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Abstract

Reduced Unitary Whitehead Groups over Function Fields of p-adic Curves
By Zitong Pei

The study of the Whitehead groups of semi-simple simply connected groups is classi-
cal with an abundance of new open questions concerning the triviality of these groups.
The Kneser-Tits conjecture on the triviality of these groups was answered in the neg-
ative by Platanov for general fields. There is a relation between reduced Whitehead
groups and R-equivalence classes in algebraic groups.

Let G be an algebraic group over a field F. Let RG(F') be the equivalence class
of the identity element in G(F). Then RG(F) is a normal subgroup of G(F') and
the quotient G(F')/RG(F) is called the group of R-equivalence classes of G(F'). It is
well known that for the semi-simple simply connected isotropic group G over F, the
Whitehead group W (G, F) is isomorphic to the group of R-equivalence classes.

Suppose that Dy is a central division Fy-algebra for a field Fp. If the group G(Fp)
of rational points is given by SL,(Dy) for an integer n > 1, then W (G, Fy) is the
reduced Whitehead group of Dy. Let F' be a quadratic field extension of Fy and D
be a central division F-algebra. Suppose that D has an involution of second kind 7
such that F™ = Fy. If the hermitian form h, of 7 is isotropic and the group G(Fp) is
given by SU(D, h,), then W (G, Fy) is isomorphic to the reduced unitary Whitehead
group of D.

Let Fy be the function field of a p-adic curve. Let F/Fy be a quadratic field
extension. Let A be a central simple algebra over F'. Assume that the period of A is
2 and A has a unitary F/F, involution. We provide a proof for the triviality of the
reduced unitary Whitehead group of A.
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Chapter 1

Introduction

1.1 An Introduction

The study of Whitehead groups of semi-simple, simply connected groups constitutes
a classical field, yet it remains replete with numerous open questions concerning the
triviality of these groups.

Let Fy be a field. Typically, we assume that the characteristic of Fj is not equal to
2 unless otherwise specified. We define X as an Fjy-variety when X is a geometrically
integral and separable scheme of finite type over Fj. X is said to be Fy-rational if the
function field of X is purely transcendental over Fy. X is said to be Fy-stably rational
if X X g, A% is Fy-rational. Let G be a smooth connected linear algebraic group over
Fy. G is said to be Fy-(stably) rational if its underlying variety if Fy-(stably) rational.
Let G(Fp) denote the group of Fy-rational points of G. Two points «a, f € G(Fp) are
defined to be R-equivalent if there is a rational map f : A}O --» G such that f(0) = «
and f(1) = 8. The definition of R-equivalence was introduced by Manin [19] when
studying cubic hypersurfaces.

For the smooth connected linear algebraic group G, R-equivalence is actually

an equivalence relation; let RG(Fpy) denote the equivalent class of the identity e €



G(F,). Then RG(Fp) is a normal subgroup of G(Fp); there is a bijection of sets
G(Fy)/RG(Fy) «+— G(Fy)/ ~ (cf. [2],[28]). Therefore, the quotient set G(Fy)/ ~ has
a group structure. The group of R-equivalence classes, G(Fy)/RG(Fy), is very useful
while studying the rationality problem for linear algebraic groups. The rationality
problems for linear algebraic groups have a long history. We are interested in the
case when G is a semi-simple simply connected isotropic algebraic group. Let G (Fp)
denote the normal subgroup of G(Fp) generated by the conjugates of Fy-points of
the unipotent radical of a proper Fj parabolic subgroup of G. The factor group
G(Fy)/GT(Fp), denoted by Wh(G, Fy), is called the Whitehead group for G over
Fy. In this case, Wh(G, F,) = G(F,)/RG(F,) (|28]). There is a conjecture on the
Whitehead group for G:

Conjecture (Kneser-Tits). Is it true that Wh(G, F,) is trivial?

We consider two special cases:

o Casel

Let Ay be a central simple Fy-algebra. Let [Af, Aj] denote the commutator
subgroup of Ag. Let SLy(Ag) = {ao € Ao|Nrda,/r(a0) = 1}. Let SK;(Ag) =
SLy(Ag)/[A§, Aj]. We call it the reduced Whitehead group of Ay. If G(Fp) =
SLi(Ay), then Wh(G, Fy) = G(Fp)/RG(Fp) = SK1(Ag) (]28]).

o Case Il

Let F/Fy be a quadratic field extension. Let A be a central simple F-algebra.
Assume that A has a unitary F'/ Fy-involution 7. Let ¥’ (A) = {a € A*|Nrda p(a) €
Fy}; let 3,(A) denote the subgroup of A* generated by the set {a € A*|7(a) =
a}. Assume that the hermitian form h, is non-singular and isotropic. Let
SKIU(A,7) =3 (A)/%,;(A). We call it the reduced unitary Whitehead group
of A. f G(Fy) = SU(A, h.), then Wh(G, Fy) = G(Fy)/RG(Fy) = SK U(A, 7)([28)).



Platonov firstly proved that SK;(Ag) can be non-trivial; then Platonov & Yanchevskii

proved that SK,U(A) can be non-trivial. See reference [4]. We will subsequently ex-
plore a result by Nivedita Bhaskhar ([3]), adding depth to our analysis.

Let p be a prime; let K be a p-adic field. Let C be a curve over K, i.e. a smooth,
projective, and geometrically integral K-scheme of finite type with dimension 1; let
Fy be the function field of C. Let F'/F, be a quadratic field extension; let A be a
central simple F-algebra. Assume that the period of A is a prime /; assume that A
has a unitary F'/Fy-involution 74. We start from a combined result from Nivedita

and Yanchevskii.

Theorem 1.1.1 (cf. (3], [32]). If £ > 2,p # £, and F contains a primitive £**" root
of unity, then SK \U(A,T4) = 1.

Given the theorem, one might ask about the case when the period ¢ = 2. We state

the aim of the thesis, which includes the case ¢ = 2.

Theorem 1.1.2. If{ =2 and p # {, then SK1U(A,74) = 1.

1.2 Organization

Chapter 2 provides a detailed description of algebras with unitary involution, which
serves as the foundational basis for our study.

Chapter 3 introduces the concepts of reduced Whitehead groups and reduced
unitary Whitehead groups. Additionally, it includes a comprehensive discussion on
R-equivalence.

Chapter 4 presents our primary methodological approach: patching. This tech-
nique, derived from algebraic geometry, is particularly advantageous in our case,
especially when the base field is the function field of a p-adic curve.

Chapter 5 demonstrates a positive resolution to the main theorem utilizing the

patching method.



Chapter 2

Algebras with Involutions

The focal point of this chapter is the exploration of basic objects known as central
simple central algebras. While these entities can be analyzed within the broader
framework of simple algebras, our discussion primarily revolves around the distinctive
properties and principles governing central simple algebras. For those interested in
delving deeper into related concepts, we suggest consulting authoritative texts such
as |7] and [18], which offer comprehensive insights into general theories concerning
simple algebras, separable algebras, and Azumaya algebras.

We assume that the characteristics of all the fields are not equal to 2.

2.1 Central Simple Algebras: An Introduction

Let F' be a field, and let A be an F-algebra. We say that A is a central simple
F'-algebra if the following three conditions are satisfied:

(1) A has no nontrivial two-sided ideal;

(2) The central of A is F}

(3) The dimension of A as an F-vector space is finite.

For example, the ring of matrices M, (F') over a field F is a central simple F-

algebra.



In fact, every central simple algebra can be regarded as a matrix algebra over a
division ring D. We are prepared to present the structure theorem of central simple

algebras.

Theorem 2.1.1 (Wedderburn, Theorem 3.2.6, [7]). Let A be a central simple algebra
over a field F. Then A is isomorphic to a matrixz algebra M, (D) over a finite dimen-
stonal central division F'-algebra D. The central division algebra D and the number

n are uniquely determined by the isomorphism.

There is a special case of the Theorem 2.1.1. Assume that F' is an algebraic closed
field. Then A = M, (D) for a finite dimensional central division F-algebra D. Assume
that there is an element d € D\ F. Then there is a sub-algebra of D generated by
F and d, which is denoted by F[d]. Since D is a division ring and dimp(D) is finite,
F[d] is an integral domain and dimg(F[d]) is finite. Therefore, F'[d] is a finite field
extension of F. Since we assume that F' is algebraic closed, F' = F[d] = D and
A= M, (F).

Let A and B be two central simple F-algebras. We say that A and B are similar
if A= M,, (D) and B = M,,(D). We use the notation Br(F') to denote the set of
similarity classes of central simple F-algebras, and use [A] € Br(F') to represent the
similarity class of A. For example, [F] = [M(F)]; [A] = [A ®p M, (F)].

In fact, the set Br(F) has a group structure by the following theorem.

Theorem 2.1.2 (cf. Chapter 29, [18] ). Let A, B, A’, and B’ be central simple
F-algebras.

(1) A®p B is a central simple F'-algebra;

(2) Let A°? denote the opposite algebra of A, then A% is a central simple F-algebra
and [A @ A°?] = [F] € Br(F);

(3) If [A] = [A'] and [B] = [B'], then [A®r A'] = [B®p B'] € Br(F).

Combined with the check of the associativity and commutativity, we obtain the



following corollary.

Corollary 2.1.3. Define an operation "+" on Br(F): [A] + [B] = [A ®F B]|. Then

(Br(F),+) is a commutative group.

By Theorem 2.1.2, the identity element of Br(F'), denoted by 0, is [F]; the inverse
element of [A], denoted by —[A], is [AP]. We call (Br(F'),+) the Brauer group of the
field F, and [A] € Br(F) the Brauer class of A.

