)}, and we are able to use p as a global parameter for
discharging.

Suppose that R’ is a W-critical extension of R C V(G) with core X. We
define |X| to be the core size of the W-critical extension. If R = V(G)
then we say that R’ is a spanning critical extension. Note that if R’ # V(QG)
then G[R'] is (k — 1)-colorable; however, the coloring ¢ used on R cannot be
extended to a proper (k — 1)-coloring of R’ by construction. The extension
R’ is, in fact, a minimal subset of V(G) to which ¢ cannot be extended.

Finally, we define a complete critical extension. The extension R’ is com-
plete if both G[R'— R] = W[R'— R] and there is a one-to-one correspondence
between edges in W from R — R to X, to edges in G from R’ — R to R. If an
extension is complete, then the edge contribution in Lemma 4.6 is the same

on each side of Equation 4.1. That is,
|E(GIR])| = |E(G[R])| + |[E(W)| — |E(K|x))|.

For a general W-critical extension R’, it is possible that the left hand side of
the above equation is larger. If we have |E(G[R'])| = |E(G[R])| + |[E(W)| —

|E(K|x|)| + i then we say that the extension is i-incomplete.

4.3 Collapsible sets and edge-additions

Given a graph G and a subset of its vertices R C V(G), the boundary of R,
denoted by O¢ R, is defined to be the set OR := {v € R | uv € E(G) for some
u € V(G) — R}. If R is a subset of the vertices of two graphs G and H, we
will specify 0z R and dy R for the boundary of R in each respective graph.

Definition 4.8. A proper vertexr subset R is collapsible in G if for every

proper (k — 1)-coloring of R, the vertices of OR receive the same color.

We call such a set collapsible, because the subset R behaves like a fat vertex

with respect to coloring.
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Proposition 4.9. A subset R C V(G) is collapsible in G if and only if every

critical extension has a core of size 1, is spanning, and is complete.

Proof. Suppose, first, that R is collapsible in G. Let ¢ be an arbitrary
proper (k — 1)-coloring of G[R|. Permute the colors, if necessary, so that
OR receives color 1, and consider the graph G 4 and a W-critical extension
R'. The vertex x; € V(Gpry) is a cut-vertex. Let A = (V(G) — R) U {z1}.
Because a k-critical graph cannot contain a cut-vertex and must have at least
k vertices, we know that W is a subgraph of G 4[A] and that the core X
contains only z;.

Now suppose, for sake of contradiction, that R C V(G) and let y € V(G)—
R'. Then we can properly (k — 1)-color G — {y} with #; this induces a
proper (k — 1)-coloring in R and, without loss of generality, we assume that
Y(OR) = 1. It follows that using v to color W — {z} and coloring z; with 1
gives a proper (k — 1)-coloring of W. Therefore, we have shown that R’ has
core size 1 and is spanning, and we now show that it is complete.

If G[R' — R] has an edge f that is not in W[R' — R], then we can properly
(k — 1)-color G — f with 1 and the same argument as above gives a proper
(k—1)-coloring of W. Suppose that an edge uzr; € E(W') corresponds to two
edges uvy, uvy € E(G) with vy,ve € R. Then G — uvy can be (k — 1)-colored
by ©. Because R is collapsible, ¥ (v1) = (vg) is distinct from (u) and
thus v is actually a proper (k — 1)-coloring of G which is a contradiction.
Therefore, R' must also be a complete extension. Because R’ and ¢ were
chosen arbitrarily, this shows the forward direction of the proposition.

We now prove the reverse implication. Suppose, for sake of contradiction,
that every W-critical extension of R has a core of size 1, is spanning, and
is complete and that ¢ is a proper (k — 1)-coloring of R where ¢(u) # ¢(v)
for u,v € OR. Without loss of generality, we may assume that ¢(u) = 1
and ¢(v) = 2. We pick a W-critical extension R’ with core X. Because

| X| = 1 we may assume that zo ¢ X. Because v € OR and R’ is spanning,
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there is an edge zv in G from R’ — R to R that has no corresponding edge
in W as xo ¢ V(W). Therefore R is at least 1-incomplete, which is a

contradiction. ]

Lemma 4.10. There is no 2-cut in a minimal counterexample to the third

statement of Theorem 3.5.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5. Suppose that there is a 2-cut {x,y}. Then by Dirac [5] deleting {x,y}
leaves us with two components H; and Hy, G, = G — Hy is (k — 1)-colorable
by ¢ where ¢(z) = ¢(y), and Gy = G — Hy is (k — 1)-colorable by 1) where
Y(x) # P(y). We could claim that G is an Ore composition of Gy + zy and
Gs /xy if we are able to show that x and y have no common neighbors in Gs.

Suppose that z is such a vertex. Then G — zz is (k — 1)-colorable by ¢
and because Gy C G — zz, ¢(x) = ¢(y). However, ¢(z) # ¢(y) because
they are adjacent and so ¢ is also a proper (k — 1)-coloring of G. This
is a contradiction, so no such z exists. Thus we have shown that G is an
Ore composition of G, + xy and G, /%, which we rename to G; and Gy
(respectively) for the remainder of the proof.

Because G is not k-Ore, at most one of (G; and G5 is k-Ore. First, suppose
that G5 is not k-Ore. Any time we have an Ore composition of graphs we
know that

p(G) = p(G1) + p(Go) — k* + 3k — e+ 6 (T(G1) + T(Gy) — T(Q)) .

By Lemma 3.6 and because G5 is not k-Ore, it follows that p(G) < p(G;) —
2(k—1) —e+2 < p(Gy). Therefore G; must be k-Ore because it is smaller
than G. If G; # K}, and |V (G;)| = n, then the second assertion of Theorem
3.5 yields

p(G) < (kz(kz—?))jtne—(n—l)%—%) —2(k—=1)—€e+2
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—k(k—3)—2(k—1)+ (n—1) (e—%) <k(k—3)— 20k —1),

which is a contradiction. So it follows that G; must be K. But in this case
Lemma 3.6 gives T(G1) + T(Gs) — T(G) < 1, so we get p(G) < (k(k —3) +
ke — 26) — 2(k — 1) — € + 6. Because 0 > (k — 1)e, this is a contradiction.
The argument works exactly the same when we assume that G is not k-Ore.
Therefore we have shown that a minimal counterexample G must be at least

3-connected. ]

Definition 4.11. Let G be a k-critical graph. An edge-addition in G is a
non-edge xy such that for some k-critical graph H with xy € E(H), H—xy C
G and V(H) C V(G).

Note that if a k-critical graph G has a collapsible subset R C V(G) then
G admits an edge-addition. The connectivity of a k-critical graph means
|0gR| > 2 and R collapsible implies that xy is an edge addition in G for
x,y € O R.

Lemma 4.12. A minimal counterezample G to the third statement of The-

orem 3.5 admits no edge-addition.

Proof. Let G be a k-critical graph such that G is not k-Ore, p(G) > k(k —
3) —2(k — 1), and G is the smallest k-critical graph that satisfies (1) and
(2). Suppose, for sake of contradiction, that there is a non-edge xy such that
G + zy contains a k-critical subgraph H where V(H) C V(G), .

Of all the edge-additions that exist in G, pick xy so that we minimize the
number of vertices in the k-critical subgraph H. Let R = V(H). Then
pc(R) < p(H) 4+ 2(k — 1) + ¢ where equality implies that xy is in a Ky 1
or Kj_o subgraph counted by T'(H). Because R is a proper subset, we can

make a W-critical extension R’ and by Corollary 4.7 we have

pc(R) < pa(R) —2(k —1) =6 < p(H). (4.3)
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Since p(G) < pa(R') < p(H) and H is smaller than G, it follows that H
must be k-Ore and p(H) < k(k — 3).

We show now that R must also be collapsible in G. If R is not collapsible,
then we may assume that we chose the W-critical extension R’ so that it
is either not spanning, not complete, or has core of size larger than 1. If
R’ is not spanning then we can make another extension and by Corollary
4.7 and Equation 4.3 we have p(G) < pa(R") < p(H) —2(k —1) — 6 <
k(k —3) — 2(k — 1), which is a contradiction. If R’ is i-incomplete for ¢ > 1
then, because each uncounted edge lowers the potential pg(R') by 2(k — 1),
we get p(G) < pa(R') < p(H) —i2(k — 1). This is also a contradiction.
Finally, if the W-critical extension R’ has a core of size larger than 1 then by
Fact 4.2 p(Kx/) is minimized when |X| = k — 1 rather than when |X| = 1.
One can check that using |X| = k — 1 instead of |X| = 1 in Corollary 4.7
implies that

pa(R) < pa(R) — 2(k — 1) — 8] — (K — 5k + 6 + (k — 2)e — (k — 2)5).

Using Equation 4.3, and because 2(k — 1) < k* =5k +6 + (k — 2)e — (k — 2)§
when &k > 6, it follows that pg(R') < p(H) —2(k—1) < k(k—3) —2(k — 1),
which is a contradiction. Therefore, we have shown by Proposition 4.9 that
R is collapsible in G.

By Lemma 4.10 there is no 2-cut in G, so |[0R| > 3 and we can say w €
OR — {z,y}. Suppose H = Kj. Then G|R| = K} — e and because |OR| > 3
it is not possible for R to be collapsible since the largest color class of any
proper (k — 1)-coloring of K} — e is 2. Therefore, we may assume that H is
an Ore composition of k-Ore graphs H; and H, with overlap vertices {a, b}.
By the minimality of H, zy € E(H;).

Because there is no 2-cut in G, then there must be u,v € OR such that
u € V(H))—V(Hs) and v € V(Hy) —V(H;). Now consider a proper (k—1)-
coloring ¢ of G[R]. We know that ¢(u) = ¢(v) because R is collapsible, and
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that ¢(a) # ¢(b). Without loss of generality, let ¢(a) = 1 and ¢(b) = 2. If
o(u) ¢ {1,2}, then we may assume that ¢(u) = 3. In this case, switching the
colors 3 and 4 on H; only will yield a proper (k—1)-coloring of G[R] in which
u and v receive different colors, which is a contradiction. Otherwise, we may
assume that ¢(u) = 1. Now either ¢(v) = ¢(a) = 1 in every proper (k — 1)-
coloring of R, or we can switch ¢(v) with another color to produce a proper
(k — 1)-coloring of R where ¢(v) # ¢(u). In the latter case we contradict
the fact that R is collapsible, and in the former case av is a non-edge of G
such that G + av has a k-critical subgraph of size at most |V (H3)|+ 1, which
contradicts the minimality of H. Therefore no edge-addition can exist in a

minimal counterexample to the third statement of Theorem 3.5. O]

Corollary 4.13. If G is a minimal counterexample to the third statement of
Theorem 3.5, then G has no collapsible subsets R with |R| > 2.

Proof. Suppose that G has a collapsible subset R C G and that |R| > 2.
Then the connectivity of a k-critical graph implies that |OR| > 2. Thus
because R is collapsible, for distinct vertices x,y € OR the edge xy is an

edge-addition, which is a contradiction. O]

Using the definitions of diamond and emerald, we have the following corol-

lary.

Corollary 4.14. A minimal counterexample to the third statement of The-

orem 3.5 cannot have a diamond or emerald.

Proof. 1If G has a diamond with endpoints u, v, then {u, v} is a 2-cut, which
contradicts Lemma 4.10. If G has an emerald D, then let R = V(G)— V(D).
Either OR receives only one color in each proper (k — 1)-coloring of G[R] or
there exists some proper (k — 1)-coloring ¢ where |p(OR)| > 1. If such a ¢
exists then we can extend ¢ to V(D) and properly (k — 1) color all of G,



38

which is a contradiction. But if R receives one color in every proper (k—1)-
coloring of G[R] then for z,y € R we have that xy is an edge-addition, which

contradicts Lemma 4.12. OJ

Note that for a graph G with a subgraph G’ C G, it is possible for D C G’
to be a diamond (or emerald) of G’ but not be a diamond (or emerald) of G.
For D to be a diamond (or emerald) of both G and G’, we need the edges
from V(D) to V(G) — V(D) to be the same in G as in G’ (although extra

edges in G to the endpoints of a diamond are allowable).

4.4 Generalization to i-collapsible and (i + 1)-
edge-additions

Now we generalize our previous definitions of collapsible subsets and edge-
additions to further examine the structure of a minimal counterexample to

the third statement of Theorem 3.5.

Definition 4.15. A proper vertex subset R C V(G) is i-collapsible in G if
for all proper (k — 1)-colorings ¢ of G|R] using color set C

I;Iélclfl {weEG)|luec¢p (C—c)NRandveV(G)—R}| <i. (4.4)

Thus, a proper vertex subset R is i-collapsible if there is a majority color
class in ¢(0JgR) which covers all but at most i edges from R into V(G) — R.
Note that 0-collapsible sets correspond to our previous definition of collapsi-
ble sets. We also generalize the definition of edge-addition such that ¢ = 0

corresponds to the previous definition of edge-addition.

Definition 4.16. Let G be a k-critical graph. An (i+1)-edge-addition in G
is a set S of at most (i+1) non-edges such that there exists a k-critical graph
H with SCEH), H-SCG, and V(H) C V(G).
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Note that because no proper subgraph of G is k-critical, a 1-edge-addition
cannot come from a set of 0 edges. Thus, this definition for ¢ = 0 is identical

to the previous definition of edge-addition.

Proposition 4.17. If R C V(G) is a vertex subset where all W-critical
extensions of R are spanning, have core size 1, and are at most i-incomplete

then R s i-collapsible in G.

Proof. To show that R is i-collapsible in G we need to show that Equation
4.4 holds for all proper (k — 1)-colorings of R. Let ¢ be an arbitrary proper
(k — 1)-coloring using color set C' and let R’ be a W-critical extension using
that coloring. By hypothesis, R = V(G) and we may permute colors of
¢ so that the core of the extension is the vertex x;. Thus each edge from
¢ HC—{1})NR to V(G)— R is counted by |E(G[R'])| but not by |E(G[R])|+
|E(W)|—|E(K|x|)|. Because R' is at most i-incomplete, there can be at most

1 such edges. Therefore
{w|uep ™ (C—{1})NRandve V(G) — R}| <.
and by definition R is ¢-collapsible. ]
The following is an extension of a result (Lemma 16) in [14].

Proposition 4.18. If G is a k-critical graph with a i-collapsible subset R C
V(G) fori < (k—3)/2 then G admits an (i + 1)-edge-addition.

Proof. Let G be a k-critical graph and let R C V(G) be an i-collapsible
subset for i < (k — 3)/2. Suppose, for sake of contradiction, that G admits
o (i + 1)-edge-addition. For each u € JR, let w(u) = [{uww € E(G) | v €
V(G)— R}|. Because G is a k-critical graph, it is (k — 1)-edge-connected and
thus Y opw(u) >k —1.
Now w : R — {1,2,...} is an integral positive weight function that sat-
isfies the hypotheses of Lemma 16 from [14]. Therefore, for each 0 < i <
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(k — 3)/2 there exists a graph H with V(H) = 0R and |E(H)| =i+ 1 such
that for every independent set M in H with |M| > 2
Z w(u) > 14 1.
u€dR—M
That means that because G admits no (i 4 1)-edge addition, G[R]+ E(H) is
(k—1)-colorable using color set C' by ¢. But ¢ is also a proper (k—1)-coloring

of G[R] and, further, every color class ¢ € C' of size at least 2 has
Huw € BE(G) |u€ ¢ (C—c)NRandv e V(G) — R} >i+1.

