Distribution Agreement

In presenting this thesis or dissertation as a partial fulfillment of the requirements for an
advanced degree from Emory University, I hereby grant to Emory University and its agents
the non-exclusive license to archive, make accessible, and display my thesis or dissertation
in whole or in part in all forms of media, now or hereafter known, including display on the
world wide web. I understand that I may select some access restrictions as part of the online
submission of this thesis or dissertation. I retain all ownership rights to the copyright of
the thesis or dissertation. I also retain the right to use in future works (such as articles or
books) all or part of this thesis or dissertation.

Signature:

Alex Dunbar Date



Leveraging Algebraic and Geometric Structures in Optimization
By

Alex Dunbar
Doctor of Philosophy

Mathematics

Grigoriy Blekherman, Ph.D.
Advisor

Lars Ruthotto, Ph.D.
Committee Co-chair

David Borthwick, Ph.D.
Committee Member

Elizabeth Newman, Ph.D.
Committee Member

Accepted:

Kimberly Jacob Arriola, Ph.D.
Dean of the James T. Laney School of Graduate Studies

Date



Leveraging Algebraic and Geometric Structures in Optimization

Alex Dunbar
B.A., Rice University, TX, 2020
B.S., Rice University, TX, 2020
M.Sc., Emory University, GA, 2023

Advisor: Grigoriy Blekherman, Ph.D.

An abstract of
A dissertation submitted to the Faculty of the
James T. Laney School of Graduate Studies of Emory University
in partial fulfillment of the requirements for the degree of
Doctor of Philosophy
in Mathematics
2025



Abstract

Leveraging Algebraic and Geometric Structures in Optimization
By Alex Dunbar

Mathematical optimization has been a highly active field in recent years. Typically, one seeks
to leverage structure, such as convexity, when studying optimization problems. We focus on
several optimization problems for which structures in the objective function or constraints
are naturally phrased in the language of algebraic geometry.

The first problem we consider is regression over the space of rational functions in tropical
(max-plus) algebra. Such functions form a widely expressive class of function approximators
and have recently proven useful in the theoretical analysis of ReLU neural networks. We de-
velop an alternating heuristic to solve regression problems over tropical rational functions by
leveraging known results from tropical linear systems and polynomial regression. Numerical
experiments show the strengths and weaknesses of the heuristic and we provide a connection
between our method and geometric aspects of the loss function.

The second problem we consider is semidefinite programming in the x;; tensor-tensor
product framework. We demonstrate that the choice of matrix M corresponds to the rep-
resentation theory of an underlying group action. This connection lends the =), product to
be a natural framework for certain invariant semidefinite programs. We demonstrate the
M-SDP framework on certain invariant sums of squares polynomials and low rank tensor
completion problems

The final problem we consider is the expression of the convex hull of a set defined by
three quadratic inequality constraints using nonnegative linear combinations (aggregations)
of the constraints. Our approach relates the problem to the topology of the spectral curve,
defined as the zero set of the determinant of linear combinations of the defining quadratics.
In particular, we characterize the nonexistence of solutions to systems of inequalities in terms
of the hyperbolicity of the spectral curve. Hyperbolic curves are well-studied in real algebraic
geometry, as their zero sets consist of maximally nested ovals, the innermost of which bounds
a convex cone. By studying (non)intersections of polyhedral cones of aggregations with
hyperbolicity cones of the spectral curve, we provide a sufficient condition for the convex
hull to be given by aggregations and characterize when finitely many aggregations suffice for
such a description.
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Chapter 1

Introduction

Many optimization problems have underlying structure in their objective function or con-
straint set. In this dissertation, we explore several optimization problems whose structure is
naturally phrased using a blend of convex and algebraic geometry.

As a starting point, consider linear programming—the problem of maximizing a linear

function over a polyhedron:

max (¢, x) s.t. (" x) =b; for i e [m], zeR".

All problem data in a linear program is linear, and one can use linear algebraic techniques
to study and solve such programs. A natural generalization of linear programs arises by
replacing the cone R’} with another convex cone. An important example is semidefinite
programming—the problem of maximizing a linear function over an affine slice of the cone of

positive semidefinite matrices S*:

max (C, X) s.t. (AD X) =1, forie [m], X eS".

While solving semidefinite programs is more difficult than solving linear programs, there

are practical interior-point algorithms for their solution. One important application of



semidefinite programming is in the solution of polynomial optimization problems. Alge-
braic geometry is inseparable from this application. To make this connection, we consider
the set P, 24 of nonnegative homogeneous real polynomials of degree 2d in n variables and
the set X, 24 of homogeneous real polynomials of degree 2d in n variables which admit a
decomposition as a sum of squares of polynomials of degree d. Both P, 9; and X, o4 are
convex cones in the real vector space of homogeneous polynomials of degree 2d in n vari-
ables. Moreover, Y, 99 S Py 24. This inner approximation has been leveraged to construct
semidefinite relaxations of polynomial optimization problems. A crucial observation in the
construction of such relaxations is that checking if a degree 2d real multivariate polynomial
p(z) is a sum of squares (SOS) amounts to finding a positive semidefinite matrix @), called
a Gram matriz for p, such that [z]]Q[z]s = p(x), where [x], is a vector of all monomials of

degree d. Moreover,

inf{p(z) | z € R"} = max{y e R | p(x)—vy = 0 for all z € R"} > max{y e R | p(x)—~ is SOS}.

A classical result of Hilbert [Hil88] shows that ¥, 04 = Pp2q4 if and only if n = 2, d = 1,
or (n,2d) = (3,4). However, each element of P, 5; admits a decomposition as a sum of
squares of rational functions, motivating a hierarchy of semidefinite programming problems
with multipliers of increasing degree. This approach, called the Moment-SOS hierarchy, has
found great success in applications [Las01, Par03].

As a further generalization of semidefinite programming, one considers hyperbolic pro-
gramming. A real homogeneous polynomial p is hyperbolic with respect to a point e € R™ if
p(e) # 0 and for all a € R™, the univariate polynomial p(te—a) € R[¢] is real rooted. A canon-
ical example is the polynomial p(zy, Ts, ..., x,) = det(z] + 29 A®) + 234 + | 4 2, AM)

n)

for some fixed symmetric matrices A®, A® . AM™ which is hyperbolic with respect to

(1,0,0,...,0). A fundamental fact about hyperbolic polynomials is that the connected com-



ponent of e in R™\Vg(p) is an (open) convex cone. If A(p, e) denotes the closure of this cone,

then a hyperbolic program is

max (¢, z) s.t. (¥, z) =b; for i € [m], xe A(p,e).

In this dissertation, we investigate some problems at this interface of algebra, geometry,
and optimization. We will see that a blend of algebraic and convex structure can be leveraged

for new algorithms and analysis for a variety of optimization problems.

Contributions and Organization The contributions of this dissertation are organized
across three distinct projects, each one occupying a chapter. Before presenting the results
of these projects, we provide the relevant preliminaries from optimization and algebraic
geometry needed in the subsequent chapters in Chapter 2.

In Chapter 3, we study regression problems over the space of tropical rational functions,

continuous piecewise linear functions of the form

r(z) = g[%§(<w , ) + i) — rg[%XKw ;) + qi),

for fixed w®, w®, ... wP e R". Such functions are the rational functions over the trop-
ical (max-plus) semiring. A recent line of work, initiated by Zhang, Naitzat, and Lim
[ZNL18| has connected tropical rational functions and ReLU Neural Networks. We study
the optimization aspect of this connection, focusing on the ¢* regression problem: For fixed
(z® W), (2@ y@) (™) yN)) e R* x R and fixed w®, w® ... w®) e R, we study

the problem

max((w®, ) + pi) — max((w®, ) + 4:) =y

arg min max
P1,P2,5-PD»q1,925--,9D \ JE[N]

). (1.1)

It is known that the tropical polynomial regression problem has a closed form solution which



only involves (tropical) matrix vector products and vector additions [MT20]. So, we propose
an alternating heuristic which alternately solves for the p; and the ¢;. We demonstrate the
heuristic numerically on synthetic datasets.

We then connect the heuristic to the geometry of the loss function, showing that the
iterates are contained in the nondifferentiability locus of the loss function. Additionally, we
discuss a connection between regression with tropical rational functions and tropical linear
Programming.

In Chapter 4, we study structured semidefinite programming problems which are con-
nected to the x,; tensor-tensor product. Specifically, we use the %), product structure to
define cones of M -positive semidefinite third-order tensors. These M-PSD cones share many
properties with PSD matrices and allow for familar matrix semidefinite programming prob-
lems, such as minimum nuclear norm matrix completion, to be translated to the third-order
tensor case.

Additionally, we study the algebraic structure of the %;; product on tubes (tensors of
format 1 x 1 x n3), connecting these products to the representation theory of finite groups.
When the matrix M is chosen compatibly with a representation p : G — GL,,(R), there is an
explicit subspace of tubes a for which the multiplication map b — a x,; b is p-equivariant.
Building on this representation theoretic interpretation, we show that there is a natural
connection between semidefinite programming problems over cones of M-PSD tensors and
the invariant semidefinite programs studied by Gaterman and Parrilo [GP04].

In Chapter 5, we study aggregations of quadratic inequalities using algebraic topology.
Given three linearly independent symmetric matrices Q1, Q2, Q3 € S™*!, we are interested

in two related questions:

1. Let f! be the quadratic form associated to @; for i € [3]. When is the real projective

variety Ve(ff', fy, f) € RP" empty?

2. Set S = {zeR"| (z7,1)Q;(z",1)" <0,i€ [3]} to be the set defined by the (affine)

quadratic inequalities. When is there a finite set A € R? such that



wonv(S) = [ ) {xeR”

AEA

@D AT 1) < o}?

i=1

We take a unified perspective to answer these two questions by studying the topology
of the spectral curve, defined in RP? by the vanishing of g(\) = det(Zf’:1 Ai@;). Our main
technical tool is a spectral sequence developed in [AL12] which relates the topology of (pro-
jective) solution sets to systems of quadratic inequalities to the topology of combinations of
the defining quadratics with specified number of positive eigenvalues.

As an answer to the first question, we show that, aside from exceptional small n cases,
the projective variety Ve(fl, f2, f#) is empty if and only if the spectral curve is hyperbolic
and there is a linear combination of the defining quadratics which has n positive and one
negative eigenvalue. We then leverage the hyperbolicity of the polynomial g to provide a
sufficient condition for a description of conv(.S) in terms of aggregations. Specifically, such a
description exists when the polyhedral cone of aggregations does not intersect a hyperbolicity

cone of g. This condition generalizes conditions based on hidden convexity results derived

in [BDS24, DMnS22].



Chapter 2

Preliminaries

This chapter provides the mathematical background for the results in subsequent chapters,
focusing on relevant topics in optimization and algebraic geometry. Since the methods
and results in this dissertation involve a broad range of areas of mathematics, we include
thorough reviews in an attempt to keep the dissertation self-contained and accessible to a

wider audience.

2.1 Convex Geometry

A unifying theme throughout this dissertation will be the presence of convexity. We review

the needed ideas here. A complete introduction can be found in [Bar02, BV04].

Definition 2.1.1 (Convex Set). Let V' be a real vector space. A subset C <V is convex if
for all x,y € C and all t € [0, 1], we have
tr+(1—t)yeC.

The set C' is called a convex cone if it is conver and in addition, for any x € C and X\ = 0,

we have \x € C.



Example 2.1.1. An immediate observation is that affine subspaces of a real vector space
are convex. Moreover, it follows from the definition of a convex set that the intersection of

any number of convex sets is convex, leading to the following important examples:

e Half-spaces: Sets of the form {zr € R"|{(x) = b} for some linear functional ¢ € (R")*

and b € R.
e Polyhedra: The intersection of finitely many half-spaces.

e Spectrahedra: The intersection of the convex cone of positive definite matrices and an

affine subspace.

A closed convex set comes with distinguished convex subsets, known as faces.

Definition 2.1.2 (Face, Extreme Point, Extreme Ray). Let C' < R" be a closed convex set.
A subset F' < C is a face of C if for all A€ [0,1] and all x,y € C,

M+ (1—-ANyeF = x,yeF.

A point v e C is an extreme point of C' if {v} is a face of C. If C' is a convez cone and
v € C satisfies the property that v = A\x + Aoy for A\i, Ay = 0 and x,y € C, then v spans an

extreme ray of C'.
Given an arbitrary set, we construct the smallest convex set (cone) which contains it.

Definition 2.1.3 (Convex Hull, Conical Hull). Let S € R"™. The convex hull of S is the set

conv(S) = ﬂ C = {Zr: Azt

ScC convex i=1

A\ = 0,29 eS,reN}.

The conical hull of S is the set

cone(S) = {2 Xiz®
i=1

D= 1,>\¢>O,x(i)eS,reN}.
=1



Theorem 2.1.4 (Krein-Milman (see e.g.; [Bar02])). Let K < R" be a compact convex set

and ex(K) be the set of extreme points of K. Then, K = conv(ex(K)).

One important property of convex sets is that it is straightforward to certify nonmem-

bership of an element in a convex set.

Theorem 2.1.5 (Separating Hyperplane Theorem (see e.g. [BPT13, Appendix A.3))). Let

A, B < R" be two convex sets.

o [f An B = (J, then there is a linear functional £ € (R™)* and a constant v € R such
that ¢(a) < for alla e A and €(b) =~ for all b€ B. In this case, we say that A and

B are separated by an affine hyperplane.

o [f A is compact and B is closed, then we can further conclude that there exists ¢ € (R™)*
and v € R with {(a) < v and ¢(b) > ~ for alla € A and b € B. In this case, we say

that A and B are strictly separated by an affine hyperplane.

Remark 2.1.1. Note in particular that if B is a closed convex set and x ¢ B, then since

{x} is compact, we can strictly separate = from B using an affine hyperplane.

Many of our applications of convex geometry will come from conic optimization problems—

the optimization of a linear functional over an affine slice of a proper cone.

Definition 2.1.6 (Proper Cone). A convex cone K < R"™ is proper if it is closed, full

dimensional and contains no lines.

Definition 2.1.7 (Dual Cone). Let K < R™. The dual cone to K is the cone

K*={yeR"|{y,z) =0 for all z € K}.

Note that if K is proper, then so is K* and we have that (K*)* = K, though this last

statement only needs that K is closed.



Definition 2.1.8 (Conic Optimization Primal-Dual Pair). Let ¢ € R™ be a vector, K < R"
a convex cone, L : R — R™ q linear transformation, and b € R™ a vector.

A conic optimization problem has the primal problem

min{c,z) s.t. L(x) =0, ze K. (2.1)

and dual problem

max{y,by s.t. c— L*(y) e K* (2.2)

Where L* is the adjoint linear transformation of L.

A crucial example of conic optimization for us will be semidefinite programming problems.

Example 2.1.2 (Semidefinite Programming (SDP)). Let S™ ~ R(2) be the vector space of
symmetric n x n real matrices, equipped with the inner product (A, B) = trace(AB). Recall
that a matrix X € 8" is called positive semidefinite (PSD) if v' Xv > 0 for all v € R", or
equivalently, every eigenvalue of X is nonnegative. The set of PSD matrices is denoted S
and is a proper cone in §". We typically write X > 0if X € 87 and X > 0 if X € int(S?}).

Fix matrices C, AN A® AM e 8" and a vector b = (by,by,...,by)" € R™. A

semidefinite program in primal form is the problem

min(C, X) s.t. (AD X) = b, for all i € [m], X > 0.

The corresponding dual problem is

max{(y, by s.t. C' — Z y AW > 0.

i=1

<

The conic optimization problem in Definition 2.1.8 is given as a primal-dual pair. It is

always the case that the optimal value to (2.1) is greater than the optimal value to (2.2).
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This property is known as weak duality. The two problems have equal optimal values when

they are both strictly feasible, a property known as strong duality.

Example 2.1.3 (Semidefinite Program with Strong Duality). Consider the SDP

. T T2
minzy s.t. > 0.

i) 1—1‘2

The feasible set of this problem is the circle in the plane centered at (1, x2) = (1/2,0) with
radius 1/2 so that the optimal value is —1/2.

The dual to this SDP is

—y 1/2
maxy s.t. / > 0.

1/2 —y
Note that this problem is feasible only for y < —1/2 and that the optimal value of the dual

is also —1/2. o

We will also need the notion of the polar dual to a convex cone.

Definition 2.1.9 (Polar Cone). Let K € R"™ be a convezr cone. The polar cone to K is

K° ={yeR"y,z) <0 for all x € K}.

Note that if K is closed, then (K°)° = K.

2.2 Tropical Algebra

In this section, we provide a brief summary of the necessary results in tropical algebra and
geometry. A more thorough introduction to the subject can be found in [MS15].
The (max-plus) tropical semiring is the set T = R u {—0} together with the operations

of tropical addition a @ b = max(a,b) and tropical multiplication a ® b = a + b. Tropical
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operations are commutative and associative, and tropical multiplication distributes over
tropical addition. For an integer n, we set a® = a®a® ... ®a = na; ie, tropical
exponentiation is standard multiplication. We can formally adjoin variables to the tropical

semiring to obtain tropical polynomials and tropical rational functions.

Definition 2.2.1 (Tropical polynomial). A tropical polynomial is a function of the form

e
p(x @ PO Ouwi max(p] + <w(3 x)),
Jje[D] €lp]

Where p; € R and w9 e R™ for j € [D]. The set of tropical polynomials in n variables is

denoted Ty, xq, ..., 2,].

Definition 2.2.2 (Tropical rational function). A tropical rational function is a function of
the form r(x) = p(z) — q(x) for some tropical polynomials p,q € T|x1,xs,...,x,]. More

explicitly,

W) W)
= @ p0z®" - P ¢ =g&>§(pj+<w ) — maX(qJ+<w )

Jje[D] jelD]

Note that tropical polynomials are continuous piecewise linear convex functions and trop-

ical rational functions are continuous and piecewise linear.

2.2.1 Tropical Hypersurfaces

In this subsection, we discuss the geometric objects associated to tropical algebraic objects.
The theory of tropical geometry is rapidly developing and we provide only the basics we will

need in Chapter 3.

Definition 2.2.3 (Tropical Hypersurface). Let p(x) = @je[D] D; © 29 be a tropical poly-
nomial. The tropical hypersurface of p is the set of points where the mazimum is achieved

(at least) twice.
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V(p) = {zeR" | p(z) = p @ 2" = p; 0" for some i # j}
= {z € R" | p is not differentiable at x}.

Note that the complement of V(p) in R™ is a union of (open) polyhedra defined by the

inequalities p; + <w(i), x) > pj+ <w(j), z) for all j + i.

Definition 2.2.4 (Polyhderal Complex). A polyhedral complex ¥ is a collection of polyhedra

such that if o € 33, then every face of o is an element of X and if o,7 € 3, then o N7 € X.

Tropical hypersurfaces are polyhedral complexes where every top-dimensional cell has
dimension n — 1 [MS15].
It is a fundamental fact of tropical geometry that the tropical hypersurface of a tropical

polynomial is determined by the polyhedral geometry of the coefficients.

Remark 2.2.1. Let p(z) = > ;cpp; ® 2@ he a tropical polynomial in the variables

x = (r1,%2,...,2,). The Newton Polytope of p is the set

N (p) = conv({w? | je[D]}).

One obtains a polyhedral subdivision of N'(p) by constructing the polyhedral set

conv({(w'?, p;) | j € [D]}) € R" x R

and projecting the upper faces, those faces whose outward normal vectors have positive last
component, onto N (p). The tropical hypersurface V(p) is then dual to this subdivision (i.e.
k dimensional regions in the subdivision correspond to n — k dimensional polyhedra in the

hypersurface and conversely).

Example 2.2.1 (Some Tropical Hypersurfaces). 1. Consider the tropical line p(z,y) =

0@z @y. The tropical line V(p) is shown in the first row of Figure 2.1
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Figure 2.1: Newton Polytopes (left) and Tropical Hypersurfaces (right) for Example 2.2.1

2. Consider the tropical quadratic p(z,y) = 1®(102)®(10y)D(10x0y)® ()@ (y©?).

It’s Newton Polytope and Hypersurface are shown in the second row of Figure 2.1.

Remark 2.2.2. We will also work with with the nondifferentiability locus of tropical rational
functions. Let f(x) = p(x)—q(x) be a tropical rational function for some tropical polynomials
p,q and set X < R™ to be the set of points for which f is nondifferentiable. Then X <
V(p) u V(q) and this containment can be proper. In particular, the complement R™\ X need

not consist of (open) polyhedra.

2.2.2 Tropical Linear Algebra

The set T™ of n-vectors with entries in T carries many properties analogous to linear algebraic
properties of R™. First, T" inherits an additive semigroup structure from T and a natural

scalar multiplication.

Definition 2.2.5. (Addition and scalar multiplication in T") Let a = (ay,as,...,a,)",b =

(b1, b, ...,b,)T € T" and A e T. We define vector addition

a®b= (a1 Db,asDbs,...,a, D bn)T = (max(ay, by), max(asg, by), . .., max(a,, bn))T
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and scalar multiplication

AOa=AOa,AQas, ..., \Oa,)".

Definition 2.2.6 ((max, +)-linear transformation). A function f : T" — T™ is (max, +)-

linear if for all a,be T" and A € T,

fla®@b) = fla)@ f(b) and f(AOa)=A0O f(a).

Remark 2.2.3. In linear algebra, linear maps R” — R™ can be represented by matrix-vector
multiplication. Similarly, (max, +)-linear maps can be represented by (max, +)-matrix vector

products.

Definition 2.2.7 ((max, +) and (min, +) matrix-vector products). Let A = (a;;) € T™*"
be an m x n matriz with entries in T and x € T". We define the (max, +) matrix-vector

product to be

-
n n n
Al’: @am@xj,@ag,j@xj,...,@am’jij
j=1 j=1 j=1
-
= (max(au + z;j), max(ag; + ;), ..., max(am; + x3)> :
jeln] jeln] jeln]

The dual notion is (min, +) matrix-vector multiplication, denoted B :

T
AliL' = min(alj —I—xj),min(agj +:Uj),...,min(amj +£Ifj) .
jeln ’ Jje[n] ’ jeln] ’

Theorem 2.2.8 ([CGT79]). Let A € R™™ and b € R™ and fix p € N. The optimal solution

to the optimization problem

argmin |[AHz — 0|, st ABHz <b

is given by x* = (—A)" B b. The solution x* is called the principal subsolution to the
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(max, +)-linear system AH x = b. The unconstrained co-norm problem

argmin |[AHz — |
xT

has optimal solution x* + S| AH z* — b|.

Remark 2.2.4. The principal solution z* = (—A)"H'b in Theorem 2.2.8 is analogous to the
solution of the ordinary least squares problem in standard linear algebra using the normal
equations. However, note that the principal solution 2* = (—A)" @ b can be computed in

time linear in m and n and does not suffer from the ill-conditioning of the normal equations.

2.3 Real Algebraic Geometry

In this section we provide the necessary results from real algebraic geometry, focusing on

plane curves, sums of squares, and hyperbolic polynomials.

2.3.1 Real Plane Curves

Here we give a brief overview of real plane curves.

Definition 2.3.1. A subset C < RP? is a real algebraic plane curve of degree d if there

exists a homogeneous polynomial f € R[xz,y, z]q such that C' = Vr(f).

Even if the polynomial f is irreducible, the corresponding real plane curve C' may have

multiple connected components.

Definition 2.3.2 (Oval). Let C; < C be a connected component of a real plane curve.
If RP\C, has two connected components, evactly one of which is contractible, then Cy is
called an oval. If Cy is an oval, then the contractible component of RP\C, is called the
interior of Cy. If C1,Cy, ..., Cy are ovals such that C; is contained in the interior of C; for
1 <j <1<k, and this is a maximal set of such ovals, then Cy is an oval of depth k and

C1,Cy, ..., Cy is a nest of ovals.
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Remark 2.3.1. There is a body of work in the real algebraic geometry literature which
studies the numbers and arrangements of ovals; see e.g., [DIK12, PSV11]. We will be pri-
d
2

marily concerned with the extremal case of degree d curves with || nested ovals. Such

curves correspond to hyperbolic polynomials (see Section 2.3.3).

We will be particularly interested in cases for which the real plane curve C has a nice

description as the vanishing set of the determinant of linear combinations of matrices.

Definition 2.3.3 (Symmetric Determinantal Representation). A symmetric determinantal
representation of a real algebraic plane curve C' of degree d is an expression of C as Vr(f)

where f is given by

f(x,y,z) = det(zA + yB + zC)

for A, B,C € 8. A symmetric determinantal representation is called definite if spang (A, B, C)n
int(89) # &.

2.3.2 Sums of Squares Polynomials

Central to real algebraic geometry is the theory of sums of squares polynomials. There are

many excellent references for the topic, including [Mar08, Pow21, BPT13].

Definition 2.3.4 (Sum of Squares). A polynomial f € R[x1,za, ..., 2] <2q of degree 2d is a

sum of squares (SOS) if there exist hy, ha, ..., hy € Rx1, 2o, ..., Tn]<q such that f =Y, h.

Remark 2.3.2. It is often more convenient to work with homogeneous polynomials. Recall

that if f € Rz, 29, ..., 2,]<2q4 is & polynomial of degree 2d, its homogenization is given by

~ I1 To Xz
f ngdf (— —, ... _n> eR[xo,xl,...,xn]Qd.