In analogy to the property observed in vector spaces, wherein any base change
results in another vector space, one may inquire whether such a principle extends to
central simple algebras. We shall now proceed to elucidate the notion of base change

for central simple algebras.

Proposition 2.1.4. Let A be an F-algebra, and let E be a field extension of F'. Then

A®pr FE is a central simple E-algebra if and only if A is a central simple F-algebra.
Proof. cf. F12 & F15, Chapter 29, [18]; ]

Therefore, there is a well-defined map induced by Proposition 2.1.4

Resg/p : Br(F) — Br(FE),

which is called restriction map with respect to the field extension E/F. The kernel
of the restriction map is denoted by Br(E/F). By definition, Br(E/F) = {[A] €
Br(F)|[A®r E] = 0}.

In general, we say that A is split over a field E or E is a splitting field of A if
[Ap E| =0 € Br(E).

Let A be a central simple algebra over a field F'. If we fix an algebraic closure
F of F, then A ®p F* = M,(F*) € Br(F*) = {0} by Proposition 2.1.4 and the
discussion after Theorem 2.1.1. Thus F% is a splitting field of A and dimp(A) is a

square number. Since A = M, (D) by Theorem 2.1.1, \/dimp(A) = n - \/dimp(D).



In general, we use the notation degr(A) to denote the square root \/m for
a central simple F-algebra A, which is called the degree of A. Since the Brauer class
[A] is uniquely determined by the isomorphism A = M, (D), we call degr(D) the
index of [A] and denote it by indg(A).

Among the intriguing topics concerning splitting fields is the quest for a splitting
field within sub-algebras of a central simple F-algebra A. This pursuit relies heavily
on a renowned theorem known as the ’Centralizer Theorem.” For further elaboration,
interested readers are directed to Theorem 14, Chapter 29 in [18]. At present, we

shall confine our discussion to the outcomes pertaining to central division algebras.

Theorem 2.1.5 (cf. Theorem 17, Chapter 29, [18]). Let D be a finite dimensional
central division F-algebra. Then D has a splitting field E such that E is a sub-algebra
of D and [E : F| = degr(D).

If [A] = [D] € Br(F), then A has a splitting field E such that [E : F| = indp(A)
by Theorem 2.1.5.
If our scope extends beyond sub-algebras of a central simple F-algebra A, we

arrive at the following result.

Proposition 2.1.6. A has a splitting field L which is a finite Galois field extension

of F. Such L cannot always be a sub-algebra of A.
Proof. cf. Corollary 2.2.12, 8] O

It implies from Proposition 2.1.6 that

Br(F)= | Br(L/F)
L/F

where L/F range over all finite Galois extensions of F' contained in an algebraic

closure F.



Another famous result is the Skolem-Noether theorem of central simple algebras.
Let A be an algebra over a field F. We say that a F-automorphism f of A is inner

if there is an invertible element x of A such that f(a) = 27! -a -z for each a € A.

Theorem 2.1.7 (Skolem-Noether). Let A be a central simple F-algebra. Let By and
By be simple sub-algebras of A. Then every F-isomorphism between By and Bs is

from an inner automorphism of A.
Proof. cf. Theorem 4.5.12, Chapter 5, |7]. ]

By Theorem 2.1.7, we obtain that every F-automorphism of A is inner. There is
also a general result on Azumaya algebras. Let R be a local ring and A an Azumaya
algebra over R. Then every R-automorphism of A is inner. Refer to Section 8 of
Chapter 7 in |7].

Fix an algebraic closure F@ of F'. We know that A®p F'* = M, (F). Then there
is an F-homomorphism i : A — M, (F) which is an injection. For each a € A, i(a)

is a matrix over F'*/. We denote the characteristic polynomial of the matrix i(a) by

Proposition 2.1.8.

(1) Red,(X) is a polynomial in the ring F[X] and is independent of the choice of
the injection i,

(2) The determinant of the matriz i(a) is (—1)"cy;

(3) The trace of the matriz i(a) is —ci;
Proof. cf. F23, [18]. O

The polynomial Red,(X) € F[X] is called the reduced characteristic polynomial
of a. We call (—1)"¢, the reduced norm of a and denote it by Nrd(a); we call —¢;

the reduced trace of a and denote it by Trd(a).



Therefore, we obtain a map Nrdgr : A — I which is called the reduced norm map
of A,and Trdr : A — F which is called the reduced trace map of A. It is not difficult
to verify that the map Nrdp is multiplicative and Trdg is a F-linear map.

For a € A, we also have a linear endomorphism m, : A — A defined by m,(b) = ab.
We denote the characteristic polynomial of m, , the norm of m,, and the trace of m,

by mych(X), N(a), and T'r(a) respectively.

Proposition 2.1.9. m,ch(X) = (Red,(X))", N(a) = (Nrd(a))", and Tr(a) =
n(Trd(a)).

Proof. cf. Proposition 2.6.3, [8]. O

To direct readers to additional results regarding the reduced norm map Nrdg in
number theory or class field theory, please consult Section 2.6 of [8].

Now we briefly introduce using group cohomology to describe Br(F'), which is
for the definition of cyclic algebras later. Since Br(F) =, Br(L/F) for a fixed
algebraic closure F® | we can start from Br(L/F) with L/F a finite Galois field
extension.

Let G denote the Galois group of a finite Galois field extension of L/F. Then
G acts on the group L*, which satisfies g(zy) = g(x)g(y) for ¢ € G, x € L*, and

ye L”.

Definition 2.1.10. A map o : G x G — L* is called a 2-cocycle of G in L* if o

satisfies

o(g1, 9293) - 0(92. 93) = (9192, 93) - 93(c (g1, 92))
for g1, 992,93 € G.

If o is a 2-cocycle which is defined by

o(g1,92) = h(g2) - g2(h(g1)) - h(g1g2) ™"
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where h : G — L* is a map satisfying h(/dg) = 1, we call such ¢ a 2-coboundary.
Let Z?(G,L*) denote the set of 2-cocyles of G in L*, and B?*(G,L*) the set of
2-coboundaries in Z2(G, L*).

Proposition 2.1.11.

(1) Z*(G,L*) is an abelian group with identity element the trivial map, and
B2(G,L*) is a subgroup of Z*(G,L*); denote the factor group Z*(G, L*)/B*(G, L*)
by H*(G,L*);

(2) There is an isomorphism of groups ¢ : H*(G, L*) = Br(L/F);

(3) If G =< & > 1s a finite cyclic group of degree n, then H*(G,L*) = Br(L/F) &
L*/Np/p(F*) and each element [A] € Br(L/F) is the Brauer class of a central simple

central F-algebra given by the form
n—1
Dyt
j=0

Moreover, y" =t for somet € F and xy =y - &(x) for each x € L.

Proof. For the proof, refer to Chapter 30 of [18|. ]

In the view Proposition 2.1.6, Br(F) = U, Br(L/F) where L/F range over
all finite Galois extensions of under an algebraic closure. Then we can using (2) of

Proposition 2.1.11 to imply the following theorem.

Theorem 2.1.12 (Theorem 3, Chapter 30, [18|). Let A be a central simple algebra
over a field F'. Then
(1) Br(F) is a torsion group and the order of [A] € Br(F) divides indp(A);

(2) The order of [A] and indp(A) have same prime factors.

We call the order of [A] in Br(F) the ezponent of A and denote it by exp(A). By
Theorem 2.1.12, exp(A) divides indp(A). An application of Theorem 2.1.12 is the

following decomposition theorem.
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Theorem 2.1.13 (Primary Decomposition, cf. Proposition 2.8.13, [8]). Let A be a
central simple F-algebra. If the prime decomposition of the degree of A is degr(A) =

pitps? - pit, then A has a unique decomposition up to an isomorphism that

AgFA1®FA2®F"'®FAt

where each A; is a central simple F-algebra of degree pi* for all i = 1,2, ....,t. Fur-
thermore, A is a division algebra if and only if each A; is a division algebra for all

i=1,2,..,t

In the case (3) of Proposition 2.1.11, we call such a central simple F-algebra a
cyclic algebra and denote it by (L, &, t). For example, a cyclic algebra is a quater-
nion algebra if L/F is a degree 2 extension and ch(F') # 2. Finally, we provide an

important property of a cyclic algebra.

Proposition 2.1.14 (cf. Chapter 30, [18]). Let L/F be a finite cyclic extension of
degree n, and let Gal(L/F) =< & >. Then any cyclic F-algebra (L,&,t) for some

t € F has degree n and contains L as a mazximal subfield.

We will heavily use many principles of cyclic algebras in Chapter 5, which are
derived from Galois cohomology and class field theory. Readers can find information
from [5], [18], [21].

In general, the behavior of Brauer group Br(F') will be very different when chang-
ing the base field F'. For example, Br(C) = {0}, Br(R) = Z/2Z, Br(F,) = {0}, and
Br(Q,) = Q/Z. One can also use the language of central simple algebras to describe
local class field theory. For reference, it can be found in [30].

We present several results regarding central simple algebras over complete discrete
valued fields.

In the rest of this section, we assume that I is a field with a discrete valuation w.

Let Op denote the valuation ring of F; let F denote the residue field. Suppose that
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the characteristic of F' is not equal to 2.

Let D be a finite dimensional central division F-algebra. It is know that the
valuation w can be extended uniquely to a discrete valuation v on D, i.e. a map
v: D — 7Z U oo satistying

(1) v(dy - dg) = v(dy) + v(dy);

(2) v(dy + dg) > min(v(dy),v(ds));

(3) v(d3) = 00 < d3 = 0.

