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Abstract
Results on Sidon and Bj, Sequences

Sangjune Lee

A set A of non-negative integers is a Sidon set if all the sums a; + ao,
with a1 < a9 and a1, as € A, are distinct. In this dissertation, we deal
with results on the number of Sidon sets in [n] = {0,1,--- ,n — 1} and the
maximum size of Sidon sets in sparse random subsets of [n] or N (the set of
natural numbers). We also consider a natural generalization of Sidon sets
called Byj-sets with h > 2. A set A of non-negative integers is called a Bj-set
if all the sums a1 +ag + -+ + ap, with a1 < as < --- < ap and a; € A, are
distinct.

The first question in this dissertation was suggested by Cameron—Erdds
in 1990. They proposed the problem of estimating the number of Sidon sets
contained in [n]. We obtain an upper bound 2¢V™ on the number of Sidon
sets which is sharp up to a constant factor in the exponent when compared
to the previous lower bound 2(1+o(1)vn,

Next, we investigate the maximum size of Sidon sets contained in sparse
random sets R C [n]. Let R = [n],, be a uniformly chosen, random m-
element subset of [n]. Let F([n]y,) = max{|S|: S C [n]y, is Sidon}. Fix a
constant 0 < a < 1 and suppose m = (1 + o(1))n®. We show that there is a
constant b = b(a) for which

F([n]m) = n"*oM (1)

almost surely and we obtain what b = b(a) is. Surprisingly, between two
points a = 1/3 and a = 2/3, the function b = b(a) is constant.

Next, we deal with infinite Sidon sets in sparse random subsets of N. Fix
0 < 0 <1, andlet R = Rj be the set obtained by choosing each element ¢ C N
independently with probability i~'+%. We show that for every 0 < § < 2/3
there exists a constant ¢ = ¢(d) such that a random set R satisfies the
following with probability 1:

e Every Sidon set S C R satisfies that |S N [n]| < n¢t°() for every
sufficiently large n.

e There exists a large Sidon set S C R such that |S N [n]| > ncto®) for
every sufficiently large n.
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Chapter 1
Introduction

A set A of non-negative integers is called a Sidon set if all the sums a; + as,
with a1 < ay and aq, ay € A, are distinct. In 1930s the analyst S. Sidon asked
Erdés the maximum size of Sidon sets in [n] = {0,1,--- ,n — 1}. Erdés was
captivated by the problem. Since then, the study of Sidon sets has been one
of the main concerns in additive number theory. In this dissertation, we deal
with results on the number of Sidon sets in [n] and the maximum size of Sidon
sets in sparse random subsets of [n] or N (the set of natural numbers). We also
consider a natural generalization of Sidon sets called Bj-sets with h > 2. A set
A of non-negative integers is called a By,-set if all the sums a; + as + - - - + ay,
with a1 < as <--- <ay and a; € A, are distinct. Thus, Sidon sets are Bs-sets.

The first question in this dissertation was suggested by Cameron—Erdos in
1990. Let Z,, be the family of Sidon sets contained in [n| = {0,1,--- ,n — 1}.
They proposed the problem of estimating | Z,|. This problem is related to the
problem of determining the maximum size F'(n) of Sidon sets in [n]. Results of
Chowla, Erdds, Singer, and Turén from the 1940s imply that F'(n) = /n(1 +

0(1)). From this result, one can trivially obtain the following:

F(n)
2" < |2, <> (") that is, 20FMVR < |z | < gevilosn
1

i=1
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where c¢ is an absolute constant. One of the main results in Chapter 2 improves
the above upper bound on |Z,| to 2°V”, which is sharp up to a constant factor
in the exponent.

In Chapter 2, we also investigate the maximum size of Sidon subsets of
sparse, random subsets of [n]. Recall that the maximum size of Sidon sets in
[n] is v/n(1 4 o(1)). We are interested in replacing the ‘environment’ [n] by a
sparse, random subset R of [n].

Investigating how classical extremal results in ‘dense’ environments transfer
to ‘sparse’ settings has proved to be a deep line of research. A fascinating exam-
ple along these lines occurs in the celebrated work of Tao and Green [20], where
Szemerédi’s classical theorem on arithmetic progressions [43] is transferred to
certain sparse, pseudorandom sets of integers and to the set of primes them-
selves (see [37, 38, 44] for more in this direction). Much closer examples to our
setting are a version of Roth’s theorem on 3-term arithmetic progressions [39]
for random subsets of integers [29], and the far reaching generalizations due to
Conlon and Gowers [12] and Schacht [40]. For the sake of brevity, we shall not
discuss this further and refer the reader to [12], [40], [22, Chapter 8] and [27,
Section 4].

Now we introduce several definitions. Let F(R) be the maximum size of
Sidon subsets contained in R. Let [n],, be a random subset of [n] of cardinal-
ity m, with all the (::1) subsets of [n] equiprobable. We study the behavior of
the random variable F'([n],,).

We first state the previous results about F([n)],,). First, if m = m(n) < n'/?,
then almost surely F'([n],,) = (1 — o(1))m. It can be shown by the usual
deletion method. On the other hand, if m = m(n) > n'/3, then almost surely
F([n]m) = o(m). It is based on the recent results of Schacht [40] and Conlon and
Gowers [12]. Hence, we know that m = n'/3 is the threshold for the property
that the maximum size of Sidon sets in a random set [n],,, of [n] is much smaller
than the size of a random set [n],,.

Now we state a weak version of our results which give more precise infor-



Chapter 1. Introduction 3

mation about the behavior of F'([n],,). Fix a constant 0 < a < 1 and suppose
m = (1+ o(1))n®. We show that there exists a constant b = b(a) for which

F([n]y) = n"+eW (1.1)

almost surely and we obtain the value of b = b(a). Surprisingly, between two
points @ = 1/3 and a = 2/3, the function b = b(a) is constant. Our results in
fact determine F([n],,) up to a constant multiplicative factor except for n?/370 <
m < n*3(logn)®? for any fixed § > 0. For the missing range of m, around n?/?,
our lower and upper bounds differ by a factor of O((logn)/loglogn).

In Chapter 3, we consider the analogous results on Bj,-sets with h > 3 which
are natural generalizations of Sidon sets. Recall that a set A of non-negative
integers is called a Bj,-set if all the sums a;+as+- - -4ap, withay < as < --- < ay
and a; € A, are distinct. Note that a Bs-set is a Sidon set. First, we consider a
natural generalization of the problem of Cameron-Erdés. Let Z" be the family
of Bj-sets contained in [n]. We show that there exists a constant cp, only
depending on h, such that |2/ < 2‘3h”1/h, which is sharp up to a constant factor
in the exponent when compared to the previous known lower bound 9 +o(1)nt/
. Second, we investigate the maximum size of Bj-sets in a sparse random set
[n]m C [n]. For a simpler explanation, we focus on Bs-sets. Let a be a constant
with m = (1 4 o(1))n®. We show that if 0 < a < 2/5 or 3/4 < a < 1, then
there exists b3 = bs(a) such that the maximum size of Bs-sets contained in [n],,
is n%7°) almost surely and we obtain the value of b3 = bs(a). The existence
remains open if 2/5 < a < 3/4.

The final investigation in this dissertation concerns infinite Sidon sets con-
tained in sparse random subsets of N. We begin with the previous results in
the dense environment N. While the maximum size of Sidon subsets of [n] is
known to be y/n(1 + o(1)), the quantification of dense infinite Sidon subsets of
N is not completely understood.

For S C N, let S[n] := SN [n]. The above result on the finite case implies
that any Sidon set S C N satisfies that for every sufficiently large n, depending
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on S,

|S[n]| < V/n(1+0(1)).

On the other hand, a greedy algorithm gives that there exists an infinite Sidon
subset S C N satisfying that for every sufficiently large n,

|S[n]| > nt/3.

In 1998 Ruzsa showed that there exists an infinite Sidon subset S C N satisfying

that for every sufficiently large n,
[S[a]| = n7+®,

where v := v/2 — 1 = 0.414 - - - . Indeed, the problem of estimating the largest
possible density of an infinite Sidon subset of N is a well-known hard problem.

In order to consider infinite Sidon sets in a sparse random subset of N, we
first define a sparse random set in N. Fix 0 < § < 1, and let R = Rj be
a random set obtained by choosing each element ¢ € N independently with
probability 7179,

Our result is as follows. Let a = a(d) and b = b(d) be such that with
probability 1, a random set Rs satisfies the following:

e Every Sidon set S contained in Rj satisfies that |S N [n]| < nbT°W) for

every sufficiently large n.

e There exists a Sidon set S contained in R; such that |S N [n]| > nate(®)

for every sufficiently large n.

We show that our constant b is the same as constant b in (1.1) for every 0 <
9 <1, and our constants a and b above are identical if 0 < § < 2/3. It remains

open whether constant a can be the same as constant b if 2/3 < 0 < 1.



Chapter 2

Finite Sidon sets

2.1 Introduction

Recent years have witnessed vigorous research in the classical area of additive
combinatorics. An attractive feature of these developments is that applications
in theoretical computer science have motivated some of the striking research in
the area (see, for example, [45]). For a modern treatment of the subject, the
reader is referred to [44].

Among the best known concepts in additive number theory is the notion
of a Sidon set. A set A of non-negative integers is called a Sidon set if all
the sums a; + as, with a; < ay and a;, as € A, are distinct. A well-known
problem on Sidon sets is the determination of the maximum possible size F'(n)
of a Sidon subset of [n] = {0,1,...,n — 1}. In 1941, Erdés and Turdn [17]
showed that F(n) < y/n + O(n'/*). In 1944, Chowla [10] and Erdés [16],
independently of each other, observed that a result of Singer [42] implies that
F(n) > y/n—0(n°/1%). Consequently, it is known that F(n) = (1+o0(1))y/n. For
a wealth of related material, the reader is referred to the classical monograph
of Halberstam and Roth [21] and to a recent survey by O’Bryant [36] and the
references therein.

We investigate Sidon sets contained in random sets of integers, and obtain
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essentially tight bounds on their relative density. Our approach is based on find-
ing upper bounds for the number of Sidon sets of a given cardinality contained
in [n]. Besides being the key to our probabilistic results, our upper bounds also
address a problem of Cameron and Erdés [§].

We discuss our bounds on the number of Sidon sets and our probabilistic

results in the next two subsections.

2.1.1 A problem of Cameron and Erdés

Let Z, be the family of Sidon sets contained in [n]. Over two decades ago,
Cameron and Erdés [8] proposed the problem of estimating |Z,,|. Observe that

one trivially has

2" <1z, < Y (T.l)zn“/?“(l”ﬁ. (2.1)

i
1<i<F(n)
Cameron and Erdds [8] improved the lower bound in (2.1) by showing that

—F() _ oo

limsup | Z,,|2
and asked whether the upper bound could also be strengthened. Our result is

as follows.

Theorem 2.1.1 (Kohayakawa, Lee, R6dl, and Samotij [31]) There is a con-
stant ¢ for which | Z,| < 2¢F™),

Our proof method gives that the constant ¢ in Theorem 2.1.1 may be taken
to be arbitrarily close to log,(32e) = 6.442--- (for large enough n). We do
not make any attempts to optimize this constant as it seems that our approach
cannot yield a sharp estimate for log, |Z,|. It remains an interesting open
question whether log, | Z,| = (14 o(1))F(n).
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2.1.2 Probabilistic results

We investigate Sidon subsets of sparse, random sets of integers, that is, we
replace the ‘environment’ [n] by a sparse, random subset R of [n], and ask how
large a subset S C R can be, if we require that S should be a Sidon set.

Let us now state a weak, but less technical version of our main probabilistic
results. Let F(R) = max|S|, where the maximum is taken over all Sidon
subsets S C R. Let [n],, be a random subset of [n] of cardinality m = m(n),
with all the () subsets of [n] equiprobable. We are interested in the random
variable F'([n],).

The usual deletion method gives that, almost surely, that is, with probability
tending to 1 as n — oo, we have F'([n],,) = (1—o(1))m if m = m(n) < n'/3. On
the other hand, the results of Schacht [40] and Conlon and Gowers [12] imply

that, if m = m(n) > n'/?, then, almost surely, we have
F([n]m) = o(m). (2.2)

Thus F([n],,) undergoes a sudden change of behaviour at m = n'/3t°(), The
following abridged version of our results already gives us quite precise informa-

tion on F([nl,,) for the whole range of m.

Theorem 2.1.2 (Kohayakawa, Lee, Rodl, and Samotij [31]) Let 0 < a <1 be
a fized constant. Suppose m = m(n) = (1 + o(1))n®. There exists a constant

b =b(a) such that almost surely
F((nl) = n*). (2.3)

Furthermore,
a if 0<a<1/3,
bla)=1¢1/3 if 1/3<a<?2/3, (2.4)
a/2 if 2/3<a<1.

Thus, the function b = b(a) is piecewise linear. The graph of b = b(a) is
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b

F([n]n) = nbt°M for m = no

1/2

1/3

1/3 2/3 1

Figure 2.1: The graph of b = b(a)

given in Figure 2.1. The point (a,b) = (1,1/2) in the graph is clear from the
Erdés—Turédn and Chowla results [10, 16, 17] mentioned above. The behaviour
of b = b(a) in the interval 0 < a < 1/3 is not hard to establish. The fact that the
point (1/3,1/3) could be an interesting point in the graph is suggested by the
results of Schacht [40] and Conlon and Gowers [12]. It is somewhat surprising
that, besides the point a = 1/3, there is a second value at which b = b(a) is
‘critical’, namely, a = 2/3. Finally, we find it rather interesting that b = b(a)
should be constant between those two critical points. We state our results in full
in Section 2.2.1. Our results in fact determine F'([n],,) up to a constant multi-
plicative factor for m < n?/3=9 for any fixed § > 0 and for m > n?3(logn)%/3.

2/3

For the missing range of m, around n/°, our lower and upper bounds differ by

a factor of O((logn)/loglogn).

2.2 Main results

2.2.1 Statement of the main results

We prove a more detailed result than Theorem 2.1.1. Let Z,(¢) be the family

of Sidon sets of cardinality ¢ contained in [n].
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Theorem 2.2.1 Let 0 < o < 1 be a real number. For any large enough n

and t > 2sq, where sy = (2(1 — o) 'nlog n)1/3, we have
20 <t (200) 2.5)
= ot? |~ ’

Theorem 2.1.1 follows from Theorem 2.2.1 by summing over all ¢ (see Sec-
tion 2.3.2). Our next result covers values of ¢t smaller than the ones covered in
Theorem 2.2.1.

Theorem 2.2.2 Let n and t be integers with

3-23013 <t < 4(nlogn)'/3. (2.6)

2= (P2 e (1)) 27)

Let us now turn to our probabilistic results. Instead of working with the

Then

uniform model [nl,, of random subsets of [n], it will be more convenient to work
with the so called binomial model [n],, in which each element of [n] is put in [n],
with probability p, independently of all other elements. Routine methods allow
us to translate our results on [n], below to the corresponding results on [n),,,
where p = m/n (see Section 2.2.2 for details).

We state our results on F'([n],) split into theorems covering different ranges
of p = p(n). Our first result corresponds to the range 0 < a < 1/3 in Theo-
rem 2.1.2.

Theorem 2.2.3 For n™! < p = p(n) < n=2/3, we almost surely have

F(lnlp) = (1 + o(1))np. (2.8)
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Forn™' < p < 2n~%/3, we almost surely have

(5 +000) 0 < F(aly) < 1+ o) (2.9

Remark 2.2.4. One may in fact prove the following result: if p = yn=2/3 for

some constant -y, then

(1= 357" +o0)) mp < Flal) < (1= 157+ 152 +ol) )y (210

Our next result covers the range 1/3 < a < 2/3 in Theorem 2.1.2.
Theorem 2.2.5 For any 6 > 0, there is a positive constant ca = co(6) such
that if 2n=2/3 < p = p(n) < n~Y379 then we almost surely have

e (nlog(n®p®)'* < F([nl,) < ea(nlog(n®p®)"?, (2.11)

where ¢y 1s a positive absolute constant.
We now turn to the point @ = 2/3 in Theorem 2.1.2.

Theorem 2.2.6 For any 0 < § < 1/3, there is a positive constant cz = c3(9)
such that if 1 < a = a(n) < n? and p = p(n) = a~'n"3(logn)??, then we

almost surely have

logn

c3(nlog n)1/3 < F([nlp) < ca(nlog n)l/?’W’

where ¢4 1s an absolute constant.

We remark that Theorems 2.2.5 and 2.2.6 consider ranges that overlap (func-
tions p = p(n) of the form n~'/3-% for some 0 < ¢’ < 1/3 are covered by both
theorems). Finally, we consider the range 2/3 < a <1 in Theorem 2.1.2.

Theorem 2.2.7 There exist positive absolute constants cs and cg for which the
following holds. If 1 < a = a(n) < (logn)? and p = p(n) = a~'n"3(logn)%/3,
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then we almost surely have

Va

1+loga’

csy/np < F(n],) < cgy/np -
Furthermore, if n=3(logn)*3 < p = p(n) < 1, then, almost surely,
csv/np < F(n],) < cgy/np.

2.2.2 The uniform model and the binomial model

We now discuss how to translate Theorems 2.2.3, 2.2.5-2.2.7 on [n], in Sec-
tion 2.2.1 to the corresponding results on [n],,. Before we proceed, let us make

the following definition.

Definition 2.2.8. We shall say that an event in the probability space of the
random sets [n|, or in the probability space of the random sets [n],, holds with
overwhelming probability, abbreviated as w.o.p., if the probability of failure of
that event is O(n~) for any constant C, that is, if the probability of failure is

‘superpolynomially’ small.

For us, the following consequence of Pittel’s inequality (see, for example, [6,

p. 35] and [23, p. 17]) will suffice for translating results on [n], to results on

Lemma 2.2.9 Let 1 <m =m(n) <n and p = p(n) be such that p=m/n. Let
P be an event in the probability space of the random sets [n|,. If [n], is in P

w.o.p., then [nl, is in PN ([:1]) w.0.p.

Proof Let @ be the complement of P. We shall show that, for any constant
C > 0, there exists a constant C" > 0, where C' — oo as C' — oo, such that
the following holds. If P[[n]p is in Q] = O0(n=%), then P|[n],, is in QN ([TZ])} =
O(n=%).
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Pittel’s inequality (see [6, p. 35] and [23, p. 17]) states that
P[[n]m is in QN ([:j)} = O(v/m) -P[[n]p is in Q]. (2.12)

Since, by hypothesis, ]P’[[n]p is in Q} = O(n™Y) holds for any constant C' > 0,
inequality (2.12) implies that

]P’[[n]m isin @N ([:;]N = O(vm -n9) =0(/n-n%) =0(n /2,

which completes the proof of Lemma 2.2.9. O

Each of Theorems 2.2.5-2.2.7 will be proved with ‘w.o.p.” rather than with
‘almost surely’. By Lemma 2.2.9, we can translate each such result on [n],
to the corresponding result on [n],,, where p = m/n. For example, Theo-
rem 2.2.5 implies the following uniform version: For any § > 0, there is a
positive constant ¢y = c5(8) such that if 2n'/3 < m = m(n) < n?/379, then, with

overwhelming probability, we have

m3 1/3 m3 1/3
¢ (nlog —) < F([n]m) < co (nlog —) ,
n n

where ¢y is a positive absolute constant.
Finally, we remark that one may use the usual deletion method to prove

that the result on [n],, corresponding to Theorem 2.2.3 holds almost surely.

