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1. INTRODUCTION AND STATEMENT OF RESULTS

The subject of algebraic number theory has two central goals: one is to develop an
algebraic theory of numbers; that is, to understand their structure via equations and
geometric intuition, and the other is to study the properties of algebraic numbers,
objects arising from extensions of “ordinary” numbers to more general systems.
Both interpretations will be discussed in this paper.

Let L : K be a field extension. We say an element « € L is algebraic over K if
« is the root of some polynomial in K[z]. Furthermore, L is an algebraic extension
if every o € L is algebraic. L is said to be a number field if it is a field containing
Q and is a finite dimensional QQ vector space. Although many ideas from this area
of study were first motivated by attempts to determine the extent to which the
fundamental theorem of arithmetic prevailed in number fields - a question that was
important to 19th century mathematicians’ quest to resolve Fermat’s Last Theorem
- their relevance to our understanding of the integers remains crucial today. The
primary goal of this paper is to give an exposition of open problems and recent

results related to the class number of K. We begin with a definition:

Definition 1.1. Let K be a number field and O be its ring of integers. Let H
denote the set of all fractional ideals of K. Define the ideal class group of K,

denoted CL(K), to be H/ ~ where A ~ B if there exist a,3 € O such that

It is a well known fact that CL(K) is a finite abelian group; see Section 2 for
a proof of finiteness. The order of this group is called the class number, denoted
h(K). For example, h(Q(7)) = h(Q(v/—3)) = 1 and h(Q(v/—5)) = 2, so CL(Q(4)) =

CL(Q(v/-3)) = {0} and CL(Q(v/—5)) = Z/2Z. See Examples 2.16 and 2.17 for
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details. For the remainder of this exposition, d # 0 is square free and K = Q(+/d)
will denote a quadratic number field. K is called imaginary if d < 0 and real if
d > 0. A famous problem of Gauss is to provide for every h > 1 a list of quadratic
fields with class number h(K) = h. In 1952, K. Heegner [10] gave a proof, with
some minor gaps, of a conjecture due to Gauss: the complete list of d < 0 for which

h(K) =1 is given by
d=-1,-2,-3,-7,—11,-19,—43, —67, —163.

H. Stark [6] was able to give a correct proof of this fact in 1967; during the
same year, A. Baker [1] gave a completely different proof implying the same result.
Since then, there has been extensive work in enumerating number fields by class
number, for example see [2], [3] and [4]. For low class numbers - i.e. h(K) < 100,
this problem has been solved for the case of imaginary quadratic fields, see [14].
However, Gauss conjectured that there are infinitely many real quadratic fields with
class number one; this remains an open problem today.

Fundamentally, Gauss’ class number problem is a question about the algebraic
properties of number fields for certain values of h(K). There are, however, other
interesting questions that can be asked about the arithmetic properties of h(K)

itself. H. Cohen and H. W. Lenstra give an important conjecture in this direction.

Conjecture 1.2 (Cohen-Lenstra). Let p be an odd prime,

(1) if K is an imaginary quadratic field, then the probability that p|h(K) is

T L)

i=1
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(2) if K is a real quadratic field, then the probability that p|h(K) is

B Hfil (1_§>

1-1/p

A table giving some numerics associated with these conjectures is displayed.

These values were computed using SAGE. In the notation below,

h, (X) = #{d : p|h(K), d < X is square free, K = Q(V—d)},
h;(X) = #{d : p|h(K), d < X is square free, K = Q(Vd)},

9 = #{d : d < X is square free}.

X h:?éx) hEéX) h?éx) hg*éX) h;rg() h?gf)
500 .261 179 071 .049 .009 | .000
1,000 .300 189 .093 .057 | .009 | .001
10,000 .353 .207 141 .091 026 | .009
50,000 .378 222 .150 .108 034 | .014
C-L prediction | .439 .239 .163 .159 .049 .023

Following the notation in [11], let .45 (X) be the number of square free d < X such
that CL(K) contains an element of order g. Here K = Q(v/—d) is an imaginary
field. Due to Gauss’ genus theory, if d has at least two odd prime factors, then
CL(K) contains Z/27 as a subgroup. Since d is square free, if d has at least three
prime factors, then CL(K) contains an element of order two, and there are no
elements of order two when d is prime. Since “most” numbers have more than

three prime factors, we expect almost all square free d to give rise to elements of
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order two in CL(K). The proportion of square free integers is given by

I (-3)-dm 5

p prime

where ((s) is the Riemann zeta function. This implies A5(X) ~ %. However,

virtually nothing is known about Conjecture 1.2 beyond this. Namely, the behavior
of Ag(X) for g > 3 is not well understood. H. Davenport and H. Heilbronn [5]
showed that the proportion of d for which 31 h(K) is at least 1/2. More precisely,

for any € > 0 and sufficiently large X > 0,

#{0<d< X :h(K)#0 mod 3} _ 1
#{0<d< X} =357 ¢

An estimate for the case of primes p > 3 is given by the work of W. Kohnen and

K. Ono [18], which says that for e > 0 and sufficiently large X,

#{0<d< X :h(K)#0 modp}E(Me) vX

V3(p 1) log(X)’

This result uses the theory of modular forms mod p, and is obtained by bounding

the largest d that is a multiple of some prime q # (*74) mod p for which p t h(K).
The main result to be explained in this paper is a theorem from K. Soundarara-

jan’s Ph.D. thesis at Princeton, which was published in the Journal of the London

Mathematical Society in 2000 [11].