This does not immediately contradict that R is i-collapsible, because it gives
no information about color classes of size 1. To complete the proof, we now
examine the cases in [14] more closely.

Let OR = {uy, ..., us} and, without loss of generality, assume that w(u;) >
w(u;) for all 2 < j <s.

Case 1. Suppose w(uz) + -+ +w(us) > i+ 2.

For this case, we may further assume that w(u;) > w(ug) > -++ > w(uy).
Choose the largest j such that w(u;) + - -w(us) > i+ 1. Let a = (i +1) —
(w(uwji1) + -+ + w(us)). Therefore o < w(u;). Since i < (k — 3)/2 and
w(uy) + -+ +w(us) >k — 1, we also have w(uy) + -+ + w(u;) > i+ 1+ a.
By the choice of j and the ordering of the vertices, 0 < o < w(w;) < w(uy).
We draw « edges each connecting u; with u; and ¢ + 1 — a edges connecting
{wjt1, ..., us} with {uy,...,u;} so that for each ¢, the degree of uy in the
obtained multigraph H is at most w(u,). Because G admits no (i + 1)-edge-
addition this gives a proper (k — 1)-coloring ¢ of G|R]+ E(H ) using color set
C', which is also a proper (k — 1)-coloring of G[R]. Let ¢ € C be any color
class.

Since ¢~!(c) is independent, it follows that

I OERDS dH(u)E%ZdH(u):i—l—l.

u€dR—¢~1(c) u€OR—p~1(c) u€oR
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This contradicts the fact that R is ¢-collapsible in G.
Case 2. Suppose w(ug) + -+ +w(us) <i+ 1.

We let E(H) = {wiu; | 2 < j < s}. Because G admits no (i + 1)-edge-
addition this gives a proper (k — 1)-coloring of G[R] + E(H) using color set
C', which is also a proper (k — 1)-coloring of G[R]. If ¢ is any color class not
containing u; then w(uy) > i + 1, and that color class does not satisfy the
definition of i-collapsible. Suppose that ¢(u;) = 1. Note that u; is the only
vertex in OR that receives color 1, so it follows that w(ug) + - - + w(u,) < i
because R is i-collapsible.

Let ¢ be a proper (k — 1)-coloring of G[(V(G) — R) U {uy}| such that
Y(u;) = 1. Because G is k-critical, ¢ = Ylv@)-r U ¢|r is not a proper
coloring. We pick ¢ so that the number of edges from dgR to V(G) — R
that have endpoints colored the same by v is minimized. Without loss of
generality, ¢(ug) = 2 and one of its neighbors in V(G) — R also receives color
2.

We will switch color class 2 in ¢ with another color class so that 1 colors us
differently than all of its neighbors without increasing the number of edges
from OR to V(G) — R with endpoints colored the same. We cannot switch 2
with 1 in ¢, so there remains (k — 2) choices. For each of the at most i edges
u;v from OR — {u; } to V(G) — R, we remove from the set of choices ¢(u;) if
d(uj) # 2 or ¢(v) if ¢(u;) = 2. This leaves at least k—2—i > (k—1)/2>1
choice. By switching color class 2 in ¢, we contradict our choice of ). Thus,
either ¢ is a proper (k — 1)-coloring of G or R is not i-collapsible, and we

have completed the proof. O

Lemma 4.19. In a minimal counterexample G to the third statement of
Theorem 3.5, there is no proper subset R C V(G) with |R| > 2 and pg(R) <
p(G) +2(i+ 1)(k — 1)+ 6 for 1 <i < 52 Further, G does not admit an
1-edge-addition for 1 < i < %.
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Proof. We prove this by induction on i. First we examine the case where
1 = 1. Lemma 4.12 shows that there is no 1-edge addition.

Now suppose, for sake of contradiction, that R C V(G) is a proper vertex
subset where pg(R) < p(G) + 4(k — 1) + §. Taking an arbitrary W-critical
extension R', Corollary 4.7 gives us pg(R') < pa(R) —2(k—1) =0 < p(G) +
2(k — 1). If the extension is not spanning then we can extend again and get
pc(R") < p(G), which is not possible. If the extension is not complete, then
we lose at least an extra 2(k — 1) when extending from R to R’. This gives
pc(R') < p(G) which is not possible. Lastly, if the core of the extension R’
has size larger than 1, then the potential equation for an extension (Equation
4.2) in Corollary 4.7 uses |X| = k — 1 rather than | X| = 1. Using Fact 4.2,
one can check that, for £k > 6, the potential of the extension goes down at
least an additional 2(k — 1). Again, this implies that pg(R') < p(G) which
is not possible. Therefore, we have shown that R is a collapsible set in GG
which contradicts Corollary 4.13.

We now prove this for general 7. The inductive hypothesis is that there is
no proper subset R of size at least 2 and pg(R) < p(G) + 2i(k — 1) + ¢ and,
further, there are no j-edge-additions for j < i. For sake of contradiction,
we assume that R is a proper subset of size at least 2 and that pg(R) <
p(G) +2(i+1)(k — 1) + 0. By Corollary 4.7, a W-critical extension R’ has
potential pg(R') < pg(R) —2(k — 1) — 6 < p(G) + 2i(k — 1). The inductive
hypothesis implies that R’ = V(G), so all extensions are spanning. Also,
because p(G) = pa(R'), the right hand side of the inequality cannot drop by
2i(k —1), and so the extension can be at most (i — 1)-incomplete. If the core

of R’ has size larger than 1, then Equation 4.2 becomes
pa(R) < pg(R) + p(W) — (2k* — 6k +4 + (k — 1)e — 20).

Because p(G) = pa(R') we can use the assumption on pg(R) and the bound
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1 < % to obtain the following inequality:
p(G) < p(G) +2(i+ 1)(k — 1) + 6 + p(W) — (2k* — 6k + 4 + (k — 1)e — 26)
which simplifies to

0< —k*+3k—2+30— (k—1)e+ p(W).

Whether W is k-Ore or not, it is a smaller k-critical graph than G so by
Theorem 3.5 the right hand side of the inequality is negative, which is a
contradiction. Therefore, the core of the extension R’ has size 1.

By Proposition 4.17, R is (i — 1)-collapsible. Since every proper subset of
size at least 2 with pg(R) < p(G) 4+ 2(i + 1)(k — 1) + § is (i — 1)-collapsible
by the above argument, we may assume that we chose an (i — 1)-collapsible
set R of minimal size. By Proposition 4.18, G admits an i-edge-addition
and H C G|R] + Sis a k-critical subgraph. Because G does not admit an
(i — 1)-edge-addition, |S| = i.

Pick a set S of exactly ¢ edges that minimizes the order of k-critical graph
H C G[R]+ S. Let Ry =V (H); then pg(Ro) < p(H) + 2i(k — 1) + 9.

First, we suppose that H is not k-Ore. Then because H is smaller than G,
p(H) < k(k—3) —2(k—1) < p(G). Thus, like R, Ry is a proper subset of
size at least 2 with pa(Ry) < p(G) +2(i+1)(k—1)+ 6. Also Ry C R, so by
the minimality of R it follows that R = Ry.

As before, every extension of R is spanning, has core size 1, and is at most
(i — 1)-incomplete. Further, there must be some extension R’ that is (i — 1)-
incomplete. Otherwise, all extensions are at most (i — 2)-incomplete and by
Proposition 4.17 there is a (i — 1)-edge-addition, which would contradict the
inductive hypothesis. Choose such an (i — 1)-incomplete extension R’ and
examine the potential p(R'). Because R’ is a spanning and (i—1)-incomplete

extension, Lemma 4.6 and the i-edge addition in G[R] give that

p(G) = pa(R) < pa(R) +p(W) = 2(i = 1)(k — 1) = (K* =k — 2+ ¢ — 9)
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<p(H)+2i(k—1)+i§+p(W) =2 —1)(k—1) — (K> -k —2+¢€—0)

<pGQ)+pW)+(G+1)5—e+2(k—1)— k> +k+2.
This calculation shows that 0 < p(W) — k* + 3k + (i + 1) —e. If W is not
k-Ore, then this is a contradiction because 2(k — 1) > (i 4 1)J — e. Therefore
W is k-Ore. Because | X| = 1, Lemma 3.11 implies that there is a diamond
or an emerald D in W — {X}. If it is a diamond, then this is a l-edge
addition in G, which contradicts Lemma 4.12. If it is an emerald, then for
each u; € V(D) we have degy,_xy(u) = k—1. However, in G, there could be
other edges incident to u; namely, those that cause the (i — 1)-incompleteness
of R'. So at least (k — 1) — (i — 1) = k — i vertices u; € V(D) have degree
kE—1in G.

Suppose that wuy,...,u, are the vertices with deg,(u;) = k — 1. For each
iin 1 <4 < /, label the unique vertex in Ng(u;) — V(D) as v;. If any
v; # v; for 1 <1 < 5 </, then v;v; is an edge-addition in G. To see this,
we properly (k — 1)-color G — {u;,u;}. There are two colors not used on the
partial coloring of D, suppose they are 1 and 2. If ¢(v;) € {1,2} then we
color u; with ¢(v;) and color u; with the other. Otherwise, we can greedily
color u;,u; in that order. Either way, we have obtained a proper (k — 1)-
coloring of GG. Therefore, v1 = vy = - -+ = vy. Adding an edge from v; to each
of upyq,...,ux_1 yields a K. This (i — 1)-edge-addition is a contradiction.

Therefore, the graph H obtained by adding i edges to G[R] must be k-Ore.
Recall that we chose the set |S| of i edges to minimize the order of H. We
first examine the case where H is not K, and then the case where H = K.

If H is not Kj, then H is an Ore composition of k-Ore graphs H; and H,
with overlap vertices {a,b}. Let S = SN E(H;) be the new edges on the
edge-side of the composition. If |S| < i — 2 then S U {ab} is a (i — 1)-edge-
addition, which is a contradiction. If |S| =i — 1 then S U {ab} is a i-edge-
addition that contradicts the minimal order of H. Therefore S C E(H;) and
Hy — {ab} € G. By Lemma 3.11 there is a diamond or an emerald D in
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Hy — {ab} away from the split-vertex of the composition. If D is a diamond,
then it admits a 1-edge-addition which is also a 1-edge-addition in G. This
contradicts Lemma 4.12.

Therefore D is an emerald of Hy — {ab}; however, D is not necessarily an
emerald in G because a vertex in V(D) could lie in dgR. In any proper
(k — 1)-coloring of G[R], the vertices V(D) = {uy,ug...,up_1} all receive
different colors. Recall that R’ has core size 1, is spanning, and is at most
(1—1) incomplete; thus, there are at most ¢ vertices in V(D)Ndg R, since only
one can share a color with X. Let uy,...,u, be the vertices in V(D) — g R.
These vertices have a common neighbor v; outside of V(D), otherwise we
have a 1-edge-addition. Adding an edge from v; to each u; with ¢/ <1 < k—1
is an ¢-edge-addition which gives a K} and thus contradicts the minimality
of H.

Now we turn to the case where H = K. Let V(H) = {uy,...,ux} and
note that G|R] + S = H by the minimality of R. We label the vertices so
that wju, € S. Thus we can properly (k — 1)-color G|R] with ¢ using color
set C' = [k — 1] such that ¢(u;) =i for 1 <i < k—1and ¢(ug) = 1. Because
R is (i — 1)-collapsible in G, we have

rréiélHuveE(G) lue ¢ (C—c)NRand v e V(G) — R}| <i—1. (45)

Note that degy (u) = k—1 for any u € R, and because G is a k-critical graph
we have deg,(u) > k — 1 as well. Thus, for each u € R there are at least as
many edges of G from u to V(G) — R as the number of edges of S incident

with w. This means that
{weEG)|ue¢ (C—c)NRandveV(G)— R} >i

for each ¢ # 1 and so that color class does not witness Equation 4.5. It
follows that the color class ¢ = 1 must witness Equation 4.5 and, hence,

must cover all but at most ¢ — 1 endpoints of edges in S.
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This implies that every edge in S — {ujuy} is incident to either uy or uy. If
uiue and uius are both in S, then we can switch the labels uy and u;. Then
no color class covers all but at most ¢ — 1 endpoints of edges in S and we
obtain a contradiction. Therefore S either forms a star subgraph, or |S| = 3
and S forms a triangle subgraph. We examine these cases separately.

Suppose that S is a star and that u; is the center of the star. In this case
we show that G[R — {u}] is an emerald in G, which is a contradiction. In
order to satisfy Equation 4.5 each leaf of the star has exactly one edge to
V(G) — R and every u € R not incident with S has no edges to V(G) — R.
Therefore degq(u;) = k — 1 for 2 < i < k and, by definition, G[R — {u;}] is
an emerald in G.

Suppose that S is a triangle and that S = {ujug, ugus, ujug}. In order
to satisfy Equation 4.5 for any proper (k — 1)-coloring of G[R] each w; for
1 <4 < 3 has exactly two edges to V(G) — R and every u € R not incident
with S has no edges to V(G) — R. However, by assumption of the lemma,
1 = 3 implies that £ > 10. This is a contradiction because k-critical graphs
are (k — 1)-edge-connected, and there are only 6 edges from R to V(G) — R.

This contradiction completes the proof. O

Corollary 4.20. In a minimal counterexample to the third statement of The-
orem 3.5 G, any proper vertex subset R C V(G) with |R| > 2 has potential
pc(R) > p(G) + k* — 3k + 2+ 6.

Proof. By Lemma 4.19, pa(R) > p(G) 4+ 2(i + 1)(k — 1) + § for all 1 < &4,
One can check that this implies that pg(R) > p(G) + k? — 3k + 2+ as

claimed. ]

We are also able to get degree conditions on neighbors of vertices of low

degree, which will be frequently used when discharging.



47

Lemma 4.21. In a minimal counterexample G to the third statement of
Theorem 3.5, let x and y be adjacent vertices such that degn(x) =k —1 and
Ngz] is not a subset of Ngly]. Then degg(y) > |Ng(z) N Ne(y)| +1 + 552,

Proof. Suppose that GG is a minimal counterexample to the third statement
of Theorem 3.5 and let = and y be adjacent vertices such that degq(z) = k—1
and let w € Ng[z] — Nglyl.

For any proper (k — 1)-coloring of G — {z}, the vertices of Ng(x) must all
receive distinct colors. Further, it is not possible to switch the color of y to
match w. Therefore, for any proper (k—1)-coloring ¢ of G —{x}, there must
be some vertex in Ng[y] — Ne[z] which is colored with ¢(w).