Let Op denote the valuation ring of D, i.e. Op = {d € DJv(d) > 0}; let Ip =
{d € D*|v(d) > 0}. In fact, Ip is the unique two-sided maximal ideal of Op. Let

D = Op/Ip, which is called the residue division ring.

Definition 2.1.15.
(1) D is called unramified if [D : F] = [D : F] and Z(D) = Z(D) = F.
(2 ) D is called nicely semi-ramified if D has a maximal subfield F which is
unramified over F' and a totally ramified maximal subfield L over F' satisfying v :
= o(L*)/v(F*) for some subgroup H of L*/F™*.
(3) D is called unramified split if D ®@p F™ is split, where F™ is the maximal

unramified extension of F'.
Here we have a decomposition of an unramified split D.

Theorem 2.1.16 (Lemma 5.14, [14]). Assume that D is unramified split. Then there

are finite dimensional central F-algebras Dy and Do such that

[D] = [D1] + [D,] € Br(F),

where Dy is unramified over F' and Dy is nicely semi-ramified over F.
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2.2 Unitary Involutions: Existence Criterion and Prop-
erties

In this section, we introduce involutions on central simple algebras. Let A be a central
simple algebra over a field F'. The the transpose on the matrix algebra M, (F) is a
classical example of an involution.

For the existence criterion, we will start from the algebra direction without using

group cohomology. Therefore, readers can have a smooth transition from last section.

Definition 2.2.1. An nwvolution on A is a map 7 : A — A satisfying conditions:
(a) 7(a +b) = 7(a) + 7(b) for a,b € A.
(b) 7(ab) = 7(b)7(a) for a,b € A.
(¢) 7(1(a)) = a for a € A.
Further,
(d) 7 is called an involution of the first kind if 7(x) = x for every x € F. Otherwise,

7 is called an involution of the second kind or a unitary involution.

Let the couple (A,o) denote a central simple F-algebra A with an involution
A. For each morphism of F-algebras f : (A,0) — (A’,0’) , we always assume that
foo=0c"of.

If 7 is a unitary involution on A, we use Fj to denote the subfield of F' consisting
of the 7-stable elements. Therefore, 7(x) = = for z € Fy and F/F} is a degree 2 field
extension. In this situation, we also say that 7 is an F'/Fy-involution.

For the existence of the involutions of the first kind, we have the following criterion.

Theorem 2.2.2 (Albert, cf. Theorem 3.1, [16]). Let A be a central simple F-algebra.

There is an involution of the first kind on A if and only if exp(A) < 2.

We now mainly focus on unitary involutions. In order to discuss the existence, we

begin from the construction of the corestriction map.



14

Let L/E be a field extension of degree 2, and let G = Gal(L/E) =< 0 > be
the Galois group. Let B be an L-algebra. We introduce a new symbol 6(b) for each
b € B, and define

By = {0(b)|b € B}.

The set By is an L-algebra if we define operations:

(1) 6(by) + 0(by) = O(by + ba),

(2) 0(b1)0(b2) = 0(b1b2),

(3) €-6(b) = 0(6(0) - by).

for by, b € B and ¢ € L. The L-algebra By is called the conjugate algebra of B
with respect to L/ E.

Let V = By ®; B. We define amap 8:V — V by 6(9(61) ® bg) =0(bs) ® by.

Proposition 2.2.3 (cf. 3B, [16]).
(1) B is a 0-semilinear map of vector spaces over L, which has properties [3(vq +
vg) = B(v1) + B(va) and B(L-v) = 0(¢) - B(v) for all vi,ve,v €V and all ¢ € L;

(2) B is an automorphism of E-algebras.

In (1) of Proposition 2.2.3, we call the map 3 : V — V the switch map of V =
By ®r B.

Now, we view V = By ®; B as an F-algebra and B still an L-algebra. Then
denote corp/g(B) = {v € V|B(v) = v}, which is an E-sub-algebra of V = By ® B
by (2) of Proposition 2.2.3.

If B is only a finite dimensional L-vector space, we can similarly define its con-
Jugate vector space By and thus the L-vector space V = By ®; B. Proposition 2.2.3
will also be valid for such setting. Therefore, we have the switch map g :V — V|

and the E-sub-vector space corp g(B) of V.

Proposition 2.2.4 (cf. Proposition 3.13, [16]). Let B’ be an L-algebra. Let W be a

finite dimensional L-vector space. Then
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(1) corpp(B) ®p L =,V = By ®y, B; corpp(Bg) =g corpp(B);
(2) corpyg(B®p B') = corpp(B) @ corpp(B');
(3) corL/E(EndL(W)) ~p EndE(corL/E(W)).

If B is a central simple L-algebra, then By ®, B is also a central simple L-algebra
by Theorem 2.1.2. By (1) of Proposition 2.2.4 and Proposition 2.1.4, cory/p(B) is
a central simple F-algebra. If B’ is a central simple L-algebra with [B] = [B'] €
Br(L), then [cory p(B)] = [cory/s(B')] € Br(E) by (2) and (3) of Proposition 2.2.4.

Therefore, there is a map from Br(L) to Br(FE) defined as follows.

Definition 2.2.5 (corestriction map). We define a map

Coryg : Br(L) — Br(E)

Corp/e([B]) = [cory/e(B)].

The map Cory,p is called the corestriction map of Br(L) with respect to the quadratic

extension L/E.

In the last section, we already have a restriction map Resy g : Br(E) — Br(L)
induced by the base change L/FE. Therefore, it is reasonable to study the composition

of two maps.

Proposition 2.2.6 (Proposition 3.13 (5), [16]). Let B be a central simple E-algebra.
Then

OO?"L/E . R68L/E([B]) = [B] -+ [B] € BT’(E)

Proof. cf. Proposition 3. 13 (5) in [16]. It is an algebraic version proof without using

group cohomology. O

Now we step into unitary involutions. Let A be a central simple F-algebra. As-

sume that Fp is a subfield of F' and [F' : Fy] = 2. We provide a criterion of the



16
existence of an F'/Fy-involution on A.

Theorem 2.2.7 (Albert-Riehm-Scharlau). A has an F/Fy-involution 7 if and only
’lf COTF/FO([A]) =0e B?”(Fo)

Proof. cf. 3.B. [16]. O

Notice that in the case of Theorem 2.2.7, the Galois group G = Gal(F/Fp) =<
7|r > . Although we globally assume that ch(Fp) # 2, Theorem 2.2.7 is valid for any
separable quadratic extension F'/Fy.

It is necessary to explain the construction of the corestriction map from purely
algebraic aspect because we will frequently calculate the image of C'org/p, in Chapter
5. Abstract results from Galois cohomology are not enough in this thesis.

By Theorem 2.1.1, A = M, (D) for some finite dimensional division F-algebra.
By Theorem 2.2.7, A has an F'/Fy-involution if and only if the division algebra D has
an I/ Fy-involution. Then we can investigate unitary involutions on finite dimensional
division algebras, which will provide a reason why one also uses "unitary" to describe
the involutions of the second kind.

Let D be a finite dimensional division F-algebra. Let M be a finitely generated

right D-module. Assume that D has an F'/Fy-involution 7.

Definition 2.2.8. We say that a bi-additive map h : M x M — D is a hermitian
form on M with respect to T if h satisfies:

(1) h(ady,bds) = 7(d1)h(b,a)ds for all a,b € M and dy,dy € D;

(2) h(a,b) = 7(h(b,a)) for all a,b € M.

The hermitian form h is called regular or non-singular if the only element a € M
such that h(a,b) = 0 for all b € M is a = 0. An injective map of right D-modules
u: M — M’ is called an isometry if h' is a hermitian form on M’ and h(a,b) =
W (u(a),u(b)) for all a,b € M. All the bijective isometries of M form its unitary

group U(M, h).
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We now assume that h is regular. Let M* be the dual of the right D-module M.
Although M* can be a left D-module naturally, we hope to define a right D-module
structure on M*. For each element o € M* and d € D, we define (a - d)(a) =
7(d)((a)) for each a € M. Then one can verify that M is a right D-module in this
setting. Then we always consider M* as a right D-module.

For each map f € Endp(M), we define a map Ty : M* — M* by Ty(a)(a) =
ao f(a) for all a € M. In fact, Ty € Endp(M*), and we call it the transpose of f.

Consider a map h : M — M* given by fL(a) :b+— h(a,b) for all a,b € M. Since
we assume that h is regular and M is finite dimensional over D, we can very that h

is an isomorphism of right D-modules.

Theorem 2.2.9. Define a map 7, : Endp(M) — Endp(M) by m,(f) = b o Ty o h.
Then:

(1) 1, is a unitary involution on Endp(M);

(2) h(a) = 7(a) for all a € F;

(2) There is a one-to-one correspondence between regular hermitian forms on M
up to a multiplication of an element in Fy* and the unitary involutions on Endp(M)

whose restrictions on F agree with 7|f.

The involution 7, in Theorem 2.2.9 is called the adjoint involution with respect
to h.

We assume that A is a central simple F-algebra on which there are two unitary
involutions 7 and 75. We say that 7 is 7 -centered if 7o|p = 71 |r. Obviously, if 7 is
an F'/Fy-involution then the same to 7. For such 71 and 73, we have the following

results.

Lemma 2.2.10. 7y is 7y -centered if and only if 7 = Int(a) o for some a € A*.

Moreover, 11 (a) = a.

Proof. One direction is obvious.
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For another direction, we assume that 71|r = 73|r. By Theorem 2.1.7 (Skolem-
Noether), there is an element b € A* such that 7, = Int(b) o ;. Then we have
71 0 Int(b) = Int(ti(b71)) o 71, and then 73 = Int(b- 7(b~')) = idy. Therefore,
b=c-7(b) for some c € F.