2.2.3 Organization

Our results on the number of Sidon sets are proved in Section 2.3. In Section 2.4,
we consider the upper bounds in Theorems 2.2.5-2.2.7. Section 2.5 contains
some preparatory lemmas for the proof of Theorem 2.2.3 and for the proofs
of the lower bounds in Theorems 2.2.5-2.2.7. The proof of Theorem 2.2.3 is

given in Section 2.6. In Section 2.7, we give the proofs of the lower bounds in
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Theorems 2.2.5-2.2.7.
For simplicity, we omit ‘floor’ and ‘ceiling’” symbols in our formulae, when
they are not essential. For the sake of clarity of the presentation, we write a/bc

instead of the less ambiguous a/(bc).

2.3 The number of Sidon sets

The proofs of Theorems 2.2.1 and 2.2.2 are based on a method introduced by
Kleitman and Winston [26] (see [2, 4, 5, 18, 28] for other applications of this
method).

2.3.1 Independent sets in dense graphs

We start with the following lemma, which gives an upper bound for the number

of independent sets in graphs that are ‘dense’ in some sense.

Lemma 2.3.1 (Kohayakawa, Lee, Rodl, and Samotij [31]) Let G be a graph

on N wertices, let q be an integer and let 0 < 8 < 1 and R be real numbers with
R>e PN, (2.13)

Suppose the number of edges e(U) induced in G by any set U C V(G) with |U| >
R satisfies

o(U) > 5('5'). (2.14)

Then, for all integers r > 0, the number of independent sets in G of cardinal-

)

Proof Fix an integer » > 0. We describe a deterministic algorithm that as-

1y q +r is at most

sociates to every independent set I of size ¢ + r in G a pair (Sp, A) of disjoint
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sets with Sy C I C Sy U A C V(G) and with |So| = ¢ and |A| < R. Further-
more, if, for some inputs I and I’, the algorithm outputs (Sp, A) and (5§, A")
with Sy = S), then A = A’. Hence, the number of independent sets in G
with ¢ + r elements is at most as given in (2.15), as claimed. We now proceed
to describe the algorithm.

At all times, our algorithm maintains a partition of V(G) into sets S, X,
and A (short for selected, excluded, and available). As the algorithm evolves,
S increases, X increases and A decreases. The vertices in A will be labelled
v1,..., )4, Where, for every i, the vertex v; has maximum degree in
G[{vi,...,va}] (the graph induced by {v;,..., v} in G); we break ties ar-
bitrarily by giving preference to vertices that come earlier in some arbitrary
predefined ordering of V(G).

We start the algorithm with A = V(G) and S = X = (). Crucially, at all
times we maintain S C I C SUA. The algorithm works as follows. While |S| <
q, we repeat the following. Let a = |A| and suppose A = {vy,...,v,}, with
the vertex labelling convention described above. Let ¢ be the smallest index
such that v; belongs to our independent set I, move vy,...,v;_1 from A to X
(they are not in I by the choice of i), and move v; from A to S (v; is in I).
Observe that A has already lost ¢ members in this iteration and S has gained
one. Let U = {v;,...,v,}. If |[U| > R, we further move all neighbours of v; in A
to X (since [ is an independent set and v; € I). Otherwise, that is, if |U| < R,
consider the first ¢ — |S| members v;,, . .. ) Vi,_js of IMN A and move them from A
to S (note that i < iy < --- <145 < a and we now have |S| = q).

The procedure above defines an increasing sequence of sets S. Once we
obtain a set S with |S| = ¢, we let Sy = S, output (Sp, A) and stop the
algorithm. Inspection shows that A depends only on Sy and not on I, that is,
if (Sp, A) and (Sp, A’) are both outputs by the algorithm (for some inputs [
and I"), then A = A’. We now use our assumption on G to show that |A| < R.

We consider two cases: The first case is the case in which the body of the

while loop of the algorithm is executed with |U| < R at an iteration. The second
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case is the case in which we have |U| > R during the ¢ iterations of the while
loop. Observe that one of two cases must occur.

Consider the first case. At the iteration with |U| < R, the set A lost the
first ¢ vertices (and possibly others) and hence at the end of this iteration we
have |A| <a—i=|U|—1 < R. Moreover, |S| becomes of cardinality ¢ and the
algorithm stops.

Next, we consider the second case in which we have |U| > R during the ¢
iterations of the while loop. In each iteration, consider an execution of the body
of the while loop of the algorithm when |U| > R and (only) the vertex v; is moved
to S. In this execution, A loses, in total, i+d(v;, U) vertices, where d(v;, U) is the
degree of v; in the graph G[U]. Recall that we are considering the case |U| > R
and that v; has maximum degree in the graph G[U]. Applying (2.14), we see
that d(v;,U) > B(JU| — 1). Therefore, at the end of this iteration, A has

cardinality
a—(i+dv,U)) <a—(a—|Ul+1+p(Ul-1)) < |U|l-B|IU|l < (1-P)a.

In the second case, the cardinality of A decreases by a factor of 1 — g in
the ¢ iterations of the while loop and, at the end, A has at most N(1 — )7 <
Ne P4 < R elements. 0

2.3.2 Proof of Theorem 2.2.1

We derive Theorem 2.2.1 from the following lemma.

Lemma 2.3.2 Let n, s and q be integers and let 0 < o < 1 be a real number

such that ) 5

s°q s

-2 > log —. 2.16
n —1—0o 8 2 ( )

Then, for any integer r > 0, we have

2+ a0l <1261(7) (7). (217)

q r
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To obtain the bound for |Z,(¢)| in Theorem 2.2.1, we apply Lemma 2.3.2

iteratively.

Proof of Theorem 2.2.1 Fix integers n and ¢, with t > 2sy, where sq is as
given in the statement of our theorem, that is, sy = (2(1 — o) 'nlog n)1/3. We
may clearly suppose that t < F(n) = (1 4 o(1))y/n, as otherwise Z,(t) =
(). Let K be the largest integer satisfying 275 > 2s,. We define three

sequences (Sg)o<k<rk, (Qr)o<k<kx and (rx)o<k<kx as follows. We let ¢o = s
and 79 = 275 — sy — qo. Moreover, we let s; = t275 > 255, 1 = qo/4
and r = 1275 — 5, —qi. For k =2,..., K, we let 5, = 2s;,_; = 27 K+k=1

QG = Qu-1/4 = @47 " and r, = 27 5% — 5, — ;. We apply Lemma 2.3.2 with
parameters s, qx and ry for £ =0,..., K, to obtain from (2.17) that

22 ) =12kl < 200l () 2ay

for all k. It suffices to check (2.16) to justify these applications of Lemma 2.3.2.
Since s2qi > s3qo = 2(1—0) *nlogn > 2(1—0) 'nlog(os;/2) forall0 < k < K,
inequality (2.16) holds for n, s, and q. Using that sy = sp_1 + qr_1 + 16-1 =
t27 5+ for k > 1 and that |2, (s)] < ([!), we obtain from (2.18) that

IZn(t)|§<n) I1 (n> I1 (%/US’“). (2.19)

50/ ger<re \Ik/ olr<k "'k
Note that s
("> < (ﬂ) < p2o/3 (2.20)
So S0
and that
H (n) < pZosk<x B < o Losksx /4" < pdao/3 — pdso/3, (2.21)
o<k<r \dF

We now proceed to estimate the last factor of the right-hand side of (2.19).
First note that, by the choice of K, we have (rq + so + qo)/2 = 127571 < 25,
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and hence rq < 2sy. Therefore, we have

0
(271/0'80) < ( 2en ) < nT0/3 < n280/3 < nSo (222)
To 05070

for all large n. We now note that

1 (znizsk> 1 (2n/asK_k+1>

1<k<K 1<k<K TK—k+1
2n/osy_
< 11 ( /08K k1 > (2.23)
1Sh<K TK—k4+1 T QK —k+1

To justify the inequality in (2.23) above, we check that

2n

L (2.24)
30SK_k+1

TK—k+1 t Q1 <

Recalling that g _py1+qr_re1 = Sk_ks1 = t27F, we see that (2.24) is equivalent

to t27% < \/2n/30. However,
t t 1 1 2n 2n
<< ZF == 1 <3/ — <3/ — 2.25
3 =3 = 5F0) <2+0(>>\/ﬁ_\/3_\/30 (225)

for all large enough n. We continue (2.23) by noticing that

—k 241 127k
H ( 2n/0SK ki1 ) _ H (Qn/atl? ) < H (2 26n>
\She i \TE—kt1 T GK k41 SRk t2 SRk ot

15, 2k t t
- 2en\ == 92 sy k27F _ 2en o4t — 32en . (2.26)
=~ o2 ot? ot?

Inequality (2.5) now follows from (2.19), (2.20), (2.21), (2.22) and (2.26). O

It now remains to prove Lemma 2.3.2.

Proof of Lemma 2.3.2 Let Sy C [n] be an arbitrary Sidon set with |Sy| = s.
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We show that the number of Sidon sets S C [n] with Sy C S and |S| =s+q+7r
is at most ( )(2”7{ "8) whence our lemma will follow.

Let G be the graph on V' = [n] \ Sy satisfying that {a1,as} (a1 # as) is an
edge in G if and only if there are b; and by € Sy such that a; + by = as + bs.
Observe that if S C [n] is a Sidon set containing Sy, then S\ Sy is an independent
set in G. Let N = |V|=n—s, 8= (1-0)s*/2n and R = 2n/os. We wish
to apply Lemma 2.3.1 to G with § and R as just defined, to obtain an upper
bound for the number of independent sets of cardinality ¢ 4+ r. Note that (2.13)
follows from (2.16). Now let U C V with |U| > R be given. We check (2.14) as
follows.

Let J be the bipartite graph with (disjoint) vertex classes [2n] and U,
with w € [2n] adjacent to a € U in J if and only if w = a + b for some b € Sj.
Note that a; and ay € U have a common neighbour w € [2n] if and only if there
are by and by € Sy with a; + by = w = as + be, that is, if and only if {a;, a2} is
an edge of G.

Now note that J contains no 4-cycle: if a;, ay € U with a; # ay are both
adjacent to both w and w’ € [2n] with w # w', then ay + by = w = ag + by for
some by and by € Sy and ay + V) = w’ = ay + b), for some b} and bV, € Sy. But
then by — b} = by — U}, and hence by + by, = b} + by. As by, b}, by and b, € S
and Sy is a Sidon set, we have {by, by} = {b,b2}. Since a; # as, we have by # bs,
whence by = b, implying that w = a; + by = a1 + b} = w'.

The remarks above give that e(U) = >, ¢ (dJéw)), where d;(w) denotes
the degree of w in J. Note that >_, p,, ds(w) =3 cpy ds(a) = |U[[So| = |U]s.
Using the convexity of the function f(x) = (m) and Jensen’s inequality and

2
recalling that |[U| > R = 2n/os, that is, 1 < a'%lf, we obtain

() = Z}(dJ;w)) Zzn(|U|S/2n) _UT(g__ >

we2n
> j0-0Zpz5(1),
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as required in (2.14). Recall that a Sidon set S C [n] containing Sy is such
that S\ Sp is an independent set in G. Therefore, our required bound for the
number of such S with |S| = s+ ¢ + r follows from the upper bound (2.15) for
the number of independent sets of cardinality ¢ + r in G. 0J

We conclude this section by deriving Theorem 2.1.1 from Theorem 2.2.1.

Proof of Theorem 2.1.1 Let 0 = 32/33 in Theorem 2.2.1. Then sy = (2(1 —

o) *nlogn)/3 = (66nlogn)'/3. For large enough n, we have

2= Y |Zn(t)|§0<tz<:23 (7;)+ ST e (%f”)t (2.27)

250<t<F(n)

Note that
Yo () <250 ) <n, (2.28)
t 280
0<t<2sp

and that since f(t) = (33en/t?)! is increasing on the interval (O, \/33n/e>,

t
Z n3% (33671) <n- n3% (336)ﬁ(1+0(1))

12
250<t<F(n)
< (336)\/5(14-0(1)) < (336)F(n)(1+0(1))' (2.29)

Combining (2.27) together with (2.28) and (2.29) implies that | Z,| < 2¢F(™ for

a suitable constant c. O

2.3.3 Proof of Theorem 2.2.2

We derive Theorem 2.2.2 from the following more general but technical estimate.

Lemma 2.3.3 Let n and t be integers. Suppose s is an integer and o is a real

number such that, letting w = t/s, we have

2
i log 22, (2.30)

w>4, 0<o<1 and —
n 1—0 2
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Then

Z.(t)] < (Hﬂy (2.31)

to) =2/«

Proof We invoke Lemma 2.3.2 with ¢ = s. Note that, then, (2.30) im-
plies (2.16). We now let r in Lemma 2.3.2 be t — 2s and obtain that

2= (1) (1) (5) (2.32)

The right-hand side of (2.32) is

02 o)
() (o)

¢ t(1—2/w) n '
(f%:n) <at(132/w)) - (OW> ’

where C' = 2172/%ew /(1 — 2/w)172/w = 2172/wey2=2/w /() — 2)172/w As w > 4,
we have w — 2 > w/2, and hence C' < ew4!~?/% < 12w, completing the proof of
Lemma 2.3.3. 0

Proof of Theorem 2.2.2 We shall apply Lemma 2.3.3. Let w =4 and s =

t/w=t/4. Let A = exp (t3/(3-25n)) and set 0 = 2)\/s = 8\/t < 1/3, where

the last inequality follows from (2.6). It follows that 2/(1 — o) < 3, and hence
53 t3

— = — =3log\ >
n 43n 3log ~—1l—-0

log A,

hence the third condition in (2.30) holds. We thus conclude that (2.31) holds.
Let us now estimate the right-hand side of (2.31).
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Note that to = 4s0 = 8\, and therefore (to)'~2/* = (8)\)!/2 and

120n  12-4n  6-8n  6-2%%n
(to-)l—Q/wt o (8/\)1/275 CORL/2)\1/2¢  \1/2¢

6-23/%n t3
= — . (2.
XD ( 3 27”) (2.33)

Inequality (2.7) follows from (2.31) and (2.33), and Theorem 2.2.2 is proved. [

2.4 The upper bounds in Theorems 2.2.5-2.2.7

We shall apply Lemma 2.3.3 and Theorem 2.2.1 in order to prove the upper
bounds in Theorem 2.2.5 and Theorems 2.2.6-2.2.7, respectively.

2.4.1 Proof of the upper bound in Theorem 2.2.5

Let 6 > 0 be given. We show that there is a constant ¢y = ¢5(0) such that
if 2n72/% < p =p(n) < n~/37% then w.o.p. we have

F([nl,) < ca(nlogn®p®)"”.

To this end, we apply Lemma 2.3.3. We first define several auxiliary constants

used to set ¢, w and o in Lemma 2.3.3. Choose 1 > 0 small enough so that

(1—36) (% + n) < % (2.34)

(% - n) (1 - %) > é (2.35)

Finally, choose ¢ = ¢5 so that

Choose w > 4 so that

c\3 1 24w
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Now set
t= c(n log n2p3)1/3, s=t/w, o =2(n*p®)/3 /s and & = 24w /c2(F3M1=2/w),

Note that
t > c(nlog8)Y3 > enl/? and £ < 1. (2.37)

We first check that condition (2.30) holds for large enough n. We have w > 4
by the choice of w. Moreover, we have ¢ — 0 as n — oo because of (2.34).
Finally, from (2.36) and the fact that o — 0, we have

3 3 1 2(1/3 2
= <£> logn?® >3 (£ 1) logn?p? > 23T g2 log 22,
n w 3 l1—0 l1—0 2

which completes the verification of (2.30). Hence Lemma 2.3.3 implies that

12 '
PP ([n], contains a Sidon set of size t) < | Z,(¢)[p" < (t(w;d—l?j];/w) . (2.38)

Making use of the first equation of (2.37) and the fact that to = wso =
2w(n?p®)Y/3+1 we see that the upper bound in (2.38) is at most

12wnp ! < 12w n?3p !
/3 (2w)1=2/w (n2p3) (1/3+m(1=2/w) | = \ ¢(2w)1-2/w ’ (n2p3)(1/3+n)(1-2/w)

1202/ !
- (21—2/wc(n2p3)(1/3+T])(1—2/OJ)—1/3> ) (2'39)

which, by (2.35) and the assumption p > 2n~%/3, is at most

12w t < 24w t . , 40
21/2¢(23)(A/3+m(1-2/w)=1/3 | = (43 (1-2/w) = (2.40)

To complete the proof, it suffices to recall (2.37).
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2.4.2 Proof of the upper bound in Theorem 2.2.6

Suppose 1 < a = a(n) < n'/?, and let p = p(n) = a~'n"3(logn)*>. We show
that w.o.p.
logn

F(lnly) < ea(nlogn)'*=rmes

(2.41)

for some absolute constant c¢4. To this end, we use Theorem 2.2.1. Let o = 3/4,

1/3

sp = 2(nlogn)'/® and t = wsg, where

logn

—_— 2.42
‘ log(a + logn)’ (242)

w=11
and note that w > 2 for sufficiently large n. Hence, by Theorem 2.2.1 and
the union bound, the probability that [n], contains a Sidon set with at least ¢

elements can be bounded as follows:

P(F(aly) > 0 < 12,00 < (257

:n?’SU 446”]7 o < £ wn3 " (2 43)
w?s? [\ aw? T

where the last inequality follows from

p=a 'n"3(logn)*? and sy = 2(nlogn)'/3.
For the proof of (2.41), it suffices to show that the base of the exponential
in the right-hand side of (2.43) is bounded away from 1, that is, whether

11le\”
(—6> n*<1l-¢ (2.44)

aw?

for some absolute constant € > 0. Since w > 1le for sufficiently large n, then

we have

(%z)w > (aw)® = exp (wlog(aw)) (2.45)
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We claim that
2log(aw) > log(a + logn). (2.46)

Observe that since w > 2, then (2.46) is trivially satisfied if a > logn. On the
other hand, if o < logn, then w > (logn)/loglogn and hence

2log(aw) > 2logw > 2loglogn — 2logloglogn > log(2logn) > log(a + logn).

It follows from (2.42), (2.45) and (2.46) that

2 w
(%) > exp (wlog(aw)) > exp (5elogn) > 2n®
e

and hence (2.44) holds, completing the proof of (2.41).

2.4.3 Proof of the upper bounds in Theorem 2.2.7

Suppose that 3 = B(n) > 1 and let p = p(n) = fn""3(logn)??3. Let o = 3/4,

1/3

so = 2(nlogn)'/? and t = wsy for some w > 2. Similarly as in the proof of the

upper bound in Theorem 2.2.6, see (2.43), using Theorem 2.2.1, we estimate

Pl 2 0 < 12,008 < | (o )n} (2.47)

We split into two cases, depending on the order of magnitude of 5.

(Case I) 1If B(n) < (logn)?, then we let
a = B"logn)? and w = (11lelogn)/log(ex)

so that t = wsy = 22e,/np - v/a/log(ea). Note that

(1165)‘“ _ (116(10gn>2>w _ (M)lle(log(ea))llogn. (2.48)

w? aw? 1lex
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. . 5\ /= 1 2\ /T
Since the function f(z) = < < ) == (“’”—) is bounded by

1ler e \ 11
eVA/H/e=l — 9 459. ..
on the interval [1, 00), it follows from (2.48) that (we let z = log(ea))

w llelogn
(11@26> < (%) <n
w

which, together with (2.47), proves that w.o.p. we have

Ja

"1+loga’

F([nlp) <t =cev/np

where ¢g is an absolute constant.

(Case IT) 1If B(n) > (logn)?, then we let w = 11ey/B so that
t = wsy = 22e/np.
By (2.47), we have
P (F([n]y) > 1) < (He)‘“eﬂnﬂ < [(11e) ] < e,
which proves that w.o.p. we have
F([n],) <t = cey/np,

where ¢g is an absolute constant.
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2.5 Nontrivial solutions in random sets

2.5.1 Estimating the number of nontrivial solutions

A solution of the equation x; + o = y; + y2 is a quadruplet (ay,as, by, by) €
[n]* = [n] x [n] x [n] x [n] with a; 4+ ay = by +by. A solution (ay, as, by, by) of z1 +
To = Y1 + Yo is called trivial if it is of the form (aq, as, a1, az) or (a1, as, as, ay).
Otherwise, it is called a nontrivial solution. Let us define a hypergraph and a

random variable that will be important for us.