If we add edges from w to every vertex in Ng[y] — Ng[z], this creates
a k-critical subgraph of G — {z}. Therefore |Ngly] — Ng[z]| > 52, be-
cause otherwise we contradict Lemma 4.19. This gives the desired bound on

degG(y). L
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Chapter 5

Cloning

In this chapter, we define a second reduction operation called cloning.
Cloning will help us determine what types of vertices can be adjacent to
vertices of degree k — 1 in a minimal counterexample to the third statement
of Theorem 3.5. It is crucial to understand the structure near these vertices
if we are to succeed with a discharging argument, because vertices of degree
k — 1 are the vertices which need to be sent charge in order to complete the
full proof of Theorem 3.5. Many results in this section are about structures
that exist around vertices of low degree, meaning vertices of degree k — 1.
By examining graphs resulting from this cloning operation, we are able to
identify the configurations which need to be accounted for by our discharging

rules.

Definition 5.1. Let G be a k-critical graph with xy € E(G) such that
degn(x) = k — 1. We define the operation of cloning z with y to mean
constructing a new graph Gy, such that V(G,_,) = (V(G) — {y}) U{z}
and E(Gy_,) = E(G —{y}) U{Zv | v € Ng(z)} U{Zx}.

5.1 Clusters

We also use the notion of a cluster defined in [14]. Recall that for a graph G
and vertex x, the closed neighborhood of z is the set Ng[z] = Ng(z) U {z}.
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Definition 5.2. A cluster is a mazimal set R C V(G) such that for every
x € R, degs(x) =k — 1 and for every pair x,y € R, Ng[x] = Ngly].

A cluster, then, is a set of pairwise adjacent vertices of low degree. Further,
if x € V(G) is in a cluster C' and 2y € F(G) then when we clone x with vy,
the new vertex 7 is added to the cluster C'. Because large clusters will create
areas in the graph that need quite a lot of charge, we want to bound the size
of clusters in a minimal counterexample to the third statement of Theorem
3.5.

Proposition 5.3. Let C be a cluster in a minimal counterezample G to the
third statement of Theorem 3.5. Then |C| < k — 3. Furthermore, if C C S
such that G[S] = Kj_1, then |C] < &L

Proof. Suppose that GG is a minimal counterexample to the third statement
of Theorem 3.5 and that C' is a cluster of size s in G. Clearly s < k because
otherwise G = K., which cannot be a counterexample. If s = k — 1 then C'
is an emerald of G. If s = k — 2, then we label the neighbors of = outside
of C' with u and v. Note that the graph G[C U {u,v}] is a diamond of G.
Therefore, by Corollary 4.14 we have s < k — 3.

Suppose that C'is in a K}_; subgraph. Label the vertices of the K;_; with
{x1,..., 251}, so that x; € C for 1 <i < s. Fori < s, all z; share a common
neighbor y outside of the K;_;. If s > % then this corresponds to at most
% edges that we can add between y and z; for ¢ > s to obtain a K. By

Lemma 4.19, this %—edge—addition is a contradiction. O]

Notice that if we clone a degree k — 1 vertex x using a vertex y with
degs(y) > k — 1 then Gy, is a smaller graph than G. Further, if both x
and y have degree k — 1 in G, x is in a cluster of size s and y is in a different
cluster of size ¢ with s > ¢ then G,_,, is smaller than G. The following
lemma is true for any k-critical graph G, not just a minimal counterexample
to Theorem 3.5.
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Lemma 5.4. Given a k-critical graph G if zy € E(G), x is in a cluster of
size s, dega(y) < k—2+ s, and x and y are not in a common cluster then

Gy is not properly (k — 1)-colorable.

Proof. Suppose that G is a k-critical graph with zy € F(G) such that z is
in a cluster C' of size s and deg,(y) =k — 2+ s. Let ¢ be a proper (k — 1)-
coloring of G_,,. Consider ¢|y ()1, as a partial proper coloring of G. We
extend ¢ by coloring y using a color distinct from its & — 2 neighbors not in
C. Because G is k-critical this is not a proper coloring; we may assume that
¢(z) = ¢(y). This is the only impediment to ¢ being a proper (k—1)-coloring
of G. However, we can now color x with ¢(Z) instead and we have properly

(k — 1)-colored G. This contradiction completes the proof. O

We return to a minimal counterexample G to the third statement of The-
orem 3.5. Suppose that zy € E(G) and that degq(x) = k — 1, degs(y) <
k — 2+ s, and z and y are not in a common cluster. Now consider the
graph G,_,,. By Lemma 5.4, G,_,, is not (k — 1)-colorable. Therefore, we
let H C Gy, be a k-critical subgraph. The new vertex & has degree k — 1
in H which, for R = V(H) — {Z}, implies that

pc(R) <p(H)—(k—2)(k+1)—e+2(k—1)(k—1)+0,
which we write as
pa(R) < p(H) +k* =3k +4 — e+ 6. (5.1)

Lemma 5.5. Suppose that G is a minimal counterexample to the third state-

ment of Theorem 3.5 and xy € E(G) such that

1. x is in a cluster C, of size s,
2. dega(y) <k —2+s, and

3. ify is in a cluster C, then C, # C, and |Cy| =1t < s.
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Then for a k-critical subgraph H C G, either H is k-Ore or H = Gy_,,.
Moreover, H = G,_,, is only possible if deg(y) =k — 1.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 and suppose that there is an zy € FE(G) such that x is in a cluster C,
of size s and degq(y) < k — 2+ s. Suppose further that if y is in a cluster
C, then Cy # C, and |C,| =t < s. We clone x using y to obtain the graph
Gy—.. By Lemma 5.4, there exists a k-critical subgraph H C G,_,,. The
conditions on cluster size ensure that H C G, is smaller than G. Suppose,
for sake of contradiction, that H is not k-Ore and H # G_,,.

Let R = V(H) — &. Equation 5.1 gives a bound on pg(R) which we need
to use. Let R’ be a W-critical extension of R in G. By Lemma 4.6 we get
p(G) < pa(R) < pa(R) + p(W) = (p(Kix|) + 6T (K x)) — 0| X[). We will
examine this potential more closely in cases based on the size of X.

Suppose first that 1 < |X| < k — 1. Then from Fact 4.2 and Equation 5.1
it follows that

p(G) < p(H) + p(W) — k* + k + 6 — 3¢ + 34.

Because H C G, is smaller than G, is not a k-Ore graph, and G is a
minimal counterexample, this implies that k* — k — 6 + 3¢ — 35 < p(W).
This is a contradiction to Theorem 3.5, since W is smaller than G and thus
p(W) < k* — 3k.

Suppose instead that |X| =k — 1. Then Fact 4.2 implies that

p(G) < p(H) + p(W) — k? + 3k — ke + k6. (5.2)

Again, H C G, is smaller than G, is not a k-Ore graph, and G is a minimal
counterexample. Therefore this implies that k% — 3k + ke — kd < p(W). This
is a contradiction unless W is k-Ore, so we may assume that W is k-Ore.
Under this assumption, the inequality in Equation 5.2 is tight in the sense

that lowering the right hand side by 2(k — 1) leads to a contradiction. Thus,
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if the W-critical extension R’ is not spanning or is not complete, then the
right hand side of Equation 5.2 is lowered by at least 2(k — 1) and we have
a contradiction.

Suppose that W is K, then because R’ is spanning, there is only one vertex
in V(G) — R. Therefore, V(G) = RU{y} and V(H) = RU{z} and it follows
that |V(G)| = |V (H)|. However, H is smaller than G and thus p(H) < p(G).
Also, because their vertex sets overlap except at one vertex, T'(H) and T'(G)
differ by at most 1. Therefore, it is not possible for G to have more edges
than H, and we also have |E(G)| = |E(H)|. If degs(y) > k — 1 then this
contradicts the fact that H is smaller than G. If deg.(y) = k — 1 then it
follows that H = G_,,, which contradicts our assumption on H.

If W is not Kj, then X C V(W) is a Kj_; subgraph and by Lemma
3.12 there is an emerald or a diamond D in W disjoint from X. If D is a
diamond then because V(D) C V(W) —X C V(G) there is an edge-addition
in G, which contradicts Lemma 4.12. If D is an emerald, then D is also a
K1 subgraph of G. However, because the extension R’ is complete, each
x € V(D) has at most one adjacency with each color class in X and thus
deg(x) = k—1. Therefore D is an emerald of G, which contradicts Corollary
4.14.

Now we examine the final case; suppose that every W critical extension has

core size |X| = 1. With this assumption and Equation 5.1, it follows that
pa(R) < p(H) + p(W) — 2k + 6 — 2¢ + 20. (5.3)

If R’ is not a spanning W -critical extension, then R’ must satisfy Corollary
4.20. Therefore it follows that p(G) + k* — 3k +2+ 8 < p(H) + p(W) —
2k +6 — 2e + 20. Because H is smaller than G and is not k-Ore, this implies
that k? — k — 4 + 2e — 6 < p(W), which is a contradiction. Therefore R’ is
spanning.

We now check how incomplete this extension can be. If R’ is i-incomplete
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then Equation 5.3 becomes
pc(R) < p(H) + p(W) — 2k +6 — 2i(k — 1) — 2¢ + 24.

The left hand side is p(G), since R’ is spanning. Thus, since H is not k-Ore
and is smaller than G, this yields

0<p(W)—=2k+6—2i(k—1)—2¢e+ 2. (5.4)

We know that p(W) < p(Kj) since it is also smaller than G, so if we assume
that ¢ > % then we get 0 < —k + 3 4 (k — 2)e. This is a contradiction, so
we know that R’ is at most %—incomplete.

If every W-critical extension of R is at most k—gﬁ—incomplete, then by Propo-
sition 4.17 R is %—collapsible. Then Proposition 4.18 implies that G' admits
a %—edge—addi’cion, which contradicts Lemma 4.19. Therefore, we can pick a
W -critical extension R’ so that the extension is either exactly %—ineomplete
or k—;‘-incomplete, depending on parity of k.

Suppose that W is not k-Ore. Then using the fact that p(W) < k* — 3k —
2(k — 1) and i > %52, Equation 5.4 becomes 0 < k + 1 — 2¢ + 20 — 2(k — 1),
which is a contradiction. Therefore we may assume that W is k-Ore.

By Lemma 3.11, there exists a subgraph D C W — {X} C G which is
a diamond or emerald of W. If D is a diamond, then it admits a 1-edge-
addition. This is also a 1-edge-addition in GG, which contradicts Lemma 4.12.
Therefore, D is an emerald of W. Because of the incompleteness of the
extension, it is possible that D is not an emerald in G. However, R’ is at
most % incomplete, so there are at most % vertices of D that do not
have degree k — 1 in G. If uy,uy € V(D) have degree kK — 1 in G and are
adjacent to wy,ws € V(G) — V(D) (respectively) with wy # ws, then wjwy
is a l-edge-addition in G. Thus, there exists a vertex w € V(G) — V(D)
such that all u € V(D) with deg.(u) = k — 1 are adjacent to w. But now
G[V(D) U {w}] is a K}, missing at most 5% edges. This “5*-edge-addition

in G contradicts Lemma 4.19.
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Therefore, all cases lead to contradiction, and it must be that H is k-Ore
or H = G,,,. Moreover, the only case (when W = K}, and |X| =k — 1)
that contradicts the assumption that H # G,_,, required deg,(y) = k — 1.
Further, if H is k-Ore and H = G,_,, then W = Kj and |X| = k — 1.
Now if degq(y) > k — 1 then the right hand side of Equation 5.2 is at least
2(k — 1) smaller, which is a contradiction. So it follows that H = G,_,, is
only possible if deg,(y) = k — 1. ]

5.2 Gadgets and Kj_3 subgraphs

We now explore the structure of subgraphs of a minimal counterexample to
the third statement of Theorem 3.5.

Definition 5.6. A gadget, H®, is a graph obtained from a k-Ore graph H
by deleting a vertex x of degree k — 1 in a cluster of size at least 2. For a

graph G, a gadget of G is a subgraph in G that is a gadget.

Definition 5.7. A key vertex of a k-Ore graph H is a vertex which is on the
edge-side of every possible Ore composition that yields H. We also define a
key vertex of a gadget to be a vertex which is a key vertex of the corresponding

k-Ore graph.

Using this new language, we obtain the following corollary to Lemma 5.5

regarding adjacent vertices of degree k — 1 which belong to different clusters.

Corollary 5.8. Suppose that G is a minimal counterexample to the third
statement of Theorem 3.5 and xy € E(G) such that

1. z is in a cluster C, of size s,
2. degn(y) <k —2+s, and

3. ify is in a cluster C, then C, # C, and |Cy| =1t < s.
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Then x is a key vertex of a gadget of G or x is in a Ky_3 subgraph of G.
Moreover, if the latter is true then degy(y) = k — 1.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 and suppose that there is an zy € F(G) such that z is in a cluster C, of
size s and degg(y) < k — 2+ s. Suppose further that if y is in a cluster C,
then C, # C, and |Cy| =t < s. Then by Lemma 5.5, there is a k-critical
graph H which is a subgraph of G,_,, and either H is k-Ore or H = G_,,.
Note that if H = G, then degq(y) =k — 1.

If H is k-Ore, then H° = H—{Z} is a gadget of G which contains the vertex
x. Suppose that H = Kj. Then trivially every vertex of H° is a key vertex.
Suppose instead that H is an Ore composition of two k-Ore graphs H; and
H, with overlap vertices {a,b}. If £ € V(H,) then ab is a 1-edge-addition in
G, which contradicts Lemma 4.12. Therefore & must be on the edge-side of
every Ore composition that yields H. Because £ and x have the same closed
neighborhoods in H, this is also true of x.

If H is not k-Ore, then H = G,_,,. Because deg(x) = degq(y), we know
that there are the same number of edges in H and G. But the hypothesis
s > t implies that H is smaller than G and so H follows Theorem 3.5.
Therefore H must have lower potential than G. Because they have the same
number of edges, the potential can only have dropped because T'(H) > T'(G).
This implies that 2, and hence z, is in a Kj_5 subgraph of H or is in a K ;

subgraph of H. In either case, = is in a Kj_3 subgraph of G. n

Using Corollary 5.8, we will define the various types of vertices of degree
k — 1 which can exist in G. A vertex u; € V(G) of degree k — 1 could be
in a Kj_3 subgraph or could be a key vertex of a gadget. It is possible that
such a vertex is not found via Corollary 5.8 (meaning there is no adjacent
cluster to u;). We call these vertices structure-vertices. A vertex us could

belong to a cluster C,,, which is adjacent to no other clusters. If such a vertex
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ug is a key vertex of a gadget or is in a Kj_3 subgraph, then we will group
with with the other structure-vertices. If such a vertex us is not a structure-
vertex, then we call it a lone-vertex. If a vertex ug of degree kK — 1 has an
adjacent cluster C, but is not a structure-vertex, then by Corollary 5.8 it
follows that |Cy,| < |C,| (equality implies that usz is a structure-vertex) and
that C, contains key vertices of a gadget or is in a Kj_3 subgraph. We say
that such a vertex ugz is a near-verter. In this way, we partition all vertices
of degree k — 1 in GG into these three disjoint categories: structure-vertices,

lone-vertices, and near-vertices.