Since 1(c) € F, b= c-7i(c-11(b)) = ¢~ 7i(c) - b. Since Gal(F/Fy) =< 71|p >,
Np/r,(c) = 1. By Hilbert 90, there is an element d € F* such that ¢ = 7y(d) - d™".

Let a = bd. Then 7y(a) = 7(d)71(b) = cdr(b) = cdc™*b = db = bd = a. Mean-
while, for any element = € A, we have ari(z)a™t = bd7(z)d™ b~ = bry ()b~ .

]

Another useful property of unitary involutions is from reduced characteristic poly-

nomials. As before, A is a central simple F-algebra.

Proposition 2.2.11. Let a € A, and let Red,(X) denote the reduced characteristic
polynomial of a. Assume that A has an F/Fy-involution 7. Then T\F<Reda(X)) =
RedT(a)(X) S F[X]

Proof. cf. Corollary 2.16 in [16]. O

From Proposition 2.2.11, we directly obtain that the reduced norm Nrdp (T(a)) =
7(Nrdp(a)) € F and the reduced trace Trdp(7(a)) = 7(Trdp(a)) € F.

If F§? is a separable closure of Fy, then F ®@p, Fy? = F§? x F;? and A®p, F;7
becomes a semi-simple Fy?-algebra. Therefore, we can extend the discussion of
unitary involutions to the case when A = A; x Ay, where A; and A, are central
simple Fy-algebras. Similar definitions and properties can be found from 2.B, of [16].

Let @ be a quaternion algebra over a field F'.

Then we can write @ as in the form of a cyclic algebra (F'(y/a), &, 8) by the Section
2.1, where F(y/a) is a Galois field extension of F with Gal(F(y/a)/F) =< £ >.

Moreover, Q has an F-basis {1,4, j, k} satisfying i* = o, j> = 3, and ij = —ji = k.
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Then each element a € @) has a form that a = ag+a1i+asj+ask where ag, ai, as, a3 €
F.

We consider the conjugation ¢ : @) — @ defined by o(a) = ag — a1i — asj — ask.
By a direct verification, we can prove that ¢ is an involution of the first kind on Q.
We call it the canonical involution on Q).

Now we consider unitary involutions on the quaternion F-algebra (). Let Fj be a

subfield of F with [F': Fy] = 2, and let Gal(F/Fy) =<n >.

Theorem 2.2.12 (Albert, cf. Proposition 2.22, [16]). Assume that the quaternion
algebra Q) has an F'/Fy-involution 7 and T|p = 1. Then there is a unique quaternion

Fy-sub-algebra of QQ, denoted by Qy, such that

(1) Q@ =p Qo ®r, F;

(2) T = 09 ®n, where oy is the canonical involution on Q.
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Chapter 3

Whitehead Groups

In this Chapter, we will discuss the reduced (unitary) Whitehead group of a central
simple algebra. Then summarize connections among central simple algebras, linear

algebraic groups, and rational problems on algebraic groups.

3.1 Reduced Whitehead Group: SK;

Let A be central simple algebra over a field F. By Proposition 2.1.8 of last chapter,
we have the reduced norm map Nrdp : A — F. Let SLi(A) = {a € A|[Nrdp(a) = 1}.

We focus on the multiplicative group A* of A. SL;(A) is a subgroup of A*.
Let [A*, A*] denote the commutator subgroup of A*. Then [A*, A*] is a normal

subgroup of SL;(A).

Definition 3.1.1. The factor group SL;(A)/[A*, A*] is called the reduced Whitehead

group of the central simple F-algebra A, which is denoted by SK;(A).

There was a problem of Tannaka-Artin on the triviality of SK;(A) around the
year 1943. Nakayama and Matsushima proved that SK;(A) is trivial if the base field
F is a local field. Later, Wang, in [29], proved the triviality of SK;(A) when F' is

a global field. It also can be deduced from [29] that SK;(A) is trivial if indp(A) is
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square free.

However, in [25], Platonov proved that SK7(A) can be non-trivial by constructing
a specific example.

For the case that cohomological dimension cd(F) < 3 and degp(A) = 4, Rost
proved that SK;(A) is trivial. Then Suslin made a conjecture: Is it true that SK;(A)
is trivial for cd(F) < 37 The conjecture is still an open question. A special case of

Suslin’s conjecture was proved by Nivedita Bhaskhar.

Theorem 3.1.2 (Nivedita Bhaskhar, [3|). Let F' be the function field of a p-adic
curve, and let A be a central simple F-algebra. Assume that the exponent exp(A) is
a prime (. If { # p and F contains a primitive (*th root of unity, then SKi(A) is

trivial.

By Theorem 2.1.1, A = M, (D) for a finite dimensional division F-algebra. SK;(A)

only depends on the Brauer class [D] € Br(F).
Proposition 3.1.3. There is an isomorphism of groups SK;(A) = SK,(D).
Proof. cf. §22, §23 in [6]. O

Moreover, we know that A has a primary decomposition by Theorem 2.1.13. As-
sume that degr(A) = pi'p3?---p;i* is the decomposition of primes. Then we can
write A Zp AT ® AP ® --- ® Aj', where each A; is a finite dimensional central di-
vision F-algebra of degree p;* for all ¢ = 1,2,...,¢. The next proposition provides a

decomposition of SK;(A).

Proposition 3.1.4. There is an isomorphism of groups

SKi(A) = SK(A)) x SK1(As) x - x SKy(Ay).

Proof. cf. Lemma 5, Lemma 6, §23, [6].
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The theory of SK;(A) is called the reduced K-theory. One can also define SK;(A)

from the general algebraic K-theory.

3.2 Reduced Unitary Whitehead Group: SK U

Let A be a central division algebra over a field F. Now, we assume that A has an
F/Fy-involution 7. We continue to focus on the group A*.

The set {a € A*|Nrdp(a) € Fy} is actually a subgroup of A*, which is denoted
by ¥/ (A). Another set {a € A*|7(a) = a} may not be a subgroup of A*, but we can

have a subgroup of A* generated by the set and denote it by ¥, (A).
Lemma 3.2.1. X, (A) is a normal subgroup of ¥ (A).

Proof. Let a € ¥,(A), and let b € ¥/ (A). Then a = y1y2 - - - Y, where 7(y;) = y; for
alli = 1,2, ...,m. Since Nrdp(a) = Nrdp(y - - - y) € F and Nrdp(a) = 7(Nrdp(a)),
ae X (A).
Since Nrdp(r(aba™t)) = Nrdp(b) € Fy, £,(A) is a normal subgroup of ¥/ (A).
[

Definition 3.2.2. The factor group ¥/ (A)/X,(A) is called the reduced unitary White-

head group of A with respect to 7, which is denoted by SK;U(A, T).

For SK 1U(A,T), one can also have the question: Is it true that SK U(A, 1) is
trivial? There are examples of trivial SK,U(A, 7). V.P.Platonov and V.I.Yanchevskii
proved that SK U(A, ) = 1 for global fields around the year 1973; V.I.Yanchevskii
proved its triviality when F' is perfect and cd(F) < 2. In [32], V.I.Yanchevskii dis-
cussed the case when F' is an Henselian discretely valued field.

SK,U(A, 1) actually depends on the class of T-centered involutions.

Lemma 3.2.3. Assume that A has two unitary involutions 7, and 5. If 7o is T1-

centered, then
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(1) X7, (A) = 3, (A);
(2) X7 (A) = 5r,(A).
Therefore, SKAU(A, 1) = SKGU(A, 13).

Proof. (1) Since 7i|r = T3|F, 72 is also an F/Fy-involution. Then ¥ (A) =X’ (A).
(2) Let z € A* such that 74 (z) = . Then 71(z) = arp(z)a™! = x and w(za) =

To(a)e(x) = ame(x) = azx by Lemma 2.2.10. Thus z = (za)a™! € X,,(A). O
SK U(A, 1) also depends on the Brauer class [A] € Br(F).

Theorem 3.2.4. Let D be a finite dimensional central division F-algebra such that
D] = [A] € Br(F). Then there is an F'/ Fy-involution Tp on D such that SK\U(D, mp) =
SKl U(A, T).

Proof. cf. Lemma 2 & Lemma3, [15] . O

Let A=A ®A:®---® A; be the primary decomposition of A by Theorem 2.1.13.

Then we have an isomorphism.

Theorem 3.2.5. There exist an unitary involution T; on each primary component A;

for each 1 =1,2,...,t such that

SK1U<A,T) = SK1U<A1,7'1) X oo X SKlU(At,Tt).

Since both SK;(A) and SK U (A, T) depend on the Brauer class, we may mainly
focus on a finite dimensional division F-algebra D satisfying [D] = [A] € Br(F) from
now. We always assume that D has an F'/ Fy-involution 7 when mention SK,U (D, 7).

There are some maps between SK U (D, 1) and SK;(D), which will provide ideas
on calculating them.

For each z € X! (D), we have z = 7(x) - a, for some a, € SLy(D) since Nrdp(z) =
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Nrdp(1(z)) € F,. Then we define a map

¢ : SK U(D, ) — SK{(D) = SL(D)/[D*, D*]

by ¢(T) = a;. We claim that ¢ is a homomorphism.

Lemma 3.2.6. The map ¢ defined above is a homomorphism of groups, and the
exponent of the kernel of ¢ divides 2.