) ) b
o To Zo

The polynomial f is a sum of squares if and only if its homogenization f is a sum of squares.
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Definition 2.3.5 (Nonnegative and SOS cones). Let R[xq,xg, ..., x,]eq be the vector space

of homogeneous polynomials of degree 2d in n variables. The cone of nonnegative forms is

Proa={f € Rlx1,z2,...,24]0a | f(x) =0 for all z € R"},

The cone of sums of squares s

Ynod = {fe]R[xl,xg,...,xn] f :Zh? for some h17h2,...,h7~eR[xl,xQ’...,xn]d}.

i=1

It is clear from the definitions that 3,94 S Ppagq for all (n,2d). Hilbert’s Theorem

resolves the cases where equality holds.

Theorem 2.3.6 (Hilbert). P04 = X204 if and only if
o d=1,
e n=2 or
o (n,2d) = (3,4).

There is also a relative version of nonnegativity and sums of squares. Let X < P"~! be a

variety defined over the real numbers with homogeneous coordinate ring R = R[z1, za, ..., z,]/I.

Definition 2.3.7 (Nonnegative and SOS cones on a variety). The cone of nonnegative

quadratic forms on a variety X < P"~! with coordinate ring R is

Px ={feRy| f(z]) =0 for all [z] € X(R)} .1

The cone of SOS quadratic forms on X is

ZX:{fERQ

szhf, for some hl,hg,...,hTERl}.
i=1

!Note that evaluation of quadratic forms on points [z] € X (R) is well-defined up to sign.
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Remark 2.3.3. Note that it suffices to consider quadratic forms on a variety, as we can

replace the variety X with the d-uple veronese embedding v4(X) if necessary.
Hilbert’s Theorem is generalized to the case of varieties as follows.

Theorem 2.3.8 ([BSV16]). Let X < RP"™! be a nondegenerate totally real variety, that is,
X is not contained in a hyperplane and X (R) is Zariski dense in X. Then, Px = Xx if and

only if X is a variety of minimal degree: deg(X) = codim(X) + 1.

Sums of squares polynomials are intimately related to semidefinite programming. In par-
ticular, the certification that a homoegneous polynomial f € R|zq, xa, ..., T, ]2q is a semidef-

inite programming feasibility question.

Proposition 2.3.9. A homogeneous polynomial f € R[x1,xo,. .., Ty]oq is a sum of squares

if and only iof

f(z) = [2];Qlxla, (2.3)

for some positive semidefinite matriz Q) and [x]q a vector enumerating all monomials of
degree d in the x1,%o,...,Ty.
Similarly, a form f e Ry is a sum of squares if and only if there is a symmetric matriz

Q and an element g(z) = 2" Zx € I, such that Q + Z > 0 and

flz)=2"(Q + 2)x. (2.4)

Remark 2.3.4. Note that the equalities in (2.3) and (2.4) impose affine conditions on the
entries of () and therefore the existence of such a certificate is a semidefinite feasibility

problem.

We conclude this subsection by connecting the classical S-lemma in optimization theory
(see [PTO7] for a survey) to the real algebraic geometry framework of Theorem 2.3.8. The

S-lemma asserts that if () is a quadratic polynomial on R™ such that Q;(x) > 0 for some
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x € R", and if @), is a quadratic polynomial on R™ such that @»(z) is nonnegative for all =
such that @Q;(xz) > 0, then there is a positive semidefinite Z and a nonnegative constant c¢
such that Qs = Z + ¢Q)q. Similarly, if X = Vg(Q1) is the real variety defined by a quadric,
then X is a variety of minimal degree, so that any quadratic ()5 which is nonnegative on X is
a sum of squares modulo the ideal generated by ;. That is, there is a positive semidefinite
Z such that Q2 = Z + c);. Note that since we are dealing with the variety defined by
(21, the constant ¢ is not restricted to be nonnegative. In chapter 5, we will see a similar

situation for statements involving three quadratics.

2.3.3 Hyperbolic Polynomials

An important class of polynomials in real algebraic geometry is the class of hyperbolic

polynomials, which share many geometric features with characteristic polynomials.

Definition 2.3.10 (Hyperbolic Polynomial). A homogeneous polynomialp € R|xq, xa, ..., Ty]4
is hyperbolic with respect to a point e € R™ if p(e) # 0 and for all a € R™, the univariate

polynomial p(te — a) € R[t] is real-rooted.

Example 2.3.1. The polynomial

p(x1, Ty . .. xy) = det(zy] + 22AP + 2340 4 4 2, AM)

for some fixed symmetric matrices A, A® . A™ is hyperbolic with respect to the point

(1,0,0,...,0). o

Topologically, the hypersurfaces corresponding to smooth hyperbolic polynomials are

extremal in the sense that they contain the maximum number of nested ovaloids.

Proposition 2.3.11 (See e.g. [KPV15]). If p is a smooth hyperbolic polynomial, then the

real zero set Ve(p) € RP" ™" consists of |“E2| mazimally nested ovaloids.

Additionally, the zero sets of hyperbolic polynomials possess convex structure.
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Theorem 2.3.12 ([Gar59)). If p is hyperbolic with respect to e € R™, then the connected

component of e in R"™\Vr(p) is an (open) convex cone.

We will be particularly interested in the case of hyperbolic plane curves. In this case,
due to a theorem of Helton and Vinnikov [HV07], there is always a definite determinantal

representation for a hyperbolic plane curve.

Theorem 2.3.13 (Helton Vinnikov Theorem [HV07]). Let p € R[x,y, z] be hyperbolic poly-
nomial of degree d with respect to (1,0,0). Then, there exist symmetric matrices A, B € 8¢

such that

p(z,y,z) = det(xl + yA + zB).

Though the Helton-Vinnikov theorem ensures the existence of a definite determinantal
representation of hyperbolic plane curves, there are three dimensional spaces of symmetric

matrices which do not contain a positive definite matrix but have a hyperbolic determinant.

Example 2.3.2 ([PSV12, Example 5.2]). The polynomial

25z 0 12y — 32z« —60z
0 2bx 10z 24z + 16y
p(@,y,z) = det
12y — 32x 10z 6z + 4y 0
—60z 24x + 16y 0 6z + 4y

is hyperbolic with respect to (1,0,0). However, there are no values of (z,y, z) which result
in a positive definite matrix. The real algebraic curve corresponding to p is shown in Figure

2.2 o
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Slicez =1

L L J
=25 0.0 25 5.0

Figure 2.2: Hyperbolic curve from Example 2.3.2
2.4 Algebraic Topology and Homological Algebra

In this section, we review the necessary results from algebraic topology and homological
algebra with a partiuclar emphasis on computations using spectral sequences. A standard
refence text for algebraic topology is [Hat02] and a thorough introduction to the theory of
spectral sequences is [McCO1]. In this dissertation, all (co)homology will be taken over Zs.

We begin by recalling the definitions of the primary objects in homological algebra.

Definition 2.4.1 ((co)Chain Complex). A chain complex is a sequence of Zy vector spaces

V; indexed by 1 € Z and differentials d; : V; — V;_1 such that d;_1 o d; = 0.

A cochain complex is a sequence of Zy vector spaces V; indexed by i € 7 and differentials

d' Vi — Viq such that o d' = 0.

0

/\

. s . \ . \
. W ‘/;,1 i1 ‘/l 7 i+1 PR

Definition 2.4.2 ((co)homology of a (co)chain complex). The homology groups of a chain

complex are H; = iﬁgﬁz). The cohomology groups of a cochain complex are H* = i;e&(i?).
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A primary motivation for homological algebra is to compute the homology of topological
spaces. Loosely speaking, these are Zs vector spaces whose dimensions count the number of

“holes” in a topological space with n dimensional boundary.

Example 2.4.1 (Singular (co)homology of a topological space (see e.g. [Hat02])). Let X
be a topological space. For each n > 0, let A™ be the standard n-simplex and let C,, be the
7Zy vector space? generated by continuous maps o : A" — X. Using the C,,, we get a chain

complex by setting

m m n
dn<2 Oéz'O'i> = Z (Oéz' Z 0'2'([7}0, Viy- - ,’(/J\j, ce 7Un]>> € Cn—l-
i=1 i=1 j=0
where [vg,v1,...,0j,...,0,] denotes the n — 1 simplex obtained by removing the vertex v;.

The singular homology of the space X is then the homology of the resulting chain complex,
ie. Hy(X) = —erldn)

im(dn41)”

Singular cohomology of a topological space, on the other hand, is constructed from the
cochain complex which is dual to the chain complex which defines singular homology. That
is, the singluar cohomology groups H™(X) are obtained by taking the cohomology of the

cochain complex

dy_s dy_y dy CAR
. —— Hom(C,,—1,Zy) —— Hom(C,,,Zy) —— Hom(Cy41,Zo) —— ...,

where d] is the dual map to d;. It follows by the Universal Coefficient Theorem (see e.g.
[Hat02]) that since we are working over the field Z,, H,(X) ~ H"(X). o

In Chapter 5, we will make heavy use of a spectral sequence to compute singular homology

groups of topological spaces.

Definition 2.4.3 (Spectral Sequence). A (first quadrant, cohomology) spectral sequnce

%if we were working over Z, then we would take C,, to be the free abelian group generated by the o



23

(E,,d,) is a collection of pages E, of Zy-vector spaces E% indexed by (i,7) € Z* and differ-

entials d, : E. — E, satisfying the following:
e £ =01ifi<0orj<O.

e The differentials satisfy d> = 0; that is, we have the following cochain complex

i ldi_r’j"'r_l P A S 1
. —— BTt > Bl > prrortl
0

e The E,..1 page has entries isomorphic to the homology of the differentials d,. That is,

ker (di)

difr,jJrrfl)

i
r+1 1rn(

Spectral sequences are usually displayed graphically in terms of their pages.

Example 2.4.2. The following E, page depicts the labeling and differential information

for the E, page of a spectral sequence.

By
1 |EY! E}! B!
dyt
0 [EY° Ey° \Egﬂ
0 1 2

If the map dy' : Ey" — E7° is an isomporhism, and all other d’ are zero, then the Fj

page of the sequence would have the form
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E;3
10 Byt E!
0 |E5° By’ 0
0 1 2

<

Note that for a first quadrant cohomology spectral sequence (E,,d,), and fixed i, j = 0,
there exists £ > 0 such that + — k and j — k + 1 are both negative. In particular, the
differential d;;’j will have codomain 0 and the differential dz_k’j 1 will have domain 0.
ker(di‘j)

T this implies that £% ~ F}7 for all » > k. We therefore denote

Because B ~
k+1 im(

Li o bl —. b
EX = EF = . = E&

Definition 2.4.4 (Convergence of Spectral Sequence). We say that a spectral sequence
(E,,d,) converges to some graded Zo vector space H,, denoted E, = H,, if for each

n,

H, ~ (—B E4.

i+j=n

Example 2.4.3 ([BD25]). Consider a spectral sequence (E,,d,) with £, = such that

.. Z2 (Z,]) = (07 1) or (170)
Ey? ~

0  otherwise

Suppose that do' is an isomorphism. Then, we have that Egj = 0 for all (i,j) € Zy and

therefore E%/ = 0 for all (i, j) € Z2. So,
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H ~EY®FY ~0®0~0.

Pictorally,
Es Es
1 | Zs 1 0
\ dgl
0 \Zz 0 0
0 1 2 0 1 2

2.5 Representation Theory

In this section, we review the necessary standard results about the representation theory of

finite groups. A standard reference with complete proofs is [FH91].

Definition 2.5.1 (Group Representation). A (linear) representation of a group G is a group
homomorphism p : G — GL(V') for some finite dimensional complex vector space V. The

representation p is said to be faithful if the map p is injective.

It is common to drop p from the notation and refer to the vector space V' as a represen-
tation. Note also that if we fix a basis for the vector space V', then we can instead consider
GL,(C), the group of invertible n x n matrices with complex entries, as the target of the

map p. We can also consider maps between representations:

Definition 2.5.2 (Equivariant Map). Let p : G — GL(V) and n : G — GL(W) be two
representations of a group G. A linear map T : V. — W is said to be equivariant (or G-

linear) if for allv e V and all g € G, T(p(g)v) = n(g)T(v). That is, the following diagram
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commutes:

v L w

p(9) lﬁ(g)
VLW
An invertible equivariant map whose inverse is also equivariant is called an isomorphism

of representations.

Definition 2.5.3 (Subrepresentation, Irreducible Representation). Let p : G — GL(V') be a
representation of G. A vector subspace W <V is called a subrepresentation if p(g)W < W
for all g € G. A representation V' is called irreducible if there are no nontrivial subrepresen-

tatons.

Irreducible representations form the building blocks of representation theory. Precisely,
every representation can be written as the direct sum of irreducible representations V' ~
@;_, Vi. Note that it may be the case that some irreducible representations appear with

multiplicity greater than one. That is,

where for fixed ¢, we have V; ;, ~ V; ;, for any 1 < ji,j2 < o.

Example 2.5.1 (Decomposition into irreducibles). Consider the symmetric group S3 =

(o,7|0* = 73 = 1,07 = 7" '0) and the representation p : S3 — GL3(C) with

01 0 00 1
plo)=11 0 0 p(t)=11 0 0
00 1 01 0

The decomposition of C? into irreducibles is then given by

(CS = Span{(lv 1a 1)T} @ Span{(lv _17 O)Ta (07 17 _1)T}
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<

Example 2.5.2 (Decomposition into irreducibles with multiplicity 2). Consider the group

Zs = {1,0}, and the representation p : Zs — G L3(C) with

100
plo)=10 0 1
010

Now, the decomposition of C? into irreducibles is given by

C? ~ span{(1,0,0)"} ®span{(0,1,1)"} @ span{(0,1,-1)"}

Note that span{(1,0,0)"} and span{(0, 1,1) "} are both the trivial representation, as o acts on
the identity on both of these spaces, and span{(0,1,—1)"} is the alternating representation,

since o acts as mutliplication by —1 on this space. o

Lemma 2.5.4 (Schur’s Lemma (see e.g., [FHI1])). Let V and W be irreducible representa-

tions of a finite group G and T : V — W an equivariant map. Then,

o [fV is not isomorphic to W then T is the zero map.

o [fV =W, thenT = Xl for some A\ € C and I the identity map.

Remark 2.5.1. It follows from Schur’s Lemma and the existence of decompositions into irre-
ducibles that if V' is a representation, V = @;_, (—D?;l Vi; a decomposition into irreducibles
with V;;, ~ Vi;, for all i € [s] and j1,j2 € [o], and T : V — V is an equivariant map,
then there exists a basis of V' such that a matrix representative of T" has a block structure.
Moreover, the only nonzero blocks are multiples of the identity and correspond to blocks

Viir = Vi
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2.6 ReLU Neural Networks

As a final preliminary section, we provide a brief overview of and fix notation for fully
connected ReLLU neural networks. Loosely speaking, a neural network is a composition of
affine functions and nonlinear activation functions. We will be interested in the piecewise

linear ReLU activation function.

Definition 2.6.1 (ReLU Activation Function). The Rectified Linear Unit (ReLU) activation

function is o : R — R"™ given by

o(x1,22,...,7n) = |max(zy,0) max(zs,0) ... max(az,,0)

Definition 2.6.2 (Fully Connected ReLU Neural Network). An L-layer fully connected

ReLU Neural Network is a function v : R" — R" expressed as the composition

(L) o gD 5 p=D) 5 5L=2 5 55D o p(l),

v=p p

where p) 1 R™ — R™+1 s an affine map p(z) = WOz + b and o : Rren — Rret!
is the ReLU activation functions. The sequence (ny,na,...,ny) is the architecture of the
network representing v, the matrices W are called the weights at layer ¢ and the vectors

b9 are the biases at layer (.

By construction, fully connected ReLU networks are continuous piecewise linear func-
tions. Conversely, any continuous piecewise linear function can be expressed using a neural

network with a bounded number of layers.

Theorem 2.6.3 ([ABMM18]). Any continuous piecewise linear function v : R™ — R can be

expressed as a fully connected ReLU neural network with at most [logy(n + 1)] + 1 layers.
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Chapter 3

Regression with Tropical Rational

Functions

The content of this chapter is based on joint work with Lars Ruthotto and appears in [DR24].

Tropical geometry has been connected to the study of fully connected feedforward ReLU
Networks, starting with the work of Zhang, Naitzat, and Lim [ZNL18]. Indeed, the authors
show that the sets of tropical rational functions, ReLU neural networks with integral weights,
and continuous peicewise linear functions with integral slopes are equal. Moreover, the
integrality constraints are not restrictive (from a theoretical point of view), as one can
approximate real weights with rational weights and clear denominators. It has been useful
in the theoretical analysis of such networks, particularly in counting the number of linear
regions of a network. Since the full dimensional regions of the complement of a tropical
hypersurface correspond to vertices of the induced subdivision of the Newton polytope (see
Remark 2.2.1), the number of linear regions of a neural network can be bounded by looking
at the coefficients of the network’s representation as a tropical rational function. More work
using tropical geometry to understand neural networks has appeared in [CM19, MCT21,
SM19, SM20, TPS21, MRZ22]. A survey article from 2021 is [MCT21].

In another direction, researchers have applied the theory of principal solutions to tropical
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linear systems (Theorem 2.2.8) to solve tropical polynomial regression problems [MT19,
MT20]. To formally define the regression problem, let W = {w® w® ... w®} < R" of
permissible exponents and let D = {(x™M,yM), (x? x®) ... (x™) y™))} < R* x R be a
dataset. Then, one can form the Vandermonde matriXTX e RV*D with X, ; = (wl,x®) and

the right-hand side vector y = [y(l) y@ ... yW | . The tropical polynomial regression

problem is then

argm;n | XHDp — Yyl (3.1)

By Theorem 2.2.8, the problem (3.1) has the analytical solution

1
p* = (-X) B y+ 5 [XB-X)Hy) -],

Therefore, the co-norm tropical polynomial regression problem can be solved quickly. Vari-
ants of tropical polynomial regression have been studied in [TM19, TTM22, Hoo19]

In this chapter, we utilize the tools from tropical linear systems and tropical polynomial
regression to develop a heuristic for regression with tropical rational functions (Algorithm 1

below). Specifically, given W, D, and X as above, we consider the problem

argrgiqnﬁ(p,q) = [XEp-XHq-yl,- (3.2)

Note that problem (3.2) is a continuous piecewise linear regression problem, and that the
class of tropical rational functions is a difference of convex functions [Har59]. Such problems
have received attention in multiple communities; see e.g., [MB09, KL21, TV12]

The proposed heuristic provides a step towards leveraging tropical algebraic structure for

the training problem for fully connected ReLLU networks.
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Algorithm 1: Alternating Heuristic for Regression with Tropical Rational Func-

tions
Input: Dataset D < R™ x R, Exponents W < Z"

Output: Vectors p, q € R” of coefficients of polynomials p, ¢ € T[x] such that
p(x) — q(x) ~ y for (x,y) € D.
Form X € RV*IWI with X;; = <W(j),x(i)>;
p’,q’ < —x, q) < —mean(y);
for k=1,2,... k.. do
p" «— argmin, [XHp — XAG"! — y|o;
q" « argming [ XA p" — XHG — y|o;
end

(= IS, BNV VN

3.1 Alternating Method

Here we derive the alternating heuristic. Fix q. Then, the problem

mgnﬁ(q) = mgn IXEp - (XHG+Y) |

is a tropical polynomial regression problem. So, by Theorem 2.2.8, there is an optimal

solution

p*(q) = (-X)' ® (XHaq+y)+ % IXB(-X)'H® (XHa+y)) - (XHa+y)|, -

This solution can be computed quickly, as it only involves forward (max, +) and (min, +)

operations and vector addition. Similarly, for a fixed p, we can compute

q*(p) = min [XEBq -~ (XEP — )|
. .
= (0)'HX@Ep-y) + 5 |[XB(-X)'® X@Ep-y) - (XEp -y,
Therefore, given an initialization q°, one can perform alternating steps p**! = p*(q¥)

and ! = q*(p**!). The procedure is summarized in Algorithm 1.
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We begin with some immediate observations about the iterates produced by the method.
First, the iterates produced by Algorithm 1 lead to nonincreasing values of the loss function.

Fix e* = £(p*, q") to be the residual at iteration k.
Proposition 3.1.1. The residuals €* are nonincreasing. That is, e*1 < eF.

Proof. Since p*™! = argmin, £(p, q*) and ¢*"! = argming £(p**!, q), it follows immedi-

ately that

= XEp" - XEd" - y|e
> | XEp" - XHC —y|s
> Hka+1_qu+1_yHOo
k

=€ .

]

Additionally, the difference in residual is bounded by a constant multiple of the norm of
the update step. We use this to determine an effective stopping criterion in our experiments,

where we observe that this bound is nonincreasing.
T T
[ A W

Proof. Note that for each j € [D] and for any k, the inequalities

k_ k+1 k
. Then, ¥ — " < 21",

0

Proposition 3.1.2. Set n* =

pi—nf <P <ph+n" and ¢ —nf < <+

each hold. Moreover, since for each i € [ V],

max((wt, x@) + p¥) + 9* = ma

() (@) k k
x((wV x\" 4+ pl £+
je[D] je[D](< ) Py 1 )

it follows that
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%@ k k () () k+1 %@ k k
max wl + %) — n® < max({w + max wl + %)+ n”.

The analogous statements hold for g*. Denote by P*(x) and Q*(x) the tropical polynomials
with coefficients p* and g, respectively. Set ¢ € [N] to be such that the residual e*

achieved at the datapoint (x),3) i.e, e = |P*(x)) — QF(x“)) — y®|. Then,

€k . €k+1 _ |Pk(xf) . Qk(xl) | . {2[?% |Pk+1< ) Qk+1( ) y(i)|

< |[PH(x) = Q" (x") — 4] = [P (x) — Q" (x") — 4|
< |Pk(x(€)) . Qk(X(Z)) - Pk+1(x(£)) + Qk+1(x(€))|
< [PH(x0) = PFO)| + Q8 () — Q1 (x9)

< 277k.

3.2 Geometric Aspects

The iterates produced by Algorithm 1 have a nice connection to the geometry of the loss
function. Specifically, we show below that the loss function £ is a tropical rational function
of the parameters p, q. Moreover, there always exists a minimizer (p*, q*) in the nondifferen-
tiability locus of £ and the iterates p*, q* produced by Algorithm 1 are such that V£ (p*, q*)

does not exist.
Proposition 3.2.1. The loss function L(p,q) is a tropical rational function.

Proof. We can expand

L(p,q) = max |P(x?) — Q(x®) -y

i€[N]
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Since the set of tropical rational functions form a semifield, it follows that L is a tropical

rational function. O

As a tropical rational function, £ is continuous and piecewise linear. So, we can study
the optimization problem (3.2) using polyhedral geometry. To start, we show that the

optimization problem (3.2) has a solution in the nondifferentiability locus of L.

Proposition 3.2.2. There is an optimal solution to (3.2). Moreover, there is an optimal

solution (p*,q*) to (3.2) such that VL does not exist at (p*,q*).

Proof. By Proposition 3.2.1, there are tropical polynomials g, h in 2D indeterminates such

that

L(p,q) = g9(p,q) — h(p,q).

The nondifferentiability locus of £ is then contained in the union V(g) u V(h) < R*’. The
complement of ¥ = V(g) u V(h) in R?? is a collection of open polyhedra. Label these
Ay, Ayl A,

For the first claim, note that the restriction of £ to the closed polyhedron cl(A4;) is linear
for each i € [s]. Since L(p,q) = 0, there is a minimum value z; = min{£L(p,q) | (p,q) €
cl(A;)} for each i € [s]. So, £ achieves the minimum value z = min{z; | i € [s]}.

For the second claim, note that since the restriction to of £ to cl(4;) is linear for each
i € [s], there must be a minimizer (p¥, q®) e dcl(A;) with L(p®,q®) = z; for each i € [s].
In particular, there is (p,q) € ¥ = (J;_, 0cl(4;) such that £(p,q) = z. If VL(p, q) does not
exist then we are done. Otherwise, VL(p,q) = 0. Relabel the A; so that (p,q) € A; and
(p,q) € ﬂle cl(A;). Then, it follows that every point of A = Ule cl(A;) is a minimizer of
L. Set B to be the smallest connected set containing A on which £ is minimized. Note that
B + R?P. Indeed if B = R?P, then £ is constant, which is impossible: if w) € W, q is

fixed, and p; is fixed for j > 2, then for sufficiently large values of p,
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L(p,q) = max (w, x@) 4 p; — max((w?, x@ + ¢;) —y9| = py + C
i€[N] j€[D]

for some constant C. Since B # R?”, any point (p*, ¢*) on 0B # & is a minimizer of £ such

that VL(p*, q*) does not exist. ]

To further the connection to the geometry of the loss function, we show that the iterates
produced by Algorithm 1 are located in the nondifferentiability locus of £. Combined with
Propositions 3.1.1 and 3.2.2, this suggests that the alternating heuristic is a reasonable

approach to searching for a global minimizer.

Proposition 3.2.3. Let p*,q* for k = 1 be iterates produced by Algorithm 1. Then,

VL(p*,q*) does not exist.

Proof. We prove that if A € R™*" and b € R™, then

1
u = (~A) B b+ A4S (—4) & b) ~ bl

is a nondifferentiable point of the residual function R(u) = |[AFH u — b|,. The claim of the
proposition will then follow since p* = arg min, £(p,q*"!) and q* = arg miny £(p*, q) have
this form.

