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Abstract

Killing Forms of Lie Algebras
By Audrey Lynne Malagon

One approach to the problem of classifying Lie Algebras is to find in-
variants. One such invariant is the Killing form. In this dissertation, I give
a formula for computing the Killing form of any semisimple isotropic Lie
algebra defined over an arbitrary field of characteristic zero, based on the
Killing form of a subalgebra containing its anisotropic kernel. I then explic-
itly compute the Killing form for several Lie algebras of exceptional type
and give a general formula for the Killing form of all Lie algebras of inner
type Eg, including the anisotropic ones.
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Chapter 1

Introduction

Lie algebras have been of interest since Sophus Lie began studying them
in the mid-1800s. In attempting to classify Lie algebras, several invariants
have been studied. One invariant is their root system, described in detail
for algebraic groups in [28]. Another such invariant is their Killing form,
a symmetric bilinear form given by the trace of the adjoint representation.
Today Lie algebras are classified into classical and exceptional types. While
much is known about the classical types, several properties of the exceptional
type algebras have remained open problems. Nathan Jacobson computes the
Killing form for certain exceptional Lie algebras in [18]. Jean-Pierre Serre
has also given a formulas for Lie algebras of type Fy and G2 [10, p.67]. While
Jacobson’s methods cover the exceptional Lie algebras over R, his methods
are quite complicated and omit many cases over arbitrary fields. By study-
ing Lie algebras via their root systems, we have a more streamlined method
for computing Killing forms which allows us to find Killing forms for many
exceptional Lie algebras over arbitrary fields of characteristic zero. Com-
puting Killing forms of these exceptional Lie algebras also involves studying
central simple algebras defined by Tits in [29] and Galois cohomology and co-
homological invariants, including the work of Jean-Pierre Serre and Markus
Rost.



Chapter 2

Background Information I

2.1 Quadratic Forms

Quadratic forms can be defined over any field of characteristic not 2, but we
will work strictly in characteristic zero. A quadratic form of dimension n

over a field F' is a homogenous polynomial of degree 2 in n variables:

n

FX) =) a; XiX;
ij=1
We typically write a quadratic form with symmetric coefficients a;; = %(ai]’ +
aj;). By doing so, we can associate to f(X) a symmetric matrix of the coeffi-
cients (aj;). This matrix is called the Gram matrix for f(X). A quadratic
form f(X) is nonsingular if its Gram matrix is nonsingular. Two quadratic
forms are said to be equivalent if their Gram matrices are congruent. The
Gram matrix also allows us to define the determinant of a quadratic form.
Specifically det g is the determinant of the Gram matrix of ¢. We will often
make use of the signed determinant, or discriminant of ¢. This is defined
as

n(n—1)

discq:= (—1)" 2z detgq

for an n-dimensional form gq.
Clearly a quadratic form f(X) defines a quadratic map ¢ : F* — F or
from any n-dimensional vector space V over F. Such a vector space V will

be called a quadratic space. The map ¢ has the property that ¢(ax) = a’x



for any a € F,z € V, and ¢(z) defines a symmetric bilinear form B on V x V'
by

Blr.y) = q(z +y) —261(:13) —q(y)
Notice that B(z,x) = ¢(z). The Gram matrix can also be defined as the

matrix (B(x;, x;)). When the Gram matrix is nonsingular, we know that
B(z,y) = Ofor ally € V implies that z = 0, and the quadratic form is
regular. From this point on we will write ¢ to denote a quadratic form. The
one dimensional quadratic form dX? will be written (d)

One can easily define orthogonal sums of quadratic forms and quadratic
spaces. If Vi, V5 are each quadratic spaces with associated quadratic forms
¢1,q2 (and symmetric bilinear forms Bj, By) we define a quadratic form ¢ :

Vi ® Vo — F and symmetric bilinear form B by

q(v1,v2) = B((v1,v2), (v1,v2)) = Bi(vi,v1) + Ba(va, v2) = q1(v1) + g2(v2)

We will use the notation ¢ = ¢; L ¢» to denote the orthogonal sum of two
quadratic forms and the notation mgq to denote the orthogonal sum of m
copies of a quadratic form gq.

We say that a quadratic form ¢ represents an element d € F' if there exists
a vector v € V such that g(v) = d. The elements represented by ¢ are defined
only up to square classes since g(av) = a*d. The Representation Criterion
21, 1.2.3] states that if ¢ : V' — F represents d, then V' decomposes as the
orthogonal sum

V={(d)yapV

Using this criterion, we obtain a diagonalization of any quadratic form gq.

Proposition 2.1.1. (/21, 1.2.}]) Any quadratic form q over F of dimension

n can be written as
q= <CL1,CL2,"' 7an>

for a; € F/F?.



From this point, we will use the notation (ay, - -- , a,) to denote a quadratic
form. Notice that for a diagonal form the determinant, which is determined
only up to squares, is

detqg =ajas---a,

The orthogonal sum of two diagonal forms is again a diagonal form:
<a1,(12,"' 7an> 1 <b17b27"' 7bn> = <a1aa2a"' 7anablab27"' 7bn>

In addition to the orthogonal sum of quadratic forms, we can also define a

multiplication of forms ¢; ® ¢o. For diagonal forms

<al>a27"' 7an>®<b1>b27"' 7bn>
- <a1b17"' 7an7a2b17"'a26n7"' sy Tt 7anb17”’anbn>

Notice that the product of a one-dimensional form (a) with g simply scales
each diagonal entry of ¢ by a. We use the notation (a)q to denote the product
(a) ®q.

A quadratic form is said to be isotropic if there exists v € V such that
q(v) = 0. Otherwise, ¢ is anisotropic. An important two dimensional
isotropic form will be the hyperbolic plane. This is the form (1, —1) and
is denoted H. In fact, any isotropic form must contain a copy of H as an
orthogonal summand [21, 1.3.4]. It is a theorem of Witt [21, 1.4.1] that any

nonsingular quadratic form decomposes as
q = qan O mH

where ¢q,, is an anisotropic form. Witt’s Cancellation theorem [21, 1.4.2] tells
us that two forms ¢y, ¢» are equivalent (isometric) if and only if the have the
same dimension and their anisotropic parts are equivalent. For this reason,
we are often only concerned with the anisotropic part of a quadratic form.

The Witt Ring W(F) is the set of isometry classes of anisotropic forms.



If two quadratic forms are Witt equivalent, they differ only by hyperbolic
planes. When we give the formula for Killing forms in the later sections,
however, we will prove give the Killing forms up to isomorphism, not simply
Witt equivalence.

One particular class of quadratic forms which we will use in future chapters
is that of Pfister forms. A Pfister form is a product of binary forms (1, a).

We use the notation below for an n-fold Pfister form.
<<a17 A2, - - 7an>> = <17 _a1> X <17 _a2> K- ® <17 _an>

Notice that if even one of the summands above is a hyperbolic plane, the
entire Pfister form is hyperbolic, so any istropic Pfister form must be hyper-
bolic. Another useful property of Pfister forms is that they always represent
1, so any Pfister form ¢ can be written as 1 L ¢, and we say qq is the pure
part of ¢g. In the Witt ring W (F'), the ideal I"F is the ideal of all even-
dimensional forms. This ideal is generated by the n-fold Pfister forms [21,
X.1.2].

2.2 Central Simple Algebras and The Brauer Group

A central simple algebra over a field F' is an algebra A which is simple,
i.e. has no two-sided non-trivial ideals, and whose center is the field F'. We
say A is division if each non-zero element of A has an inverse. Wedder-
burn’s theorem [12, 2.1.3] tells us that any central simple algebra over F' is
isomorphic to the matrix algebra of a uniquely determined division algebra.
That is

A= M, (D)

for some integer r and division algebra D which is uniquely determined up

to isomorphism. If D = F| we say that the algebra A is split and call F' a



splitting field of A. It is clear that over an algebraic closure F;, of F.
A X Falg = Mn(Falg)

so every central simple algebra over F splits over Fy;;. The dimension of
A is then n? and the degree of A is n.

We can define an equivalence relation on central simple algebras over F'. We
first note that the tensor product of two central simple algebras is again cen-
tral simple [12, 2.4.4]. Two central simple algebras A, B over F' are Brauer
equivalent if

A®Rp M,(F)~ B®p M,(F)

for some n,n’. The Brauer group B(F) of F'is the set of equivalence classes
of central simple algebras over F' given by this relation. For a central simple
algebra A write [A] for its Brauer class. Then B(F) is an abelian group
under the tensor product whose identity element is [M,,(F")]. The inverse of
[A] in the Brauer group is A°?. This is the algebra A with multiplication
given by a * b = ba where ba is the usual multiplication in A. Furthermore,

each Brauer class contains a unique division algebra.

2.3 Clifford Algebras and Merkurjev’s Theorem

We are often interested in invariants of quadratic forms. One invariant that
will be of particular use to us is the even Clifford invariant of a quadratic
form. We first define the Clifford algebra of a quadratic form. Let ¢ be a
quadratic form on a vector space V. Let T'(V') be the tensor algebra of V' and
let 1(q) be the ideal generated by {v ® v — q(v) | v € V'}. The the Clifford
algebra of V (and of ¢) is C(q) = T(V)/I(q). The Clifford algebra of an
n-dimensional quadratic form has dimension dim C'(¢) = 2" and decomposes

into an odd and even part.

C(q) = Colq) ® Ci(q)



via the natural Z/2Z gradation on T'(V'). For even dimensional forms, we
have some very nice properties of the Clifford algebra. In this case, C(V) is

a central simple algebra over F', and there is a map
c: W(F)— B(F)

sending ¢ — [C(q)]. The Brauer class C(q) is the Clifford invariant of ¢
for q of even dimension. (In the case that ¢ has odd dimension, we define this
map to take ¢ to the even Clifford algebra Cy(q) which is a central simple
algebra over F.) Furthermore for dimgq even, [21, V.2.5] tells us that for
C(q) = My(D),

Co(q) = Myj2(D) x Myyo(D)

Merkurjev’s theorem allows us to tell when an even dimensional form is

Pfister based on its Clifford invariant.

