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Abstract

The Hasse norm theorem and a local-global principle for multinorms
By Yazan Alamoudi

While a local-global principle for norms from cyclic extensions of number fields is
the classical Hasse Norm Theorem, such a local-global principle fails for non cyclic
extensions in general. There has been a host of results in the direction of a local-global
principle for multinorms, namely norms from a finite product of finite separable field
extensions, the so-called étale algebras. In this thesis, we prove the following.

Theorem:
Let Elk be a dihedral extension of degree 2n. Let E;;1 < i < n be the n dis-
tinct subextensions of E of degree n which are fixed fields under the reflections. Let
L =1l,<<, Ei and N/ the norm from the étale algebra L to k. Then an element
c € k is a value of Ny if it is locally a norm at all places of .

The proof is via the use of the Hasse norm theorem. We give an exposition of
some of the relevant class field theory results leading to the Hasse Norm Theorem in
the thesis. In addition, we also prove a weak approximation result as a consequence
of the above theorem.
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Chapter 1

Introduction

1.1 Setting and motivation

We begin with a general setting.

Let k£ be a number field and let €2 be the set of places of k. For v € Q, let k,
be the completion of k at v. Let X be a variety defined over k. One is interested in
the set of rational points. Such questions could be the existence of rational and how
many rational points are there. We have an inclusion X (k) — X (k,) for every v € Q.
A natural question is the following. If we have that X (k,) # 0 for every v € €,
does it follow that X (k,) is non Empty? Such an implication would be interesting
since solving for rational points of X over k, is somewhat easier because of things
like Hensel’s Lemma.

Unfortunately, we do not always have a Hasse principle for an arbitrary variety.
In fact, there are genus one curves to which this principle fails. Therefore we would
like to restrict ourselves with a more specific class.

One class we could look at are principal homogeneous spaces under connected

linear algebraic groups.



More specifically, let G be a connected linear algebraic group defined over a number

field K. Let X be a principal homogeneous space under G, i.e., there is an action

Gx XD X

such that the action

G(k) x X(k) — X (k)

is simply transitive.

However, upon examination, we see that even in this case the Hasse principle is
not always true.

For example, let 7' be the norm 1 torus associated to the extension Q(v/13,v/17)
over Q. Then the norm equation NQ( Vi, m)@(I) = 25 defines a principal homogeneous
space X, under 7. Then X admits a point over K, for every place v € € but does
not admit a global point.

However, if L|K is a cyclic extension of number fields and Tk is the associated
norm one torus, then the Hasse principle holds for principle homogeneous spaces
under 77 g so that if an element is a norm everywhere locally then it is a norm
globally.

In this thesis we present an exposition of a proof of the Hasse norm theorem
and extend some aspects of it to discuss multinorm equations. More specifically, for a
dihedral extension E|k, let L =[], ., Ei where E; are the fields fixed by a reflection.
We will prove that a Hasse principal holds for the multinorm equation Npz(x) = A
for A € k*. We also prove a related weak approximation result.

This question was related to a study of Parimala and Suresh related to reduced
Whitehead Groups. Many other questions related multinorms have been studied
in the field. One example is a paper[l] by Eva Bayer-Fluckiger, Ting-Yu Lee, and

Raman Parimala which constructs obstructions to the Hasse principle for multinorm



equations.

Interestingly, the Hasse principle for multinorms from L|k reduces to the Hasse
principle for norms coming from cyclic extensions which is characterized by the Hasse
norm theorem. We will give an exposition of the related class field theory to prove

the Hasse norm theorem.

1.2 Structure of paper

The thesis is structured as follows. Chapters two to five are expositions of relevant
notions of class field theory leading to the Hasse norm theorem. They are meant to
be somewhat self contained so as to require only basic algebraic number theory and
some background in group cohomology which can be found in chapter two of Milne’s
notes [5]. The last chapter is an application to multinorm equations.

In the last chapter we will introduce the multinorm equation associated to a certain
étale algebra. We prove a Hasse principle for a multinorm equation we associate to a

dihedral extension. We also prove as a consequence a weak approximation result.



Chapter 2

Some results on the cohomology of

groups

In this chapter we will follow Kedlaya [3] and Milne [5]. This chapter should be

supplemented by chapter 2 of Milne’s notes [5].

2.1 Homology, cohomology and Tate groups
In this section we recall some basic results from the cohomology of groups.
Definition. Let G be a group. A G-module M is a module over Z|G].

We start by defining the Tate cohomology group. This is an important sequence

of groups for our study.

Definition. For a finite group G the augmentation ideal I C Z[G] is defined as

I = {ZnUJ:ZnU:O}

oceG ceG



Let G be a finite group, M a G-module and M¢ the G invariant submodule. For
n>1let H"(G, M) and H,(G, M) be the cohomology and homology groups for the
G-module M. For x € M define Ng(r) = > ., o(z). The norm map induces a

homomorphism Ng : Hyo(G, M) — H°(G,M). Then the Tate cohomology groups,

denoted H™ are defined as follows:
o H"(G,M)=H"(G,M)ifn >0
o H°(G,M) = MC%/Ng(M)
o HYG, M) =ker(Ng)/IcM
o H'(G,M)=H_, (G, M) if n < —2.
We now introduce a computationally useful construction.

Definition. Let M be a G-module. The group C"(G, M) of inhomogeneous n-
cochains of G with values in M is the group of all maps ¢ : G® — M. Here we

define G = {1} from which we see that C°(G, M) = M.

Define the maps
d": C"(G, M) — C"™ (G, M)

by (dn(b)(gla T 7gn+1) =
g1¢<g27 e 7gn+1> + Z(_l)lﬁb(gl; Tt 7gigi+17 e 7gn+1) + (_1)n+1¢(917 e 7gn)
=1

Define Z"(G, M) = Ker(d") and B"(G,M) = Im(d"!) as the groups of n-

cocycles and n-coboundaries respectively. We have the following.

Proposition 2.1.1.

Proof. See [5]. O



For the case H'(G, M) we have the following explicit description. It can be defined
as the set of functions f : G — M such that f(o1) = of(7) + f(0) modulo the set
of functions h,,(0c) = m — om for m € M. The first kind of functions will be
called crossed homomorphisms while the second will be called principal crossed
homomorphisms.

As a first observation we have the famous Hilbert 90 below.

Theorem 2.1.2 (Hilbert 90). Let L|K be Galois with G = G(L|K). Then
|HY (G, L*)| = 1.

Proof. For this proof we will use the multiplicative notation. Let ¢ be a crossed
homomorphism. For o € L* define f =) __. ¢(c) - ca. Assume that 3 # 0. Then
78 = (7)1 so that ¢(1) = % and ¢ is indeed a principal crossed homomorphism.

It remains to show that there exists a a € L* such that § # 0. This is a

consequence of the linear Independence of characters.

O

If0 - A— B — C — 0is an exact sequence of modules we get the following

three long exact sequences.

1-0 — HY%G,A) = ---H(G,A) - H(G,B) - H(G,C) — H™(G,A)--- for
1> 0.
2- ---H,(G,A) - H;(G,B) - H;(G,C) - H;1(G,A)--- — Hy(G,C) — 0 for
1> 0.

3----H{(G,A) = H(G,B) » H(G,C) - H(G,A)-- forieZ

See [5] for more details.
The Hasse norm theorem concerns cyclic Galois groups. Thus, it makes sense to

focus on the case when G is a cyclic group which we now do. It turns out that the



Tate groups exhibit a particularly simple pattern when G is cyclic.

