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Abstract

3Fy-Hypergeometric Functions and Supersingular Elliptic Curves

By Sarah Christine Pitman

Here we explore elliptic curves, specifically supersingular elliptic curves, and their rela-
tionship to hypergeometric functions. We begin with some background on elliptic curves,
supersingularity, hypergeometric functions, and then use work of El-Guindy, Ono, Kaneko,
Zagier, and Monks to extend results. In recent work, Monks described the supersingular
locus of families of elliptic curves in terms of 5 Fj-hypergeometric functions. We “lift” his
work to the level of 3Fy-hypergeometric functions by means of classical transformation laws

and a theorem of Clausen.
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1. BACKGROUND: INTRODUCTION AND STATEMENT OF RESULTS

1.1. Elliptic curves. Elliptic curves play a major role not just in theoretical mathematics
and number theory, but also in a more concrete and practical application: cryptography.
Typically, public key cryptographic algorithms, called RSA (named for its developers) and
Diffie-Hellman, have been the methods used to protect and secure data. However in recent
decades, new techniques have been developed which are not only more secure, but also more
efficient. These new methods are based on the arithmetic of elliptic curves. The advanced
level of security and the computational efficiency of these elliptic curve cryptosystems is
almost essential in today’s world with the recent advances in the Internet and technology.
For security purposes, the National Security Agency has moved towards elliptic curve-based
cryptography, which essentially uses elliptic curves defined over finite fields with large prime
moduli. Other governments and nations throughout the world have also made this change.
In the next few years, it appears as though many vendors will be upgrading their systems
because of the added security and computational bandwidth advantages that these elliptic
curve cryptosystems offer. For instance, the RSA cryptographic method uses a key system of
size 4096 bits, while an elliptic curve key system, offering the same level of security, requires
just 313 bits. In terms of efficiency, it was measured to take 3.4 minutes to generate a
512-bit RSA key, compared to only 0.597 seconds for a 163-bit ECC-DSA (Elliptic Curve
Cryptography-Digital Signature Algorithm) key [?].

The arithmetic of elliptic curves offer ways to construct ciphers, not just for espionage,
but also for telecommunication and finance purposes. This cipher construction begins with
two arbitrary large primes (hundreds of digits), call them p and ¢q. The product N = pq
is calculated and published. In order to encipher (encode) a message, only the value of N
is needed, but to decipher (decode) a message, the specific factors p and ¢ are needed. In
simple terms, the larger the primes p and ¢ chosen, the larger the product N, and the longer
it will take for a potential enemy to factor NV into p and ¢ and break the code. Factoring
a large composite number N can be tricky and take a while. It would be very inefficient
to start with small integer divisors and test all of the possibilities, so techniques have been

developed using algorithms in number theory to facilitate this.
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One of the ways to decipher codes in cryptography, is to solve what is called the Elliptic
Curve Discrete Logarithm Problem (ECDLP). One of the more efficient methods to do so
is called Lenstra’s Elliptic Curve Algorithm, which relies on elliptic curves. For general
elliptic curves, another fast way to solve such problems is using Pollard’s p Method, which
runs through random multiples mS 4+ nT" until a “collision”, or solution point, is found that
satisfies the conditions. The benefit of this is that it only requires a small amount of storage
space and a minimum number of steps to find such a point. The difficulty in solving such a
problem comes from the fact that for some elliptic curves, FE, it is easy to solve for such S
and 7', but S and T are almost always independent, while for other elliptic curves, S and T’
are dependent, but are difficult to find. In Figure 1 [?] below, we see the basic outline of the

steps for solving ECDLP with regards to an elliptic curve E.

FIGURE 1. Solving ECDLP [?]

(1)

(2) Choose an elliptic curve E whose reduction is E.
(3) Lift S, T to points S, T € E(Q).
(4)
(5)

Lenstra’s Elliptic Curve Algorithm differs from Pollard’s method in that Pollard’s method

only works, in a practical sense, if one of the prime divisors of N satisfies
p — 1 = product of small primes to small powers.

There are many other algorithms using elliptic curves that have been tested and found to
be very useful and practical in cryptographic systems and ciphers, and much more research
has been done and many advancements made. To begin to understand this theory, we begin
with the definition of an elliptic curve.

An elliptic curve, E, is a smooth, projective curve of genus 1 with a distinguished base
point, and when defined over a field K, this point is K-rational. Therefore, we note that
not every smooth projective curve of genus 1 is an elliptic curve; it must have at least one

rational point.
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Elliptic curves are usually expressed by their Weierstrass equations, in either a short form

or a long form. The general Weierstrass equation that holds in any field is given by
(1.1) E:y? + a1xy + asy = 2° + asx® + aux + ag,

where aq,as,...,as € K. We define the characteristic of a field K, char(K), to be the
smallest number m such that m times the identity element of K is zero. In the cases where
char(K)# 2,3, we can simplify, and after some manipulation obtain a “short” form of the
Weierstrass equation. Let A, B € K with 44+ 27B?% # 0. The short form of the Weierstrass
equation is

E:y* =2+ Az + B,

where the rational base point is (0, 1, 0). It is a fact that every elliptic curve over K can be

defined in this way.

1.2. Points on an elliptic curve form an Abelian group (over R, C, F,). Take E to
be an elliptic curve over a field K defined by a given Weierstrass equation. Let P and () be
two rational points on E. Then by Bezout’s theorem, the line PQ intersects E at a third
rational point, R. From this, we are able to generate new rational points on E.