Suppose for the sake of a contradiction that VR(u*) exists. Then, because u* is a
minimizer of R(u), it must be the case that VR(u) = 0. Fix indices 4, j such that

R(u®) = mgxx(ai’g +uy) — bi| = ‘ai,j +uj — bi‘ ;

and let K = {k | aix + uj = maxy(a;s + u})} be the set of indices where the maximum is
attained. Set ex = ), € be the indicator vector with 1 in component % if k € K and 0
otherwise. Note that the previously fixed index j is an element of K. For € > 0 small enough

that
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aiy +up —e>a;+u; when ke K and £ ¢ K,

there exists ¢ € {—1, 1} such that

R(u* + ceeg) = |ai; + ul + ce — bi| = |a;; + uf — b + e = R(u*) + €.

That is, perturbing u* along either ey will increase the residual by at least €. But then,

R(u* + ceer) — R(u*)

€

> 1.

Since the difference quotient is bounded away from 0 for small ¢ > 0, this contradicts the

hypothesis that VR (u*) = 0. O

The geometric properties discussed above lead to concrete conditions on the dataset. In
particular, the sources of nondifferentiability in the loss function are in the infinity norm and
the nondifferentiability of the tropical polynomials P and (). This allows us to connect the

geometry of the optimization problem to the dataset.

Proposition 3.2.4. There exists a minimizer (p*,q*) of L such that at least one of the

following holds:

1. There is an index i € [N] such that x¥ € V(p*) U V(q*).

2. There are i,j € [N] with i + j such that

L(p*,q*) = ‘P*(x(i)) — Q*(xW) — y(i)\ = ’p*(x(j)) —Q*(xV)) — y(j)| ‘

Proof. We will prove the contrapositive. Let (p*, q*) be a minimizer of £ such that V.L(p*, q*)

does not exist and suppose that neither condition holds. Then, there is ¢ € [N] such that
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Lp*, ") = [P*(x) = @ (x) — y] > |P*(x) — Q*(x) — 47| for all j # .
There is an open neighborhood U < R?P of (p*, q*) such that

L(p,q) = |max(p; + (w) x®y) — max(q; + (wi) x0y) — 4@
Jjel[D] Jje[D]
for all (p,q) € U. Since L(p*,q*) > 0, we show that if x®) ¢ V(p*) U V(q*), then the

evaluation map (p,q) — P(x®) — Q(x®) is differentiable, contradicting the construction of

(p*,q*). If x¥ ¢ V(p*) U V(q*), then there are j, k € [D] such that

pr 4w x> pr+ (wh xD) for € + j

and

g +(w® x> g+ (w xO for £+ k.

So, restricting U to a smaller open neighborhood of (p*, q*) if necessary, we see that

Lly(p,q) = [p; + WD, xD) — g + (W, x0) — )],

Since £ > 0, this is an affine function of (p, q) near (p*, q*), and therefore differentiable.
]

Additionally, the sublevel sets of the loss function £ provide a connection to tropical

convexity.

Proposition 3.2.5. Let § > 0. Then, determining the existence of p,q € R? with L(p,q) <

0 is a tropical linear programming feasibility problem.

Proof. This is an application of the standard technique of linear programming for solving

minmax problems (see e.g. [BV04, Section 1.2.2]). The problem min,  £(p, q) is equivalent
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to the problem

mint
st _max (W xDy 4+ p,) — izrln2aXD(<w(i),x(j)> +q)—yY <tV (3.3)
— max (W x4 p) + max (w0 x4 q;) + 39 <tV

Now, there is a feasible solution (p,q,t) to (3.3) with ¢ < ¢ if and only if the following

system of tropical linear inequalities in the variables p, q has a solution.

‘7r1r12axD(<W("), xUN 4+ p) < _mmax (<W xS 4+ g +yW) +6) ¥y

‘_r1112axD(<w(i), xS + g + y(j)) < | max (WD x4 p; +6) Yy

3.3 Numerical Results

This section is reproduced from [DR24]. In this section, we use Algorithm 1 for regression
tasks and examine its convergence behavior empirically. We provide univariate, bivariate,
and higher dimensional examples. In the univariate case we analyze the relationship between
the degree hyperparameter and the error in the computed fit. In the bivariate case, we
analyze the effect of precomposition with a scaling parameter ¢, that is, we study functions
of the form f(cx) = p(ex)—q(cx). For six variable functions, we examine the use of Algorithm
1 on data generated from tropical rational functions. We then present the performance of
our approach on the existing datasets used by [KL21, MT20, RK15]. Finally, we present
preliminary experiments using the output of Algorithm 1 to initialize ReLLU neural networks.

All Matlab and Python codes to reproduce our experiments can be found at
https://github.com/Alex-Dunbar/Tropical-Data.git.

Throughout this section, we say that an n-variate tropical rational function has degree d


https://github.com/Alex-Dunbar/Tropical-Data.git
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Degree 15 Tropical Rational Fit Convergence History
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’ -Data —— Approximation = ——sinx ’ — error ~—— Update norm
(a) Tropical rational approximation (b) Training loss and update norm

Figure 3.1: Results of applying Algorithm 1 with degree 15 tropical rational functions to
noisy data from a sine curve. Figure 3.1a shows the training data, the approximation by a
tropical rational function, and the function sinx. The approximating function captures the
general behavior of the dataset. Figure 3.1b shows the /., error ef = |[X@Ep* -~ X@Hq" —y|

and the update norm n* = | [p*F* qu]T — [P qk]T |oo. Both the training loss and the
update norm are nonincreasing and contain intervals on which they are nearly constant.

it W =1{0,1,...,d}"

3.3.1 Univariate Data

We apply Algorithm 1 to a dataset consisting of 200 equally spaced points z() e [—1,12]
and corresponding y values ¥ = sin(z®) + ¢, where ¢ is drawn independently from
a Gaussian distribution with mean 0 and standard deviation 0.05. Figure 3.1 shows an
example, with d = 15. We use a stopping criterion of n* < 107'2. The infinity norm of the
error and the infinity norm of the update step at each iteration are plotted in Figure 3.1b.
Both the training loss and the update norm are nonincreasing and have regions on which

they are constant.

2,500
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Dependence of Error on Degree Dependence of Iterations on Degree
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Figure 3.2: Dependence of error and number of iterations on degree of tropical rational
function fit to noisy data from a sine curve. The error decreases monotonoically as a function
of degree with a large drop at degree 5. The number of iterations needed to reach the stopping
criterion of ¥ < 107!2 generally increases with the degree.

Effect of Degree Here, we investigate the relationship between the degree of tropical
rational function and the error in the fit. Specifically, we generate a dataset as in the above
example and use Algorithm 1 to fit a tropical rational function of degree d to the dataset for
d=1,2,...,20. As a stopping criterion in Algorithm 1, we use n* < 107!2 or a maximum
kmax = 10000. Figure 3.2 shows the relationship between the degree of the rational function
and the error in the fit. Note that the error decreases as a function of the degree with a
large decrease in error when the degree is 5. The number of iterations needed to achieve the

stopping criterion is generally increasing but is not monotonic.

3.3.2 Bivariate Data

We use the method to approximate the Matlab peaks dataset using degree 10 and degree
31 tropical rational functions and training until n* < 107'2. Explicitly, the peaks dataset

consists of 2401 = 492 equally spaced (x1,x9) pairs in [—3,3]? and their evaluations

20
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x 1
peaks(z1, z5) = 3(1 — a1)%e# @21 _ 10 (—1 —ad - :ES) e _ g (mt)oaf

) 3

The fits and the error are shown below in Figure 3.3. Note that in both cases there is
error in the regions on which the data is nearly constant despite the piecewise linear nature
of the tropical rational functions. As in the univariate case, the training error and the update

norm are nonincreasing and have regions where they are constant over many iterations.

Effect of Scaling Parameter In the above experiments, we directly fit a tropical rational
function to the data. However, the results of [ZNL18] suggest that we should fit a function
of the form f(cx), where ¢ € R and f is a tropical rational function. To this end, we fit
functions of the form f(cx) for 21 equally spaced values of ¢ € [1,3] and f a tropical rational
function of degree 35. For each value of ¢, we use a stopping criterion of n* < 1072 or a
maximum of 500 iterations of the alternating method described in Algorithm 1 to find a
tropical rational function f. The dependence of the training error on ¢ is shown in Figure
3.4 below. Note that the optimal value of ¢ in this range is roughly 1.3. More generally,
for fixed degree d, changing the value of ¢ gives a trade-off between maximum slope and
resolution between slopes. Due to this trade-off, there will, in general, be large errors for
very large ¢ because each affine piece of the tropical polynomials p(cx) and ¢(cx) will have
large slopes. Conversely, there will be large errors for very small values of ¢ because the

slopes of the affine pieces of the polynomials p(cx) and ¢(cx) will be bounded.

3.3.3 Higher Dimensional Examples

We test Algorithm 1 on functions with many variables. These experiments suggest that the
alternating minimization method is able to find solutions with low training loss. However,
these solutions do not appear to generalize well, even on data generated from tropical rational

functions.



42

Degree 10 Approximation Degree 31 Approximation

peaks Data

A 9 (b) Tropical rational ap- (c) Tropical rational ap-
B proximation to peaks with proximation to peaks with
(a) peaks data degree 10 function degree 31 function
Convergence History for Degree 10 Convergence History for Degree 31
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Figure 3.3: Results of applying Algorithm 1 with degree 10 and 31 tropical rational functions
to the peaks dataset. The resulting degree 31 function sketches the general behavior of the
dataset (Figure 3.3c), while the degree 10 function fails to approximate the data (Figure
3.3b). Figures 3.3d and 3.3e display the the (* error ¢k = [ X @ p* — XEHq* — y|» and
the update norm n* = | [p]~C+1 qk“]T — [pk qk]T |eo. For both degrees, the training loss
and the update norm are each nonincreasing and contain intervals on which they are nearly
constant.
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Error vs Scaling Parameter
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Figure 3.4: Error in approximation to the peaks dataset when using a degree (35, 35) tropical
rational function with inputs scaled by ¢. Here, the optimal value of ¢ in the range 1 < ¢ < 3
is roughly 1.3 and gives a much lower training error than the function obtained as the output
of Algorithm 1 with unscaled inputs.

Regression on 6 Variable Function We fit a tropical rational function to the 6 variable

function

g(x) = 112973 + 27422 sin(x7)

on a training set consisting of N = 10000 points drawn uniformly at random from [0, 1]°
and then test on a test set generated in the same way. Here, we fix the maximum degree
of the numerator and denominator to be 3 for each variable and train until n* < 107!2 or
for a maximum of 500 iterations. There are 8192 trainable parameters. The convergence
behavior during training is shown in Figure 3.5a. The ¢ error on the test set is 0.2721,

which is roughly 9.75 times the final training error of 0.0279.

Regression on 10 Variable Function We fit a tropical rational function to the 10

variable function

h(X) = o12925 + 22422 sin(z7) — 777879710
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Convergence for 6 Variable Function Convergence for 10 Variable Function
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Figure 3.5: Convergence for tropical rational approximation of 6 and 10 variable functions.
The training error and update norm display similar behavior as in the low dimensional cases
with regions on which they remain constant.

on a training set consisting of N = 10000 points drawn uniformly at random from [0, 1]*°
and then test on a test set generated in the same way. Here, we fix the maximum degree of
the numerator and denominator to be 1 for each variable and train until n* < 10712 or for a
maximum of 500 iterations. There are 2048 trainable parameters. The convergence behavior
during training is shown in Figure 3.5b. The ¢* error on the test set is 0.6828, which is

roughly 2.9 times the final training error of 0.2342.

Data Generated from Tropical Rational Functions Here, we investigate the use of
Algorithm 1 on data generated by tropical rational functions. Specifically, for n = 6 we
investigate the use of Algorithm 1 for the recovery of a tropical rational function of degrees
1 through 5 (ie. Wy = {0,1,2,...,d}% for 1 < d < 5). For each trial we generate a
tropical rational function with coefficients sampled uniformly at random from [—5, 5] as well

as training and validation datasets of N = 10000 points sampled uniformly at random from
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Degree Relative Training Error Relative Validation Error

1 2.372 x10~15 0.1271
2 5.869 x 10~1° 0.2019
3 9.108 x 10~ 0.2869
4 1.286 x 10714 0.3631
5 9.373 x 1076 0.3598

Table 3.1: Average training and validation error on data generated from 6 variable tropical
rational functions. For each degree, the training loss is low, but the validation error is high
and increasing as a function of degree.

[—5,5]6. We then fit a tropical rational function f of the same degree using Algorithm 1

with a stopping criterion of n* < 1078

or a maximum of 1000 iterations. In degrees at
most 4, the method reached the stopping criterion in fewer than 1000 iterations for each
trial. For degree 5, the method terminated after reaching 1000 iterations in 3 trials. In this
experiment, p® and q° are initialized with entries drawn uniformly at random from [—5, 5]C.
Table 3.1 shows the average relative training and validation loss | f(x) — y|./[y ]« across
the five trials in each degree. Here, the training loss is low, indicating that Algorithm 1 finds
a near optimal solution. However, the validation loss is high and increasing as a function of
the degree. This indicates that when run to completion, Algorithm 1 solves the optimization
problem (3.2) well. However, the higher validation errors suggest that the solution to (3.2)

is nonunique. In particular, Algorithm 1 does not necessarily recover the coefficients of the

tropical rational function used to generate the data.

3.3.4 Performance on Existing Datasets

In this section, we test the performance of our method on datasets generated from convex

functions presented in [MT20] and datasets generated from nonconvex functions presented

in [KL21, RK15].

Convex Functions Here, we use datasets from [MT20] and demonstrate that Algorithm

1, as a generalization of tropical polynomial regression, can be used to approximate convex
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Approximation of a Tropical Line
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Figure 3.6: Approximation of a tropical line using tropical polynomial regression and Algo-
rithm 1. Note that the two fits diverge near x = 11, where the tropical rational approximation
becomes nonconvex.

functions. First, we generate data points (2, g(z(")), where the 2V are 200 equally spaced
points on the interval [—~1,12] and g(z¥) = max(3, 2 —2) +¢® is a tropical line, where ¢
is drawn independently from a uniform distribution on [—0.5,0.5]. We fit a tropical rational
function and a tropical polynomial with W = {0,1}. The results are plotted in Figure 3.6.
Note that there is a deviation between the two approximations near x = 11, where the
tropical rational approximation becomes nonconvex.

Next, we generate 500 pairs (azgi),:cgi)) e [~1,1]? uniformly at random and set y@ =
(22 + (28)2 + €@ where the €@ are drawn independently from a normal distribution with
mean 0 and variance 0.252. We then fit tropical rational functions of degrees d = 1,2,...,6
to the data and record the error. Figure 3.7 shows the average and worst error across 25 such
trials as well as the results reported in [MT20, Table 1]. Note that in the experimental setup
of [MT20], tropical polynomials are fit to the data where the monomials are chosen via k-
means clustering. In our setup, exponents for the numerator and denominator polynomials

are {0,1,...,dmnez}?. Tt appears that the approach in [MT20] yields a lower error in the

low-parameter setting, while the rational regression leads to lower training error in the high-
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Bivariate Convex Function
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Figure 3.7: Errors in tropical approximations to a bivariate dataset generated from a convex
function. Note that despite a data-blind choice of exponents, in the large parameter setting,
tropical rational regression using Algorithm 1 produces approximations with lower training
error than that reported in [MT20, Table 1], which used tropical polynomials with exponents
chosen via k-means clustering.

parameter setting despite the data-independent monomial selection.

Nonconvex Functions Here, we test the performance of Algorithm 1 on nonconvex func-

tions tested by [KL21, RK15]. Specifically, we consider the functions

g1(w1,15) = 2% — 23 for (z1,xq) € [0.5,7.5] x [0.5,3.5],
g2(x1,29) = $gs.1r1:£—x1) for (x1,z9) € [1,3] x [1,2],

1
and g3(z1, 22) = exp(—10(z? — 22)?) for (x1,25) € [1,2] x [1,2].

For each function, we study the effect of degree of tropical rational function and number of

data points used on the error and solution time. Specifically, for N € {102,202, 50%, 1007},
we generate a dataset of N equally spaced gridpoints (azgi),xg)) of the function domain

and their evaluations g; (xgi), xg)) and use Algorithm 1 to fit tropical rational functions of

degrees 1,2,...,25. The results are displayed in Figure 3.8. Note that the training errors
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are comparable to those tested in [KL21].

3.3.5 ReLU Neural Network Initialization

Here we investigate the use of Algorithm 1 to initialize the weights of a ReL U neural network.
The motivation for this approach is that the output of Algorithm 1 carries information about
the training data. So, networks with weights initialized from the output of the tropical
regression heuristic should start from a lower loss than those with weights drawn from a
distribution that does not depend on the training data. Additionally, the computational
cost of performing an iteration of Algorithm 1 is O(N D), which is comparable to the cost
of an epoch of stochastic gradient descent for a network with D parameters. However, the
networks that we are able to initialize have significantly more than D parameters. Despite
the potential advantages of a tropical initialization, we find that such a scheme does not
always lead to faster convergence or lower training or validation error. Moreover, the network
architectures which we are able to initialize using a tropical rational function appear to have
unstable training, even when initialized using well-known strategies.

In our experiments, we apply Algorithm 1 on data from the noisy sine curve and peaks
datasets to generate approximations of the data, then use the output tropical rational func-
tion to initialize the weights of ReLLU networks. The architecture of the initialized network is
determined by the number of monomials in the tropical rational function f used to initialize
the network. Specifically, the proof of [ZNL18, Theorem 5.4] describes one method to write
a tropical rational function f(x) = p(x) — ¢(x) as a ReLU neural network. If g and h are

two tropical polynomials represented by neural networks v and u, respectively, then

(g@h)(x) = o((v=p)(x))+o(u(x)) =0 (-p(x))) = {1 1 —1]0 11(x) - (34)
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In particular, the expression (3.4) can be applied to the case in which g(x) = W'x + gy
is a tropical monomial. This allows us to take the maximum of two networks by adding a
layer and appropriately concatenating weight matrices in the hidden layers. In the resulting
architecture, each hidden layer decreases in width. For example, a univariate degree 15
tropical rational function f can be represented via repeated applications of (3.4) as a neural

network where the compositions are

Rl N R48 _ R24 _ Rl? N Rﬁ _ Rl.

For each dataset, we compare networks of the same architecture using the following

initialization strategies:

e Repeated applications of (3.4) to the terms of the tropical rational function f output

by Algorithm 1

e He initialization [HZRS15]

1

number of inputs

e Weights and biases drawn uniformly at random from [—k, k|*, where k = \/

for each layer

All neural network parameter optimization is done in PyTorch version 1.11.0 using the

Adam optimizer [KB14] to minimize the MSE loss.

Univariate Data

We use a degree 15 tropical rational function to initialize a neural network to fit the noisy sin
curve from above. The test data consists of 200 pairs (2, y@), where 2 is randomly drawn
points on the interval [—1,12] and y® = sin(z(?). The networks are trained for 1000 epochs
with batches of size 64 and a learning rate of 5 x 107 for the tropical initialized network

and 1072 for the He-initialized and uniformly-initialized networks. We found choosing a

IThis is the default initialization for linear layers in PyTorch version 1.11.0
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smaller learning rate for the tropical initialization important to prevent the optimization
from reducing the accuracy of the model. Training and validation errors are shown in
Figure 3.9. The network initialized from a tropical rational function has lower training and

validation error than the network initialized using the other methods.

Bivariate Data

We use a degree 31 tropical rational function to initialize the peaks dataset using Algorithm
1 as the initialization. The networks are trained for 1000 epochs with a batch size of 64 and
a learning rate of 10~* for He-initialized and uniformly-initialized networks and 10~7 for the
tropically initialized network. Results are shown in Figure 3.10. The networks initialized
with He initialization and with uniform initialization reach lower training and validation

errors than the tropically initialized network.
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Figure 3.8: Performance of Algorithm 1 on datasets generated from nonconvex bivariate
functions. The plots on the left display the relationship between error, degree, and number
of sample points, while the figures on the right show the dependence of computation time

on degree and number and sample points.
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Figure 3.9: Training and validation errors for neural network fit to noisy sin data. The
network initialized from a tropical rational approximation to the dataset starts and remains
at lower training and validation losses than the networks initialized with the He Initialization
[HZRS15]. and with uniform initialization
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Chapter 4

Tensor-Tensor Products and

Semidefinite Programs

This chapter is based on joint work with Elizabeth Newman [DN25]. The mathematical
content is the same; however the presentation has been altered to align with the themes of this
disseration. Additionally, [DN25] includes numerical experiments conducted by Elizabeth
Newman that are omitted here.

In this chapter, we investigate a notion of positive semidefiniteness for third order tensors
and define convex optimization problems over such tensors. Our point of view is derived
from the *,; tensor-tensor product, a family of tensor-tensor products depending on an
underlying invertible matrix M which allows for the generalization of many familiar linear
algebraic properties to the tensor case [KKA15]. We show that under a reasonable notion
of positive semidefiniteness for tensors with the %), product, many desirable properties of
PSD matrices carry over to the tensor case. Moreover, by leveraging the algebraic structure
of the *,; product, we show that optimizing a linear functional over an affine slice of the
cone of positive semidefinite tensors can be viewed as solving a block-diagonalized matrix
semidefinite programing problem.

In another direction, we study the algebraic structure of the *,; product, connecting the
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choice of matrix M to the representation theory of finite groups. In particular, we show that
if the rows of the matrix M are chosen corresponding to a basis compatible with a decom-
position into irreducible representations, then the *,; multiplication map is equivariant map
for an explicit linear subspace of tensors. Combining the representation theoretic perspective
on the x;; product with the observation that optimization over affine slices of the cone of
positive semidefinite tensors is equivalent to a block-diagonalized semidefinite program leads
to a natural connection with well-studied invariant semidefinite programs [GP04].

As applications of the tensor semidefinite programming framework, we phrase low-rank
tensor completion problems as tensor semidefinite programs and provide a description of

certain group invariant quadratic forms.

Notation: In this chapter, we will work with third-order tensors A € K™ *"2*"3 where the
field K € {R,C}. Tensors will be denoted with uppercase caligraphic letters (A, B,C,...).
We will use Matlab notation for indexing, so that A; jx € K is the scalar in the i*" row, j
column of the k** frontal slice of the tensor. Tensors of format 1 x 1 x ng are called tubes
and will be denoted using lowercase bold letters (a,b,c,...). There are fixed vector space
isomorphisms tube : K™ — K>!*" and vec : KI*!*" — K". In coordinates, we have
that tube(a);;; = a; and vec(a); = a;1;. We write a = a for a € K™ and a € K!*!*"s if

tube(a) = a.

4.1 The x,; Product of Tensors

The *,; product gives the structure of a commutative ring to the vector space of tubes.
In this section, we recall the definition and some preliminary results on the *,; product.
One important theme when working with the *,;-prodcut is a dependence on coordinates.
Usually, in algebra, one seeks coordinate-free definitions and properties. However, in applied
settings coordinates are genearlly specified by the problem. When working with the *,,

product from an algebraic perspective, we will see that there is a balancing act between the
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advantages of coordinate-free and coordinate based approaches.
Informally speaking, the *,; product operates on tubes by transforming the tubes to a
new basis, performing pointwise mulitplications, then pulling back to the original basis. To

make this precise, we define the mode-3 product on tensors.

Definition 4.1.1 (Mode-3 Product). Let A € K™*"2*"s be the tensor with tubes A; ;. = a;
and let M € KP*"3. The mode-3 product of A with M, denoted A x3 M, is the tensor with

tubes (A x3 M); ; = M vec(a, ;).

Remark 4.1.1. In commutative algebra, one frequently understands maps between spaces of
tensors in terms of the universal property of tensor products. We can cast the definition of the
mode-3 product in this light as well. Specifically, the map K" x K" x K™ — K" Q K™ ®@KP
which sends (a,b,¢) — a ® b® (Mc) is multilinear and the x5 product is the induced map
K" @K™ @ K™ - K" @ K" ® KP.

Using the mode-3 product, we are able to define the xy; product of tubes. Note that if
the matrix M is clear from context, we will denote A x3 M by A and refer to A as the image

of A in the transform domain.

Definition 4.1.2 (xj; product on tubes [KKA15]). Let a,b € CY™'" pe tubes and fix
M e GL,,(C). We define

axyb=(axsMOb x3M)xs M= M"diag(M vec(a))M vec(b),

where O is the pointwise product. The xp; product turns CY1*™ into a commutative ring

with multiplicative identity 1y; = tube(M~'1,,). The resulting ring is denoted Cy;.

Using the *); product, we have an alternative viewpoint on tensors A4 € Cm1*m2xn3,
Specifically, rather than viewing a tensor as a multiliear object over the field C, we can view
a tensor as a Cy;-linear object. That is, A € Mat,,, xn,(Cyy) is an ny x ny matrix with entries

in the ring Cj;. In particular, there is a natural notion of tensor-tensor product.
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Definition 4.1.3 (x); product of tensors [KKA15]). Let A € Cm>k*ns gnd B e Ckxn2xns,

The product A =y B is the tensor C € C™*"2*"3 wjith tubes

k
Cz‘,j,: = Z Az‘,e,: *M Be,j,:-
=1

Note that with this definition of tensor-tensor product, the tensor A *,; B represents the
composition of Cy-linear transformations of free Cy;-modules C}; 5 Ck, 4 C};- Moreover,
since the x,; product on tubes is defined by pointwise multiplication in the transform domain,
the x5, product of two tensors can be computed completely in parallel in the transform

domain. This leads to an alternate equivalent definition of A *,; B.