Proposition 5.9. If x© is a structure-vertex in a minimal counterexample
to the third statement of Theorem 3.5, then x cannot be adjacent to two

near-vertices y, z, each belonging to a different cluster.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 and suppose that x is a structure vertex with two near-vertex neighbors
y, z such that y and z belong to different clusters.

If yz € E(G) then, without loss of generality, we may assume that G,_,,
is smaller than GG. By Corollary 5.8, z is a structure-vertex of G and cannot
be a near-vertex. This is a contradiction.

If yz ¢ E(G) then, in the graph G,_,. the degree of y is k — 2. Therefore,
by Lemma 5.4, there is a k-critical subgraph H C G,_,,. Because y ¢ V(H),
we know that H is smaller than G and therefore, by the proof of Corollary
5.8, z is a key vertex of a gadget. This contradicts the fact that z is a

near-vertex. O
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5.3 Bounds on degrees of neighbors

of structure-vertices

By Proposition 3.2, every k-Ore graph H can be reduced to a K} where
some number of edges of the K} are replaced by split-side k-Ore graphs in
a composition operation when constructing H. We call such an edge an
edge-replacement. Recall that each edge-replacement uv corresponds to a
subgraph D C G where, for any proper (k — 1)-coloring of D, u and v must
receive different colors. If x is a key vertex in H, then x must be a vertex
of the Kj. Similarly, a gadget H° can be reduced to a Kj;_; with edge-
replacements. A key vertex x of H° will always be a vertex of this Kj_ 1,
and if degy.(z) = k — 2 then the neighbors of z in H° are also key vertices
of H. This may not be immediately clear, but is shown in the proof of the

following lemma.

Lemma 5.10. Let x be a key vertex of a gadget H° of a minimal counterez-
ample G to the third statement of Theorem 3.5, and let deg(z) = k — 1. If
y is a different key vertex of H° then either Nglx] C Ngly] or degq(y) >
3(k—3)/2+ 1.

Proof. Let G be a minimal counterexample to the third statement of Theo-
rem 3.5 and suppose that H® is a gadget of G with key vertices =,y where
degn(x) = k—1. If Ng[z] C Ngly|, then we are done so we may assume that
N¢[z] is not a subset of Ngly]. We define H' to be a reduction of H® to a
Kj_1 graph where some edges are edge-replacements; by definition, x and y
are in V(H').

Suppose that there is an edge xu € F(H') which is an edge-replacement
that corresponds to D C G. The graph D is (k — 1)-colorable but z and u
must receive different colors. Thus, in any proper (k—1)-coloring ¢ of D, the

color ¢(u) must be given to a vertex in Np(z). But then we can add to D a
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set of edges S from u to each vertex in Np(x) and get a k-critical subgraph
in D+ S. By Lemma 4.19, it follows that [Np(z)| > %2, Therefore, because
degq(x) = k—1, the vertex x can not be incident with any edge-replacements
in H'.

From this, it follows that zy € E(G). Also, degyo(x) = k — 2 and = must
have one neighbor w in V(G) — V(H°). By Lemma 4.21 it follows that

dega(y) > [Na(x) A Nofy)] +1+ 2 =3k~ 1)/2 4+ 1

Suppose that y is not incident with any edge-replacement in H’. Then
V(H") — {z,y} = Ng(x) N Ng(y) and we get degs(y) > 3(k —1)/2 + 1.
Suppose that y is incident with an edge-replacement yu in H’ that corre-
sponds to a subgraph C' C G. As above, we can show that |[Ne(y)| > 552
Therefore, for each v € V(H') — {x, y} that is not in Ng(z) N Ng(y), we get a
contribution of at least ? to the degree of y in G. We have, in fact, proven
a slightly stronger statement than Lemma 5.10. Namely, that if Ng[z] is not
a subset of Ng[y] then degq(y) > ((k — 3 — i) +i53) + 1 + 52 where i is

the number of edge-replacements of H’ incident to . O

Lemma 5.11. Let x be a key vertex in a gadget of G, where G is a minimal
counterexample to the third statement of Theorem 3.5 and degq(z) =k — 1.
Then x has at least 53 neighbors of degree at least 3(k — 3)/2 + 1.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 such that H° is a gadget of G. Suppose that x is a key vertex of H° and
that degs(z) = k — 1. We define H' to be a reduction of H° to a Kj_;
graph where some edges could be edge-replacements. By definition of a key
vertex, x € V(H') and the same argument as in the proof of Lemma 5.10
shows that z is not adjacent to any edge-replacements and x has exactly
one neighbor w in V(G) — V(H®). We partition V(H’) into sets A, B where
A={ueV(H) |uw e E(G)} and B :={u e V(H') | wvw ¢ E(G)}. By
Lemma 5.10, each vertex b € B has degq(b) > 3(k —1)/2 + 1.
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We can add to G a set S of | B| edges from w to each vertex b € B. Because
each vertex in AU B U {w} needs a unique color, either this is a |B|-edge-
addition or V(G) = V(H°)U{w}. In the first case, by Lemma 4.19, it follows
that |B| > %5%. We show now that the second case is impossible.

Suppose that V(G) = V(H?) U {w}. Then H is a k-Ore graph with vertex
set V(H®) U {z} and degy(Z) = k — 1. The potential of H is at most
p(H) < k(k — 3) + ke — 20. Deleting the vertex Z and adding w (with its
adjacencies in ) gives us the graph G. This operation affects only one vertex
so |[T(H)—T(GQ)| < 1. Ifdegg(w) > k—1 then p(G) < p(H)—2(k—1)+6 <
k(k —3) —2(k — 1) 4+ ke — § which is a contradiction.

Therefore it follows that deg,(w) = k — 1. But now in any proper (k — 1)-
coloring ¢ of G — {w}, the subset Ng(w) must have exactly one vertex of
each color. There exists at least one edge-replacement uv € E(H'), otherwise
G = K}, which is a contradiction. Let D C G be the corresponding subgraph.
By Lemma 4.10, there cannot be a 2-cut in G so there must be an edge from
w to some vertex z € V(D) — {u,v}. We may assume that ¢ colors D such
that ¢(z) is different from ¢(u) and ¢(v), because otherwise {zu, zv} is a 2-
edge-addition which is a contradiction for £ > 8. However, because k—1 > 4
we can switch the color class ¢(z) so that |¢(Ng(w))| = k — 2. This allows

us to properly (k — 1)-color G, which is a contradiction. ]

Lemma 5.12. If x is in a Kj_3 subgraph of G, where G is a minimal coun-
terexample to the third statement of Theorem 3.5, and degq(x) =k —1 then
x has at least (k —9)/6 neighbors of degree at least 3(k —3)/2 — 1.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 such that z € V(@) is in a Kj_3 subgraph D C G and degg(z) =k — 1.
The vertex x has three neighbors wy, wq, w3 € V(G) — V(D). We partition
V(D) into sets A, B where A := {u € V(D) | vw; € E(G) for 1 <i < 3}
and B := {u € V(D) | uw; ¢ E(G) for some 1 < i < 3}.
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We can add to G the edges {wjws, wiws, wows} and w;b for 1 <i < 3 and
b € B. Adding this set S of 3 + 3|B| edges gives a K} subgraph so is a
(3 4 3|B|)-edge-addition. By Lemma 4.19 it follows that |B| > £2.

For b € B, we know that Ng[z| is not a subset of Ng[b]. Also, x and b are
each adjacent to the k — 5 other vertices in V(D). Therefore by Lemma 4.21,
b has degree at least (k —5) + 1+ 52 =3(k —3)/2 - 1. O

Lemma 5.13. If x is in a Ky_3 subgraph D C G, where G is a minimal
counterexample to the third statement of Theorem 3.5, degq(x) =k —1, and
x has a neighbor y € V(G) — V(D) which is in a different cluster, then x has
at least (k — 7)/2 neighbors of degree at least 3(k — 3)/2 — 1.

Proof. Let G be a minimal counterexample to the third statement of Theorem
3.5 such that z € V(G) is in a Kj_3 subgraph D C G, x has a neighbor
y € V(G) —V(D), and both x and y have degree k — 1 in G. Further, z and
y are in different clusters. We partition V(D) — {z} into sets A, B where
A:={ueV(D)—{z}|uy € E(G)} and B := {u € V(D) — {z} | uy ¢

By Lemma 4.21, z and y cannot have too many neighbors in common
because deg(y) = k— 1. We get that k— 1 = deg(y) > |A|+ 14 52, from
which it follows that |A] < 1. But V(D) = AU B U {z} so this implies
that |B] > 5.

Similar to Lemma 5.12, one can show using Lemma 4.21 that b € B has
degree at least 3(k —3)/2 — 1. O
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Chapter 6

Discharging

In this chapter, we complete the proof of the third statement of Theorem
3.5 using a discharging argument. The method of discharging, described very
elucidatingly in [4], is a global versus local argument. We use potential as
a global measure on the graph, and have already shown how certain local
structures (2-vertex cuts, i-edge-additions, i-collapsible sets, etc.) are not
allowed in a minimal k-critical graph which is not k-Ore and has potential
greater than k(k — 3) — 2(k — 1). There still remain areas of low potential
such as gadgets or clusters of size k — 3, and the goal of this chapter is to
show how the local structure at these areas contradicts the global hypothesis
on potential. We will give each vertex charge relative to its degree, and
then spread that charge throughout the graph using bounds obtained in
previous chapters. The goal of a general discharging argument is to give
each vertex charge which is not positive. This will lead to a contradiction,
whereby the total charge on the minimal counterexample G gives that p(G) >
k(k —3) —2(k — 1) is not possible.

However, we will go through discharging in two stages where only the first
stage is done in the traditional style. In the first stage, we send packets
of charge along edges, pushing from areas of high negative charge to areas
which have positive initial charge. This gives a bound on each vertex which
does not fall into four specific sets (vertex subsets L, M, P, and ) defined in
Definition 6.2), and also gives us a bound on the global charge of the graph.
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However, these bounds only hold for k£ > 33, which gives the restriction on
the third statement of Theorem 3.5. It is possible that the third statement
is true for other k as well; however, it would take a much more complex set
of discharging rules to handle these cases.

In the second stage of discharging looks at averaging charge across the
graph, letting subsets with negative charge compensate for subsets with pos-
itive charge rather than pushing charge along a specific edge. In the end,
these arguments combine with the results of Chapter 2 to give a bound on
2|E(G)|. Using other bounds on this parameter, such as the bound estab-
lished by Kierstead and Rabern [11], we will arrive at a contradiction for

4
€< ook

6.1 Discharging: set-up and first stage

Let G be a minimal counterexample to the third statement of Theorem 3.5.
We define a charge function w : V/(G) — R so that

w(v) == (k—=2)(k+1) 4+ e —degg(v)(k —1).

Note that Y (g w(v) = p(G) +0T(G) > p(G). Below, we show the initial

charge for vertices of varying degrees in G.
Fact 6.1.
1. If degs(v) =k —1 then w(v) =k — 3 + €.
2. If degs(v) = k then w(v) = —2 + €.
3. If degn(v) =k + 1 then w(v) = —k — 1 +e.
4. Ifdegq(v) =k + € for £ > 2 then w(v) = =2 —4(k — 1) + €.

We now define four disjoint subsets of vertices which will need to be dealt

with in the second stage of discharging.
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Definition 6.2. We define the following special verter subsets.
L:={veV(G) | degus(v) =k —1 and v has no neighbors of degree k — 1},

M :={v e V(G) | v isin a cluster of size 2 and is a lone-vertex},
P :={v e V(G) | degs(v) =k},
Q :={v e V(G) | degs(v) = k + 1}.

Further, we remove a vertex x from LU M if x is a structure-vertex. There-

fore, LU M contains only lone-vertices.

Let R be the set V(G) — (LU M U P U Q) which contains the rest of the
vertices of G. After two stages of discharging we will arrive at a contradiction
to our assumption that p(G) > k(k—3) —2(k—1). In the first stage we have
two rules to follow.

Discharging Rule #1: Every vertex of degree at least k + 2 reserves
charge —2 + € and sends the remaining charge equally to all neighbors. Note
that a vertex of degree d which follows this rule has charge k? —k — d(k — 1)
after reserving —2 + €. Therefore, it sends out charge (% — 1) (k—1) to each
of its neighbors.

Discharging Rule #2: Every vertex of degree k — 1 which is a key vertex
of a gadget or in a K}_3 sends charge —(k—1)/t to each vertex of an adjacent
cluster of size t < k — 3 which is not a key vertex of a gadget or in a Kj_3
subgraph.

Note that any vertex which follows Rule #2 is in a cluster of size s > t and
therefore, by Proposition 5.9, sends charge at most —(k — 1).

Now let w’(v) be the charge function after applying Rules #1 and #2 to
G.

Lemma 6.3. For every vertexv € R =V(G) — (LUM U P UQ) applying
Rules #1 and #2 give w'(v) < —2 + €.
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Proof. We need to check this for vertices of degree k+2 or higher, and also for
lone-vertices in a cluster of size r (where 3 < r < k — 4), structure-vertices,
and near-vertices in a cluster of size r < k — 4. We will do this on a case by

case basis.
Case 1. Suppose degq(v) > k + 2.

Let v be such a vertex. By Rule #1, v has reserved charge —2 + ¢ and so
w'(v) follows the desired inequality.

Case 2. Suppose degin(v) = k — 1 and v is in a cluster of size r (where

3 <r <k —4) which is not adjacent to another cluster.

Let C be a cluster of size r where 3 < r < k — 4, and let v € C. Because
degs(v) = k — 1, v has k — r neighbors in V(G) — C. Label these vertices
Y1,Y2, - -, Yk—r. By Corollary 5.8, if any y; has degree less than k£ — 147 then
we can move to the case where v is in a Kj_3 subgraph or is a key vertex of a

k—1+r 1) (k—
1) to v. Therefore the new charge of v is w(v) + (=2— e — 1) (k= 1)(k—7).

gadget. Therefore, each y; follows Rule #1 and sends charge (

One can check that the second derivative of this with respect to r is positive

for all £ > 1.
d? 2k(1 — 3k + 2k2)

g O ==y
Therefore, we only need to check that w'(v) < —2+ ¢ for the endpoints r = 3
and r =k — 4.
When r = 3, v starts with charge k—3+e€ and receives a total of W
charge. Thus w'(v) = —k+9— 25 +¢, and for k > 8 we get w'(v) < —2+e.
When r = k£ — 4, v starts with charge k — 3 + € and receives a total of
G=RE-D1 harge. Thus w'(v) = —k + 4 + 2 s + €, and for k > 8 we get

2k—5
w'(v) < =2 +e

Case 3. Suppose degi(v) =k — 1 and v is a key vertezx of a gadget.
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Let v be a key vertex of a gadget. By Lemma 5.11, v has at least k—;‘q’
neighbors of degree at least %(k‘ —3) + 1; we will call these high-degree
neighbors. For £ > 21, high-degree neighbors have degree at least %k. Recall
that each high-degree neighbor sends charge (S — 1) (k — 1), where d is the
degree of the vertex, by Rule #1. Therefore v gets charge 2 (k — 1) of less
from each high-degree neighbor. Also, by Rule #2, v may give away, at
worst, charge —(k — 1) to adjacent near-vertices. This would raise w'(v) by
at most (k — 1). Therefore it follows that
—(k—1) k=3

4 2
For k > 19, we have w'(v) < =2 + €.

w'(v) <

—1
+k—3+e+(k—1)=?(k2—20k+19)—2+e.