We can define a group operation on E(K) for any elliptic curve defined over a field K
given by addition of these rational points, i.e. P+ = R. The identity element of this group
is the point (0, 1, 0) at infinity, and the inverse of P = (x,y, z) is the point —P = (z, —y, 2).
We can see that the property of commutativity follows: P + Q) = ) + P, and associativity
will hold as well: P+ (Q + R) = (P + Q) + R. It is also true in general that

nP=P+-+P,

where P is added together n times for any positive n, 0P = 0 and (—n)P = —nP. Thus
scalar multiplication holds in this group for any integer n.
More explicitly, let two points on E be given by P = (x1,y1,21) and Q = (2, ¥s, 22).
Define
P+ Q= R=(z3,y3, 7).



FIGURE 2. Chord-tangent law [?]

Note that if either P or () is the point at infinity, (zx, yx,0), then R is simply equal to the
other point. We can therefore assume that P and () are structurally affine, meaning that
the linear combination or sum of the two is 1, i.e. 21 + 29 = 23 = 1.

In the case z; # 5, we can construct the line PQ which has slope

Y2 — 1
and gives the equation, y = m(x — x1) + y;. To obtain the coordinates of R, we see that the
point —R is on the line PQ, —R = (x3,ys,1). We substitute this point into the equation,
solve for y3, then substitute that into the Weierstrass equation for E: y2 = 23 + Azs + B to
obtain

_ .3 2,2
0=a5—m a5+ ---

We see that x; and zo will satisfy this same cubic equation. Therefore the roots of this cubic
are i, T, 3.

In the case z1 = x9, if y; # yo, then P and ) must be opposite points and R = 0. If
Y1 = Y2, then P =Q and R = 2P.

In Figure 3 [?], this group law for elliptic curves is illustrated.

Examining this group law, first we will look at the case of a finite field F,. The group
E(F,) is finite, with order p + 1. The following is well-known:



FIGURE 3. Group law [?]

L

T®T =0 PBOBR =0 p@u“T

Proposition 1.1. When working over a finite field, the group of points E(FF,) is either a

cyclic group or the product of two cyclic groups.

Next we look at the case for the field of all real numbers, R, i.e. K = R. Here we have

the following analogous relationship:

Proposition 1.2. Either E(R) is isomorphic to S*, E(R) = S'_ where S' denotes the circle

group, or E(R) is isomorphic to two copies of the circle group (S' x Cy), i.e.
E(R) 22 (S x Cy) - (S* x Cy).
Finally we investigate K = C. Here, F(C) forms a torus, and we have that
Proposition 1.3. For all N > 1,
E(C)y 2 Cy x Cy,
where Cy denotes a cyclic groups of order N.

1.3. My work. Elliptic curves play an important role in all areas of math. For example,
the famous Fermat’s Last Theorem depends on the deep (and recently proved) fact that all
elliptic curves are modular. This means that the L-function for E(Q) is the L-function of a

modular form given by

f=> aln)q",
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where ¢ = e™*. The L-function for an elliptic curve is defined to be the product

L(E,s) = [ —ap)p+p" )",

p

for all primes p for which
E:y*=1"+A22+Bx+C #0 (mod p),
where A, B, and C are fixed, and
a(p) = p — {number of solutions over F, toy* = 2* + Az® + Bz + C (mod p)}.

Over F),, there are only finitely many elliptic curves, and we choose the coefficients from 0 to
p— 1. Most of these curves have the property that a(p) # 0. It turns out that the curves for
which a(p) = 0, up to isomorphism, are special and are called supersingular. Each elliptic
curve, up to isomorphism, is distinguished by its j-invariant, j(E) € F. If E is given by
(??), then j is a rational function of the coefficients. When the characteristic of F' is not 2

or 3, and F is given by the simpler Weierstrass equation,
2 _ 3 A3 3
y =a"+Ax+ B, A :=4A° +27B° # 0,

we have the expression
4A3
(F) =1728—————.
IE) 4A3 4 2753
In this paper, we compute polynomials whose roots are the j-values of these supersingular
elliptic curves, among the Legendre and Clausen families. In his paper [?], Monks shows
that these j-values are indeed the roots of 5 Fj-hypergeometric polynomials. These polyno-

mials can then be described as analogous 3F>-hypergeometric polynomials, which follow the

transformations outlined in this paper.

1.4. Hypergeometric functions. Dating back to the works of Gauss, hypergeometric func-
tions play an important role in mathematics. More recently, these complex functions and
their analogs have been studied in terms of the complex periods of elliptic curves. The pur-

pose of this paper is to further develop these sorts of connections. We begin by setting the



7

notation and defining the hypergeometric functions which will be used throughout. If n is a

nonnegative integer, we recall the Pochhammer symbol (),, defined by

1 if n=0,
(7)71 =
Ty +D(r+2)--(y+n—-1) ifn>1

The classical hypergeometric function in parameters aj, ..., ap, 31, ..., B; € C is defined by

oo

a2 an) ) (@)a(@2)a(ag)n - (an)y 2"
hFj ﬁl - ﬂj ‘ ;% (ﬁl)n(ﬁ2)n e (ﬁj)n nl’

We are interested in the hypergeometric functions

a b 2 (a),(b),, x™
(1.2) P! x::EZ(LS)“H
and
a b d * (a "
o () s

a b 8 n
(1.4) o F}" r| = (@)n(0)n I_' (mod p)
‘ — ()n n!
p
and
a b d 7 n
(1.5) Nos o) =3 WOl g )
c . — ()n(€)n n!
p

Monks has studied elliptic curves and their relation to o F{*-hypergeometric functions and
has proved that these polynomials give the supersingular loci of certain families of elliptic
curves [?]. Here we “lift” his work from o F"- to 3 Fi*-hypergeometric functions and establish

a similar result for these hypergeometric functions with additional parameters.
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Remark. We note that tr denotes the truncation of a hypergeometric series after "7, We
note that in [?] tr implies truncation after zP~!. We will see that the relevant polynomials

agree when reduced modulo p.