Theorem 2.3.1 (Merkurjev). [21, p.138] A form q is in I’F if and only if
dim ¢ = 2m, det(q) = (—1)", and c(q) = 1.

Furthermore, any 8-dimensional form in /2 must be a scalar multiple of a
Pfister form [21, X.5.6]

2.4 Cohomological Invariants

One of the main results of this dissertation involves relating the Killing form,
a quadratic form invariant of Lie algebras to the Rost invariant, a cohomo-
logical invariant. In this section we describe the cohomological invariants of
Lie algebras that will be used in later chapters.

We say that an algebra B’ defined over F' is a twisted form of an algebra
B defined over F' if B’ ® Fy., = B ® Fy,. There is a natural automorphism
between the set of isomorphism classes of twisted forms of an algebra B
and H'(F, Aut(B)) where Aut(B) denotes algebra automorphisms of A [12,



2.2.3]. This allows us to classify algebras over F' which become isomorphic to
B over Fy,, using elements of the cohomology group H'(F, Aut(B)). Given
a cocycle b, € HY(F, Aut(B)), we define the twisted Galois action ¢’ on B
by

where o(b) is the usual Galois action defined on B and the multiplication on
the right is the usual multiplication in B. Then the elements of B’ ® K fixed
under the twisted Galois action of I' give a twisted form of B [12, 2.3.3].

In particular we have the following classification of n-dimensional quadratic
forms over F' (up to isometry), where O(q) is the orthogonal group of ¢ [20,
29.28].

{n-dimensional quadratic forms q over F'} « H'(F,O(q))

The Brauer group gives us a nice description of H*(F, A). If A= F sepy then
H?*(F,A) = Br(F) [12, 4.4.7].

We can also define cohomological invariants of algebraic structures. We
begin by describing the Arason invariant ez of a 3-fold Pfister form. Let F
be our base field of characteristic not 2, and let ¢ = ((a1, as, az)) be a 3-fold

Pfister form over F. The Arason invariant is a group homomorphism
es: I°F — H*(F,7,/27)

sending
((a1, as, az)) — (a1) - (az) - (as)

Since I? is generated by 3-fold Pfister forms, this completely determines the
group homomorphism.

We will also make use of the Rost invariant of a Lie algebra. The Rost
invariant is, strictly speaking, only defined for simply connected semisimple

algebraic groups, but we will make use of a generalization of the invariant



by Garibaldi and Gille [9]. The Rost Invariant of a simply connected

semisimple group G is a map
Rg = H'(x,G) — H?(x,Q/Z(2)) = H*(x, 1i5?)

where 0 depends on the group G. We will be particularly interested in the
case B where § = 6. Let G be any group of type . Garibaldi and Gille’s
invariant r(G) is defined as follows. First, take G to be the adjoint group
associated to G and let G be the simply connected cover of G. By [9, Prop

5.2], there exists a unique invariant
ra = Hl(*’ G) - HS(*? M?Q)
such that
rg =mo Rg

with 7 = H3(x, ug?) — H?(*, u$?) the natural projection. Then

where 0, is the twisting homomorphism taking G to the quasi-split group
of type Fs. (For any seimsimple group G there is a unique inner form of
the quasi-split group of that type equal to ,,G for a uniquely determined
n € H'(F,G)[20,31.5,31.6].)
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Chapter 3

Background Information IT

3.1 Introduction to Lie Algebras

Lie Algebras were introduced by Sophus Lie in the mid-1800s. Formally, a
Lie algebra L is a vector space over a field F' with an additional multiplication
called the bracket that satisfies the following identities:

1. The bracket multiplication is bilinear.
2. [xzz] =0
3. [z[yz]] + [y[zx]] + [z[zy]] = 0 (Jacobi identity)

In characteristic not 2, the bracket is anti-commutative.

Any vector space with a trivial bracket multiplication of course defines a Lie
algebra, known as an abelian Lie algebra. Another simple example of a Lie
algebra is the cross product of vectors in R?. It is well known that the cross
product is anti-commutative and non-associative, and it is straightforward
to check that it satisfies the Jacobi identity. We may also define a bracket

multiplication on M, (F) in the following manner
[AB] = AB — BA

where AB and BA are the usual matrix multiplication. With this operation,
M, (F) becomes a Lie algebra over F'. The subspace of M,,(F') consisting of

trace zero matrices is known as the special linear Lie algebra sl (F).
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Every Lie algebra acts on itself via the adjoint representation, defined

by the bracket operation, i.e.

ad(x)(y) = [zy].

We will work exclusively with semisimple Lie algebras in this dissertation.
An element in the Lie algebra is semisimple if the endomorphism ad(z) is
semisimple (diagonalizable over an algebraic closure of the base field). Every
semisimple Lie algebra contains a subalgebra consisting entirely of semisimple
elements. Such a subalgebra is abelian and is called a toral subalgebra.
These subalgebras act on the Lie algebra via the adjoint representation as
well. In the case that all endomorphisms ad(h) for h € H are diagonalizable
over the base field of the Lie algebra, we say H is split (or F-split to
emphasize the fact that the endomorphisms are split over the base field F'). A
maximal toral subalgebra is known as a Cartan subalgebra. In the special
linear Lie algebra sl,,(F), the trace zero diagonal matrices form a split Cartan
subalgebra. Over an algebraically closed field, any Cartan subalgebra is split,
but since we are working with Lie algebras defined over arbitrary fields, we

will not always have a split maximal toral subalgebra.

3.2 Root Systems and Dynkin Diagrams

We will begin by defining the roots and root spaces of a split Lie algebra.
Since the Cartan subalgebra H is split, we have a basis that simultaneously
diagonalizes all ad(h). We can therefore decompose the Lie algebra into
generalized eigenspaces based on the action of H. That is, L can be written

as a direct sum of subspaces
L,={x € L|[he] =ca(h)x forall h € H}

where o € H*. The a’s can be thought of as generalized eigenvalues and the

nonzero a’s are called the roots of L. The collection of all non-zero roots is
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denoted ® and the decomposition of L into L, ’s is known as the root space

decomposition.

Example 3.2.1. sl,(F) gives a nice example of the root space decomposition.

The Cartan subalgebra here is diagonalizable over F. One basis is given

below.
1 0 00 0 0 0 0 00
0 -1 00 01 0 0 00
H = < ) ) >
0 0 0 00 —-10 0 01
0 0 0 00 0 O 000 -1
A typical element in H can be written as
hq 0 0 0
s | 0 e 00
0 0 hs —hy O
0 0 0 —hs
Then
ad(h)(x) = [hx] = ha — zh
0 (2h1 — ho)* (h1 + ha — hg)* (h1 + h3)*
_ —(2h1 — h2)* 0 (=h1 +2hg — h3)*  (—h1 + ho + h3)=*
—(h1+ha —h3)x  —(—hi +2hy — h3)* 0 (=ha + 2h3)*
—(h1 + hg)* —(=ha + ha + h3)* —(—ha +2h3)x 0

where * denotes the original entry in z. The root hy + hs € H*, for example,
is the map that sends h to its first diagonal entry minus its fourth diagonal
entry. Notice that every root above the diagonal can be written as a positive

sum of

Oélzh—>2h1—h2
agzh—>—h1+2hg—h3
043:h—>—h2+2h3
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and every root below the diagonal can be written as a negative sum of these
three roots. The roots aq, as, ag are called simple roots. The collection of
simple roots is denoted A. In terms of the simple roots the roots from the

previous matrix are

0 031 ap+ay o +ay+ a3
- 0 Q9 Qg+ a3
— (a1 + ) —ag 0 o3
—(1 + g+ a3) —(ag+as) —(az) 0

The roots above the diagonal can all be written as positive sums of the
simple roots and are called positive roots and are denoted ®*. Those
below the diagonal can be written as strictly negative sums of simple roots
and are negative roots, ®~. The root in the upper right hand corner of the
matrix, here oy + s + a3, is known as the highest root.

One notices immediately the symmetry of the roots. In particular, roots
occur in positive, negative pairs. If o is a root of L relative to H, then so
is —a. (But notice that no other multiple of « is a root). This is not mere
coincidence for sl,(F') but is in fact true for all root systems. [15, 8.3] gives

the following properties of roots.
1. ¢ spans H*
2. If o« € &, then —a € P.

As in sl,(F'), the zero root space is precisely the Cartan subalgebra H
and all other root spaces are 1-dimensional. With Ly = H, the root space

decomposition of a Lie algebra with respect to a Cartan subalgebra H is
L=H®®uco+ (La®L_,) (3.1)

The roots of a Lie algebra form a finite dimensional subspace of Euclidean
space known as a root system. There is a bijection between elements of H

and roots which can be described as follows:
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For any a € ®, let t,, be the unique element of H with the property that
K(ta, h) = a(h)for all h € H.