Proposition 2.1.3. Let G be a cyclic group and M o G-module. Then, there are

1somorphisms

H™M(G, M) = H (G, M).
The aforementioned isomorphisms are determined by the choice of generator of G.

Proof. Let o be a generator of G. We have the following exact sequence.

n—)dec gm
\

0—Z Z|G] <=5 2]G] 225 Z — 0

All the groups above are free Z modules and so is I which is the kernel of the map
o' — 1. Tt follows that we may tensor with M over Z and still obtain an exact

sequence. Thus, the following sequence is exact.
0—>M—Z[G oz M — Z[Gl®z M — M — 0

The terms in the middle are just Ind$(M). Thus all the Tate groups for the middle

terms vanish. We get the desired result from the following general fact. If
0sALBS b Do

is an exact sequence of G-modules, where the Tate groups for B and C all vanish, then
there is an isomorphism H"+%(G, A) = H"(G, D). This is seen in the following way.

First, notice that the exact sequence gives rise to the following two exact sequences.
0—+A— B— B/Im(f) =0

0 — B/Ker(9) > C — D —0



But then the long exact sequences on the Tate groups gives

H*(G,A) ~ HTY(G, B/Im(f)) ~ H*Y(G, B/Ker(g)) ~ H(G, D)

as claimed.

]

Another such pattern, when G is cyclic, is summarized in the proposition below

Theorem 2.1.4. Suppose that 1 — A — B — C — 1 is an exact sequence of

G-modules with G cyclic. Then, we obtain the following exact hexagon.

G A) 1 oG B)
V J2
171G, 0) H(G,0)
f3
HY(G,B) ~—— - (@G, A)

Proof. This follows directly from the periodicity of the Tate groups and the long exact
sequence in the Tate groups. For a proof that does not use the periodicity nor the

long exact sequence, see [7]. O

We now introduce the Herbrand quotient. A quantity that will play a crucial role

in many of our arguments.

Definition. Let G be a cyclic group. The Herbrand quotient for a G-module M is
the following number provided that its well defined in the sense that both groups in

the numerator and denominator are finite.

[H(G, M)

h(M) = =
) |H-H(G, M)



Theorem 2.1.5. Let G be a cyclic group. If 1 = A — B — C — 1 is an exact
sequence of G-modules then h(B) = h(A)h(C). Furthermore, if two are well defined

the so is the third.

Proof. (Outline)Let n; = [Im(f;)|. Then h(A) = 7¢%, h(B) = 1172 and h(C) = 1272,

The first conclusion follows. To see that second notice that any two of them contain

all six variables and hence if two are well defined so is the third. OJ

When computing H'(G, M) it will often times be convenient to change G to G’
or M to M’ possibly having to change both. For the remainder of this section, we
introduce two key tools that enable us to do just that. The first is Shapiro’s lemma
and the second is the inflation restriction exact sequence.

Given a G-modules M and a subgroup H < G. We can construct an H module

as in the following definition.

Definition. Let H be a subgroup of G. Then Ind% (M) is defined as M ®zu) Z[G].
Furthermore, we say that a module is induced if M = Ind®(N) for some abelian

group N.

One notices that Ind$ (M) = ngG/H M?9. We now state a useful result regrading

modules of the form discussed in the previous definition.

Theorem 2.1.6 (Shapiro’s lemma). For H < G and an H-module M then there are

canonical isomorphisms

H™(G, Ind$(M)) — H"(H, M)
for allm >0

Proof. (Outline) For the case n = 0 we have

M = Hompy(Z, M) = Homg(Z, Ind$ (M)) =2 Ind$ (M)©.
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Now, notice that if I is an injective H-module, then Ind% (1) is an injective G-module.
Furthermore, Indg preserves exactness. Therefore, applying Indfl to an injective res-
olution of N gives an injective resolution of Ind%(N) from which we get the remaining

isomorphisms. O

We call a G-module M acyclic if H(G, M) = 0 of all i > 0. It directly follows

from Shapiro’s lemma that induced modules are acyclic.

We end this section by introducing an exact sequence that will be incredibly useful

for us. But first we need to introduce some terms.

Definition. Let M be a G-module and M’ be a G'-module. Let o : G' — G be a
homomorphism of groups and 5 : M — M’ be a homomorphism of abelian groups.

We say that « and /8 are compatible if 5(a(g)m) = gB(m).

Proposition 2.1.7. Let M be a G-module and M’ be a G'-module. Let o : G' — G be
a homomorphism of groups and  : M — M’ be a homomorphism of abelian groups.

If a and B are compatible then they define homomorphisms

H'(G,M) — H(G', M),

Proof. See [5]. O

Definition. Let H be a subgroup of G. Let a be the inclusion map H — G and
B : M — M be the identity. The map Res : H(G, M) — H'(H, M) given by the

previous proposition is called the restriction homomorphism.

Definition. Let H be a normal subgroup of G. Let « be the qoutient map G — G/H
and 3 : M# — M be the inclusion map. The map Inf : HY(G/H, M) — H'(G, M)

given by the previous proposition is called the inflation homomorphism.

We can now introduce the following key exact sequence.
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Proposition 2.1.8 (inflation-restriction exact sequence). Let M be a G-module and
let H be a normal subgroup of G. Suppose that H'(H, M) is zero for alli € {1,...,n —

1}. Then we have the following exact sequence.

1 — H"(G/H, M) 25 16, M) £ 5 (H, M)

Proof. See [5]. O

2.2 Tate’s theorem

In this section we prove Tate’s theorem. It is a very powerful result which we will
use to extract key information in Local class field Theory. Namely, it will allow us
to establish K*/Npx(L*) = Gal(L|K)® for a finite Galois extension L|K of local
fields.

Theorem 2.2.1 (Tate’s theorem). Suppose that G is a finite solvable group and
suppose that we have the following for each subgroup H < G.

a)H'(H, M) is zero.

b)H?*(H, M) is cyclic of order |H|.

Then there are isomorphisms H(G,Z) = H"*2(G, M) that depend only on the choice
of generator for H*(G, M).

To prove Tate’s theorem we first need to show the following lemma.

Lemma 2.2.2. Let G be a finite solvable group and M o G-module. Suppose that
HY(H,M) = 0 fori € {1,2} for every subgroup H of G including G itself. Then
H{(G, M) is zero for every i € Z.

Proof. For GG cyclic this follows from the periodicity of the Tate groups. We will first
prove this for the H*, with ¢ > 0, by strong induction and the inflation restriction

exact sequence. Since G is solvable there is a subgroup H such that G/H is cyclic.
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By the strong induction hypothesis H*(H, M) is zero. We have the following inflation

restriction exact sequence
0— HY(G/H,M") - H'(G, M) — H'(H, M).

Now the last term is zero so we get and isomorphism of the middle two terms for
all i > 0. On the other hand, HY(G/H, M) is periodic and H*(G, M) is zero for
i € {1,2}. Hence, H'(G, M) is zero for all i > 0.

We now show that H°(G, M) is zero. Let x € MS. Since H*(G/H, M") is zero,
we have a y € M such that Ng/u(y) = x. Moreover, since H(H, M) is zero, we

have a z € M such that Ny (z) = y. Thus,
Ne(2) = No/n(Ne(2)) = .

Since x was an arbitrary element in MY we get MS = Ng(M) and so HY(G, M) is

zero as claimed.

We will now prove the lemma for general n. We proceed by dimension shifting.