Here we consider supersingular elliptic curves in certain families. A well-known subfamily

of elliptic curves is the Legendre Family, which is denoted by

Ei(\) vt =2(x —1)(z— )

N

for A # 0, 1. These curves can be studied by means of the supersingular locus,

Sp1(A) = 1T (A = Qo).
)\()EFP
supersingular E1 (A\o)
2
These polynomials have coefficients in F,. In [?], El-Guindy and Ono study other families of
elliptic curves. In his paper [?], Monks studies these families with respect to hypergeometric
functions, and he shows that their supersingular loci are given by certain 5 Fj-hypergeometric

functions reduced modulo p. We extend these results of Monks, El-Guindy, and Ono, to prove

the following theorem. Assume the notation above.

Theorem 1.4. The following are true:

(1) If p > 5 is prime, then

1 1 1

S ()= (x+1)z GEr 2 2 22 d p).

p,z(ﬂi) (x+1) 3kby N (mod p)
P
(2) If p > 5 is prime, then
1 2 1
P 3 3 5 | 108z — 2916

Spyé(:v)2 =Ry 0. I x—Q (mod p).

11 &



(3) If p > 5 is prime, then

(=1

n
[~
—
&
N—
N
Il
—~
Q\
—
N—
N
&
Srs
w
o2
=4
D=
D=
—_
|
|
El
o
(oW
=3
N—

6 15 +d

Here ¢, = ( 12 p) and d, = 0,2,2,4 for p = 1,5,7,11 (mod 12) respec-
12

tively.

The proof of Theorem ?? shall rely on recent work of El-Guindy and Ono and Monks.

The following are formulas given on pages 2 and 3 of [?].

Theorem 1.5 (Monks in [?]). The following are true:

(1) If p > 5 is prime,

1 3
(1.6) Spi(z) = Y (mod p).
1
P
(2) If p > 5 is prime,
5 3|27
(1.7) Sp(x) = DRI Sl I — (mod p).
1
P
(3) For p=1,5 (mod 12) and prime, then
15 .
(1.8) Spa(e)=ct -l o (2 - (mod p).
1 T
P
(4) For p=17,11 (mod 12) and prime, then
7 u 1
(1.9) Sp, 1 (@) = ot DY S B [ (mod p),
1 T
P
6 14+ 4,

where ¢, = ( ) and d, =0,2,2,4 for p=1,5,7,11 (mod 12) respectively.

L1z

Remark. We note that (??7) is a direct result of El-Guindy and Ono and is therefore not

technically part of Monks’ theorem in [?7].
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Squaring these supersingular loci obtained by Monks in terms of the o F{*-hypergeometric

functions, we obtain congruent 3F3*-hypergeometric representations in Theorem ?7.

2. SUPERSINGULAR ELLIPTIC CURVES

In this section we define supersingularity of elliptic curves and delve deeper into the theory

examining works of Kaneko, Zagier, and Monks.

2.1. Supersingular elliptic curves. Let p be an odd prime and let F, be a field of char-
acteristic p. As stated before, an elliptic curve E/F is said to be supersingular if it has no
p-torsion over Fp. In other words, there is no element of order p in the group E (Fp). This
condition is dependent only on the j-invariant of E. There are only finitely many isomor-
phism classes of supersingular elliptic curves in Fp, which Kaneko and Zagier [?] determine
using the theory of modular forms.

First we recall the statement and proof for deciding whether or not a given curve over a

finite field F,, ¢ = p", p odd, is supersingular or not.

Proposition 2.1. Let E be the elliptic curve over F,, defined by the equation y* = f(x), (f €
F,[z] of degree 3), and a, the coefficient of x*~* in f(z)®~Y/2. Then |E(F,)| =1 — Nz, /v, a,

(mod p).
Corollary 2.2. E is supersingular if and only if a, = 0.