Definition 4.1.4 (x,; product of tensors [KKA15]). Let A € C*F*ns gnd B e Ckxn2xns,

The product A %y B is the tensor C € C"*™2*™ gsych that for each k € [ns], we have

C:,:,k = A:,:,kB:,:,k-

The definition of the %), product provided in Definition 4.1.4 suggests a recipe for de-
veloping tensor decompositions analogous to those found in numerical linear algebra. First,
take the tensor to the transform domain, compute a matrix decomposition for each frontal
slice of the transformed tensor, then pull everything back to the original basis by taking the
mode-3 product with M ~!. Not only does this recipe work to create tensor decompositions,
but such decompositions can be computed in parallel since the frontal slices are independent
in the transform domain.

Following this recipe results in several important definitions which generalize familiar

objects from linear algebra. We will use the following definitions in the subsequent sections.

Definition 4.1.5 (Multiplicative Identity Tensor). The multiplicative identity tensor Iy €
Cr>nxns js the unique tensor such that each frontal slice ofI/A\4 15 the n x n identity matriz.

Note that this implies that Iy has tubes (Zyr)ii. = 1y and (Zyg)ij. = 0 otherwise.
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Definition 4.1.6 (Hermitian Transpose of a Tensor). Let A € C™*"2*"3 The Hermitian

transpose of A is the unique tensor A% e C"2*™>ns gych that for each k € ns, we have

—_

AH:,:,k = (-’Zl:,:,k)H‘

For real-valued A € R™*"2%" qnd q real M € GL,,(R), we call A the transpose of A and
denote by A". Moreover, we have that (A"); ;. = A;;.. We call the tensor A symmetric if
A=A"

Definition 4.1.7 (Orthogonal Tensor). Let A € R"*™ " and M € G L,,,(R) is »ps-orthogonal
if Axpyr AT = Ty = AT %3 A, The definition of a *y-unitary complex tensor is analogous,

with A® replacing A".

With these definitions, one can define a singular value decomposition of a given tensor. A
tensor S € C™"*"2%"3 ig f -diagonal if the only nonzero tubes in S are S; ;. for i € [min(nq, ny)].

That is, every frontal slice of § is a diagonal matrix.

Theorem 4.1.8 (Existence of an SVD, t-rank [KKA15, KHAN21]). Let A e R™*"2X"3 gnd
M € GL,,(R). Then, there are xpr-orthogonal tensors U and V and an f-diagonal tensor S

such that

A=Uxp S *y V= Z Sii *M Ui,:,: *M (VT):,i,z-
i=1

Moreover, this decomposition can be computed slice-wise in the transform domain. Specifi-

cally, for each k € [ns],

(A X3 M):,:,k = (U X3 M):,:,k(S X3 M) k(VT X3 M) k

BR] BE]

is a singular value decomposition of the matriz (A x3 M).. . The number of nonzero tubes

si; in S is called the t-rank of A.

The formulation of the SVD is computationally tractable and gives notion of rank which
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is compatible with the the x;; product structure. Finally, we note that if the matrix M is
orthogonal, then the x,; product is compatible with the inner product on R™*"2*"3 which

induces the Frobenius norm.

Lemma 4.1.9. Fix an orthogonal matriz M € R™>*™ and let X € R™*1xns

1. If A, B e R>™ s then

(Axpr X, Bxyy X = (X, (AT %3y B) %31 X).

2. If Ae R™™ " then

(X, A X) = (A X xp XT),

3. For any tensors A, B € R™>*"2*" e have that

(Ax3 M,B x3 M) ={(A,B).

Proof. The proofs are calculations:

I
L

<A*MX>B*MX>:<

n
a; * ) X, Z bj *M Xi>

% J=1

<ai * 1 Xi, bjoxy Xj>

s
Il
-
<.
Il
-

Il
NgE

s
Il
_
<.
Il
_

(M diag(M vec(a;)) M vec(x;), M " diag(M vec(b;)) M vec(x;) )

I
1=

@
Il
—
<.
Il
—

(vec(x;), M diag(M vec(a;)) diag(M vec(b;)) M vec(x;) )

= (X, (AT %1 B) *p X)
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2.
<X,A*MX>=Z<VeC X;), <Z T diag ]\/[a”)Mx])>
=1 =1
= Z Z vec(x;), M " diag(M vec(x;)) M vec(a; ;) )
1=1j5=1
= Z 2 (M7 diag(M vec(x;)) M vec(x;), vec(ay ;) )
= (X X7, A).
3. ot o
(A x3M,Bx3 M) = Z Z<M vec(a;;), M vec(b; ;))
i=1j=1
= Z Z<vec(ai7j), vec(b; ;)
i—1j=1
= <Aa B>

]

In Section 4.2 below, we will show that many linear algebraic properties of positive

semidefinite matrices have analogs for a class of tensors.

4.2 M-Semidefinite Tensors

In this section, we develop the theory of M-positive semidefinite (M-PSD) tensors and cor-
responding M-semidefinite programming problems (M-SDP). This builds on work done in
[ZHW21, ZHH22, MKY24] where positive semidefinite tensors and semidefinite program-
ming problems which respected the t-product structure were studied. In Section 4.2.1, we
develop the basic properties of M-PSD tensors. In section 4.2.2, we introduce M-SDP prob-
lems. Section 4.2.3 provides an application of this framework to low-rank tensor completion

problems.



60

4.2.1 M-Semidefinite Tensors

The notion of positive semidefinite matrices is crucial in many areas of pure and applied

mathematics. It is well known that there are many equivalent conditions for a matrix to be

PSD.

Theorem 4.2.1 (cf [BPT13, Appendix A.1]). The following are equivalent for a symmetric

matriz A € R"*":

~

. A is positive semidefinite.

NS

.z, Az) = 0 for all x € R™.

co

There is a factorization A = BB, where B € R™" and r = rk(A).

4. All 2" — 1 principal minors of A are nonnegative.

v

. Bvery eigenvalue of A is nonnegative.

Following the definition of ¢-PSD tensors given in [ZHW21], we define M-PSD tensors

through the inner product, mirroring condition 2 from Theorem 4.2.1.

Definition 4.2.2 (M-PSD Tensor). Let A € R™*™*"3 be a symmetric tensor and M € R"3*"3

an orthogonal matriz. The tensor A is M-positive semidefinite (M-PSD) if

(X, Axy X) =0 for all X € R P73,
We denote the set of M-PSD tensors of format n x n x ng by PSD},.

In the remainder of this section, we will prove results analogous to the conditions for a
matrix to be PSD given by Theorem 4.2.1. We assume throughout that M is an orthogonal

matrix. First, we provide a few immediate remarks about the set of M-PSD tensors.
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Remark 4.2.1. 1. The set PSD}, is a convex cone in the real vector space of symmetric
tensors. Indeed, for any A, > 0 and any A, B € PSDj,, it follows from the R-linearity

of the x,; product and the inner product that

(X, (A + uB) xyr X) = M, Axpp X) + p( X, B xpy X) = 0 for all X € R™™1,

2. The dependence on M in the definition cannot be removed. That is, there exist tensors
which are M-PSD but not N-PSD for M # N. As an explicit example, we have that

the tensor A with frontal slices

is I-PSD but not M-PSD for M =

3. In the case n = 1, A € R™>™!*™ js simply a tube A = a. Taking inspiration from
the matrix case, where positive semidefinite 1 x 1 matrices are simply nonnegative
scalars, one would expect that the tube a is a “nonnegative” element of the ring
Rj;. However, the ring R,; is not ordered, so we instead relax to the condition
that a is a square in the ring R,,. In fact, a tube a € R,; is a square if and
only if every entry of a = a x3 M is nonnegative. Indeed, if a = E xy b, then,
a=(bsb)= [@ M) (5 Magh)? o (7 Magb >2] has nonneg:
ative entries. Conversely, if a has nonnegative entries, then since each nonnegative

-
element of R is a square, we have that a = la% az ... af@] and a = bx/b, where

-
b=M"! lal ay ... Ozn3] . This fits thematically with the *,,-product framework,

as nonnegativity here is equivalent to facewise nonnegativity in the transform domain.
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4. Because the *); product represents a Rj;-linear transformation R%, — R%,, there is
an underlying R-linear transformation of the underlying R-vector spaces R™*!1xms —
R™*1xns - By composing with the isomorphisms vec and tube, we obtain an associated
R-linear transformation of R-vector spaces R™3 — R™3. In a reasonable notion of
M-positive semidefiniteness, one would want this R-linear transforamtion to also be
positive semidefinite, and we show below in Proposition 4.2.3 that this is indeed the
case. It also follows that the tensor A is M-PSD if and only if the quadratic form

X — (X, Ay X) is positive semidefinite on R™*1*"3.

Proposition 4.2.3. Fiz an orthogonal matriz M € R™*". Given a symmetric tensor

A e RV - we have that A € PSDY, if and only if the block matriz

Dl,l D1:2 e Dl,n
D271 DQ,Q Ce Dg,n .

where D, ; = diag(M vec(a; ;)) (4.1)
Dny Dnas ... Dy,

is positive semidefinite.

Proof. Note that for X € R"*1*" e have that the i'" tube of Ax,; X is given by (Axp,X); =

20— aij *a X;. 1t then follows that

(X, Axpy X) = Z <vec(xi)Tvec <Z a; ; * s Xj)) = 2 <vec(xi)T <Z MT™D; ;M vec(xj)>> :

i=1 Jj=1

where D;; = diag(M vec(a;;)). Setting y; = M vec(x;) € R" for each j € [n] then gives

that

(X, Axy X) = ZZ%TD@J'ZUJ'

i=1j=1
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So, (X, Axy X) = 0 for all X if the block matrix (4.1) is positive semidefinite. Because M

is invertible, the linear transformation R™*!1*" — R" which sends a tensor X to the vector

[(M vec(x1))T (M vec(xz))" ... (M Vec(xn))T]

is an isomorphism and therefore (X, A x); X') = 0 for all X’ only if the block matrix (4.1) is

positive semidefinite. n

We now work towards an analouge of Theorem 4.2.1 for M-PSD tensors. In particular,
we show that M-PSD tensors factorize, have prinicpal minors which are squares in R,;, and

have eigentubes which are squares in the ring of tubes R,,.

Factorization:

Our first goal is to show that a symmetric tensor A € R™*™*" is M-PSD if and only if it
admits a decomposition A = By, BT, where B € R"*"*" and r = t-rank(A). An important
consequence of the factorization will be that a tensor A is M-PSD if and only if each frontal
slice of A is a positive semidefinite matrix. Since we are relating the factorization of A to
t-rank(A), we will pass to the SVD of A in our proof. First, we note that one direction is

clear:
Proposition 4.2.4. A tensor of the form A = Bxy B for B e R™"™"s js M-PSD.

Proof. Note that if B = |0 B®@ . B®|, where B® e R™ 1" then B xy BT =
Dy BW xy; BOT . Since PSDY, is a convex cone, it therefore suffices to show that By, BT
is M-PSD for any B € R"*'*"s_ This follows from Lemma 4.1.9 since for any X € R™*1*ns

we have that

<X,(B*MBT) *MX>=<BT *y X, BT * oy X)) = HBT *MXH%, > 0.
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The converse to Proposition 4.2.4 takes a bit more work. To prove that any M-PSD
tensor A admits a decomposition A = B %y, BT, we pass through the SVD and reduce to
the case of f-diagonal tensors. In this case, we show that every M-PSD f-diagonal tensor has

diagonal tubes which are squares in the ring R,,.

Theorem 4.2.5. A symmetric tensor A € R™"*" js M-PSD if and only if A = B xy BT

where B € R™™"s where r = t-rank(A).

Proof. The “if” direction is Proposition 4.2.4. For the converse direction, we first reduce
to the f-diagonal case. Let A = U %3 S 3y U be an SVD of A. Note that there is a
decomposition of this form since the SVD is computed slicewise in the transform domain
and A (and thus fi) is symmetric. Next, note that by Lemma 4.1.9, we have that for any
X € Rrx1xns

<X,A*MX>=<X,(U*MS*MUT) *MX>=<UT *MX,S*M (UT*M.)C')>

Since U is orthogonal, it follows that A4 is PSD if and only if S is PSD. So, it suffices to
consider the case of f-diagonal tensors. We claim that if § is an f-diagonal tensor which is
M-PSD, then each tube along the diagonal of S is a square in Ry;. Fix an index ¢ € [n] and

(€ [n3] and set X € R™!*"3 to be the tensor with tubes

tube(M Tey), j =i
0, JFi
where e, is the /** standard basis vector of R”. Note that the tubes x; are defined so that

the only nonzero entry of X is /ﬁ}l! = 1. Then,

(X, 8%y X) = e, diag(M vec(S;;.))es = 0.

So, every entry of M vec(S;;.) is nonnegative and therefore S;;. is a square in the ring

of tubes. If S has t-rank(S) = r, then this implies that there is Q@ € R"*"*"™ guch that
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S = Qx*y; Q. Taking B = U x; Q then yields A = By B'. O

The decomposition given in Theorem 4.2.5 allows us to check membership in the cone
PSD’, on frontal slices in the transform domain. This is similar to other properties with * -
prodcuts of tensors, where the tensor property is equivalent to matrix properties on frontal

slices in the transform domain.

Corollary 4.2.6. Let M € R™*"™ be orthogonal. A symmetric tensor A € R™*™*™ 45 M-
PSD if and only if each frontal slice of A is a PSD matriz. That is, (A x3M).., >0 for

Lyl

each ( € [ns].

Proof. By Theorem 4.2.5, the tensor A is M-PSD if and only if A = B x,; BT for some
B e R™7™*m_ By the definition of the x;;-product, this is equivalent to A:ﬁg = l’;’gBTg
for each ¢ € [ng] and therefore A is M-PSD if and only if each frontal slice of A is a PSD

matrix. ]

We will use Corollary 4.2.6 in our discussion of M-semidefinite programming problems
below. In particular, we can view Corollary 4.2.6 as a block-diagonalization result giving ns

independent n x n matrix variables rather than an nns x nns matrix variables.

Principal Minors:

In this subsection, we make an analogy with statement (4) in Theorem 4.2.1, which states
that every principal minor of a PSD matrix is nonnegative. To effectively develop such a

result, we need a notion of determinant. For a tensor A € R™*™*"3  we define the determinant

d]St(A) = Z SEN(0)a10(1) XA A20(2) *M *** *M Ano(n)- (4.2)

o€Sy
Here, the sign of a permutation o € S, is sgn(o) = 1 if o can be written as an even

number of transpositions and sgn(c) = —1 otherwise. Note that dety;(A) € RI*1X"s is a
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tube and that the definition (4.2) is consistent with the point of view that A is an Ry,-
linear transformation of Ry-modules. If J = {j1, 2, ..., 7} € [n] is a subset of indices with

J1 < J2 < -+ < J,, then the principal minor indexed by J is

dﬁt(AJ) = Z Sgn(a)ajl,jaa) *M Rs o) FM e XM Ao
o€eSy

Remark 4.2.2. The tube determinant of a n x n x ng tensor with the ¢-product structure

was defined in [EJRR23] to be the tube det;(A) such that

—_—

dtet(A):tUbe<[det(A;7:,1) det(A..o) .. det(jt:,:m)] >

The definition of dety; in (4.2) agrees with this perspective. Indeed, for M € GL,,(R)

and A e R we have that for D; ; = diag(M vec(a;;)),

dﬁt(A)) = Z Sgn(g)am(l) *M A25(2) *M -+ - *M Ay o(r)

0ESng

=M™ Y] seu(0)D1o) Doty Dug-totma- M Veclngotu)  (4.3)

0€Sng

~ ~

-
=M1 [det(A 71) det(.A;?;,Q) det(A:,:,ng)] )

Lyl

Proposition 4.2.7. A symmetric tensor A € R"™"*" 4s M-PSD if and only if for each

ordered subset of indices J < [n], the principal minor dety(Ay) is a square in the ring Ry;.

Proof. Let J = {j1,72,.-.,7-} S [n] with j; < j» < ... < j.. By Equation (4.3), we have

that

d]\?[t(Aj) =M det(AJ,JJ) det(AJ,J,Q) det(AJ,J,n:s)

Suppose that A is M-PSD. By Corollary 4.2.6, each frontal slice /ALM is positive semidefinite
and therefore each minor det(/l s.7¢) 1s nonnegative. It then follows that dety;(A;) is a square

in RM
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Conversely, if dety;(A;) is a square in Ry, for any ordered set of indices J, then det(.,[l Jae) =
0 for each ¢ € [n3]. So, every principal minor of the frontal slice ./L,:,g is nonnegative and

therefore A has PSD frontal slices. By Corollary 4.2.6, this implies A € PSDY,. 0

Eigentubes:

The final characterization of PSD matrices in Theorem 4.2.1 is that a symmetric matrix A
is positive semidefinite if and only if A has all nonnegative eigenvalues. We prove a weaker
statement for M-PSD tensors, namely, that under a nondegeneracy condition, the tubes
which act analogously to eigenvalues must be squares in Rj,;. This statement is a weaker
statement than Theorem 4.2.5 and Proposition 4.2.7 because the ring R,; has zero divisors.
The spectral theory of tensors equipped with the ¢t-product was developed in [EJRR23]. Note
also that a notion of spectral theory for higher order tensors which does not depend on a

tensor-tensor product has been studied in the literature; see e.g. [QL17] for an overview.

Proposition 4.2.8. Suppose that A € R™*"*" s M-PSD. Let A € Ry and X € R™1X7s pe
such that A*y X = Ay X and that all frontal slices of/\? are nonzero. Then X is a square

Proof. If Axy; X = X%y X, then in the transform domain, we have Ao X =AXs /f, where

a denotes the facewise product. It then follows that for each ¢ € [ng],

A oXao= A1 X 10

By the hypothesis that all frontal slices of X are nonzero, this implies that 5\171% is an eigen-
value of A, , for each £ € [n3]. By Corollary 4.2.6, the matrix A. ., is positive semidefinite

and therefore 5\1,175 > 0. It therefore follows that A is a square in R,. O

Note that the requirement that all frontal slices of X are nonzero is necessary for the

conclusion of Proposition 4.2.8 to hold, as shown by the following example.
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Example 4.2.1. Let A e R?*?*2 and X € R**'*2 have frontal slices

1 0
A:,:,l = A:,:,Q = Ia ‘X‘:,l,l = ) ')(:,1,2 =
1 0

Then, if I is the 2 x 2 identity matrix, A € PSD? and Ax; X = Ax; X for any A € R; with
M1 = 1. However, X is a square in R; if and only if A has nonnegative entries. It follows

that there are tubes A with A x; X = X x; X which are not squares in R;. For example,

:
A= tube([1 _1] ) is such a tube. o

4.2.2 M-Semidefinite Programs

Using the notion of M-PSD tensors developed in the previous section, we are able to define
M-semidefinite programs. Taking inspiration from regular semidefinite programming prob-

lems, these are problems of optimizing a linear functional over the cone of M-PSD tensors.

Definition 4.2.9 (M-SDP). Let M € R™*" be an orthogonal matriz and fix symmetric
tensors C € R™™ ™ gnd A e R™™"s for i e (k] and scalars by, bs,... by. An M-

semidefinite programming problem (M-SDP) is an optimization problem of the form

max{(C,X) s.t. (AD X)=1b, forie[k], X ePSDV,. (M-SDP)

The problem (M-SDP) reduces to classical semidefinite programming in the case where
ns3 = 1. On the other extreme, (M-SDP) is equivalent to linear programming in R when
n =1and M = I. In between these extreme cases, (M-SDP) can be thought of as standard
SDP with n3 matrix variables of size n x n (or, equivalently, a single nns x nns block
diagonal matrix variable with blocks of size n x n). Indeed, by Corollary 4.2.6, the condition

X € PSD}, can be checked on frontal slices in the transform domain.

Proposition 4.2.10. Fiz an orthogonal matriz M € R™*™  and let C, AD, and b; be as in

Definition 4.2.9. Then, a tensor X is feasible (optimal) to (M-SDP) if and only if X = X,
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for £ € [n3] is feasible (optimal) to the following problem

n3
max Z<é:,:,€7X(£)>
=1
n3 —
st Y (AD XO) =0 ie k],
/=1

X® >0 (e [ng].

Proof. By Corollary 4.2.6, we have X € PSD}, if and only if zéj > 0 for each j € [ng].
Moreover, since M is orthogonal, it follows from Lemma 4.1.9 that (C,X) = (C,X) =
Z?i1<é;7;’j, X...;> and for each i € [¢], we have <.Z(7), Xy = <.Z(7), Xy = 2;11@(7‘):,;,]-, X O

In the special case where for each i, the tensor A® has only one nonzero frontal slice

—

A®. ., the equality constraint 221@2(7)17174, X®% = b; reduces to <;4\":7;75i, XS = b;. So, in
this case, (M-SDP) can be solved via n3 independent standard SDPs with matrix variables
of size n x n.

We conclude this section with an example highlighting the dependence on M of the
feasible region to (M-SDP). In particular, we show that different choices of M can lead to
drastically different behaviors with the feasible region, as for tensors with the same format
and affine constraints, one choice of matrix leads to a feasible region with interior in R? while

another is a line segment in R2.

Example 4.2.2. Consider the 2 x 2 x 2 tensor X’ with frontal slices

Ty | (=2)
y (1-x) y =
Now, X >; 0 if and only if (1 — z) — y*> = 0. So, the set of I-PSD tensors with this
structure is given by (z,y) in the disk of radius 1 centered at (3,0).
a o«

and M = , then the frontal slices of
a —a

: _ 1
On the other hand, if we set a = 7

A~

X =X x3 M are
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—
—

= NV

A
O

EEN
—

(a) The set of I-PSD tensors in Example 4.2.2 (b) The set of M-PSD tensors in Example 4.2.2

Figure 4.1: The sets {(z,y) | X >=; 0} (Figure 4.1a) and {(z,y) | X >u 0} (Figure 4.1Db)
discussed in Example 4.2.2. The region for which X >; 0 is a disk, while the region for
which X >, 0 is a line segment.

— a 2oy — a2z — 1 0
X, 1= ')C‘:,:,Q = ( )
20y« 0 a(l —2x)
So, X >y 0 if and only if = § and y* < 1. This is a line segment in R?%. The two

regions are shown in Figure 4.1.

4.2.3 Application: Low-Rank Tensor Completion

One application of semidefinite programming in the matrix setting is in low rank matrix
completion. In particular, for a matrix A with singular values o1 > 09 > ... = 0, = 0,

one can compute the nuclear norm ||All, = Y]:_, 0; via a semidefinite program through the

=1

following primal-dual pair (see e.g., [RFP10] [BPT13, Section 2.1]).
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1
max trace(A'Y) min — (trace Wy + trace Ws)
Wi,Wa 2
Iy WA (44)
s.t. >0 s.t. >0
YtoI AT W,

In another line of research, the %,; product has been in low-rank completion of tensors
(e.g., [KLL21]). Here, the authors consider a norm on R™*"2*"3 defined as the sum of
nuclear norms of frontal slices in the transform domain:

n3

[ ars = DI x5 M) el (4.5)
(=1

We show below that an analogous formulation computes the norm (4.5) using an AM-SDP

and use this to formulate the tensor completion problem for fixed M as an M-SDP.

Proposition 4.2.11. Fix an orthognal matriz M € R">*"3. The M -nuclear norm of a tensor
A e Rm>*m2xns - defined by (4.5), can be computed by solving ns independent matriz SDPs or

solving a single equivalent M-SDP.

Proof. Let A=A x3 M. For each ( € [n3], we can compute optimal solutions Wl(g), WQ(E) to

. 1 Wl A:,:,Z
min - (trace Wy + trace Ws)  s.t. >0 (4.6)

W1,Wa AT . W2

where | A.. s = %(tracer(e) + trace W), Tt follows that [A|y. = 302, A =

2302, (trace Wl(z) +trace WQ(E)). This shows that ||.A| s« can be computed via ng independent

SDPs.

We now claim that || Al . is the optimal value of the following M-SDP:

1 IM O Wl .A Wl ./4
min 5 : s.t. > 0. (4.7)
0 IM .AT W2 AT WQ

To see that the problem (4.7) provides a lower bound on Az, set W, and W, to be the
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tensors with frontal slices ()7\/\1);,;75 = Wl(e) and (17\/\2);7;,4 = WQ(Z), ( € [ng] where Wl(e) and WZM)
are optimal solutions to (4.4) as above. Further set W, = ]//\71 xs M~ and W, = V/\72 xq ML,
. Wi AL
Now, by Corollary 4.2.6, it follows that is M-PSD. Moreover, we compute that
AT W,

the corresponding objective value is

<IM 0 w, A > 1<IM><3M 0 w, A >
R =§ s X3M
0 Zuy AT W, 0 Ty %3 M AT W,

N | —

1§1 I ol |w® A, >
23\ |o 1| [AT, W

1 &
=3 Z(traee Wl(e) + trace WQ(E))

=1
ns3 R
= Z ||-/4:,:,€H>k
=1
= [ Az
YA
Conversely, by Corollary 4.2.6, any M-PSD tensor with block format yields

AT W,

feasible solutions to (4.4) by taking frontal slices in the transform domain. Moreover, the

corresponding objective value satisfies

1 /|Zw 0 | A IEN
- M ; 1 =5 Z(trace(W1 X3 M), 0 + trace(Ws x3 M)..0)
2 0 IM AT W2 /=1

n3
> Y (A x5 M)«
(=1

= [ Allazx

So, the problem (4.7) computes Al -
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]

We now consider the tensor completion problem. A tensor ) € R™*"2*"3 ig partially
specified if the entries Y ;1. are known for (i, 7, k) € Q € Z* and unspecified Y, ;5 if (i, , k) ¢
Q. We seek a low M-rank solution to the tensor completion problem, using the M-nuclear

norm (4.5) as a proxy for rank in the objective function:

mj‘n ||-/4||M,* s.t. Ai,j,k = yiVij for all (i,j, k?) e Q. (48)

We rewrite (4.8) as an M-SDP:

1/ ZIu O W A o X A
TR ; st Aijk = Vijx forall (i,5,k) € Q, > 0.
A,WLWQ 0 IM AT W2 AT Z

Note that if ) € R™"*"2*"3 then the tensors involved in (4.9) have sizes W) € R *™xns A e

Rﬂq ><7’L2><n3’ and W2 c Rngxnzxn?,.