Theorem 1.3 (Soundararajan). For large X we have

X1/2+2/9-¢ if ¢g=0 mod 4,
() >

X1/243/(g+2)—€ i g=2 mod 4.

It should be noted that Theorem 1.3 includes cases when ¢ is odd since 45 (X) >

24(X). The proof of Theorem 1.3 depends on certain Diophantine conditions on
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d that give rise to elements of order g in CL(K). Tools for counting the frequency
with which such d occur are explained in this paper.

In Section 2, we present preliminary facts and definitions from algebraic num-
ber theory that are necessary to understand Theorem 1.3. Section 3 contains the
Diophantine conditions mentioned above, as well as bounds on the number of ad-
missible d satisfying these conditions. Together with some technical details, these

estimates are enough to prove Theorem 1.3.

2. PRELIMINARIES

In order to talk about the divisibility properties of h(K), we state and prove the

following theorem:

Theorem 2.1. If K is a number field, then h(K) is finite.

We recall some necessary definitions and facts. An element « of a commutative
ring R, with 1 € R, is said to be integral over a subring A C R if « satisfies a monic
polynomial over A. In our case, we are interested in the o € C that are integral
over 7Z, i.e. the algebraic integers. Let </ denote the set of all such «. From
the definition, one can show that « € & is equivalent to saying Z[a] is finitely
generated. Thus & is a ring since for any «, 8 € 7, all powers of a4+ 3 and a5 can
be expressed as integer linear combinations of a’37, which lie in Z[a]Z[3]. Now for
any number filed K, we can define the integers of K to be O := K N4/. Since

K is a field, it is clear that Ok is a ring.

Definitions 2.2. Let K be a number field of degree n over Q, and Ok its ring of

integers.

(1) Define the norm of an ideal a to be N(a) := |Ok/al.
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(2) If 0;: K — C are the n embeddings of K, define the norm of an element
a € K to be N(a) :=[[i~, oi(c).
(3) If {64,...,0,} is a Z-basis for a then define A6y, ...,0,] := det(A)?, where
A = (0i(6;))-
(4) The discriminant of K is defined as di := Alay, ..., ay], where {aq, ..., an}

is a Z-basis for Og.

Facts 2.3. Let Ok and {61,...,60,} be as above, and a be a non-zero ideal of O.

Then,

(1) a contains a non-zero rational integer. That is, a N Z # {0}.

(2) The norm of a is finite.

(3) a contains exactly one rational prime p.

(4) Let a = (o) be a principal ideal, then N(a) = N(«).

(5) If p is a prime ideal, then N(p) is a power of a rational prime.

(6) Alfy,...,0,] = N(a)?dk.

(7) The norm of ideals is multiplicative. That is, if a,b are two ideals, then
N(ab) = N(a)N(b).

(8) a factors uniquely into prime ideals.

For proofs of these facts, see [13] and [7].

Lemma 2.4. For any fited m € Z~q, there are finitely many ideals a of Ok such

that N(a) < m.

Proof. By Facts 2.3 (5), (7) and (8) it is sufficient to prove that there are at most
finitely many prime ideals p with N(p) < m. By Fact 2.3 (3), we know any prime

ideal p contains a rational prime p, and so (p) = p°py* ---p;*. Then, by taking
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norms we have
k
N((p) =p"=NE)J[Nm)“=Np) =p', t>1

i=1

This fact implies there are at most finitely many choices for p, since k <n—1. O

Thus in order to prove Theorem 2.1, we need only show that each ideal class
contains an integral ideal of bounded norm. Then by Lemma 2.4 we are done. To

do this, we will require a geometric result due to Minkowski.

Definitions 2.5. Consider the set Q C R"”,

(1) Qis conver if Vo,y € Q we have tz + (1 —t)y € Q,0<¢t < 1.
(2) Qis centrally symmetric if x € Q = —x € Q.

(3) A convex body is a non-empty, bounded, centrally symmetric convex set.

As a problem of independent interest, we wish to count the number of non-trivial
integral points in a convex body 2. Methods for doing so will be useful for the proof

of Theorem 2.1.

Fact 2.6. Let 2 C R™ be bounded and Jordan measurable. For ¢ € Z~, define
L(c):=#{P€Q:cP e Z"}.

Then,

lim Le) = Vol(2).

c—oo (N

A proof of this fact can be found in [15]. The basic idea is that we can count

the number of 1-lattice points of Q in the n-cube I™ := [—1,1]", with scaling

P

if necessary, by dividing I"™ into (2¢)™ subcubes and counting the subcubes that
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contain such points. Doing so as ¢ — oo will produce a sequence of Riemann sums

for xq, which converges to Vol(Q) since  is Jordan measurable.

Lemma 2.7. Let Q CR" be a convex body with Vol(Q) := [, x(x)dx > 2". Then

QNz" # {0}

Proof. Notice that by scaling, %Q is also a convex body, with volume Vol (%Q) =
5= Vol(€2) > 1. Furthermore, () contains a non-trivial integral point if and only if
there is a 0 # P € %Q such that 2P € Z™. Thus it suffices to show that there are

distinct S',T' € Q such that S’ — T’ € Z", and let P := 35" — 3T € 1Q.