Proof. The number of solutions for x € F, where y? = f(z) is 1+ f(2)@"1/2. When we also
include the point at infinity, we find that

IE(F) =1+ (1+ f(2)')

€l
in F,. We know that the sum over x € F, of z' is -1 for t = ¢ — 1 and is 0 for all other ¢ in
0<t<3(qg—1)/2, we have
B(F,) =1 q,
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in F,, where a, represents the coefficient of z¢~! in f (x)q%l (note. a, will belong to both I,

and F,;). From the expansion of f (x)q;zl, we have

P p—1

f@)'7 = f(a)"7 O = fa)T O )T D @)

where ") is precisely the polynomial that is obtained from f after raising all of its coeffi-
cients to the power p'. We now can see that a, = a§,1+p+m+ppl) = N, /r,(ap), which proves
the proposition. For the corollary, we note that if a, = 0, then |E(F;»)| =1 =0 (mod p)
for all n, meaning E has no p-torsion over F,. If a, # 0, then |E(Fg)| = 1 — (Ng, /5, a,)"

will be divisible by p for any n that is divisible by |Nr,/r,(a,)| modulo p, and thus E(IF),)

does contain p-torsion. [l

2.2. Supersingular locus over F,. In their paper [?], Kancko and Zagier look at Ej, the
normalized Eisenstein series of weight k, specifically in the case where kK = p — 1 for a prime
p > 5. They describe the modular forms Fj of weight £ = p — 1 corresponding to the
polynomial in j, multiplied by j°(j — 1728)¢, and show that these reduce modulo p to the

supersingular polynomial. Part of Theorem 1 in [?] states that:

Theorem 2.3. For k = p — 1, where p > 5 is prime and f represents any of the modular
forms (in our case Ey), then the coefficients of the associated polynomial f are p-integral

and

ssp(f) = £5°(j — 1728) f(j)  (mod p).

The explicit proof of this theorem is outlined in their paper, and after basic substitution

we describe our specific case as
ssp(j) = +5°(j — 1728)°E, 1 (j)  (mod p).

2.3. Work of Monks. Here we consider supersingular elliptic curves in certain families.

We recall the Legendre Family of elliptic curves is the Legendre Family, denoted by

Ei(\) vyt =2(x —1)(z— )

N



12

for A # 0,1, which can be studied by means of the supersingular locus

Sp1(A) == 1T (A= Xo).
/\0€Fp
supersingular E% (Mo)

These polynomials have coefficients in [F,,.

In [?], El-Guindy and Ono study the family of elliptic curves defined by

(2.1) Ei(\):y? = (x—1)(2® + \).

W=

We also consider the following families of elliptic curves:

(2.2) Ei()\) iy + dyz + Ny = 2

1
3

(2.3) Ei()\):y? =42 —27Ax — 27\,

-
w""

For i € {i, %, 1—12} and all primes p > 5, we let

(2.4) Spi(\) = 11 (A= Xo).
Xo€Fp
supersingular E;(\o)

For ease of reference, we again give the formulas on pages 2 and 3 of [?].

Theorem 2.4 (Monks in [?]). The following are true:

(1) If p > 5 is prime,

1 3
(2.5) Sp&(:p) =,Fr ! i —x (mod p).
»
(2) If p > 5 is prime,
12
p 3 3| 27
(2.6) Spalx) = glsl P 303 ~ (mod p).
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(3) For p=1,5 (mod 12) and prime, then

1 5
_ y:2 | 12 12 1
(2.7) Sy (@) = ot gliz) . pi | 12 112 1— p (mod p).
P
(4) Forp=17,11 (mod 12) and prime, then
7 ou )
(2.8) Spyl%(x) = C;l ARy 2 EE S I - " (mod p),
1
P
6 [{5] +dp _ .
where ¢, = 2] and d, = 0,2,2,4 for p=1,5,7,11 (mod 12) respectively.
12

By squaring these supersingular loci in terms of the o F{*™-hypergeometric functions, we

obtain congruent 3Fj'-hypergeometric representations in Theorem ?77.

3. OUTLINE OF PROOF OF THEOREM AND TOOLS

Now we recall our main theorem:

Theorem 3.1. The following are true:

(1) If p > 5 is prime, then

1 1 1
S 2= N ,Er (2 2 2 ‘ d p).
pi(2) = (x+1)7 5F A e (mod p)
p
(2) If p > 5 is prime, then
1 2 1
P 3 3 5 | 108z — 2916
S, %(a:)2 =Ny o I x—2 (mod p).
11 v
p
(3) If p > 5 is prime, then
151 1
Sp%(a:)Z =(c,')- AR O L s [ (mod p).
11 g
P
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3.1. Statement of Clausen’s Theorem and Transformation Laws. Our main tools for
establishing these congruences are a theorem of Clausen and two classical 5 F; transformation
laws. We make use of the a theorem of Clausen [?] which gives the following equality of

hypergeometric polynomials:

2

200 2 o+ o
(31) 3F2d B 5 T = QFICI B T

20+28 a+B+3 a+pf+3

We also use two transformation laws in our proof so that we can apply (??) to the hyper-

geometric functions. The first is given by Bailey in [?] which states that

fa b B fa =0 x
(32) 2F1C T :(1—1') a.2Flc

The second is from Vidunas given in [?]. We have that

a b
(3.3) e x| =,F
a+b+1 a+b+1
2

e
o NS
e~
8
—~
-y
|
8
~—

3.2. Elementary Reduction modulo p. Here we briefly outline the reduction modulo p
that we will use, showing how it works in the proof of the second case of Theorem ?7. By

definition (??) we have that

1

| 108z — 2916 2 (3)n(2)n(3)n (1082 — 2916)"

| T - )y (mod p).