Using this identification of roots with elements of H, we can define a sym-

metric bilinear form on the roots using the Killing form:

(@, F) = K(ta, ts)

It will always be the case that for any «, (3 € , 280) ¢ 7, [15, Theorem

(a,@)

8.5]. This integer is denoted (o, 5). For distinct positive roots («, 5) (3, a) =
0,1, 2,3 [15, 9.4]. The Cartan matrix of a split Lie algebra gives the

relations («;, ;) for the simple roots under a fixed ordering. By definition
the Cartan matrix is the matrix (a;;) = (o4, ;). Some examples are given

below.
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Dy

Eg

—1

—1

E;

Table 3.1: Cartan Matrices
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n—1

Ay (n>1) 1 2 3 n 2 n
n—1

n—1

Cofnz2) L 2 3 n=2" "
n

D, (n>4) T % 5 w3 0
n—1

Table 3.2: Classical Dynkin diagrams

A Dynkin Diagram depicts the simple roots of a root system and their
relations with respect to the (,). Each simple root is denoted by a vertex in
the Dynkin diagram, and the vertices «;, o; are connected by (a;, a;) (o, a;)
edges. By [15, 9.4], any two vertices will be connected by at most 3 edges. A
root system in which any adjacent vertices are connected by only one edge
is called simply laced. In this case, all roots have the same length. When
more than one root length occurs, an arrow is added to the Dynkin diagram
pointing to the shorter of the two roots. An irreducible root system is one

with a connected Dynkin Diagram.
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Es
1 3 4 5 6
P—O—L—O—4
Er
1 3 4 5 6 71
V—O—I2—0—0—0—‘
Eg
1 3 4 5 6 7 8
Fy 1 2 3 1
G 1 2

Table 3.3: Exceptional Dynkin diagrams

These allow us to completely classify Lie algebras over the complex num-
bers. However, over arbitrary fields, it is often the case that two distinct Lie
algebras will have the same root system. It is for this reason that we are

interested in other invariants, particularly the Killing form.
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3.3 Killing Form

The Killing form is a quadratic form invariant that aids in the classification of
Lie algebras. The Killing form & of a Lie algebra L is the symmetric bilinear

form given by the trace of the adjoint representation. That is for x,y € L:

k(z,y) = tr(ad z ad y)

For simplicity, the Killing form will often be denoted (z,y). The Killing

form is associative with respect to the bracket operation:

([ry], 2) = (2, [yz])
When L is semisimple, the Killing form is nondegenerate. In fact x non-
degenerate is a necessary and sufficient condition to have L semisimple ([15,
Theorem 5.1J).

We can compute the Killing form directly for some Lie algebras.

Example 3.3.1 (Quaternion Algebras). Let @ = (“I;b) be a quaternion
algebra with basis {1,4,7,k} and let Qy = {¢ € @ | tr(¢g) = 0}. Let
x = xg+ 210 + x2] + 23k € Q. Then tr(z) = x + 7 = 2xq so for z € Qo,

xo = 0, and a basis for Qq is {i,j,k}. Let x = x1i + 29j + 23k be in Qo.

Then the matrix for ad(x) is given by

0 bxg —bIQ
2d@)()] ad(@)(j)] ad()(k)] =2 |-azs 0 ax
—Ty —X 0

The form « is given by k(z) = trace(ad x ad z)

2

0 bﬂ?g —bJZQ
=tr(4|—azs 0 azy | )

—XT2 —X 0
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—x3ab + x3b * *
= tr(4 * —x3ab + x3a % )
* * z3b+ 23a

= 4(2ax7 + 2bx3 — 2abz})

and so
k = (8a, 8b, —8ab)

or up to squares
Kk = (2a,2b — 2ab)

Example 3.3.2 (Orthogonal Group of a Quadratic Form). Let ¢ = (ay, ..., an)

be a quadratic form with Gram matrix A. Let

0(qg) ={g9€gla|g’A+ Ag =0}

We can calculate the Killing form of o(q) as follows.

ai

Let M;; be the n x n matrix with 1 in position 7, —a in position ji and
0Os elsewhere. Then the collection {M;; | i < j} forms an orthogonal basis
for o(¢q) with respect to x.The matrix for ad(M;;)(z) has 2(n — 2) non-zero
columns. In addition, the product of the mth row of this matrix with the
mth column is either 0 or —2—;’_:

To compute the matrix for ad(M;;) we use the following table for values of

ad(M,;;)(x) when x is another basis vector (k # 4, j, [ # 1, 7)

i Mij M Mipk<j) | Mike>s) | Mije<iy | Mrje>i) | Mjk | M
ad(M;;) (=) 0 — My Z—;le_j % My, Z—ZM,” _T‘;’CM“C M, 0

] J

Since ad(M;;)(My) is zero unless k or [ equals i or j (but kl # ij), the matrix
for ad(M;;) then has only

(0)-()- 1m0y
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nonzero columns.

We now compute the product of a row with column of the same index.

1.

Row M;, times Column My, k < 1:

L. So

G
ak

Only column Mjy; gives a non-zero entry in row M;; this value is —-.

Column M;;, has a nonzero entry only in row M, this value is

—a;
aj

in ad(M;;)?, the product of row M;, and column M, is

Row M;;, times Column M, k > i:
Only column M, gives a non-zero entry in row M,; this value is 1.

Column Mj;;, has a nonzero entry only in row Mj;, this value is Z— So
J
a;

in ad(M;;)?, the product of row M;;, and column M;y is ~

J

Row M,; times Column My, k < i:

Only column Mjy; gives a non-zero entry in row My;; this value is 2.
J

Column Mj,; has a nonzero entry only in row Mjy;, this value is —1. So

—a;
aj

in ad(M;;)?, the product of row My; and column My; is

. Row M}y, times Column Mj;, k > j:

Only column My, gives a non-zero entry in row Mj; this value is —*.
J

Column Mj;, has a nonzero entry only in row Mj,, this value is 1. So

a;
a; °

in ad(M;;)?, the product of row M), and column My, is

Row Mj;; times Column My; k <
Only column M, gives a non-zero entry in row Mj;; this value is —1.

Column Mj; has a nonzero entry only in row My, this value is 2. So

—a,;
aj

in ad(M;;)?, the product of row My; and column My, is

Row Mj; times Column My, k > 1

a;

Only column My, gives a non-zero entry in row My ; this value is &

Column Mj,; has a nonzero entry only in row M, this value is _a—“’“ So
J

a;
a; ’

in ad(M;;)?, the product of row Mj; and column My; is
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7. All other products of row M), with column M),,; are zero since these

columns are all zero.

Since {M;;} form an orthogonal basis, we only need to compute x(M;;) =
trace((ad(M;;))?). We saw that the diagonal entries in ad(M;;)* are either
0 or = and there are precisely 2(n — 2) non-zero entries on the diagonal.

Thus J
k(M;;) = trace((ad(M;5))?) = —2(n — 2)%.

And therefore

3.4 Chevalley Basis and Killing Form

In the previous section we computed the Killing form by finding an orthogonal
basis that simplified the computation. For any split Lie algebra, there is a
canonical basis arising from a decomposition of the Lie algebra with respect
to its split maximal toral subalgebra. This basis is known as a Chevalley
basis.
Given a basis A of ®, we define
A:{di:%MzieA}

Elements in the root system ® with basis A are called coroots, and we have
amap ® — H. For each & € ®, let h, be the unique element of H satisfying
&(h) = K(ha,h) for all h € H. This gives a bijection between the coroot
lattice A, and the Z-form of H. The image of A under this map gives a basis
for H:

{ha, | i € A}
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Notice that h, = (it—g) where t, corresponds to the root « in under the
analogous map from ® — H defined in section 3.2.

We construct a Chevalley basis is the following manner. First, recall that
the zero root space Ly is precisely the Cartan H and we have given a basis
for H above. Recall also that each root space L, is one dimensional. By

[15, Proposition 25.2], it is possible to choose generators x,, of L, such that
(207 _o] = hqo. Then

{he, | i € A} U{zy |a €T} U{z o | a € ®t}

form a basis for L known as the Chevalley basis. The following properties
hold for a Chevalley basis [15, 25.2](Chevalley).

L. [xax_o] = ha

2. [haha,] =0

3. [ha,Ta] = (o, i) xq

4. For a, f € ® such that a + 8 € ®, [x,25] = CapTarp for a scalar c,p.
5. The elements x,, r_,, ho generate a subalgebra isomorphic to sls.

6. Every h, is in the Z span of the h,, (o; € A).

We can use the decomposition given in 3.1 together with the properties of

a Chevalley basis to simplify the computation of the Killing form. Let

be the root space decomposition of L.

Lemma 3.4.1. If o, f € H* with o+ (3 # 0, then L, is perpendicular to Lg
relative to the Killing form of L.
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Proof. Since a + 3 # 0, we must have h € H such that (o + )(h) # 0. Let

v1 € L, and vy € Lg. The Killing form is associative so we have

a(h)k(vy,ve) = K([hv1],v2) = —K([v1h], v2)
= —k(v, [hwa]) = —=B(h)k(v1, v2)
(a(h) + 5(h))K(v1,02) = 0

Since (o + () (h) = a(h) + B(h) # 0, we must have
K(v1,v9) =0 O

This means that in the root space decomposition, the sums outside the
parenthesis are perpendicular with respect to the Killing form. The next
lemma describes the Killing form on each orthogonal summand using a

Chevalley basis.

Lemma 3.4.2. Let L be a simple Lie algebra with Chevalley basis {ha, | a; €
AYU{z, |ae @t} U{z_, | a € ®F}. The Killing form k is hyperbolic on
Y acor (La @ L_o) and on H, k is given by the Weyl-invariant inner product

on the dual root space. Specifically
k(has h) = 2m* (L) (&, 5)

where (&, 3) is the Weyl-invariant inner product with (&, &) = 2 for a long

root o and m*(L) is the dual Cozeter number of the algebra.