Case 4. Suppose degi(v) =k — 1 and v is in a Ky_3 subgraph.

Let v be a vertex of degree k — 1 that is in a Kj_3 subgraph D. By
Lemma 5.12, v has at least % neighbors of degree at least %(k; -3) -1
we will call these high-degree neighbors. For k£ > 33, high-degree neighbors
have degree at least %k. Recall that each high-degree neighbor sends charge
(g — 1) (k — 1) by Rule #1. Therefore v gets charge _Tl(k — 1) of less from
each high-degree neighbor. As long as v does not give away charge by Rule
#2, we have

—(k—=1) k-9 -1
/(0) < =L : — = — (k* — 64 1) +e
w'(v) £ —= o th-3+e= (k* — 64k +81) + ¢
For k > 33 it follows that w'(v) < =2 + €.
If v also gives away charge by Rule #2, then we may assume that v has a

neighbor v € V(G) — V(D) which is in a different cluster. At worst, v has

given away —(k—1) charge, which will increase w’(v) by at most that amount.
Lemma 5.13 implies, however, that there are more high-degree neighbors so

v has more charge to give. In this case we have

—(k—=1) k- -1
w'(v) < (4 ). 27+/€—3+6+(/€—1):?(k2—24k+39)+6.
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One can check that for k > 23, this gives w'(v) < =2 + €.

Case 5. Suppose degn(v) =k — 1 and v is in a cluster of size r < k — 3
which is adjacent to a vertex of degree k — 1 which is a key vertex of a gadget

or in a Ki_3 subgraph.

Let v be in a cluster C, of size r < k — 3, and let u be an adjacent vertex
of degree k — 1 which is a key vertex of a gadget or in a Kj_3 subgraph. Let
u be in a different cluster, C,,, of size s. If s < r then by Corollary 5.8, v is
a key vertex of a gadget or is in a Kj_3 subgraph and is covered by Case 3
or Case 4. Thus we may assume that s > r. By Rule #2, v and each other
vertex in C, receives —(k — 1)/r charge from each vertex of C,. Because

s > r, the final charge on v is

w'(v) <k—3+e— s < =2+

r

[]

Note that there was an approximation in Cases 3 and 4, where we used %/{;
as the degree of a high-degree vertex rather than the actual degree. If we
instead use the precise degree, the equations are more complicated to solve.
Using a CAS one can check that, even without approximating, Lemma 6.3
only holds for £ > 33. Therefore, we paid no penalty in strength of argument

when we used numbers for which the calculations were easier.

6.2 Second stage: averaging charge over the
graph

Now we are done with the first stage of discharging. The second stage involves
global arguments about total charge on G. By Lemma 6.3, we know that the
charge on each vertex in R = V(G) — (LUM U P UQ) is at most —2 + €.
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However, Rule #1 also had an effect on the sets L and M because a vertex in
one of these special sets could have had neighbors of degree k 4 2 or higher.
A charge of —2(:—;21) (the charge sent by a vertex of degree k + 2) or less is
sent along each edge from a vertex in R to a vertex in L U M. We count the
number of such edges with the function e¢(L U M, R). Because vertices of L
and M are not adjacent to vertices of degree k£ — 1 that are not in the same
cluster, Rule #2 had no effect on any of the four special sets. Therefore, the
total charge on the graph is

o w)= Y W) <eV(G)| = 2IR|+ (k= 3)|L| + (k- 3)|M| - 2| P|
veV(G) VeV (Q)

e+ pjel - AL

To further investigate this, we need a bound on the number of edges counted

e(LUM,R). (6.1)

by e(L U M, R). For a vertex v € L each edge incident with v goes to an
edge in either P U @ or R. For a vertex v € M each edge (other than the
edge inside the cluster) goes to an edge in either () or R. It is not possible
for there to be an edge from v € M to P because, by Corollary 5.8, v would
be a structure-vertex and therefore would not belong to M. Using this, it
follows that

e(LUM,R) = (k—1)|L| — e(L, PUQ) + (k — 2)|M| — e(M,Q).  (6.2)

We now combine two bounds on e(L, P U Q). First, we make the simple
observation that e(L, PUQ) < (k—1)|L|. Using Lemma 2.5 with the vertex
sets L, P, and @ it follows that, for any real numbers a,b > 0 such that
a+b=1,

e(L,PUQ) <a(|L|(k—1)) +b(2|L| +2|P| + 4Q]).

By letting a = % we get

k
k—4 k—+2 k+2 2(k +2
.ruQ) < () + (P e B al) - 60
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Also, by Lemma 2.4 we have that e(M,Q) < 3|M| + 6|Q|. Substituting
this and Equation 6.3 into Equation 6.2, we obtain the following bound on
e(LUM, R):

(k +2)(k — 3) _k+?|P’+(k_5>|M|_8k

(LUM k)= 2(k — 1) E ==

-2

Using this we can rewrite Equation 6.1 as

Y w) < V()| = 2R+ (k= 3)(IL] + [M[) = 2|P| = (k + 1)|Q|
veV(G)

2(k* — 6k + 5) 16k — 4
—(k = 3)|L| +2|P| — M :
(k=32 + 2P| - T2+ 22
This equation simplifies to
k* — 5k + 11 k* — 15k +6
< —2|R|—-—F———|M| - ————
> w(w) <dV(G)| - 2R - T2 | - TR

veV(G)
< V(&) —2(V(G)| = |L] = |P])
because the fractional coefficients on |M| and |@Q| are both at least 2.
Recall our assumption that G is a minimal counterexample. This implies
that p(G) > k(k —3) —2(k — 1) > 0 and thus we have 0 < > (5 w(v) <
elV(G)| = 2|V(G)| + 2(|L| + |P|). It follows that

L] + |P| > [V(G)] (1 . %)

This tells us that all but fewer than ne/2 of the vertices in G are in L or P.
We will use this information and the potential of G to get lower and upper
bounds for 2| E(G)|. Note that 2|E(G)| > k|P|+ (k—1)|L|, so we get a lower
bound

2|E(G)| > K[V (G)| (1 - %) —1L). (6.4)

Also, p(G) > k(k — 3) — 2(k — 1) > 0 implies that

2|E(G)] < (k—%+ k;) V(G- (6.5)
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It follows from combining Equations 6.4 and 6.5 that

L] > |Z(_G1)| (2—6— E(’“Q—_k)> (6.6)

This bound on L now allows us to build a new lower bound on 2|E(G)| which
will lead to a contradiction and complete the proof of Theorem 3.5. Recall
that mic(G) is the maximum of ) _, degs(v) over all independent vertex
subsets I of G. The special set L is an independent set of G' by construction,
and so for a minimal counterexample G it follows that

mic(G) > |L|(k — 1) > [V(G)] (2 —e— @) .

Using Lemma 2.6, we update the lower bound on 2| E(G)| and, on subsequent

lines, make a closer comparison of the upper and lower bound.

(k + Z:?) V(G| > 2|E(G)| > (k —2)|V(G)| 4+ mic(G)

k—1

<k+ 6_2> V(@) > [V(G)] ((k—2)+2—e—6(k27_k))

€— 2 e(k* — k)

B2tk

Therefore, because € < these two bounds lead to a contradiction.

4
k3 —2k% 43k
This contradiction implies that there is no minimal counterexample G to

Theorem 3.5 which is k-critical, not k-Ore, and has p(G) > k(k—3)—2(k—1).
Therefore, the third statement of Theorem 3.5 has been proven. As stated
in Section 1, this result gives us a variety of corollaries. First, we have
shown a bound on potential for all k-Ore graphs which includes information
about subgraphs in the k-Ore graphs. As the size of k-Ore graphs grows, the
potential goes down by at least § — (k — 1)e > 0 for every increase in k — 1

vertices (which corresponds to an Ore composition with Kj).
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Second, the graphs which are not k-Ore are at least 2(k — 1) less than
k(k — 3). This corresponds to being one edge worth of potential away from
the upper bound on potential shown by Kostochka and Yancey [14]. For
e = § = 0 this proves independently (for the case where k > 33) the result
in [13] that the k-critical graphs which attain the bound in [14] are exactly
the k-Ore graphs.

We have also shown that for k-critical graphs without Kj;_5 or Kj_; sub-
graphs (for these graphs, T(G) = 0) that the asymptotic density is above
that given by Ore’s Conjecture. That is, where f,(n) is the minimum num-
ber of edges in a (Kj_o)-free k-critical graph on n vertices, we have shown
that .

- fr(n)

n—oo n

> o -+

k—1 " 2(k—1)
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Chapter 7

Tes(G), a modification of T'(G)

In this chapter, we take a second approach to building a potential function.
This second potential function encodes different information, but still yields
a similar overall result for k-Ore graphs. In the new potential function, the €
increase on the coefficient of |V (G)| is paid for with T.s(G) (defined below),
which counts structures called k-critical structures. Fach k-critical structure
contains either a Kj_; or a Kj;_s, so therefore the € increase can be paid with
a much lower cost than the function 7'(G) used in the previous chapters.

The k-Ore graphs are precisely the class of graphs which attain the bound
in [14]. This is proved in [13] and also is independently proved in this work
as a corollary to Theorem 3.5. Therefore, k-Ore graphs are of particular
importance when examining density of edges in a k-critical graph and it
is worthwhile to obtain a second bound on edge density in k-Ore graphs.
Further, this result gives us reason to believe that the € increase in asymptotic
edge density that (Kj_o)-free k-critical graphs have could be extended to a
broader class of k-critical graphs.

Before stating the main result of this chapter, we need to establish some
terminology. Let K, , be the complete graph on k — 1 vertices minus one

edge. We define a family of graphs 7, where G € T if and only if
1. for special vertices u,v € V(@) the graph G — {u,v} is K_;,

2. degg(u) + dege(v) =k — 1,
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3. Ng(u) N Ng(v) =0,
4. and deg,(v) and deg(u) are both at least 2.

Note that if G is a graph in the family 7, then when we identify the special
vertices u,v € V(G) we obtain a diamond (Definition 3.9).

Definition 7.1. Let G be any graph. A subgraph H C G is a k-critical
structure if either H = Kj,_1, H = K, — 2K5, or H € T. We then define
T.s(G) to be the mazimum number of vertex-disjoint k-critical structures in
the graph G.

In this chapter, our aim is to prove that there is a linear bound on the
number of k-critical structures in a k-Ore graph. To do this we will prove

the following theorem.

Theorem 7.2. If G is k-Ore and k > 4 then for a = 7(k — 1) the following

18 true.

1. If Ts(G) > 3 then Too(G) — 2 > VEI=L 4png

2a

2. if T.s(G) <2 then a > |V(G)|.

7.1 k-critical structures

Recall that a subgraph D C G is a diamond of G if D = Kj, — uv and
degn(x) = k — 1 for each z € V(D) — {u,v}. The vertices u,v € V(D)
are called endpoints and we now define the vertices in V(D) — {u, v} to be
interior vertices. Note that if D is a diamond of G with endpoints u, v, then
G is an Ore composition of K and G* for some graph G*. Further, in the
graph G, if we delete the interior vertices of D and identify u and v to a
single vertex then we obtain a graph that is isomorphic to G*. We call this

process a vertez-collapse of D, or simply a collapse of D. When we collapse
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a diamond D C G with endpoints u, v, we will always label the resulting
graph G* and call the single vertex in V(G*) — V(G) a fat vertex and label
it uv. Also note that for any edge e € E(D) either D — e contains a Kj_1, or
D — e = K — 2K,. Therefore D — e always contains a k-critical structure.
We recall what it means to split a vertex, which leads to a definition of
another important subgraph called a k-split. Given a graph G, and a vertex
x € V(G), we can create a new graph H by splitting the vertex z. We split
by deleting it, adding two new vertices x1, 2, and connecting them to vertices
in V(G)—{z} so that Ny(z1)UNg(xs) = Ng(x), Ng(x1) "Ny (zy) = 0, and
neither Ny (x1) nor Ng(xzo) is empty. If we identify the vertices x1,xo in H
the resulting graph is denoted H/x12,. Note that H/z,x, is isomorphic to
G if H is constructed as above. Let H be the family of graphs obtained from
K}, by splitting a vertex x € V(K}) such that z; and xs both have degree at
least 2. Note that every graph in H has k — 1 vertices of degree k — 1 and

two special vertices of degree at most k£ — 3.

Definition 7.3. A subgraph D C G is called a k-split if D is isomorphic to
a graph in H and degq(z) = k—1 for each vertex x € V(D) with degp(z) =
k — 1. These vertices are called interior vertices of the k-split and the two
special vertices of degree at most k — 3 in D we call the endpoints of the
k-split.

Note that if D is a k-split with endpoints u,v in G, then G is an Ore
composition of G' and K} for some graph G’. Further, in the graph G, if we
delete the interior vertices of D and add the edge uv then we obtain a graph
that is isomorphic to G’. We call this process an edge-reduction of D. The
new edge e is called an edge-replacement to indicate that it came from an
edge-reduction of a k-split. Let f € E(D) be any edge in a k-split. Then
D — f either contains a K;_1 or D — f is a graph in the family 7. Therefore

D — f always contains a k-critical structure.
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In the proof of the main result of this chapter, we will make use of graph
functions #* and @’ which we define now. If G contains » > 1 diamonds,
then we label the diamonds Dy, Dy ..., D,. We let GG; be the graph obtained
from G by vertex-collapsing D; with endpoints u,v; to the fat vertex u;v;.
Suppose that some D, with k£ > 1 was incident to D; in G. As the interior
vertices of a diamond are only adjacent to other vertices of that diamond,
these two diamonds must intersect in G at an endpoint. We may assume that
Dy, has endpoints uq, v in G for v, # v1. But in Gy one of the endpoints is
now the fat vertex u;v,. We say that Dj, remains intact despite the relabelling
of its endpoints. Therefore, every Dy with k£ > 1 is a diamond in G; and we
can vertex-collapse Dy to obtain the graph G5. At each step, we collapse the
diamond with smallest index Dy creating the graph Gy, until we reach the
end and have obtained the graph G,. We say that 0*(G) = G,; this can be
equivalently thought of as collapsing all diamonds in G' simultaneously.

If G contains r > 1 k-splits, then we label the k-splits Dy, Do, ..., D,.
We let G be the graph obtained from G by edge-reducing D;. Because
the interior vertices of D; are only adjacent in G to vertices of Dy, every
k-split Dy with £ > 1 remains intact in GG;. Therefore we can edge-reduce,
one at a time, the k-split with smallest index Dj creating the graph Gg.
At the end of this process, we have obtained the graph G,. We say that
0'(G) = G,; this can be equivalently thought of as edge-reducing all k-splits

in G simultaneously.

7.2 Preliminaries
The following result is the analog of Lemma 3.6 and will be needed for the

proof of the Theorem 7.2

Lemma 7.4. If G is an Ore composition of Gy and Go then T.(G)
Tes(G1) + Tos(Go) — 2. Moreover, if Gy = Ky or Gy = K}, then T.(Q)

AV
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Tes(G1) + Tos(Go) — 1. Lastly, if both G1 and Gy are Ky, then T.o(G) = 2.