4.3 Group Representations and *,,-Products

In this section, we investigate the algebraic structure of the *,/-product thorugh the lens
of representation theory of finite groups. This will allow us to connect the M-SDP frame-
work develooped in the previous section to invariant SDPs in Section 4.3.2. Representation
theoretic methods have become increasingly popular in data-centric mathematics. One par-
ticularly active area which takes this perpective is the area of “geometric deep learning”;
see, e.g., [BBCV21, LN23|

First, we note that from a purely commutative algebraic point of view, the rings C,, are
all isomorphic. So, an algebraic interpretation of the x,;-product needs to involve more than

just the ring structure on Cy;.
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Proposition 4.3.1. Fiz n3. Then, for any M € GL,,(C), we have that Cy; ~ Cy in the

category of C-algebras.

Proof. The map ¢ : Cy; — C; defined by ¢(a) = a x3 M is bijective and C-linear since M

is invertible. It is a C-algebra homomorphism because

d(a*yr b) = tube(M ~* diag(M vec(a)) M vec(b)) x3 M
= tube(diag(M vec(a))M vec(b)) (4.10)

= ¢(a) *; ¢(b).
O

As one motivation of our point of view, notice that the map ¢ used in the proof of
Proposition 4.3.1 is simply a change of (C-vector space) basis on the rings. So, it is natural
to ask “What is a good choice of basis?” To answer this question, we assume that our
problem has some underlying symmetry and show that a “good” choice of basis is one which
is compatible with the decomposition of C"? into irreducible representations of the underlying

group action.

4.3.1 Equivariance Properties of the x),-product

In this subsection, we develop an interpretation of the ,; product based on the representation
theory of finite groups. Specifically, we derive conditions on a finite group (G, a representation
p: G — GL,,(C), the matrix M € C"™*" and tubes a;; € C'*'*" which ensure that
multiplication A xy; B is p-equivariant, that is, A%y (g B) = ¢ - (A xp B) for any B of
compatible size. These conditions are concrete and can be interpreted in terms of linear
equations involving the rows of the matrix M. The representation theoretic results may
be of independent interest and have potential applications to other problems involving *,,-

products of tensors. So, we work in the more general setting of complex-valued tensors.
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We first reduce the problem to determining the equivariance of the multiplication map
T .(Cl)(l)(ng N Clxlxng
a .
For notational convenience, if p : G — GL,,(C) is a representation of the group G, then

for a tensor A € C"*"2*"3 we denote g - A = A x3 p(g).

Lemma 4.3.2. Let A e C"*"2*" gnd fix a group G and representation p : G — GL,,(C).
The map A %y e : Cr2xkxns _, Cmixkxns o o equivariant for any k € N if and only if the

maps Ty, , : C**"s — CUMs gre p-equivariant for all i € [ni] and j € [no].

Proof. If the maps Ty, , : C'*1*™ — C*1*"s are p-equivariant for all 7 € [n;] and j € [no]

then for any g € G, and any B € C"2*¥*"s | we compute that

n2

(Axar (9 B))ige = > @i %ar (9-bey) = Y 9+ (g *ar bex) = g+ (Axps B

=1 {=1

Conversely, suppose that there is some b € C'*1*"s g € G, and i € [n{],j € [n2] such
that a; j *ar (g - b) # g - (aij *u b). Then, if B € C"2*1*"s ig the tensor with B;; = b we
have Ay (g-B) # g - (Axy B). O

To make the ideas of equivariance concrete, we take the t-product as our motivating ex-
ample. Specifically, we show that the multiplication maps T, : C"™ — C™ are all equivariant

under a representation of the cyclic group of order ns.

Example 4.3.1 (Cyclic Equivariance of the tensor ¢-product). The t-product is the *j,-
product with M taken to be the (unnormalized) discrete Fourier matrix F' € C"3*"™ where
each entry is a power of a complex root of unity; that is, Fj 1441 = e?™ik/ns for j k =

0,...,n3 — 1 [KHAN21]. The matrix representative of the linear transformation 7, : C" —
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C™s is the circulant matrix

ai (py .. Q2 o o0 ... 1
a a .oa 23 , 1 0 0
F~diag(F vec(a))F = ’ ' = Z a;Z"~ where Z =
i=1
(ps Qps—1 .. Q1 O ... 1 0
(4.11)

Note that the matrix Z arises in the regular representation of the cyclic group C,, of
order ng, defined on a generator g of G by p(g) = Z.

Given some a € CP*1*" we show that the linear map T, : Ct*txms — ClxIxns jg ).
equivariant. Specifically, if g € C),, be the generator of the cyclic group of order ns. Then,

for any b e C'*'*"s we have

axp(g-b)= <i al-Zil) (Zvec(b)) = Z <i aiZi1> vec(b) =g (a*pb). (4.12)

In general, the multiplication maps T, will only be equivariant for some subset of tubes.
We want to characterize this subset.
Recall from Section 2.5 that if GG is a finite group and p is a faithful representation, then

the decomposition of C™ into irreducible representations of p takes the form

C®~VieVe® -V,

where dim V; = d;. This gives a corresponding (non-canonical) basis of C™

B = {U1,1,U1,2, <oy VU1dy,021, - - Jvm,dm}7

where V; = span{v;1,v;2,...,0;4,}. If the matrix M changes basis from the standard basis
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to B, then for each g € G, the matrix Mp(g)M ' will be block diagonal, with blocks
of size dy,ds, ..., dy. Schur’s Lemma (Lemma 2.5.4) characterizes p-equivariance of linear

transformations C™ — C™. We connect this characterization to the matrix M.

Theorem 4.3.3. Fiz a finite group G and a representation p : G — GL,,(C). Suppose that

the decomposition of C™ into irreducible representations of p is given by

C>V1@Va®- - @V,

where dime(V;) = d;. Let M € GL,,(C) be a change of basis compatible with this decompo-
sition. There is a vector subspace W, < CY*1s of tubes a for which the multiplication map

Ta(b) = a =y b is p-equivariant given by

cilq,

cala,
W, = < tube(z) | diag(Mz) =

, C1,C2y...,cpn€C 3.

CmIdm

Proof. Note that by the choice of M, we have that the structured matrix for multiplication

by a factors as in the diagram:

Ccs YL vVaVed---@dV,

l a ldiag(Mvec(a))

T VB RS BV,

In particular, the map T, is p-equivariant if and only if the map given by diag(M vec(a))
is p-equivariant. By Schur’s Lemma (Lemma 2.5.4), this happens if and only if the restric-
tions to each V; are given by multiplication by a constant. This happens if and only if

diag(M vec(a)) has the desired block structure. O

Theorem 4.3.3 gives explicit conditions linear conditions on the space of tubes for the
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multiplication by a map to be equivariant in terms of the rows of the matrix M. To do so,

we form an auxillary matrix V' € C™>*™ with block structure

lsg, O 0
0 1g 0
V= ;
0 0 1q,

where 14 € C%*! is the constant vector of all ones. Then, for any a € C", tube(a) € W, if

and only if we can find coefficients ¢ € C™ such that Ma = Ve.

Example 4.3.2 (The Symmetric Group S3). Consider the symmetric group
Ss={o,7|0*=7"= 1,01 = %0).
Let p : S3 — GL3(C) be the permutation representation so that

010 001
plo) =11 0 of and p(r)=|1 0 0
001 010
The decomposition of C? into irreducibles is then C* ~ V; @ V; for V; = spang{(1,1,1)}

and V5 = spangs{(1,—1,0),(1,0,—1)}. We construct M so that the rows correspond to these
bases of V; and V5.

1 1 1 11 1
M=11 -1 0| and M'=2|1 —2 1
1 0 -1 1 1 -2

To determine the p-equivariant transformations, T,, we solve for a using the relation
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Ma = Ve. In particular, we compute the kernel of the augmented matrix l M|V }; that

is,

1 1 111 0 a+ax+a3 =
ker 1 -1 00 1 =<aeC?c,0eC ap—ay = Cy
1 0 —-1|/0 1 ap—as = C

Theorem 4.3.3 then implies that Ty, is p-equivariant if and only if a; —as = a1 —a3 = ¢; for
some constant ¢y € C. Therefore, the set of tubes which yield p-equivariant transformations

are

W, ={aeC""™?|a; —ay = a; — a3} = spanc{tube(1,0,0), tube(0, 1, 1)}

Let a; = tube(1,0,0) and let a; = tube(0, 1, 1) be the basis tubes of the W,. Let b e C**!*3

be arbitrary and consider T,(b) for each basis vector; that is,

b1
Ta,(b) =a;xy b= M‘l diag(M Vec(al))]\{ vec(b) = [py |, and (4.13a)
I b,
_bz + b
Ta,(b) =asxyy b= {\4’1 diag(M vec(az))]\{ vec(b) = [ b, + b5 | - (4.13b)
% by + by
We see that Ty, (g - b) = g - b for any g € S, since S5 acts by permuting indices. o

There are several immediate corollaries to Theorem 4.3.3.

Corollary 4.3.4. Fiz a finite group G, a representation p : G — GL,,(C), and M €
GL,,(C). The multiplication map Ta(b) = a =+ b is p-equivariant for all a € C*1*"s 4f and

only if Mp(g)M~" is diagonal for each g € G.
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Proof. By Theorem 4.3.3 if T, is p-equivariant for all a € C'*1*"3_ then W, = C'*!*"s, By
the description of W,, any diagonal matrix D arises as diag(M vec(a)) for some a € W, and

since the multiplication map 7T, is p-equivariant, we have that for any g € G,

DMp(g)M~" = Mp(g)M~'D.

This implies that Mp(g)M~! is diagonal by taking D to be the matrices with D,; = 1
and D;; = 0 for i ranging over [n3] and j # i. The other converse follows since diagonal

matrices commute. O

Corollary 4.3.5. If G is a nonabelian group and p a faithful representation of G, then there

exist tubes a € CY*1*"s sych that the multiplication map Ta(b) = a*y b is not p-equivariant.

Proof. 1f p is a faithful representation of G and g, h € G have gh £ hg, then p(g)p(h) +
p(h)p(g). Because the matrices p(g) and p(h) do not commute, they are not simultaneously

diagonalizable and the result follows by Corollary 4.3.4. [

So, while the t-product provides an example for which every multiplication map T, is
p-equivariant for the cyclic group, it is an anomoly in the sense that W, will be a proper

subspace in most cases, for example symmetric groups.

4.3.2 Connection to Invariant SDPs

We now use the representation theoretic interpretation of the x,; product to study invariant
semidefinite programs. The study of invariant SDPs was initiated by Gaterman and Parillo
in [GP04]. We overview the main ideas here.

An SDP is said to be invariant with respect to the group representation p the cost
function and feasible set are invariant under the action of G on symmetric matrices. Note
that if p : G — GL,,(C) is a representation, then G acts on symmetric ns x ns matrices
by g- X = p(9)" Xp(g). So, if p(g) is orthogonal for all g and the feasible set is invariant

under the action of G, then p(g)X = Xp(g), i.e., the linear transformation defined by X is
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p-equivariant. So, if C* ~ V@ Vo @ - @V}, is the decomposition of C? into irreducibles

with dim V; = d;, then we can change basis so that A = P~ X P has block format

Al 1 ALQ Al m
A— AQ 1 A2,2 A2 m ’
Am 1 Am,Q Am m

where A, ; : V; — V. Furthermore, by Schur’s Lemma, we know that A, ; = 0if V; # V; and
A;j = ¢ j1q, if V; = V;. Once again changing basis allows us to block diagonalize A, where
the size of the blocks depend on d; and the multiplicity of each irreducible V; (that is, the
number of copies it has in the decomposition of C"3).

So, the approach to invariant SDPs involves a change of basis related to a group action
and results in a block diagonalization. In the previous sections, we have seen that M-PSD
tensors correspond to block diagonal PSD matrices and that the choice of change of basis
M can be related to a group action. So, it is natural to connect M-SDP problems with
invariant SDP problems.

The equality constraints in (M-SDP) allow one to enforce that multiplication by the
tensor X satisfies group equivariance properties. Indeed, if p : G — GL,,(R) and M are as
in Theorem 4.3.3, then the condition that multiplication is p-equivariant is a linear condition
on the space of tubes and can therefore be written using equalities of the form (A® x5 =0
for some symmetric tensors A®. In particular, group equivariance can be encoded in the

constraints of (M-SDP), and such cases yield invariant semidefinite programs.

Theorem 4.3.6. Let G be a finite group and p : G — GL,,(R) a representation with p(g)
orthogonal for each g € G. Let M € R™*" and W, be as in the statement of Theorem 4.3.3.
Set L < R™™™ o be the vector space of symmetric tensors whose tubes are elements of
W,. Then, for any symmetric tensors C, AW of size n x n x n3 and any scalars b;, i € [k],

the M-SDP
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max(C,X) s.t. (A;,X)=10b; forie[k], X ePSD}, nL

is an invariant SDP with respect to the representation p : G — G Ly, (R) given by p(g) =

I, ® p(g), where I, is the n x n identity matriz and & is the matriz kronecker product.

Proof. Note that for any tensor X € R™*™*"3_ the multiplication map X %, e : R?*1xns

R™*1xn3 oives a linear transformation R™ — R™3 with matrix representative

MﬁlDl,lM M71D172M c. M71D17nM

R M_ng’lM M_]'DQ,QM - M_lDQ’nM

X = , D, ; = diag(M vec(x; ;))
MﬁlelM MﬁlegM - MﬁanmM

Now, if X € L, then x; ; € W, for each 7, j and therefore M~'D, ;M commutes with p(g) for
any g € G. Since p(g)" = (p(9))~" = p(g71),
p(g)" M~ D; ;M = M~"D; ;Mp(g)".

It then follows that for any g € G,

To conclude, we need to show that if B € R"*"™*" is a symmetric tensor and B is its
matrix representative, then (8, X) = trace(BX). Note that if a, b € RY>"s are tubes, then

because M is orthogonal,
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(a,b) = (M vec(a), M vec(b))
= trace(diag(M vec(a)) diag(M vec(b)))
= trace(M ! diag(M vec(a))M M ' diag(M vec(b)) M)

It then follows that

(B, X)

> (Z<b )

=1

i (i trace(M ' diag(M vec(b,;)) MM~ diag(M VeC(X]“))M)>

=1

A A

= trace(BX).
[

We conclude this section with a simple example which highlights the connection between

M-SDP and invariant SDP.

Example 4.3.3. Consider the symmetric group Sy = {id,o | 0% = id) and let p : Sy —

GLs(R) be the representation with

plo) = . (4.14)

The corresponding decomposition of R? into irreducibles is R? ~ spang{(1, 1) }@®spang{(1, —1)}.

Note that each irreducible in this decomposition has multiplicity 1.
a o« 1 0

Let M = , where a = —5. Since Mp(o) M~ = is diagonal, it follows
a —« 0 —1

from Corollary 4.3.4 that the multiplication map T, is p-equivariant for all tubes a € R1*1*2,
That is, with notation as in the statement of Theorem 4.3.6, we have £ = R?*2*2 and

therefore PSD3, n £ = PSD3,.
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Consider the following tensor X € R?*2*2 and its transformed X e R2x2x2 given by

T 1 Ty 1
‘)(:,:,1 = ‘)C‘:,:,2 = (415&)
1 U1 1 Y2
~ alr1 + o 2x ~ alr; —x 0
X.1= (@1 +22) , Xio= (o1 = 22) . (4.15b)
20 a(yr + y2) 0 a(yr — y2)

We will show that the corresponding M-SDP

min  {(Z* X)) s.t. X >0 (4.16)

(1‘1712)7(3/1@2)

is invariant under the group action of Ss.
By Proposition 4.2.10, we can rewrite (4.16) using block matrices with blocks from the

transform domain resulting in the equivalent M-SDP

min X s.t. v > 0.
(x1,x2),(y1,y2)< > X’\ (417)

bdiag(X)

Because the frontal slices in the transform domain are symmetric matrices, the block diagonal
matrix bdiag(X) is a symmetric matrix that is invariant under the induced action p(c) =
I, ® p(o). Moreover, the objective function (Z*, X') = x1 + x5 + y; + y2 is invariant under
p, which acts as permutations (z;,v;) — (243), Yg(:)) for g € Sp. Since the objective function
and feasible region of (4.17) are both invariant under p, the problem (4.17) is an invariant
SDP.

Note that the decomposition of R* into irreducible representations of Sy consists of the

trivial representation and the sign representation, each with multiplicity 2, and the corre-

sponding blocks in (4.17) are 2 x 2.
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4.3.3 Application: Invariant Quadratic Forms

A well-known application of semidefinite programming is as a relaxation of polynomial opti-
mization problems. The central idea is to search for nonnegativity certificates of a polynomial
p in the form of a decomposition of p into a sum of squares; see e.g., [Las01, Par03]. The
maximum value of 7 such that p(x) — v is a sum of squares (SOS) is then a (possibly strict)
lower bound on inf,cgn p(x). Additionally, a polynomial p(z) — ~ is a sum of squares if and
only if there is a positive semidefinite Gram matrix @ such that p(z) —v = £TQE, where € is
a vector of all monomials of degree at most d = deg(p). Searching for the maximum v such
that p(x) —~ is a sum of squares is therefore a semidefinite programming problem. Here, we
use M-PSD tensors to study a subset of SOS polynomials. As a starting point, we mirror the
definition of block-circulant SOS polynomial from [ZHH22] to define M-SOS polynomials.
It will be convenient to use the notation of fold to turn a vector gf length mk into a
tensor of format m x 1 x k. More precisely, if v = lUIT vy ... v;] , where v; € R* for

each 7 € [m], then we set

-
fok!d(v) = ltube(vl) tube(vg) ... tube(vm)] e R™*1xF,
Definition 4.3.7 (M-SOS Polynomial). Suppose that f € R[xq,xs, ..., 2x|<2q and that ng
T
divides N = (k;d). Set [x]d = [1 1 To ... T I% r1To ... xi] and Xéng) =

fold,, ([x]4) € RW/ms)x1xns  We say that f is an M-SOS polynomial if there are Qy, ..., Q, €

RIxWN/ns)xns g ch that

Fla) =Y vee(Q sar X)) T vee(Q; ar Xi™). (4.18)

j=1
Remark 4.3.1. Note that if n3 = 1, then M is a nonzero real number and a polynomial is

M-SOS if and only if it is SOS.

The definition (4.18) highlights that the polynomial f is a sum of squares, since for any

tensor A, the inner product expands as (A, A) = ||A|% = > a7, As discussed above, a



86

sum of squares polynomial has a positive semidefinite Gram matrix. The additional structure

implied by the %), product in the decomposition (4.18) yields an M-PSD tensor.

Proposition 4.3.8. f is an M-SOS polynomial if and only if there is Q € PSDY}, such that

fl@) = €™, Qo ™).

Proof. Let Qy,...,Q, € R1*(N/na)xns gych that

= D vee(Q; ar X)) vee(Q; +ar X)),

=1
Then, because vec(Q; #yr X)) T vee(Q; #ar X)) = (Q; #ar &™), Q; wp ™) for each

j € [r] it follows from Lemma 4.1.9 and Proposition 4.2.4 that

Z<QJ s X Qv XY = <X§"3), <Z QI # Qj> . )cd(”3>>
j=1 j=1
and Q = (2;21 Ql Qj> is M-PSD.

Conversely, let Q € PSD?, be such that f(z) = (X" Q +y X"y, By Theorem 4.2.5,
there is a decomposition @ = BT #; B with B € R™*™*"_ This yields that f is M-SOS by
taking Q; = B; .. for each i € [r]. O

There has been recent interest in sums of squares polynomials which are invariant under
a group action on the variables, see e.g., [GP04, RTAL13, HHS21]. In this setting, the
theory of invariant SDPs is leveraged to better understand the SDPs which certify that an
invariant sos polynomial is a sum of squares. Since the results of this section relate the
*r-product to invariant SDPs, we work towards an analogy in the tensor case. While every
M-SDP corresponding to an invariant SOS program results in an invariant polynomial, the
converse is not true without an additional assumption on the multiplicity of the irreducible

representations appearing in the decomposition of R™3.
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Theorem 4.3.9. Fix an orthogonal matriz M € R™*™ . Let G be a finite group and
p: G — GL,,(R) be a representation with each p(g) orthogonal, and set W, < R*1xns
to be the wvector subspace of tubes for which multiplication s p-equivariant. Consider a
quadratic form [ € R[Txm- | i€ [m],j € [ns3]]2 anthhe action of G defined on variables by
g- [xivl,xm, . x,m] = p(9) l$171,$i72, . ,xim] for each i € [m].

If f = <X1(n3), Q .y X" for some M-PSD tensor Q with tubes in W, then f is SOS

and invariant under the action of G. The converse holds if each irreducible representation

in the decomposition of R™ appears with multiplicity one.

Proof. Suppose that f = <X1(n3), Q #yy Xl(n3)> where Q is M-PSD and has tubes in W,. Let

fz 11 T12 - Ting T21 -+ Tmng

be the length mns vector consisting of all variables, and set

M-'D,M M™'D;,M ... M~'Dy,M

- | MDDy M MTDyaM . MT'Dy M _

Q= D, ; = diag(M vec(q;;)).
M Dy M M'DpoM ... M~'Dy.M

Then, f = £TQ¢. The action of g € G on f is given by g- f = (L, ®p(9))€)TQ((1n®p(9))£).
Now, since q; ; € W, for each 4, j € [m], it follows that p(g) commutes with M~'D; ;M for

each g € G. Since p(g) is orthogonal for each g € G, it then follows that

g f=(In®p(9)8) " QULn®p(9)é) = Q¢ = f

Conversely, suppose that f is SOS and invariant under the action of G. Then, there is a
(mn3) x (mn3) positive semidefinite matrix @ such that f = £TQ¢ and (I, ® p(9)) " Q(I,, ®
p(g)) = Q. Let
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Ql,l QI,Q L Ql,m
QQ,l QQ,Z CIE QQ,m

Qm,l Qm,2 Qm,m

where each Q;; is n3 x nz. Now, for each i,j and each g € G, p(g)'Q;;p(g9) = Q;; since
(I, ®p(9)"Q(L,®p(g)) = Q. By hypothesis, the decomposition of R™ into irreducibles is

given by

R¥ ~Vi@V,®--- @V,

where each V; is unique. Since M corresponds to a symmetry adapted basis of R™ it follows

from Schur’s Lemma (Lemma 2.5.4) that

cilq,

MQi M~ ‘el
1,7 =

Cs]ds

where d; = dim V;. By Theorem 4.3.3, there exists a tube q; ; € W, such that MQ; ;M ! =

diag(M vec(q; ;)). This in turn implies that

M='D,M M~'D;,M ... M~'Dy, M
M™'Dy ;M M~'DysM ... M'Dy,,M .

Q = ' ' . ‘ D, ; = diag(M vec(q;;)).
M Dy M M'DpoM ... M~'D,.M

and therefore if Q e R™*™*" is the tensor with tubes Q; ;. = q; ;, then f = <)c’1(n3), Q xyy

xmy, O
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We conclude this section with examples demonstrating Theorem 4.3.9 and its limitations.

Example 4.3.4. Let S3 be the symmetric group on three elements and p : S5 — GL3(R)

be the permutation representation. Set

1 1 _ 1 1 -1
V3 V3 V3
M = \/Li 0 \_/_% , A1 = <_\/§> 1], and Q2 = (V 18) \/g
1 2 1
TV 1 1

The map T, : Ry — Ry is p-equivariant if and only if a € spang{qi, q2}. We construct

an M-SOS quadratic form f € R[zy, xo, 3, Y1, Y2, y3] as

T q: + Q2 T z
flz,y) = 7 M |qr+dqe qo| |*Mm

Y q2 Y
= (3= VD + B~ V2)ra + (3= VDws — (4 + V2 + (2~ V2 + (2~ V2)ys).
+ ((3 — V21 + (-3 = V2)za + 3= V2)zs + (2 —V2)y — (4 +V2)ya + (2 - \/§)y3)2
+ ((3 —V2)z1 + (3= V2)ws + (=3 = V2)zz + (2 V2)yr + (2 - V2)y, — (4 + \/5)93)2

Note that f is invariant under

(331, T2,23, Y1, yzyys) — (%(1), Lg(2)s Tg(3)s Yg(1)) Yg(2), ?Jg(3)) for g € Ss.

We also show that the condition that each irreducible representation appearing in the

decomposition of R™ appears with multiplicity is necessary via an example.

Example 4.3.5. Let Sy = {id,o}, and p : S — GL3(R) be the representation with
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100

p(c)= 10 0 1|. Thatis, o acts on vectors by swapping the second and third coordinates.

010

Note that the decomposition of R? into irreducible representations is given by

R? ~ span(1,0,0) @ span(0,1,1) ®span(0, 1, —1),

and that the trivial representation appears with multiplicity 2, given by span(1,0,0) and
span(0, 1, 1).
1 0 O
Leta=-Land M= |0 o« « |.Notethat an SOS quadratic form f R[z1, x9, 232

S

0 o —«a
is M-SOS if and only if a Gram matrix @ for f satisfies the condition that MQM ™! is

diagonal.