Adopting the same notation as Fact 2.6, we have lim._, oo Lc(f) = Vol(2) > 1.
This means that for sufficiently large ¢ we have L(c) > ¢" = # (Z/cZ)". So by the
pigeonhole principle there are S = (s1,...,8n), T = (t1,...,t,) € Z", S # T, such
that s; =¢; modcforalll1 <i<mnand S’ := %S, T = %T € Q. It then follows

that 0 # S’ — 1" € Z" and by convexity 35" — 31" = (5’ = T") € 3. O

Remark 2.8. The proof of Lemma 2.7 was taken from notes on the Four Squares
Theorem by Pete L. Clark [16]. The main idea is similar to that of Fact 2.6: we

can scale €2 and count the %—lattice points.

The idea now is to show that every ideal a can be realized as a convex body in
R™ containing a non-trivial integral point. Recall for a degree n number field K,
there are n embeddings o;: K — C. Some of these embeddings will be real, i.e.
0;(K) C R, while others will be compler, o;(K) C C. If r{, 72 denote the number
of real and complex embeddings, respectively, then ry + 2ry = n, since complex

embeddings come in conjugate pairs. We will index the o; to be such that the real
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embeddings are written first. Define
o: K—R"*"xC™?, aw(o(a)), 1<i<n.
For computational purposes, we will make the identification R x C™ = R™. That
is, if
os(a) = x5 1<s<m,

Ori(@) =yj +izj 1 <j <y,

we write
O'(O[) = (xla sy Ly Y15, 215 -4 - y’r'27Z7'2)'

It is clear that o maps Q-linearly independent elements of K to R-linear inde-
pendent elements of R™. Thus, the image of an ideal a with Z-basis {61,...,0,}

under o is a lattice with generators {o(01),...,0(0,)}.

Proposition 2.9. The volume of a fundamental domain for o(a) is 27" N(a)\/|dk]|.

Proof. Let {61,...,0,} be a Z-basis for a. Then the volume of a fundamental
domain for o(a) is given by the absolute value of the determinant of the matrix V'
whose rows are o(6;), 1 < i < n. Tt is clear that |det(V)| = 27"2Alf;,...,0,]'/2.

Using the relation from Fact 2.3 (6) we have

Vol(o(a)) = | det(V)] = 272 N (a)\/]dx].

Lemma 2.10 (Minkowski). Let Q be a convex body, and A1,...,\, € R™ be R-

linearly independent vectors. If Vol(2) > 2™|det(A)|, then there exist 0 # P =
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(#1,...,2y) € Z"™ such that >, x;\; € Q. Here, A denotes the matriz with \; as

its row vectors.

Proof. Let Q' = {(z1,...,2,) € R" : > x;\; € Q}. It is clear that Q' = A~1Q
so € is a convex body. Thus by Lemma 2.7, if Vol(€') > 2™ then we have the

desired point. By linear algebra,

Vol(€Y) > 2" <= Vol(Q)|det(A)|™! > 2" «—= Vol(Q) > 2"| det(A)|.

Lemma 2.11 (Minkowski’s bound). Let K be a number field of degree n over Q with
discriminant dg, and let 1,79 denote the number of real and complex embeddings
0;: K — C, respectively. Then every ideal class in CL(K) contains an integral

ideal a that is equivalent to another integral ideal b such that

| T2
NOEE- (4) k2,
n" \m

Proof. First we show the existence of a. Let A = ¢ be a fractional ideal of Ok.
By Fact 2.3 (1), we know there is some 0 # ¢ € n N Z. Then, (¢) = nl, for some
integral ideal I. And so, (t)A =nl () = [m = a, say. Thus A ~ a.

To complete the proof, we will need Lemma 2.10. Let

1 r1+2ra—1
Q; = (xl,...,xn)eR":Z|a:i|—|— Z 2,/x?+x?+1<t
i=1 j=ri+1

It can be easily verified that €2; is a convex body and a straightforward calculation
shows that Vol(€;) = 2”_:# (see Exercises 6.5.9 and 6.5.10 in [13]). Let V
be the matrix constructed in the proof of Proposition 2.9. If ¢ is chosen so that

Vol(€) > 2™|det(V)|, then by Lemma 2.10 we know € contains ., z;0(6;),
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where the z; € Z are not all zero. Writing 0 # o = > | z;6; € a, we have by the

arithmetic mean-geometric mean inequality,

= nn

n 1/n n
sy e = ([oe) < Sl &y
( ) [N ()] <z1:[1 |Uz(a)|> ” < - IN(a)| <
By Proposition 2.9 and the above remarks we have,

t" 2" det(V 4\" —
it 2r|1—7’2(ﬂ-r2)| = () N(Cl) |dK|

n! T

Combining this with Equation (2.12) we have shown

V@< 2 (2) Na Vi

n’ﬂ

Since « € a, (o) = ab for some integral ideal b, and so by Facts 2.3 (4) and (7) we

are done. O

With Lemmas 2.4 and 2.11, Theorem 2.1 is proved.