Proof. f T =9y € SK4U(D,T), then © = 2129+ - 2,y and zq, ..., 2, are T-invariant

elements in D*. Since x = 7(2)a, and y = 7(y)a, for some a,,a, € SL(D), a,a," =

Tz Ney7(y) = 7(21 - 2my) " H2122 - - 2,)7(y). By induction, it can be verified

that a.a,' € [D*, D*]. Then ¢(7) = ¢(y) € SK1(D) if T =75 € SK,U(D, 7).

Let 77,75 € SKLU(D, 7). Then ¢(77) - ¢(T3) = Gy, - Gy, Assume that ¢(77-T3) =
ag, then xyx9 = 7(2122)as.

By calculation, 7(z1)ai7(z2) = 7(22)7(21)aza;" and then (7(23")ari7(z2)a;’) =
(T(z3 ") 7 (27 )7 (22)7(21)) az(araz) ", Therefore, az(ajaz)™ € [D*, D*] and then ¢ is
a homomorphism.

Suppose that ¢(Z) = 0. Then 2? = z-7(z)-a, € X,(D). Since [D*, D*] C 3,(D)
(cf. Theorem 2, §2, Chapter 4, Part II [4] ) and z7(z) € X,(D), it follows that

z? € 3,(D) and the exponent of ker(¢) divides 2.

Proposition 3.2.7.
(1) Let n be the index of D. Then a™ € ¥,.(A) for each a € ¥ (A);
(2) If n is odd and SK,(D) =1, then SK;U(D,7) =1 .

Proof. For (1), refer to Corollary 2.5, [32].

(2) Suppose that n is odd and SK;(D) is trivial. Then by Lemma 3.2.6, the
group SK U (D, ) is 2-torsion. By (1), SK U(D, 7) is n-torsion. Since n is odd,
SK U(D,T) is trivial. O



25

On the other hand, we can also construct a map from SK;(D) to SK U (D, ).

Corollary 3.2.8. There is an exact sequence of groups:

< Nrdpr(a)la € X(D) >

SK\(D) 1% SK,U(D, ) L

— 1,

where fi is induced by SLi(D) — SK\U(D, 1) and f, is induced by Nrdp/p :
D* — F*.

Proof. For any element T € SK;(D), let f1(Z) =7 € SK;U(D, 7). Since [D*, D*| C
X(D), fi is well defined.

For any element y € SK \U(D, 1), let f2(y) = W/F(y). Then f5 is surjective.

Since the definition of SK1(D) = SLy(D)/[D*, D*], im(f1) C ker(fs).

Suppose that 7 € ker(f;). Then y = a, -y’ for some a, € SL;(D) and some
y' € X(D). Therefore, y = a, = fi(a,) € SK;U(D, 1) and ker(fy) C im(f1).

3.3 R-Equivalence and Whitehead Groups of Alge-
braic Groups

The R-equivalence is defined by Manin ([19]), which is an equivalence relation on the
rational points of an algebraic variety.

Let F' be a field. Let X — Spec(F') be a variety, which is separable, geometrically
integral, and finite type. Assume that a,b € X(F). If there is an F-rational map
¢ : AL --» X such that 0 maps to a and 1 maps to b, we say a,b are directly

R-equivalence.

Definition 3.3.1. The equivalence relation generated by the directly R-equivalence
on the set X (F) is called R-equivalence on X (F).
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If a variety G/F' is a connected linear algebraic group over F, then strictly R-
equivalence is same as R-equivalence. This can be proved by a right translation of
G. In particular, we denote the equivalence class of the identity element in G(F') as
RG(F). We can verify that RG(F) is a subgroup of G(F). Since a conjugation map

on G is a rational map, RG(F’) is moreover a normal subgroup of G(F).

Definition 3.3.2. The group G(F)/RG(F) is called the group of R-equivalence
classes of G(F).

The group of R-equivalence classes, G(F')/RG(F), is very useful while studying
the rationality problem for algebraic groups,i.e. the problem to determine whether
the variety of an algebraic group is rational or stably rational.

For G, a smooth connected linear algebraic group defined over F', we say that G
is rational if its function field is purely transcendental over F. We say that G is F'-
stably rational it G Xy A} is rational for some n € N. If G is F-stably rational, then
G(F)/RG(F) = 1. Thus, if one can establish non-triviality of the group G(E)/RG(E)
just for one field extension E/F, the group G is not F-stably rational.

Let Fj be a field. Let G be a semi-simple, simply connected, isotropic, and simple
algebraic group over Fy. Let G(Fp) be the Fy-rational points subgroup of G, and
G(Fy)™ be the normal subgroup of G(Fy) generated by the Fy-rational points of
the unipotent radicals of parabolic Fy-subgroups of G. We call G(Fy)/G(Fy)* the

Whitehead group for G over Fy, denoted by W (G, Fy).

Theorem 3.3.3 (Voskresenskii, [28]).
(1) Suppose that Dy is a central division Fy-algebra. If G(Fy) = SL,(Dy) for
some n > 1, then

W (G, Fy) = SK,(Dy).

Let F be a quadratic field extension of Fy and D be a central division F-algebra.

(2)Suppose that D has an involution of second kind T such that F™ = Fy. If the
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hermitian form h, is isotropic and G(Fy) = SU(D, h,), then

W (G, Fy) = SK\U(D, 7).

The Kneser-Tits conjecture predicted the triviality of the group W (G, Fy). Due
to the former results on SK;(A) and SK,U (A, 7), the Kneser-Tits conjecture is not

valid in general. We refer to 9] for more details and a summary of W (G, Fp).

Theorem 3.3.4 (Theorem 7.6, [24]). Let F' be a non-Archimedean locally compact
field. Then the Kneser-Tits conjecture holds for any simple simply connected F-
isotropic group G, i.e. W(G,F) = {1}.

Over number fields, the conjecture is proven to be true (cf. [9]). Further the

conjecture is also proven to hold for fields of cohomological dimension at most 2 (cf.

[9])-
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Chapter 4

Patching

Patching techniques were developed by Harbater, Hartmann and Krashen (cf. [10],
[11], [12], [13]) to study torsors under linear algebraic groups. One of the arithmetic
applications of patching is certain forms of "local-global principles’. Firstly, I introduce

the case on vector spaces over given fields, which is the base for this topic.

4.1 Patching for Vector Spaces

Let F = {F;}icr be a finite inverse system of fields and inclusions, whose inverse limit
(in the category of rings) is a field F. For ¢, j € I, we write F; — F; if i > j. We
now define the category of vector spaces patching problems for F, named PP(F), as

followings:

Object : (V ={Vikier 5 vij:Vi®p F; =g Vj,i - .7)7

and

Morphism, : <f A Vitier — {W}ig) = {@ Vi = E V] |ojovij = v j0(di®@r, Fy), i - j}

’
1,5€1
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where each V; is a finite dimensional Fj-vector space for each 7 € I.
Then there is a functor

B : Vect(F) — PP(F)
ViV ={V®&FFlir

from the category of finite dimensional F-vector spaces to the category of vector space

patching problems for F.

Definition 4.1.1. We say that a vector space V over F'is a solution to a patching

problem V if (V) is isomorphic to V in the category PP(F).
In my current research, it asks for more condition on the inverse system.

Definition 4.1.2 (cf. Definition 2.1, [13]). A factorization inverse system over a field
F' is a finite inverse system of fields whose inverse limit is F', and whose index set [
has the following property: There is a partition I = I, U I, into a disjoint union such
that for each index k € I., there are exactly two elements i, j € I, for which i, j > k,

and there are no other relation in /.

For example, let Fi, F5, and F' = F| N F, be sub-fields of a given field Fj. Then
V = {Fi}ier with I = {0, 1,2} is a factorization inverse system with liin F,=F.
Now we can describe the idea of patching for vector spaces. Let F = {F;};cr be a
finite inverse system. The aim is to study the case where the functor S : Vect(F) —
PP(F) is an equivalence of categories, which can have the following motivation.
If F = {F, }ier=1.u1, 1s a factorization system, there is an ordered triple (I, 7, k)ier, rer, ireker.
for each k € I.. In fact, the factorization system is a finite multi-graph with an ori-
entation for each (I,r, k)(cf. section 2.1, [12]). Assume that a vector space V over F

is a solution of a patching problem V = {V;};c;. Then

B(V) = (V = {Vitier 5 vij:Vi®p Fj =g Vi - j)
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= (V ={Vitier 5 e Vi®p Fr =5 V. ®p Fg, (1,7, k)lelv,relv,l,r>kele>a

where p, = y;kl o V.

Then, we can recover the structure of V/F through the factorization system whose
vector spaces satisfy the isomorphism condition over some common field extensions
if § is an equivalence of categories. In fact, the idea is similar to the definition of
‘sheaf’.

Before stating a general proposition on the equivalence of 3, we need the following

definition.

Definition 4.1.3 (cf. [13], Section 2). Let F = {F,};c;=1,u1. be a factorization
inverse system with inverse limit a field F. Let G be a linear algebraic group over
F. We say that simultaneous factorization holds for G over F if for any collection of
elements Ay € G(Fy), for k € I, there exist elements A; € G(F;) for all i € I, such

that Ay, = A 1A, € G(Fy) for each such triple (1,7, k)ier, rer, 1rmkel. -
Now, we have the following result:

Proposition 4.1.4 (Proposition 2.2, [13|). Let F be a factorization inverse system
over a field F'. Then the functor 3 : Vect(F) — PP(F) is an equivalence if and only

if simultaneous factorization holds for GL, over F for every n > 1.