Let

f(x) = (21 + 29 + 23)* + (22 — 23)* = 2] + 225 + 275 + 21175 + 27173

2

The first square (x; + x9 4+ x3)° is the square of the sum of elements lying in each copy of

1 11

the trivial representation of S;. The unique Gram matrix for fis@ =11 2 0. Now,
10 2
1 V20
MM™ = |2 2 0
0O 0 2

is not diagonal. So, there is no tube q € R'*1*3 such that Q = M ! diag(M vec(q))M and
therefore f cannot be M-SOS. o



91

Chapter 5

Topological Approach to Aggregations

of Quadratic Inequalities

The content of this chapter is based on joint work with Greg Blekherman and appears in
[BD25]. This chapter presents a condensed version of the results with fewer examples than
the journal version. Additionally, the introductory sections of this chapter have been changed
to better position this work in the context of the dissertation.

In this chapter, we study the properties of semialgebraic sets defined by three quadratic
inequalities from the point of view of algebraic topology. In doing so, we address open
problems in real algebraic geometry as well as optimization from a unified viewpoint.

In real algebraic geometry, one is frequently interested in certificates of emptiness for real
varieties in terms of sums of squares of polynomials. Consider a variety defined by a complete
intersection of three quadrics @1, @2, Q3. One certificate that Vg(Q1, Q2, Q3) < RP" is empty

is a positive definite linear combination of the @; :

3
i=1

In this case, we have that the quadratic form f(x) = 2T Ax is strictly positive (and therefore

nonvanishing) on RP" but f € (@1, @2, Q3). Note that (up to relabeling the Q;) this gives a
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sum of squares certificate that ()3 is positive on the variety Vg (Q1, Q2) by rearranging. That

18

Qs = f+{Q1, Q).

However, because the variety Vgr(Q1,Q2) has degree 4 and codimension 2, it follows from
Theorem 2.3.8 that there are choices for Q3 such that Vg(Q1,Q2,Q3) = & but Q3 is
not a sum of squares mod (@1, @2). So, a natural question is “Under what conditions is
Ve(Q1,Q0,Q3) = 7"

The other problem comes from optimization. The optimization of a linear functional over
a set S defined by quadratic inequalities is a computationally difficult problem. However, one
can equivalently optimize the functional over the convex hull of the set S. For this approach
to be tractable, one needs an efficient description of conv(S). One approach to finding
an efficient description is by aggregations (nonnegative linear combinations) of the defining
inequalities [Yil09, DMnS22, BDS24]. In the two quadratics case, conv(S) can always be
represented by aggregations [Yil09]. In the three quadratics case, one is guaranteed such a
representation if there is a positive definite linear combination of the defining quadratics.
However, this condition is not necessary.

We address both problems by studying the algebraic topology of the associated spec-
tral curve—the real algebraic plane curve cut out by det (Zle )\iQi). Specifically, spectral
sequences derived in [AL12] relate the homology of semialgebraic sets defined by quadratic
inequalities to the cohomology of linear combinations of the defining quadratics with specified
index and coefficients in a specified polyhedral cone. These sets are precisely the intersections
of components of the complement of the spectral curve with a polyhedral cone.

For both problems, we show that the positive definite linear combination (PDLC) con-
dition relaxes to a condition on the hyperbolicity of the spectral curve. This is a strict
generalization of the PDLC condition, as the spectral curve is hyperbolic when there is a

positive definite linear combination, as in Example 2.3.1. Moreover, these results highlight
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the interplay of algebra, convex geometry, and optimization prevalent in this dissertation.

To make precise statements of the main results of this chapter, we will first fix notation.

Notation In this chapter, we will fix the following notation. We fix three symmetric

(n+ 1) x (n + 1) matrices @1, Q2, Q3. To these three matrices, we associate the following:
T
e The functions f;(z) = [ng 1] Q; {xT 1] for i € [3].
-
e The homogenizations f*(z,2,1) = [;,;T $n+1] Qi [;,;T $n+1] for ¢ € [3].
e The semialgebraic set
S={zeR"| fi(x) <0forallie[3]}.

e The homogenized version of S:

Sh = {(2,2011) eR" x R | f(x) <0 for all i€ [3]}.
Given an element \ € R?

e We consider linear combinations of the matrices @\ = Z?:1 AiQ;, quadratics f), =

Zle Aif;, and homogeneous quadratics fi = Z?:l Nifl.

e We consider an associated (affine) semialgebraic set defined by f

Sy ={zeR"| fa(z) < 0}.

e The homogenization of Sy:

S;f ={(z,2p41) e R" xR | ff(x,xnﬂ) < 0}.
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With this setup, we define the spectral curve to be the curve in RP? cut out by the

polynomial

g(/\) = det (/\1@1 + )\QQQ + /\3@3) .

Finally, we will need notation for the restriction of many of these objects to a hyperplane
H < R™1. We denote by Q| the restriction of the matrix Q to the n-dimensional space

H. Note that the signature and singularity of this restriction is well-defined.

Statement of Main Results and Relationship to Prior Work We first address the
real algebraic geometry problem of finding a certificate of emptiness for the real variety
Ve(fl, f2, f#) < RP". Under the assumption that the spectral curve is smooth, our theo-
rem relates the emptiness of Ve(fF, f2, f1) to the hyperbolicity of the spectral curve and a

condition on eigenvalues of matrices in spang{Q1, Q2, Q3}.

Theorem 5.0.1. Suppose that the spectral curve is smooth and thatn # 2. Then, Ve(fl, f2, f)

1s empty if and only if one of the following holds:

1. The spectral curve is hyperbolic and there is p € R® such that Q,, has n positive eigen-

values
2. n =3, and the spectral curve has no real points.

In the case n = 2, the spectral curve is not smooth if the projective variety Ve (fl, f, f2)

15 nonempty.

The result of Theorem 5.0.1 in the case n = 3 can be found in [PSV11, Theorem 7.8].
Additionally, the ”only if” direction for n > 4 is in [Agr88|. Our statement of Theorem 5.0.1
unifies these existing results and provides a converse to the statement in [Agr88].

Additionally, Theorem 5.0.1 can be interpreted in light of the Helton-Vinnikov Theorem

(Theorem 2.3.13 [HV07]), which states that any hyperbolic plane curve possesses a definite



95

determinantal representation. In this case, the variety defined by the associated quadratic
forms is necessarily empty. Theorem 5.0.1, on the other hand, says that there is only one
other possibility for a determinantal representation of a hyperbolic curve where the variety
defined by the corresponding quadratic forms is empty—there must be a linear combination
of the defining matrices which obtains n positive eigenvalues and therefore there must be a
hyperbolicity cone P of g whose interior consists of x4 € R?® such that @, has n — 1 positive
and two negative eigenvalues.

As an extension of Theorem 5.0.1, we study the emptiness of solution sets of systems
defined by three quadratic inequalities under the assumption that the variety Ve (fJ, f2, f1)

is empty.

Proposition 5.0.2. Suppose that the spectral curve is smooth and nonempty and that the
variety Ve(fI, f¥, &) is empty. Then, for a nonzero polyhedral cone K < R®, we have that

the set

{X(K) = {[z] e RP" | f}([x]) € K for all i € [3]}}
1s empty if and only if either
1. there is p € K° such that Q, > 0, or

2. the set Q" = {\ € K°nS? | Qx has at least n positive eigenvalues} has dimz, H'(Q") =
1.

While the statement and proof of 5.0.2 requires the language of cohomology, we note that
the condition can be checked via convex geometry. Specifically, by Theorem 5.0.1, we have
that when the variety Vr(f2, f2, f4) is empty, the spectral curve must be hyperbolic with
hyperbolicity cone P whose interior contains either positive definite combinations or matrices
with exactly two negative eigenvalues. In the PDLC case, the statement of Proposition 5.0.2
asserts that there is a nonempty intersection of the cones K° and P. In the non-PDLC case,

the condition on the first cohomology group of 2" is equivalent to P < K°.
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We use these tools to study aggregations of quadratic inequalities, and in particular, the

existence of representations

v (S) = ) Sx. (5.1)

AEA

To relate aggregations to convexity, we need to restrict our attention to subsets of aggre-
gations. We say that an aggregation A\ € R? is permissible if @, has at most one negative
eigenvalue. Note that if A is permissible, then int(S)) is either empty, convex, or the disjoint
union of two convex sets. We further stratify permissible aggregations into good aggrega-
tions—\ such that conv(S) € Sy and bad aggregations— permissible aggregations which are
not good. Using this language, we are able to develop a sufficient condition for a represen-

tation of the form (5.1).

Theorem 5.0.3. Assume that int(S) # & and that S has no points at infinity, i.e.

{(z,0) e R* x R| f(z,0) <0 for alli € [3]} = &.

Suppose further that the variety Ve(fI', 2, f) = & and the spectral curve is smooth and

nonempty. Then,

1. If n = 3, the spectral curve g is hyperbolic. Let P < R3 be the hyperbolicity cone of
g such that int(P) consists of either positive definite matrices or matrices with exactly
two negative eigenvalues. If no nonzero aggregation lies in P, then there are k < 6

good aggregations N\ AP A®) e R3 such that

k
conv(S) = ﬂ Sy
i=1

2. If n =2 and g is hyperbolic, then (i) still applies. If g is not hyperbolic, then there is

a (possibly infinite) subset Ay € R of good aggregations such that
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v (S) = ) Sh.

)\EAl

The condition in Theorem 5.0.3 is related to the main results of [DMnS22, BDS24]. In
these settings, it was determined that PDLC is sufficient for a description via aggregations of
the convex hull of sets defined three strict inequalities. The results in [DMnS22, BDS24] were
derived using hidden convexity properties of quadratic maps. However, using our topological
approach, we are able to provide a sufficient condition which does not rely on PDLC and
deal with the technically more subtle case of closed inequalities.

We further study the set of permissible aggregations, providing finiteness results.

Theorem 5.0.4. Suppose that Ve (f}, fi, f1) is empty and that the spectral curve is smooth

and hyperbolic. Then, there is a finite subset A1 of permissible aggregations such that

N Sv=(] 5

A permissible AeA;
Finally, when restricting to the PDLC case, we are able to improve the bound on the

number of necessary aggregations:

Theorem 5.0.5. If Q1,Q2, Q3 satisfy PDLC, S = cl(int(S)), and int(S) & &, then there is

a subset {\M X2 XY of good aggregations with r < 4 such that

conv(S) = ﬂ Sy
i=1

Theorem 5.0.5 is related to [BDS24, Conjecture 3.2], where the authors conjecture the
existence of a set T defined by the intersection of three strict quadratic inequalities satisfy-
ing PDLC such that conv(7T") cannot be described using fewer than six good aggregations.
Theorem 5.0.5 says that if the set defined by the non-strict inequalities is sufficiently regular,

then four aggregations is sufficient.
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5.1 Homogeneous Quadratic Maps

In this section we briefly review the necessary background on homogeneous quadratic maps
and establish notation. The main goal of this section is to state [AL12, Theorem A], which
provides a spectral sequence relating the topology of the solution set of a system of quadratic
inequalities with the topology of sets of linear combinations of the defining matrices. This
theorem can be thought of as a topological duality theorem for quadratics.

A homogeneous quadratic map p : R*™1 — R™ is a map

p(x) = (p1(x), p2(2), - - -, pm (7)),

where each p; is a quadratic form on R*™!. Note that because each p; is a quadratic form, we
have that p(Az) = A?p(z) for any A € R. In particular, for a point [z] € RP", the evaluation
p([z]) is well-defined up to nonnegative scaling. So, for K < R™ a polyhedral cone and

p: R — R™ a homogeneous quadratic map, we set

X(K,p) = {[z] e RP" [ p([z]) € K}.

When the polyhedral cone K and the homogeneous quadratic map p are clear from context,
we drop them from the notation and simply write X = X (K, p). As an example, if we set

= (f, f2, f) and take the polyhedral cone K = —R?, then

X(=R2, 1) = {[(2,2011)] € RE" | (2, 221) € S\ {0}}.

That is, X (—R3, f) is the image of S" in projective space. The sets X (K, p) will play the
role of “primal” objects in the results of this chapter. We also define dual objects coming
from linear combinations of the defining quadratic forms with coefficients in a specified cone.
Specifically, if p = (p1, pa, ..., pm) is a homogeneous quadratic map and FP; is the symmetric

matrix representative of p;, then we set
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O(K,p) = {/\ e K°nS™!

Z A P; has at least j positive eigenvalues} :
i=1

We also define a relative version of Q7 (K, p) for the restriction of the quadratic map p to

a hyperplane H < R"*!. Specifically,

QL (K,p) = {/\ e K n st

Z i P;| g has at least j positive eigenvalues} .
i=1

We will frequently work with the setting where the components of a homogeneous quadratic
map are defined by some AN A®) A0 e R3. In this case, if A € R™*3 is the matrix

whose rows are (AU))T, then we set

h h h h
fA = (f,\(1)7f)\(2)7"'7f,\(M))'

Since fh(x) = Af"(z) (i.e. fh factors through R?), we can change cones to pull back the
sets € to R? and only work with the homogeneous quadratic map f". Specifically, we see

that for a fixed polyhedral cone K < R™, we have

X(K, f}) = {[z] e RP" | fi([2]) € K}
= {[z] e RP" | f"([2]) € A7} (K)}
= X(ATY(K), /"),
where A7!(K) is the preimage of K under the map A : R® — R™. Moreover, we compute

that
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(ATK®) ={veR? | (ATy,v) <0 forall ye K°}
= {veR*|(y, Av) <0 for all y € K°}
={veR?| Ave (K°)°}
= AY(K).
So, A7}(K) has polar dual AT K° < R3, which we will leverage for convenient computations

of the sets Q. Specifically, we will frequently encounter the case where K = —R™, in which

case we see that

QAR f") = {X € cone(AV, AP . X™)S? | Q, has at least j positive eigenvalues.}.

We can now state the spectral sequence of [AL12, Theorem A], which will provide the

basis for many of our computations in this chapter.

Theorem 5.1.1 ([AL12]). Let p : R"™' — R™ be a homogeneous quadratic map and let
K < R™ be a polyhedral cone. Then, there is a first quadrant, cohomology spectral sequence
(E,,d,) converging to H,_(X(K,p)) such that 5’ = H/(K°~ B™ Q7). Moreover, there is

an explicit formula for the differential ds.

It follows from the long exact sequence in cohomology of the pair (K° n B™ /) that

g
]_Ii—l(Qj+l)7 P> 2’ Qi+l :+: @
- HO<Qj+1)/227 =1, QU+ +
EY = : (5.2)
Ly, i=0, VY=g

0, otherwise

\



101

5.2 Certificates of Emptiness for Systems of Quadrat-
ics

In this section we use Theorem 5.1.1 to prove Theorem 5.0.1 and Proposition 5.0.2. We

begin with a preparatory lemma about determinantal curves.

Lemma 5.2.1. If A € Q"({0}) (i.e. Qx has n positive eigenvalues) and the spectral curve is

smooth, then [\] € RP? lies in the interior of an oval of the spectral curve of depth at least

2] - 1.

Proof. Let x € S? be such that [z] € RP? is on the exterior of every oval of the spectral

curve. By [Vin93], it follows that if n 4+ 1 is even, then @, has ”TH positive and negative

n+1

+=| + 1 positive eigenvalues

eigenvalues, and if n + 1 is odd, then one of @, or —Q, has |
and |2+ negative eigenvalues. Since g is smooth, it follows that if [A] is on the interior of
an oval of depth k& but on the exterior of all ovals of depth at least k + 1, then (), has at

n+1

5 + k + 1 positive eigenvalues for

most |25 | + k positive eigenvalues for n + 1 even and |
n + 1 odd. In either case, if (), has at least n positive eigenvalues, it therefore follows that

A is in the interior of an oval of depth at least [5| — 1. O

We will start with the case where X = X ({0}, f*) = Ve(fI, 2, f1). The hyperbolicity of
the spectral curve is an immediate computation using Lemma 5.2.1 and the spectral sequence

of Theorem 5.1.1.

Proposition 5.2.2 (cf [Agr88|). Suppose that n = 4 and that the spectral curve is smooth
and nonempty. If Vr(f1, f, &) is empty, then the spectral curve is hyperbolic and Q™({0})

is nonempty, i.e., there is p € R® such that Q, has n positive eigenvalues.

Proof. Set X = Ve(fl, f&, fh) and 0 = Q7({0}, f) for notational convenience. If PDLC
holds then we are done.
We now show that Q" # . Suppose for the sake of a contradiction that 2" = ¢f and let

(E.,d,) be the spectral sequence of Theorem 5.1.1. By the isomorphisms (5.2), we have that
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ES™ =~ Zy. On the other hand, we have that Ho(X) = 0 since X is empty. Therefore, since
Hi(Q9) = 0 for all i > 2 for all 7, it must be the case that at least one of dy" : Zy — H' (")
or dy" : Zy — H?(Q" ') is nonzero. However, since Q" = &, it follows that H'(Q") = 0.
Similarly, since the spectral curve is nonempty, H2(2"~') = 0. So, both differentials must
be zero, the desired contradiction.

The remaining case is that (2" # ¢ and PDLC does not hold. We want to show that in
this case, the spectral curve is hyperbolic. As before, let (E,,d,) be the spectral sequence
of Theorem 5.1.1. We will use the fact that Hy(X) = 0 to compute the cohomology groups
H' (7). Note that since Q" # ¢, it follows that there is @, with at most one positive
eigenvalue and therefore (P! < S? is a proper subset for each j > 1. In particular, this
implies that Ey? = H*(Q/') = 0 for all j > 1. Since n > 4, this implies that E57 = 0 for

j =n—3. So, the Fy page has the following form:

Ey
n Zo 0 0 0
n—1] 0 HO(Q™)/Z, HY(Q) 0
n—210 HY Q1)) Z, H'(Qm 1) 0
n—3| 0 HO(Q"2) ) Z, H'(Qm2) 0
0 1 2 3

Since 0 = Ho(X) = @D, ;_, EY | it follows that d%" is injective for some r > 2. Because

E" =0 for all j when i > 4, we in fact have that dy” must be injective. So H'(Q") # 0.
Since H*(Q2™) # 0, and since A € Q" implies that [A] lies in the interior of an oval of the

spectral curve of depth at least [”T“J — 1, the spectral curve must have a nest of ovals of

depth |21 |. Therefore the spectral curve is hyperbolic. O

The converse is more difficult. In particular, we need to compute the differential dy of
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the spectral sequence. In [AL12], the authors relate the value of the differential dy to sets
of matrices with repeated eigenvalues. To make the precise statement, we set Q to be the
vector space of quadratic forms on R""!. For g € Q, we set p1(q) = pa(q) = ... = ppr1(q) to
be the eigenvalues of ¢ and D; = {qg € Q | p;(q) > pj+1(q)}. With this notation, we have the

following theorem.

Theorem 5.2.3 ([AL12, Theorem B|). There is a formula for the differential dy in terms

of matrices with repeated eigenvalues. Explicitly,

dz(x) = ({E ~— f*Vl,j)|(K°mB3,Qj(K)) fOT' xTr € H*(KO M B3, QjJrl).

Here, f : R® — Q is given by f(\) = fI and f* is the induced map on cohomology. The
value of the class vy1; € H*(Q,D;) on the image of o : B> — Q with o(0B*) < D; is equal

to the intersection number of o(B?) and Q\D; mod 2.

We will be interested in applying Theorem 5.2.3 to compute dg’”(l) in the case where g is
hyperbolic with a hyperbolicity cone P such that the interior of P consists of A such that @,
has exactly n — 1 positive and two negative eigenvalues. In particular, we will want to show
that there is exactly one A € int(P) n S? such that @, has a repeated negative eigenvalue.

In this case, with notation as in Theorem 5.2.3, we have that v, & 0 so that dy™(1) # 0.

Lemma 5.2.4. Suppose that Q" ({0}) is nonempty and that g is smooth and hyperbolic with
hyperbolicity cone P which contains matrices with n—1 positive and two negative ergenvalues.
Then, if \M, X\ e int(P) are such that Q,a) and Qye each have repeated eigenvalue —1,

then for each t € R, we have that tQyq) + (1 — t)Q @ has at least two negative eigenvalues.

Proof. Note that the statement holds for all ¢ € [0, 1] by the convexity of P. Let V' be the
two dimensional subspace of R"*! corresponding to the eigenvalue —1 of Q1) and let U be
the two dimensional subspace of R""! corresponding to the eigenvalue —1 of Q.

Then, if t > 1 and ve V hasv'v =1,
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'UT(tQA(l) + (1 - t)Q)\@))'U =—1+ (1 - t)'UTQA@)'U < —1.

Similarly, if w € U has u'u = 1 and ¢ < 0, then

u (tQxn + (1 —)Qy@)u =t(u' Quuu+1) — 1< —1.
So, the claim follows from the variational characterization of eigenvalues. m

Using Lemma 5.2.4, we show that there is exactly one A € int(P) n S? such that @, has

a repeated negative eigenvalue. This will allow us to compute dy™(1) # 0.

Lemma 5.2.5. Suppose that Q" ({0}) is nonempty and that g is smooth and hyperbolic with
hyperbolicity cone P which contains matrices with n—1 positive and two negative eigenvalues.

Then, there is a unique X\ € P N S? such that Qx has a repeated negative eigenvalue.

Proof. First, there can be at most one such A. Suppose for the sake of a contradiction that
A A®) e P AS? had repeated negative eigenvalue. Then, for some rescaling A and A of

A and A3 respectively, we would have Q o and Q) with repeated negative eigenvalue

A

—1. By Lemma 5.2.4, we have that for all t € R, the matrix @ \(» must have at least

A (1)
two negative eigenvalues. Since g is hyperbolic with respect to both A" and A®)| it must
be the case that the univariate polynomial det(Q,n, + t(Q,q)_,»))) has all zeros at infinity,
but this contradicts the smoothness of g.

We now show that there is at least one A € P n'S? such that @y has a repeated negative

eigenvalue. Let A € int(P) n S? and let v v ... v be an orthonormal basis of

eigenvectors of @ corresponding to the eigenvalues p1(Qy) = p2(Q)) = ... = ppi1(Q,). Set

S S € ) BN S ¢) 1 D
AV 1p1(@Q)] AV 1p2(Qx)| AV 1Pn+1(QA)]

Then, x — Bx defines a real change of coordinates on RP". In these coordinates, the

quadratic form fJ is represented by the diagonal matrix
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B'Q\B = diag(1,1,...,1,—1,—1).

By the above discussion, \ is the unique element of P n'S? such that B, B has a repeated

negative eigenvalue. Using Theorem 5.2.3, we therefore obtain that

VR(BTQIB7 BTQQBv BTQ?)B) = @

Since nonexistence of real points on a variety is preserved under a real change of coordinates
on RP", this implies that Vr(f2, f2, f#) is empty. By Theorem 5.2.3, this implies that the
differential dy" is nontrivial and therefore there is an odd number of A € P n S? such that
@ has a repeated negative eigenvalue. By the preceding discussion, this A must be unique.

]

We are now able to prove the n > 4 case of Theorem 5.0.1.

Proposition 5.2.6. Suppose that n = 4 and that the spectral curve is smooth. If g is
hyperbolic with hyperbolicity cone P such that int(P) has either positive definite matrices or

matrices with exactly two negative eigenvalues, then Ve(fl, f2, fh) = &.

Proof. If P contains positive definite matrices, then we are done. Otherwise, int(P) contains
matrices with n — 1 positive and two negative eigenvalues. Set X = X ({0}, /") and Q/ =

Q7 ({0}). If (E,,d,) is the spectral sequence of Theorem 5.1.1, then the E, page has the form

E,
n ZQ 0 0
dq\)
n—1| 0 2 0 HI(Q")gZQ
n—2| 0 0 0
n—3| 0 0 0
0 1 2
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So, we have that

~ P EY =ker(dy").

i+j=n
To show that X = (. it therefore suffices to show that dy” is injective, i.e, dy™(1) # 0. Let
o : B? — §? be a representative of the nontrivial class in H%(S?,Q"). Then, with notation as
in the statement of Theorem 5.2.3, we have that v, ,,(f(c)) is equal to the number ( mod 2)
of A € P n'S? such that () has a repeated negative eigenvalue. By Lemma 5.2.5, there is a

unique such A. Therefore,

dy"(1)(0) =1 — f*y10(0) = 11(f(0)) =

So dy™(1) is not the zero map and therefore dy” is injective. So,

Ho(X) = ker(dy™) = 0
and X = 7. O

We are now prepared to prove the full statement of Theorem 5.0.1. The small n (n < 3)

cases are treated separately.

Proof of Theorem 5.0.1 . We separate the proof by cases for the value of n.
n > 4: 'This is given by Propositions 5.2.2 and 5.2.6.

n =3: See [PSV11, Theorem 7.8].

n=1: If Q,Qs, Q3 are linearly independent, then they span the entire space of quadrics
and therefore satisfy PDLC.
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n = 2: Recall here that the statement of Theorem 5.0.1 asserts that the spectral curve is
not smooth when Ve (f[, f2, f#) is nonempty.

Suppose that v € R? is a nonzero point with [v] € Vr(f, f2, f&). Then, we have that the
vectors Q1v, Qov, and Qv are all orthogonal to v and therefore dim(spang(Q1, Q2, @3)) < 2.
Let o € R? be nonzero such that 0 = Z?:1 a; Qv = Qquu. If Q, has rank 1, then [a] is
necessarily a singular point of Vg(g).