Definition 2.5.1. Let

S = {{al,a2,a3,a4}: (a1, as,as,aq) is a nontrivial solution

of 11 +x9 =11 + yg}. (2.49)

We think of S as a hypergraph on the vertex set [n|. As usual, for R C [n], we
let S[R] denote the subhypergraph of S induced on R. Let X be the random
variable ‘S [[n]p} }, that is, the number of hyperedges of S induced by [n],.

In Lemma 2.5.4 below, we give an estimate for X that will be used in the
proof of Theorem 2.2.3 and in the proofs of the lower bounds in Theorems 2.2.5—
2.2.7.

To estimate X, we have to deal with the issue of ‘repeated entries’ in a
hyperedge {ai,as,b1,b:} € S. Indeed, if {a1,a9,a3,a4} € S, with a; < ay <
az < ay4, we may have ap, = az, but no other equality can occur. Hence the
hypergraph S has hyperedges of size 4 and 3. Based on this, we make the

following definition.

Definition 2.5.2. For i = 3 and 4, let S; be the subhypergraph of S with all
the hyperedges of size i. Furthermore, let X; := ‘Si [[n]p] |

We clearly have

S = 84 U 33 and 84 N 83 = @ (250)



2.5. Nontrivial solutions in random sets 27

and hence
X =X+ X5 (2.51)

In order to estimate X, we estimate X4 and X3 separately.

Lemma 2.5.3 Fixz § > 0. The following assertions hold w.o.p.
(i) If p>n=3/4% then X, = n®p*(1/12 + o(1)).
(ii) If p>>n~t, then X3 = O(max{n?p? n*}).

We remark that the constant implicit in the big-O notation in (ii) above is
an absolute constant. The proof of Lemma 2.5.3 is based on a concentration
result due to Kim and Vu [25]. We shall introduce the Kim—Vu polynomial
concentration result in Section 2.5.2 and prove Lemma 2.5.3 in Section 2.5.3.

Assuming Lemma 2.5.3, we are ready to estimate X.

Lemma 2.5.4 Fiz § > 0 and suppose p > n=%*t0. Then, w.o.p., X =
n3p*(1/12 + o(1)).

Proof Let X = X([n],) be as defined in Definition 2.5.1 and recall (2.51).

—3/4+9 e see that the estimates for X, and X;

From the assumption that p > n
given in Lemma 2.5.3(i) and (ii) do hold w.o.p. Since the inequality np > 1
yields n?p® < n’p* and we also have n% < n* < n3p*, because p > n =349 we
infer max{n?p*, n®} < n3p*, and hence, w.0.p., X3 < X,. It follows from (2.51)

and the estimate in Lemma 2.5.3(i) that X = n3p*(1/12+0(1)) holds w.o.p. [

It now remains to prove Lemma 2.5.3. We first introduce the main tool we

shall use in the proof of that lemma, due to Kim and Vu [25].

2.5.2 The Kim—Vu polynomial concentration result

Let H = (V, E) be a hypergraph on the vertex set V = [n|. We assume each
hyperedge e € E(#) has a real weight w(e). Let [n], be a random subset of [n]
obtained by choosing each element ¢ € [n] independently with probability p and
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let H [[n],] be the subhypergraph of # induced on [n],. Let Y be the sum of the
weights of all the hyperedges in #[[n],], that is, Y = D e, W(e). Kim and
Vu obtained a concentration result for the random variable Y. We now proceed
to present their result [25] (see also Theorem 7.8.1 in Alon and Spencer [3]).

We start by introducing basic definitions and notation (we follow [3]). Let k
be the maximum cardinality of the hyperedges in H. For aset A C [n] (|A]| < k),
let Y4 be the sum of the weights of all the hyperedges in H [[n]p} containing A,
that is, Ya = > 4 ceppn,) w(e). Let Ea =E(Y4 | A C [n],) be the expectation
of Y4 conditioned on the event that A should be contained in [n],. Let E; be
the maximum value of E4 over all A C [n] with |A| =1i. Note that Ey = E(Y).
Let p=E(Y) and set

EF =max{E;:1<i<k} and E=max{E u}. (2.52)

Theorem 2.5.5 (Kim—Vu polynomial concentration inequality) With the above

notation, we have, for every A > 1,
P||Y — u| > ap(EE")Y2)\F| < 2% nh 1,

where a, = 8*(k!)'/2.

2.5.3 Proof of Lemma 2.5.3

We prove (i) and (ii) of Lemma 2.5.3 separately.

Proof of Lemma 2.5.3(i) We need to show that, for p > n=34+° where § > 0
is fixed, we have X; = n®p?(1/12 + o(1)) w.o.p. We first estimate the expecta-
tion p(Xy4) of Xy.

Suppose {i,7,k, [} € S with 0 < i < j < k <l < n —1. Note that
i+l =j+k. Letusfix0 <i<n—1.Ifj > (n+i)/2, thenl = j+k—i > 2j—i >
n 44 — i = n, which contradicts [ < n — 1. Hence we have i < j < (n+1)/2.
For fixed 7 and j, if Kk >n+¢—7—1,thenl = j+k —14i > n — 1, which
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contradicts [ < n — 1. Therefore we have j < k < n+i— 35— 1. Once i, j

and k are chosen, the value of [ is determined by the condition i + 1 = j + k.

Consequently,
n—1 (n+4)/2 n+i—j—1 n—1 (n+i)/2
Sal =) > 1= (n+i—2§)
=0 j=i k=j =0 j=i

where for the first identity we ignore the floors or ceilings. Hence

) =18l = (5 + o)) (2.53)
Next we apply Theorem 2.5.5 to prove that X, is concentrated around its ex-
pectation u(Xy). To this end, we compute the quantities E; (1 < i < 4)
and E’ and E defined in (2.52). We first estimate E;. For a € [n], consider
the quantity Ey,. The number of hyperedges in Sy containing a is O(n?) and
the probability that one such hyperedge is in [n],, conditioned on a € [n,,
is p>. We conclude that, for any a € [n|, we have Er;y = O(n?p*). Con-
sequently, By = max{F,: |A] = 1} = O(n%?). A similar argument gives
that B, = max{FE4: |A] = i} = On*p*™") for all 1 < i < 4. There-
fore, since np > 1, we have E; = O(n?p?) for all 1 < i < 4. Also, clearly,
E;=max{FE4: |A| =4} = 1. Thus

E' =max{E;: 1 <i <4} = O(max{n’p’ 1}), (2.54)

and E = max{F’, u(X4)} = O(max{n?p?®, 1,n®p*}). Since p > n=3/4+ > n=3/4
we have

E = 0(n’*p"). (2.55)

In view of (2.54) and (2.55), a simple computation implies the following:
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(Case I) If n=3/4%0 < p < n=%/3, then

E'=0(1) and E =O0(n’p"). (2.56)

Case II) If p > n=%/3, then
( p

E'=0(n*p®) and E = O(n’p?). (2.57)

We now estimate X, for each case separately.

(Case I) Suppose n=3/410 < p < n=2/3, In this case, (2.56) implies that
(EENY? = O(n®p* - 1)V2 = O(n®p*)V/2. (2.58)
Set A = (n®p*)'/12. By the assumption p > n~3/%*% we have
A= (npH)V12 > /3, (2.59)

Also n3p* > n* > 1, and hence combining (2.58) and A = (n®p*)'/!2 implies
that

(BE)Y2X = O(n’p") 2 (n*p")* = O(np")*/® = o(n’p?). (2.60)
Theorem 2.5.5 together with (2.59) then yields that
IP’[|X4 ~ (X)) > a4(EE’)1/2)\4] < 2e2e M3 < 2e2e "3,
where ay = 8*(4!)'/2. Given (2.60), we have that w.o.p.

Xy = 1(Xy) + o(n®p?). (2.61)
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(Case II) Suppose p > n~%/3. In this case, (2.57) yields that

3,4
(EENY2 = O(ndp'n2p?)/? = O(%) (2.62)

Set A = (np)*/'2. By the assumption p > n=2/3,

A > (n3)12 = i3, (2.63)

Since np > 1, combining (2.62) and A = (np)'/'? implies that

(BEE/2\ = o( (:;f: /2> (np) /3 = 0( (:;ffm) = o(n3ph). (2.64)

Theorem 2.5.5 together with (2.63) then yields that

]P’[[X4 — pu(Xq)| > a4(EE')1/2)\4} < 2e%end < 2e%e 0

?

where a, = 8*(4!)/2. Given (2.64), we have that w.o.p.
Xy = u(Xy) + o(n®p?). (2.65)

In view of (2.53), it follows from (2.61) and (2.65) that, for p > n=3/4+9,
we have X; = n3p*(1/12 + o(1)) w.o.p. This completes the proof of (i) of
Lemma 2.5.3. d

Proof of Lemma 2.5.3(ii) Fix § > 0. We show that, w.o.p.,
X3 = O(max{n?p® n*})

for p > n~!. First we estimate the expectation p(X3) of X3. Since |S3] = O(n?),
we have

1(X3) = O(n*p’). (2.66)

Next, we prove a concentration result for X3 applying Theorem 2.5.5. To
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this end, we estimate the quantities E; (1 < ¢ < 3). As in the proof of
Lemma 2.5.3(i), one may check that E' = max;<;<3 F; = O(max{np? p,1})
and hence £ = max{F’, u(X3)} = O(max{np? p,1,n*p*}). By the assump-

tion np > 1, we infer
E' = O(max{np*,1}) and E = O(max{n’p? 1}). (2.67)

Based on (2.67), we consider the cases p > n™2/3%0 and n™' < p < n~2/3+°
separately.

We first suppose p > n~%*+°. From (2.67), we have E' = O(max{np?, 1})
and £ = O(n?p®). A proof similar to the proofs of (2.61) and (2.65) shows
that, for p > n=2/3%° w.o.p., X3 = u(X3) + o(n?*p?). This together with (2.66)

—2/346

implies that for p > n , W.0.p.,

X3 = O(n?p*). (2.68)

We now suppose n~! < p < n 72349 In this case, (2.67) yields that £’ = O(1)

and E = O(n*) and hence, setting A = n%?, we have
(EE)Y203 = O(n®29)56/28 — 0(n), (2.69)
Theorem 2.5.5 with A = n%/? yields
Pl X5 — n(X3)| > ag(EE')l/Q)\?’] < 2e%e 7 n? < 2e%e ™ n?, (2.70)

where a3 = 83(3!)1/2. Inequality (2.70) together with (2.69) implies that, for
nl < p <nTB wop., X3 = u(X3) + O(n*). Since, under the assumption
p < n7239 we have u(X3) = O(n?*p?) = O(n®), we infer that, for n™! < p <
n=23 w.o.p.,

X3 = 0(n*). (2.71)

Combining (2.68) and (2.71) completes the proof of (ii) of Lemma 2.5.3. [
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2.6 Proof of Theorem 2.2.3

2.6.1 Theorem 2.2.3 for smaller p = p(n)
We first consider the case in which n™' <« p < n=2/3.

Proof of (2.8) in Theorem 2.2.3 Suppose n™' < p < n~23. We show
that (2.8) holds almost surely, using the usual deletion method. Let S, S[[n],]
and X be as in Definition 2.5.1. If we delete one vertex from each hyperedge
in S[[n],], the remaining vertex set is an independent set of S|[n],], and hence
it is a Sidon set contained in [n],. Consequently, F([n],) > |[n],| — |S][n]y]| =
|[n],| — X. Since trivially F([n],) < |[n],|, we have |[n],| - X < F([n],) < |[n],|-
Note that the Chernoff bound gives that, for p > n~!, we almost surely have

Hn]p‘ = np + o(np). Therefore, in order to show (2.8), it only remains to show
that X = o(np) almost surely. Recall that X; is the number of edges of car-
dinality ¢ in S[[n],] (i € {3,4}), and that X = X3 + X, (see Definition 2.5.2
and (2.51)). Equations (2.53) and (2.66), together with n™! < p < n=%/3 imply
that E(X) = ©(n*p*)+O(n*p?) = O(n?p*) = o(np). Hence Markov’s inequality

gives that we almost surely have X = o(np), and our result follows. U

2.6.2 Theorem 2.2.3 for larger p = p(n)
We now consider the wider range n=! < p < 2n~2/3.

Proof of (2.9) in Theorem 2.2.3 We have already shown that, if n™! < p <
n=23 then F([n],) = (1 + o(1))np holds almost surely. Therefore, it suffices
to show that (2.9) holds if, for example, n=%/3/logn < p < 2n~?/3. We pro-
ceed as in the proof of (2.8), given in Section 2.6.1 above. We have already

1 and

observed that |[n],] = np(1 + o(1)) almost surely as long as p > n~
therefore F'([n],) < np(1l + o(1)) almost surely in this range of p. It now suf-
fices to recall that F'([n],) > |[n],] — X and to prove that, almost surely, we

have X < (2/3+0(1))np if n=2/3/logn < p < 2n~2/3. But with this assumption
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on p, Lemma 2.5.4 tells us that, w.o.p.,

1 1 2
X = En3p4 +o(n?ph) = En3p4 + o(np) < (5 + 0(1)) np, (2.72)

as required. O

2.7 The lower bounds in Theorems 2.2.5-2.2.7

Let us first state a simple monotonicity result (see, for example, [23, Lemma

1.10]) that will be used a few times in this section.

Fact 2.7.1 Let p = p(n) and q = q(n) be such that 0 < p < ¢ < 1, and
let a = a(n) >0 and b =b(n) > 0 be functions of n.

(1) If F([n],) > a holds w.o.p., then F([n],) > a holds w.o.p.
(1) If F([n],) < b holds w.o.p., then F([n],) < b holds w.o.p.

Statements (i) and (ii) in Fact 2.7.1 are, in fact, equivalent. We state them

both explicitly just for convenience.

2.7.1 Proofs of the lower bounds in Theorems 2.2.5 and
2.2.6

The lower bounds in Theorems 2.2.5 and 2.2.6 rely on a result on independent
sets in hypergraphs. Before stating the relevant result, we introduce some defi-
nitions. A hypergraph is called simple if any two of its hyperedges share at most
one vertex. A hypergraph is r-uniform if all its hyperedges have cardinality r.
We shall use the following extension of a celebrated result due to Ajtai, Komlos,
Pintz, Spencer and Szemerédi [1], obtained by Duke, Lefmann and Rédl [14].

Lemma 2.7.1 Let H be a simple r-uniform hypergraph, r > 3, with N wvertices

and average degree at most t"~! for some t. Then H has an independent set of
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size at least
(log t)Y/(r=1)
C —_—

t )

where ¢ = ¢(r) is a positive constant that depends only on r.

(2.73)

We now briefly discuss how to obtain a lower bound on F'([n],) using Lemma
2.7.1. Let S[[n}p} be the hypergraph in Definition 2.5.1. Since an independent
set of S[[n],] is a Sidon set contained in [n],, independent sets in S[[n],] give
lower bounds for F'([n],). To apply Lemma 2.7.1, we shall obtain a simple 4-
uniform subhypergraph 8* of S[[n],] by deleting suitable vertices from S{[n],].
Lemma 2.7.1 will then tell us that §* has a suitably large independent set, and
this will yield our lower bound on F([n],). In fact, we obtain the following

result.

Lemma 2.7.2 There is an absolute constant d > 0 such that, for p > 2n=2/3,
w.0.p. F([n],) > d (nlog(n?p*)"* holds.

Lemma 2.7.2 easily implies the lower bounds in Theorems 2.2.5 and 2.2.6.
The proof of Lemma 2.7.2 will be given in Section 2.7.3.

2.7.2 Proof of the lower bound in Theorem 2.2.7

For larger p = p(n), it turns out that, instead of using Lemma 2.7.1, it is better
to make use of the fact that [n] contains a Sidon set of cardinality (1+o(1))y/n
(see Section 2.1). An immediate use of this fact gives the lower bound (1 +
o(1))py/n, but one can, in fact, do better. The following is a particular case of

a very general theorem of Komlds, Sulyok and Szemerédi [33].

Lemma 2.7.3 There is an absolute constant d > 0 such that, for every suffi-

ciently large m and every set of integers A with |A| = m, we have

F(A)>d- F([m)).

Since the Chernoff bound gives that, for p > 1/n, we almost surely have
I[n],] = (1 + o(1))np, Lemma 2.7.3 together with F'([m]) > (1 4 o(1))y/m gives
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the lower bound in Theorem 2.2.7. Clearly, to have this result with ‘w.o.p.’; it
suffices to assume p > (logn)/n. There is an alternative, simple proof of the

following fact:

(*) if (logn)?/n < p < 1/3, then, w.o.p.,
Filnl) > (525 + o)) v (274)

Fact 2.7.1 then implies that, for p > (logn)?/n, we have, w.o.p., F([n],) >

(1/3V6 + o(1)) /7. -

Proof of (*) Let (logn)?/n < p < 1/3. We shall show that (2.74) holds w.o.p.
We define a partition of [n] = {0,...,n — 1} into equal length intervals, and
consider a family of intervals in the partition satisfying the property that, if
we choose an arbitrary element from each interval, the set of chosen elements
forms a Sidon set. We shall choose the length of the intervals so that [n], will
intersect each interval in a constant number of elements on average. A simple
analysis of this construction yields that (2.74) holds w.o.p. The details are as
follows.

Let Z = {I;: 0 <i < [n/z]} be the partition of [n] into consecutive intervals
with x = |1/p| elements each. More precisely, let I; = [zi,z(i + 1) — 1] N [n]
for all 0 < ¢ < [n/z]. In what follows, we ignore Ij, ;11 if this interval
has fewer than z elements. Let Zeyen = {lo, I2,14,...} C T be the set of all
intervals with even indices and let y = |Zoyen|- Note that y > (1/2)|n/x| — 1 >
(1/2)|np] — 1 = (1/2 + o(1))np. By the Chowla—Erdés result [10, 16], there
exists a Sidon subset S of [y] with

15| = (1 + o(1))y/5 = (% + 0(1)) /p. (2.75)

We “identify” [y] and Zeyen by the bijection i — Is;. Let {a;: i € S} be a set of
integers with a; € Iy; for all i € S. We claim that {a;: i € S} is a Sidon set.
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Suppose a;, + a;, = aj, + aj,, where i1, i3, j; and j € S. Observe that
(i, + iy € Doiig2iy U Doiy2ip41 and a4 aj, € Injygoj, U Iojiojp 41, (2.76)

which, together with the assumption that a;, 4+ a;, = a;, + a;,, implies that i; +
iy = ji1+j2. Since S is a Sidon set, we have {iy,i2} = {Jj1, ja}, whence {a;,,a;,} =
{aj,,aj,}. This shows that {a;: i € S} is indeed a Sidon set.

We now consider a random set [n],. An interval Iy; (i € S) is said to be
occupied if Ip; contains at least one element of [n],. Let Z.. be the family
of occupied intervals. By the above claim, we have F'([n],) > |Zoc|- Let us
estimate |Z,..|. Note that each interval Iy; (i € S) is independently occupied
with probability

p=1-(1-p)*=1-Q—p)/P > 1P/ > 7 _¢71tr > ] _ 723 5 1/3

(2.77)
where the third inequality follows from the assumption p < 1/3. Thus, under
the assumption (logn)?/n < p < 1/3, the Chernoff bound, (2.75) and (2.77)
give that, w.o.p.,

Zoce| = (1 + 0(1))E(|Zoce|) = (1 + 0(1))[S]p

1 1 1
> | —=+o(l np--=|-—=+o(1 np.
= (Jgro) v = (55000 v
Recalling that F'([n],) > |Zoc|, statement (*) follows. O

2.7.3 Proof of Lemma 2.7.2

In Lemma 2.7.4 below, we prove Lemma 2.7.2 for a narrower range of p. We

shall then invoke monotonicity (Fact 2.7.1) to obtain Lemma 2.7.2 in full.