Find a G-module N making the following sequence exact.
0= N —=Ind{ (M) = M —0

Where the map Ind(M) — M sends M ® [g] to m9. The term in the middle is
acyclic so we get isomorphisms Hi+*'(H, N) ~ H(H, M) for any subgroup H of G.
But then H'(H, N) is zero for i € {1,2} for any subgroup H of G. Then the previous
argument gives that H'(G, N) is zero for all i > 0. Then H (G, M) = H(G, N) is

zero. The same argument applies to N so H~1(G, N) is zero. Hence, H=2(G, M) is
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zero and so on.

]

Proof of Tate’s theorem. Let 7y be a generator of H*(G, M). The fact that Cor o Res
is multiplication by [G : H| implies that Res(y) generates H*(H, M) for any subgroup
H C G. Let ¢ be the cocycle representing . Now define the module M (¢) to be the
direct sum of M and the free abelian group consisting of symbols z, for every ¢ € G

with o # 1. We extend the action on M to an action on M (¢) by setting

0%y = Xgr — Ty + ¢<0-7 T)

and z; should be interpreted as ¢(1,1). We, will first show that both H'(H, M(¢))
and H?(H,M/(¢)) are zero for any subgroup H of G. First, consider the following

exact sequence.

0—-Ig—ZGl—-2Z—0

From the fact that Z[G] is induced we see that the H" (G, Z[G]) = 0 for all r > 0.
It follows that H'(H, Ig) = HO(H,Z) = Z/|H|Z and H(H, Ig) = H'(H,Z) = 0.
Define the additive map « : M (¢) — Z[G] to be such that a(m) = 0 for allm € M

and a(z,) = 0 — 1. We have the following exact sequence of G-modules.

0—=M— M(¢) > Ig—0

From the corresponding long exact sequence on the cohomology groups we get the

following exact sequence.

0— H'(H,M(¢)) = H'(H,Ig) — H*(H, M) — H*(H, M(¢)) — 0

Here we used the fact that H'(H, M) = 0 and H?(H, I) = 0 to get the zero end
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terms. The map H?(H, M) — H*(H, M(¢)) is zero because H*(H, M) is generated
by Res(7y) and this maps to the restriction of the image of v in H?(G, M(¢)), which
is zero. Thus, H'(H, Ig) — H*(H, M) is onto and hence an isomorphism since they
both have the same order. Then, both its kernel and cokernel, namely, H'(H, M(¢))
and H%(H, M (¢)) are both zero. Thus, the previous lemma gives H"(H, M(¢)) is

zero for all n. This, combined with the splicing of the four term exact sequence

0—M— M(¢)—>Z|G]| -Z —0

(the same way we proved periodicity) gives the isomorphisms

HY(G,Z) — H"*(G, M)

as desired.

]

We will lastly make an essential observation that will supplement Tate’s theorem
in helping us with proving the important result in local class field theory mentioned

earlier.
Proposition 2.2.3. H,(G,Z) = G/|G,G]

Proof. From the exact sequence

1l =1 —Z[G]| - Z—1

we obtain a long exact sequence on the homology groups. From the long exact
sequence on the homology groups and the fact that H,(G,Z|G]) is zero, we obtain

the exact sequence

1 = Hy(G,Z) — Ho(G, Ie) — Ho(G, Z[G))
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which can be rewritten as

1 — H(G,Z) = Ig)1% — Z|G)/1g.

The middle map Ig/I3 — Z[G]/Ig is induced by I — Z[G] and is thus the zero

map. So we obtain an isomorphism

H\(G,Z) = Ic/I¢

However, G /|G, G| is isomorphic to Ig/IZ via the map ¢ induced by g — g — 1+ I2.

The conclusion follows. O]
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Chapter 3

Further preliminaries

The first section of this chapter mainly follows [5] and [3]. The second mainly follows

[7]. Both sections have arguments from [5] and [7].

3.1 Some results from local class field theory

We will first calculate the order of H"(G(L|K), L*) for n € {0, —1} when
G = Gal(L|K) is cyclic. This is already an important fact which Neukirch refers to

as the class field axiom.

Lemma 3.1.1. Let L|K be a finite Galois extension of local fields. Then there is an

open Galois stable subgroup V of O such that H'(Gal(L|K),V) =0 for all i > 0.

Proof. By the normal basis theorem we have that there is an o € L such that

{o(a) : 0 € Gal(L|K)} is a basis of L over K. Clearing out the common denominator
we can ensure that « € Op. Let V =3 1) 0(@)Or. Then V is open in Oy.
Furthermore, V = Ind%(Ok) and hence is acyclic. It follows that

HY(Gal(L|K),V) =0 for all 7 > 0 and thus V satisfies the claim of the proposition.

]
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Lemma 3.1.2. Let L|K be a finite Galois extension of local fields. Then there is an

open Galois stable subgroup W of Up, such that H'(G(L|K),W) =0 for all i > 0.

Proof. We will prove this only for the case where the characteristic of K is zero. Let
V be as in the previous proof then then we can choose an integer n sufficiently large

so that 7™V lies in the radius of convergence of

and set W = exp(7"V). O

Theorem 3.1.3. If L|K is a cyclic extension of local fields then the Herbrand quotient
satisfies

h(Up) = 1.

Proof. Let W be as in the last proof. From the exact sequence

1->W—=U,—>U,/W —1

we get h(Ur) = h(W)h(Ur/W). However, since Uy, is compact U /W is finite and
it follows that h(Up,/W) = 1 (cf [4] chapter 1 exercises 45.c ). However we had
HY(G(LIK),W) =0 for all i > 0 so h(W) = 1. Thus, h(UL) = 1. O

Theorem 3.1.4 (Local Class Field Axiom). Let L|K be a cyclic extension of local
fields. Then, we have

. [L:K] ifn=0
|H"(G(L|K), L™)| =

1 ifn=—1
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Proof of the Local Class Field Axiom. From the exact sequence

1—-U,—L"—=7Z—1

we get h(Up)h(Z) = h(L*). However, we have h(Ur) = 1 and
h(Z) = |G(L|K)| = [L : K]. Moreover, the fact that G is cyclic along with Hilbert
90 already tells us that |H~'(G(L|K), L*)| = |HY(G(L|K), L*)| = 1.

It follows that |H°(G(L|K),L”)| = [L : K]. This completes the proof of the

claim. ]

We know move to the main goal of this section which is to establish the isomor-
phism K*/Npx(L*) = Gal(L|K)®. It is easiest to begin investigating the case

where L|K is unramified.
Theorem 3.1.5. Let L|K be an unramified extension. H'(Gal(L|K),Ur) = 0.

Proof. Since L|K is unramified we can choose a uniformizer 7 € K and write L™ =
U - m which is equivalent to saying that we have a decomposition of G' modules
L* =Up X Z. Tt follows H'(Gal(L|K),Uy) is a direct summand of H'(Gal(L|K), L*)
which is zero by Hilbert 90. [

We actually directly obtain an important corollary

Corollary 3.1.6. Let L|K be unramified. Then the norm map Ny : Uy — Uk is

surjective.

Proof. Since L|K is unramified it’s cyclic. But we have already shown that H'(Gal(L|K),U;) =

HY(G(L|K),Uy) is zero. Furthermore, we also showed that h(U,) = 1 since L|K is

cyclic. Tt follows that HO(G(L|K),Uy) is zero which is the desired conclusion. O

We know prove another important result when L|K is unramified which will help

us prove that H?(Gal(L|K), L*) is always cyclic of order [L : K].
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Theorem 3.1.7. Let L|K be unramified. Then H?(Gal(L|K), L*) = H*(G(L|K), L*)
is cyclic of order [L : K|

Proof. From the exact sequence 1 — Uy — L* — Z — 1 we obtain an exact hexagon

from which we see that
HY(G(L|IK),U) =1 — H(G(L|K),L*) = H'(G(L|K),Z) — 1 = H Y (G(L|K),UL)

But H°(G(L|K),Z) is cyclic of order [L : K]. The conclusion follows. O

Theorem 3.1.8. For any finite Galois extension of local fields |H?*(Gal(L|K), L*)| <
L: K].