Proof. Let x4,yq be in L,. Since a + o # 0, by Lemma 3.4.1 (24, ys) = 0,

and L, is totally isotropic with respect to . Since dim(L,) = %dim(La b

L_,)and L,®L_, is non-degenerate, x restricts to be hyperbolic on L,®L_,
([21, 1.3.4(1)]). Let &, 3 € ®. Define a symmetric bilinear form f on ® by

f(d, B) - ’i(hou h,@)
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This form is Weyl-invariant. (By [15, Lemma 9.2], («, 8) is Weyl-invariant,
and since the Weyl group action preserves root length, this implies the inner
product on the root space (o, 3) is Weyl-invariant. But o4(5) = (a;ﬁ), which
implies that the form f on the dual root system is also Weyl-invariant.) If ®
is an irreducible root system, then ® is an irreducible representation of the
Weyl group. If not, & decomposes uniquely as a direct sum of irreducible
root systems ([4, Prop 6, VI.1.2]) so it suffices to work in the irreducible
case. Then Schur’s lemma states that there is at most one Weyl-invariant
symmetric form on ® up to scalars. Take the scalar multiple of f that gives
(&,&) = 2 for a long root « so that the form may be computed from the

literature (see for example [4]). By [26, p.14] for a long root «
K(ha, ha) = 4m* (L)

Therefore
K(ha, he) = 2m* (L) (&, &) O

Note: In the case of a simply laced root system, & = « and (v, 5) = («, 3)

so the Killing form on H is given by the Cartan matrix.

Example 3.4.3. In the case of sly(F'), we have |y given by

By decomposing the Lie algebra into root spaces, we simplified the calcu-
lation of the Killing form to the calculation on the Cartan subalgebra. This
process is quite useful, but is only applicable for split Lie algebras. In Chapter
4, we will examine a similar decomposition that simplifies the computation

of the Killing form for isotropic Lie algebras.
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Chapter 4

Isotropic Lie Algebras

Much of the work on classification of Lie algebras has been done over alge-
braically closed fields. In this section, we examine Lie algebras defined over
arbitrary fields which may not have a split Cartan subalgebra. Calculating
the Killing form without a split Cartan subalgebra proves to be more diffi-
cult. We will often make use of the theory of algebraic groups, which applies
to these Lie algebras (see [2, 1.3], [16, IIL.9]).

4.1 Tits Indices

When studying Lie algebras over arbitrary fields, it is preferable to use Tits
indices instead of Dynkin diagrams. A Tits index includes the Dynkin dia-
gram of the root system together with information about split toral subalge-
bras and the action of the Galois group of F' on the Lie algebra. Tits indices
were described and classified by J. Tits in [28] for algebraic groups.

To understand the Tits index, it is important to first understand the Weyl
group of a root system. Let F denote the rational vector space spanned by
®. The Weyl group is the subgroup of GL(FE) generated by Weyl reflections
w, for a €  where for g € ¢

Notice that w, fixes all roots orthogonal to a under the usual inner product
on the root system and sends a to —«. In particular, the image of a basis A

under the Weyl group will again be a basis A’, and there is a unique element
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w: A — A" [17, VIIL.1, Theorem 2]. Tits describes an action on the root
system that combines the usual Galois action on L with the action of the
Weyl group on roots.

Let L be a Lie algebra defined over a field I, and let ' be the Galois group
of Fy.,/F. There is a natural action of I' on H* since over Fy.,, H is split.
The image of A under the action of an element o € I" will be another basis
for L, and since the Weyl group permutes basis, we have a unique element
w in the Weyl group such that w o 0(A) = A. The *-action of I' is the
composition of the usual action with this element of the Weyl group. That
isforo el

ocfi=woo

The resulting action will be a graph automorphism of the Dynkin diagram.
The Tits index is drawn from the Dynkin diagram by placing vertices of the
Dynkin diagram which are in the same orbit close together in the Tits index.
A Lie algebra is called inner if the *-action is trivial and outer if there are
non-trivial orbits.

In addition to depicting the *-action of I" on A, the Tits index also gives
information about split toral subalgebras and the anisotropic kernel. The
(semisimple) anisotropic kernel of a Lie algebra is roughly the part con-
taining no split toral subalgebra. Precisely, it is the derived group of the
centralizer of a maximal F-split toral subalgebra. A Tits index in which all
vertices are circled indicates that the Lie algebra is split, or in the outer case,

quasi-split.

Example 4.1.1. One common example of an isotropic Lie algebra is sly(Q)
for () a quaternion algebra defined over a field F'. It has Tits index below

for () division.
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This is a Lie algebra of inner type with trivial x-action. Here the anisotropic
kernel is A = s1,(Q) x sl1(Q), which sits inside sl5(Q) as

)

and an F-split toral subalgebra is

1
SZF( 0)
0 -1

The uncircled vertices correspond to the anisotropic kernel, and the circled
vertex in the center tells us there is a one-dimensional F-split toral subalge-

bra.

Example 4.1.2. The Tits index of a Lie algebra of type 2Es with anisotropic
kernel of type 2D, is given below. The *-action permutes vertices 1,6 and

vertices 3, 5.

— [

This is a Lie algebra of outer type. Its anisotropic kernel has simple roots
corresponding to the uncircled vertices of the Tits index. This will be an
important example in the computation of the Killing form of Lie algebras of

outer type Fjg.
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4.2 Tits Indices and F-Split Tori

It is important to note that the x-action of I' on the Tits index (and hence
on L) is not the same as the usual Galois action on L. In fact, elements fixed
under the x-action may not be fixed under the usual Galois action and vice
versa. We will often want to know the fixed elements under the usual Galois
action since, for example, the elements of a (twisted) Cartan subalgebra fixed
by I' form an F-split toral subalgebra.

We begin by defining the weight lattice and co-weight lattice of a root
system ®. A weight ) is an element of the Euclidean space containing ®
such that

A\ a)eZ

for all & € ®. The weight lattice of ® is written A. A weight is dominantif

The root lattice A, generated by & is contained in A since (3, &) € Z [15,
Theorem 8.5]. We define the fundamental dominant weights as the dual

basis to A = {d; | i € I'}. These are the weights
{N g el (N, ai) = dis}

where d;; is the Kronecker delta, and they form a basis for the weight lattice
A [15, 13.1]. Let A be the dual lattice to A,. Elements of A are called co-
weights. Notice that the coroot lattice A, C A. Define the fundamental

dominant co-weights as the dual basis to A. These are the co-weights
(N 1d el (N, ai) =0}

which form a basis for the co-weight lattice. Since A, C A, each co-root & can
be written as an integer combination of fundamental co-weights, and each

fundamental co-weight can be written as a rational combination of simple
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co-roots. Let ¢ = |A/A.|. Then each c)\; can be written as an integer
combination of co-roots. Suppose ch = > sea @d;. Then using the map

® «— H sending & — hy, let

thj - Z aihai

Borel and Tits [3, Corollary 6.9] describe precisely which elements of A are
fixed under the Galois action and therefore which elements of H are fixed
under the Galois action. This allows us to construct a basis for F-split toral
subalgebras from the Tits index.

Let {a,, ..., a;, } be a circled orbit in the Tits index (so that the a;; are not
in the anisotropic kernel). Associate to this orbit the element cA;, + - - - +
chi, € A, where ¢ = |[A/A,|. Then the subspace of the co-root lattice fixed

under the usual Galois action is generated by elements of the form
{ehi, +---+cNi, | {aiy,...,a; }is a Tits orbit in A\ Ay}

(over Q) [3, Corollary 6.9].
In the case that the *-action on the Tits index is trivial (so all orbits contain

only one vertex),

AF®Q:<CXZ'|O(Z‘EA\A0>

and an F-split toral subalgebra has basis given by elements of the form
{hex, | vertex i is circled in the Tits index} (4.1)

In particular, the dimension of a maximal F-split toral subalgebra is equal
to the number of circled vertices in the Tits index.

Suppose now that L is type 2. The * action gives a map

x: [ — AutA

K = (F,e) ™) is a finite extension of F of degree |im(x)| = 2 for which the
Tits Index of L ® K is of inner type. Letting K = F(y/a) and using [25,
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p-279], a basis for the maximal F-split toral subalgebra in L is given by
{thi + hcj\j, \/athi — \/ahc);j | {i, a;} a circled Tits orbit} (4.2)

In the case that all roots have the same length, weights and co-weights are
equal since we adopt the bilinear form with («, ) = 2. Formulas for the
fundamental dominant weights written as sums of the simple roots can be
found in [15, Sec. 13, Table 1].

In Example 4.1.2, the subspace of Al fixed by the usual Galois action is
generated by 3A; +3)\g and I'" permutes 3\; and 3X\g. A basis for the F-split
toral subalgebra is {hsx, + harg, Vahsxn, — vVahsy, }-

4.3 Tits Algebras

Associated to each orbit in the Tits index is a central simple algebra known
as a Tits Algebra. These were defined by Tits in [29] and are also described
in [23]. These central simple algebra invariants give us information about the
Lie algebra which will be necessary for the results on Killing forms in Chap-
ters 7.3 and 7.3. Tits defines these algebras by giving a bijection between
dominant weights fixed under the x-action and algebra representations of L.
An algebra representation of a Lie algebra L defined over F' is simply a map
p: L — GL(A) for a central simple algebra A over F' (see [23]).

It is well known that there exists a bijection between dominant weights of
a split Lie algebra and irreducible representations of the Lie algebra ([29,
Lemma 2.2]). Let

0 : A, — irreducible representations of L.

Tits extends this notion to non-split algebras by restricting # to just the
elements of A, fixed under the x-action of I'. In this case by [29, Theorem

3.3], we have a bijection

AL « {irreducible algebra representations of L}
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Let A € AL be a dominant weight associated to an orbit in the Tits index,
and let p : G — GL1(A) be the algebra representation assigned to A under
this bijection. Then A defines the Tits algebra associated to that orbit. We
denote this by A(A). In the case that L is split or quasi-split, we will always
have A(A) split [29, 3.3]. In addition we have the following properties of Tits
algebras.

Let A(X), A(p) be the Tits algebras associated to A, u € AL and let [A]

denote the Brauer class. By [23, Proposition 7.4] we have
1. If X is in the root lattice of L, then the A(\) is split.
2. [AA+ )] = [AN)] + [A(w)]
Notice that these properties allow us to define a homomorphsim
a: (AJA)Y — Br(F).

We will define the Tits algebra only up to Brauer equivalence. So for any
A € A, associated to an orbit in the Tits index, a(\) will be the Tits algebra
associated to A.