Remark 2.13. Lemma 2.11 is very useful in computing h(K) because, as we will
see below, it means that CL(K) is generated by the prime ideals in Ok with norm
less than Minkowski’s bound M. Furthermore, if My < 2, then CL(K) is trivial
and h(K) = 1. For real quadratic fields, 71 = 2 and ro = 0 so if |dg| < 16 then

h(K) = 1. Similarly, for imaginary quadratic fields, if |dy| < 7% then h(K) = 1.

To utilize Minkowski’s bound, we need to compute dg, which requires an integral
basis. In practice, it is often not easy to compute an integral basis for an arbitrary

number field K. However, in the quadratic case there is a nice description:
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Fact 2.14. Let K = Q(v/d), where d # 0 is square free. An integral basis {1,6}

for K can be classified as follows,

Vd d#1 mod 4,
9:

11+Vd) d=1 mod4.

A general method for computing an integral basis of higher degree extensions can
be found in [8].

For a given prime p € Z, it is often useful to be able to determine if, and how,
(p) factors in Ok. The next theorem gives a method for doing so under special

conditions.

Theorem 2.15. Let p € Z be prime and O = Z[0] for some 6 € O. If f(x) is

the minimal polynomial of 6, and

k
f(z) = 1_[fz(:c)e mod p,
i=1

with f; irreducible in Fy[x], then (p) factors as

k
() =[]»:
i=1

where p; = (p, fi(0)) are prime ideals and N(p;) = pie /i,

A proof of Theorem 2.15 can be found in [13].
Let a be an integral representative of an ideal class such that N(a) < Mg. By
unique factorization, a can be written uniquely as a = pi* ---p*, with each p; a

prime ideal. So by Lemma 2.11 we have
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and so N(p;) < Mg for all 1 < i < k. By Fact 2.3 (5) N(p;) is a power of some
prime p, which means p < Mg. Thus, to compute CL(K) we need only find the

prime ideals of Ok lying above primes p < M.

Example 2.16. We compute the class number of K = Q(v/=5). By Fact 2.14,
{1,4/=5} is an integral basis for K and so dx = —20, My = %m < 2.85. The
only prime below M is 2, so by the above comments we need to determine if (2)
is prime in Of. Since Ok = Z[v/—5], we can use Theorem 2.15 to determine that
(2) = (2,1 +v/-5)(2,1 — v/=5). By taking norms, we see that neither of these
prime factors are principal. Thus, any representative a of an ideal class in CL(K)

is either equivalent to a principal ideal or to (2,14 +/—=5), and so h(K) = 2.

Example 2.17. Consider K = Q(v/d). For d = —1, -2, -3, —7, we have Mg < 2
and so h(K) = 1.

(1) d = —11: Mk < 2.12 and following the notation of Theorem 2.15,
fx)=2>—z+3=2>—-2z+1 mod 2,

which is irreducible in Fs[x] so (2) remains prime in O = Z]

Thus, h(K) = 1.

(2) d = —19: This case is identical to d = —11 since Mg < 2.78 and the
minimal polynomial of § = 1Hv/=19 V2_19 is f(r) = 2% —x+5, which is irreducible

in Faox].

(3) d = —43: Mg < 4.18 so we must check primes p = 2,3. The minimal
polynomial is f(z) = 2% — x + 11 which is irreducible in Fy[x] and Fs[z] by

checking the possible roots, so once again h(K) = 1.
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(4) d = —63: Mgk < 5.21 and the list of primes to check are p = 2,3,5. We

have f(z) = 2% — x 4+ 17, which is irreducible in Fa[z], F3[z] and F5[x].

(5) d = —163: Mf < 8.13. The minimal polynomial f(z) = 2% — 2 + 41 is
irreducible in Folx], F3[z], F5[x] and Fr[z].

We have thus checked that the list of d < 0 for which Q(v/d) has class number

one given in the introduction is indeed accurate. However, the problem of showing

these are the only admissible d < 0 is much more difficult.
2.1. Elementary Diophantine conditions.

Example 2.18. Let g > 1 be an integer. If n > 1 is odd and n9 — 1 = d is square

free, then CL(K) contains an element of order g.

Proof. Since d = 2 mod 4, by Fact 2.14 we know O = Z[Vd]. So we have the
ideal factorization
(%) = (n)? = (14 V=d)(1 ~ V=)

If (1++/—d) and (1—+/—d) are not co-prime then 2 € (n9) which is a contradiction

since n is odd. Therefore

(1+vV—-d)=a9

(1—v/—d) = b7,
for some ideals a,b. Hence a has order dividing g in CL(K). Now suppose a™ =
(u+vv—=d). If v = 0 then a™ = (u), which implies b™ = (u) by the relation
ab = (n). But this means ged(a™, b™) # 1, a contradiction. Now if we take norms,

we get

nm=ur+dv®>d=n9—1.
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Since n9™t >n9 —1 < 1>n9 (n—1) > 2 we see that m cannot be less than

g. Thus a must have order g in CL(K). O

Example 2.19. Let g > 1 be odd. If d = 39 — 22 is square free with = odd and

satisfying #2 < 39/2, then CL(K) has an element of order g.