Proof. Suppose that G is an Ore composition of G; and Gs. Let e be the
replaced edge of (G; and z be the split vertex of Gy. From the definition
of an Ore composition Tos(G) > Tos(Gy — €) + Tes(Go — {z}). Note that
Tes(Gr—e€) > Tos(Gy) —1 and Tos(Gy — {2}) > Tes(G2) — 1, because removing
a single element can remove at most one k-critical structure. Thus, we get
Tes(G) > T.s(Gy) + Tos(Go) — 2 as desired. If G; = Ky, then Tos(Kp —e) =1
for every edge e € E(G4); also, if Gy = K}, then T,(K) — {v}) =1 for every
v € V((G3). Thus removing an element from a K graph does not remove a k-
critical structure. Therefore, it follows that T.s(G) > Tos(G1) 4+ Tes(Ga) — 1 if
either G or G is Kj,. Further, if both Gy and G; are Ky then T.4(G) = 2. O

Proposition 7.5. Let G be a k-Ore graph. Then T.o(G) < 1 if and only if
G = K.

Proof. Note that T.s(Ky) = 1. Now let G be a vertex-minimal k-Ore graph
where Tos(G) < 1 and G # Kj. Because G is k-Ore but not Ky, G is an Ore
composition of G and Gy where GG; and G5 are both k-Ore. By Lemma 7.4
it follows that

1> Tos(G) > Tes(Gh) + Tos(G2) — 2

s0 3 > T.(G1) + T.s(G2). Hence Toi(G;) < 1 for i = 1 or i = 2, and by
the minimality of G' we conclude that GG; = Kj. In this case Lemma 7.4
instead implies that T.(G1) + T.s(G2) < 2 so, in fact, G; = Gy = Kj.
However, in this case T,s(G) = 2 by Lemma 7.4. This contradiction proves

the proposition. O

The following lemma is similar to Lemma 3.11, however this lemma covers
only k-Ore graphs G with T,5(G) = 2

Lemma 7.6. If G is k-Ore and T.s(G) = 2 then
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1. for all e € E(G) either T.s(G — ¢e) > 2 or there exists a diamond or a
k-split in G — e.

2. for all x € V(QG) either Tos(G — {z}) > 2 or there exists a diamond or
a k-split in G — {z}.

Proof. We will prove the lemma by induction on |V(G)|. Let G be a k-
Ore graph with T.4(G) = 2 such that all smaller k-Ore graphs satisfy the
conclusions of the lemma. Note that G # Kj by Proposition 7.5 because
T.s(G) = 2. Thus, G is an Ore composition of two k-Ore graphs G; and
Gy. Let f € E(Gy) and y € V(G2) be the replaced edge of G; and split
vertex of Gg, respectively. We claim that T.4(G;) < 2 for ¢ = 1,2, and prove
this claim by contradiction. Suppose T.s(G1) > 3. If T,.s(G3) > 2 then we
have by Lemma 7.4 that 2 = T.,(G) > T.s(G1) + Tes(Go) — 2 > 3, which is
a contradiction. If T,4(G3) = 1 then Gy = K}, and Lemma 7.4 implies that
2=T,(G) > T.s(G1)+T.s(G2) —1 > 3, which is also a contradiction. Thus,
we conclude that T.5(G1) < 2. A similar argument proves that T,.,(G3) < 2
as well.

Now let e € E(G) from the hypotheses of the lemma be given. There
are two cases, either e € E(G;) or e € E(G2). Suppose e € E(Gy). For
T.s(G2) = 2, then by induction T,s(G2 — {y}) > 2 or there exists a diamond
or k-split in G — {y}. Because G5 — {y} C G — e, any k-critical structures,
diamonds, or k-splits in G5 — {y} also exist in G — e and the lemma holds.
If instead T,s(G3) = 1, then the graph G% C G obtained by splitting G at
the vertex y is a k-split. Removing e from G does not destroy this k-split,
so there exists a k-split in G — e.

Now we examine the case where e € E(Gs). If T.s(G1) = 2 then by
induction T.s(G1 — f) > 2 or there exists a diamond or k-split in G; — f. But
G1 — f € G — e because e € E(G3), so any k-critical structures, diamonds,
or k-splits in G; — f also exist in G — e and the lemma holds. If T,,(G;) =1
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then G; — f C G — e is a diamond. Therefore, we have shown that the first
statement of the lemma holds in all cases.

We now turn to the second statement. Let x € V(G) be given. Suppose
x € V(Gy). If T.s(G1) = 2 then by induction T,.s(G; — f) > 2 or there exists
a diamond or k-split in G; — f. But, as before G; — f C G — {z}, so any
k-critical structures, diamonds, or k-splits in G; — f also exist in G — {z}
and the lemma holds. If T,s(G1) = 1, then G; — f is a diamond in G — {z}.
This case includes the situation where x is an overlap vertex of G; and Gb.

Suppose instead that z € V(G1) — V(G2). In this case, if T.s(G2) = 2 then
inductively T.s(G2—{y}) > 2 or there exists a diamond or k-split in Go—{y},
and these structures also exist in G — {z} because Go — {y} C G — {z}. If
T.s(G2) = 1, then the graph GY obtained by splitting G5 at the vertex y is a
k-split. Because x ¢ V(Gs), this k-split G, will be intact after removing the

vertex x from G. This completes the proof of the lemma. O

For the following proposition we show that that to obtain a smaller k-Ore

graph, a diamond can be vertex-collapsed and a k-split can be edge-reduced.

Proposition 7.7. Suppose that G is k-Ore. If G contains a diamond D then
the graph G* obtained by vertez-collapsing D is also k-Ore. If G contains a
k-split D then the graph G’ obtained by edge-reducing D is k-Ore.

Proof. Suppose that neither statement of the proposition holds. Then let
G be a counterexample with a minimum number of vertices; note that G #
K, as this has no diamonds or k-splits. Thus, we have that G is an Ore
composition of two k-Ore graphs G and Gs.

Suppose that D is a diamond of G. Then we consider the graph H where
G is an Ore composition of K} and H with overlap vertices which are the
endpoints of D C (. Note that H is the graph G* in the statement of the
proposition, so it remains to prove that H is k-Ore. Note that D must be a

diamond of G; or Gy; assume for now that D is a diamond of G;. By the



78

minimality of G it follows that G is an Ore composition of K} and G} where
G is a k-Ore graph. But now we can realize H as an Ore composition of
G’ and G, both of which are k-Ore; therefore, H is k-Ore. The method of
argument when D is a diamond of Gy is identical.

Now suppose that D C G is a k-split. The k-split D must be a subgraph of
G or Gg; assume D C (4. Further, G is also an Ore composition of H and
K}, with overlap vertices which are the endpoints of D. By the minimality of
G it follows that GGy is an Ore composition of G} and K} where G7 is k-Ore.
Now H is a Ore composition of G7 and G5, both of which are k-Ore; therefore,
H is k-Ore. The method of argument when D C G is identical. O

7.3 Main result on £-Ore graphs

Here we restate and then prove the main result of this chapter. This proof

is broken up into 10 claims.

Theorem 7.2. If G is k-Ore and k > 4 then for a = 7(k — 1) the following

18 true.

o [fT.s(G) >3 then T.o(G) — 2 > VEIZL 4ng

2a

o if T.s(G) <2 then a > |V(G)|.

Proof. Suppose the theorem does not hold. Then let G be a counterexample
with a minimum number of vertices. That is, let G be a k-Ore graph where
either T..5(G) > 3 and T.o(G) — 2 < YL 6 7,(G) < 2 and a < |V(G)],
and let any k-Ore graph with fewer vertices than G follow the inequalities
of Theorem 7.2. By Proposition 7.5, we may assume that G # K and
T.s(G) > 2. Therefore G is an Ore composition of two k-Ore graphs G; and

(5. Note that (G; and G5 follow the inequalities of 7.2.

Claim 7.8. No two diamonds are incident in G.
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Proof. Suppose two diamonds D, D’ are incident in GG. Note that two distinct
diamonds could only intersect at their endpoint vertices; thus, we say that D
has endpoints u,v and that D’ has endpoints v, w. Collapsing D into a fat
vertex uv still leaves D’ intact, although the endpoint v € V(D') is now the
fat vertex uv. We can collapse this diamond as well. Then both diamonds
have collapsed into a single fat vertex uvw, and we have a new graph G’
which has 2(k — 1) fewer vertices than G.

By Proposition 7.7, G’ is k-Ore, so by the minimality of G, Theorem 7.2
applies to G'. We can recover G from G’ by expanding the fat vertex back
into two diamonds, one at a time. By doing this we have possibly removed
a k-critical structure in G’ which was using the vertex wvw; however, we
have also introduced two Kj_; subgraphs, namely D — {v} and D’ — {v}.
Therefore, if t = T,5(G") it follows that

T.o(G) >t + 1. (7.1)

If G = Kj then, in fact, we can ensure that the fat vertex is not in
a k-critical structure and expanding the fat vertex into two adjacent dia-
monds adds two k-critical structures while removing none. Therefore we
have T.s(G) = 3 and |[V(G)| = 3k — 2. By supposition we have that
Ts(G) —2 < %, but because this requires 2a < 3(k — 1), we have
a contradiction, so G' # Kj.

Therefore, Proposition 7.5 implies that T.s(G") > 2, so T.s(G) > 3 by
Equation 7.1. If T.s(G") = 2, then by the minimality of G we have that
[V(G")| < a. But then 1 < (T.5(G") +1) — 2 < T.(G) — 2 and because G is
a counterexample, we have
V(G) -1 _ V(G| + 2k —3 < a+2k—3

2a 2a - 2a
This implies that a < 2k — 3, which is a contradiction.

1<T,(G)—2<

Now we assume that T.s(G’) > 3. Then by the minimality of G we have

Ts(G') —2 > % Because 2a > 2(k — 1) and G has 2(k — 1) more
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vertices than G’ it follows that

T.(G) —25 TG 13> VG =1 o V@) +2(k-1) 1
2a 2a
_ V@G -1
2a '

Thus G is not a counterexample at all. Therefore we have proven that two

diamonds are not incident in G. OJ

We now consider 0*(G), which is obtained by taking all diamonds in G' and
simultaneously collapsing them. By Claim 7.8, we know that any vertex in
0*(G) corresponds either to a single vertex in G, or a single diamond in G.

By repeated applications of Proposition 7.7 we can show that 0*(G) is k-Ore.
Claim 7.9. 6*(G) # K.

Proof. Suppose, for sake of contradiction, that 0*(G) = Kj. If T.(G) = 2
then G can have at most two diamonds. In this case |V(G)| < 3k —2s0 G
is not a counterexample at all. Therefore we may assume that T.5(G) > 3.
Let ¢ be the number of vertices in 8*(G) which are fat vertices. If £ = 1, then
G is an Ore composition of K and K and T.(G) = 2. So we may assume
that ¢ > 2. Suppose ¢ = 2. Then we have that 1 < T.,(G) — 2 %
But |V(G)| = 3k — 2 and 2a > 3(k — 1), so this is a contradiction.
Therefore, we can assume that ¢ > 3. Then T,.(G) > ¢ and |V(G)| =
k—{+kt=({+ 1)k — (. Because a > 3k — 3 we have
5 < V(G)| -1 _ (+1)(k—1) < L+1)(k—-1) €+1.

_9< _ =
(-2=1u(6) % 20 S 23k-1) 6

For ¢ > 3 this inequality is a contradiction. Therefore, we have proven that
0*(G) # K. O

Claim 7.10. If D C 6*(G) is a diamond then at most one vertex of D is a
diamond in G. That is, at most one vertex of D is a fat vertex. Furthermore,

this vertex can only be an interior vertex.
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Proof. Suppose that there is a diamond D C 0*(G) where ¢ > 2 vertices of
D are fat vertices, meaning they were diamonds in G. We replace each fat
vertex of D with a diamond to recover the subgraph D C G which can be
vertex-collapsed to D; that is, 6*(D) = D. Further, let 6*(D) = z. Let G’
denote the graph obtained from G by collapsing D to D, and let G” denote
the graph obtained from G’ by collapsing D to z.

Suppose G” = Kj. Then T.(G") = 1 and T.s(G) > ¢+ 1 > 3, because
when we replace x with D we leave a K, -1 C G — D intact, and we add
¢ new Kj,_, subgraphs from the diamonds in D. We also have |V(G)| =
k+(k—1)4+4(k—1)=({+2)(k—1)+ 1. Because G is a counterexample
with T.5(G) > 3 we have T.5(G) — 2 < % This gives us the string of
inequalities

VG -1 _ (+2)(k—-1)

(—1<TG)—-2< = )
- () 2a 2a
042

This implies that a < 5% (k — 1), which has a maximum value (when ¢ = 2)

of 2. But a > 2(k — 1), so this is a contradiction and G” cannot be Kj.
Thus, we may assume that T.(G”) > 2. If T.;(G") = 2 then by the

minimality of G it follows that |V (G")| < a, so |[V(G)| < a+3(k—1). Then

we have

—1 —A4
V(G| < a+ 3k ' (7.2)
2a 2a

This implies that a < 3k — 4, which is a contradiction. If T.4(G") > 3
then by the minimality of G it follows that T.,(G") — 2 > % Also,
T.s(G")+1 < T,(G), because if we replace z with ZA?, we possibly destroy one

1<T(G)—2<

k-critical structure that contained z, but we add at least two Kj_; subgraphs

from the diamonds of D. Now we have

VG -1 V(G -1
5 7 +1, (7.3)

which implies that [V(G)| > [V(G")| 4 2a. But [V(G")|+3(k—1) > |V(G)|
and it follows that 3(k — 1) > 2a, which is a contradiction. Therefore, there

> T.(G) — 2> T,(G") — 1>

is no diamond D C §*(G) with more than one fat vertex.
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Now we suppose that one the endpoints of the diamond D C 6*(G) is a
fat vertex. Then Tcs(f)) = 2, and T.5(G") + 1 < T.4(G) because replacing
x with D may remove one k-critical structure, but also will add the two k-
critical structures in D. If G = Ky, then T,4(G) = Tcs(ﬁ) + 1 = 3 because
the Kj_1 of Ky — {z} remains intact. Also |V(G)| = 3k — 2. But this
implies that 1 < 3(];;1)
G" # Ki. As T.(G) > T.s(G") + 1, it follows from Proposition 7.5 that
T.s(G) > 3. Because of this and the fact that |V (G)| = |[V(G")|+2(k—1) <
|[V(G")|+3(k—1), we have the same hypotheses that led to the contradictory

Equations 7.2 and 7.3. O]

, which is a contradiction. So we may assume that

In fact, each diamond D in 6*(G) has exactly one fat vertex. If any diamond
in D C 6*(G) had no fat vertices, then D C G so would have been collapsed
to a vertex in 0*(G). When we expand the fat vertex of D C 6*(G) and
recover D C @, we define this structure to be a super-diamond. Using this
language, we say that each diamond in 6*(G) comes from a super-diamond
in G.