Lemma 2.7.4 There is an absolute constant d > 0 such that, for 2n7%/3 < p <
n=2/3H e have F([n],) > d(nlogn?p®)Y/3 w.o.p.
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Proof Let S{[n],], S;[[n],], X and X; be as in Definitions 2.5.1 and 2.5.2. Re-
call that the size of an independent set of S[[n],] gives a lower bound on F([n],,).

We wish to apply Lemma 2.7.1. However, since S [[n],] may be neither sim-
ple nor uniform, we consider a suitable induced subhypergraph &* C S [[n]p],
as discussed just after the statement of Lemma 2.7.1. We have S[[n]p} =
S3[[n],] USs[[n]p]. Let Sy be the set of all hyperedges in S [[n],] that share at
least two vertices with some other hyperedge in Sy [[n]p] . If we delete one vertex
from each hyperedge of S3 [[n]p} U §4, the remaining induced subhypergraph S*
of § [[n]p] is both simple and 4-uniform. To apply Lemma 2.7.1 to §*, we now
estimate |V (S*)| and the average degree of S*.

First we consider |V (S*)|. Note that |[n],| — X35 — ‘§4| = |[nl,| = |Ss[[n],] | —
}54’ <|V(S*)] < |[n]p|. We shall show the following two facts.

Fact 2.7.2 Fiz § > 0 and suppose n~ 10 < p < n~ 2. We have, w.o.p.,
X3 = o(np).

Fact 2.7.3 Fiz § > 0 and suppose n~ '+ <« p < n=23t1/15  We have, w.o.p.,
|S4| = o(np).

Since the Chernoff bound gives that Hn]p‘ = np + o(np) w.o.p. for p >
(logn)/n, Facts 2.7.2 and 2.7.3 imply that, w.o.p., we have

V(S™)| = np(1 + o(1)). (2.78)

Next we consider the average degree of S*. Owing to S* C S|[n],], (2.78)
and Lemma 2.5.4, the average degree 4|S*|/|V (S*)| of §* is such that, w.o.p.,

S|/ IV(SM)] < 4X/|V(S™)| < n*p’.

We now are ready to apply Lemma 2.7.1. In view of our average degree

estimate above, we set ¢ = (n?p®)!/3. Given (2.78), Lemma 2.7.1 implies that,
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w.0.p., the hypergraph S&*, and thus & [[n]p}, has an independent set of size

1/3
(logt)/3 . (1/3)log(n?p?) 1/3
CT“/(S )| >c [ (2?13 } np(1+ o(1)) > d(nlog(n’p?))
(2.79)
for, say, d = ¢/2. This completes the proof of Lemma 2.7.4. 0

In order to finish the proof of Lemma 2.7.4, it remains to prove Facts 2.7.2
and 2.7.3.

Proof of Fact 2.7.2 Lemma 2.5.3(ii) tells us that, w.o.p.,
X3 = O(max{n?p® n°}).

From the assumption n~ ' < p < n~='/2, we have both n?p® < np and n? <
np, whence, w.o.p., X3 = o(np). O

Proof of Fact 2.7.3 We give a sketch of the proof. Let P be the family of the
pairs {E1, Es} of distinct members E; and Ey of 84[[71]1,} with |E; N Ey| > 2.
Observe that

|Si] < 2[P|. (2.80)

An argument similar to one in the proof of Lemma 2.5.3(ii), based on the Kim—

Vu polynomial concentration result, tells us that [P| = O(max{E[|P|],n’}) =

O(max{n'p% n’}) holds w.o.p. From the assumption n™ ' < p <« n=2/3F1/15 =

—3/5 we have both n?p® < np and n® < np, and hence |P| = o(np) holds w.o.p.

§4| = o(np). m

n

Given (2.80), we have, w.o.p.,

In order to establish Lemma 2.7.2, we need to expand the range of p in
Lemma 2.7.4 from 2n=2/3 < p < n=2/3+1/15 = n=3/5 to p > 2n~2/3,

Proof of Lemma 2.7.2 To complement the range of p covered by Lemma 2.7.4,

—2/3+1/16

it is enough to show that, say, for p > n , we have, w.o.p., F([n],) >
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d (nlog(nng))l/ ? for some absolute constant ¢ > 0. Lemma 2.7.4 implies that,

—2/3+1/16

forp=n , we have, w.o.p.,

F([n,) > d[nlog(n*n=23/19)]""* = d[nlog(n®%)]"/*
— d[n(3/16)logn]"* > d(1/16) [n(21ogn)]"* = d' [nlogn?]"*,

where d’ = d(1/16)'/3. By Fact 2.7.1, we infer that, for p > n=2/3%1/16 e have,
w.0.p., F([n],) > d'[nlogn?] s [nlog(n2p3)]l/3, completing the proof of
Lemma 2.7.2. 0



Chapter 3

Finite Bj-sets

3.1 Introduction

Let h > 2 be a fixed integer. A set S of positive integers is called a Bj-set if all
the sums a1 + as + --- + ap, with a1 < ay < --- < aj, and a; € S, are distinct.
Note that a Bs-set is also called a Sidon set. A well-known problem on B,-
sets is the determination of Fj(n), where Fj(n) denotes the maximum possible
size of By-sets of [n] = {1,--- ,n}. The results of Chowla, Erdds, Singer, and
Turdn [10, 16, 17, 42] imply that Fy(n) = (1 + o(1))y/n. In 1962 Bose and
Chowla [7] showed that F,(n) > (1 + o(1))n/? for h > 3. On the other hand,
various improvements on constants ¢, = cy,(h) for which Fj,(n) < c¢,n'/* were
given in [9, 11, 15, 24, 32, 34, 35, 41]. Currently, the smallest known upper

bound of ¢, is given by Green [19] as
cs < 1.519, ¢4 < 1.627, and ¢, < (1/2€)(h + (3/2)log h + on(log h)).

For a wealth of related material, the reader is referred to the classical monograph
of Halberstam and Roth [21] and to a recent survey by O’Bryant [36] and the
references therein.

We investigate Bj-sets contained in random sets of integers. Though our
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results can be obtained for Bj-sets with h > 3, we focus on Bs-sets for a simpler
explanation. We obtain upper and lower bounds on their relative density, and
gain essentially tight bounds for some range of the size of a random set. Our
approach is based on finding upper bounds for the number of Bs-sets of a given
size contained in [n]. Besides being the key lemma to our probabilistic results,
our upper bounds also address a natural generalization of a problem of Cameron
and Erdés [8].

We discuss our bounds on the number of Bs-sets and our probabilistic results

in the next two subsections.

3.1.1 A generalization of a problem of Cameron and Erdos

Let Z!" be the family of Bj-sets contained in [n]. An interesting question is to

estimate | Z"|. Observe that one trivially has

Fy(n)

2 < |2l < 3 (7;) < Fi(n) (F;(‘n)) (3.1)

i=1

From the result that (1 + o(1))n'/" < Fy(n) < en'/? for a constant c¢ only

depending on h, we have

U < | Zh) < (3.2)

Y

where ¢ is a constant only depending on h. In this paper we improve the upper

bound on | Z3| in (3.2) as follows:

Theorem 3.1.1 (Dellamonica, Kohayakawa, Lee, Rodl, and Samotij [13]) There

exists an absolute constant C such, that |Z3| < 207"*.

The proof of Theorem 3.1.1 is given in Section 3.2.1.

Remark 3.1.2. One may in fact prove the following about | Z"| with a similar
argument:

There exists a constant ¢y, only depending on h, such that |2t < 2e'".
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3.1.2 Probabilistic results

We investigate Bs-sets contained in a sparse, random set of [n], that is, we
replace the ‘environment’ [n] by a sparse, random subset [n],, of [n], where [n],,
denotes a random subset of [n] of cardinality m = m(n), with all the subsets of
[n] with size m having the same probability. Then we ask how large a subset
S C [n], can be, if we require that S should be a Bs-set. The following definition

will provide a notation suitable for this problem.

Definition 3.1.3. For a set R C [n], denote by F3(R) the maximum size of a

Bs-set contained in R.

We are therefore interested in the random variable F3([n],). The deletion
methods yield that almost surely Fs([n],,) = (1 — o(1))m if m = m(n) < n'/5.
On the other hand, the result of Schacht [40] and Conlon and Gowers [12]
yield that almost surely Fy([n],) = o(m) if m = m(n) > n'/°. Thus F3([n],,)
undergoes a sudden change of its behavior at m = n!'/**°() The following
abridged version of our results gives us quite precise information on F3([n],)
for a large range of m, and non-trivial, but loose bounds for n?/®> < m < n®/*—

see Figure 3.1.

Theorem 3.1.4 (Dellamonica, Kohayakawa, Lee, Rodl, and Samotij [13]) Let
0 <a<1bea fized constant. Suppose m =m(n) = (1+ o(1))n*. Then almost
surely

nb1+o(1) < F3<[n]m) < nb2+o(1)’ (33)

where
a, for0<a<1/5

bi(a) =<1/5, forl/5<a<3/5 (3.4)
a/3, for3/5<a<l1
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nb1+0(1) < F3([Tl]m) < nb2+0(1) for m = n®
2 :
b2 '
Lfd |
/i :
1/5f-nnmmmmnnns ,
: b
0 1 2 o 3 3 ¢
5 5 20 5 4
Figure 3.1: The graphs of by = by(a) and by = by(a).
and .
a for 0<a<1/5
1/5 for 1/5<a<2/5
ba(a) =< a—1/5 for 2/5<a<9/20 (3.5)
1/4 for 9/20 <a < 3/4
a/3 for 3/4<a<1.

\
Remark 3.1.5. One may in fact show a similar result on Fj([n],,) for any
h > 3.

The graphs of by = by(a) and by = by(a) are given in Figure 3.1. The point
(1,1/3) in the graph is clear from the above result that (140(1))n'/? < Fy(n) <
en'/3, for some absolute constant ¢. The behavior of b; = b, in the interval
0 < a < 1/5is not hard to establish. The fact that the point (1/5,1/5) could be
an interesting point in the graph is suggested by the results of Schacht [40] and
Conlon and Gowers [12]. We determined b = b(a) for which Fy([n],,) = n®+o®),
where m = (1 4 o(1))n?, in the intervals 1/5 < a < 2/5and 3/4 <a < 1. It
is somewhat surprising that b = b; = by should be constant for 1/5 < a < 2/5.
An interesting open question is the existence and determination of b = b(a)
such that Fs([n],,) = n®*°W for 2/5 < a < 3/4. We state our results in full
in Section 3.2. The upper bounds of Theorem 3.1.4 are proved in Section 3.2.2
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and the lower bounds are proved in Section 3.4.

Remark 3.1.6. In some of the proofs below it will be convenient to use the
Binomial random model [n],, which is a random subset of [n] where each element
is selected to be in the set independently with probability p. The models [n],,
and [nl],, with p = m/n, are fairly similar: if a property holds for [n], with
probability 1 — o(1/+/m) then the same property holds almost surely for [n],,
(this is known as Pittel’s inequality, see [23, p. 17]).

3.2 Refined results

3.2.1 A refinement of Theorem 3.1.1

The results in this paper are obtained by estimating the number of Bj-sets
of given cardinality, in other words, by bounding |Z,(t)|. Since a threshold

phenomenon occurs at ¢t ~ n'/®

, we are particularly interested in bounding
|Z,(t)| for t ~ n'/>. The following theorem compiles the upper bounds we
obtain here. These bounds can be used to establish Theorem 3.1.1 and prove

the upper bounds on Theorem 3.1.4.

Theorem 3.2.1 The following bounds apply to | Z,(-)|:

(i) There is an absolute constant ¢ > 0 such that for any t > n'/*(logn)?,

12.00) < (t—”)

(ii) For any 0 < e < 1/5 there exists C. > 0 such that for t = C.(nlogn)/?,
we have | Z,(t)| < nt3/5+2),

Part (i) is stated as Lemma 3.3.7 below and Part (4i) is Lemma 3.3.13. Let

us show how Theorem 3.2.1(7) implies Theorem 3.1.1.

Proof of Theorem 3.1.1 The total number of subsets of [n] having fewer

n1/3)

than n'/4(logn)? elements is 2 Therefore we can focus on Bjs-sets of
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size n'/4(logn)? < t < n'/3. In particular, by Theorem 3.2.1(3),

nl/3

t
o(nl/3 cn
22 <22y Y (73) . (3.6)

t=n1/4(logn)2

Now note that we have

t t—1 3(t—1)
cn e N7 _enf 1NV en
#) /(7w -#0-3) =5
The ratio above is at least 2 provided t3 < cn/(2€*), thus, for an appropriate
choice of the absolute constant C' > 0,
(cn/2e%)1/3 t (en/2e3)1/3
cn cn (en/2e3)1/3 cnl/3
— | <2 —== =2-(2¢° 20,
Z (t3> - (cn/263) ( c ) <
t=1
On the other hand,
nl/3 . nl/3
cn nl/3 nl/3
Z (t_3> < Z (2¢%)t < n'/3(2e3)M 7 < 20m7,

t=(cn/2e3)1/3 t=(cn/2e3)1/3

Theorem 3.1.1 follows from (3.6) as we bounded the sum on the R-H-S of (3.6).
U

3.2.2 A refinement of Theorem 3.1.4
The following Theorem is a direct corollary of Theorem 3.2.1:

Theorem 3.2.2 There is an absolute constant C > 1 such that for any value

n~4(logn)® < p < 1, almost surely,
Fy([n],) < C(pn)'>. (3.7)

For any & > 0 there exists C. > 0 such that for any 3n=%> < p < lp=3/5=¢
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almost surely,
F3([n],) < C(nlogn)"/>. (3.8)

Moreover, the probability that the inequality above is not satisfied is 0(2*"1/5).

The following proposition allows us to use estimates on |Z,(t)| in Theo-

rem 3.2.1 to immediately establish Theorem 3.2.2.

Proposition 3.2.3 The expected number of Bs-sets of cardinality t in [n], is

P2 ()],

In particular, P[Fs([n],) > t] < p'|Z,(0)]. O

We are now able to give a proof of the upper bound on Fj([nl,,) given by
Theorem 3.1.4 (see egs. (3.3), (3.5)).

Proof of the upper bound in Theorem 3.1.4 In this proof, we will use The-
orem 3.2.2 to establish the non-trivial upper bounds of Theorem 3.1.4, namely,
the upper bound function by(a). We recall that Remark 3.1.6 links the Binomial
random model [n],, appearing in Theorem 3.2.2, with the random model [n],,

which appears in Theorem 3.1.4.

e Suppose 0 < a < 1/5: by(a) = a is a trivial upper bound as F3([n],,) < m
with probability 1.

e Suppose 1/5 < a < 2/5: the upper bound by(a) = 1/5 follows from the
second part of Theorem 3.2.2 (see eq. (3.8)). Indeed, we may fix e > 0
arbitrarily small, and by Theorem 3.2.2, we have almost surely Fs([n],) <
n'/5o) for 3n~4/% < p < In=3/57¢. Consequently, almost surely F3([n],,) <

nt/5+o) for all m < n?/°.

e Suppose 2/5 < a < 9/20: for p > in73/57¢ we cannot directly apply
Theorem 3.2.2 and for this reason we will employ the following strategy.

In addition to sampling [n],, also pick randomly a map ¢: [n] — [k],
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where k = 2pn®/°*¢. For each j = 1,...,k, let R; = ¢~'(j) N [n],. Note
that each set R; follows the distribution [ ]p/x and that any 33 set S C [n],
induces Bz-sets S; = SN R;, j = k. Since p/k = in=3/5~¢ by
Theorem 3.2.2, the probability that a given R; contains a Bg—set S; with
more than C.(nlogn)'/® elements is 0(2*”1/5). Consequently, by the union
bound over 5 = 1,...,k, almost surely,
k
) < Z ) < kC-(nlogn)'/®

= pn - 20”25 C.(nlogn)/
_ - 1/5+o(1).
In other words, almost surely, F3([n],,) < mn~'/5°() and therefore by(a) =

a — 1/5 is an upper bound for this range.

e Suppose 9/20 < a < 3/4: since F3([n],,) is monotone with respect to m,
our upper bound by(-) should be monotone as well. Since by(-) satisfies
b2(9/20) = 9/20 — 1/5 = 1/4 by the previous statement and, as we show
next, bo(3/4) = 1/4, this monotonicity implies that bs(a) = 1/4 in this

range.

e Suppose 3/4 < a < 1: the upper bound by(a) follows immediately! the
first part of Theorem 3.2.2 (see eq. (3.7)).

The lower bounds on Theorem 3.1.4 will be proved in Section 3.4.

'The probability that (3.7) holds is at least 1 — exp{—Q((pn)'/3)} and therefore Re-
mark 3.1.6 applies here.
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3.3 Proof of Theorem 3.2.1

The proof of Theorem 3.2.1 uses the following strategy. Suppose that a Bs-set
S C [n] of cardinality s is given and one would like to extend it to a larger Bs-set.
We will show that if S satisfies a boundedness condition (see Definition 3.3.9
below), then the number of such extensions is fairly small. Moreover, we also
prove that almost all Bs-sets of cardinality s are sufficiently bounded in the
sense of Definition 3.3.9. Consequently, in order to provide an upper bound for

the number Z,(t) of Bs-sets of size t in [n], for some t > s, we

(i) estimate the number of Bs-sets which are not bounded in the sense of
Definition 3.3.9 and account for at most ( tfs) possible extensions of each

of those sets;

(ii) for each bounded Bs-set S, we estimate the number of extensions of S to

a Bs-set of cardinality .

To establish (ii) we will describe a graph-based approach for bounding the
number of extensions of an arbitrary Bs-set S. This approach will shape Defi-
nition 3.3.9 below.

If two distinct elements z,y € [n] \ S satisfy
S
T+ a; +ay =y + by + by, for some {ay,as}, {b1,bo} € 5 ) (3.10)

then S U {z,y} is clearly not a Bs-set. This simple observation motivates our

next definition.

Definition 3.3.1. The collision graph CGg has vertex set [n]\S and edges given
by all pairs of distinct elements z,y € [n]\ S satisfying (3.10). By construction,
any set of elements of [n| \ S which extends S to a larger Bs-set must induce

an independent set in CGg.

The following lemma provides an upper bound on the number of independent

sets of graphs that have many edges in each sufficiently large vertex subset
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(see (3.12)). The proof will be given in Section 3.3.1.

Lemma 3.3.2 Let 6,5 > 0, and ¢ € N be numbers satisfying
(1+28)%5 > 1. (3.11)
Suppose that G = (V, E) is a graph satisfying
eq(A) > B|A]? for all ACV,|A] > §|V]. (3.12)

Then, for every m > 1, there are at most

(e

independent sets in G of size ¢ +m.

When we apply Lemma 3.3.2 to CGg we will take m = Cjq, for a large
constant C', to take advantage of the upper bound (3.13). In condition (3.12),
there is a trade-off between § (larger is better) and § (smaller is better) which
needs to be optimized.

In order to apply Lemma 3.3.2 to CGg we first need to characterize the
Bs-sets S which ensure that condition (3.12) holds for CGg. The next lemma

will be a step in this direction. First, we need a definition.

Definition 3.3.3. Let 6\(53 denote a multigraph version of CGg where the
multiplicity of a pair of distinct x,y € [n] \ S is given by the number of pairs

({a1, az}, {b1,b2}) € (5)2 that satisfy (3.10).

Lemma 3.3.4 For every A C [n] \ S with |A| > 16n/s?, we have

4
A) > 2

66\(/}5 (

where the edges are counted with multiplicity.