Proof. Tt is clear that d =2 mod 4, so Og = Z[v/—d]. The ideals (z + v/—d) and

(x — v/—d) are co-prime, so 3 splits in Ok, meaning we have

(3) = pip2.

And so, (z ++v/—d) = p{. If p7* = (u + v/—d), for some m|g, then 3™ = u? + dv?.
If v # 0, then 3™ > d > 39/2, which is a contradiction for all m < g — 1. But if
v =0, then 3™ = 42, which is another contradiction since m is odd. So it must be

that m = g. O

Example 2.20. Let g be odd and N denote the number of square free integers of
the form 39 — 22, where 0 < 22 < 39/2 and 2z is odd. For g sufficiently large, we
have N >> 39/2) and thus there are infinitely many imaginary quadratic fields K

for which g|h(K).

Proof. For a fixed g, the number of integers of the form 39 —x2, where 0 < 2% < 39/2

and z is odd is 21—\/539/2 -+ O(1). We now remove any numbers that are divisible by

2

the square of a prime. Since g is odd, we know 4 39 — 2% as otherwise 22 = —1

mod 4 has a solution. If z is a multiple of three, then 9|39 — 22, so we remove

ﬁ?ﬂm + O(1) of such numbers. If p > 3 is prime, then the number of 39 — 22
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divisible by p? is at most 1721\/539/2 + O(1), so we have

392 (1 1 1 39/2
N>"_|=2-2- Ejf +0(—).
V22 6 &~ p? (9)
p=<39
p=>5

The error term is an upper bound for 7(39/2), where 7(x) is the usual prime

counting function (see problem 1.1.26 in [13]). Since

we obtain N > 39/2. By Example 2.19, each integer counted in N gives rise to a
quadratic field K for which g|h(K). Applying the same argument to powers of g,
we deduce that there are infinitely many imaginary quadratic fields K whose class

number is divisible by g. ]

Examples 2.18, 2.19 and 2.20 were taken from Chapter 6 of [13]. These are
simple illustrations of how solutions to Diophantine equations can guarantee the
existence of torsion subgroups of CL(K). A sophisticated amplification of these

ideas is the basis for Theorem 1.3.
3. PROOF OF THEOREM 1.3
To begin the proof of Theorem 1.3, we state a Diophantine condition analogous

to Example 2.18.

Proposition 3.1. Let g1 > 3 be an integer and suppose d > 63 is a square free
integer such that m9 — n? = t2d, where t,m,n € Z=g, (m,2n) = 1 and m% <

(d+1)2. Then CL(K) contains an element of order g.
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Proof. We have the ideal factorization
(m9*) = (m)9* = (n+tv—d)(n — tvV—d).

Let d = ged((n+tv/—d), (n—tv/—d)) = (n+tv/—d)+(n—tv/—d). Then 2n,m% €,
but since (m?,2n) = 1 we have ? = Og. Thus the ideals on the right hand side
are co-prime, and are each g;-th powers.

Let a9t = (n + tv/—d). If a" = (u + vv/—d), for some u,v € Z or 1 + Z, and
r strictly divides g; then r < 2 = 2 > 2. Now, (n + tvV/—d) = (a")9/" =
(u+vy/—=d)9 /" so n+ty/—d = +(u+vy/—d)9/", as the units in O are +1. Note
that u and v are non-zero since n and t are not. If 971 = 2, then t = 2uv which

means both u,v € Z so |ul, [v| > 1. Otherwise, |ul, |v| > §. Taking norms we obtain

(d+1)* if & =2

m9t = n? 4+ dt? = (u? + dv*)"/" >

(L)’ i @

In both cases we have a contradiction of our assumption that m9 < (d+ 1), since

if d > 63, then (d+1)? < (%)3. Thus, a must have order g; in CL(K). O

Remark 3.2. By Gauss’ genus theory and the above proposition, if d has at least

two odd prime factors and ¢; is odd then CL(K) will contain an element of order

9="2g.
The next proposition gives a condition for the existence of even order elements.

Proposition 3.3. If g1 > 2 is an even integer, and d = 2m9/%2 —t? is square free,

where (m,2t) = 1 and m9/? < (d + 1), then CL(K) contains an element of order

g1-
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Proof. Apply Proposition 3.1 with n = m9/2 — ¢2. (]

3.1. Outline of ideas. Now that we have sufficient conditions to determine when
a square free d gives rise to elements of order g1, we define g := 2¢; and count the
frequency with which the admissible d occur. We apply Proposition 3.3, when ¢;
is even, and Proposition 3.1, when ¢; is odd. It is clear that the different cases of
Theorem 1.3 correspond to the parity of g;.

For even g1, let .7 4(X) denote the number of square free d < X with at least

one solution in m and t to
(3.4) d=2m% —t> where 0 <m < d'/9, 0 <t and m is odd.

By Proposition 3.3, we have A4 (X) > % 4(X). If Z.(d) denotes the number of

solutions to (3.4) for some fixed square free d < X, then we expect

(3.5) > Re(d) > X9
d<X

since roughly speaking, m takes values at most X'/91 and t < X1/,
It should be noted that the special case of g = 2¢g; = 2 is missed by this approach.

However, the below proposition gives a concise description of this scenario.