Suppose that a has rank 2. Let D < Symy(R) be the hypersurface in the space of real
symmetric 3 x 3 matrices defined by the vanishing of the determinant. Note that ), € D
since tk(Q,) # 3. By Jacobi’s formula, we have that V det(Q,) = adjQ, = cvv' for some
constant c¢. This implies that the tangent space to D at Q,, T, D is the space of quadratic
forms which vanish at v since (adjQq, Q) = 0 implies that trace(vv'Q) = v'Quv = 0. But
then Q; € Ty, D for each i € [3] and spang ({Q; | ¢ € [3]}) intersects D non-transversely at

Q- So, [a] is a singular point of the spectral curve. ]

Example 5.2.1 ([PSV12, Example 5.2]). As stated in Example 2.3.2, the polynomial

25z 0 12y — 32z« —60z
0 25z 10z 24x + 16y
12y — 32x 10z 6z + 4y 0
—60z 24x + 16y 0 6z + 4y

is hyperbolic with respect to (1,0,0) and there are no values of (z,y,z) which result in a

positive definite matrix. We interpret this example in terms of Theorem 5.0.1. Set

25 0 =32 0 0O 0 12 0 0 0 0 -60
0 25 0 24 0O 0 0 16 0 0 10 0
Q1 = ;o Qe = , and Q3 =
-32 0 6 0 12 0 4 0 0 10 O 0
0 24 0 6 0 16 0 4 —-60 0 O 0
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Slice A\, =1

(+,4,-7)

L L J
=25 0.0 25 5.0

Figure 5.1: An affine slice of the spectral curve for Example 5.2.1

Note that we have that the spectral curve g(A) = g(det(33>_, Mi@:)) = p(A1, Ao, A3). Fig-
ure 5.1 shows the spectral curve in the affine slice A\; = 1 and the signature of matrices in
each connected component of the complement of the curve. Here, for example, the label
(+, +, —, —) means that matrices in this region have two positive and two negative eigenval-
ues. As predicted by Theorem 5.0.1, we see that the spectral curve is hyperbolic and has a
hyperbolicity cone whose interior consists of matrices with exactly two negative eigenvalues.

<

We now turn our attention to systems of quadratic inequalities. This will be useful
for the study of quadratically constrained optimization problems in the later sections of
this chapter. In particular, we prove the dichotomy of Proposition 5.0.2: a set defined
by quadratic inequalities is empty if and only if combinations of the defining inequalities
achieve a positive definite matrix or the set with n positive eigenvalues has nontrivial first

cohomology.

Proof of Proposition 5.0.2. For notational convenience, we set X = X (K, ") and (¥ =
(K, f*). Suppose first that X = ¢ and Q"' = . We want to show that H'(Q") is
nontrivial. As in the proof of Proposition 5.2.2, it must be the case that Q" is nonempty
since otherwise dimg, (Ho(X)) = 1. So, if (E,,d,) is the spectral sequence of Theorem 5.1.1,

the Fy page must have the following form:
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Ey
n Zo 0 0
n—1| 0 H(Q™)/Z, HY(Q)
n—21 0 H(Q"Y)/Z, H' (O 1)
0 1 2

Note that we have used the fact that H?(€) = ¢ for all j since K° is a proper subset of R?.
Since X = ¢, it must be the case that d5™ : Zy — H'(Q") is injective, as Ex" = ker(dy™)
is a direct summand of Hy(X) =~ 0. So, H'(Q") # 0.

We now show that the conditions on Q" and Q"' are sufficient for the emptiness of X.

If pe K°nS? has Q, > 0, then X = &. Indeed, if f*(z) = (f(x), f2(z), f2(z)) € K,
then f(z) < 0 since € K°. On the other hand f}}(x) > 0 for all [x] € RP" since Q,, > 0.

Finally, if Q™! is empty and Q" has nontrivial first cohomology, then it suffices to show
that the differential do™ : Zy — H'(Q") is nonzero. By Theorem 5.2.3, this happens if
there is a continuous map o : B%? — spang{Q;, Q2, @3} such such that o(0B?) < Q" and
int(o(B?)) contains a unique matrix with repeated negative eigenvalue. Since the variety
Ve(fl, f2, f#) is empty, we know that such a map o exists, as in the proof of Proposition
5.2.6. So, the differential d3" +# 0 and therefore Eg’" ~ F%" ~ (. Moreover, we see that

Ey" '~ E3"% ~ 0 from the hyperbolicity and smoothness of the spectral curve. So,

Ho(X)= EX"®E" '@ EZ" 2~ 0
and X is therefore empty. ]

The result of Proposition 5.0.2 is that when the real variety Vr(fl, f2, f1) is empty
and the spectral curve is smooth and hyperbolic, the emptiness of a system of quadratic

inequalities can be determined by convex geometry. Specifically, the system of inequalities
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defined by a polyhedral cone K is empty if and only if K° intersects the cone of positive
definite linear combinations of the (); or if the cone K° contains the hyperbolicity cone P of

g which certifies the emptiness of the real variety.

5.3 Reduction to Finite Subsets of Aggregations

In this section, we use the topological techniques of Proposition 5.0.2 to determine upper

bounds on the number of necessary aggregations in a description

v (S) = ) Sh.

)\EAl

First, we recall some known results about aggregations of quadratic inequalities before
proving our upper bounds in the general empty variety setting and improved upper bounds

in the PDLC setting.

5.3.1 Some Preliminaries on Aggregations

Recall that we have set

A = {NeR? | Q, has exactly one negative eigenvalue}.

An aggregation A € A is a good aggregation if conv(S) < Sy and a bad aggregation

otherwise.

Lemma 5.3.1 ([BDS24]). If A € A, then int(Sy) is either a convex set or a union of two
disjoint convex sets. Moreover, X is a bad aggregation if and only if int(S)) is a union of

two disjoint convex sets and int(S) has nonempty intersection with both components.

In [BDS24], the authors study bounds on the number of necessary aggregations in the
PDLC case. The strategy is to improve a given aggregation by translating in the direction of

a positive semidefinite matrix. By repeatedly applying this strategy, the authors show that
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the set defined by good aggregations can be defined by good aggregations with at most two

nonzero entries.

Proposition 5.3.2 ([BDS24]). Suppose that PDLC holds and set © = {6 € R? | Qo > 0}
and Ay = {\ e A | X is a good aggregation and Sy # R™}. If A€ Ay and 0 € © are such that
N =X+0eR3\{0}, then N € A and Sy < S).

Proposition 5.3.3 ([BDS24]). Suppose that PDLC holds. Set Ay as in Proposition 5.5.2
and Ay = {\ € Ay | |supp(N\)| < 2}. Then, ﬂAeAl S\ = ﬂ)\eAQ Sh.

5.3.2 Upper Bounds when Vi(f], fi, f1) = &

To determine such bounds, we interpret the redundancy of a given aggregation in terms of a
system of quadratic inequalities. The idea is to ensure that the zero set of an new aggregation
does not intersect the set defined by the previous aggregations, resulting in a strictly smaller

subset.

Proposition 5.3.4. Let AW, X3 XEFD e Ao Set flr = (fr,), fro), ..., fly) and fi' =

(f;b(lw ff(z)» cee f)}\b(k+1))' Suppose that VR(ﬁf(kH))ﬁX(_RﬁH? fl?—i—l) = & and that X(—Ri, fl?)

and X (—R¥*1 £l ) have the same number of connected components. Then,

X(=RM fi) = X(-RY, ).

Proof. Note that X (—RA*! fh ) < X(—Rk, f). For the reverse inclusion, note that if
[l () # 0 for all [z] € X(—=RY*, ff ), then fl,,, has constant nonzero sign on each
connected component of X (—R¥, f). Since X (—R¥, f#) and X (—R%*!, £, |) have the same

number of connected components, this implies that fyu+1) ([2]) < 0 for all [z] € X (—R¥, f1).

Therefore X (—R*, i ) = X(—RF, /). -

Note that the statement of the conclusion of Proposition 5.3.4 implies that ﬂle Sy =

1=

ﬂf:ll Sy@. Indeed, a point in x € (ﬂle SW)) \ <ﬂ].€+11 SW)) would yield a point [(z,1)] €
X(=RE, fONX(-RM ).



112

The advantage of Proposition 5.3.4 is that we will be able to conclude that given a finite
list of aggregations, some new aggregation is unnecssary by applying Proposition 5.0.2 with
a cone of the form —R* x {0}. When —R* x {0} is pulled back to R?, we will therefore need
to study sets of the form €7 (cone(AM, A2 K)oy,

As a starting point, taking inspiration from Proposition 5.3.3, we consider a subset A’
of A which consists of aggregations which generate extreme rays of A and have at least one

zero entry:

A ={Xeex(A) | [supp(N)] < 2}

Note that |A'] < 6 since each facet of R can contain at most two extreme rays of A. We will
work towards applying Proposition 5.3.4 in the case that A, X®) .. A\®*) is an enumeration

of A’ and A#*1) e A\ cone(A’). So, we need to understand the relevant cone.
Lemma 5.3.5. If A€ A/, then either X\ is a standard basis vector of R or g(\) = 0.

Proof. If X is not a standard basis vector, then A = X\;e; + Aje; for soe ¢ + j € [3] and
Ais Aj > 0. Since A € A, if g(\) + 0, then @, has exactly n positive and one negative
eigenvalue. So, for any € > 0 sufficiently small, we have that A —e(e; +¢;) and A + €(e; + ¢€;)
are both elements of R?. Moreover, Q Ate(es +e;) lso has exactly n positive and one negative

eigenvalue. But then, A does not span an extreme ray of A, a contradiction. O

Lemma 5.3.6. Supose that XV X® . \®) s an enumeration of A’ and that \#+Y €
A\ cone(A’). Let A e RED*3 have rows (D)7, If, for fived i € [k], the set

F={tA*D 4\ teR seR,}
is a face of AT(R* x R), then g(A®") = 0.

Proof. Note that if A*+1) e A\ cone(A’), then A*+1 has strictly positive entries. Let v € R3

be a supporting vector to the face F' so that v" A1) = ¢TA® = 0 and vTA0) > 0 for
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j € [k]\{i}. Suppose for the sake of a contradiction that g(A®) # 0. By Lemma 5.3.5, this
implies that A®) is a standard basis vector of R3, without loss of generality A®) = e;.

Since A = ¢; and g(A®) # 0, this implies that Q,» = @Q; has exactly n positive and
one negative eigenvalue. So, either e; € A’ or there is ¢ € [0, 1) such that te; + (1 —t)ex € A'.
But then, v'e; > 0. Similarly, v"es > 0. Since A**Y has strictly positive entries, this

T)\(kJrl)

implies that v > 0, a contradiction with the construction of v. O

Lemma 5.3.6 says that the elements of A’ involved with faces of the cone AT (—R* x R) lie

on the spectral curve. In the setting where the spectral curve is smooth and hyperbolic, they

will necessarily lie on the oval of depth |2 | or |2+ | — 1. We will be particularly interested
in the latter case (since the innermost oval bounds a convex region.) Fix C to be the part of
the affine cone over the oval ["T“J — 1 of the spectral curve such that A € C' implies that ),
has n — 1 positive eigenvalues, one negative eigenvalue, and 0 as an eigenvalue of multiplicity
one. Additionally, fix P to be the hyperbolicity cone of the spectral curve consisting of either

positive definite matrices or matrices with exactly two negative eigenvalues.

Lemma 5.3.7. Let A\ € AnC. Then, if e € P, there is exactly one root t* of g(te + (1 —1t)\)
fort e (0,1] and t*e + (1 — t*)\ lies on OP.

Proof. First, we can reduce to the case where ¢ is a definite representation of the spectral
curve since any hyperbolic plane curve has a definite representation and the number of
intersection points of the spectral curve and a fixed line L = {te + (1 — )\ | t € R} is
invariant to a change in the representation of the curve.

Now, there is at least one such root since e € P. On the disjoint union (—o0,0) U (1, 20),
there are at least n — 1 roots since for sufficiently large values of ¢, the matrices Qxis(e4+2)
and Qx—_¢(e—»x) have opposite signature. Since 0 is a root and there is a root in (0,1], there
can be no other roots, as g(te + (1 —t)\) has degree n + 1 as a univariate polynomial in the

variable t. O
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Lemma 5.3.8. Suppose that CnR3 # & and that S # . Then, each connected component
of C " R3 intersects a proper face of R%. Moreover, if a connected component of C' n RY

intersects int(R3), then there exist A\ # @ in C A R3 with |supp(AD)| < 2.

Proof. Note that the interior of C' consists of A such that @, has n positive and one negative
eigenvalue. If a connected component C; of C' "R does not intersect a proper face of R?,
then C) is contained entirely in int(R3 ). This implies that the image of C; in RP? is an oval
of the spectral curve of depth [”T“J — 1. Since there is only one such component, it must
be the case that C; = C. but then the hyperbolicity cone P is contained in int(R?%), which
implies that S = ¢ by Proposition 5.0.2. So, it must be the case that C] intersects a proper
face of R3.

The preceding paragraph shows that R? cannot contain the entirety of the region bounded
by C. So, if a connected component C; of C' " R3 contains an element with strictly positive
entries and there is a unique element A with |supp(A\)| < 2, then the entirety f the region

bounded by C} is contained in R?. This implies that C; = C, a contradiction as above. [

The result of Lemma 5.3.8 is that we have control of the elements on the oval of the
spectral curve of submaximal depth. We will leverage this below to obtain certificates of re-
dundancy for aggregations in terms of the intersection of polyhedral cones with hyperbolicity

cones.

Theorem 5.3.9. Suppose that Ve(f}, f&, i) is empty but S + &, the spectral curve is

smooth and hyperbolic, and that Q2™ (cone(N')°) is contractible. Then, (year Sx = [ Lxer Sa-

Proof. Enumerate A’ = {AM X A®1 and let A\**) e A\cone(A’). Note that if
g(A**D) £ 0, then we can write A**1) as a conical combination of an element of cone(A’)
and an element of C, where C' is as above. In particular, it suffices to take A**1) e (C.
Moreover, by the hypothesis that S + ¢, we have that P & R3. This implies that there
is e € P and AV AU e A such that tA+D 4+ (1 —t)e = X for some \ € cone(AD, \U)) at

0 <t<1. Since \*+D ¢ O, we can take A\, \U) eC.
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Set K = cone(A®W AW \E+D _\(E+D) We will show that P < int(K°). For notational
convenience, denote by A the matrix such that AT = l)\(i) AG) )\(’Hl)], so that K° =
AT(R% x R).

Suppose for the sake of a contradiction that AT(R2 x R) n P = {0}. Let v be normal
to a separating hyperplane oriented so that v’y > 0 for all y € P and v'w < 0 for all
we AT(R2 x R). Then, v" A®*Y) < 0 since tAk*D + (1 —t)e = A\. But then, for (c1,co,d) €
R2 /R, we have that v (dA\#+D + ¢; A + ;A1) can take both positive and negative values
since d is unconstrained. This contradicts the assumption that v was normal to a separating
hyperplane. So, P and AT(R? x R) intersect nontrivially. In fact, it must be the case that
P < int(AT(R2 x R)). Indeed, the face {tA\¥) + sA®) | ¢t € R,s € R,} cannot intersect P
(and similarly for the face defined by A*) and AU)). This is a consequence of Lemma 5.3.7
since if there were an element e in this intersection, then there would be two roots of ¢ when
restricted to the line segment between A**1) and e.

Since P < int(K°), we have that either H'(Q"(K°)) # 0 or Q" (K°) # &. By Propo-
sition 5.0.2, this implies that X (K°, f*) = ¢. That is,

VR(f)’\l(k+l)) A X(_R27 (f)’\l(l)v f)’\l@))) = @

This in turn implies that Ve(f},,,)) n X(cone(A)°, f*) = &. By the hypothesis that
Q" (cone(A’)°) is contractible and Proposition 5.3.4, this implies that A(**1) is unecessary,

Le., ﬂf:1 Sxa) = ﬂf;l S []
The following example demonstrates the proof of Theorem 5.3.9.

Example 5.3.1 (Certifying the Redundancy of an Aggregation). Figure 5.2 illustrates the
argument of the proof of Theorem 5.3.9. Again, we take the system of quadratics from
Example 5.2.1 so that the curve Vg(g) is hyperbolic but g is not a definite representation.
The aggregation p which lies in the interior of R? does not contribute to the intersection of

all aggregations of correct signature, which is given by (1),.,, Sx. This is certified by the fact
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Slice A\, =1

-2 0 2 4

Figure 5.2: An illustration of Theorem 5.3.9. The aggregation p is unnecessary for the
description of (),.,, Sy since P < K.

that the cone K = AT(R* x R) contains the hyperbolicity cone of g in its interior. Here,
AT = [AD \@ \®) \@ 4| for an enumeration A’ = {A? | i € [4]}. In cohomological
terms, HY(Q"(K®)) = Z.

We also show via example that the condition that 2"(cone(A’)°) is contractible is a

nontrivial hypothesis.

Example 5.3.2 (A Necessary Aggregation with Positive Entries). We construct a system
of quadratics such that (),.,, Sx has three connected components, but for some p with
strictly positive entries, S, N ([),cn S)) has only two components. As in Example 5.2.1, we

start with the matrices

25 0 =32 0 0 0 12 0 0O 0 0

—60
0 25 0 24 0 0 0 16 0O 0 10 0
M, = . My = , and M3 =
=32 0 6 0 12 0 4 0 0 10 O 0
0 24 0 6 0 16 0 4 —60 0 O 0

The matrices do not satisfy PDLC and det(xM; 4+ y My + zM3) is hyperbolic with respect
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.
to (1,0,0). We construct the defining quadratics f;(x,y, z) = [x y z 1] Qi |:x y z 1}
with @); defined as follows:

25 0 =14 0

0 25 0 48
Q1 = M; + 1.5M, =

-14 0 12 0

0 48 0 12

25 0 —-56 -—120

0 25 20 -8
Qs = My — 2M, + 2M; =

—-56 20 =2 0

—-120 -8 O -2

25 0 =56 120

0 25 —-20 -8
Q5:M1—2M2—2M3 =

-26 —-20 -2 0

120 -8 0 =2
We numerically compute that the elements of A’ are appropriately normalized vectors
in the directions of the following vectors A, A® A®). Since the semialgebraic set Sy is

invariant under positive scalings of A\, we work directly with the A®). We also take an

aggregation p which lies on the oval of depth ["THJ — 1 with strictly positive entries.

A — e AP =(1,0.68725,0), A® =(1,0,0.68725), p = (0.1429,0.4286,0.4286)

The intersection of the cone K = cone(AM, A@ A\®)) with O"(~R3) has three connected
components and the intersection of the cone K = cone(AM, A® A®) 1) with Q*(—R3)
has two connected components. The corresponding semialgebraic sets ﬂ?;l Syo and S, N

(ﬂ?zl S )\(i)) have three and two connected components, respectively. However, as in the
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Slice A, =1 — X, — Ay

Figure 5.3: Plots for Example 5.3.2. The left figure displays the spectral curve and relevant
aggregations and cones. The center figure shows the set S, N ([, Sa) which has two
connected components. The right figure shows [),_,, Sx, which has three connected compo-
nents.

proof of Theorem 5.3.9, Ve(f!!) N (ﬂf’zl Sx@) = . So intersecting with S, has the effect of
cutting off a component of (ﬂ?zl Sy ). In particular, we see that [y, Sx # ()yep Sr. The

spectral curve and the relevant semialgebraic sets are shown in Figure 5.3.

As shown in Example 5.3.2, the set defined by the intersection of all permissible aggre-
gations is not necessarily defined by the intersection of aggregations in A’ when Q"(o(A)")
is not contractible. However, we are able to determine a bound on the number of aggrega-
tions with strictly positive entries which are needed in such a description in the case where
PDLC is not satisfied and the set defined by all permissible aggregations is not connected.
As a starting point, we observe that adding an aggregation A € int(R2) to A’ cannot make
the number of connected components of the set defined by the intersection of aggregations

increase.

Lemma 5.3.10. Set Ky = cone(A') and let u™,pu®, ... u™N) e A have strictly positive
entries. For each j € [N], set K; = cone(A U J_ {u™}). Then, every connected component

of Q"(K7) intersects a component of Q0" (Kg). Moreover, we have that

1< dim HO(Q"(K3)) < dim HO(Q"(K3_,)) < --- < dim HO(Q(K?)) < dim HO(Q"(K¢)).
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Proof. First, we show that there are no connected components of ("(K7) which consist of
points with all positive entries. Suppose for the sake of a contradiction that there was such a
component. Then, its boundary would form an oval of Vg (g) whose interior contains matrices
with n positivev eigenvalues. If Ve(fF, f& fh) = &, then Vr(g) is hyperbolic and the only

oval which contains matrices with n positive eigenvalues in its interior is the oval of depth

ln_+1

+=| — 1. If K contains this oval, then it also contains the oval of maximal depth, and thus

the hyperbolicity cone of g which certifies the emptiness of the variety. By Proposition 5.0.2,
this would implies that X (K7, f") = &, a contradiction since X (—R3, f*) = X (K7, f").

So, every connected component of "(K7) has nonempty intersection with Q"(Kg) since
there is A in each component with some coordinate A; = 0. Therefore, either A € A’ or A is
a conical combination of two elements of A’. Since Q"(Kj) < Q"(K7_,) < Q*(K7) for all j,
this implies that every connected component of Q"(K7) intersects Q" (K5_,).

The last claim then follows since there are at least as many connected components of
Q*(K;_,) as connected components of Q"(K?). Finally, since X(-R?, f*) # &, we have
that dim H°(Q"(K%,)) > 1. O

We are now prepared to prove Theorem 5.0.4, which states that the intersection over all
permissible aggregations is given by the intersection over a finite subset A; of permissible
aggregations. The essential idea is that the number of aggregations with strictly positive
components which can be necessary is bounded above by the number of connected com-
ponents of dim H°(Q"(cone(A’)°)), or equivalently the number of connected components of

X (cone(A)°, f*) by an application of Theorem 5.1.1.

Proof of Theorem 5.0.4. If Q"(cone(A’)°) is contractible, then A; = A’ by Theorem 5.3.9.
Otherwise, if Q"(cone(A’)°) is not contractible, we can apply Lemma 5.3.8. Specifically,
fix an enumeration AV, A3 XK of A7 A list p@D, u® . u®™) of aggregations with
strictly positive entries only contains necessary elements only if dim H°(Q"(K¢irc;)) <
dim H°(Q"(K;_,)). In particular, the maximal length N of a sequence of aggregations with

positive entries which can be necessary is at most dim H°(Q"(cone(A’)°)). O
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5.3.3 Improved Upper Bounds in the PDLC Case

In this section, we study the topology of the set of good aggregations as a subset of the set
of all permissible aggregations. We pay particular attention to the PDLC case, where, under
assumptions on the regularity of the set S, we obtain an improved bound on the number of
necessary aggregations to describe conv(S). As a starting point, we show that when the set S
has no low-dimensional components, i.e. S = m, then sets of good and bad aggregations

are connected in the set of permissible aggregations.

Proposition 5.3.11. Suppose that S = int(S). Then, each connected component of A

consists of only good aggregations or only bad aggregations.

Proof. We first show that the set of good aggregations is closed in A. Let A® — X be a

sequence of aggregations converging to A € A. Recall that the matrix ), has the block struc-

Ay by
ture Q) = , where the quadratic form associated to A, € R™*" is the homogeneous

bI Cx

part of fy. If int(Syw ) is convex for sufficiently large i, then A,u) > 0 for sufficiently large .
This in turn implies that int(.S)) is convex since the cone of positive semidefinite matrices is
closed and therefore Ay > 0. Otherwise, suppose that int(Syu ) has two convex components
for large i. Set (a®, ™) e R™ x R to be the unit length eigenvector corresponding to the
negative eigenvalue of Q) for each i, with sign chosen such that (a?)Tz < 3% forall z € S.
This is possible since each A is a good aggregation and the affine hyperplane defined by
() Tz = B separates the two components of int(Syw»). Now, o) — « and 3% — j
where (a, ) is an eigenvector of @) corresponding to the negative eigenvalue and such that
a'z < Bforall xeS. So, \is a good aggregation.

Next, we show that the set of bad aggregations is also closed in A. Let A®) — X be a
sequence of bad aggregations which converges to A € A. Let (a®, 3%)) be the unit length
eigenvector of (), corresponding to the negative eigenvalue of (), chosen with orientation
such that ()" — o and B8 — B where («, ) is an eigenvector of @y corresponding to

the negative eigenvalue. Since each A®) is a bad aggregation, there are z,y € int(S) such
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that (o) < O and (a)Ty > SO for all i sufficiently large. So, o'z < fand a'y = f3.
Since x,y € int(S), this in turn implies that there are 2,7 € int(S) such that a'# < 3 and
a'y > B. So, X is a bad aggregation.

To conclude, note that if A* is a connected component of A, then A* can be written as a
disjoint union of good aggregations in A* and bad aggregations in A*. Since A* is connected

this implies that A* consists entirely of good aggregations or entirely of bad aggregations. [J

We will now restrict our attention to the PDLC case. Here, unlike in the previous
sections, we do not assume that the spectral curve Vg(g) is smooth. First, we show that the
PDLC hypothesis implies that exactly one connected component of aggregations of correct

signature consists of good aggregations.

Proposition 5.3.12. Suppose that PDLC holds, int(S) # &, and S has no points at infinity.

Then, exactly one connected component of Q" (—R3) consists of good aggregations.