The proof of Lemma 3.3.4 will be given in Section 3.3.2.
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In view of Lemma 3.3.4, if the maximum multiplicity of an edge in (fés is
at most r then the graph CGg satisfies the conditions of Lemma 3.3.2 with § =

s

1007rn
plicity of the edges of CGg.

For any z € Z, let

and § = 16/s%. Consequently, we are interested in bounding the multi-

Rg(z) = H({al,aQ},{bl,bz}) € (g)z : z:a1+a2—b1—bg}‘. (3.15)

By construction, the multiplicity of a pair {x,y} in the graph C\(/}S is given by
Rs(z —y) = Rs(y — ).
We define

R = max {Rs(z)} (3.16)

and show that R¥ = O(s) in the following proposition.
Proposition 3.3.5 A Bs-set S of cardinality s satisfies s —2 < R < 2s — 2.

Proof Let S~ be the set of all differences of two elements of S. Note that for
z €S (say, z=aj; — by), we have Rg(2) > s — 2 since z = a1 + ¢ — by — ¢ for
all ¢ € S\ {a1,b1}. This shows the lower bound for R¥.

For an arbitrary z # 0, let us estimate Rg(z) by bounding the number of

solutions to

2
z=a;+ay— b — by, ({a1,a2},{b1,b2}) € (i) .
We start by considering solutions of first type, namely, solutions with {a, as} N
{b1,b2} # (0. Without loss of generality, assume that as = by = ¢, ¢ # ay, by.
In this case, z = a; — b;. Given that S is a Bs-set, there is at most one pair
(a1,b1) € S? which satisfies z = a; — b;. It follows that the number of solutions
of first type is at most s — 2 (the number of choices for ¢).
Now consider solutions of second type, namely, solutions with {ai,as} N
{b1,b2} = 0. For each fixed value of by € S, the fact that S is a Bs-set implies
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that there is at most one solution ({a1,as},by) € (‘g) x S, by # ay,as, to the
equation ay + as — by = z — by. Hence the number of solutions of second type
is at most s (the number of choices for by). The proposition follows from the

bounds on the number of solutions of the first and second types. O

The following is an immediate corollary of Lemma 3.3.4 and Proposition 3.3.5.
Indeed, Proposition 3.3.5 implies that the multiplicity of any edge of 665 is at
most 2s — 2 < 2s.

Corollary 3.3.6 If S is a Bs-set then for every A C [n]\ S with |A| > 16n/s?,

we have 5

S
A) > Al%.

O
We are now ready to obtain the following result for Bs-sets of size t > n'/%.

Lemma 3.3.7 There is an absolute constant ¢ > 1 such that for any t >

n1/A(log )2,
t
cn
Z,(8)] < (t—) |

Proof Since for any t satisfying (;) > n there is no Bs-set of size t in [n], we
can assume that n'/*(logn)? <t < n'/3.

It will be convenient to first deal with the case where ¢t can be written as
t = 2%y, where £ € N and

so € [10(nlogn)"/*,20(nlogn)'*). (3.17)

Notice that ¢ = log,(t/so) satisfies Q(loglogn) < ¢ < O(logn). We will deal
with the general case at the end of this proof.

Set s; = 2'sy for i = 1,...,¢ and note that by definition, s, = t. We will
find an upper bound for | Z,,(t)| by constructing sequences of Bs-sets Sy C S; C
<o C Sy with |S;] = s; for all i = 0,...,¢. More precisely, we can bound the
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number of choices of Sy by (ZJ) and then use Lemma 3.3.2 to bound the number
of extensions of S; into S;;, for all .

Let us now estimate the number of extensions of a Bs-set .S; into the larger
Bs-set S;yq, for @ = 0,...,¢ — 1. By Corollary 3.3.6, the graph CGg, is such
that for all A C [n], |A| > din, 6; = 16/s2,

3
> : A 2 th i = Si .
Let 3.17)
logn 200 200 817) g,

and observe that
2B \ G
(1+26)%6; > (el%) §; > P45, = §;n > 160/t > 1603 > 1.

Consequently, CGg,, 9;, B;, and g¢; satisfy the conditions of Lemma 3.3.2. Note
that S;41\S; must be an independent set in CGg, with cardinality s;11—s; = ;.
Therefore, applying Lemma 3.3.2 with m = s; — ¢; shows that the number of

extensions of .S; into a Bs-set S;y; is at most

n din o edn T _ 16en s
S n‘lz v — nCh 2— S
a) \Si — G i — i s7(8: — qi) (3.19)
(318) (32en\*"" 32\ '
< n% 3 =n"| — .
Si S;

Recalling that t = sg + Zf:(l) s;, it follows that

-1 8i—q;
s0+2520 i %
2z <worms ] (5

i=0 i

/-1 ; i —qi
32¢ - 8\ T (3.20)
_ ot
- H(t—3>
=0

<t (tfs)Zf;S(Si—qz') - (219) iZo(t=i)si.
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From (3.18), it follows that Zf:é ¢ < S0/25 and thus Zf:é(si —q;) > t—1.04s.
On the other hand, S0 (£ —i)s; = t 020 (0 — 0)27 D) < 3¢,

Notice that since t > 2sylogn, we have

(t—S)Zf;é(Si*Qi) _ 30.0450—1) < y3(t/logn—t) _ (t3/logn—3)t - (e/tS)t.

Therefore,

t3

Z.(t)] < (2”) (3:21)

To conclude the lemma, we just need to deal with the case when ¢ cannot be
expressed as 2sy with sy as in (3.17). For this, let ¢ € (t/4,t/2] be such
that ¢ = 2%sy with sy as in (3.17). Then by using again Corollary 3.3.6 and

Lemma 3.3.2 we have

200 < 1z01(7) (" W),

q)\t—t' —q
where ¢ = t/logn. Applying (3.21) to |Z,(t')| in the bound above yields the
lemma. U
While the bound given by Proposition 3.3.5 is best possible up to a constant
multiple, one can expect Rg(z) to be significantly smaller than s for z ¢ S —S.

Remark 3.3.8. With regards to Rgs(-), elements z € S — S are considered
degenerate. This is because for such elements, Rg(z) is always large due to

many trivial solutions of the form z = a+ ¢ — b — ¢ with a,b,c € S.

In view of Remark 3.3.8 we define
Rs = max{Rgs(z): ::2€Z\ S}, (3.22)

recalling that S~ denotes the set of all differences of two elements of S. We will

use better bounds on Rg to obtain a stronger version of Corollary 3.3.6.

Definition 3.3.9. A Bj-set S C [n] is r-bounded if Rg < 7.
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The following corollary of Lemma 3.3.4 provides a conclusion that is stronger

than Corollary 3.3.6 at the cost of requiring a better bound on Ryg.

Corollary 3.3.10 If S is an r-bounded Bs-set then for every A C [n]\ S,
|A] > 10000rn/s?, we have

84

Al?.
1007‘271‘ |

ecas(A) >

The proof of Corollary 3.3.10 will be given in Section 3.3.3. In view of
Corollary 3.3.10, we are now primarily interested in r-bounded Bj-sets. This

motivates our next definition.
Definition 3.3.11. A Bs-set S* is called (s*,r)-bad if there is no r-bounded
Bs-set S* C S* with |S*| = s*.

The following lemma provides an upper bound on the number of (s*,r)-bad

sets of given size. The proof is given in Section 3.3.4.

Lemma 3.3.12 For every e > 0 there exists r = r(¢) € N, ¢. > max{100,1/c},

and ng = no(e) such that for all n > ny and s* = (nlogn)'/®

(s*,7)-bad sets S* C [n], with |S*| = m > c.s*, is at most

Cn4/5+6 m
()

where C > 0 1s an absolute constant.

, the number of

Using Lemma 3.3.12 we can obtain the following upper bound on |Z,(¢)|
for t = C(nlogn)'/®.

Lemma 3.3.13 For any 0 < € < 1/5, there exists ng = no(e), and C. > 0 such
that for all n > ng, and t = C. - (nlogn)'/®, we have

‘Zn(t” < %nt(3/5+a) + nt(2/5+a)‘ (323)

Proof Let c. > max{100,1/¢c}, C >0, r =r(¢) € N, and s* = (nlogn)'/® as
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in Lemma 3.3.12. We take C. satisfying
C. > max{c.,r*, C}. (3.24)

By Lemma 3.3.12, the number of (s*,r)-bad sets S* of cardinality ¢ is at most

t t
( C'nl/5+e ) _ (0n3/5+e ) (324) lnt(3/5+8)
— 2 )

t

£

which accounts for the first term in the bound (3.23). All other Bs-sets of Z,,(t)
must contain an r-bounded set S of size s*. Hence, we may count those sets
by starting with an r-bounded set S of size s* and counting the number of
extensions of S to a Bs-set of size t = C.s*.

To count the number of extensions, we first invoke Corollary 3.3.10, which

guarantees that CGg satisfies

*\4
ecas(A) > 18;7?2n|A|2 for all A C [n],|A| > 10000rn/(s*)?. (3.25)
We now set
q = O m = t—qg—s"
5 = (s%)* 5 _ Loooor (3.26)
1007r%n (s*)2

Note that for our choice of C. in (3.24),

C22(s%)5 C?logn
1+283)15 > P15 =6 - — =0 -~ 1. (327
(L+26)%0 2 € eXp{ 100r2n } eXp{ 10072 }>> (3:27)

Hence, §, 3, and ¢ satisfy condition (3.11) of Lemma 3.3.2.
It follows by Lemma 3.3.2 that the number of independent sets in CGg of

cardinality ¢ +m =t — s* is at most

) (Y o (e (edn )"0 (e (100006
g/\m) = \a/) \t_qg-s - o\s (%) '
—

> s*
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Consequently, as there are at most (:) < (z—”)s choices for S, the number N

of Bs-sets of cardinality ¢ which are not (s*,r)-bad satisfies

N < (10000ern)t(s*) = ~073a=57) < (O(r)) 'pHi-(t-20-2/60) - (3.28)

By our choice of C,, we have

3t — 2q — 2s”
ot

3—¢
E

3 2
= g — 5(0_1/2 +C€_1) <

£

Therefore, for n > ng(e) (with sufficiently large ng),
N < (O(T))tnt(2+€)/5 < nt?/5+e),

Recall that N is the number of Bs-sets of cardinality ¢ which are not (s*,r)-bad
and that the Bs-sets of cardinality ¢ which are (s*,r)-bad are accounted for by
the first term in (3.23). Therefore the bound (3.23) follows by the inequality

above and the lemma is proved. O

3.3.1 Proof of Lemma 3.3.2

For this proof, we will define tailored linear orders for every subset of V' =V (G)
and use them to bound the number of independent sets. Roughly speaking we
first show that under such linear orders, any independent set I, |I| > g + 1,
admits a unique g-prefir, which is a sequence of ¢ distinct elements from I we
define below. We later establish an upper bound on the number of independent
sets of size ¢ +m that have the same g-prefix.

It will be convenient to assume (without loss of generality) that V' C [n].
For any V' C V| let max(V') be the vertex of maximum degree in G[V’] of
largest value as a number in [n]. With this definition we may construct a
linear order >y of V' as vy, 09, ..., 0y, m = |V’|, by setting v; = max(V’) and
vy = max(V'\ {v1,...,v;}) for 1 <i<m.

Given any independent set I in G with |I| > ¢ + 1, the g-prefiz of I is a
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sequence (vy, ..., v,) constructed as follows. Let v; denote the first element of /

in the linear order of >y,, where V), = V. For 1 <17 < ¢ let
Vin={veVi: ;v >y, v,0 ¢ Ng(v)} (3.29)

and let v; 1 denote the first element of I\ {vy,...,v;} that appears in V4 in
the order >y, .
To check that the procedure above does not stop before producing the desired

sequence of length ¢, we prove by induction that
I\{vi,...,v;} CViyq, fori=1,...,q. (3.30)

Indeed, vy is chosen in such a way that v; >y, w for all v; # w € I, thus
I'\{ny} c Vo If (3.30) holds for i = j, 1 < j < ¢, then for every w €
I\ A{vi,...,v;} C Vip1, w # vjgq, we have v >y, w and w ¢ Ng(vjg1).
Hence w € Vj 15 and (3.30) holds for ¢ = j + 1.

Let us now estimate the number of independent sets I of size ¢ + m that
admit the same g-prefix (vy,...,v,). By (3.30), it follows that the number of
choices for the m elements in I \ {vy,...,v,} is at most ('V‘;f'). Lemma 3.3.2

will follow once we prove that
Vo] <31V (3.31)

Suppose for the sake of a contradiction that |V,41| > ¢ |V|. By construction,
for every 1 < i < g, we have D := deggy;(vi) > deggpy,(w) for every w €
Vi1 C V. Since G[Vi44] C G[Vi], it follows that D > A(G[Vi11]). Since by our
assumption |Vii1| > |V,41| > 0|V, condition (3.12) yields

2eq(Viq1)

D> AGVi]) >
fel ( [ +1])— |‘/7j+1|

> 203 |Viga].

From the definition of V;;; in (3.29) we have Ny, (v;)NVipr = 0 and Neqy;) (vi)U
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Vie1 C V;. Thus, for every 1 <1 < g,
Vil = [Newi(vi)| + [Vigal = D + [Viga| > (14 28)[Vigal.

Consequently, |V| = |Vi] > (1 + 28)9| V41| > (1 + 25)96|V| and therefore
(14 2B)% < 1, contradicting the hypothesis of the lemma—see (3.11).

3.3.2 Proof of Lemma 3.3.4

Let A C [n]\ S, |A| > 16n/s% be an arbitrary subset. Consider the auxiliary
labeled bipartite graph I' defined as follows. The vertex classes of I' are A and
a disjoint copy of [3n]. The edge set of I' is defined as

El) = {(x,u) € AX[3n]: ::u=x+ a + ay for some ay,as € 5, a4 #ag}.

Note that because S is a Bs-set, for fixed x,u, there is at most one solution
{a1,a2} for u = = + a; + ay with aj,as € S. We will now argue that the
multiplicity of a pair {z,y} € (‘;‘) in the multigraph 6(}5, which by definition
is Rg(y — x), is given by the number of two-paths connecting = to y in T.
Indeed, there is a bijection between pairs ({al,ag}, {bl,bg}) € (5)2 satisfying

Yy —x = ay + as — by — by and paths xuy in I', where
u=x+a1+a2:y+b1+b2.

Recalling the definition of Rg(-) in (3.15), it follows that Rg(y — ) equals the
number of two-paths connecting x to y in I'.
Consequently, 6665(14) is the number of paths of length two in I' containing

two vertices in the class A. By Jensen’s inequality applied to the convex function

fla) = (5) = ala—1)/2,

o () > Z] (deg;(u)> - <6(F)2 /zm).

u€[3n
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On the other hand, since |A| > 16n/s?, we may assume that s > 4 and

e(T) = 3 degy(z) = |A] G) — 8n(1 - %) > 6n.

z€EA

It follows that e(T")?/36n* > ¢(T")/6n and thus,

2o ) oo 2 2 2

This concludes the proof of Lemma 3.3.4.

3.3.3 Proof of Corollary 3.3.10

Suppose that S is an r-bounded Bjs-set and that A C [n] \ S is an arbitrary
set with |A| > 10000rn/s?. From the boundedness of S it follows that the
multiplicity of an edge {z,y} € CGg[A] with 2 —y ¢ S — S is at most . On
the other hand, edges {z,y} € 6@5[14] with  —y € § — S are degenerate
(recall Remark 3.3.8) and have large multiplicity. For this reason, we define the

following auxiliary subgraph:

H:{{x,y}e (;1) ::I—yES—S}.

We now split the proof in the two cases according to whether

S3| A|2
200rn

|H| < (3.32)

holds or not.
First let us assume that (3.32) holds. In this case, by Proposition 3.3.5 and
equation (3.16), the total multiplicity of edges in CGg [A] that also appear in H

is at most
4

s
100rn

ap < S

H| 2s <
[H]| - 25 T
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where the last inequality follows from Lemma 3.3.4. Therefore, recalling that
the multiplicity of edges of (’]\(/}S[A] not in H is bounded by r, it follows by
Lemma 3.3.4 that

4

66R§5(14) > S |j4|2’
2r 200rn

ecag(A) >

and the corollary follows in this case.

Now we assume that (3.32) does not hold. Define T as the set of all triples
(u,{z,y}) € A x (‘3) with  —y ¢ S — 5 and such that there exists dis-
tinct a,b,¢,d € S such that t —u=a —band y —u=c—d.

Claim 3.3.14 For any u € A with degy(u) > 8s there are at least degy (u)?/4
triples (u,{z,y}) € T.

We now prove the claim. Fix an arbitrary element u € A with degree d =
degy(u) > 8s and let {vy,...,v4} denote the neighborhood of = in H. For
each v;, associate a pair (a;, ;) € S? that is the unique solution to v; — u =
a; — f;. For any fixed v;, 1 <1i < d there are at least d — 4s > d/2 elements v;,
with 1 < j < d, satisfying {a, 5;}N{«;, B;} = 0 (which implies that «;, §;, o), 5;
are all distinct).

We will also show that v; —v; ¢ S — S. Assuming otherwise means that

there exist 71,72 € S such that
aj + B+ =a;i+ B+ 72

Due to the fact that S is a Bs-set, we have {«;, 5;, 1} = {a, 8,72} Since by
construction, oy # B3;, o # B, this forces {ay, 6;}N{a;, B;} # 0, a contradiction.

The number of (unordered) pairs x = v;, y = v; as above is at least %d(d —
4s) > d?/4. Note that for all such pairs {z,y}, the triple (u,{x,v}) € T. The
claim is now proved. [l

Since we are assuming that (3.32) does not hold, the average degree of H
s°|A|
200rn

is at least 2 > 32s. In particular, there exists a subgraph H' C H with
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minimum degree 6(H') > 8s and |H'| > |H|/2. Hence, due to Claim 3.3.14,

dg (u)? |H'|? |H|? S5 AP 4 2
- = = > AP (3
= ueVZ(H') 1 T VH) T AA] T 10202 < Toorn A (3.33)

We will now estimate ecg,(A) by counting for every {z,y} € CGglA], v —y ¢
S — S, how many u € A form a triple (u,{z,y}) € T. For every u forming a
triple (u, {z,y}) € T we have x —u,y —u € S — S and if we let a1, as,b1,b0 € S
be the unique values for which * — v = a; — b; and y — u = by — as, then
r—1y = a; +as — by — by and aq,aq, by, by are all distinct. Consequently, to
each u such that (u, {x,y}) € T there is a distinct solution to (3.10).

Since x —y ¢ S — S and S is r-bounded, there can be at most r solutions
to (3.10) and thus at most this many elements u with (u, {z,y}) € T. Thus

|7'| (3.33) s )
A)>— > Al=.
coas(4) 2 ro 1007’2n| |

The corollary follows.

3.3.4 Proof of Lemma 3.3.12

The strategy of the proof of Lemma 3.3.12 is the following. For an ordered Bs-
set S* consider the following procedure that constructs a maximal subset S C S*
which is r-bounded. Assume that S* = (x1,...,z,,). Take Sy = @) and, for 1 <
i < m, define the set S; as S;_; U{z;} if adding z; to S;_; does not cause the set
to lose the r-boundedness property. The set S, is, by construction, r-bounded
and maximal.

If the set S C S¥ satisfies |S| > s* then clearly S* is not (s*,7)-bad. Hence,
counting the pairs (S, S*) with |S| < s* provides an upper bound for the number
of ordered (s*,r)-bad sets.
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For any integer ¢ > 1, define
Qse= Y Rs(2).
z¢S—S

In the definition above the sum is over z ¢ S — S because we intend to use Qg
to eventually bound Ry (defined in eq. (3.22)) and hence we may ignore the
degenerate cases z € S — S (see Remark 3.3.8).