Proof. We proceed by strong induction. We already have |H?*(Gal(L|K))| = [L : K]
for cyclic extensions so we have a base case. If L|K is not cyclic then it’s solvable
since it is an extension of local fields. Then there is a Galois sub extension M|K. We

have the following exact sequence.
0 — H2(Gal(M|K), M*) 25 H*(Gal(L|K), L*) = H*(Gal(L|M), L*)

Exactness gives |H*(Gal(L|K), L*)| < |H*(Gal(L|M), L*)||H*(Gal(M|K), M*)| <
[L: M|[M:K|=[L:K]
[

Theorem 3.1.9. Let L|K be a Galois extension of local fields then H*(Gal(L|K), L*)
is cyclic of order [L : K.

Proof. Tt suffices to prove that H*(Gal(L|K), L*) has an element of order [L : KJ.

Let M|K be an unramified extension of order [L : K| consider the diagram below.
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H?(Gal(M|K), M*)

o T

0 —— H?(Gal(L|K),L*) It H2(Gal(ML|K), ML*) -2 H2(Gal(ML|L), ML*)

The inflation-restriction exact sequence shows that the row is exact and it can be

used to show that the vertical arrow is injective. If we show that the diagonal arrow

is the zero map then the fact that H?(Gal(M|K), M*) = Z/[L : K|Z and exactness

will give us an element in H?(Gal(L|K), L*) of order [L : K].

Let e, f and U be the ramification index, inertia degree and the maximal un-

ramified subextension of L|K. Then we have the following canonical isomorphism

Gal(ML|L) = Gal(M|U) of cyclic groups of order e. By using the same generator for

both groups we can obtain the following commutative diagram.

HY(Gal(M|K), M*) 2= HO(Gal(M|U), M*) —— H°(Gal(MLI|L), ML)

| | |

H?(Gal(M|K), M*) Res H?(Gal(M|U), M*) —— H?*(Gal(ML|L), ML*)
In the above diagram the vertical arrows are isomorphisms we obtain from the fact
that all the aforementioned Galois groups are cyclic. The composition in the bottom
row is the same as the diagonal arrow which we want to be zero. To prove this it
suffices to check that the composition in the top row is zero. The map on the top
row is the canonical map K* /Ny (M*) = L* /Ny (ML)*. K* /Ny (M*) is
cyclic of order ef and is generated by a uniformizer mx of K. On the other hand,
L* /Ny (ML)* is cyclic of order e and is generated by a uniformizer 77 of L.
However, mx = un¢ for some unit v € U. Thus, the map is indeed the zero map.

The conclusion follows. O]

Theorem 3.1.10. Let L|K be any finite Galois extension of local fields. Then there

s a canonical isomorphism

H(Gal(L|K),Z) = H**(Gal(L|K),L*).
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In particular,

K*/Npx(L*) = Gal(LIK)™.

Proof. This follows from Tate’s theorem since we have already shown that
H?*(Gal(L|M), L*) is cyclic of order [L : M| and H'(Gal(L|M), L*) is zero by Hilbert
90. O

We know state an important implication which we will use in our proof of the

second inequality:.

Proposition 3.1.11. If K contains an n-th root of unity and if n is not divisible by
Char(K) then the extension L = K(KY™)|K is finite and we have Npjx(L*) = (K*)"

Proof. By Kummer theory

Hom(G(L|K), pn) ~ K> J(K™*)".

This gives that Gal(L|K) is finite because K*/(K*)" is finite. Since L is abelian
and finite over K, Gal(L|K) = K*/Npk(L*) by the previous theorem. We have
K> /Npjk(L*) has exponent n so (K*)" C Npx(L*). Now, the first isomorphism

already tells us that |[K*/(K*)"| = |G(L|K)|. It follows that

[/ (K7)" = |G(LIE)| = [ K7 /N (LF))]-

Hence Npjx(L*) = (K*)" as claimed. O

3.2 The ideles and some facts about local fields

Recall that two absolute values on K are called equivalent if they define the same

topology on K.
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Definition. A prime or place (denoted p or v) of an algebraic number field is a class
of equivalent absolute values on K. The nonarchimedean classes will be called finite

primes and the archimedean ones will be called infinite.

For a place p, denote by K, the completion of K at p.

If p is finite, we write p|p if p is the characteristic of the residue class field x(p).
If p is infinite, we write pjoo and we also define x(p) := K.

When p is finite, v, is the p-adic valuation which we normalize by requiring

vy(K*) = Z. On the other hand, if p is infinite then we set

vp(a) = —log(|(a)|)

where 7 is the associated embedding K — C that defines p.

Define f, = [k(p) : k(p)] and

p/v if p is finite that lies over p
N(p) =

efeif p is infinite

where e is just Euler’s number. We note that if p is infinite then f, = [K, : R].

We now define the normalized absolute value for a € K by
laly = 9(p)

Let L|K be a finite extension. As a convention we will denote the primes of L be
P and we will write P|p whenever the restriction of B to K gives p. In the case the

prime is infinite we define the inertia degree to be fy, = [Ly : K] and egp), = 1.
Remark. We will sometimes use w|v instead of L|p.

We have the following.
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Proposition 3.2.1. For any primes B|p

1. Zq:qp Typespy = Z‘}ﬂp[[’m c K] =[L: K],

2. N(P) = N(p)"w,

3. vgp(a) = eppvp(a) fora € KX,

4. vp(Nig ik, (a)) = fppvp(a) fora € L™,

5. |alg = |Nry|x, (a)ly for a € L.

We first state a key result related to valuations normalized as above.

Proposition 3.2.2. Let x € K* then |x|, = 1 for all but finitely many places and

Hp |z|, = 1 where the product runs over all places of the algebraic number field K.

Proof. First notice that we have that |z|, = 1 for any prime that does not appear in

the prime factorization of (x). So the first claim is true. Then,

[Tlals=TT11lal =TTTI1N%e @l =] 1Nke(@l, =1

p P plp P plp P

]

We know introduce an object that is central to our arguments in the first and

second inequality.

Definition. The idele group Ik of K is given by

Ik ={(ay) € HKp]ap € Oy, for all but finitely many p}.
P

The above product runs over all places p of K.
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Let L|K be a finite Galois extension of number fields with Galois group G. We
make [; into a G-module by defining for o € I the element o(«) € I whose

components are given by

o()op) = o(ag)
For a finite set S we can specialize the ideles.