Proposition 3.6. Let d be an odd square free integer and let %o(d) denote the
number of solutions to (3.4) with g1 = 2. Then %2(d) = 0 unless d =1 mod 8 is
composed entirely of primes congruent to £1 mod 8. In this case, %2(d) = 7(d)/2
and CL(K) has at least 7(d) elements of order 4, where T(n) is the divisor counting

function. This gives N3 (X) > X//log(X).

Proof. For g1 = 2, we wish to count the number of representations of d by quadratic

forms of discriminant 8. There are exactly two classes of such forms; namely + (22—
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y?). Hence, by a classical result (see Sections 11.4 and 12.4 of [12]), the number of

solutions to +d = 222 — y? with 0 < 2 < v/d and 0 < y is given by

(8) 7(d) if pd=p=+1 mod8

ld .
| 0 otherwise.

If d = 222 — y? then —d = 2(x — y)? — (22 — y)?, so Ha(d) is either 7(d)/2 or
0 depending on the prime factorization of d. The condition d = 222 — y? = £1
mod 8 corresponds to odd and even z, respectively. To show that CL(K) has at
least 7(d) elements of order four, we note that by Proposition 3.1 each solution to
d = 2m? — t? produces two elements of order four (counting inverses). Thus it is
sufficient to show that distinct solutions counted in %5(d) produce distinct order
four elements in CL(K). Let (m,t) and (u,v) be two such solutions, and a, b be
the corresponding elements of order four in CL(K). Substituting n; = m? — t2,

ny = u? — v2 in the proof of Proposition 3.1, we have

at = (m? - ? + tv/—d),
b* = (u? — v + vV —=d).
To reach a contradiction, we suppose a ~ b. Then ab™! = (a + by/—d) is a

principal ideal. Taking norms, we have d > mu = N(ab™!) = a® + b%d, so b = 0.

Therefore
(a)4 = (ab_1)4 = (m2 — 2+ t\/—id)(u2 —0? = v\/jd)

Comparing the v/—d term on both sides, we have t(u? —v?) = v(m? —#2). Since d is
square free, it must be the case that ged(m,t) = ged(u,v) = 1 which implies t = v

and m = u. This contradicts our assumption that (m,t) and (u,v) are distinct.
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The above arguments show that .#4(X) exceeds the number of square free d = 1
mod 8, where d < X, that are composed entirely of primes p = +1 mod 8. An

application of Theorem 2.10 in [9] shows that there are > X/4/log(X) such d. O

As a consequence of this proposition, we have Z.(d) < 7(d)/2 < df, and so
Feg(X) = Z@d(gdiﬁ 1 is not too different from ), Z.(d). Along with Equation
Re(d)#0 =
(3.5), this implies the case of g =0 mod 4 in Theorem 1.3.
For odd gi, we define T = X@=2/(ntD) A = T72/91XY91/2 and N =
VX /291%1. These are parameters to be optimized later in the counting argu-

ments to produce the bounds in Theorem 1.3. Denote by ., ;(X) the number of

square free d < X with at least one solution to
(3.7) m9t —n? =t3d, (m,nt) = (t,6) =1, m =1 mod 18, n =2 mod 18,

where T < t < 2T, M < m < 2M, N < n < 2N. With a straight forward
calculation to show m9 < (d + 1)?, we can apply Proposition 3.1 to conclude that
CL(K) has an element of order g; for each d counted in .7, ,(X). Since m9 =
n? =1 mod 3 and (¢,3) = 1, we know 3|d. And since d is square free and large,
we know d has at least two odd prime factors, which implies A5 (X) > .7, 4(X).
Finally, by a counting argument involving quadratic residues, we obtain a bound
analogous to Equation (3.5) for the case of odd g1, which implies the g =2 mod 4

case of Theorem 1.3.

3.2. Counting arguments. The subsequent discussion makes use of Dirichlet
characters, which are arithmetic functions arising from completely multiplicative
characters on (Z/kZ)*. The relevant background on periodic arithmetic functions

and their Fourier expansions can be found in [17].
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Lemma 3.8 (Pélya-Vinogradov inequality). If x is any primitive character mod k
then for all x > 1 we have

Z x(m)| < Vklog(k).

m<z
Proof. Since x(m) is periodic mod k and primitive, it has the finite Fourier expan-
sion

Tk

)
Vk

k .
Z X(n)6727rzmn/k.

n=

x(m) =

—

Summing over m we have

(3.9) 3 x(m) = X

m<x

=
—
3
=
<'0|
(V)
)
<
3
3
~
ol

since x(k) = 0. Define the function
f(n) _ Z e—27rimn/k:.
m<x
It is true that
f(k _ n) _ Z e—27rim(k—n)/k _ Z e27rimn/k: _ W
m<z m<z
This shows |f(k — n)| = |f(n)|, so taking absolute values in Equation (3.9) and
multiplying by vk we obtain
k—1

k—1
(310)  VE|[DY x(m)| < Yot =) =2 ) |f(n)].

n<k/2

m<x n

Writing y = e~ 2™"/k and 2z = e ™"/% we see that y = 22 # 1 since 1 <n < k — 1.
Furthermore, we have that f(n) = Y. _, y™ is a geometric series in y so we can

write
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where r = |z]. Again, taking absolute values we have

-r

(‘n’;n)‘ 1
= < .
|sin(”—,f)| ~ sin(5F)