Lemma 3.3.12 will follow from the following claim, which we will prove later.

Claim 3.3.15 If S is a Bs-set, s = |S| < s*, and Qg < 2°+2 (Z) then for all

but at most 3°(s*)* elements © we have Qguipy e < 2772 (Sf).
The following observation will be useful to us later.

Claim 3.3.16 Suppose that { = $logn and r = r(e) = €™/, If for a Bs-set S
of cardinality s < s* we have Qgp < 2t+2 (Z), then Rg < r.

Proof Forany z¢ S — S,

Rs(z)e < Qgy < 242 <3> < 9f2), < Q220
< Qse < 4 <
Therefore Rg(z) < €**2/¢ = r. Since z ¢ S — S was arbitrary, we conclude that
RS <r. ]

From now on we set £ = £logn and r = () = e*™*¢ as in Claim 3.3.16.
We now obtain an upper bound on the number of ordered sets S* of size m

which are (s*,7)-bad by sequentially constructing a pair (S, S*) with

e S C S,

o Qsv < 2t+2 (i), which, by Claim 3.3.16, implies that .S is r-bounded,

e S is a Bj-set.



3.3. Proof of Theorem 3.2.1 64

Start with S = S* = (), which trivially satisfies all the conditions above. When-
ever an element z is added to S* we check whether the conditions above would
be satisfied with S” = SU{z} in place of S. If so, we also add z to S (otherwise,
S stays the same).

By Claim 3.3.15, for all but at most n*°*¢ choices of z, if we add z to S*
then we also add z to S. Since S* must be (s*,r)-bad, the number of times we
may add an element to S must be less than s*. To find an upper bound on the
number of ordered sets S* of size m which produce a corresponding S C S* of

size s < s* we will do the following:
e Choose the s steps in which an element is added to S in (’:‘) ways.

e In each of the m — s steps in which the new element z is not added to .S
we extend S* by picking 2 among the at most n*/°*¢ elements that are
not eligible to be added to S.

e In the steps in which x is added to S, there are at most n choices for x.

The total number of choices (for fixed s < s*) is

() ey
S

By summing over all choices of s < s* and accounting for the m! permutations

of the set S*, the total number of (s*,r)-bad sets S* of cardinality m is at most

() ey
S

Under the assumption that m > c.s* with ¢. > 2, we have m > 2s* and thus

s*—1

1
[*] = ml

T s=0
the binomial coefficients in the sum above are strictly increasing. Moreover, the

m—s . _ . .
term (n*/5t¢)™ "n? increases by n'/°~¢ > 2 for a unit increment of s. Hence,
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the sum [%] can be bounded by

*

W < = <m> (1/5+e)m=s"ps" < cm( nt/ore )m <ﬁ> s : (3.34)

m! \ s* m — s* s*

where ¢ > 0 is an absolute constant. Setting c. sufficiently large (say, c¢. >
14 1/e) yields

(n/s*)s* < ns* < ns*f(cs—l) < ne(m—s*)

and since m — s* > m/2, we can simplify the denominator in (3.34) thus ob-

taining

nAd/5+2e\ TS
— .

4 < 2o

When m > n*/>*2 and n > ny is large enough, the R-H-S of the above inequality

is < 1 and thus [*] = 0. On the other hand, when m < n*/5%% we have [+] <

(20n4/5+2€
m

)m. In both cases, by setting C' = 2¢ and rescaling ¢, Lemma 3.3.12

follows. It only remains to prove Claim 3.3.15, which we do next.

Proof of Claim 3.3.15 Suppose that S is a Bs-set, s = |S| < s*, and Qg <
2072(3). We would like to show that for most choices of z ¢ S, with S = SU{xz}
a Bs-set, we have Qg , < 212 (sf). To that end, it is enough to show that for

most choices of x,

Qo — Qg < 22 (;) (3.35)

since (Z) + (;) = (Szl). Note that

Qs — Qs = Z Ry (2)" - Z Rg(z2)"

45— 2455
(3.36)
< Z (Rs/(2)" — Rs(2)"),
2¢SI—5

since (S —5) C (8" = 5').
In view of the above inequality, we are interested in expressing Rg (z) in
terms of Rg(z) for z € Z \ (8" — 5’). Indeed, denoting by Ts(w) the number of
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triples {ay,a2,b1} € (g) with a; + as — by = w, we will show that
Rgi(z) = Rs(2) + Ts(z + ) + Ts(x — 2). (3.37)

By definition, the L-H-S of (3.37) counts solutions to z = aj + ay — by — by with
({a1, az}, {b1,b2}) € (5;)2. We will classify those solutions into three types and
show that:

a. solutions without x, namely, with {a, as, by, by} C S are counted by Rg(z);
b. solutions with x € {b;, by} are counted by Ts(z + x);

c. solutions with x € {ay, a2} are counted by Ts(z — 2);

It is clear that the solutions of the first type are counted by Rs(z), therefore we
only need to count the second and third types. First we note that for z ¢ S'— 5’

any solution to z = ay + ay — by — by satisfies
{al, CLQ} N {bl, b2} = (Z) (338)

In particular, a solution cannot be both of second and third type. In other
words, the above classification into types is a partition of the set of solutions
counted by Rg/(z).

Let us consider solutions of second type, say by = x. For those we have
z+x:a1+a2—b1, with al,a2,bl es (339)

and there are Ts(z + x) sets {a1,as,b1} € (g) for which the equality (3.39)
holds. Note that if (3.39) is satisfied then a; + b; — ay cannot equal z + z
(otherwise as = by, which is not possible by (3.38)). Similarly, if (3.39) is
satisfied then as + b; — a1 cannot equal z + x. Consequently, each set counted
by Ts(z + ) corresponds to a unique solution of second type.

The same argument shows that if as = x then x — 2 = by + by — a1
with ay, by, by € S and the number of solutions {b, by, a1} € (g) to this equation
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is Ts(x — z). Therefore the number of solutions of third type is Ts(z — 2) and
hence (3.37) holds.
From (3.37), we see that

Rg(2)" — Rg(2)" < Z (fj) Rg(2)"9Tg(2 + 2)'Tg(x — z)7,

where the sum is over all 0 <i,j </ with1 <i+ 7 </, and (iej) = m

is a multinomial coefficient. Since S is a Bs-set, we have Tg(w) € {0,1} for
all w € Z, and thus

Ts(z+ 1) Ts(x — 2)? < Ts(z+ 1) + Ts(x — 2).
Consequently,

RS/(Z)E - RS(Z)Z S (Ts<Z + .T) + Ts(ZE — Z))

{OZE (ivgj)'” p3y (z',gj)RS(z)é_l} (3.40)

it+j={ 1<itj<i-1

< (Ts(z+z) + Ts(z — 2)) (2° + 3°Rs(2)"1).

X

Since

> 7w = (3) (3.41)

WEZ
it follows that
(3.36)
Qov—Qse < Y (Rs(2) = Rs(2)")
2¢S'— 8
(340) (s ; 1
< 2 ()30 Y Rs(a) T (Ts(e + ) + Ts(w = 2).
2¢S'— 8

(3.42)
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Let Igy(x) denote the last term on the R-H-S of (3.42) so that

s
Qsro— Qg — 21 (3) < Ig(x).

We will now estimate how many x are such that S" = S U {z} is a Bs-set
and Ig,(x) > 2°71(5). Observe that for every  which does not satisfy this
inequality, (3.35) holds.

We have
Zfs,e(l’) = 382 Z Rs(2) - (Ts(z + ) + Ts(z — 2))
x T 2¢S -8
— 3¢ Z RS(Z)E—lz(TS(z+:U)—i—TS(ZE—Z))
z¢S'—S’ T
(841) ’ . s (3.43)
< 3° ) Rs(2)" -2(3)
2¢S'— 8

< 3'Qgyr -2 <;>

Since Qs¢—1 < Qs and, by the assumption of this claim, Qg, < 272(}) <

26(5*)4’
Zfse ) < 3%(s )4'2“1(;)-

Consequently, at most 3‘(s*)* elements x satisfy s (z) > 271(3).
On the other hand, since Qg < 2€+2( ) for any x such that Ig,(x) <

2€+1 (3) ,

1
QS’,Z S QS,E + 2€+1 <§> + IS,E(QI) S 2€+2 <i> + 9. 2€+1 (;) — 2Z+2 (S 1— )

The claim follows. 0]
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3.4 Lower bounds of Theorem 3.1.4

The proof of the lower bound is divided into two parts. The first part (given
by Lemma 3.4.1 below) deals with the case 0 < a < 1/5 and yields that in
this range b1(a) = a holds. Since F3([n],,) is monotone with respect to m, for
a > 1/5 we have by(a) > b;(1/5) = 1/5.

The second part (given by Lemma 3.4.2) yields that by(a) > a/3 for all 0 <
a < 1. Note that in the range 1/5 < a < 3/5, this is superseded by the bound
obtained in the first part, that is, b1(a) > 1/5. Combining this two bounds we
obtain (3.4).

Lemma 3.4.1 For 1 < m < o(n'/®), almost surely we have m > Fs([n],,) >
(1 —o(1))m.

Let S be an arbitrary Bs-set of cardinality s = o(n'/?). Note that for
any element x € [n] \ (35 — 2S5), the set " = S U {z} is a Bs-set. Since
35 =25 < (5)(5) < s° = o(n), at least (1 — o(1))n elements x can be added
to S to form a larger Bs-set. We will use this observation to prove the lemma.

Let 1 < m < o(n'/%) be fixed and X, ..., X,, be a sequence of uniform and
independent random variables over [n]. Let us construct a Bs-set S from the
sequence X1, ..., X, as follows: start with S; = {X;} and, for each 2 < j < m,
set S; = S;_1 U{X;}if Sj_1 U{X;} is a Bg-set (X; ¢ S;_1), otherwise, set
S; = S;_1. Let S = S,, and consider the random variable |S| = |S,,|.

Note that for every 2 < j < m,

P [Sj—l U {X]} is not a Bg-Set} = P[Xj S ?)Sj_l — QSj_l] S

The inequality above holds regardless of the history of Xi,..., X;_;. Since

|S| = |Sm‘ =1+ ; 1[X] - [n] \ (353'71 — 25j71>],

Jj=2



3.4. Lower bounds of Theorem 3.1.4 70

the probability that |S| < m — k, with £ > 1, is at most
6

(1)) = (2

Since 222° = o(m), we can pick k = k(m) > 1 with % < k = o(m). For such

n

a choice of k, the probability |S| < m — k is at most 2% = o(1).

To complete the proof, we now observe that almost surely, [{X,..., X} =

m. Indeed, the expected number of pairs ¢ # j with X; = X is (’;)% = o(1).

Given our choice of k = k(m) = o(m),

P[Fy([nlm) <m —k] <P[|S| <m —k | [{X1,..., X} = m],
<SPS <m—k/P[{X0,... . X} =m] 5 44

_ o) _
= 1om YW

Summarizing, almost surely, F3([n],) = (1 —o(1))m, and Lemma 3.4.1 follows.
Lemma 3.4.2 For any 1 < m < n, almost surely we have F3([n],,) = Q(m!/3).

For this proof, it will be convenient to use the model [n], with p = m/n
rather than [n],, (recall Remark 3.1.6). Without loss of generality we assume
that 1/p, pn,pn/3 € N. Our strategy here follows that of [31]. In order to show

/3 in a typical instance of a random

the existence of a Sidon set of order (pn)
set [n], we will use the following theorem of Bose and Chowla [10] (with the

statement adapted for our purposes).

Theorem 3.4.3 There exists mq such that for allm > myg, there exists a Bsz-set
X C Zy, with | X| = Q(m'/3). O

We will apply Theorem 3.4.3 with m = pn to produce a Bs-set X C Z,,
with [X| = Q((pn)"/?). Then, we will show that there is a projection 7: U C
[n] = Z,, such that

(a) any set S C 7 1(X) with |[SN7~!(z)] <1 for all x € X is a Bs-set;
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(b) almost surely there are Q(|X]) elements z € X for which [n],N7~*(z) # 0.

Note that the first condition is purely deterministic.

Define a set S by selecting the smallest element from [n],N7~*(z) for each x €
X. Combining (a) and (b) yields that the (random) set S is a Bs-set and almost
surely |S| = Q(|X|) = Q((pn)'/?). Consequently, the lower bound of this lemma
will be established after we prove (a) and (b).

In order to define the projection 7 and its domain U C [n] we first parti-
tion [3n] into intervals

Ij:|:l_|_1"i}’ 7=0,...,3pn — 1. (3.45)

p p
Furthermore, we subdivide each of the intervals above in three equal length

intervals, namely,
Lix = [l+1+—,——|——}, j=0,...,3pn —1land £k =0,1,2. (3.46)
p P P

The domain of 7 is defined as

pn—1

U= Lo (3.47)
§=0

Note that U C [n] since j < pn in the union above. The projection is then set
as m: &+ J € Ly, whenever x € [;y.

Let us now prove (a). Let S C 7 !'(X) be a set satisfying the condition
on (a), namely, |[SN7~!(z)] <1 for all x € X. This condition ensures that 7|g
is a one-to-one map. Moreover, w(S) C X is a Bs-set. Let {aj, as2,a3} € (g) be
arbitrary and 0 < ¢ < 3pn — 1 be such that a; + as + ag € I,. We claim that
m(a1) + m(az) + m(az) = fmodpn. Indeed, let j; be such that a; € I;, = I;, o,
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for i = 1,2, 3, and observe that by (3.46), a; € [3; +1, % + %} Therefore,

S S .
a1+ ay+az € |2 ‘;f L ‘;f ‘73+3><3—p C Lytjoiis

Hence ¢ = j; + j2+j3 and since 7(a;) = j; mod pn, it follows that 7(a;)+7(az)+
m(az) = fmod pn. Since w(S) is a Bs-set and 7|g is one-to-one, it follows that
no other triple {by, by, b3} € (g) can satisfy m(by) +7(bs) + m(b3) = mod pn. In
other words, no other triple {b;,bo, b3} satisfies by 4+ by + b3 € I, and hence S
must be a Bs-set.

It remains to prove (b). By construction, {7~!(z): :: x € X} is a family of
pairwise disjoint intervals (of the form 7 '(z) = I, 0, 0 < j, < pn —1). For
any = € X, the probability that [n], N7~ (z) = 0 is

g=(1 _p)lﬂ”(w)l =(1 _p)1/3p <P — o713 < 3/4.

It follows from the fact that the sets 771 (z), € X, are disjoint, that the number
of elements z € X for which [n], N7~ *(z) = 0 is a random variable following a
Binomial distribution with parameters | X| and ¢ < 3/4. Consequently, by the

additive form of Chernoft’s bound,
1
Pl[{zeX: ::[n,n7 " (z) =0}| > q|X]| + é\X] < exp{—c|X|},
for some absolute constant ¢ > 0. Therefore, almost surely there are at least

(1 —¢—1/8)|X| > &|X| elements # € X which satisfy [n], N7~ !(z) # 0, thus
proving (b).



Chapter 4

Infinite Sidon sets

4.1 Introduction

Let N be the set of positive integers. We study Sidon sets contained in a sparse,
random subset of N. First we introduce the random model of interest. In the
definition below, we will use the letter m to denote an arbitrary integer and p,,
to be the probability associated it. We use the letter n when considering the

set of elements of S on an initial segment, that is, S[n] := S N [n].

Definition 4.1.1 (Random set R and the probability spaces ({2, S,P)
and (Q4,84,P4)). Fix 0 < p,, <1 for each m € N. We generate a random
set R C N by adding m to R with probability p,,, independently for each m.
We let (2, S,P) be the probability space of the random sets R. More generally,
for A C N, let (24,84,P4) be the probability space of the random sets RN A.

In general, we shall fix absolute constants & > 0 and 0 < § < 1, and
let p, = min{l,am~'™} for all positive integers m. Note that we restrict
our probabilities only to the above probabilities, ignoring the case when, say,
Pm = m~/2logm. Covering the remaining cases would not require a new proof
technique, but it would be a bit more cumbersome.

Readers interested in the details of the construction of the spaces (2, S,P)
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and (Q4,S4,P4) are encouraged to consult, for example, Halberstam and Roth
[21, Theorem 13, page 142]. Using the natural correspondence between subsets
of N and 0-1 vectors indexed by N, we may identify (2, S,P) with the product
of the two-point spaces (2, S, Pr) (m € N), where Q,,, = {0,1}, S,, = 2%,
and P,,,({1}) = p,, and P,,,({0}) = 1 — p,,,. Thus, S is the o-algebra generated
by the sets

Cm)={RCN:meR} (meN), (4.1)

that is, the smallest family of subsets of N that is closed under complementa-
tion, finite intersections, and countable unions that contains the sets in (4.1).
Furthermore, P(C(m)) = P(m € R) = p,, for all m, and this suffices to define P
on every member of S uniquely.

Similarly, (Q24,S4,P4) may be identified with the product of the two-point
spaces (L, S, Pr) (m € A) above. In what follows, we shall often write P
instead of P4, as this will not cause any confusion.

We will study how dense Sidon sets are contained in R. We introduce the
notion of the growth of a set S C N. We say that S has lower growth at least
h(n) if S[n] > h(n) for every sufficiently large n. We also say that S has upper
growth at most h(n) if S[n] < h(n) for every sufficiently large n. Let R be a set
of N. We will abbreviate the fact that there exists a Sidon subset S C R with
lower growth at least h(n), by writing

lgr?S(R) > h(n).

Similarly,
ugr’S(R) < h(n)

will mean that all Sidon subsets S C R have upper growth at most h(n).

An abridged version of our results of this paper is the following.

Theorem 4.1.2 (Kohayakawa, Lee, and Rodl [30]) For every e > 0, there
exist positive constants ¢y, ¢y, ca = co(0), ¢35, and ¢y = cy4(a) such that with

probability 1, the following holds:
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a.  (1-— 5)%n5 <IgriS(R), ugr'S(R) < %n‘s if 0<d0<1/3

b. (1 —e)(1 —18a*)3an? <lgr’S(R), ugr'S(R) < 3an'/3
if =1/3 and 0 < a <0.1

c. n'? <igrIS(R), ugr'S(R) < e (logle + 1])1/3n1/3
if 0=1/3 anda > 0.1

d. dn'? <l1gr’S(R), ugr'S(R) < cy(nlogn)'/? if 1/3<d<2/3
e. n'’? <lgriS(R), ugr'S(R) < csn'P(logn)¥®  if 6=2/3

£ dn'3 <lgriS(R), ugr'S(R) < cyn’/? if 2/3<d<1

4.2 Main results

Theorem 4.1.2 will be proved by showing the following two lemmas — one is about
Igr2S(R) and the other is about ugr’S(R). The result of Theorem 4.1.2 can be
rewritten using the notation ‘limsup’ and ‘lim inf” because of the following:

A set S C N satisfies that

S[nll = h(m)(1+0(1)  (or [S[n]| < h(n)(1 +0(1)))

for every sufficiently large n if and only if S satisfies that

S|
h(n)

lim inf >1 <or lim sup Sl < 1).

h(n)
Therefore, the lower and upper bounds in Theorem 4.1.2 can be restated as

follows.

Lemma 4.2.1 There ezist positive constants c1, co = c2(0), c3, and ¢y = c4()
such that with probability 1, all Sidon subsets S of a random set R satisfy the
following:
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|S[r]

a.  limsup g% if 0<d8<1/3
n
S
b. 11msup‘£—7§|§3a if 0=1/3and0<a<0.1
n
S
c.  limsup ’nP/l:y < ¢1(loglar + 1])1/3 if 6=1/3 and o >0.1
. Sin] .
d. limsup (nlogn)ll/g’ < ¢ if 1/3<6<2/3
. |S[n]| .
€. hmsupm ~ C3 Zf 5:2/3
S
f. limsup’n(EZH <y if 2/3<46<1

Lemma 4.2.2 For every € > 0, a random set R contains a Sidon subset S for
which the following holds with probability 1:

S
o limint 20 2(1—5)% if 0<6<1/3
n
b liminfls[nH > (1—¢)(1—18a*)3a if 0=1/3and0 < a<0.1
. s 2 = <0.