Definition. For and finite set of primes S' define the group S-ideles, denoted Ik s as
Ixs = HpeS pr X Hpes OIX(F'

Let S, be the set of infinite primes. We relate the simplified notion to the original

notion via the lemma below

Lemma 3.2.3. Let S D Sy be a finite set of primes containing the generators of the

ideal class group of K then Ix = Ik g K~

Proof. The conditions on S imply the following. Every fractional ideal a can be
written as a = b - (¢) with ¢ € K* and b in the group generated by S. Thus,
a = (c) in the group I® = I/(S) where I is the group of fractional ideals. Now,
let i : K* — I be the map sending a € K* to the principle ideal (a). Then the
previous observation gives I°/i(K) is the zero group. On the other hand, for such an
S D S we get a natural map Ix — I® which defines an isomorphism I /I ¢ = I°.
Quotienting both sides by K* we get I /(Is- K*) = I°/i(K*) = 0. This directly

implies Ig = Ik g - K*. O

We define the S units as Kg = I[g N K. We have the following result extending
the Dirichlet unit theorem. Let H denote the (s — 1) dimensional vector spaces that

appears as the kernel of the trace map Tr: [[,.¢R — R.

peS

Proposition 3.2.4. If S contains all infinite primes then the homomorphism

p:Kg— [[R=R?
pesS
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gwen by p(x) = (log (|z|p))pes has kernel p(K), and its image is a complete lattice in
H. In particular, Kg =2 77! x u(K).

Proof. See [7]. O

A central object for the next two chapters is the following group.

Definition. The idele class group of K is Cx = %

We end this section by mentioning two results on fields that are equipped with

absolute values. Both of these will come handy in the proofs of the first and second

inequality.
Theorem 3.2.5 (Approximation theorem). Let | |1,...,| |» be n non equivalent
absolute values and let x1,...,x, € K be given elements. Then for every e > 0 there

exists an x € K such that

‘l'—ai‘i <€

forallie{l,...,n}.
Proof. See [7]. O

For the proposition below let K be local field, different from R and C, whose

residue characteristic is p.

Proposition 3.2.6. Let gcd(p,n) =1 and x € K*. Then K({/x)|K is unramified if

and only if v € Ug K*".

Proof. Let x = uy™ with u € Ug and y € K*. In this case, K({/z) = K(/u). Let
r’ be the splitting field for X™ — u mod p over the residue class field p. Furthermore,
let K'|K be the unramified extension with residue class field . By Hensel’s lemma,
X" — u splits in to linear factors in K’. It follows that K (:/z) is unramified. To
prove the converse suppose that K (/z)|K is unramified and let L = K({/x). Write
r = ur” with 7 a prime element in K and u € Ug. Then, vy ({/ur") = % =€

It follows that n|r and so x € Uk K*™. This completes the proof. O
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Chapter 4

The first inequality

This section is mainly based on Kedlayas notes[3] which itself also references both

Milne[5] and Neukirch[7].

4.1 The statement and the plan

We will show that for a cyclic extension L|K of number fields we have that
h(Cr) = [L : K] when C}, is regarded as a Gal(L|K)-module in the usual way. This

will imply the first inequality which is stated below.
Theorem 4.1.1 (The first inequality). Let L|K be a cyclic extension of number fields

then h(CL) = [L : K]. In particular

|A°(G(LIK),Cp)| > [L: K].

4.2 A relevant result on certain lattices

In this section we compute the Herbrand quotient of a G-lattice (which is just a
G-stable lattice) in R-vector space with a G action, for a finite group G. More

specifically, it will reduce the problem of computing h(Lgz), where S is a set of places
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which we will specify in the following section, to computing a much simpler Herbrand

quotient.

Lemma 4.2.1. Let V be a Q-vector space with a G-linear action. Let Ly, Ly C 'V
be full G-lattices so that rank(L,) = rank(Ly) = dim(V'). Then if h(L1) ezists then
h(Ls) ezists and h(Ly1) = h(Ls).

Proof. Since Ly and Lo are G- lattices in V' with rank(L;) = rank(Ly) = dim(V'),

there is an integer n > 0 such that nLy C L; and so nL—L12 =  is a finite group. For a
finite group p we always have h(u) = 1 (cf [4] chapter 1 exercises 45.c ). Moreover,
since nLy = Ly we have h(Ly) = h(nL,).

Now, the sequence

l—=nly - L —p—1

is exact so the Herbrand quotients multiply. Thus,

h(L1) = h(nL2)h(p) = h(nLz) = h(L2)

as claimed.

O
We know state the main result which will help us compute the Herbrand quotient.

Theorem 4.2.2. Let V' be a R-vector space with a G-linear action. Let Ly,Lo CV
be full G-lattices so that rank(L,) = rank(Ls) = dim(V'). Then if h(Ly) exists then
h(Lsy) exists and h(Ly) = h(Ls).

Proof. We have Ly @7 R 2 V and Ly, ®; R =2 V as G-modules. So there exists a
G-module isomorphism ¢ : Ly ®z R — L; ®z R. Let Homg(L, Ly) = M and note
that we can make M a G-module with G action given by ¢9(z) = go(g~'(x)).

Now, let

W = Homg (L, ®z Q, Ly ®z Q)
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and H C W be the linear subspace defined by the linear equations
ye H<—y=g(yVyg € q.

We have Hg — Wpg and Hp contains a nonzero element ¢; Hence, H # 0. The

determinant map on H,
f=A"f A" (L1 ®z2Q) = A" (L ®z Q)

is a polynomial map and this map does not identically vanish on H. It follows that
H contains a G-isomorphism L; ®; Q = L, ®, Q. Thus both L; and Ly are full

lattices of L1 ® 7 Q ~ Ly ®, Q. Hence we can apply the previous result. O]

4.3 The computation of the Herbrand quotients

Now we go back to the main problem of this section. Let L|K be a cyclic extension

of number fields.

Now pick a set S such that S contains the following:
a)S contains the primes v; underneath w; with {w;} a set generators of the ideal class
group of L.
b)S contains all infinite places.

c)S contains all the primes that ramify in L.

Let S be the set of primes in L above the primes in .S. Then for w € S , we always

have o(w) € S for every o € Gal(L|K). Furthermore, we have I, = I 5-L"

Starting from the exact sequence
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1—-L—I,—>C,—1

By choice of S we have I =1, 5- L*. Since, by definition, Lg = I 5N L*, we

get an exact sequence

l=Lg—=1,5—>CL—1

Since the Herbrand quotients in an exact sequence multiply, we get A(Cr)h(Lg) =

h(IL,g)

h(Lg)

h(Ing) or equivalently h(Cp) =

Proposition 4.3.1. Let wy be a prime above vy and let G = Gal (L|K). We have

I Lw=mag, (Ls), [[Uw=mdg, (U)

w|vg wl|vo
where G, 1s the decomposition group of wo|v. (Here we identify G, = Gal (Lyy|Ky,))

Proof.

Log Ky~ [[Lu~ @ Lu~hd§, (L))

wlvg 0€G /Gy
This yields

[[Lw=Mmd§, (L)

w|vo

and

[[Vw=md &, (U).

w|vo

Now we write IL’§ = HUGS(HM‘U LY) x vas(wa Uw)

Corollary 4.3.2. Fori € {0, —1} we have that H(G(L|K), I, 3)= Boges H' (G, LY,)

where for each vy € S we choose a wy € S that lies above it.
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Proof. This follows directly from Shapiro’s lemma. We have

Ls=TdILs =TI V)

veS wlv vgS wlv

for a given vy € S,

G(LIK), [ Uw) ~ H' (Guy, Uy) = 0
wlvg
by Shapiro’s lemma, Theorem 3.1.5, Corollary 3.1.6 and the fact that the Tate groups
are periodic in the case G = G(L|K) is cyclic.
Hence, H(G(L|K), I 5) = Poges H (G, L ,) Where for each vy € S we choose a
wy € S that lies above it.

]

Corollary 4.3.3. Fori € {0,—1} we have that H(G(L|K),I.,) = G}UOI:[Z(GWO,LX )
where for each vy we choose a wy that lies above it and the sum is over all places vy

of K.