In the case of an inner type Lie algebra, associated to vertex iis the Tits
algebra a();) for the fundamental dominant weight ;. We will denote this
algebra by A(7). In the type 2 case, let B be the Tits algebra associated to
the orbit containing vertices i, j and let K be the quadratic extension of F'.
which splits the quasi-split Lie algebra. Then B is a central simple algebra

over K and

Bk Kx Bk ‘'K =Bx"'B=A(i) x A(j)
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4.4 Weight Space Decomposition

For this section S is a (not necessarily maximal) F-split toral subalgebra,
which sits inside a Cartan subalgebra H. It acts on the Lie algebra via
the adjoint representation, and we can decompose the Lie algebra into the
eigenspaces induced by this action just as we did for the action of H. When
we decompose with respect to a non-maximal split toral subalgebra, we call
the generalized eigenvalues weights and refer to this as the weight space

decomposition of L with respect to S. A weight space L, is defined below.

L, ={x e L|hz] = p(h)x for all h € S}

Just as we had a highest root, we will also have a highest weight. Using

the weight spaces, L decomposes as

A weight space decomposition is similar to a root space decomposition in
that the nonzero weight spaces occur in positive and negative pairs. If p is
a weight, —pu is also a weight, and furthermore L, and L_, have the same
dimension. It is not true, however, that L, must be one dimensional. In
addition, the zero weight space is not the same as the zero root space. It will

contain the Cartan subalgebra H, but it is often larger than H alone.

Example 4.4.1. We return to the example of sl3(Q) for Q a quaternion
algebra defined over a field F’
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Recall an F-split toral subalgebra is

1
SZF( 0)
0 -1

Decomposing with respect to this toral subalgebra in sly(Q) gives

[he] = ( —(;* 2O>l< >

and our weights are 0,2, —2.

The weight space decomposition is useful for computing the Killing form
because the properties of weights mirror the advantageous properties of roots
described in Chapter 2.4. Specifically, we restate Lemma 3.4.1 and part of

Lemma 3.4.2 in terms of weights. The proofs are analogous.

Lemma 4.4.2. If u, A are weights of L such that p+ X\ # 0, then L, is
perpendicular to Ly relative to the Killing form of L.

Lemma 4.4.3. For any p1 a weight of L, L, ® L_,, is hyperbolic with respect

to K.

Notice that we cannot restate all of Lemma 3.4.2 in terms of the weight
space decomposition because the weight space decomposition does not give
us a Chevalley basis. That basis is unique to split Lie algebras. In this case,
we must work harder to compute the Killing form on the zero weight space,
which is larger than simply H. The next lemma describes the zero weight

space.

Lemma 4.4.4. Let S be an F-split toral subalgebra of L and let A be the
derived subalgebra of Zr(S). Let H be a (not necessarily split) Cartan sub-

algebra of L. Then in the weight space decomposition of L with respect to
S

Lo=Zn(A)® A
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where & 1s an orthogonal sum with respect to the Killing form. Furthermore,

A is semisimple and A contains the anisotropic kernel of L.

Proof. Tt is clear that Ly = Z1(S). Since L is semisimple, Ly is the centralizer
of a toral subalgebra, so Ly is reductive [16, Corollary A 26.2] and by [17,

Theorem 11] decomposes as
LO - Z(Lo) @ [L[)LO]

By definition we have A = [LoLy]. Let us now examine Z(Ly). Let x €
Ly. Clearly [#Z(Ly)] = 0 so x € Z(Ly) if and only if [zA] = 0. By [17,
Theorem 11| Z(Lg) is a toral subalgebra and is therefore contained in a
maximal toral subalgebra. Since all maximal toral subalgebras are conjugate,
Z(Ly) is contained in all maximal toral subalgebras, and in particular Z(Ly)
is contained in H. Therefore Z(Lg) is precisely the elements of H which
centralize A.
Z(Lo) = Zu(A)

If S is a maximal F-split toral subalgebra, A is precisely the semisimple
anisotropic kernel of L with simple roots corresponding to the non-circled
vertices in the Tits index ([28]). If S is contained in a maximal F-split toral

subalgebra, then A will contain the semisimple anisotropic kernel. O

To summarize, any isotropic Lie algebra with split toral subalgebra S and

subalgebra A containing the anisotropic kernel of L decomposes as

L=AoZyAo @ L.oL.,)
HES*,u#0
where the sums oustide the parenthesis are orthogonal with respect to s
This decomposition simplifies the computation of the Killing form. As in
the split case, we are reduced to computing on the zero weight space only,

however here we must compute the Killing form on two parts - a subalgebra A
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containing the semisimple anisotropic kernel and on a split toral subalgebra
Zu(A). The goal will be to select S in such a manner that the Killing form

on A is well known or easy to compute.



2 E6

D
D

=

€

‘)

(o

‘)

4.

(e

ik

Table 4.2: 2E Tits Indices

36






38

Chapter 5

Previous Results on Killing Forms of Lie Algebras

As we showed in Chapter 3, the Killing form of any split Lie algebra is well
known thanks to the work of Killing and Cartan subalgebra. In this case, one
needs only to know the dimension of the Lie algebra and its Cartan matrix,
information that is readily available in the literature. In the non-split case,
however, the Killing form is not as straightforward to compute especially in
the case of exceptional Lie algebras. N. Jacobson has done work in the area
of Killing forms of exceptional Lie algebras [18], and additionally Serre has
given formulas for Lie algebras of type Fy and G2 [10, p.67].

We begin by examining Jacobson’s results from [18, Chapter 11] for Lie
algebras of type Fs. Following his notation, let J = H(&3,~) be the set of
3 x 3 matrices over a Cayley algebra € which are y-hermitian for the diagonal
matrix v = diag[y1, 72, 73]. Let J’ be the set of trace 0 elements of 7 and let
R(J") = {R. | a € J'}) the collection of right multiplication maps. Then
J is a reduced simple Jordan algebra, and DerJ = InderJ = F, is a Lie
algebra of type F. Furthermore £' = R(J') @ F, is a Lie algebra of type Fg.
Jacobson gives the following formula for the Killing form of such an Eg [18,
p.113]. Here R, € R(J') and D = Do+ R, Rp,, ]+ [Re, Reys |+ [ Res Ras, ] where
Dy € Dy C Fy, the subalgebra which annihilates the diagonal idempotents.
The e;, bia, co3, d3; come from the basis given by the Pierce decomposition of
J =Fei®Fea® Fes® J12® J13 D Jas relative to e; = e;; of the usual matrix
basis for J. The value n(a) is the norm of the element a € €. T(,) is the
trace form on R(J’) and kp, is the Killing form on Dy of type Dy. Then for
R, € R(J'),D € F,, k is given by



39

K(Ro+ D, R, + D) = 12T (a,a) 4+ 2kp, (Do, Do) —

6(75 '11n(b) + v3 en(e) + 1 tvan(d))

The above formula also applies to certain Lie algebra of type 2. Let a € F
such that « is not a square. Then the subalgebra of € ® F'(y/a) of elements
of the form \/aR, + D is a Lie algebra of type ?Eg [18, p.114] and its Killing
form is the same as above replacing 127(a, a) by 12aT(a, a).

Jacobson also gives a formula for the Tits Lie algebra 7 = € ® A; & D of
type E7 where € is as before, A; a 3-dimensional Lie algebra of type A; and
D = Inder€. Here x,2' € €,a,d’ € A;,D,D’ € D.

1
klx®@a+D,x®@a+ D)= §T(x, 2 )ka,(a,a’) + kp(D, D")

These formulas rely heavily on knowledge of the underlying Jordan and
Cayley algebras. The formula we give for type g is much more straightfor-
ward and can be computed from the Tits index of Eg together with the Rost
invariant. Jacobson also gives some results for certain other exceptional Lie
algebras (including F}), but the formulas are again complicated and we leave
those to the reader to explore (see [18, p. 118-121]).

J.P. Serre has also given formulas for the Killing form of Lie algebras of
type Fy and G5 over arbitrary fields of characteristic not 2 or 3. Here we let A
be an octonion algebra over F' and G5 the Lie algebra of its derivations or we
take A to be an Albert algebra with Lie algebra of derivations Fj. In either
case, Serre has defined cohomological invariants g3(A), ¢5(A) in H*(F,Z/2),
H?(F,Z/2) respectively. (See [22] for precise definitions of these invariants.)

He then gives the Killing form in terms of these invariants [10, p.67].

kG, = <_17 _3>(Q3 - 1)



Rp, = <_2>(Q5 - Q3) + <_17 _17 _17 _1>(Q3 - 1)

40



41

Chapter 6

Killing Forms of Isotropic Lie Algebras

In this chapter, we give a method for computing the Killing form of any
semisimple isotropic Lie algebra based on the Killing form of a subalgebra

containing the anisotropic kernel. The main result is given below.

6.1 Main Result

Theorem 6.1.1. Let L be a semisimple isotropic Lie algebra of dimension
n defined over a field of characteristic zero with simple roots A (all of the
same length) and Cartan subalgebra H. Let A be a subalgebra of dimension
n' containing the anisotropic kernel of L with simple roots A" C A . If

A =@l A; with each A; simple, then the Killing form r on L is given by

m(L)

5= —n' —[A\ A
m(Ar)

5 H

por L L (b Lz L

where m s the Cozeter number of the algebra.