4.2 Local-Global Principles over Arithmetic Curves

We will see that patching can be applied to linear algebraic groups defined over a
function field of an arithmetic curve.
Resolution of Singularities

We state the general theory on resolution of singularities here, which can help to get

an ideal model of a p-adic curve X and simplify the structure of a division algebra
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later(cf. [26]).
Let S be a Dedekind scheme. We call an integral, projective, flat S-scheme 7 :
Z — S of dimension 2 a fibered surface over S. We have the following ’embedded

resolution’:

Theorem 4.2.1 (Theorem 9.2.26, [17]). Assume that 2~ — S is a regular fibered
surface. Let D be an effective Cartier divisor on Z . Suppose that the scheme D s
excellent. Then there exists a projective bi-rational morphism [ : X' — Z with X"

reqular, such that f*(D) is a divisor with normal crossings.

Notice that any fibered surface 2" is excellent if S is excellent. For example,
S = Spec(R) for some complete discrete valuation ring R. We call a regular fibered
surface & — S over a Dedekind scheme S of dimension 1 an arithmetic surface.

Then we have the following corollary:

Corollary 4.2.2 (Corollary 9.2.30, [17]). Let & — S be an arithmetic surface that
has only a finite number of singular fibers. Then there exists a projective bi-rational
morphism X' — Z such that 27’ — S is an arithmetic surface with normal cross-

mgs.
Next, recall the definition of models of algebraic curves:

Definition 4.2.3 (cf. Chapter 10, [17]). Let S be a Dedekind scheme of dimension 1,
with function field K. Let X be a normal, connected, projective curve over K. We call

a normal fibered surface 2~ — S together with an isomorphism f : 2" x g Spec(K) =
X a model of X over S.

For example, Proj Z[z,y, z]/(x? 4 y?+ 29) is a model of the projective curve over
Q defined by the same equation for some square free integer ¢ > 1.

Since the above theorem is valid for regular fibered surfaces, we may ask if there
is always some regular model of the given curve. In fact, we have a positive answer

when S is afline.
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Theorem 4.2.4 (Proposition 10.1.8, [17]). Suppose that S = Spec(R) is an affine
Dedekind scheme of dimension 1, with function field K. Let X be a smooth projective
curve of geometric genus g > 1 over K. Then X admits a reqular model & — S

with normal crossings.

Branches

Let R be a complete discrete valuation ring with a uniformizer ¢. Let K denote the
fraction field of R and k denote the residue field of R.

Let F' be the function field of a smooth projective geometrically integral curve
X — Spec(K). We assume that 2~ — Spec(R) is a regular model.

Let X, denote the reduced closed fiber of Z". For each point P € X,, let Rp =

O .p

CENSE and demote the fraction

Oy p. We denote the completion of Rp as }A%p = 1131
field Fp = Frac(Rp).

For each generic point n € X, and each non-empty open subset U of W C X,, we
denote the set of regular functions on U by Ry = {f € F|f € Oy ¢ for each Q € U}.
Denote the (t)-adic completion of Ry by EU, and let Fyy = F mc(EU). Then we have
FcFycF,ifUc{n cX,.

If P € X, is a closed point in X, and P € {U} = {n} C X, for some non-empty
open subset U C m , then we can find a height one prime ideal ¢ of Ep containing ¢.
We call such 3 a branch on U at P. Let }A%qg denote the completion of the localization
of Rp at B; let Fyp denote the fraction field of E‘B- Then we have F' C Fy, Fp C Fyp
in this case.

Now, let & be a non-empty finite set of closed points of X, that contains all the
closed points in which distinct irreducible components of X, meet and at least one
point on each component of X,. Let % be the collection of irreducible components
of X,\Z. Let # be the collection of branches of X, at points of &. This yields a
finite inverse system F of fields Fp, Fy, Fyg for P € &2, U € %, and P € A. In fact,
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the inverse limit of F is the field F' (Proposition 3.3, [13]), and we have the following

proposition:

Proposition 4.2.5 (Corollary 3.4, [13]). The finite inverse system F given above is
a factorization inverse system with inverse limit F'. For this system, the base change

functor B : Vect(F') — PP(F) is an equivalence of categories.

In [13], the above proposition can be proved if the set & = g~!(c0) for some finite

morphism g : 2~ — P . We can always find such morphism g in our situation.

Proposition 4.2.6 (Proposition 3.3, [13|). Let W be finite set of closed points of Z .
Write oo € Py C PL. There is a finite morphism g : 2 — P} such that g~'(c0) = W

if and only if W meets each irreducible component of & non-trivially.

Factorization for Rational Connected Linear Algebraic Group

We keep the above notations. A connected linear algebraic group G over F' is rational
if it is a rational F-variety, i.e. G is bi-rational to P¥.

In the above proposition, we know that there exists a morphism ¢ : 2~ — P},
such that & = g~!(c0). Then let ¥ be the collection of irreducible components V' of
g~ *(A}), and recall that 2 is the collection of all branches B at the points of Z.

We have the following factorization theorem:

Theorem 4.2.7 (Theorem 3.6, [11]). Let G be a rational connected linear algebraic
group over F. Suppose that there is an element v € G(Fy) for each branch P € A.
Then there is an element xp € G(Fp) for each P € &2, and an element xy € G(Fy)
for each V€ V', such that xy = xp - vy for every branch B € A at a point P € &

with B lying on the closure of some V € V.

In the above theorem, each product zp - xy is taken in G(Fy) with respect to the

inclusion Fp, Fy — Fyp.
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We keep the notations. Assume that a linear algebraic group G acts on a variety
H over a field E. We say that G acts transitively on the points of H if every field
extension E’ of E the induced action of the group G(E’) on the set H(E’) is transitive.

Here we have a local-global principle for homogeneous spaces:

Theorem 4.2.8 (Theorem 3.7, [11]). Let G be a rational connected linear algebraic
group over F which acts transitively on the points of an F-variety H. Then, H(F) # ()
if and only if H(Fp) # 0 for each P € & and H(Fy) # () for each V € V.

Local-Global Principles on X,

We keep all the notations in Branches. In the classical case of local-global principles

over a number field E, there is the obstruction

Mo (E,G) = ker (Hl(E, @) - [[H'(E., G))

veQ
to the validity of this local-global principle, where G — Spec(F) is a linear algebraic
group.
In the case F', we have the similar situation if considering prime divisors on a
regular model 2~ — Spec(R). Actually, we know that such a regular model always

exists in our case. Then we can write:

II(F, G) —ker<H1 (F,G)— [[ H"Fup. )
D prime
If consider all the points of X, = (2" Xgpee(r) SPEC(E))rea, We can define the
obstruction

I, x,(F,G) = k:er(Hl(F, @) = ] Hl(FP,G)>.

PeX,

Notice that P can be a generic point of X, in the sense of Branches.

Now, we always assume that 2 is a regular model with closed fiber X,. For
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each generic point 7 of X,, there is a relation between the fields F;, and Fy; for each
non-empty open U C {n} in X,. By Section 3.2.1 of [12], there is a procedure which
is a kind of henselization.

Let Rf; = li_r)n fiv, where V' ranges over the non-empty open subsets of X, that
do not meet any other irreducible component of X,. Let F,;‘ = F rac(Rf;). Since

Ry — R, for each V' € {n}, F;L — I,

Lemma 4.2.9 (Lemma 3.2.1, [12]). Let {n} = C, C X, be an irreducible component,
and U, C C, be a non-empty open subset meeting no other component. Then RZ
15 a Henselian discrete valuation with respect to the n-adic valuation, having residue
field k(U,)) = k(C,)). The field F,;‘ is the filtered direct limit of the fields Fy, where V'

ranges over the non-empty open subsets of U,.

Later, we will see that F}, can be approximated by Fy, with the help of the above
lemma and our next results. Currently, we have another approximation result on

smooth commutative group schemes.

Proposition 4.2.10 (Proposition 3.2.2, [12]). Let G be a smooth commutative group
scheme over F. If a € H"(Fy,, Q) satisfies a @ F,) = 0, then a ® Fyy = 0 for some

Zariski open neighborhood V' of n in U.

By the above proposition, we can shrink a open subset U,,.

Finally, there is a local-global principle on X,.

Theorem 4.2.11 (Theorem 3.2.3, [12]). Let G be a commutative linear algebraic
group over F, and n > 1. Assume that either

(1) G = Z/mZ(r), where m is an integer not divisible by char(k), and where either
r=n—1 orelse [F(uy,) : F| is prime to m; or

(2) G = Gy, char(k) =0, and K contains a primitive m-th root of unity for all

m > 1.



Then

0— H"(F,G)— [] H"(Fp.G).

PeX,

36
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Chapter 5

SK1U over Function Fields of p-adic

Curves

In this chapter we prove the following theorem.

Theorem 5.0.1. Let K be a p-adic field with p > 3, i.e. a finite extension of Q,, R
be the valuation ring of K, and k be the residue field. Let X — Spec(K) be a smooth
projective curve and Fy be the function field of X. Let F' be a quadratic field extension
of Fy and F = Fo(\/a). Let D be a central division algebra over F' of period 2 with an

F/Fy-involution 7. Then the reduced unitary Whitehead group SK \U(D,T) is trivial.

5.1 The Plan of the proof

According to Corollary 3.2.8, there is an exact sequence of groups:

1.
< Nrdpr(a)la € S(D) >

SK\(D) L% SK,U(D, ) 2

Since period of D is 2, We know that SK;(D) =1 [29]. We prove that the third

FgﬂNrdD/F(D)
<Nrdp,p(a)lacx(D)>

We start from choosing a suitable model 2~ — Spec(Ry). By Theorem 10.1.8 of

is trivial.

item
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[17], we can firstly assume that 2" is regular.

Let 2™ be the set of codimenson one points of 2". For P € 2, let vp denote
the discrete valuation on F' given by P. For any element y € F', we define the support
ofy in X as

suppa(y) = {P € ZV|vp(y) # 0}.