Proof. This follows directly from the previous result by taking direct limits as S

varies. L]

Corollary 4.3.4. We have that h(I} g) = [, cs[Lwo : Kuo) where for each vy € S

we choose a wy € S that lies above it.

Proof. From the earlier proposition we have | H*(G(L|K), I ) = Tlpes |H (G, L 9l
fori € {0, —1}. However, from the Local Class Field Axiom we have |H(G,, L =
(L : Kop) and [H1 (G, LS,)| = 1. Hence,

HvoeS’[A{ (GmeX )‘ o
HUOES |H (Gwoa LX )| voES

h(IL,§) =

as claimed. 0
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[Lw:Kyv]

Proposition 4.3.5. We have that h(Lg) = HUE[SL:K]

Proof. First recall that the map from proposition 3.2.4

p:Ks— [[R=R
ves

has image a full lattice in the trace zero space H and has kernel p(K). We thus
have h(Lg) = h(p(Lg))h(1(K)) = h(p(Lg)) since p(K) is a finite G-module. Now
let v = (1,1,..,1) be the vector in R®. Since v ¢ H we have that p(Lg) ® vZ is a
full lattice in J], .oR. We make this into a G-module by giving p(Lgz) the action it
inherits from Lz and giving v the trivial action and extending by 7Z linearity. We
note that h(vZ) = h(Z) = |G| since vZ has the trivial action. We therefore get

Mp(Ls) © vZ) = h(p(Lz)h(vZ) = h(p(Lg))|G] = h(p(Lg))[L : K). On the other
hand, we can define another lattice @, g Z with G action given by permuting the co-
ordinates in accordance with how the places get permuted. This means that o(e,,) =

€o(w)- Now notice that for any wy above vy we have that @, ewZ = ImdgwO (€woZ).

w|vo

Then for i € {0, —1} we have h(D,,c5Z) = [lyes M(Gups €woZ) = [1yye5lLwo + Kup)-

But then by what we said earlier

HveS[Lw L K]

hp(Lg))[L: K] = W(@DZ) = ] [Lus : Kuo) <= h(Lg) = h(p(Lg)) = LK

wes vo€S

as claimed. O

Corollary 4.3.6. h(CL) = [L: K].

4.4 Some implications

Corollary 4.4.1. Let L|K be a cyclic extension of prime power order. Then there

are infinitely many primes in K that do not split completely in L.
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Proof. Let X be the set containing all ramified primes as well as all primes that do
not split in L|K. Suppose X is finite and let M|K be the subextension of L|K of
degree p.

We will deduce from this that Ny x(Chy) = Ckx which will contradict the first

Ck — I
N (Cu) KXNak(Inr)

inequality. Notice that so it suffices to show that for every
x € Ik there is an a € K* such that za™" € Ny (Iar). Since X is finite the approx-
imation theorem tells us that z,a™" is contained in an open subgroup of Ny, |k, (M)

for all v € X. For v € X this is always true since M,, = K,. Now the isomorphism

tells us that there is a y € Iy such that za™' = Ny x(y). This shows that
Ik = K* N (Iy) and hence Cx = Ny (Car). This contradicts the first inequality.
]

The above result actually generalizes to a considerably wider context and is not

much more difficult to prove.

Corollary 4.4.2. Let L|K be a finite extension of algebraic number fields. If almost

all the primes of K split completely in L, then K = L.

Proof. See Neukirch [7]. O
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Chapter 5

The second inequality for cyclic
extensions and the Hasse norm

theorem

This section will mainly follow the presentation Neukirch[7] and Kedlaya[3] but will

also follow Milne[5] in some arguments.

5.1 The statement and the plan

Lets first state what we are trying to prove.

Theorem 5.1.1 (The second inequality for cyclic extensions). If L|K is a cyclic
extension of number fields then [Ix : K*N(I,)] = HY(G(L|K),Cy) is finite and
divides [L : K].

Lemma 5.1.2. If L|K is cyclic then the fallowing are equivalent:
a)ll : K*N(Ip)] is finite and divides [L : K].
b)|H*(G(L|K),Cy)| is finite and divides [L : K].
¢)H'(G(L|K),CyL) = 0.
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Proof. Form the fact that the Tate groups are periodic for G cyclic we see that a)
and b) are equivalent. This is because H*(G(L|K),Cy) = Ix/K*N(I,). The fact
that they are equivalent to c) follows from the first inequality.

]

The plan: We will reduce our theorem for the case where [L : K| = p for some
prime and K contains a p-th root of unity. We will prove the reduced case by explicitly
constructing a subgroup H < Cp, such that [Cx : H] = p and H < Npi(Cr). This
means that [Cx : Npx(Cp)] = mﬁfﬁ% divides p. This also proves statement a)

from the lemma in the reduced case since [Cx : Npjx(Cr)] = [Ix : K*N(Ir)] which

will also prove all three statements since the reduced case has cyclic Galois group.

5.2 the reductions

Theorem 5.2.1. To establish the second inequality for cyclic extensions, it suffices

to prove it for the case for G = G(L|K) cyclic of prime order.

Proof. Assume that we already know this for cyclic groups of prime order. We proceed
by strong induction. Suppose, for the sake of induction, that we proved this for all
cyclic |G| < n. If n is prime then we are done by the reduction assumption. If n is
not prime take a subgroup H such that [G : H] is prime. Then, consider the exact
sequence

0— HY(G/H,Cx)) — H (G,CL) = H'(H,Cp)

where K’ = L. By our reduction assumption we have H'(G/H,Cy) is zero and
by the induction hypothesis we have H'(H,Cp) is zero. It follows that H'(G,Cy) is

Zero. O

Theorem 5.2.2. [t suffices to prove the case for G cyclic of prime order and K

containing a p-th root of unity.
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Proof. Let L' = L(¢) and K’ = K({). Set G = Gal(L|K) and G' = Gal(L'|K"). We
check that the map H(G,CL) — H°(G’,C,) induced by the inclusion Cj, — Cp, is
injective. Both these groups have exponent dividing p since [L : K] = [L' : K'| = p.
Since [K’ : K] = d|(p — 1) is coprime to p we have that the map z — z? is an
automorphism on H°(G,Cy) and H°(G',Cy). Consider a 7 = x mod Ny (Cy)
that maps to the identity in ﬁO(G’, Cpr). There is a §j = y mod Ny (Cp) satisfying
z = y®. Such a § must also map to the identity and hence y = Np/ ;o (2) with z € Cp.

Then we get
y" = Ngnie(y) = Ny (2) = N (Npyn(2)) € Ny (Cr)

Hence, = y? = 1 and the map is injective. Since the map is injective \fIO(G, CrL)| =
(I : K*N(I.)] divides |H(G/,CL)| = [Ixr : (K')*N(I.)]. So if we prove that
(I o (K")*N(Ip)] divides [L' : K] = p then so does [Ixx : K*N(I)]. Thus it suffices

to prove the latter as claimed. O]

5.3 The proof of the reduced case

We are now reduced to the case where [L : K] = p and K contains a p-th root of
unity.
Now pick a set S such that S contains the following:
a)S contains the generators of the ideal class group of K so that I = Ix gK*
b)S contains all infinite places.
¢)S contains all the primes that ramify in L.

d)S contains all the primes over (p) with p = [L : K.

Theorem 5.3.1. Let A = (L*)*» N Kg. We have L = K(A'YP)
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Proof. Since [L : K| = p and K contains a p-th root of unity, Kummer theory gives
us that L = K(DVYP) for D = (L*)» N K*. Tt is clear that A C D and the fact
that [L : K] is prime gives no room for an intermediate extension. Thus, it suffices
to prove K # K(AY?). First we can write L = K(z'/?). Then for v ¢ S we have
that K, (x'/?)|K, is unramified. Hence, we can we can write = as a unit times a p-th

power so that x = u,y?. Define an idele y € Ik as follows.