Claim 7.11. No two diamonds intersect in 0*(G).

Proof. Let Dy, Dy be two diamonds in 6*(G) whose vertex sets intersect.
Note that the diamonds can only share endpoints, so we may assume that
D, has endpoints u, v and that D, has endpoints v, w. We collapse D; to a
fat vertex uv; by Proposition 7.7, the resulting graph H is k-Ore, and either
Ds is a diamond in G* with endpoints uv, w, or H is K.

First suppose that H is K. Then T.5(6*(G)) = 2, and |V (0*(G))| = 2k —1.
By Claim 7.10 each diamond in 6*(G) has exactly one fat vertex, and they do
not overlap. Thus, |V(G)| =4k —3. f T.s(G) = 2, then |V(G)| =4k—-3 < a
is a contradiction. If T.,(G) > 3 then 1 < T,(G) — 2 < =4 implies that
a < 2(k — 1), which is also a contradiction. Therefore, we can assume that
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H is not Kj. Then by Proposition 7.7, when we collapse Dy C H so that we
get the single fat vertex wvw, the resulting graph will be k-Ore.

Now let C = D; U Dy be the subgraph of #*(G) that consists of both
diamonds; Ti.s(C') = 2. We can replace each fat vertex in C' with a diamond
in order to recover C' C G. Note that 6*(C) = C so T.,(C) > 2, and that
C' can collapse further to uvw as above. Let G’ be the graph obtained from
G by collapsing C C G to C, and let G be the graph obtained from G’
by collapsing C' to uvw. Then |V(G)| = |[V(G")| + 4(k —1). If G" is K},
then T.s(G) > 3, because G — {wwvw} is a Kj_; that remains intact when
we substitute C for the fat vertex. So 1 < Ts(G)—2 < % implies that
2a < |V(G)] —1 = 5(k — 1), which is a contradiction. Therefore we may
assume that G” is not Kj. Then T.(G) > T.s(G") + 1 because replacing
wow with C possibly removes a k-critical structure in G” but adds at least
2 from C, and by Proposition 7.5 T.s(G") > 2 which gives T.s(G) > 3. But
then

VG -1
2a

V") -1

_9> m_ 1>
> |Tes(G)| —2 > Tes(G") — 1 > 5

+1

implies that |V(G)| > |V (G")| + 2a, meaning that 4(k — 1) > 2a, and this is
a contradiction.

Thus, we have shown that no such diamonds Dy, D can exist in 8*(G). O

We now consider 6*(6*(G)) , which is obtained by taking all diamonds in
0*(G) and simultaneously collapsing them. By Claims 7.8 and 7.11, we know
that every vertex in 6*(0*(G)) corresponds to either a single vertex in G, a

single diamond in G, or a single super-diamond in G.

Claim 7.12. 6*(0*(QG)) is not Kj.

Proof. Suppose, for sake of contradiction, that 6*(6*(G)) = Kj. First sup-
pose that T.s(G) = 2. Since T.(G) > Tos(6*(G)) it follows that 8*(G) can
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have at most two diamonds. Thus |V (6*(G))| < 3k —2 and |V(G)| < 5k —4,
which is a contradiction as a > bk — 4.

Therefore, we may assume that T.,(G) > 3. Let ¢ be the number of dia-
monds in 6*(G). Then |V(G)| > k+20(k—1) = (204 1)(k — 1) + 1 because
each diamond in ¢*(G) is a super-diamond in G by Claim 7.10. If £ < 2
then we have 1 < T,.(G) —2 < |V(§3‘_1 < 5(];;1) which is a contradiction as

a > 5(k—1). If £ > 3, then because each diamond in 6*(G) corresponds to a

super-diamond in G and each super-diamond contains a k-critical structure,
we have T,5(G) > (. But a > 4(k — 1) so it follows that

V(@& -1 _ @2+1)(k-1)  (20+1)(k—-1)
—-2<T, -2 < <
fr2slul@)—2< g —= 20 =24k 1)
2 +1
-5
For ¢ > 3, this inequality is a contradiction. Therefore, we have shown that
0°(0"(G)) # K. O

Claim 7.13. There are no diamonds in 0*(60*(Q)).

Proof. Let D C 0*(0*(G)) be a diamond with endpoints u, v. Replace each fat
vertex with either a super-diamond or diamond so that we recover D -ye
and 6*(0*(D)) = D. Note that D must have at least one fat vertex that
corresponds to a super-diamond in @, otherwise 6*(6*(D)) would be a single
fat vertex instead of a diamond. Let G’ be the graph obtained from G by
collapsing D to D, and let G” be the graph obtained from G’ by further
collapsing D to a fat vertex uv. Let ¢ be the number of fat vertices in D; as
noted above, ¢ > 1. Also, |[V(G)| < |[V(G")| + (20 + 1)(k —1).

Suppose first that ¢ > 2. Then T.s(D) > ¢. When we replace uv with lA?,
we lose at most one k-critical structure in G”, but gain at least ¢ structures
from D. Thus Tes(G) > T.s(G")+ € —1. Aslong as T,(G") > 2, this implies
that T,s(G) > 3. Otherwise, if G” = K}, then we lose no structures when
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expanding uv, as G”" —{uv} = Kj_1. Soin that case T.s(G) > T.s(G")+{ > 3.
In all cases T,s(G) > 3 and thus it follows that T.5(G) — 2 < %

If T.s(G") < 2 then T.s(G) —2 > ¢ — 1 and |V(G")| < a. From these
observations, it follows that
G) -1 - V(G)] cat (20+1)(k—1)

(-1 <) —2<

2a 2~ 2a
1 20+ 1)(k—1)
BN 2a '
But this implies that a < 2+ (k—1). When ¢ > 2 it follows that a < 5(k—1),

but this is a contradiction.
Thus we may assume that T.s(G”) > 3. In this case,
VG -1 . VG -1
PN S T (G = 2> T (G 40 —3> A2
5y~ Les(G) =2 2 Tos(G) + o
which implies that |V(G)| > |V(G")| + 2a(¢ — 1). But we know that with

¢ fat vertices in D, |V(G")| + (2¢ + 1)(k — 1) > |V(G)|. Combining these

two inequalities, we get (204 1)(k — 1) > 2a(¢ — 1), which can be written as

%(kf — 1) > 2a. Because % is a decreasing function for £ > 2, we have

5(k — 1) > 2a, which is a contradiction.

+0—-1

We now suppose that £ = 1. In this case, the fat vertex € V(D) must
correspond to a super-diamond C' C G. Note that C' C D. Also note that a
super-diamond contains a Kj_; that does not intersect either endpoint of the
super-diamond. Thus the vertices V(D) — {z} either form a Kj;_; or form a
graph in T that uses the endpoints of C' as well. Either way T.,(D) = 2 and
thus T.5(G) > 3.

If T.s(G") < 2 then |V(G")| < a by the minimality of G. By hypothesis,
1 < Te(G) — 2 < YOI and s0 20 < [V(G)] — 1. But [V(G)] < |[V(G")| +
3(k—1) < a+3(k—1) so this implies that a < 3k—4, which is a contradiction.

If T.s(G") > 3 then by the minimality of G, T..(G") — 2 > % So
then

V(G -1
2a

Ve -1

_9> "mo_ 1>
>T(G)—2>T(G")—1> 5

+ 1.
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This implies that |V (G)| > |V (G”)+2a, but we also have |V (G")|+3(k—1) >
|V (G)| so then 3(k — 1) > 2a, which is a contradiction.
Therefore we have shown that 8*(0*(G)) has no diamonds. O

Claim 7.14. If D C 0*(0*(G)) is a k-split then no more than one vertex of

D comes from a diamond or super-diamond.

Proof. Suppose that D is a k-split with endpoints u, v where ¢ > 2 vertices of
D are fat vertices. We replace each fat vertex of D with a diamond or super-
diamond to recover D C G, where 8*(6*(D)) = D. We can also edge-reduce
D to an edge-replacement e = uv by adding the edge e = uv and deleting
all interior vertices. Let G’ be the graph obtained from G by collapsing D
to D and let G” be the graph obtained from G’ by edge-reducing D to e.
Replacing an edge-replacement with a k-split adds k£ — 1 vertices to a graph,
and replacing a fat vertex with a diamond or super-diamond adds at most
(2k — 2) vertices to a graph. Then |[V(G)| < |[V(G")| + (2¢ + 1)(k — 1).
We claim that T.s(G) > 3, and to show this we inspect three cases when

T(G") > 2, and then show how their conclusions are stronger for G” = Kj.
Case 1. Suppose { > 3

When we replace the edge-replacement e = wv with D we lose at most
two k-critical structures in G” because v and v may be fat vertices that are
also in k-critical structures in G”. However, we gain at least £ > 3 k-critical
structures in D. Therefore Tuy(G) > Too(G") — 2 + L.

Case 2. Suppose { = 2 and both fat vertices are endpoints of D.

When we replace the edge-replacement e with lA), we lose at most two struc-
tures. However, as D —{u,v} = Kj_1, this k-critical structure remains when

u, v are replaced with diamonds and it follows that T,,(D) > 3. Therefore
Tes(G) > Tos(G") =243 =T.(G") + 1.

Case 3. Suppose { = 2 and at least one fat vertex in D s an interior vertex.
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We replace the edge-replacement e € E(G") with D. If ¢ is in a k-critical
structure in G” then we lose that k-critical structure, but we gain at least
¢ k-critical structures in D. Hence, T.s(G) > T.s(G") — 1 4+ £. Otherwise,
e € E(G") is not in a k-critical structure, and we lose at most one k-critical
structure, as one of the endpoints of e may be a fat vertex that is split in

~

D. However, we gain at least ¢ k-critical structures in ﬁ, so here as well
Tes(G) > Tos(G") — 1 4+ £. Therefore we always have T.s(G) > Tos(G") + 1
when T,,(G") > 2.

Now consider when G” = K. We can lose at most one structure in G” since
only one exists. Therefore, in Case 1 we have T,5(G) > T.s(G") — 1+ > 3.
In Case 2, we have T.5(G) > T.s(G") — 143 > 3. And in Case 3 only one
endpoint of D can be a fat vertex. Without loss of generality let it be v.
Then G” — {v} = Kj_; remains intact in G so T.5(G) > T.s(G") +2 = 3.

Now we have shown the claim that T.,(G) > 3 and will show contradic-
tions regardless of whether T,.,(G”) < 2 or T.s(G"”) > 3. Suppose first that
T.s(G") < 2. By the minimality of G it follows that [V (G")| < a. Now if
¢ =2 then |V(G)| <a+ 5(k —1). But then it follows that
V(G)| -1 < a+5k—6

1<T(G)—-2<
- (@) 2a - 2a

and this implies that a < 5k — 6 which is a contradiction. Therefore we may
assume that ¢ > 3. Then the argument of Case 1 implies that T.,(G) > ¢ so

(2T —2< V@OI-1 _at@+DE-1 -1
2a 2a
I (20+1)(k—-1)
<§+ 2a )

It follows that £ — 5 < % and thus a < 241(k — 1). But Ztl is a

decreasing function on ¢ > 3 with a maximum at ¢ = 3. Therefore we have

shown that a < 7(k — 1), which is a contradiction.
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Now suppose instead that T,.,(G”) > 3. Then by the minimality of G it

i

follows that T,s(G”) —2 > ML 1f ¢ = 2 then

“ (G)’ 1 " H (GH)| 1
- 7 — 92> -1> -7
5 > Tes(G) —2>T(G") —1 > o

which implies that [V(G)| > |V(G")| + 2a. However, |V(G")| +5(k — 1) >
V(G") so we have shown that 5(k—1) > 2a, which is a contradiction. There-

+1

fore we may assume that ¢ > 3. Then from Case 1 it follows that

_1 1 _1
w >TCS(G)_2ZT05<GH>_4+£Z &

2a a
This implies that |V (G)| > [V(G")|4+2a(¢—2). But |[V(G")|+(20+1)(k—1) >
[V (G)| so together these inequalities show that 2% (k—1) > 2a. When ¢ > 3
this implies that 7(k — 1) > 2a, which is a contradiction.

+4—2.

Therefore, we have shown that any k-split D € 6*(6*(G)) has at most one

fat vertex.
O

Claim 7.15. No two k-splits are incident in 0*(0*(G)).

Proof. Suppose that Dy, Dy are k-splits in 0*(0*(G)) with endpoints u, v and
v, w respectively. By Claim 7.14 it follows that each of D; and Dy has at
most one fat vertex. Also, these fat vertices are disjoint, as they must be
interior vertices. We can edge-reduce D; to a edge-replacement e = uv and
by Proposition 7.7 the resulting graph H is k-Ore. Also, H # Kj as Dy C H
has k + 1 vertices. Then we edge-reduce Ds to a edge-replacement f = vw.

Let C' = D; U Dy be the subgraph of 6*(6*(G)) that consists of both k-
splits. T.s(C') = 2. 1If there are fat vertices in C, then we replace them
with a diamond or super-diamond to recover C C G, and it follows that
Tcs(é) > 2. Note that C' = C is possible. Let G’ be the graph obtained
from G by collapsing C to C and let G” be the graph obtained from G’ by
edge-reducing Dy C C to e = uv and Dy C C' to f = vw.
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When we replace e with D; we gain a k-critical structure overall unless the
edge e is used in a k-critical structure of G”. Similarly, replacing f with Dy
gains a k-critical structure overall unless the edge f is used in a k-critical
structure of G”. But if e, f are both used in a k-critical structure, then
they are part of the same k-critical structure because they are incident at
the vertex v and k-critical structures are disjoint. So when we expand the
edge-replacements e, f we lose at most one structure, and gain T,(C) = 2.
Thus Too(G) > Tuo(G') > Too(G") + 1 because Tuy(C) > Toe(C).

Suppose first that G” = Kj. Then |V(G')| = k+ 2(k — 1) = 3k — 2 and
\V(G)| < 3k —2+2(2k —2) = Tk — 6 because each k-split in G’ may have
one fat vertex that was a super-diamond in G. But G” — {v} = Kj_; and
this is not lost by replacing edge-replacements adjacent to v with k-splits. So
T.(G) > T.s(C) +1 > 3. Then it follows that 1 < T.,(G) — 2 < MEI=L <
%, which is a contradiction.

Suppose now that T.s(G”) = 2. Then by the minimality of G, |V (G")| < a.
Because T,5(G) > T.s(G") + 1 = 3 it follows that
V(G)| -1 < V(G")|+6(k—1)—1 < a+6(k—1)— 1'

1<T(G)—-2<
- (@) 2a 2a - 2a

From this it follows that a < 6k — 7, which is a contradiction.

Finally, we suppose that T.,(G") > 3. Then % > Ts(G) — 2 >
Ts(G")—1 > % + 1, so it follows that |V(G)| > |[V(G")| + 2a. But
[V(G")|+6(k—1) > |V(G)| and these two inequalities show that 6(k —1) >

2a, which is a contradiction.