Since 2 is proper over an affine scheme, suppy (y) is a finite set.

Let 2 be the normal closure of 2 in F. Since p # 2, each point P € 2 W induces
a residue map 0,, : H*(F, uy) — H'(k(P),Z/2Z). We define the ramification locus
of D in 2

ramy (D) = {P € ZM|0,,([D]) # 0 for some Q € 2 lying over P}.

Let A € Ff. We can choose 2~ — Spec(R) a regular model of X with the reduced
special fibre X such that ramg (D)Usuppa (A)Usuppg (d)U X, is a union of normal
crossing regular curves (ref). Since period of D is 2, by a theorem of

Suppose A € Fy N Nrdp,p(D). To show that A €< Nrdp,p(a)|la € X(D) >, we
construct three quadratic extensions L;/Fy and u; € L} such that
i) 1L Neym (1) = A
i) ind(D® L;) <2
iii) p; € Ly N Nrd(D ® L;).

Since ind(D ® L;) < 2, p; €< Nrdpgr,rer;(a)la € (D ® L;) > . Since
IL Ne.ym(ps) = A, it follows that A €< Nrdp,p(a)|la € X(D) >.

To construct L; and u; € L;, using methods of Parimala, Preeti and Suresh (|21]),
first we construct such extensions L; and u; € L; locally over complete discretely
valued fields and over fraction fields of two dimensional complete regular local rings of
dimension 2 with some compatibility conditions. Then using the patching techniques

of Harbater, Hartmann and Krashen. we get the required extensions L; and u; € L;
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over Fy.

5.2 Preliminaries

Lemma 5.2.1. Let R be a complete reqular local ring with mazximal ideal (7, 9), field
of fractions F' and residue field k. Suppose that char(k) not equal to 2. Let F, be the
completion of F' at the discrete valuation given by (7). Let a = urs¢ € R withu € R
a unit and €,€ € Z. Then for any element p, € Fr(y/a)*, there exists p € F(y/a)*
such that = ww“&s\/asl with w € R[y/a] a unit, r,s,s' € Z and ppu~* € Fr(y/a) is

a unit at m and maps to 1 modulo 7.

Proof. Note that if € or € is even, then R[y/a] is a regular local ring with maximal
ideal (my,0;) for some primes 7,6, € {m,d,v/a} C R[y/a](cf. Lemma 3.1, [22]). In
this case Fr(y/a) is a complete discretely valued field with 7 as a parameter and
residue field a complete discretely valued field with valuation ring R/(7)[v/a] and 9,
as a parameter. Suppose both € and €’ are odd. Then F(y/a) is a complete discretely
valued field with m; = y/a as a parameter and residue field is also a complete discretely
valued field with valuation ring R/(7) and §; = § a parameter.

Let p, € Fr(v/a)*. Then pu, = uw} for some pu; € Fy(y/a)* a unit at m; and
r € Z. Let fi; be the image of p in the residue field of F,(y/a). Then, we have
i = w6 for some unit w € R[/a]. Let u = wr}d5. Then ppu~t € Fy[\/a] is a unit

at m and maps to 1 in x(m). O

Lemma 5.2.2. Let R be a complete reqular local ring with mazimal ideal (m,0),
field of fractions F and residue field k. Suppose that char(k) not equal to 2. Let
A =un"0® € F* with uw € R*. Let F; be the completion of F at the discrete valuation
given by (m). Let n > 1, ajx € FF and pir € Liz = Fr[X]/(X? —aiy) for 1 <i<n
with 1], Ni,./p, (tir) = X. Then there exist a; = u;mE0% € R with u; € R*, p; =
wm”ési\/ﬁisg for some w; € R[X|/(X? — a;)* such that
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i) aea; ' € F¥2 for all i

1) ILi Nepx e —an e (ps) = A

i) there is an isomorphism ¢; : Fi[X]/(X? — ayy) — Fi[X]/(X? — a;) with
bi(lin)pt; € Fr[X]/ (X% — a))*" for all m > 1.

Proof. Applying (5.2.1) for a;; with a = 1, we get a; = u;w%6% with u; € R* such
that a;a;; € F?. Hence replacing a;; by a; we assume that p; € F[X]/(X? — a;).
Let 1 < < n. Suppose q; is a square in F. Then F,[X]/(X? —a;) = F, x F,
and p;; = (ph., pi). Let pl,p? € F be as in (5.2.1) corresponding to g and p.
and p; = (uf, 1) € F[X]/(X? — a;). Suppose a; is not a square. Let p; € F be as
in (5.2.1) corresponding to pr. Then A7 ], Npix)/(x2—ay)/F(pi) is a unit in R and
maps to 1 in the residue field k of R. Since char(k) # 2, there exists § € R* which
maps to 1 in x and X' [, Nepxj(x2—a)/r(:) = 6°. Replacing py by 116, we have

the required ;. O]

Lemma 5.2.3. Let R be a complete reqular local ring with mazimal ideal (7, 0), field
of fractions F' and residue field k. Suppose that k is a finite field with char(k) not equal
to 2. Let D be a quaternion algebra over F which is unramified on R except possibly
at (m) and (0). Let a = un®d® € R with uw € R* and p = wWTés\/as/ € F[X]/(X?—a)
for some w € R[X|/(X? — a;)*. If u is a reduced norm from D @ F,[X]/(X? — a),
then p is a reduced norm from D ® F[X]/(X? — a).

Proof. Suppose that € or € is even. Then R[X]/(X? — a) is regular and the result
follows from (Lemma 6.5, [21]).

Suppose both € and € are odd. Then a = unda? for some a; € F*. Without loss
of generality, we assume that a = umd. Since « is a finite field, we have D = (v, 7) or
(v,8) or (v,md) or (vym,v20) for some units v, vy, vy € R (cf. Lemma 3.6, [31]). Since
(v, ™)@ F[X]/(X?—a) ~ (v,u) ® F[X]/(X?—a) is split and (v;7,v20) @ F[X]/(X?—

a) >~ (vivou, 0) @ F[X]/(X?—a), without loss of generality we assume that D = (v, )
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or (v, d) for some unit v € R. Since (v,7) R F[X]/(X?*—a) ~ (v,6) ® F[X]/(X? —a),
we assume that D = (v, 9).

Suppose DR F,[X]/(X?—a) is split. Since D = (v,d) is unramified and F,[X]/(X?—
a) is ramified at m, D ® F}; is split by contradiction. Hence, by (Corollary 5.6, [21]),

D is split and p is a reduced norm D.

Sl

Suppose DR F,[X]/(X?—a) is non-split. Since a = umd, we have y = wn”§*vund €
F[X]/(X? — a) for some w € R*. Since Vurd is a parameter in Fy[X]/(X? — a) and
D ® F[X]/(X? - a) ~ (v,6) ® Fy[X]/(X? — a) is unramified at 7, vumd is not a
reduced norm from D ® F,[X]/(X? — a). Hence s’ is even and wn"d® is a reduced
norm from D® F[X]/(X?—a). Since DR F[X]/(X?—a) ~ (v, 7))@ F[X]/(X?—a) ~
(v,m) ® F[X]/(X? —a), —7 and —¢ are reduced norms from D ® F[X]/(X? — a).
Since « is a finite field and u,v € R*, £u is a norm from the extension F'(y/v) and

hence A is a reduced norm from D ® F[X]/(X? — a). O

5.3 Weak Approximations over Global Fields

In this section we prove certain weak approximations over global fields.

Proposition 5.3.1. Let k be a global field of characteristic not 2 and d,w € k*. Let
S be a finite set of paces of k. Let u € NH(\/&)/R(/{(\/C_Z)*)N,{(\/@/,{(/{(\/E)*. For each
veS, lety, € k,(Vd) and 2z, € k,(y/w) be such that N, i /my W) N, (i), (20) 18
close to u. Then there exist y € k(vVd) and z € k(\/w) be such that y is close to y,

and z is close to z, for allv € S and N, /ay . (Y) Ne(ymw)/x(2) = u.

Proof. By the strong approximation theorem for global fields (cf. Section 15, Chapter
I, [5]), there are elements y € x(v/d) and z € k(y/w) satisfying the required principles.
O

Lemma 5.3.2. Let k be a global field of characteristic not 2. Let dy, wy € K* and Sy

a finite set of places of k. For each place v € Sy, suppose that there are elements x,, €
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KX, Yy € K1, = K, (\/T,) such thaty, € Nmu(\/wfo)/,m(/ﬁ,,(,/wo)*)NmU(m)/my(lily(\/dowo)*).

Then there exist © € k and y € k1 = k(\/x) such that

i) x is close to x, and y is close toy, for allv € S

i) Y € Ny (yawo)/m (F1(vVW0)") N, (vagae) /s (K1 (V dowp) ).

Proof. Let z € k be close to z, for all v € S and k1 = k(y/x). Then k1 ® K, = K1,.