Proof. Since A contains the anisotropic kernel of L, we know that Zy(A) is

F-split. Decomposing with respect to Zp(A) gives

L=AoZyA)e @ (L.oL_,)
HES*,u#0
where the sums outside the parenthesis are orthogonal with respect to s
(Lemma 3.4.1). Furthermore, each A; is orthogonal with respect to the
Killing form so k|4 is the sum of the k|4,. Let &; denote the Killing form of

the subalgebra A;. We first note that |4, is A;-invariant by the properties



42

of trace. Since k; is also A;-invariant, and the nonzero A;-invariant bilinear
form on A; is unique up to a scalar multiple ([13, Theorem 5.1.21]), we must
have

K

Ay — <C> v}

for some scalar ¢. Now let « € A’ C A so hy € A;. Then by Lemma 3.4.2

k(B ha) = 4m(L)

K}Z'(ha, ha> = 4m(AZ)

forcing ¢ = n’?’((ji)) .That is,

() m(L)
H’A—m(Al) 1J_J_m(Al> 1

On the subspaces L,, & L_,,, we know that k restricts to be hyperbolic

(Lemma 4.4.3) and the dimension of the nonzero (hyperbolic) weight space
is dim L —dim Lo = n — (n’ + |A \ A’]). This gives the result.
]

Note: In the case that L has roots of different lengths, the above theorem
holds by simply replacing the Coxeter number with the dual Coxeter number,
except in the following case. Suppose there exists a € A’ C A such that «
is short in A; but long in L. Then according to [26, p.14-15]

K (ha, ha) = 4m*(A;)
K(hay ha) = 4em™ (L)
where ¢ is the square of the ratio of the root lengths and m* is the dual

em™* (L)
m*(Aqi)’

The only remaining subspace of the decomposition for which we have not

Coxeter number of the algebra. Then the scalar is

computed the Killing form is Zp(A). The next section discusses computing
the Killing form on a toral subalgebra by calculating dimensions of appro-

priate irreducible representations.
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6.2 Calculating the Killing form on Zy(A)

In this section we discuss a streamlined method for computing the Killing
form on a split toral subalgebra, specifically the centralizer of a subalgebra
containing the anisotropic kernel. We will assume our root system is simply
laced so that coroots equal roots and coweights equal weights. Since A con-
tains the anisotropic kernel of L, Zy(A) is split or quasi-trivial. We use the
results of Section 4.2 to see the basis of a maximal F-split toral subalgebra
containing Zy(A). Since the Killing form on a toral subalgebra of outer type
can be computed in terms of basis elements for the inner type toral subal-
gebra, we will work only in the case that L is of inner type and ® is simply

connected.

Proposition 6.2.1. Let A have basis A" C A. Then a basis for Zy(A) is

{hc/\j | a; € A \ A,}

Proof. A basis for Zy(A) is contained in the basis 4.1. Let hcy; be a basis
element from 4.1. Then hy; € Zy(A) if and only if

[h’C)\ijék] = <Oék7C)‘j> =0
for all a;, € A’. For each such «;, define
O N — Loy, — {ay, N)

Then hy € Zy(A) if and only if A € ﬂker ¢r. Clearly each basis element

k
given above is in [, ker ¢, and from Section 4.2 we know the rank of Zy (A)

is A\ A, O

We can compute the Killing form on Zp(A) using this basis. Let her, =
> a,ea Giha, First note that

[hc)\jl’a] = O‘(hc)\j)xa = <Oé, C/\j>cajxa
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so ad(hey,) is a diagonal matrix with entries c(coefficient of ;). Using the
symmetry of positive and negative roots we have
tr(ad(hey,) ad(hey,)) = 2¢2 Z (coefficient of «; in «a)(coefficient of ¢ in «)

acd+

(6.1)
or in the case 1 = j
tr(ad(hey,) ad(hey,)) = 262 Z (coefficient of ; in ) (6.2)
acd+
To compute k(hey,, hc,\j), we need only those roots in ®* with nonzero «;
and «; coefficients. To count these roots we introduce the notation of [1].

Fix a subset A; C A. The level of a positive root g = Z c;o; with respect
icl
to Ay is the sum of the coefficients of the a; € A\ A;. The shape of [ is

Y ic N G- The goal is to grade the Lie algebra according to the level and
shape of its roots. Then the Killing form of an element h,,, can be given in
terms of the dimension of an irreducible representation of a subalgebra.

Let Mp (1) denote the product of all root spaces L_gz with level(5) = .
By [1, Theorem 2],

Mp (1) = 11 Vs

S a shape of level [
where each Vs is an irreducible representation of the Lie algebra L ; generated

by basis Aj.

Furthermore, the highest weight of Vg is the negative of the root with shape
S and minimal height (in L) ([1]). In the case A\ A; = a;, the only possible
shape for a fixed level [ is la; so M;(l) is a standard cyclic representation of
L with highest weight —la; — (3, denoted Vi, (—la; — ;). The dimension of

this representation can be used to compute &(hpy,, fny;)-

Proposition 6.2.2.

K(hnas, b)) = 20y 12 dim Vi, (—lag — )

>0
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Proof.

tr(ad(hny,) ad(hny,)) = 2n Z (coefficient of o in 3)?

Bed+

=20 " 1°dimy,, My(0). O
>0

The same method can be used in some cases to compute x(hpy,, hn,\j) for
i # j. In this case, take A; = A\ {ay, a;}. A root 5 contributes to the above
sum if only if both its «; and «; coefficients are nonzero. In the Eg case with
L’ = Dy, this condition states level() = 2 with respect to A\A; = {1, ag}.
The notation makes this process appear more complicated than necessary.
A few illustrative examples in the next section should clarify that this is

really a straightforward process.
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Chapter 7

Classical Results with New Method

In this chapter, we compute the Killing form of some classical isotropic Lie
algebras using the new methods described in the previous sections. While
these Killing forms were previously known, this more streamlined method
produces clean results in a straightfoward manner.

For these examples, we use \; to denote a fundamental dominant weight of
the larger Lie algebra L and w; to denote a fundamental dominant weight of

the subalgebra L; with simple roots Aj.

7.1 Type A,

Example 7.1.1 (sl5(Q)). Recall the example of an isotropic Lie algebra of
type As given earlier. Here L = sly(Q) for @ = (a,b) a quaternion algebra
defined over F'.

Let A be the anisotropic kernel of L of type A; x A;. We compute the
Killing form of A = sl(Q) x sl(Q) by computing the Killing form on each
(isomorphic) sl(Q). Since each A; is anisotropic it is s[(Q)) where @ is a
quaternion algebra ([28]). These are precisely the trace 0 elements of @
and we computed the Killing form on this Lie Algebra in Chapter 1 to be
(2a,2b,2ab) where Q@ = (a,b). Thus, the Killing form of s[(Q) is

<_2>QO
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where 1 L o is the norm form of (). Since the ratio of the Coxeter number
of 5l5(Q) (type As) and sl(Q) (type A;) is 2, we have

Kla = (—4)2q0

Here Zy(A) is generated by hyy,, the fundamental dominant weight corre-
sponding to the circled vertex. The Killing form on Zy(A) can be computed

by finding the dimension of V' (—as) in the anisotropic kernel.
K(hargs Parg) = 2(4%) dima, x4, V(—az)

Since the fundamental weights also form a basis for the root system, we can

rewrite aq in terms of the fundamental weights of sly(Q).
/i(h4)\2, h4)\2) = 2(42) diIIlAlXAl V()\l - 2)\2 + /\3)

As a weight of each Ay, Ay — 2Xy + A3 is just wy, the fundamental dominant
weight of A; so

K(Pany, har,) = 2(42)(dimy, (wy) x dimy, (w1))
=2(4%)(4)
=97
= 2mod F*?
By Theorem 6.1.1 we have
k= {(—4)2qy L (2) L 4H
Note
tranQ) lsn@ = (=2)2¢0 L (1) L 4H
which agrees with [5, Chapter VIII,Ex. 12].
Knowing the Killing form of s[(Q) of anisotropic type A; allows us to

compute the Killing forms of many type A, Lie algebras as the following

example illustrates.
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Example 7.1.2 (sl3(Q)). Consider the Lie Algebra of type As with Dynkin
diagram below. Here we have a slightly larger F-split toral subalgebra.

Here the anisotropic kernel is of type A; x A; X A;y. In this case, Zy(A) has
basis {hgx,, Pex, |-

K’(hﬁz\47 h6)\4) =

K(hexy, her,) = 2(36) dima, xa, x4, V(—aa — a3 — ay)

(36)
(36) dlmAlelel V()\l — )\2 — )\4 -+ )\5)
(36)
(36)

36) dimy, V(wy) x dimyg, V(w1)
36)2 x 2

* 32

2
2
2
2
2°
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The Gram matrix is then

21 30 6 0
25 % 32 = 2% % 32 = up to squares
(1 2> 01 0 2 (up E )

The ratio of the Coxeter numbers here is 3. This gives the Killing form on

sl3(Q) as
k= (—6)3q L (6,2) L 12H

7.2 Type D,

Example 7.2.1 (so(g)). Consider the Killing form on so(q) with Tits index

below, where ¢ is a 2n-dimensional isotropic quadratic form.

Since ¢ is isotropic we can write ¢ = qo © H. Letting J = I\ {1} (so
A =50(qo) of type D,,_1), Theorem 3.1 gives the Killing form on so(q) as

2n — 2
Rso(q) = <m>/’vsa(qo) L Klzya) L (2n —2)H

Since Zy(A) is generated by hgy,, Proposition 6.2.2 gives the Killing form
on Zy(A) as

(8dimVp, ,(—ay)) = (8dimVp, ,(wr))
= (8(2)(n—1)) = (n—1)

We know from Example 3.3.2 that

Fsa(ao) = (—2(2n — 4)) Xqo
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so we have
@w¢;€Z:i—m@n—@Mmem—lyL@n—mH
= (—2(2n —2))\%q L (n —1) L (2n — 2)H

2

(—(n—1))\q L (n—1) L (2n —2)H

Calculating kso(g) as in Example 3.3.2
Fsolg) = (—2(2n — 2))X%q

But since ¢ = (a1, ...asn_2,1,—1), A2¢ = N\?qy L (2n —2)H L (—1) and we

have

(=2(2n — 2))(Mqo L (2n —2)H L (1))
(—2(2n — 2))X%qo L (2n — 2)H L (2(2n — 2))
(—=(n —1))\%q L <n —1) L (2n—-2)H

Rso(q)

I

Il

We can see in this example that the two methods agree.