Yy, ifvegs
(y)U:
1 ifvesS

Then since I[x = K* Ik g we can write y = zw for z € K* and w € Ix . Then, for
v &S, we have (2/2P), = u,yh /2" = wywl € Ok . Thus x/2P € (L*)? N Kg = A but

r & (K*)? since L = K(2'/?) and it follows that L = K (A7) O

Theorem 5.3.2. There exists a set of places T' that is disjoint from S with |T| = s—1

such that A is the kernel of the map Kg — [, o K/ (K))P;

veT

Proof. Let N = K (K;/ ) then Kummer theory gives us that
Gal(N/K) = Hom(Ks/K¢,Z/pZ)

the unit theorem gives us that K¢ = Z°! x u(K). Since K contains an p-th root
of unity p | |u(K)|. It follows that Ks/K% = (Z/pZ)* and hence Gal(N/K) =
Hom(Kg/K%,7/pZ) = (Z/pZ)*. Now let 01, ..., 051 be a generating set for Gal(N/L)
and let N; = N7 for i € {1,...,s — 1}. By the corollary to the first inequality there
are infinitely many primes of N; that do not split completely in N. So we can choose
for each N; a place w;, that does not split in IV, such that the restrictions v; to K are

all distinct, and not contained in S. Let T = {vy,...,vs_1}.
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Now we show that such a 7" satisfies the claim. To do this we first show that the
N; are the decomposition field of N|K at the unique w} in N that above w;. First,
since w; is non split the decomposition field Z; is contained in N; and in particular
Gal(N|N;) C Gal(N|Z;). On the other hand, v; is unramified in N so Gal(N|Z;) is
cyclic. Since every element of Gal(N|K) has order p we get Gal(N|N;) = Gal(N|Z;)
and Z; = N;.

From L = US| N; we see that L|K is the largest subextension of N|K such that
all the v; split completely. Thus, for z € Kg we have

reANe K, =K, (') forallv, e T &z € (K )P forallv; € T

i

This shows that A is the kernel of the map K¢ — [], .0 KS/(K))?. We note also

veT

that under this map Kg maps to the units. O

For the set of primes T in the previous theorem let

J=TJuyr < [[5 = I] Ox.

veS veT vgSUT

Lemma 5.3.3. JN K* = (Kgur)?

Proof. The inclusion (Kgur)? € JNK* is clear. To show the other inclusion we need
to show that for any y € J N K* we have Cx = Ny (Cum) & Ik = K* Ny (L)
where M = K(y'/?). From I = K*Ixs we are reduced to showing that for any

a € Ik g there is an v € K* such that o/x € Ny i (Inr). The map
U,
J{S — I]:ZZ?

is surjective and |Kg/A| = p*~!. This is also the order of the product so we get an
isomorphism. Thus, we can find an « € K such that (a/x), = (u,)? for every v € T.

These are all norms of their p-th root. For v € S we already had y € JNK* C (K )P
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so M, = K,. For v ¢ SUT we have that M,|K, is unramified so every unit is a
norm. It follows that a/x is a norm. Hence Cx = Nk (Cy) and M = K by the
first inequality. Thus, J N K* = (Kgur)P as claimed.

]

Theorem 5.3.4. Let T be as in the previous theorem and set Cx st = JK*/K*.

Then we have that [Ck : Cks1] = p.

Proof.
1 — (IK,SUT N KX)/(Jﬂ KX) — ]K,SUT/J — (IK7guTKX)/(JKX) — 1
From the lemma and definitions this exact sequence can be rewritten as

1 — Ksur/(Ksur)” — [[ K2 /(K — Ck/Crsr — 1

veS

By the generalization of the unit theorem we have that Kgur = Z*72 x u(K)

2

so Ksur/(Ksur)? = (Z/pZ)*~'. The group in the middle has order [] .o & =

veES |p|y

p* [l,es =— = p*. It follows that the order of the last group is % = p as

[plo

claimed. ]
Theorem 5.3.5. Let Ck s be as in the previous theorem. Then Cx sr € Npjx(CL).

Proof. It suffices to check J C Ny i (I1). We can check this component by component.
This is true for places v ¢ S UT as all such places are unramified and hence every
unit is a norm. For the places v € S proposition 3.1.11 tells us that every element of
(K)P is a norm from Kv(Ki/p) and hence a norm from L,,|K,. For the places v € T'

we see that A € (K)? so L,, = K, so that every element of K, is a norm. O

We have already outlined the proof earlier but its good to be explicit.
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Proof of the second inequality in the reduced case. By the previous two results

[CK . CK,S,T] =Pp and CK,S,T g NL|K(CL)- Thus,
p= [CK : CK,S,T] = [CK : NL\K(CL)HNL\K(CL) : CK,S,T]

from which it follows that |H°(G(L|K),CyL)| = [Cx : Nyx(Cyp)] is finite and

divides p as claimed.

5.4 An implication and the Hasse Norm

We immediately obtain what Neukirch calls the Global class field axiom.
Theorem 5.4.1 (Global Class Field Axiom). Let L|K be a cyclic extension of alge-

braic number fields. Then we have

) [L:K] ifn=0
|[H™(G(L|K),CL)| =

1 ifn=—1

Proof. Form the first and second inequality we get that |H°(G(L|K),CL)| = [L : K].
This, combined with the fact that h(Cp) = [L : K] gives the desired result. O

The Hasse norm theorem follows straight away

Theorem 5.4.2 (The Hasse norm theorem). Let L|K be a cyclic extension of alge-
braic number fields. An element x € K* is a norm if and only if it is a norm locally

everywhere.

Proof of the Hasse norm theorem. The short exact sequence

l— L — I, —C, —1
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Gives an exact Hexagon on the Tate cohomology groups and thus we get an exact

sequence

HYG(L|K),C) — HY(G(L|K), I) — H°(G(L|K), L*).

However, we have |[H~'(G(L|K),Cr)| = 1 by the Global Class Field Axiom.
Moreover, we have already shown H*(G(L|K), 1) = @, H*(Gy, L) in chapter 4.
It follows that the map
X

K*/NpxL* — €D K} /Np, ik, L

is injective which is the claim of the theorem.
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Chapter 6

The multinorm application

In this chapter we introduce some of the key definitions and facts and our main

results.

6.1 The multinorm result

Definition. An étale algebra over a field £ is a finite product of separable field

extensions of k. It is also an algebra over k.

Definition. For an étale algebra L, the variety X, determined by the equation
Npjg(xz) = A will be called a norm variety. In the case A = 1 we will call the a

norm one torus and denote it as T7s.

One observes 17, acts transitively on X for any A. Indeed if x,y € X, then
r=ayteT Lk and zy = x. Furthermore, this action is simply transitive since the

stabilizer group of any element is the identity.

Definition. Let L = [[\_, E; be an etale algebra over k. Then the norm from L to

k is defined as Np,(z) = [[_; Ng,x(x;). This norm is also called a multinorm.

Definition. Let L = [[_, E; be an etale algebra over k. An element = € k is said

to be a local norm for the place v if it is a multinorm from L ®y k,.
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Theorem 6.1.1 (Main Theorem). Let E/k be a dihedral extension of degree 2n. Let
E; for 1 <i<mn be the fields fixed by a reflection and let L be the étale algebra given
by L = H1gign E;. Then an element x € k s in the image of Ny if it is a norm at

every place of k.