Remark that if either § = 1/3, a > 0.1 or 6 > 1/3, then by the monotonicity,
Lemma 4.2.2 (b) implies that with probability 1, a random set R contains a
Sidon subset S such that

where ¢ is an absolute constant. This yields the lower bounds of (c), (d), (e),
and (f) in Theorem 4.1.2.
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4.3 Preliminaries

4.3.1 Sidon quadruples

If a set A C N is not a Sidon set, then there exist aq, as, as,ay € A (necessarily
distinct but not all equal) such that a; +a4 = ag+a3. Without loss of generality,
assume that a; < ay < az < ay. We call a set {ay, as, a3, a4} a Sidon quadruple
if both a; + a4 = as + a3 and a1 < as < az < a4 hold. Note that the size of a
Sidon quadruple is either 3 or 4.

4.3.2 A maximum Sidon subset of a random set in [n].

We will use the following result on the maximum size of a Sidon subset of
a random set in [n] := {1,2,---,n}, which was stated in Section 2.2.1. In
order to make this chapter self-contained, we recall definitions and results in
Section 2.2.1.

Let [n], be a random subset of [n] obtained by choosing each element of
[n] independently with (uniform) probability p = p(n). Recall that F([n],)
denotes the maximum size of a Sidon subset of [n],. The following theorem is a

consequence of the result in Section 2.2.1 of this dissertation or in [31].

Theorem 4.3.1 (Kohayakawa, Lee, Rodl, and Samotij [31]) Fiz absolute con-

—1+6

stants o > 0 and 0 < 6 < 1, and suppose p = an There exist positive

absolute constants ¢, ca, c3, C5, Co, C7, Cs, and a constant cy = c4(6), only
depending on &, such that the following holds with probability 1 — O(1/n?).

a. F([n],) =an’(1+o(1)) if 0<d6<1/3

b. ¢ (logla + 1])1/3711/3 < F([n],) < e2(logla + 1])1/3711/3
if d=1/3 and a > 0.1

c. cg(nlogn)l/ggF([n]p)§c4(nlogn)l/3 if 1/3<6<2/3

d. cs(nlogn)/? < F([n],) < cn'/?(logn)*/3 if 6=2/3



4.3. Preliminaries 78

e. cry/a-n®? < F([n],) < cgy/a-nd? if 2/3<d6<1

Remark that in [31], a similar statement of (b) was proved only for a bit
narrower range « > 2 as follows: cl(log a)l/3n1/3 < F([n],) < 02(10g a)l/gnl/g.
However, in fact, by replacing log o with log[ar + 1], one can show (b) with the

same argument.

4.3.3 Borel-Cantelli lemma

We introduce the Borel-Cantelli lemma which translates a result in [n] into a

result in N.

Lemma 4.3.2 (Borel-Cantelli Lemma) Let {E,}, where n € N, be an infi-
nite sequence of measurable events in a probability space. If Y >°  P[E,] < oo,

then with probability 1, only finitely many events of the E, occur, that is
Pl OUE | =0
i=1n=i

The Borel-Cantelli lemma implies the following corollary. Recall that € is
the probability space of infinite random sets R C N.

Corollary 4.3.3 Let {F,} be an infinite sequence of events in Q. If F,, holds
with probability 1 — O(1/n?), then with probability 1, a random set R satisfies
that there ezists a positive integer ng = no(R) such that for every n > ny, the
event F,, holds.

Proof Let F, be the complement of F,. Since P[F,] = 1 — O(1/n?), we have
that P[F,,] = O(1/n?), and hence

> PR =) 0(1/n*) < .

The Borel-Cantelli lemma with E, = F, implies that with probability 1, only

finitely many events of the F), occur. Hence, with probability 1, a random set
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R satisfies that there exists a positive integer ng = ng(R) such that for every
n > ng, the event F;, holds. O

4.3.4 The size of a random set R in an interval
First, we estimate the expected size of R[an + 1,bn] where 0 < a < b.

Fact 4.3.1 Let 0 < a < b and B > 0 be real numbers. We have

%(b5 —a®n® —O0(1) <E(|Rlan +1,bn])) < S(¥° —a®)n’.  (4.2)

SOpe

In particular, we have
[1—(1-0)8/2]apn’ —O(1) <E(|R[n+1,(1+ B)n]|) < apn’. (4.3)

Proof First, we show (4.2). Since only finitely many m satisfy am™1+° > 1,
the probability p,, = min{l,am ™'t} = am~'*° for all but finitely many m.

Thus we infer

bn bn
> am™—0(1) <E(|Rlan+ Lbn]) < > am™'. (4.4)
m=an-+1 m=an+1
Since both
bn bn bn
/ ax " dr < Z am™ 1 < / ar~Hodr,
an+1 m=an+1 an

and

bn bn
/ axdy = / ax~dr — O(1)

n+1 n
hold, inequality (4.4) implies that
bn

bn
/ ax™dr — O(1) < E(|Rlan + 1,bn]]) < / ax™ dx. (4.5)

n an
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Since ff: ar 1 Hdr = a(b? — a®)n° /6, inequality (4.5) implies inequality (4.2).
Next, we show that inequality (4.3) follows from (4.2). Indeed, inequal-
ity (4.2) with @ = 1 and b = 1 + § implies that

«

2[(+8) ~ 1] —0() S E(R+1, (1+B))]) <

[(1+8)° —1]n’. (4.6)

SRS

Since

506 —1)
2

we infer 03 + @62 < (1+p8)° —1< 483, and hence

(1+8)Y° =14+68+ B2+

SB[1—(1-6)B/2] <(1+pB) —1<4B. (4.7)

In view of (4.7), inequality (4.6) yields (4.3). O

Next we consider the concentration of |R[an + l,an. We will apply the

following version of the Chernoff bound:

Lemma 4.3.4 (The Chernoff bound) Let X; be independent random vari-
ables such that P[X; = 1] = p; and P[X; = 0] =1 —p;, and let X =" | X;.
Then

22

P||X —E(X)| > A\E(X)| < 2exp™ 3 5%)
Based on Fact 4.3.1, the Chernoff bound above implies the following;:

Lemma 4.3.5 Let 0 < a < b and 5 > 0 be real numbers. We have that with
probability 1 — O(1/n?),

1 Qs 6\, 0 1 Qs 0\, 0

In particular, we have that with probability 1 — O(1/n?),

){1—(1—5)5/2}a5n5 < |R[n+1, (1+8)n]| < <1+L)aﬁn5. (4.9)

1—
< logn logn
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4.3.5 The Kim—Vu polynomial concentration result

The Kim—Vu polynomial concentration result introduced in Section 2.5.2 is also
one of important lemmas for the infinite Sidon subsets contained in N. In order
to make this chapter self-contained, we recall it again.

Let H = (V, E) be a hypergraph with n vertices. Let R be a random subset
of V obtained by choosing each element ¢ € V' independently with probability g;.
Let H[R] be the sub-hypergraph of H induced on R and set Y = |H[R]|. Kim—
Vu [25] obtained a result which, although the hyperedges are not chosen to R
independently, ensures that Y is concentrated around its mean E(Y’) similarly
as in the Chernoff bound. (See also Theorem 7.8.1 in Alon—Spencer [3]). First,

we introduce basic definitions.

Definition 4.3.6. Let k be the maximum size of hyperedges in H, and let
A C [n] be with |A| < k.

o Yy :=|{e € H[R] | A Ce}|
o By :=E(Ya|ACR)
o E;,:=maxE, overall AC [n| with |A| =1.

. E' := max E; and E* := max{E',E(Y)}. (4.10)

1<i<k
Now we are ready to state the result by Kim-Vu [25].

Theorem 4.3.7 (Kim—Vu polynomial concentration inequality) Assume

the above notation. For every A > 1,
IP’[]Y CE(Y)] > an(EE)V2NF] < 2e2enh L,

where aj, = 8FkIV/2.

Based on Theorem 4.3.7, we give a corollary which will be frequently applied.
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Let f(n) be a function satisfying that
E(Y)< f(n) and E' < f(n)-n%,

for some positive constant €. We infer that (E*E)'/2 < f(n) - n=%/2. Setting
M\ = n/*  the following holds:

o (BN f() P = o)l = o ().

o ¢ *nF1 < n=2 for every sufficiently large n.
Hence, we obtain the following from Theorem 4.3.7:

Corollary 4.3.8 Assume the above notation, and let f(n) be a function satis-
fying that
EY)< f(n) and E < f(n)-n=,

for some positive constant €. Then, Y < f(n)(1 + o(1)) with probability 1 —
O(1/n?).

4.4 Proof of Lemma 4.2.1

First, we prove (a) and (b) of Lemma 4.2.1. Fix 0 <d < 1/3and 0 < o < 1.
Inequality (4.8), with @ = 0 and b = 1, gives that |R[n]| < (1 + =)%n’, with

logn
probability 1 — O(1/n?), and hence, with probability 1 — O(1/n?),
| R[n]] 1 o
< (1 —. 4.11
n® - ( + logn) ) (4.11)

In order to obtain a result about an infinite random set, we apply Corol-
lary 4.3.3. We define an event F), of () as

o {nen S0 (14 1))




4.4. Proof of Lemma 4.2.1 83

Note that F,, holds with probability 1 — O(1/n?). Corollary 4.3.3 implies that
with probability 1, a random set R C N satisfies that there exists a positive
integer ng = no(R) such that for every n > ng, the event F), holds, that is
inequality (4.11) holds. For every Sidon subset S C R, we have that for every

n Z Ny,
1S[n]l _ |R[n]] a
< < —
n® — nd - (1—i_logn>57
and hence,
sl 1\ _a
limsup = < lim (14 )5 = 5

which completes the proof of (a) and (b) of Lemma 4.2.1.
Next, we show (c¢)—(f) of Lemma 4.2.1. We give a lemma which translates
a result on an upper bound on F([n],) in Theorem 4.3.1 into a result on the

lim sup of |S[n]| where S is a Sidon subset of an infinite random set in N.

Lemma 4.4.1 For i € N, let p; be a decreasing function of i. Let b > 0,
1/3<v <1 andp >0 be constants such that F([n],,) < bn”(logn)? holds with
probability 1 — O(1/n?). Then the following holds with probability 1:

There ezists a positive constant ¢ = ¢(b), only depending on b, such that for any

Sidon subset S C R,
S]]

li —
im sup v (logn)r =

Observe that combining Theorem 4.3.1 and Lemma 4.4.1 implies (c)—(f) of
Lemma 4.2.1.

Proof of Lemma 4.4.1 It suffices to show that there exists a positive constant

¢ = ¢(b) such that for every sufficiently large n,
|S[n]| < en”(logn)”. (4.12)

To this end, we will consider the following steps:

e STEP1: We estimate |S[2'+1,2""!]| for every sufficiently large integer i.
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e STEP2: We estimate |S [27 ]! for every sufficiently large integer j.
o STEP3: We estimate |S [nH for every sufficiently large integer n.

e STEP1: First we estimate an upper bound on ‘S[n + 1, 2n” Since p;
is a decreasing function of i, each element ¢ in [n + 1,2n| is chosen to R with
probability p; which is at most p,. The random set [n + 1, 2n/],, can be viewed
as R[n+ 1,2n] U R*[n + 1, 2n], where a random set R* is obtained by choosing
each element ¢ with probability ¢; such that p; + (1 — p;)¢; = pn. Therefore we
infer R[n+ 1,2n| C [n+ 1,2n],,, and hence,

F(R[n+1,2n]) < F([n+1,2n],,),

where F'(A) denotes the maximum size of a Sidon subset of A C N. Since a

Sidon set is invariant by translation, we infer that
F(R[n+1,2n]) < F([n +1,2n],,) = F([np,).

Under the assumption that F'([n],,) < bn”(logn)? holds with probability 1 —
O(1/n?), we have that with probability 1 — O(1/n?),

F(R[n + 1,2n]) < bn”(logn)”. (4.13)

In order to obtain a result about an infinite random set, we apply Corol-
lary 4.3.3. We define an event F), of () as

F = {R C N | F(R[n+1,2n]) < bn”(logn)p}.

Note that F}, holds with probability 1 — O(1/n?). Corollary 4.3.3 implies that
with probability 1, a random set R C N satisfies that there exists an integer
no = no(R) > 0 such that for every n > ny,

F(R[n+1,2n]) < bn”(logn)”. (4.14)
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Fix an integer jo such that 27 > ng, and let S be an arbitrary Sidon subset of

R. Inequality (4.14) yields that for every i > jo,
|S[2° + 1,27 < F(R[2" + 1,2°"1]) < b(2")"(log 2")” = b(2")'(log 2')”. (4.15)

e STEP2: We estimate an upper bound on |S[27]| for every sufficiently
large j. Inequality (4.15) implies that for every j > jo,

|S[27]] = | S[2%]| + Z |S[2" + 1,27 < |R[27]| + Z b(2") (log 2).

Since R[27°] is finite, by taking a sufficiently large j, we have

j—1

S[27]| < 2b) (2")(log 2')”.

1=Jo

Due to the fact that (logn)?, with p > 0, is a non-decreasing function of n, we

infer
. U . (2v)iTh —1
S]] < 2b(log 2’ 1>p§]j<2”>1s2b<log2f @
i=jo
< oy (Y < cllog
= ¢(27)"(log 2/ 1)*, (4.16)

where ¢ :=8b>2b/(2 — 1) for 1/3 <v < 1.
e STEP3: We estimate an upper bound on |S[n]| where 271 < n < 27.
Inequality (4.16) implies that

S[n)] < |S[27]] < e+ () (log ).

Since 27 < 2n holds and (logn)? with p > 0 is a non-decreasing function of n,
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we infer that
|S[n]| < ¢+ (2n)(logn)” < c-2'n”(logn)” < ¢ - n”(logn)”,

where ¢ := 2¢ = 16b is a constant only depending on b. This completes the
proof of (4.12). O

It remains to show Lemma 4.2.2 (a) and (b).

4.5 Proof of Lemma 4.2.2 (a) and (b)

4.5.1 Proof of Lemma 4.2.2 (a) and (b)

The proof of (a) and (b) is almost identical, and therefore, we will prove these
cases simultaneously. In case (a) we consider 0, 0 < § < 1/3, and « arbitrary.
In case (b) we consider § = 1/3 and o < 0.1. A random set R is obtained by
choosing each element m independently with probability p,, = am='°. Our

proof of (a) and (b) of Lemma 4.2.2 is based on the following key lemma.

Lemma 4.5.1 For everye > 0, a random set R has the following property with
probability 1: There exist an integer ng = no(e, R) > 0 and a Sidon set S C R
such that for every n > ng, the following holds:

1S[]|/|R[R)| > 1 — ¢ if 0<6<1/3 or (4.17)

1S[n]|/|R[R)]| = (1 —&)(1 — 18a%)  if 6 =1/3. (4.18)

We shall prove Lemma 4.5.1 after the proof of (a) and (b) of Lemma 4.2.2

below.

Proof of (a) and (b) of Lemma 4.2.2 First we prove (a), which is the case

1
when 0 < & < 1/3. Lemma 4.3.5 implies that |R[n]| > (1 o )%m holds
n

with probability 1 — O(1/n?), and hence, Corollary 4.3.3 implies that with
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probability 1, a random set R satisfies that there is an integer n; = ny(R) > 0

such that for every n > ny,

\R[n]| > (1 - 10; n) %né. (4.19)

Combining (4.17) and (4.19) implies that for every n > max{ng, n, },

SEall = (1= IRl = (1= ) (1 = =)

and hence,

1
lim inf |Sn[?” > liminf(1 — 5)(1 - logn>% —(1- 5)%,
which completes the proof of (a) of Lemma 4.2.2.

Next we prove (b), which is the case when 6 = 1/3. Our proof of (b) is
similar to the proof of (a). Combining (4.18) and (4.19) yields that for every

n > max{ng, n },

> (1 _ ERT N > (1 _ 13y (1 1/3
1S[n]| > (1 — €)(1 — 18a®)|R[n]| > (1 — £)(1 — 18a )(1 Ogn>3an
and hence,

.S 1

lim inf pYE > liminf(1 — ¢)(1 — 18a°) (1 - logn>30é = (1-¢)(1 - 18a%)3q,
which completes the proof of (b) of Lemma 4.2.2. O

It still remains to prove Lemma 4.5.1. We use Corollary 4.3.3 to prove
Lemma 4.5.1. For a suitable sequence of events in Corollary 4.3.3, we introduce

a sequence of events A,,.

Definition 4.5.2 (Event A,). Fore > 0 and 0 < < 1, let A, = A,(s,5)
denote the event that R[n+1, (14 )n] contains a Sidon subset S[n+1, (14 3)n|
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satisfying the following two properties:
(i) for any Sidon set S[n| C R[n], the set S[n|U S[n+ 1, (1 + p)n] is a Sidon

set,

() S+ 1, (1 + B)n]|
|Rln+ 1, (14 B)n]]|

>1—c¢ if 0<6<1/3 or (4.20)

[Sln+1, (1 + B)n]|
[Rln + 1, (1+ B)n]|

> (1—¢)(1—18a% if §=1/3. (4.21)

Let us remark that Lemma 4.5.1 would follow if one could prove that

P[A,] = O(1/n?) (4.22)

holds for every sufficiently large n. Indeed, observe that one could construct
an infinite Sidon set S = (J;,S[n; + 1,n;41] in R by concatenating Sidon sets
Sin; + 1,n;11] € R[n; + 1,n444], ¢ > 0, where n;41 = [(1 4+ 8)n;]. Unfortu-
nately, (4.22) fails to be true without an additional condition on a set R4 gyn.
For the additional condition we define a sequence of events B,, below. Note that
for a fixed £ > 0 we will use g with g < e.

Definition 4.5.3 (Event B,,). For 0 < g < 1, let B, = B,(f) be the event
that R[(1+ B)n| is well distributed, that is, for all integers k € [n],

[Rlk+ 1,k + Bn]| = (1£5) -E<|R[k Y1k Bn]]). (4.23)
Note that it is easy to check that if R[(1 + 8)n| is well distributed, then
|Rn]| = (14 35)E(|R[n]\) — (1£38)(a/o)n’ —0(1),  (4.24)

where the last identity follows from Fact 4.3.1 with a = 0 and b = 1. The
Chernoff bound easily implies the following.
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Fact 4.5.1 For every 8 > 0, we have P[B,| = O(1/n?), where B, is the com-
plement of B,,.

We shall prove the following lemma about event A, in the next Section.

Lemma 4.5.4 For every e > 0, there exists a constant By = Po(g,0) such that
for every 0 < B < fBy, we have P[A,|B,] = O(1/n?).

We deduce the following from Fact 4.5.1 and Lemma 4.5.4.

Corollary 4.5.5 For every € > 0, there exists a constant Sy = Bo(e,0) such
that for every 0 < B < By, we have P[A,, N B,| = O(1/n?).

Proof Note that

P[4, N B, = P[B,

Consequently, Fact 4.5.1 and Lemma 4.5.4 imply that P[A, N B,] = O(1/n?).
O

Now we are ready to apply Corollary 4.3.3 for our proof of Lemma 4.5.1.