— Wi
|

For n > £, any p will appear in the numerator of the expansion for (3)n, (3)n, or (3)n, S0

all of these terms will be congruent to 0 modulo p and will vanish, so we can simplify to

1 2

N[ —=

L) 1y /2y (1

108z — 2916 )n(Z)n(5)n  (108x — 2916)™

(3.4) B (° 7 o A9 5 = () (3)3(2) {108z 5 ) (mod p).
1 1 T — (n!) z2n
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Similarly by (??7) we have that

1 5 1 % 1 5 1 n
6 6 2 1 c)n\g)n\5)n 1
92 ICHCIE S PR R o U 2 .(1_—> (mod p).
1 1 x — (n!) T

p
For any n > |£|, p = 1,5 (mod 6) will appear in the numerator of the expansion, causing

all of these sequential terms to be congruent to 0 modulo p and vanish to give

1

L5
tr 6 ° (
(3.5)  5F

i (1 1) o)

xT

1——1 =
1 T — (n!)3
P

— olw;
|
—_

4. PROOF OF THEOREM 77

To prove Theorem 7?7, we show the first part using the results of El-Guindy and Ono in [?].
Then we calculate the equivalent statements for the remaining cases. We use classical o Ff!
transformation laws to obtain the necessary forms to use Clausen’s theorem, given in (?77?),
and “lift” the oF}"™-hypergeometric functions of Monks to equivalent 3F}" representations.

First we require the following descriptions of o F{*-hypergeometric functions:

Lemma 4.1. The following are true:

(1) If p > 5 is an odd prime, then

2

1 3 1 1 1
Frlt | =@ |2 2 2 2 mod
247 . ( ) 3179 . e 1 ( p)
p P
(2) If p > 5 is an odd prime, then
2
1 2 1 2
3 3| 27 3 3 5 | 108x — 2916
JEE L S =g 2 o A9 5 (mod p).
1" 11 t
P p
(3) Forp=1,5 (mod 12), then
2
1 5 1 1 5 1
JFE [ R B Y o I 6 21— = (mod p).
1 t 1 1 t
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(4) For p=17,11 (mod 12), then

2

7 1 . 1051 ]
Nad 12 112 1_5 =4 FV 6 i i 1_E (mod p).
» P

Proof. For the proof of (1), we observe that

1 3
QFld 4 4 —XT
1
is not of the form
o B
2F1c1 X
a+p+3

Therefore we must apply a transformation law for o Fi-hypergeometric functions in order to

use Clausen’s theorem. Classically, we have the transformation of Bailey [?]

a b a c—>b T
e r|=01-x)"
c c z—1
We use this to alter
1 3
21—711C1 ! * —T y
1

so that we can then apply Clausen’s Theorem and obtain a 3Fh-hypergeometric series. We
x

let a = i, b=3 ¢c=1, and = —ux, and obtain

xr —

1 1
1 1 1 X
1)"7 . Fcl 4 4
(z + ) 21479 aE 1
We have transformed
1 3
2F1cl 4 4 —
1
into
1 1 x
1
1) 1., |4 4
(z+1) 21 z+1

—_
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This hypergeometric function is now of the correct form to apply Clausen’s Theorem, so we

. Therefore we have

1 51 1 _
leta=7, =7, a+B+5=1andz=

T+
2
1 1 T 1 1 1 x
FC] 4 4 —_ Fc] 2 2 2
251 1 x 4+ 1 342 1 1 x + 1
Our transformation is used as follows:
103 ) O
9 aul I N I OO DR Y 2ol I
We square both sides to obtain
2 2
1 3 . 1 1 T
Y Y x| =@t Y ,
and after substitution we have
2
L ) o1
(4.1) Y | =@ ) (2 2 ,

which is what we want. By definition (?77) when we expand the infinite hypergeometric series

on the left hand side of this equation, we obtain

1
cl | 4
2F1

[ NN [t
|
8
I
YR
[]e
e
==
<
=
|
o
=z
N——
[\

(P ) oy W (e

Tz +1

N[
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This means that the coefficients for each 2= are equal in both series expansions, given by

a(N) and b(N), respectively. More precisely, by squaring we have

al % 3 (le)an@)an
Z ((

n=

and by the Binomial Theorem

We note that for b(N) only [5] < n < N will actually contribute to each coefficient value.
When we truncate these series in (??) at N = p — 1 (i.e. truncate at x'7?), all of the

coefficients will still be equal. The truncation of the series can be explicitly expressed by

— i Dn (Dv-n@v-n  n
(4.3) NZOZO D
_ Z 5 5) (_1)N7n N
N=0p=[¥1

We observe that since NV, and consequently n, will never exceed p— 1, all of these coefficients
are p-integral since p does not appear in any of the denominators. Therefore we can take
both sides of (??) modulo p. In fact, we know that a lot of terms will vanish modulo p
because p will appear as a factor in the numerators of the coefficient expansions of these
series given by a(N) and b(N), making them congruent to 0. More specifically, this is the

case for P~ Lo N<p—landn> b= L We can write these simplified congruences as

-1

(4.4) Z

N=0 n=0

’23

(mod p)

»M»—'
—~
|1
N~—
IZ
3
—~
3 [~Iw
IZ
3
iNg
—~
ol L
N~—
2
— N
M
N~—
=2
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and

[un

2 <5)N((5>N<5>N.(_1)N (mod p).