Proof. Note that conv(.S) can be described as the intersection of finitely many good aggre-
gations by [BDS24] since the @, # 0 for all A # 0 by the hypothesis that the @; are linearly
independent and the map f" satisfies hidden hyperplane convexity since PDLC holds. By
the results of [BDS24], there are good aggregations AW, A\ .. A" with » < 6 such that
conv(S) = (i, Saw- Set K = cone(AMD A3 A0,

Suppose for the sake of a contradiction that Q"(K*°) has at least two components. From
the spectral sequence of Theorem 5.1.1, it follows that dim Hy(X (K°, f*)) = 2. It therefore
follows that the set T defined by 7' =, , good aggregation O 1188 at least two components. On
the other hand, if S has no points at infinity then every connected component of 7" must
intersect S since otherwise there would be an affine hyperplane H with H n'T" # ¢ but
H n conv(S) = ¢J. This can’t happen when PDLC holds by [BDS24]. So, S intersects
multiple connected components of 7', which in turn implies that conv(S) intersects multiple
connected components of 7', which is a contradiction since conv(.S) is connected. So, it

must be the case that Q"(K°) has only one component and therefore exactly one connected
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component of Q"(—R?) contains good aggregations. ]

We will show that the set defined by the intersection of all good aggregations can be
defined by the intersection of at most four good aggregations by following a similar strategy
to that of Proposition 5.3.2. Note that if PDLC holds and S # &, then the hyperbolicity
cone P of g which contains positive semidefinite matrices does not intersect R? away from 0.
However, it can be the case that the hyperbolicity cone of g which contains negative definite
matrices intersects R? and moreover is completely contained in R3. When the hyperbolicity

3

cone of g which contains negative definite matrices is not completely contained in R, the

strategy from Proposition 5.3.2 applies directly.

Proposition 5.3.13. Suppose that PDLC holds, int(S) # &, and S has no points at infinity.
Assume that the hyperbolicity cone P of g which contains negative definite matrices is not

contained in R3.. Then, there are X\, X2 . X" such that r < 4 and conv(S) = (;_, S -

Proof. If the hyperbolicity cone P of g which contains negative definite matrices is not
conttained in R? | then there is 6 € R? such that Qy > 0 and at least one component of 6 is
strictly positive, without loss generality f3 > 0. Note that since int(S) # ¢, it follows that
6 ¢ R3 and at least one of 61,6, < 0.

If X = A\jeg+aes € A s an aggregation for A\, Ay > 0, we have that A+ef € R?\{0}, where

N\
0;

€ = min { 0; < 0} > (. But then, by Proposition 5.3.2, A+€6 is a good aggregation with
Sxteo S Syx. By the choice of €, we additionally have that A+ € cone(ey, e3)Ucone(eg, e3). In
particular, by improving aggregations in this way, no aggregation in cone(ey, es) is necessary.
By Proposition 5.3.3 and the fact that all aggregations in cone(e;, e;) can be described using

at most two aggregations, it follows that conv(.S) can be described as the intersection of at

most four aggregations. O]

The case where the cone of negative definite matrices is completely contained in R? is
more subtle. To deal with this case, we fix the following notation stratifying subsets of

aggregations.
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e Ay ={Xe A|\isagood aggregation and S # R"}.
o Ny ={Ne Ay | |supp(N)| < 2}.

o Ay ={Ne Ay ||| =1and X generates an extreme ray of A}.

We will also need the following technical lemmas regarding the relationship between the

negative definite cone and cone(As).

Lemma 5.3.14. Suppose that the hyperbolicity cone of g which contains negative definite
matrices is strictly contained in R3. Suppose further that X\ € Ay has g(A\) = 0 and that
weR? has Q, < 0. Then, for anyt € (0,1), the matriz Qir+(1-t)w has at most n—1 positive

ergenvalues.

Proof. Consider the univariate polynomial g(tA + (1 — t)w). Suppose for the sake of a
contradiction that there is ¢* € (0, 1) such that Qx4 (1—+), has n positive eigenvalues. Since
g(A) = 0 and since @, has n+ 1 negative eigenvalues, there are n+ 1 roots of g(tA+ (1 —t)w)
on the interval (0, 1] when counted with multiplicity. There must additionally be a root t*
with t* < 0 since the line connecting A and w must have two points of intersection with
the boundary of the hyperbolicity cone. But then, the nonconstant degree n + 1 polynomial

g(tA + (1 — t)w) has at least n + 2 roots, the desired contradiction. O

Lemma 5.3.15. Suppose that n = 3 and that the hyperbolicity cone of g which contains
negative definite matrices is strictly contained in R?. Let w € cone(As) be nonzero. Then,

Q. has at least one nonnegative eigenvalue.

Proof. By Carathéodory’s Theorem, w is a conical combination of some A(), A2 \G) g As.
Let Vi, Vs, Vs be the n-dimensional subspaces of R**! such that v'Qywv = 0 for v € V;.
Since n > 3, we have that the vector subspace V = V; n V5, n V3 has codimension at most 3
in R"™! and therefore dim(V') > 1. Now, for a nonzero v € V and t,ty,t3 = 0, we compute

that
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3
v’ (Z tiQ}\(i)) v=0
i=1

and therefore Q,, has at least one nonnegative eigenvalue for each w € cone(A), X2 \@3)) O

We can now prove the improved bound on the number of needed aggregations in the

PDLC case.

Proof of Theorem 5.0.5. The case for which the hyperbolicity cone of g which contains neg-
ative definite matrices is not contained in R3 is proven in Proposition 5.3.13. For the case
where the hyperbolicity cone is contained in R? | we separate by the casesn = 1,n = 2,n > 3.

Note that it follows from [BDS24] that conv(S) = [),c,, Sx and that since a convex
combination of good aggregations is a good aggregation if it is permissible, conv(S) =
ﬂ/\em3| Sx. So, it suffices to bound |Az|. Recall that if A € Aj, then @, has exactly one
negative eigenvalue, as otherwise, int(S) = ¢J. Finally recall that the set of good aggregations
is connected by Propositions 5.3.11 and 5.3.12.

In the cases n = 1 and n = 2, we are able to use the structure of the spectral curve to

explicitly bound |Ag|.

n=1: If \e R, then either Q) < 0 or A € A. Since the cone of negative definite matrices

is contained in R3

2, it follows that every nonzero A € R} with |supp()\)| < 2 has exactly

one negative eigenvalue. So, A is connected and therefore the set of good aggregations is

connected and Az = {ej, eq, €3}, so |[A3] =3 < 4.

n = 2: In this case, if A € A3 is not a standard basis vector, then A lies on the non-oval
component of the spectral curve. Note that the line through two standard basis vectors e,
and e can only intersect this component once. So, if a face cone(e;, ex) of R contains two
elements of Aj, it must be the case that either these two components are e; and e, or that
exactly one of e; and e; is an element of As. So, up to relabeling the @);, there are three

possibilities for the set As:
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A3 € {{61, €2, 63}, {61, /\(2)’ )\(3)}7 {62, es, )\(2)’ )\(3)}} :

where A(¥) € cone(ey, ¢;). In all cases, |As| < 4.

n > 3: The case n > 3 is more technical. Let AW A®) . A" be such that conv(S) =
Mi_, Sao- Set K = cone(AM, A® ... X)) and note that at most two of the A? can lie on a
given facet cone(ej, e) of R3. Note that Q" := Q"(K°) is nonempty and connected. Indeed,
if 2" were empty, then S would intersect nontirivially with every affine hyperplane in R"
by Proposition 5.0.2 and therefore conv(S) = R™. Connectedness follows from Proposition
5.3.12.

We now show that the connected component of A which contains 2" contains exactly two
aggregations A() and A®) (up to relabeling) and that this implies that conv(S) = Sya) NSy .
Note that we know that there are AV, \(?) in the connected component of A which contains
Q" coming from the intersection of the spectral curve with the boundary of R3 .

Suppose for the sake of a contradiction that there is A in the same connected component
of A as A1 and A®. Given w with @, < 0, we consider the lines L; connecting w and A\
in R? and their restrictions to the sphere L; = {ﬁ | e L;}. For any i€ [3] and p € L;, we
have that @), has at most n — 1 positive eigenvalues. In particular, we see that LinQr =g
for each ¢ € [3] and therefore Q™ has at least two connected components, a contradiction.

To show that conv(S) = Sy N Sy, we note that it suffice to show that for any affine

hyperplane H < R",

(ﬂ S)\(i)) NnH= @ < S)\(U M S)\(z) NH= @

i=1
Let H be an affine hyperplane such that (();_, Syx») n H = &. By Proposition 5.0.2,
we know that Q% (K°) # &, since PDLC is satisfied and therefore H'(Q7% '(K°)) = 0. By

the Cauchy Interlacing theorem, it must be the case that Q}(K°) < Q™. Moreover, gy
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interlaces g so that the hyperbolicity cone of gy containing positive definite matrices cannot
be completely contained in R? and therefore Q% (K°) ncone(AM, A?) = 5. But then, since
Q7 (K°) ncone(AW, X)) 2 g5 it must be the case that Sya) N Sy N H = & by Proposition

5.0.2. =

5.4 Computing the Convex Hull

In this section, we derive a sufficient condition for the expression

proving Theorem 5.0.3. Our strategy mirrors the strategy in [DMnS22, BDS24]. Loosely
speaking, given a valid inequality on S, and H the hyperplane defining this valid inequality,
we want to show that there is an aggregation A such that the restriction @Q,|g is positive
definite.

Recall that we say that the set S has no points at infinity if

S" A {(z,0) e R™1} = {0}

Lemma 5.4.1. Suppose that S has no points at infinity. If o € R™ and § € R are such that
a'z < B forallze S, and if H= {(u,Un11) | a"u = Buny1}, is the associated hyperplane

in R"*1 then S" n H = {0}.

Proof. 1f 0 # (i, l,41) € S" n H, then —*~ € S and o' <L> = B. O

’an+1 Un+1

We now record a strategy for obtaining sufficient conditions for the expression of conv(\S)

in terms of good aggregations. Variants of this strategy were used in [DMnS22, BDS24].

Proposition 5.4.2. Suppose that int(S) # & and that the matrices Q; satisfy the following

property:
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If o'z < B is a valid inequality on S, then for the hyperplane )

H = {(z,7,41) | a2 = Brp} S R™™ there exists A € R such that Qx|g > 0.

Then, there is a set Ay € R of good aggregations such that conv(S) = ﬂ/\eAl Sh.

Proof. Let y ¢ conv(S). Then, there is a € R such that a'z < a'y for all z € S. Set
B =a'yand H = {(z,2,41) | "2 = Bx,1}. If property (*) holds, then there is an
aggregation A € R? such that Qy|y > 0. By the Cauchy Interlacing Theorem and the
hypothesis that int(S) # ¢, it follows that @, has exactly one negative eigenvalue. Since
Qx|g > 0, this in turn implies that either S, is convex or S) is the disjoint union of two
convex components separated by the affine hyperplane {x € R" | 'z = }. Since a'z < 3
is a valid inequality on .S, this implies that conv(.S) is contained in a single convex connected

component of Sy and therefore A is a good aggregation which certifies that y ¢ conv(S). O

So, in order to develop a sufficient condition for conv(S) to be given by aggregations, we
can search for properties which ensure that S* n H = {0} is certified by positive definite
aggregations @, |y for any hyperplane H. We will restrict our attention to the setting where
Ve(fl, f2, f#) = & and the spectral curve is smooth. By Theorem 5.0.1, we know that the
spectral curve must be hyperbolic with a hyperbolicity cone P such that int(P) has either
positive definite matrices or matrices with exactly two negative eigenvalues. On the other
hand, if Ve(f, f2, f) = &, and H < RP" is a hyperplane, then Vr(f2, f%, f#) n H must
be empty. So, the restricted spectral curve gy (\) = det(Q,|y) must also be hyperbolic if
it is smooth and have hyperbolicity cone Py such that int(Py) either has positive definite
combinations or combinations with exactly two negative eigenvalues.

So, we want to understand the way the ovals of Vr(g) and Vr(gg) interact. Note that if
Q1, Q2, Q3 satisfy PDLC then so do Q1|x, Q2| i, @3|n and the ovals of Vg (gy) interlace those

of Vr(g) [KPV15]. When P contains matrices with two negative eigenvalues, the realtionship
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is more subtle. Restricting our attention to a pencil gives the following restriction on the

interactions between the ovals [Tho76, Tho91].

Lemma 5.4.3. Suppose that g is smooth and that A\, \?) € R® are such that g(A®?) = 0
fori=1,2 and that g(tAD + (1 —t)A®) % 0 fort € (0,1). Suppose further that g (A\?) # 0
fori=1,2. The number of zeros of gyr(tA\M) + (1 — t)AP)) for t € (0,1) is even if Qya) and

Q2 have the same signature and odd otherwise.

Proof. Let r € Z be such that Qg\l) has r positive eigenvalues, n —r negative eigenvalues, and
0 as an eigenvalue of multiplicity one. Then, @y |y has r positive eigenvalues and n — r
negative eigenvalues as well by the Cauchy Interlacing Theorem.

If @y and @, have the same signature, then QE\2)|H also has r positive and n — r
negative eigenvalues. So, g (A1) and gz (A?) have the same sign and therefore gz (tA1) +
(1 —t)A?)) has an even number of zeros for ¢ € (0, 1).

If @, has r + 1 positive and n — r — 1 negative eigenvalues and 0 as an eigenvalues of
multiplicity one, then Q@ |y has r + 1 positive and n — r — 1 negative eigenvalues by the
Cauchy Interlacing Theorem. In particular, gz (A™M) and gz (A®) have opposite sign so that
g (tAD + (1 — )A®) must have an odd number of zeros on ¢ € (0,1). The case where Q)

has r — 1 positive eigenvalues is similar. O]

In the case where g is hyperbolic and P contains matrices with two negative eigenvalues,
Lemma 5.4.3 says that there are only three possibilities for the ovals of Vgr(gg). The ovals
of Vr(gy) interlace the ovals of Vgr(g) where the signature changes, and the hyperbolicity
cone Py of gy either is contained in the hyperolicity cone P, is between the ovals of Vg(g)
of depth [%3| — 1 and |2#*] (and therefore contains Qx|x > 0), or is between the ovals of
Ve(g) of depth |%| — 2 and |%*] — 1. We will need to refine the information computed
by Lemma 5.4.3 to eliminate the last possibility. To do so, we use the following spectral
sequence from [AL12] which computes the relative homology of hyperplane sections of sets

X(K, f).
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Theorem 5.4.4 ([AL12, Theorem D]). Fiz a polyhedral cone K < R™, a homogeneous
quadratic map p : R — R™, and a hyperplane H < RP". There is a first quadrant

cohomology spectral sequence (G, d,) converging to H,_.(X(K,p), X(K,p) n H) with

Gy = H'(Q,(K), 0 (K) for j >0, G5 = H'(K® ~ B, Q1(K)),

We will apply Theorem 5.4.4 to hyperplane sections of an empty variety to understand
the relationship between the spectral curves g(A) and gg(\). In particular, we will see that
it must be the case that every noncontractible loop in €% *({0}) can be deformed to a

noncontractible loop in Q" ({0}).

Corollary 5.4.5. Fiz a hyperplane H < R™"L. Suppose that Ve (f[, fa, f4) = & and that
the polynomaial g s smooth and hyperbolic. Suppose further that the hyperbolicity cone P of

g does not contain a positive definite matriz. Then, H* (2} 1({0}), Q"({0})) = 0.

Proof. Let (G,,d,) be the spectral sequence of Theorem 5.4.4. For notational convenience,
set X = Ve(fl', f1, f2), @ = Q1({0}), and Q3 = Q7 ({0}).

If n = 2, then G%' = ker(dy' : Gy' — G3°). Since X and X n H are both empty, it
follows that 0 = Hy(X, X n H) =~ G2° @ GY' @ G%*. Tt then follows that G%' must be
zero and that dy' is injective. Since G5° = H3(K°® n B3, Q') = H3(B? S?) = 0, it therefore
follows that Gy' = H'(Q}, Q%) = 0.

Now suppose that n > 3. We start by showing that G;’j =0 when ¢ > 3 and 7 > 1. From

the long exact sequence of the pair (qu,  + 1), there is an exact sequence

o HTHQY S HY(QL, Y > H(Q)) =0 — ...,

where H'(Q},) = 0 for i > 3 since Q) < S?. So, it suffices to show H*~'(Q/*!) =0 for i > 3
and 7 > 1. By Theorem 5.0.1 and the hypothesis that PDLC does not hold, we see that
for n > 4, Q’*! is homotopy equivalent to the union of two points when j = 1, homotopy

equivalent to a point when 2 < j < n — 2, homotopy equivalent to S* when j = n — 1, and
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empty when j = n. When n = 3, we see that Q™! is homotopy equivalent to a disjoint
union of two points, 22*! is homotopy equialent to S*, and Q3! is empty. In all cases, this
implies that H*~*(Q*1) = 0 for i > 3 and j > 1. This in turn implies that H*(Q},, Q*1) = 0
since H'=H(Q+1) = HY(QJ,, Q7).

Next, we note that since g is smooth and PDLC does not hold, it must be the case that
Q! = §% and therefore G*° = HY(B?, Q') = H(B3,S?) = 0 for i > 4.

So, we have shown that Gé’j =0 fori > 3,7 =1 and for ¢« > 4 with no assumption
on j. Since n > 3, it therefore follows that H'(Q% 1, Q") =~ G5 ' has stabilized so that
HY QL Q") = GY™ . Since X and X n H are empty, it follows that

0=Ho(X,XnH)= (-nD G
=0

and therefore H(Q71 Q") = 0. O

Corollary 5.4.5 gives conditions on the relative cohomology groups of the /. We apply
this to the setting where g and gy are both smooth and hyperbolic and PDLC does not hold

in order to determine the relationship between the hyperbolicity cones P and Py.

Theorem 5.4.6. Suppose that Ve(fl, f, f1) = & and that g is smooth and hyperbolic with
hyperbolicity cone P such that int(P) contains matrices with exactly two negative eigenvalues.

Then, if gg is smooth and hyperbolic, either Py contains positive definite matrices or Py <

P.

Proof. Suppose that Py does not contain positive definite matrices. By Theorem 5.0.1,
it follwos that if A € intPy, then @Q,|y has exactly two negative eigenvalues and n — 2
positive eigenvalues. Suppose for the sake of a contradiction that Py ¢ P. By Lemma
5.4.3 and the Cauchy Interlacing Theorem, this implies that the image of Py n S? in RP?
is contained between the ovals of Vi(g) of depth |2*| — 2 and [%1] — 1. So the images of
Py nS? and P n S? in RP? are bounded by two disjoint ovals, neither of which contains

the other. Since the image of Q" in RP? is the region on the interior of the oval of Vg(g) of
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P ovals of g of maximal and submaximal depth
and the restrictions Q1|m, Q2|m, Q3| satisfy
PDLC.

Figure 5.4: Examples of the possible containment patterns for the hyperbolic curves g and
gy as given by Theorem 5.4.6.

depth [232] — 1 and the exterior of the oval of Vr(g) of depth |%+!|, we see that there is a
representative o of the nontrivial class in H; (%) =~ H'(Q%) which has nontrival intersection

with the image of Q". In particular, this implies that o gives rise to a nontrivial class in

Hy(QuH Qn) =~ HY(Q Q") contradicting Corollary 5.4.5. O

Examples of the two containment patterns are shown in Figure 5.4. Using the ideas of
Theorem 5.4.6, we are able to prove Theorem 5.0.3. In particular, we see that in order to
ensure that all certificates of emptiness for sets S* N H are obtained from positive definite

aggregations @,y > 0, it suffices to separate the cone P from the cone R? of aggregations.

Proof of Theorem 5./.6. We first show that condition (*) is satisfied before turning to the
finiteness statement when the spectral curve is hyperbolic. Note that the PDLC case is
settled by [BDS24], so assume that P does not contain a positive definite matrix.

Let H be a hyperplane such that S* n H = {0}. This implies that the set X (K, f*) = &
for K = —R? the nonpositive orthant. By Proposition 5.0.2, either there is A\ € R? such
that Q| > 0 or we have H*(Q};'(K)) # 0. In either case, gy is hyperbolic if it is smooth.
Since Q" 1K) € K° n'S?, a nontrivial H'(Q% ") would imply that Py < K° = R3. This
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cannot happen by Theorem 5.4.6 since no nontrivial aggregation lies in P, i.e., Py nR3 <
P nR% = {0}. If gy is not smooth and H'(Q}; '(K)) # 0, then by the Cauchy Interlacing
Theorem and the fact that P n R = 0, there is A € K° such that [A] € RP? lies on the
outside of the oval Vr(g) of depth |2*] — 1 and such that Q| has at most n — 2 positive
eigenvalues. But then a nontrivial class in H'(Q% '(K)) would give a nontrival class of
HY(QYY(K), Q"(K)), contradicting Corollary 5.4.5. So, there is A € R3 such that Qy|x > 0
and thereofre (*) is satisfied.

In the case n = 2, if g is not hyperbolic, then (*) holds. Indeed, a nontrivial class
in H'(Q}(K)) would give a nontrivial class in H'(Q};(K),Q?(K)). Since this contradicts
Corollary 5.4.5, this implies that there is A € R? such that Qy|g > 0.

Finally, we show that when the spectral curve is hyperbolic, a finite number of good ag-
gregations recovers conv(S). For each y € R™\conv(9), let A € R3 be a good aggregations
certifying that y ¢ conv(S). Setting A* = {A®) | y e R"\ conv(S)} and A, \@ . AF) to
be the unit length generators of the extreme rays of A* which have |supp(A?)| < 2 gives
that conv(S) = ﬂle Sy by arguing as in the proof of Theorem 5.3.9. Note that & < 6

since each \() generates an extreme ray of A* and has |supp(A®)| < 2. O

We conclude with an example demonstrating the result of Theorem 5.0.3.

Example 5.4.1. We continue with the system of three quadratics as in Example 5.2.1. By
construction, the nontrivial aggregation (1,0,0) lies in the hyperbolicity cone of g and we
see that conv(.S) is a strict subset of the set defined by the intersection of good aggregations
Sy. This is demonstrated in Figure 5.5. However, if we modify the system of quadratics to

be given by

Ql = (0.3Q1 + 0.4Q2 + 0.3Qs) , Q2 = (2, Qa = (s,

then no nontrivial aggregation lies in the hyperbolicity cone of g and we are able to describe

conv(S) as an intersection ();_; Syo. This is shown in Figure 5.6 below.
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Figure 5.5: Plots corresponding to the system (Q1, @2, Q3) in Example 5.4.1. The set S in
orange and approximation of conv(.S) via aggregations in blue (Figure 5.5b) and the spectral
curve and cone R? (Figure 5.5a)
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Figure 5.6: Plots corresponding to the modified system (Ql, Q. Q3) in Example 5.4.1. The
set S in orange and approximation of conv(S) via aggregations in blue (Figure 5.6b) and the
spectral curve and cone R? (Figure 5.6a)
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Chapter 6

Conclusions and Future Directions

In this dissertation, we examined three problems at the intersection of algebraic and convex
geometry and optimziation, using a broad range of tools from each. In Chapter 3, we
presented a heuristic for regression problems using tropical algebraic structure and showed
that this heuristic connected to underlying convex geometry. In Chapter 4, we studied
semidefinite programs which were additionally compatible with a tensor structure. In doing
so, we saw that there were additional connections to group theory. Finally, in Chapter 5,
we provided a unified veiwpoint on a problem in real algebraic geometry and a problem in

quadratically constrained optimization, connecting both problems to convex structures in

“dual” objects.

Future Directions

There are many directions for extending the work presented in this dissertation. The area of
tropical geometry for machine learning has been rapidly expanding in recent years. Future
work could help to develop a better theoretical understanding of the convergence behavior of
Algorithm 1. Specifically, one may be able to leverage the geometric structure of the loss to
better understand the behavior of the iterates. Additionally, future work could augment the

polynomial regression steps using the ideas in [Hool9, TM19, TTM22]| to develop variants of
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Algorithm 1 for use with different norms or which enforce sparsity patterns or a regularization
term. More generally, the development of a procedure for monomial selection remains open.

One potential application domain is in ReLLU network initialization. In this work, we
successfully initialized a ReLLU network using a tropical rational function for a univariate
regression task, while the tropical initialization was outperformed by existing initialization
strategies for a bivariate regression task. This indicates the potential for future work to
develop a better understanding of network initialization. In particular, the network archi-
tectures used in our experiments are limited, and a full understanding of correspondences
between network architectures and tropical functions is currently an open problem; however
some progress has been made recently, for example in [BLM24].

In the realm of tensor-tensor products and semidefinite programs, there is great potential
for developing a bilevel optimization scheme in tensor completion. That is, optimize over
the choice of M as well as the tensor completion. Such bilevel optimzation schemes have
been developed in [NK24|. Since the semidefinite formuation presented in Chapter 4 is a
parametrized convex problem, it may be possible to exploit this structure while optimizing
over the choice of M.

In the study of systems of quadratics, there are multiple directions for future research.
First, our analysis relied heavily on the fact that we were examining systems of three
quadratic inequalities, so that the corresponding spectral object was an algebraic curve.
An obvious next step is to study the shape of the spectral hypersurface in RP™ ! for sys-
tems of m quadratics. Here, we no longer expect the hypersurface to be hyperbolic, and
PDLC is no longer a sufficient condition for the convex hull to be given by aggregations, so
the problem is significantly more challenging. In an alternate direction, it is reasonable to
expect to be able to leverage the dichotomy presented in Theorem 5.0.1 to construct upper
bounds on the degree of sums of squares multipliers for positivstellensatz certificates for a
quadratic forms on varieties defined by the complete intersection of two quadrics. Finally, the

computational implementation and implications of the results in Chapter 5 remain open.
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