Therefore we have shown that no two k-splits are incident in 6*(6*(G)). O

We now consider #'(60*(6*(G))) which is obtained by taking all k-splits in
0*(0*(G)) and simultaneously edge-reducing them. By Claim 7.14 no edge-
replacement is incident to a fat vertex and by Claim 7.15 no edge-replacement

shares an endpoint with another edge-replacement.
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Claim 7.16. ¢'(6*(0*(G))) is not K.

Proof. To reduce notation, let G' := 6*(6*(G)) and G” := 0'(6*(0*(G))) for
this proof. Suppose, for the sake of contradiction, that G” = Kj. By Claim
7.12, 0*(6*(G)) # Kj so there must be at least one edge-replacement in G”.
Let m be the number of edge-replacements in G” and let ¢ be the number
of fat vertices in G”. Note that m > 1; also, 2m + ¢ < k because each edge-
replacement is adjacent to two distinct vertices which are not fat vertices.

It follows that T.s(G') > m as each edge-replacement in G” is a k-split
in G’ with a Kj_; subgraph, and T,,(G) > m + ¢ as each fat vertex in G”
corresponds to a diamond or super-diamond in G. Additionally, we know
that |[V(G")| = k, and |[V(G')| = k+ m(k —1). As each k-split may have
a fat vertex not counted by /¢, and all fat vertices in G’ could be collapsed
super-diamonds, it follows that |V (G)| < k+m(k—1)+m(2k—2)+{(2k—2) =
Bm+20+1)(k—1)+1.

First, suppose that m > 3. Then T.s(G) > m + ¢ > 3 and because G is a

counterexample it follows that

V(iG) -1 3 20+ 1)(k -1

m+€—2§Tcs(G)—2<| (©) §<m+ 1( ),
2a 2a

So then 2a < 32E2L(k — 1), The derivative of 2251 with respect to ¢
is % so is negative for all m > 3. Thus this function is maximized
when ¢/ = 0 and we have 2a < %(k —1). Because m > 3 this implies that
2a < 10(k — 1), which is a contradiction.

Second, suppose that m = 2. For £ > 1 we get T.s(G) > m+ ¢ > 3. So it

follows that

V(G =1 _ Bm+20+1)(k—1)

{ = —2<T -2
me - CS(G) < 2a - 2a

(20+T7)(k—1)
2a '
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This gives 2a < 227(k — 1) and for ¢ > 1 implies that 2a < 9(k — 1), which
is a contradiction.

Therefore we may assume that ¢ = 0 when m = 2. But in this case
T.s(G) > 3 as well because each edge-replacement e, f in G” contributes to
a Ky 1in G and G" — {e, f} is a K} — 2K5, which is a k-critical structure
that remains intact in G’ and G. So then 1 < T.((G) —2 < ‘V(gc)b‘_l < k=)

— 2a

which is a contradiction because 2a > 7(k — 1).
Finally, suppose that m = 1. For ¢ > 2 we get T.s(G) > m+{ > 3 so

VG =1 _ @l+4)k—1)

2a - 2a

(—1<m+0-2<T(G)—2<

This implies that 2a < 2% (k—1) and for £ > 2 it follows that 2a < 8(k—1),
which is a contradiction.

So we may assume that £ < 1 when m = 1. Then |V(G)| < (3m+20+1)(k—
1)+ 1< 6k—5. If T.s(G) = 2, then we have a < |V (G)| < 6k — 5 which is a

contradiction. If T,s(G) > 3 then we have 1 < T.((G)—2 < ‘V(gg‘_l < 6(];;1).

This implies that 2a < 6(k — 1) which is also a contradiction.
We have shown that all values of m lead to contradiction, so therefore G" =
0 (6%(0°(G))) # K. =

Claim 7.17. ¢'(0*(0*(Q))) contains no diamonds or k-splits.

Proof. Suppose that 6'(6*(0*(G))) has a diamond D. It follows from Claim
7.13 that 6*(6*(G)) has no diamonds so it follows that D must have at least
one edge-replacement. Let D be the structure in 0*(6*(G)) obtained from G
by replacing each edge-replacement of D with a k-split. Then we can replace
each fat vertex in D with either a super-diamond or diamond to recover
D C G. Let G’ be the graph obtained from G’ by collapsing D to D and
let G” be the graph obtained from G” by edge-reducing any k-splits in D.
Thus D C G”. Further, let G” be the graph obtained by collapsing D to
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a fat vertex x. Each of these graphs are k-Ore by repeated applications of
Proposition 7.7.

Let m be the number of edge-replacements in D and let £ be the number of
fat vertices in D. Note that m > 1. Then T.(D) > m and T,o(D) > m + (.
We claim that TCS(IA)) > 2. If m > 2 this is clear, and if m = 1, then let e
be the edge-replacement in D. D — e is either a K — 2K, if e is incident to
neither endpoint of D, or contains a Kj_ if e is incident to an endpoint of
D. Thus T,,(D) > T,,(D) = 2.

When replacing x with D we possibly lose one k-critical structure in G”’
but gain at least max{2, m+ ¢} from D. We claim now that T,,(G) > 3. For
Tes(G") > 2 there are two cases depending on m + ¢. When (m + ¢) > 2
then T.y(G) > Too(G") — 14 Toy(D) > 1+ m + € and when (m +¢) = 1 then
Tes(G) > T.s(G") — 1 + 2 > 3. The remaining case is when T.,(G") = 1
and thus G” = Kj by Proposition 7.5. Here, G” — {z} is a Kj_; that
remains intact in G. So in fact, no k-critical structures from G”” are lost when
expanding to D and it follows that T,,(G) > 14+ m+ £ when (m+¢) > 2 and

Tes(G) > 1+ Tos(D) > 3 when (m +¢) = 1. We have shown that T,(G) > 3

in all cases and, in particular we have
Tes(G) > max{1,T.(G") — 1} + 2 when m + £ = 1 and

Tes(G) > max{1,T.s(G") — 1} + m + ¢ when m + ¢ > 2. (7.4)

We also want a bound on |V(G)|. By construction, |V(G")| = |[V(G")| +
(k—1) and |[V(G")| = |[V(G")| 4+ (m+1)(k — 1). Because each k-split in G’

may have contained a fat vertex not counted by ¢, it follows that
V(@) < V(GT)[+ (m+1)(k = 1) +2(m + {)(k — 1)

=|V(G")|+ (3m + 20+ 1)(k —1). (7.5)
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First, suppose that T.s(G") < 2 so that |[V(G")| < a. When m + ¢ > 2 it
follows that

m+L—1<T,(G)-2< VIG)[ -1 < a+@Bm+204+1)(k—-1)—-1
2a 2a
1 3(m+10)+1
et Wl

This implies that a < ;’EZigf;(l{— 1) and for (m+/¢) > 2 we get a < 7(k—1),

which is a contradiction. When (m + ¢) = 1 then it must be that m = 1 and
= 0. But now because 1 < T.5(G) — 2 < \V(gz\q < “*4(’;;1)*1, it follows

that a < 4k — 5, which is also a contradiction.
Now suppose that T,.s(G"”) > 3. When m + ¢ > 2 then we have, because

G"" follows Theorem 7.2, % >Tws(G)=2 2> (Ts(G")—=14+m+0)—2 >

%—H—m—%. This implies that |V(G)| > |V(G")|+2a(m+{—1). But
we also have that |V (G)| < [V(G")|+(B3m+20+1)(k—1) < [V(G")|+(3(m+
0) + 1)(k — 1). Together, these inequalities show that 2a < ?’((;”LE))_JT (k—1).

For (m + ¢) > 2 it follows that 2a < 7(k — 1), which is a contradiction.
When m + ¢ =1 then ¢ = 0 and we have

V(G) -1
2a

VG") -1

> To(G) — 2> (Tos(G") —1+2) —2 > 5
a

+ 1.

This implies that |V (G)| > |[V(G")| + 2a but we also have that [V (G")| +
4(k—1) > |V(G)|. Together these inequalities show that 4(k—1) > 2a, which
is a contradiction. Therefore there can be no diamonds D in 6'(0*(0*(G))).
Now suppose that ¢'(0*(60*(G))) contains a k-split C'. Because all k-splits in
6*(0*(G)) are now edge-replacements in 6'(6*(0*(G))), at least one edge of C'
must be an edge-replacement. Let C' be the subgraph of 6*(6*(G)) obtained
from C by replacing each edge-replacement of C' with a k-split. Then we
can replace each fat vertex in C' with either a super-diamond or diamond to
recover C C G. Let G’ be the graph obtained from G by collapsing C to
C and let G” be the graph obtained from G’ by edge-reducing any k-splits
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in C. Thus C C G”. Further, let G” be the graph obtained from G” by
edge-reducing C' to the edge-replacement f = wv. Each of these graphs are
k-Ore by repeated applications of Proposition 7.7.

Let m be the number of edge-replacements in C' and let ¢ be the number
of fat vertices in C. Note that m > 1. Also T.,(C) > m and Tcs(a) >m—+L.
We claim that Tcs(a) > 2. If m > 2 this is clear, and if m = 1, then let e
be the edge-replacement in C'. C' — e is either in H if e is incident to neither
endpoint of C', or contains a Kj_; if e is incident to an endpoint of C'. Thus
T.4(C) > T.s(C) = 2.

When replacing f = wv with C we possibly lose one k-critical structure
in G" but gain at least max{2, m + ¢} from C. Exactly as in the diamond
case above, if T,(G") > 2 then Tuy(G) > Tuo(G”) — 1 + T, (C). Also, if
Tes(G") = 1 then G"” = Kj by Proposition 7.5 and G"” — f contains a
Kj_1 that remains intact in G. So in fact, no k-critical structures from G”
were lost and it follows that T,s(G) > 1+ m + ¢ when (m + ¢) > 2 and
T.o(G) > 1+ T,.o(C) > 3 when (m + ) = 1.

Therefore when G has a k-split, Equations 7.4 and 7.5 also hold, just as
they did when G" had a diamond. Thus, the same arguments will also lead
to contradictions for k-splits C' C ¢'(0*(0*(G))). Therefore, we have shown

that 0'(0*(0*(G))) contains no diamonds or k-splits. O

End of proof of Theorem 7.2. Now we have a graph H = ¢'(6*(0*(G)))
which is not K}, and contains no diamonds or k-splits. By repeated appli-
cations of Proposition 7.7 we know that H is k-Ore. Because H is not K}
it follows that H is an Ore composition of two k-Ore graphs H; and H,
with overlap vertices {u,v}. Because H contains no diamonds or k-splits,
T.s(H;) > 2 fori=1,2.

We replace all edge-replacements in E(H) and all fat vertices in V(H) —
{u,v} with the structures that were originally subgraphs of G. This gives

a graph G’ where G’ = G if neither u nor v is a fat vertex in H, or where
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we could obtain G’ from G by collapsing the necessary diamonds or super-
diamonds into the fat vertices u or v. Thus it follows that T.,(G) > T.s(G').
Also G’ is k-Ore and we can realize G’ as an Ore composition of two k-Ore
graphs G| and G, with overlap vertices {u,v} (the same as the overlap ver-
tices of H). Because T,s(G%) > T.s(H;) fori = 1,2, we know that T,.(G}) > 2
for i = 1,2. We break the proof of the theorem into three cases.

First, we consider the case where To5(G)) = Tos(Gh) = 2. If Ts(GY) = 2
then it follows that T.s(H;) = 2. But H; — uv has no diamonds, so Lemma
7.6 implies that T,.s(Hy — uv) = 2. Thus, T.(G| — uwv) = 2 as well. A
similar argument shows that T,,(G, — {uv}) = 2. But this gives 4 disjoint
critical structures in G’ so we know that 4 < T.,(G") < T.s(G). Also, by the
minimality of G, we have that |V (G})| < a fori =1,2. Thus |V(G")| < 2a—1
and because the vertices u, v could be at worst super-diamonds, it follows that
V(G)| <2a—1+4(k—1). Putting these inequalities together we have that

| —1
— <1 .
2a =14 2a

)< 1) —2 < V(@) 4k —5

This implies that 2a < 4k — 5, which is a contradiction.

Second, we consider the case where one of T,s(G)) and T.s(G5) is 2, and
the other is at least 3. Suppose that T.(G}) = 2. Then, by Lemma 7.6, it
follows that Tos(G] —e) = 2. Thus T.(G) > Tes(G') > 2+ Tos(Gh) — 1 =
T.s(G4) + 1 by Lemma 7.4. Also, we have that |V(G})| < a which implies
that |V(G)| < |[V(GS)| + a + 4k — 5. However we then have the string of
inequalities
V(G)| -1 < V(GY)| —1 N a+ 4k — 5'

Tcs 5) — 1< Tcs -2
(G) < Te(@) < 2a - 2a 2a

Because Theorem 7.2 holds for G, this implies that 1 < %, or that

a < 4k—5 which is a contradiction. A similar argument yields a contradiction
when T,5(GY) = 2 and T.5(G}) > 3.
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Third, we consider the case where T.s(G) and T.s(GY%) are both at least
3. If u,v € V(G') are not fat vertices, then G’ = G and we have that
\V(G)| = [V(G))| +|V(GY)| — 1. Then it follows from Lemma 7.4 that

/ / VGl -1 V(G -1 _ [V(G) -1
—92 > —4 > = .
Tes(G)—2 > T.(G))+Tes(G5)—4 > oy + 5 g

This contradicts the fact that GG is a counterexample.

Therefore we may assume that at least one of u or v is a fat vertex in G'.
We claim that T.s(G) > Tos(GY) + Tes(GY) — 1; if this can be shown, then it
follows that

Tcs(G) 22> Tcs(Gll) + Tcs(GIQ) —4+1
A | _ _
L IV@I=1, V@I -1, 20 [V(G) -1
2a 2a 2a 2a
where the last inequality is because |V(G)| < |V(GY)| + |V (GY)| — 1+ 4(k —

1) < |V(G))|+ |V(GS)| — 14 2a. This would contradict the fact that G is a

counterexample.

To show the claim we will first assume that exactly one of u,v is a fat
vertex in G’ and, without loss of generality, suppose that it is u. The graphs
G, — {uv} and G} — {u} are disjoint subgraphs in G, so it follows using
an argument similar to the proof of Lemma 7.4 that T,.,(G) > T.s(G}) —
1+ T,s(GY) — 1. No k-critical structure in this lower bound uses the vertex
u € V(G') and so when we expand that fat vertex, we gain an additional
k-critical structure. Therefore T,,(G) > T.(G}) + Tos(GYy) — 1.

Now assume that both u and v are fat vertices in G’. The graphs Gf — {uv}
and G| — {u, v} are disjoint subgraphs in G, so it follows using an argument
similar to the proof of Lemma 7.4 that T,(G) > T.s(G}) — 2 + T.s(GY) — 1.
No k-critical structure in this lower bound use the vertices u,v € V(G’) and
so when we expand the two fat vertices, we gain two additional k-critical
structures. Therefore Ts(G) > Tos(GY) + Tos(GY) — 1.

We have shown that T.s(G) > T.s(GY) + Tes(Gy) — 1 whenever at least one

of u or v is a fat vertex in G', and thus the case where T.4(G}) and T.4(G%)
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are both at least 3 will also lead to a contradiction. This completes the proof
of Theorem 7.2. O
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