Proof of Lemma 4.5.1 Fix ¢ as an arbitrary small positive real number. Let

B be a constant satisfying
(1-38)/(1+38)*>1—¢ (4.25)

and 0 < 8 < (o, where [ is given by Corollary 4.5.5. Recall that A,, = A, (¢, B)
and B, = B,(f) are the events introduced in Definitions 4.5.2 and 4.5.3. By
Corollary 4.5.5, it follows from Corollary 4.3.3 with F,, = A,,NB,, that with prob-
ability 1, a random set R satisfies that there exists an integer ng = ny(e, R) > 0
such that for all n > ng, both A,, and B,, simultaneously hold.

Now we generate a Sidon subset S of a random set R C N which satisfies

the condition of Lemma 4.5.1. First, we consider an infinite sequence of integers
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ng < ny < ng < --- such that n,41 = [(1+ B)n;|. Since A, holds for every
i > 0, there is a subset S[n; + 1,n;11] C R[n; + 1,n;41] such that

(i) for any Sidon set S[n;| C R[n;], the set S[n;] U S[n; + 1,n,;41] is a Sidon

set,
i +1,m41]| .
>1—e if 0<d<1/3 or 4.26
|R[n; + 1,nia]] — / (4:26)
1S + Lninall 5 )12 18a%) i 6= 1/3 (4.27)

|R[n; +1,m11]|

Set S = U2, S[n; + 1,m;41] and consider it as our desired Sidon set. Note that
property (i) clearly guarantees that S is a Sidon subset of R.

It remains to show that S satisfies condition (4.17) and (4.18). First, we
consider the case where n = n; for some i. Since |R[no]| is finite but | R[ng+1, oo]|
is infinite, it follows from inequality (4.26) and (4.27) that there exists an integer
19 > 0 such that for all i > i, the following holds:

1S[n:]|/|R[nd]] > 1 — 2¢ if 0<d<1/3 or (4.28)

|S[ni]|/|R[ni]] > (1 —2¢)(1 —18a%) if & =1/3. (4.29)

Now we consider the case when n is an arbitrary integer between n; and n;, 1,

where i > i, and estimate the ratio |S[n]|/|R[n]|. Clearly, we have

[SInll o ISl _ STl | R[nd]]
[Blnll = |Rlniall (R Rl

(4.30)

Since both R[n;] and R[n;;1] are well distributed, by inequality (4.24), we have

(1-3p) (a/d)n} —O(1)
(1+30) (a/O){(1 + B)ni}

1-38
> TT357 >1—¢, (4.31)

[Rlni]l o (1= 3B)E(R[n:])

Rl — (14 38)E(Rlns]) —
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where the second inequality follows from (4.2) and the last inequality follows
from (4.25). Combining (4.30), (4.28), (4.29), and (4.31) implies the following:

|S[n]|/|R[n]] > (1 —2e)(1 —¢) >1—3¢ if 0<o0<1/3 or

|S[n]|/|R[n]| > (1 — 3¢)(1 — 18a*) if 0=1/3.

Consequently, for all n > n;,, we have |S[n||/|R[n]| > 1 -3¢ (if0<d < 1/3)
or |S[n]|/|R[n]| > (1 —3e)(1 — 18a*) (if § = 1/3). By rescaling ¢, this implies
condition (4.17) and (4.18), which completes the proof of Lemma 4.5.1. O

It remains to prove Lemma 4.5.4.

4.5.2 Proof of Lemma 4.5.4

We need to show that for every € > 0 there exists a constant fy = By(e,d) > 0
such that for every 0 < 8 < fy, we have P[A,|B,] = 1 — O(1/n?). In other
words, under the assumption of B, that is, that R[(1+ §)n] is well distributed,
we need to show that with probability 1 — O(1/n?), event A, holds, that is, a
random set R[n+ 1, (1+ B)n] contains a subset S[n+ 1, (1 + §)n| satisfying the

following:

(i) for any Sidon set S[n] C R[n|, the set S[n]US[n+1,(1+ B)n] is a Sidon

set,
. |S[n+ 1, (1 + B)n]| '
(ii) |R[n—|—1,(1+6)n]|21_€ if 0<d<1/3 or
1S[n+1,(1+ B)n]] .
Rln+ L1+ B — (1-e)1-18a%) if 6=1/3.

In order to obtain S[n+1, (1+8)n] from R[n+1, (14 3)n], we use a deletion
method. For i = 1,2,3,4, let Q; be the set of all Sidon quadruples {a,b, ¢, d}
in R[(1 + B)n] such that |{a,b,c,d} N R[n]| = 4 — i. Note that each Sidon
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quadruple in U{_;Q; intersects R[n+1, (14 (8)n]. Hence, by deleting an element
of each Sidon quadruple in UL_;Q; from R[n + 1,(1 + §)n|, we can destroy
all Sidon quadruples in U'_,Q;. Let D; (i = 1,2,3,4) be a set of elements of
Rin + 1, (1 + B)n] which removal destroys all Sidon quadruples of @);, that is,

say
Di={de Rln+1,(1+B)n]:{a,b,c,d} € Q;,a <b<c<d}. (4.32)

Set S[n+1,(1+4 B)n] := Rn+1,(1+ B)n] \ UL, D;, and hence
4
S[n+1,(14 B)n]| > [Rn+ 1,(1 + B)n]| = Y _|Di|.
i=1

Thus we infer

Sin+ LA+ Al oy S, 1D
|R[n+1a(1+6)n]|21 |R[n+ 1, (1+ B)n]| (4.33)

We now show that the set S[n + 1, (1 + 8)n] satisfies properties (i) and (ii)
above. First, observe that property (i) is ensured by the construction of Sin +
1, (1 + B)n]. In order to prove property (i), we are going to estimate S, | D]
and |R[n+ 1, (1 + S)n]| in (4.33).

Claim 4.5.6 If event B, () holds, then there ezist constants ¢; = ¢1(0) and
co = c9(0) such that the following holds with probability 1 — O(1/n?):

(I) |Di| < (1 +3B)*(2/6*)Ba* max{n~!,n"/?},
(II) |Ds| < ¢80 max{n9—1 nd/2},
(III) |Ds| < ¢332 max{n=1, nd/2},
(IV) |Dy| < 283a* max{n*~! n®?2}.

The proof of the claim above will be given in the next subsection. Note that
Claim 4.5.6 with a sufficiently small 5 = (e, d) implies that for i = 1,2, 3,4,
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|D;|/[(2/6%)Ba* max{n?~', n®/?}] can be made smaller than (14¢/4), £/4, €/4,
and e/4, respectively. Consequently, Claim 4.5.6 yields that with probability
1— O(l/n2)7

4
D IDi| < (14 €)(2/6%)Bat max{n®~" n’/2}. (4.34)
i=1

Note that max{40—1,d/2} < § for 0 < § < 1/3, and we have max{46—1,0/2} =

0 =1/3 and a < 0.1 when § = 1/3. Hence inequality (4.34) implies that the

following holds with probability 1 — O(1/n?):

4
Z |D;| < eBan’ if 0<d<1/3 or (4.35)
=1

4
> Dl < (1 +€)18Ba*n'/? if §=1/3. (4.36)
=1

On the other hand, since R[(1 + )n] is well distributed and the first inequality
in (4.3) holds, we infer that

|R[n+1,(14 B)n]| > (1= BE(|Rn+1,(1+ B)n]|) > (1 — B)*Ban’. (4.37)

Now we are ready to prove property (ii). Combining (4.33), (4.35), (4.36),
and (4.37) yields that the following holds with probability 1 — O(1/n?).

o If 0 <9 < 1/3, then

[Sn+1,(A+B)nf| | efan’

g
Rint L+ Bml = (- prard | U_pE-

where the last inequality follows with a sufficiently small 8 = f(¢).
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o If 9 =1/3, then

. (14 ¢€)18Ba*n!/? .- l1+e¢ 1807
— — ———18a
(1—p)*Ban/s = (1= p)?

> 1—(1+42¢)18a" > (1 —2¢)(1 — 18a?),

[S[n+1, (1 + 8)n]|
|R[n+1,(1+ B)n]|

Vv

where the third inequality follows with a sufficiently small 5 = §(¢) and
the last inequality follows from a < 0.1.

By rescaling ¢, this implies property (ii), which completes the proof of Lemma
4.5.4.

It still remains to prove Claim 4.5.6.

4.5.3 Proof of Claim 4.5.6

We prove Claim 4.5.6 by estimating |D;| (i = 1,2,3,4) separately. We start
with a definition which is related to the definition of D, in (4.32).

Definition 4.5.7.

e D :={d|{a,b,c,d} is a Sidon quadruple, a,b,c € R[n], d € [n+1,(1+
B)nl}

o T := {{a,b,c}|{a,b,c,d} is a Sidon quadruple, a,b,c € R[n|, d € [n +
L, (1+ B)nl}

Since more triples {a,b,c} € T (a < b < ¢) can correspond to a number
d=—a+b+ce D, we have
D] <|T]. (433)

Proof of (I) in Claim 4.5.6 Recall that by (4.32)

D, :={d | {a,b,c,d} is a Sidon quadruple,
a,b,c € Rn|, de€ Rln+1,(1+4 B)n]}. (4.39)
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Note that D; = DN R[n + 1, (1 + f)n] from Definition 4.5.7. Note that each
element in [n + 1, (1 + 5)n] is chosen for R independently with probability less

than p,, := an~'"°, and hence we have

(4.38)
E(|Dy|) < |Djan™'* < |T|an™"°. (4.40)
We will show that
IT| < (1+38)%(2/6%) Ba’n®. (4.41)

Consequently we infer E(]D;|) < (1 + 38)%(2/62)Ba*n*~1. Since each element
de D C [n+1,(1+p)n]is chosen for D; C R[n + 1, (1 + S)n] independently,
by the Chernoff bound, we infer that

|Dy| < (14 38)%(2/6%)Ba’ max{n*~t n?}

with probability 1 — O(1/n?), which completes the proof of (I) in Claim 4.5.6.
It still remains to show (4.41).

Now we show (4.41). Let {a,b,c} € T, where a < b < ¢. First we claim
that, for any given a and b, the number c is in an interval of length Sn contained
in [n/2 + 1,n]. Since {a,b,c,d} (a < b < ¢ < d) is a Sidon quadruple, we have
a+d= b+ c. In other words, the distance between a and b is the same as the
distance between ¢ and d, that is b—a =d —c. Since d € [n+ 1,(1 + f)n] is
in an interval of length Sn, we have that, for any given a and b, the number ¢
is also in an interval of length fn. In addition, if ¢ < n/2 + 1, then b —a <
¢c—1<n/2 <d-— ¢, which is impossible, and hence we infer ¢ > n/2 + 1.

Since, for any given a and b, the number ¢ is in an interval of length fn

contained in [n/2 + 1,n], we have that for any given a and b, there exists a
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non-negative integer k = n/2 + a — b such that

[{c|{a,b,c} € T for given a,b € R[n]}| = |R[n/2+k+1,n/2+ k + fn]|
(4? (1+B)E(|Rn/2+ k+1,n/2+ k + 8n]|)

<(1+ ﬁ)E(|R[n/2 +1,n/2 + 5n]}),

where the last inequality follows from the fact that the probability p,, to chose
m € N to R is decreasing. Inequality (4.3) with n/2 and 2/ instead of n and
yields that

[{c|{a,b,c} € T for given a,b € R[n]}| < (1 + B)a2B(n/2)° < (1+ B)2Ban’.

Thus we infer

4.24

7] < |R[R]P- (1 + B)2Ban’ 3 (1+38)*[(a/0)n’]? - (1 + B)2Ban’
< (1+30)*(2/6%)Ba’n®,

which implies (4.41), and hence this completes the proof of (I) in Claim 4.5.6.
U

Now we are going to estimate |Dy| where D, is defined in (4.32). We start
with the definition of the following auxiliary graphs.

Definition 4.5.8. Let R[n] C [n] be given.

e Let G = (V,E) be the graph with vertex set V.= [n+ 1,(1 + 8)n] and
edge set

E = {{c,d}|{a,b,c,d} is a Sidon quadruple, a < b < ¢ < d,
a,b € R[n|, c,d € [n+1,(1+5)n]}. (4.42)

o Let G = (VE ER) be the subgraph of G induced on V= Rln+ 1, (1 +
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B)n].

Proof of (IT) in Claim 4.5.6 Recall that by (4.32)

Dy :={d | {a,b,c,d} is a Sidon quadruple, a < b < ¢ < d,
a,b€ Rin|, c,d€ Rn+1,(1+ B)n]}.

Since several edges of £ in Definition 4.5.8 can correspond to an integer d € Dy,
observe that
D] < || (4.43)
Thus, in order to show (II) in Claim 4.5.6, which estimates | D], it suffices to
estimate |E%|.
First we consider E(|E|). To this end we estimate |E| in Definition 4.5.8.
For fixed a € R[n], let

Ag={b—a|0<b—a<pn beRN} and A= (] A, (444)

a€R[n]
Since R[n] is well distributed, we have that for each a € R[n]
[Aa| = |Rla+1,a+ fn]| <1+ B)E[|Rla+1,a+ fn]] < 2E[|R[Sn]]]
< 2a/8)f™n® = (2/8)Fan’, (4.45)

where the second inequality follows from assumption § < 1 and the fact that
the probability p,, for choosing m to R is decreasing and the last inequality
follows from the second inequality of (4.2) with a = 0 and b = 5. We infer that

(4.44) (4.45)
A < Y 1AL < |R[R)I2/6)5an’
a€R[n]

(424) Aa/8)n’ - (2/8)Fan’ < (8/62)3°a’n®. (4.46)
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Consequently, we have
|E| < (choice of ¢)(choice of d) = (Bn)|A| < (8/6%) P a’n?H!,

Note that each edge of E is chosen to EF if the two end vertices of the edge are
chosen to R[n + 1, (1 + 8)n], which happens with probability at most p2. Thus

E(|E%)) < |E| - p;, < (8/0%)8a’n® ! (an™1?)?
< (8/8%) B 0atn®t. (4.47)

Next, in order to consider the concentration of | B, we apply Corollary 4.3.8
with H = G and H[R] = GE, where G = (V,E) and G = (VE EF) are
introduced in Definition 4.5.8. First, we estimate E; which are introduced in
Definition 4.3.6.

e Estimating E: Fix u € V = [n +1,(1 + 3)n]. We consider Ey,, that
is, the expected number of edges in G containing vertex u under the
condition that v € V® = R[n + 1,(1 + 8)n]. Note that the number of
edges of F containing vertex u is at most 2|A|. Under the condition that
vertex u is in R[n+ 1, (1+ B)n], such an edge is chosen to E* if the other
end vertex of the edge is chosen to R[n+ 1, (1 + 8)n], which happens with

probability at most p,. Hence we infer that

(4.46)
E, = maxEyy <2/Alp, < (16/6*)8°a*n® - (an™')
— (16/52)65a3n36—1 — 06<66043)a

where the last “=” follows from 6 < 1/3, that is, 30 — 1 < 0 and the
notation f(n) = Os(g(n)) means that f(n) < ¢s-g(n) with some constant

cs which only depends on 4. Under assumption g < 1, we have E; =
Ous(1).

e Estimating E,: Clearly, we have [y < 1.
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Recalling the assumption 0 < § < 1/3, we set
f(n) = (8/6%)8" o max{n'*~!, n??}.
Comparing (4.47) with the bounds on E; and E,, we infer that
]E(|ER|) < f(n) and E' :=max{E;,Es} =0,4(1) < f(n)- n~0/4

for every sufficiently large n. Corollary 4.3.8 with # = G and H[R] = G
implies that with probability 1 — O(1/n?),

|ER| < 2f(n) = (16/6%) 5ot max{n*~1 n’/?}.
Thus, by (4.43), we have that
|D2’ < ’ER| < (16/52)51+5Oé4 maX{anl, n5/2}

holds with probability 1 — O(1/n?), which completes the proof of (II) in Claim
4.5.6. U

Now we are going to estimate | D3| where Dj is defined in (4.32).

Proof of (ITI) in Claim 4.5.6 Since our proof of (III) is similar to the proof
of (II) above, we only give a sketch. Let HI = (VE EI) be the hypergraph
with vertex set V® = R[n+ 1, (1 + 8)n] and edge set

Ef = {{b,c,d}|{a,b,c,d} is a Sidon quadruple,a < b < ¢ < d,
a € R[n], b,c,d € R[n+ 1, (1+ f)nl}.

Recall that by (4.32)

D3 :={d | {a,b,c,d} is a Sidon quadruple, a < b < ¢ < d,
a € Rin|, b,c,d € Rln+1,(1+ p)n]}.
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Since several hyperedges of EL can correspond to an integer d € D3, observe
that
|Ds| < |EX|. (4.48)

Hence, in order to estimate |Ds|, it suffices to estimate |E¥|. By (4.24) and
assumption 0 < 3 < 1, we have |R[n]| < (4/0)an’, and hence, one can show
the following;:
E(|E5) < |R[|(Bn)?p;, < (4/6)an’(Bn)*(an~1*?)? < (4/6)B%atn™~1,
. (| Ef) < |RInl|(8n)O(1)p2 = O((4/8)an’ (8n)(an"+)2) = Oy (Ban®~")
= Oa,s(1),

where the last “=" follows from assumption 6 < 1/3 and § < 1,
E5(|E£) < [RIn][O(1)p, = O((4/8)an’ (an49)) = 05 (a?n® 1) = O,s(1),
Es(| E5']) < 1.

Recalling the assumption 0 < § < 1/3, we set

f(n) = (4/8)B%a* max{n*~!,n*/?}.
By the above computation, we infer that
E(|EF) < f(n) and E' :=max{E;,Ey, Bz} = O,s5(1) < f(n) -n*

for every sufficiently large n. Corollary 4.3.8 implies that with probability 1 —
O(1/n?),
B3| < 2f(n) = (8/6)3%a max{n®~!,n"?}.

Thus, by (4.48), we have that
|Dy| < B3| < (8/0)5%" max{n®~",n/?}

holds with probability 1 —O(1/n?), which completes the proof of (III) in Claim
4.5.6. U

Finally we estimate |D,| where D, is defined in (4.32).
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Proof of (IV) in Claim 4.5.6 Since our proof of (IV) is similar to the proof
of (IT) and (III) above, we only give a sketch. Let H = (VE EI) be the
hypergraph with vertex set V¥ = R[n + 1, (1 + 8)n] and edge set

Ef = {{a,b,c,d}y C R[n+1,(1+ B)n]|{a,b,c,d} is a Sidon quadruple,

a<b<c<d}.
Recall that by (4.32)
Dy :={d| {a,b,c,d} C Rn+1,(1+5)n] is a Sidon quadruple, a < b < ¢ < d}.

Since several hyperedges of EI' can correspond to an integer d € Dy, observe
that
Dy| < |EF]. (4.49)

Hence, similarly as before, in order to estimate | Dy|, it suffices to estimate | EL|.
One can show the following:
E(|E{]) < (Bn)’p, < (Bn)*(an™ )t < BPatn®,
B, () < (Bn)0(0)p} = O((Bn)*(an 1)) = O( a0 1) = 0a(1),
where the last “=" follows from assumption 5 < 1 and § < 1/3,
Ex(|E£) < (Bn)O(1)p2 = O(Bn(an™*)2) = O(Ba*n® 1) = O4(1),
E;(|EfY]) < O(1)p, = O(an’™!) = Oa(1),
E4(|Ef) < 1.
Recalling the assumption 0 < § < 1/3, we set f(n) = f2a* max{n*—1 nd/?}.

By the above computation, we infer that
E(|Ef) < f(n) and E := max{E;, Ey, Eg,E4} = O4(1) < f(n)-n~%*

for every sufficiently large n. Corollary 4.3.8 implies that with probability 1 —
O(1/n?),
|E| < 2f(n) = 28%* max{n®"", n"?}.
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Thus, by (4.49), we have that
|Dy| < |EF| < 2p%* max{n“fl,n‘m}

holds with probability 1 —O(1/n?), which completes the proof of (IV) in Claim
4.5.6. 0
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