(4.5) o

N=

o

Finally we see that the right hand sides of (??) and (??) are congruent modulo p to the
definitions of the truncated forms of the squares of the 5 Fj- and 3 F5-hypergeometric functions,

respectively, given by:

b LI
JFE —z | = Z 4(N')42 () (mod p)
1 N=0 ’
p
and 1
1 1 1 =
o 2 2 32 x _ ENEONON ( x )N (mod p)
’ 1ot = @ e
p
It follows that
1 3 i —1 3 3 2 r
Y Y x| =@+ )T EE (2 2 (mod p),
X 1 1] *+ 1
» p

which completes the proof.
For the proof of (2), we apply the transformation law for o Fj-hypergeometric functions

27
given by (??7) where a = %, b= %, and z = —, and see that
T

pa (30 3|20} _ a5 5| 10se—2916
24 . T 2471 ) —I2
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We then square both sides of this equation and apply Clausen’s theorem in (??) to the right

1082 — 2916
hand expression with a = é7 B = %7 and 7 — $—2 to obtain
X
2 2
iz 11
(46) g8 S E) g (E 8| 10822016
. 2471 1 T 2471 1 I2
Sy 2 310822016
- 3F2 ) : T

By definition (??) when we expand the infinite hypergeometric series on the left hand side

of this equation, we obtain

cl
2F1

Wl
— wWIN
|l\:>
\'I

Il
N
[]e
/\Q/JT:
=1 =R
Zlaw
P4
VR
S [
N———
=
N——

el 3 5 3| 108z —2916 i(%)N@)N(%)N 108z — 2916\ ™
3472 1 1 72 _N:O (N! 3 72 )

N=0

@ (i % . @y) S <é>N<<]§v>!N3<é>N | <1osxx_22916)fv_

This means that the coefficients for each 2™V are equal in both series expansions, given by

a(N) and b(N), respectively. More precisely, by squaring we have

a(N) =

n=0

—
W=

)n(é)n . (%)N—n(é)N—n .
)z (N-n
and by the Binomial Theorem

BN)= Y (G)nlanlgh <2n71N)(108)2”‘N(—2916)N_”.
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We note that for b(N) only (%} < n < N will actually contribute to each coefficient value.
When we truncate these series in (??7) at N = p — 1 (i.e. truncate at x'7?), all of the

coefficients will still be equal. The truncation of the series can be explicitly expressed by

A D@ DvaePven n
N:O;O )2 (N—nE 2T %
N BaB)ad), n ) L
(4.8) — P (108N (=2016) N N,
o e (n!) (Qn N)

We observe that since IV, and consequently n, will never exceed p—1, all of these coefficients
are p-integral since p does not appear in any of the denominators. Therefore we can take
both sides of (??7) modulo p. In fact, we know that a lot of terms will vanish modulo p
because p will appear as a factor in the numerators of the coefficient expansions of these
series given by a(N) and b(N), making them congruent to 0. More specifically, this is the
case for ’%1 <N<p—1landn > p%l. We can write these simplified congruences as

2

o p%(é)n.@)n_@(m_n(im_n'(2_7)N_ ZM@)N ot )

S 0 (N -m)r e 2w\
and
2 ;\W % . <2n71 N) (108>2n_N(_2916)N_" N
. (Mn@nb)y (1082 — 2916\ "
(4.10) = Nz:% (N3 . ( 22 ) (mod p).

Finally we see that the right hand sides of (??) and (??) are congruent modulo p to the
definitions of the truncated forms of the squares of the o F- and 3 F>-hypergeometric functions,

respectively, given by:

2 - 2
1 2 31y (2 N
|3 3127 (N3N 27
o F} s A iy = 3(]\”;”2 . <?) (mod p)
1 N=0 ’
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and
p=1
. 3003 3]1082-2916| _ S (ENGInG)y 108z — 2916\ ™ (mod p)
3Ly ) . e | = (N1)? p mod p).
N=0
p
It follows that
2
1 2 1 2
3 5|27 3 5 3| 108z —2916
2F1tr 3 3 = = 3F2tr 3 3 2 $2 (mod p>’
1 1 1
p p

which completes the proof.

For the proof of (3), we observe that

1 5
B 12 1
LFe! 12 22
1 Xz
is of the form
o g
QFld X
a+p+1

We apply Clausen’s Theorem directly, and we let @ = %, b = %, a+ 6+ % = 1, and

r=1-— % Therefore we have

L 5 1 1 5 1 1
(411) 2F1Cl 12 12 1__ :3F2cl 6 6 2 1__
1 x 1 1 x

By definition (??) when we expand the infinite hypergeometric series on the left hand side

of the equation, we obtain

. 2
(Bt o (o Gty (1Y
oFy N (1) A

1

cl | 6
3F2

— o
N |—
—_
|
| —
Il
(]
Sim
=2
St
2
N |+
2
RS
—_
|
| =
N———
2
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By (??) we have that these two infinite series expansions are equal, so
0 1 5 N\? o 1\ 5\ (1 N
LIn(S 1 ISNEINE 1
(4.12) 2 :(12)1\7(12)1\7 N :z :(6>N(6)N(2)N 122 ‘
(N1)? x (N1)3 x
N=0 N=0

This means that the coefficients for each 2=V are equal in both series expansions, given by

a(N) and b(N), respectively. More precisely, by squaring we have

We note that for b(N) only [§] < n < N will actually contribute to each coefficient value.
When we truncate these series in (??7) at N = p — 1 (i.e. truncate at x'7?), all of the

coefficients will still be equal. The truncation of the series can be explicitly expressed by

CL (@B BIvaaBven (N v
22 Ty () e
5 g @B v (K)o
(4.13) —N_On;v] (1) (—1) (n) (—1)

We observe that since IV, and consequently n, will never exceed p— 1, all of these coefficients
are p-integral since p does not appear in any of the denominators. Therefore we can take
both sides of (??7) modulo p. In fact, we know that a lot of terms will vanish modulo p
because p will appear as a factor in the numerators of the coefficient expansions of these
series given by a(N) and b(N), making them congruent to 0. More specifically, this is the

case for ’%1 <N<p—1landn> ’%1. We can write these simplified congruences as

g S e Gl (S G | )
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and
S = BB (N v
N:On%] (n!)? (n) =1
(4.15) = 12%% (Z) (=Y (mod p).