2=z

[f(n)| =

z—2z"1

Notice that in the interval 0 <t < 7/2, we have sin(¢) > 2t/ and in the last sum
in Equation (3.10), n < k/2, which means t = 7n/k < /2. So substituting ¢ for

mn/k, we see that

F)] < 5= =

mn
k

L3
on’

BN

Finally, applying this to Equation (3.10) we get
1
VE|D x(m)| <k D7 — < klog(k),
m<z n<k/2

which completes the proof. O

Lemma 3.11. Let t € Z be such that (t,6) =1, and d > 1 be a square free divisor

of t. Then

(3.12) 3 (g) < 7(t)Vdlog(d).
M<m<2M

m=1 mod 18
m,t)=1

Additionally, for any odd m that is not a square and R > 2,

(3.13) Z w(r)? (T) < RY2mM*\/log(m).

r<R
(r,6m)=1

Proof. Let x be a character mod 18. We have

m
MgngzM<d> Xm%lS M<;2M ( )

m=1 mod 18 (m t) 1

(m.t)=1
iy T S o ()

Xmod 18 M<m<2M |(t,m)

X 2wy

Xmod 18 It |M/I<s<2M/l

I /\
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where we write m = [s in the last line. Since x(s) (g) is a non-principal character

with conductor at most 18d, by the Pélya-Vinogradov inequality, the above sum in
s is < V/dlog(d), which implies Equation (3.12).
Next, note that

Z““%@Zi%“%ﬁﬁ=§jimﬁfﬂ

r<R r<R [2|r

36m
<Y Y ()
ISVR |s<R/12
where we write 7 = sl? in the last line. Again, by the Pélya-Vinogradov inequality,

the above sum over s is < y/mlog(m). Thus

> u(r>2<7f) < ) min (ﬁ,mw(m)) < RY2m!1/log(m),

r<R I<VR
(r,6m)=1 -

since ‘ESSR/IZ (%Tm)‘ < R/I? trivially. This proves Equation (3.13). O
Lemma 3.14. Let
pm(l) = #{n mod I : n* = m? mod I},

and t be as in Lemma 3.11, then

> Yoo = > > 14+ 0(TM*Plog(X)*) < MT.

M<m<2M T<t<2T M<m<2M T<t<2T
m=1 mod 18 (¢,6m)=1 m=1 mod 18 (¢,6m)=1

Proof. Note that pp, (1) is a multiplicative function in [, so for a prime p { 2m and

odd g; we have

(3.15) o) = pnlp) = 1+ (2 ) =1+ (2),
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for all & > 1. Note that the first equality follows from Hensel’s lemma. If we write

t= ---pp¥, then since ¢ is odd,

~Tlenot) =TT (14 (5)) = S ()

The d = 1 term contributes the main term

> Y = = (rf s orrem)

M<m<2M T<t<2T M<m<2M
m=1 mod 18 (¢,6m)=1 m=1 mod 18

< MT + O((M +T)log(M)).

It remains to show that the contribution by 3=, 4o, #(d)*(%g) is negligible.  Let
D be a parameter to be fixed later, we will split the divisors d of ¢ into two regions,
1<d<Dandd> D. Define

s Y>> war(Y).

M<m<2M T<t<2T  d|t
m=1 mod 18 (¢,6m)=1 1<d<D

= S XX awaer(fy).

M<m<2M T<t<2T d|t
m=1 mod 18 (t,6m)=1 d<t/D

The contribution we want to bound is S; + S3. Expanding S; over the sum in m

we have

> o wr ¥ ().

T<t<2T d|t M<Im<2M
(t,6)=1 1<d<D m=1 mod 18
- (m,t)=1

so if we apply Equation (3.12) we obtain

S1 < VDlog(D) Y 7(t)* <TvVDlog(X)".

T<t<2T
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Now we estimate

m
se oYY s ()
M<m<2M d<2T/D max(T/d,D)<r<2T/d
m=1 mod 18 (d,6m)=1 (r,6m)=1

where we write ¢t = dr. Using (3.13) we have

1/2
Sy Y > (5) MYV log(X) + > > %

M<m<2M d<2T/D M<m<2M d<2T/D
m#£0 m=0

5/4
< Ti\jf) V1og(X) 4+ TV M log(X).

Now if we fix D = M5/*/(log(X))"/? we have Si,Sy < TM5/3(log(X))3, and

we’re done. O

Proposition 3.16. For a fized square free d < X, let %Z,(d) denote the number of
solutions to (3.7). Then
MN
> Ro(d) = — + o(MT?3X1/3)
d<Xx

(3.17) = X2V am/on 4 o(xV/3+1/9172/3+2/ 91,

Proof. We adopt the following notation: Ny is the number of of (m,n,t) satisfying
Equation (3.7) such that p? { (m9 — n?)/t? = d for all primes p < log(X); Na
is the number of (m,n,t) such that p2|d for some prime log(X) < p < Z =
X/37=1/3(1og(X))%/3; N3 is the number of (m,n,t) with p?|d for some prime
p > Z. The goal is to show

MN
leT

MN
Tlog(X)

+o(MT?*3X'/3),
Ny < +o(MT?3XY/3),

N3 = o(MT*3X1/3).
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The congruence conditions on m and n from (3.7) imply that 4,9 { (m9 —n?) /2.
Let P .= H5§p§10g(x)p. For some fixed M <m <2M and T <t < 2T, withm =1
mod 18 and (¢,6m) = 1, we now count the number of N < n < 2N producing tuples

(m,n,t) counted by Ni:

> > py= > ul) > 1.