Before we prove this we state the following lemma and theorem which we will use

in the proof.

Lemma 6.1.2. Suppose that A € k, is a norm from E; @ k,. Then A € K ® k, is a

norm from E ® k,

Proof. For an element o € k the norm could be thought of as the determinant of the
transformation x — xa. But the representation of this transformation remains the
same under base change k, — K ® k, and hence the determinant also remains the

salime. 0

We know introduce one of our key results which will help us prove our main

theorem.

Theorem 6.1.3. Let E|k be a Galois extension with Galois group the dihedral group
of order 2n so that Gal(E|k) =< 0,7 > with relations 0" = 7> = 1 and o7 = 70~ ".
Let K = E°, Ey = E™ and Ey = E™. Then if ¢ € k with ¢ = Ngk(a) there is an

x € Ey and y € Ey such that
¢ = Npig(a) = Ng,1(2) Ng, 1 (y)

Moreover, we can choose x and y so that o = xy.

Proof. Let f(z) =[1;-, o'(z) and g(z) = 27(x).
We have ¢ = Ngjk(a) = Ngx(T(a)) =7(c) = ¢

It follows that Np; K(%) = 1 but then Hilbert 90 gives %a) = #;,) for some v € E
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Now
o @ - 7() _ 7(y) _ o(y')
(@) a To(y) Y
But then
Y oy)  ay) ( Y )
To(y) T(y) oTo(y) To(y')
It follows ( 7 € K. Now notice that T(m@{y,)) = Z_EZ:; = m;,y/) so we get
Y Y
N, = =1
o) = o)
then Hilbert 90 gives #;,) = T( for some f € K. Now 8 = o(f) so we actually
have #ly,) = TU(ﬁ) so that TU(%) G Ey. Set y = %’
Then
a Yy yQa/B) oy

(@) oly) oW)1/B) oy
Now notice that y € Ey = E™ gives o(y) = o1o(y) = 7(y).

Then we have

¢ = Npig(a) = f(a) = f(zy) = f(2)f(y) = Neyw (@) Neojx (y)

Remark. We actually also get {a € E|Ngx(a) € k} = {abla € Ey,b € E}.
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Proof of the main theorem. Suppose that A € k is a norm locally from L for every
place v of k. Then the lemma implies that its also a norm locally from F for every
place v" of K. Now, the Hasse norm theorem implies implies that A is a norm from

E|K. Lastly, the previous theorem implies that A is a norm from L|k. ]

6.2 Weak approximation

Let k£ be a number field and X a variety defined over k.

Definition. We say that X satisfies weak approximation, if given a finite set of places

S of k, the map

X (k) = [ J(X(k.)

veS

has a dense image.

Here, for v € S we give X (k,) the v-adic topology.

Example. Suppose that X|k is a rational variety, i.e. k(X) is a rational function

field. Then X satisfies weak approximation.

We are interested in the question of which families of connected linear algebraic

groups satisfy weak approximation.
Example. The group PGL, is k-rational and hence satisfies weak approximation.

Example. Let L|k be a cyclic extension of number fields and Tt the norm 1 torus

associated to L|k. Then 77, is rational and satisfies weak approximation.

Unfortunately, even among the class of tori, there are examples of non-rational
tori. For instance, the torus 7T7q associated to Q(v/13,v/17)|Q is not rational. We

now state the main result of this section.

Theorem 6.2.1 (Main weak approximation result). Let E|k be a dihedral extension
of degree 2n and E;, for 1 <1 <mn, be the fields fized by reflection in G = Gal(E|k).

Let L = ngign E;. Then, the norm one torus T, satisfies weak approximation.
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This is a direct consequence of the main theorem in [2]. We indicate the main fact
which enables us to use [2] and our theorem on the Hesse principle for multinorm to

conclude the theorem above.

Definition. Let I'; denote the absolute Galois group of k so that I'y = Gal(ks/k)
with k, the separable closure of k. A lattice is a finitely generated free abelian group.
Given a finite group G, a G lattice is a lattice which is a Z[G]-module. A Galois
lattice is a lattice M on which 'y acts on continuously. Here we give I';, the pro-finite

topology and we give M the discrete topology.

Given a torus 1" defined over k there is a Galois lattice over £ namely the character
lattice T* = Hom(7', G,,). The torus 7" is determined by the the lattice 7* and this
is an equivalence of categories between the category of k-tori and the category of I'y,
lattices. There is a minimal Galois extension E|k which splits 7. This extension has
Galois group G = Gal(E|k) which is a finite quotient of I'y. Then the character lattice
M becomes a G-lattice. Thus, to T" we associated the algebraic object, namely, the

G-lattice M, where G is a finite group.

Theorem 6.2.2 (Bayer-Fluckiger, Parimala). Let G be a finite group and M a G-
lattice. Suppose for every torus T over a number field k with Galois splitting field
L|k with an isomorphism ¢ : G — Gal(L|k) and character lattice M, Hasse principle

holds for principal homogeneous space under T'. Then weak approximation holds for

T.

We apply the theorem in the following set up. Let G be a dihedral group of order
2n and let E|k be a dihedral extension and ¢ : G — Gal(L|k) an isomorphism. Let
E; for 1 < i < n be the fields fixed by a reflection and let L be the étale algebra
over k given by L = ngign E; and let T, be the associated norm torus. Then Elk
is the minimal Galois splitting field over of Ty ;. Let M be the character lattice of

Ty which is a G-lattice. For any dihedral extension E'|k" with G(E'|k') = G the
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lattice associated to the associated multinorm torus is isomorphic to M. In view of
this, along with the theorem of Bayer-Parimala and our Hasse principle theorem we

get the main weak approximation result.
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Appendix A

Kummer theory

This section will closely follow chapter 1 section 5 of [6]. In fact, it will essentially be
a summery of that chapter specializing to what we need for the thesis. The reader is

certainly encouraged to read that section for a more in depth presentation.

Definition. Let K be a field containing the group u, of n-th roots of unity with n
relatively prime to the characteristic of K. Then by a Kummer extension we mean
an extension taking the form L = K(AY™) with A a subgroup of K* such that

(K*)" C A.

One sees that the Kummer extension L of K is generated by a/" with a € A.
A Kummer extension is abelian of exponent n. This means that it is Galois with an

abelian Galois group of exponent n. As a converse, we have the following proposition.

Proposition A.0.1. If L| K is an abelian extension of exponent n, then L = K(AY™)

with A = (L*)" N K>

Proof. 1t’s clear that K(AY™) C L so all we have to do is prove L C K(AY™).
We claim that that L|K is the composite of its cyclic subextensions. Indeed, this is
because it is the composite of all its abelian subextensions L'| K each of which is the

composite of its cyclic subextensions. This follows from the fact that Gal(L'|K) is
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a direct product of cyclic groups by the fundamental theorem of finitely generated
abelian groups. Now, let M|K be a cyclic subextension of L|K. Since Gal(L|K)
has exponent n, we have |Gal(M|K)| divides n. It follows that M = K(a'/™) with

a € (LX) N K*. Thus, M C K(AY™) and we get L C K(AY™). O
We know state the main result which we use in this thesis.

Theorem A.0.2. The Kummer extensions L|K are in one to one correspondence
with subgroups A of K* that contain K*". If L = K(AY") then A = L** N K and
we have the following canonical isomorphism.

Hom(Gal(L|K), 1) = AJK*"

Proof. See Neukirch [6]. O
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