Finally we see that the right hand sides of (??) and (??) are congruent modulo p to the
definitions of the truncated forms of the squares of the 5 F- and 3 F5-hypergeometric functions,

respectively, given by:

p—1 2

1 5 2 (L)n(2)
r [ 12 12 12/N13 N
Fy 1— - 13) )122 (7) (mod p)
1 N=0
p
and
[ ) () (Dn(b)y N
gL 0 22 = %-(1——) (mod p)
x x
1 1 N=0
p
It follows that
2
1 5 1 1 5 1
Ftr 12 12 1— = = FQtr 6 6 2 1- = (IIlOd p)
1 11 v
p p
which completes the proof.
Finally in the proof of (4), we note that
T u ]
JF | 12 2|2
1 x
is not of the form
o g
2F1Cl a
a+pf+3

Therefore we must apply a transformation law for o Fj-hypergeometric functions. We use

[7?] so that we can apply Clausen’s Theorem to obtain a 3 F»-hypergeometric series. We now
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letazl—z,b:%,c:l, andle—%,andobtain
1 7 1

1\ 13 i) 1

(_) L FY 12 2|q_2

Xz 1 x

which is equivalent to

- 1 7
(l) IEPY2 R -1
1

T

We apply the same transformation again witha = £, b= L c=1,and 2 = 1 — %, and

12 12
obtain
1 5 1
(x)71712 . 2F1c1 12 12 1 =
1 xr
Putting this together, we have transformed
u 1
L Fd 12 2|2
1 Xz

into

1\ 1 5 5 1
= (x)TE G F T P 1— =
1 T

This is now of the correct form to apply Clausen’s Theorem, so we let a = 5, 8 = 3,

a+f+35=1,and z =1 — L. Therefore we have

1 5 1 ’ 105 1
2Ff1 12 12 _ 2 :3F2d 6 6 21 1_2
1 x 1 1 z

Our transformation is used as follows:

-

7 11 - 1 5
_ == 1 1 12 To T9 1
2F1cl 12 21 _2| = (_) ) (x)_% .2F1c1 12 12 _ 2

1 X T 1 xT
We square both sides to obtain
2 N 2
7 11 _14 1 5
N R —(1> RS 9ol I PR I
1 xr T 1 T
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and after substitution we have

7 1 N\ 1 151 ]
2F101 12 12 1- = _ (_) . (m)—g . 3F2d 6 6 2 1- = ’
which simplifies to
7 ou ) ’ 151 )
(416) 2F1C1 12 12 1— = :x'gFfl 6 6 2 1— = ’
1 t 11 v

which is what we want.
By definition (??) when we expand the infinite hypergeometric series on the left hand side

of the equation, we obtain

N < (Z)w () N\’
(4.17) o F} - :<ZW.(1—;) > ,

cl | 6
3F2

= o,
— N =
[S—
|
|
I
(e

Sim
=
ol
P4
—~
N | =
P4
8
RS
—_
|
| —
N
=

N=0
By (??) we have that these two infinite series expansions are equal, so
o0 2 o0
Z(%) v ()N (o1 " :Z<%>N(%)N(%)N‘x_ 1 N
(N)? x (N3 r)
N=0 N=0

This means that the coefficients for each 2~ are equal in both series expansions, given by

a(N) and b(N), respectively. More precisely, by squaring we have
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We note that for b(N) only (%} < n < N will actually contribute to each coefficient value.
When we truncate these series in (??7) at N = p — 1 (i.e. truncate at x'7?), all of the

coefficients will still be equal. The truncation of the series can be explicitly expressed by

CE (B EveaIven (N vl
2 e ()
p—1 N (l)n é)n(l)n B N )
(4.18) = P e D (=N N
N:On:"%1 (n') (n)

We observe that since IV, and consequently n, will never exceed p— 1, all of these coefficients
are p-integral since p does not appear in any of the denominators. Therefore we can take
both sides of (??7) modulo p. In fact, we know that a lot of terms will vanish modulo p
because p will appear as a factor in the numerators of the coefficient expansions of these
series given by a(/N) and b(N), making them congruent to 0. More specifically, this is the

case for ;%1 <N<p—1landn> p%l. We can write these simplified congruences as

L (D) (Bv (D [ (B)n()y
(4.19) NZO; O (T %—(M)Q (mod p)
and
S Ou@aBa (N
Nﬂnzf;;,] (n!)? (n) (=1)
(4.20) = W (Z)(—UN (mod p).