7.3 Real Lie Algebras

Before computing the Killing form on an isotropic real Lie algebra, we first

describe the Killing form on a non-trivial orbit in the Tits index.

Lemma 7.3.1. Let L be a Lie algebra of type 2 over F' and let {a;, o} be
an orbit in the Tits index of L not contained in Ay. The Killing form on the

2 dimensional toral subalgebra associated to this orbit is given by

(2(x +y), 2a(z —y))

where & = K(hex,, hen,) = K(he;, hen;) and y = K(hex,, hey;). The field K =
F(y/a) is the quadratic extension over which L is type 1. Furthermore x >
y > 0.
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Proof. By 4.2, an F-basis for the quasi-split toral subalgebra corresponding
to the orbit {a;, a;} is

{hc/\i + hcAj7 \/ahc)\i - \/ahc)\j}

We can compute the Killing form as follows.

(h'c)\i + hc)\ja hc)\i + hc)\j) = (hc/\ia hc/\i) + Q(hc)\ia h'c)\j) + (hc/\ja hc/\j)

(\/ahc)\i - \/ahc)\ja \/ahc/\i - \/ah(:)\j) =
a(hckia hcki) - 20/(]16)\1., h(:)\j> + a(hckja hcAj>

(hc)\i + hc)\]-7 \/ahc)\i - \/ahc)\j) = \/a(hc)\ia hc)\i) - \/a(hc)\ja hc)\j)

Because of the symmetry of the root system (hex,, her,) = (hen;s hey;). Let
7 = (hex;, hey;) and let y = (hey,, hey,) giving the Killing form as

(2(z +y), 2a(z - y))

Since x, y are dimensions of irreducible representations x,y > 0. Furthermore
roots with positive «; and «; coefficients contribute the sum in 6.1, while
those with only positive a; (or o) coefficient contribute only to the sum in
6.2. Since ay, a; are roots themselves, the latter sum will always be larger

giving x > . 0

Example 7.3.2 (Real Lie Algebras). We can use Theorem 6.1.1 to calculate
the Killing form of any real Lie algebra given its Tits index. (Here k € Z,
the signature of the Killing form).

Let L be a Lie algebra over R with anisotropic kernel A. L decomposes as

L=Zy(A)oAe @ (L, L)

HES* ,u7#0
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By Lemma 4.4.3, we know that x|,er_,) is hyperbolic so the signature here
is 0. The subalgebra A is compact, so k4 = (dim A)(—1) [14, Proposition
6.6]. Since m*(L), m*(A) are positive, Z((flg =1 € R*/R*? and k|4 =
(dim A)(—1). This leaves only k|z,4). Since A is the anisotropic kernel of

L, Zy(A) is split or quasi-split.

Suppose Z(A) contains non-trivial orbits so that L is type 2. By Lemma
7.3.1, the Killing form on a non-trivial orbit is (2(z + y), —2(z — y)) where
x >y > 0. Up to squares this is hyperbolic, so its signature is also zero. The
trivial orbits of Zy(A) are split. By Lemma 3.4.2, the non-hyperbolic part of
the Killing form on a trivial orbit is a positive multiple of the Weyl-invariant
bilinear form on coroots, which is positive definite [15, 8.5]. This gives the
Killing form on a trivial orbit as (1). Since each orbit in Zy(A) is orthogonal
with respect to x we have |z, a) = n(l) where n is the number of circled

single vertices in the Tits index. This gives the Killing form on L:

K = (# of circled single vertices in Tits index) — (dim of the anisotropic kernel)
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Chapter 8

Results for Lie algebras of type 'Ej

One of the main goals for this new method of calculating Killing form of
isotropic Lie algebras is to be able to give a formula for the Killing form of
the lesser understood exceptional Lie algebras. This method allows us to
build up a Killing form for an exceptional Lie algebra based on the Killing
form of a classical subalgebra. In the Eg case, we utilize our knowledge of its
D, subalgebra. Understanding D, together with the methods developed in
the previous chapter allows us to give an explicit formula for any Lie algebra
of inner type Eg based on its Rost invariant. The critical case here is the Fj
Lie algebra whose anisotropic kernel is of type D,. We first show that we
can achieve this case (or the split case) over an odd degree extension for any
'Fs Lie algebra.

Lemma 8.0.3. For any Lie algebra L of type 'Eg (inner type) over F, there
exists an odd degree extension K/F such that the Tits index of L @ K is
one of the following:

@@i@@@—o—l—'—@

Proof. Tt suffices to prove this in the case L is an algebraic group of type Fg.
We first show that there exists an odd-degree extension of I’ for which the
Tits algebras of L are trivial. Recall that L has Tits algebras A(2) = A(4) =
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F and A(1) = A(5) = A(3)? = A(6)°?. The Tits algebra A(1) has order
dividing 27 in Br(F') ([29, 6.4.1])and so there exists an odd degree extension
K that splits A(1).

Over K then, L = Inv(A), the group of isometries of the cubic norm form
of an Albert algebra A ([7, Theorem 1.4]). We will show that there exists
an odd degree extension of K for which A is reduced and that over this
extension, the Tits index of L has vertex 1 circled. By Tits’ classification
([28]), the Tits index will be one of the two given.

By [20, 40.8], A is reduced if and only if the invariant g3(A) € H3(*,Z/37Z)
is zero. But g3(A) is a symbol in H3(x,Z/3Z) ([27, p.303]), so writing g3(A) =
(a)-(b)-(c), it is enough to show that res(a) € H'(x,Z/37Z) = Hom(x, Z/37Z)
is zero over an odd-degree extension of K. Let K, be the Galois extension
of K corresponding to ker(a). Then [K, : K] = |im(a)| divides 3 and clearly
res(a) = 0 in H'(K,,Z/3Z). Therefore, over K,, A is reduced.

We have a bijection between homogeneous varieties L-varieties over F' and
s-invariant subsets of the Dynkin diagram [3, 6.4,2]. Furthermore, such a
variety has a point if and only if this subset consists of circled vertices [3,
6.3,1]. In this case, we have an explicit description of the variety associated
to vertex 1 in [8, 7.10]. It is {Kv | v € A with v # 0 and v* = 0}. Consider
the diagonal matrix (1,0,0) € A. Using the formula for v* given in [19,
p.385, (6)] we have (1,0,0)* = 0. Since this element is nonzero, it is in the
variety associated to vertex 1 and hence vertex 1 is circled in the Tits index
of L ® K,. Since [K, : K] and [K : F] are both odd, we have proven the

proposition. O

Lemma 8.0.4. Let L be a Lie algebra of type ‘Eg with one of the two Tits

@@i@@@—'—l—'—@

ndices below.
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Then the D, subalgebra is so(q), where q is a 3-fold Pfister form and e3(q) =
r(L), the mod 2 part of the Rost invariant of L as defined in [9].

Proof. Again we may prove this in the algebraic group case. Let L be an
algebraic group wth Tits index above and let D, denote the D4 subgroup
with roots aw, g, oy, 5. Let A’(2) denote the Tits algebra associated to
vertex 2 as a Tits algebra of Dy. In the first case, it is clear that A’(2) is
split. In the second, D, is the anisotropic kernel of L and so A’(2) is the
same as the Tits algebra A(2) associated to vertex 2 in L [29, 5.5.2,5.5]. In L,
Ay € A, indicating that A(2) is split over F' and the irreducible 8-dimensional
representation of Dy with highest weight A2, V()2), is defined over F. By
[13, 5.1.21, 5.1.24 and proof of 2.5.5], there exists a non-zero Dy-invariant
symmetric bilinear form ¢ on V(\y) and a representation 7 : Dy — so(q).
Since Dy is simple with dim Dy = dim so(q), 7 is an isomorphism. By [29,
6.2], Co(q) = A(3) x A(5). Furthermore, \s = —A3 = A\; modulo A, and
since A(1) is split, Co(q) = Mg(F) x Mg(F) and C(q) = My(F) giving the
Clifford invariant c(q) = 1 ([21, V.3.12]). Since dimq = 8, disc(q) = (—1)*
and ¢(q) = 1, we have ¢ € I*F by Merkuryev’s Theorem.

Let Eg denote the split simply connected Lie algebra of type Es. Then there
is a unique n € H'(F, Eg) such that Fg twisted by 1 is L ([20, Proposition
31.5]). But L is also isomorphic to the algebra obtained by twisting Eg by
n' € H'(F,sog) C H' (K, Eg) where sog twisted by 1’ is so(q) ([28, Theorem
2.2]). Furthermore i’ € H'(F, sping) since q is Pfister ([20, 31.41]). Then
the quadratic form ¢ is uniquely associated to 17 by Arason-Pfister Haupstatz

21, X.5.1]. Consider the following sequence:
HY\(F, sping) —— H'(F,Eg) == H3(F,;i§?) —— H*(F,7/2Z)
The Rost multiplier of the inclusion sping — Eg is 1 ([6, 2.2]). Therefore

Rost g, () = Rostspin, (1) = e3(q) € H*(F,Z/2Z).
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By [9, Prop. 5.2 and Def. 5.3], Rostg,(n) projected to H?(F,Z/27Z) is pre-
cisely the r-invariant r(L).

]

Theorem 8.0.5. The Killing form of a Lie Algebra of inner type Eg is
K= (—24)4qy L (2,6) L 24H

where e3(1 L qo) is (L), the mod 2 part of the Rost invariant of L as defined

in [9].

Proof. Let L be a Lie algebra of type 'Eg over F' and let K/F be the odd
degree extension described in Lemma 8.0.3. We will show that over K, L has
a subalgebra of type Dy = s0(q) where ¢ is a Pfister form defined over F'.