N<n<2N,(n,m)=1 12|((mJ1—n2)/t2,P?) l|\P N<n<2N
n=2 mod 18 (I,m)=1 n=2 mod 18_
n?=m91 mod t n?=m91 mod 1%t?

If we split the above sum in n into intervals of length 181%t?, we see that it is
Npm (12t2) ) (181%t2) 4+ O(py (1%t?)) = Ny, (12t?) /(181%t2) + O(X€), since pp, (12t%) <
7(lt) <« X¢. Using the fact that p,, is a multiplicative function and Equation

(3.15), we have

N pm(I*t?) o\ _ Now(t?) (1) ! c

S u) (18 S +O(X) ) = =L P +O(Xr(P))
1P 1P

(1,m)=1 (1,m)=1

_ Npm(tz) H <1 N pm(p/(t7p))) + O(Xe)

2 2
18t olP p

ptm

N
=< —5pm(t) + O(X°).

Now, using Lemma 3.14 and summing over all admissible m and ¢ we obtain the

desired bound

MN MN
Ni = —= + O(MTX) < —— + o(MT?3X1/3),

as T < VX = o(X'79).
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We now estimate Ny using the same arguments as above. For a fixed m and ¢

with the appropriate constraints,

S Yoo ¥ (tzj\l;pm(t2p2)+0(pm(t2))>

log(X)<p<Z  N<n<2N log(X)<p<Z
n=2 mod 18

n?2=m91 mod p2t?

+ 0(X1/3T_1/3pm(t2)).

Now if we once again use Lemma 3.14 and sum over all m and t, we have Ny <
MN/(Tlog(X))+o(MT?/3X'/3).  Finally, it remains to estimate N3. If (m,n, t)

2 = at?p? for some

is a tuple counted by N3, then by definition we have m9* — n
p>Z,s0 a< X/Z% = XY3T?/3(log(X))~%/3. For a fixed m € [M,2M] satisfying
the usual conditions and a < X/372/3(log(X))~*/3, the number of choices for n
and t is bounded above by the number of solutions to m9* = z2+ay?, where (x,y) =
1. In Q(v/—a) we have the ideal factorization (m)9 = (z + yv/—a)(z — yv/—a).
Since m is odd and (m,z) = 1, the two ideals on the right hand side must be
co-prime as otherwise 2z € (m)9, a contradiction. Hence (z + y/—a) = a9 and

(x — yv/—a) = b9 for some ideals a,b. Thus the number of choices for n and ¢t is

bounded by the number of factorizations (m) = ab, which is <« 7(m). Hence
X X 2/3 v1/3
Ns < —5 Yoo orm)< ZaMlog(X) = o(MT?PX1/%),
M<m<2M
Proposition 3.18. Let %,(d) be as in Proposition 3.16. Then

(3.19) 3" RBold)(Zo(d) — 1) < T/ 9 X010+
d<X
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Proof. Clearly,
mIt — n?
Ho(d) < # {m € [M,2M],n € [N,2N],t € [T,2T] : Y € Z}.

Then the desired sum is bounded by the number of (mi, mo,ni,na,t1,t2) where

(my,ny,t1) # (mayna,ta), (miyts) = 1 and 5(m{" —n?) = £7(m3' —nj). If we fix

my, ma,t1,ta, then since (t;ng — tang)(ting + tang) = t2md' — t3mf' we conclude
that n; and ns are fixed in < X¢ ways, as long as t3m3" # t3mfJ'. Now if this is
the case, we must have m; = ms and t; = ¢ since (m;,t;) = 1. Hence ny = na,
contradicting our assumption that (my,n1,t1) # (me, na, ta2). Finally, we have
> Rod)(Zo(d) — 1) < X > Y 1< T*MPX
d<x M<my,ma<2M T<ty ty<2T

Substituting for M, we obtain Equation (3.19). O

Sketch of proof of Equation (3.5). The proof of Equation (3.5) is very similar in
principle to that of the previous proposition. Since | d<X . (d) exceeds the num-
ber of (m,t) with X1/91 /4 <m < X'/9 /2 and odd, and VX /291+1 <t < /X /29
such that d = 2m9 —t? is square free, we consider two regions. Let M; denote the
number of such pairs such that 2m9 — 2 is not divisible by any prime p < log(X),
and My denote the number of pairs for which this difference is divisible by the
square of a prime p > log(X). Using the same arguments as before, we have

My < X1/2+Y91 and My < X1/?+1/91 /1og(X). This gives Equation (3.5). O

We now complete the proof of Theorem 1.3. By the Cauchy-Schwarz inequality,

we have
2

S Td)? | Fug(X) 2 [ S Aula) ]

d<X d<X
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since .7, 4(X) =) a<x 1. The above expression gives that
Zo(d)#0

(3.17)2

oo G

which completes the g = 2 mod 4 case of Theorem 1.3.
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