N=0
Finally we see that the right hand sides of (??) and (??) are congruent modulo p to the
definitions of the truncated forms of the squares of the o F}- and 3 F>-hypergeometric functions,

respectively, given by:

Ioouly T (DnWy  x
P 1 -~ = > - ( N,)lj (2) (mod p)
N=0 ’
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and )
1 5 1 e 5 1 N
E G R Y Y TR L
1 1 X N—O ( ) s
P
It follows that
2
Tn 1 1051
o e [ e e Y 2o N S [y Qs (mod p),
1 t 1 1 r
p P
which completes the proof. O

4.1. Proof of Theorem ?7. Now we are ready to prove the main theorem.

For the proof of (1), we begin with Lemma ?? (1) which gives

1

(z+1)"7 ,Fr |2

1
" 1
=, Fr |

z+1 21

N =
N | —

—x (mod p).

—_
—_
— Y [°M]

p p
Substituting the left hand side of the above congruence into the square of (??), we obtain
the congruence for the square of the supersingular locus, S, 1 (x)?, for the family of elliptic
curves given by E%()\).

For the proof of (2), we begin with Lemma ?? (2) which gives

1

2 1 2
(2 111080 — 2016 N EEEE R
3F2t 3 i i —x2 = 2F1t 3 i ; (mod p)
p p

Substituting the left hand side of the above congruence into the square of (??), we obtain
the congruence for the square of the supersingular locus, Sp’%(:c)Z, for the family of elliptic
curves given by Ei (A).
The remaining cases use the congruences of the supersingular locus given by Monks. The
o FI"-hypergeometric functions in (??), (?7?), and (??) are squared. Squaring (??) we obtain
2

27

1
.|e 3
Y

—
5]

~—

(V]
Il

(mod p).

— Wi
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After substitution, we have

1 1
cl | 3 _ cl | 3
 F Ll

([N
[N

108z — 2916
1 ?

w
N

—_ w
[\
RN

—

which is an analog of Theorem 2.1 in [?]. We note that neither side of this equation is a
polynomial, so in order to obtain the congruence to the square of the supersingular locus, we
must multiply the truncated forms of these hypergeometric functions by 22L5!. Then using

the congruence in (2) of Lemma ?7?, we have our result:

12 1
3 3 3| 108z —2916
Spyé(x)2 = Y 2 I x—2 (mod p).
11 v
P
The third hypergeometric function given by
1 5
p (212t
1 i
gives the analog of Theorem 2.1 in [?7],
2
1 5 151
Jp (121 11 N A 11 7
1 . 11 v
In the third case after squaring (??), we obtain
2
, L 2 1
Sp,ﬁ(x)2 = (c,')*- e ey i 112 1- - (mod p).
p

Then we use our congruence given in (3) of Lemma ?? and substitute the 3 F5-hypergeometric

function to give

(=1 [e§

n
—
&
N—
N
Il
—~
Q\
—
N—
N
&
Srs
w
2
=4
D=
D=
—_
|
|
)
o
(oW
=3
N—
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We see in (3) and (4) of Lemma ?7? for p = 1,5 (mod 6), the squared o F{*-hypergeometric
functions are congruent apart from the = in (4). We combine these cases and alter the

exponent of x to satisfy both which then gives our results.

5. EXAMPLES

Example. Here we consider E% (z) when p = 13. By Monks’ theorem, we know that there is
just one supersingular elliptic curve for £ (x). It turns out that £ 1 (3) is that supersingular
elliptic curve. To see this we note that £ 1 (3) over [Fy3 has 13 points including the point at

infinity. By Monks, this implies that

Sisa(z)=(x—3)=(x+10) (mod 13).

712

We square this to obtain

S (2)? = (z+10)> = (2 + 200 +100) = 2> + 7o +9  (mod 13).

712

Using Theorem 77 we calculate

s 1 5 1 1
()2 ale) gm0 0 211 = (mod 13)
11 v

13

1

-5 (mod 13) and zled = 22, Substituting these values into our expres-

which gives (cj3)? =
sion gives

1 o 12 1 6

1_0.];2' (104—;—#;) Ex2+§x+55$2+7x+9 (mod 13).

This polynomial can be factored modulo 13 as
22+ 7z +9 = (z+10)* (mod 13)
which is what we found after directly squaring S5 1 (z).

Example. We consider £ e (x) when p = 59. By Monks’ theorem, we know that there are

four supersingular elliptic curves for £ 1 (). Those supersingular elliptic curves are found to
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be £ (32), B4 (35), B (24) and E (22). To see this we note that £ () for 2 = 32, 35, 24

1
12

and 22 over F5g have 59 points including the point at infinity. By Monks, this implies that

S50, ()

712

(x — 32)(x — 35)(z — 24)(x — 22)

= (x+27)(z +24)(z + 35)(z 4+ 37) (mod 59).
After squaring this directly, we obtain

(5.1) Sso. 1 (2)* = (x4 27)*(z + 24)*(z + 35)*(z + 37)*  (mod 59).

12

Next using Theorem ?7 (3) we calculate

1

(cz)?-aled . gpir | © (mod 59).

— oot
— N[ =
[a—y
|

8|

59
For p = 59, we have (cz4)2 = 15 and zl%) = 2°, so we obtain

15 . 29 4+40+3+16+38+56+16 28 36
. 'I . J— JE— — JE— JE— JE— —_— JE— JE—
r  x2  xd zr s b T % 29

= 2 + 102" + 452° + 42° + 392" + 142° + 42® + T2 + 9 (mod 59).
This polynomial of degree 8 can be factored as
(z +27)%(x + 24)*(z + 35)*(x + 37)*>  (mod 59)

which is congruent modulo 59 to 5597%(33)2 as given in (77?).
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