By Lemma 8.0.4, L ® K has a D, subalgebra of the form so(q) where ¢
is a K-Pfister form and e3(q) € H*(K,Z/27) is r(L ® K) = res(r(L ® F)).
Since res(r(L ® F)) is a symbol in H3(K,Z/27Z), r(L ® F) is a symbol in
H3(F,Z/27) ([24, Proposition 2]). Therefore ¢ is in fact a Pfister form over
F.

We now compute the Killing form of L ® K using Theorem 6.1.1. By
Springer’s Theorem, this is isomorphic to the Killing form of L ® F since
[K : F]is odd. We have computed the Killing form of so(q) in previous
examples as £ = (—2(2n — 2))A\?q. In the case ¢ is 3-fold Pfister form, the
Killing form of so(q) is

(=3)4q0

where ¢ =2 1 1L qo.

Let A = so(q), the subalgebra of type Dy in this Eg. Then Zy(A) is
generated by hsy,, hsy, and we compute the Killing form using the methods
described in the previous chapter. Again, we use \; to denote a fundamental

dominant weight of L ® K and w; to denote a fundamental dominant weight
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of L; ® K. In these calculations we will use J = {1,2,3,4,5}, {2,3,4,5,6},
and {2,3,4,5} so L; ® K is of type Ds, D5, and Dy, respectively.

/i(hg)\l, hg)\l) = 18 dim VD5(—a1) = 18dim VD5(—2)\1 + )\3)
= 18dim Vp, (—wy) = 18 * 2* = 288

Ii(h3>\6, hg)\ﬁ) = 18 dim VD5(_046) = 18dim VD5(/\5 - 2)\6)
= 18dim Vp, (ws) = 18 % 2* = 288

K(hsa, hang) = 18dim Vi, (— (a1 + as + o + a5 + ag))
= 18 dim VD4(—)\1 + /\2 - /\6) = 18dim VD4(W2)
= 18%8 =144

This form diagonalizes to (2,6). Using Theorem 6.1.1 and the fact that
m(Es) _ 12 _

m(Dy) 6

2 gives the result. O]

The table below gives the results for each type of 'Fg where r(L) = 1 L gp.
We need only know the Rost invariant to compute these forms. Notice how
streamlined these formulas are compared to Jacobson’s results in Chapter
5. In the split case r(L) = 4H, so we can give the formula with no ¢o. In
the third case, Lemma 8.0.3 shows that the Killing form is isomorphic to the
Killing form of the split Lie algebra.



Tits Index

Killing form

rh

(1,1,1,1,2,6) L 36H
(—6)4qo L (2,6) L 24H
(1,1,1,1,2,6) L 36H

(—6)4gy L (2,6) L 24H

Table 8.1: Results for 'Ej

o8
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Chapter 9

Results for Lie algebras of type £

Theorem 6.1.1 also yields results for some outer type Fg Lie algebras. For

this section L refers to a Lie algebra of outer type Eg with one of the following

—< [T []
@—C:@
— 1

As in the inner type case, the subalgebra of type 2D, plays a crucial role.

Tits indices:

We begin by describing this subalgebra.

Lemma 9.0.6. Let I' = Gal(Fs,/F) and let x : I' — S3 be the map from T’
into the automorphism group of the Tits index of 2Dy given by the *-action
of T. Let K = (Fip)*. Then K = F(y/(a)) for some a € F' and

Dy = s0(1 L {(a)qo)
where 1 L qo 1s a Pfister form over K.

Proof. Over F, the fundamental weight A, is in the root lattice of Eg so A(2)
is split as a Tits algebra of Eg. When vertex 2 is circled in the Tits index of a
Lie algebra of type ?Eg, A(2) is split as a Tits algebra of Dy. When Dy is the
anisotropic kernel of Ejg, the Tits algebras for the vertices in D, are the same
as those for the vertices 2,3,4,5 in Eg above [29, p.211]. This covers all Tits
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indices of type 2Fs except the anisotropic case. Since A, is split in each of
these cases, V' (\2), the 8-dimensional irreducible representation of D, with
highest weight A, is defined over the base field F'. There exists a D, invariant
symmetric bilinear form on V' (A2) by [13, 5.1.21, 5.1.24 and Proof of 2.5.5] so
we have a representation 7 : Dy — s0(q) for some 8-dimensional quadratic
form ¢. Since Dy is simple, 7 is injective, and since dimD,=dimso(q)=28, ®
is an isomorphism.

The image of the map % : [' — S5 has order 2 since our Dy is of type 2
[28]. Therefore [K : F] = 2 and so K = F(y/a) for some a € F. Notice
that L ® K is of inner type. We now describe the Tits algebras of L over K.
Let B be the Tits algebra associated to the orbit {as, a5} over F' (using the

number of the vertices in Eg). Then over K

BorK=(Bor K)®r K =B®k (K®r K)=B®g (K x"'K)

B@x K x Bog'K =B x'B = A(3) x A(5)

where A(3) and A(5) are Tits algebras associated to vertices 3,5 in the inner
type Dy C Eg. The even Clifford algebra of @ K = A(3)®A(5) [29, 6.2]. But
we are in the inner case over K, so there exists an odd degree extension of K
for which all Tits algebras are trivial. (See proof of Lemma 8.0.3.) Over this
extension K’ then Cy(q® K') = Ms(K')®@ Mg(K') and C(q® K') = M16(K’)
21, V.2.5] so ¢(q ® K') = 1 and since also dimg = 8, discg =1, ¢ ® K’ is a
Pfister form. But then ¢ ® K is Pfister [24, Proposition 2] and

q®F = (1) L (a)q
where 1 1 o = ¢® K [21, VIL.3.3]. ]

Theorem 9.0.7. Let L be a Lie algebra of outer type Eg with one of the

following Tits indices



61

—< (I [
@—C:Q
— [

The Killing form of L is
K= (=24)(3q0 L (a)qo) L (6,2a) L 24H
where (1 L qo) is r(L @ K).

Proof. Let A be the subalgebra of type 2D,. The ratio of the Coxeter numbers
of L and A is 2 so Theorem 6.1.1 gives

K =24 ® K|z, ® 24H
Since A = so(1 L (a)qp), the Killing form of A is
ka = —2(6)A\*q = 3q L (a)qo

The quasi-split toral subalgebra Zy(A) has F-basis {hsy, + hsxg, vVahsy, —
Vahsy} [3, 6.9]. We calculate the Killing form using results from the !Fg

case which are restated below.

li(hgh, hg)\l) = 288
Ii(h3)\6, hg)\G) = 288
/i(hg)\l, hg)\G) = 144

The Killing form for Zy(A) in the type 2 case is then:

'Li(h3)\1 + hS)\G? h3)\1 + h3>\6) — 3(288)

K(han, + harg, Vahsy, — Vahsy) =0
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k(vVahsy, — Vahsy, Vahsy, — Vahsyg) = a(288)

This form diagonalizes to
(6, 2a).

Combining these results gives the formula for outer type Fg. n

In the quasi-split case, 1 L gy = 4H so 3qp = (—1) L 3H giving the Killing
form on 2D, as

(—1)(1,1,1,a) L 12H

The table below summarizes the Killing form for the other cases.

Tits Index Killing form

@:@ (6)(1,1,1,a) L (6,2a) L 36H
i (=6)(3g0 L {(a)qo) L (6,2a) L 24H
3 (—6)(3q0 L (a)qo) L (6,2a) L 24H

Table 9.1: Results for 2E4

Garibaldi and Petersson [11, 11.1] describe a bijection between pairs (C, K)
of octonion F-algebras C' and quadratic étale algebras K and simply con-
nected groups of type Fg. In the above formulas 1 L g is the norm form of
C and K = F(y/a).

It should also be noted that Jacobson’s methods also give the above results,

although his formulas are much more compliacted (see [18, p.114]).
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Chapter 10

Results for Lie algebras of type F;

For Lie algebras of type F; we have only inner type. Theorems 6.1.1 and
8.0.5 give us immediate results for isotropic Lie algebras of type E; when
the anisotropic kernel is contained in the subalgebra of type Eg. The Killing
form for these Lie algebras is obtained by letting A = Fjg in Theorem 6.1.1
and using the results from Theorem 8.0.5 to give the Killing form on A.

Theorem 10.0.8. Let L be an isotropic Lie algebra of type E; whose anisotropic
kernel is contained in the subalgebra of type Eg generated by the simple roots

A\ {ar}. Let qo denote the invariant r(Eg). Then the Killing form on L is
K2 (2,1,1) L 4(—1)go L 51H

Proof. Let A = Eg¢. Zy(A) is a one dimensional F-split toral subalgebra
corresponding to vertex 7. A basis for Zy(A) is just hay, and the Killing

form on Zy(A) can be computed as follows.

li(hg)\7, hg)\7) == 2(22) dim VEG(—Oé7> = 8dim VE6 ()‘6 - 2/\7)
= 8dim Vg, (wg) = 8% 27 = 216
= 6mod F*?

The Coxeter number of E7 is 18 and the Coxeter number of Fg is 12 so

Theorem 6.1.1 and the computations above give

K= (;>((—24>4q0 L (2,6) L 24H) L (6) L 27H
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Simplifying the form and reducing modulo squares gives
k=4(—=1)qy L (3,1,6) L 51H

But
(3,6) = (1,2)

since they have the same discriminant and both represent 9 [21, 1.5.1]. This
gives
k=(2,1,1) L 4(—1q) L 51H O

The following table summarizes the results for E7;. Here 1 L qq is the r-
invariant of the g subalgebra. In the split case 1 L gg = 4H so ¢ = (—1) L
3H.

Tits Index Killing form

@@i%@ (2,1,1,1,1,1,1) L 63H
M (2,1,1) L 4(-1)qo L 51H
HHLHH@ (2,1,1) L 4(—1)go L 51H

Table 10.1: Results for E;
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