Let 21, € K1, (y/wo)* and zg, € K1, (v/dowp)* such that

yl/ = Nfﬁlu(\/ﬂ)/"ilu <21V>NH1V(\/dowo)/fily (ZlV)'

Let z1 € k1(y/wo)* and z9 € kq(v/dowp)* close to z1, and zy, respectively for all

velS. Let
y = NKI(\/FO)/Hl (Zl)Nﬁl(\/dowo)/Hl (22)
Then x and y have the required properties. ]

Lemma 5.3.3. Let & be a global field of characteristic not 2. Let ug, by, o, wo, dy € K*
and Sy a finite set of places of k containing all the places where at least one of by,
co, do, wo and ug is not a unit. Suppose that ug € Ny s yao)/w(vdg) (K (v/Wo, Vido)*).
For each place v € Sy, suppose we have given x, € K}, Y1, € K1, = /f,,(\/x_,,),
oo € 2y = 1y (T5) and ys, € ks = 1, (/o) such tha

i) TT; Neay e, (Yiv) = o

i) Y1 € Ney, (i) fmrs (510 (V/00) )N gy, (it s, (K (Vo))

Then there exist v € k* and y1 € kK1 = K(\/x), Y2 € ko = K(\/Wo), Y3 € K3 =
k(v/dowo) such that

i) x is close to x, and y; is close to y;, for allv € S andi=1,2,3.

i) TT; Nuiyw(yi) = o

i) Y1 € Ny (o) s (51 (VW0) ") Noe, (o) fn (i (v dowo) ™).

Proof. By (5.3.2), there exist © € x and y; € k1 = k(y/x) such that z is close to
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T, Y1 is close to yy, for all v € S and y1 = N, () /r1 (21) Nio, (vagwg) /s (22) for some
21 € k1(y/wo)* and zy € Ky (v/dowo)*.

Let uy = Ny, /e(y1), w12 = Ny (yuo)/x(21) and uiz = Nm(\/M)/n(ZZ)- Then u; =
urpu13 and uip € Ny, /ie(k3) and uis € Ny, /i (K5).

Let uy = uguj*. Since y; is close to gy, for all v € S, Nis, 110 Y2u) Nicgy, 110, (Y30) 18
close to uy. Hence, by (5.3.1), there exist y, € ko and y3 € k3 which are close to v,
and ys, respectively for all v € S such that Ny, /. (y2)Nus/n(ys) = ua. Then 1, y1, yo

and y3 have the required properties. O

Proposition 5.3.4. Let k be a global field of characteristic not 2. Let ug, by, co € K*
and Sy a finite set of places of k containing all the places where at least one of uy,
by, co is not a unit or (by,co) is nontrivial at v. Suppose for every v € S, we have
given T,,w, € K,, Y1, € k1, = K| X]/(X% —2,) and ya, € Koy = K, [X]/(X? —w,)
such that

i) Neyy /o (Y10) Ny, /6, (Y2r) = 1o

it) (bo, o) splits over k1, and Ko, .

Then there exist units x,w € K*, y3 € k1 = K[X]|/(X? — ) and yo € Ky =
k[X]/(X? —w) such that

i) x, w, y1 and yp are close to x,, w,, y1, and ys, respectively for all v € S

i) Niy /x(Y1) Niyx(y2) = o,

iii) (bo, co) splits over k1 and Ky,

Proof. Let z,w € k be close to x, and w, for all v € S. Since (b, ¢o) splits over k,
for places v ¢ S and (b, ¢o) splits over k1, and over kg, for all v € S, (by, ¢o) splits
over k1 and ko .

Let y1 € 1 close to yy, for all v € S. Let uy = Ny, /x(y1). Then N, /i, (y2r) is
close to ul_lu0 for all v € S. Hence there exists y5, € ks, which is close to ys, such
that N,/ (Y5,) = uj 'ug. Since ka/k is a quadratic extension, there exists ys € ko

such that N, /. (y2) = u; 'ug and ys is close to yb, for all v € S.
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Hence x,w,y; and gy, have the required properties. O

5.4 Complete Discretely Valued Fields

Let Ry be a complete discretely valued field with residue field s a positive charac-
teristic global field of characteristic not equal to 2 and F{ the field of fractions. Let
d € Ry be a non-square and F' = FO(\/E). Then the residue field of F', denoted by
kr, is a global field which is isomorphic to x or m(\/ﬁ) Let R be the integral closure
of Ry in F. Let D be a central division algebra over F' with a F'/Fy-involution 7.

Suppose that 7 is a parameter of F' and per(D) = 2. Then there is an unramified
cyclic extension E/F with Gal(E/F) =< o > such that [D] = [D'] + [(E,0,7F)] €
H?(F,us) and ind(D) = ind(D' ®p E) - [E : F| for some [D'] € H?2 (F,uy) =
H?(kp, po) (cf. Lemma 4.2, [21]; Theorem 5.6, [14]). In particular, (E,o,7r) is
a cyclic division F-algebra of ind((E,o,mp)) < 2 (cf. Section 4, [21]; Corollary d,
Chapter 15, [23|). Since kp is a global field, per(D’) = ind(D') < 2 (cf. 4.5, §4,
Chapter 3, Part II, [4]). Then ind(D) < 4.

We know that SK U(D, ) is trivial (cf. Corollary 4.16, Corollary 4.17, [32]).
The aim of this section is to show that given A € F{j which is a reduced norm from
D, there exist aj,as,a3 € Fy and p; € L; = Fy[X]/(X? — a;) which approximates
some given elements such that [[, Ny, /g (1) = A and ind(D ® FyL;) < 2. This is
required for our main result and also this gives an alternative proof of the fact that

SK U(A, ) is trivial.

Lemma 5.4.1. Suppose that the valuation of d is even, then D = (b,¢) ® (w, ) for

some units b, c,w € Ry and a parameter © of Fy.

Proof. Assume that [D] # 0 € H?(F, 3). Since the valuation of d € Fj is even, the
extension F'/Fj is unramified.

Let my be a parameter of Fy. By the discussion above, we can find an unramified
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cyclic extension F/F with Gal(E/F) =< o > such that [D] = [D'] + [(E, o, m)],
ind(D') < 2, and ind((E, 0,7)) < 2.

Since D has a unitary F/Fp-involution and F'/F, is unramified, there are ele-
ments b, ¢, z,y in Fy such that [D'] = [(b,¢) ®@g, F| € H2.(F, p2) = H*(kp, p2) and
(E,0,70)] = [(7,y) ®p, F| € H*(F, us) (cf. Proposition 2.22, [16]).

Assume that [D'] # 0 € H*(F, ug). Since [D’] € H2,(F, uz), b and c are units in
Ry (cf. Section 4, [21]).

Assume that [(E,0,m)] # 0 € H*(F, u2). Also notice that the unramified exten-
sion E/F is a splitting field of the division F-algebra (E,o,m). Since [(E,0,m)]| ¢
H2 (F, us), [(z,y) @5, F] = [(u1m0, usm) @p, F| or [(us, usmo) @5, F] for some units
Uy, Ug, uz, g in Ry. The former case cannot happen since the non-split quaternion
F-algebra (u;mg, usmg) is not split over any unramified extension of F'. Therefore, we
can let w = ug and ™ = uqmg.

]

Lemma 5.4.2. Suppose that the valuation of d is odd . Then D = (b,c) for some

units b,c € Ry.

Proof. Assume that [D] # 0 € H?(F, us). Since the valuation of d € Fy is odd, there
is a parameter m, of Fy such that Fy(\/7o) = F = Fy(v/d) and /7 is a parameter of
F.

By (Lemma 4.2, [21]) and the discussion before Lemma 5.3.5, there is an unram-
ified extension E/F with Gal(E/F) =< o > such that [D] = [D'] + [(E, 0, /7)) €
H2(F, py), ind(D') < 2, and ind((E, 0, /7)) < 2.

Since D has a unitary F'/Fy-involution, there are elements b, ¢, z,y in Fjy such that
(D] = [(b,c) ®r, F] € H, (F,p2) = H*(k, p2) and [(E, 0, /T)] = [(x,y) ®r, F] €
H?(F, py) (cf. Proposition 2.22; [16]).

Assume that [D'] # 0 € H*(F, jup). Since [D’] € H2 (F, us), b and c are units in
Ry.
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Assume that [(E, 0, /T9)] # 0 € H*(F, po). Since F =2 Fy(,/m) and [(E, 0, /7o) ¢
H? (F, us), the quaternion F-algebra (z,y) ®p, F has to be split over F. Then
(D] 2F [(b,c)] € H*(F, py) for units b, ¢ in Ry.

[

Proposition 5.4.3. Suppose d is a unit in Ry. Suppose D = (b,c) ® (w, ) for some
units b,c,w € Ry, m € Ry a parameter. Let u € Ry be a unit. Let Sy be a finite
set of places of k containing all the places {v} where at least one of U, b,¢,w,d is
not a unit or (b,¢) is not split. For each place v € Sy, suppose that we have given
T, € Ky — K2,y € K = K[X]/(X? — ), yo € Koy = K, [X]/(X? — W) and

Y3, € K3, = Kk [X]/(X? — wd) such that

i) T Neo e, (i) = @

i) yi, € any(ﬁ,\/;z)/m(\/g)(’ilu(\/a Vd)*).

Then there exist units a € Ry, u1 € Ro[X]|/(X? — a), us € Ro[X]/(X? — w),
ps € Ro[X]/(X? —wd) such that

i) a is close to x,, fi; is close to y;, for allv € Sy and i =1,2,3

i) IT; Niym (pi) = u, where Ly = Fo[X]/(X? = a), Ly = Fy[X]/(X? — w) and

Ly = Fy[X]/(X? — dw)
i) (b, c) ® Ly is split

i) p; is a reduced norm from D Qg L; fori=1,2,3.

Proof. Since k1, (v/10, \/67) / k1, 18 a bi-quaternion extension, it can be verified that
N vy, (VO VN = (k1 (Vdw)) = N, v e v (B (VO VA)).
Then by (5.3.3), there exist # € s and y; € k1 = k(V/T), y2 € Ky = K(VW),
ys € k3 = k(Vdw) such that

i) x is close to x, and y; is close to y;, for all v € Sy and i = 1,2, 3.

i) [T; Neiyn(yi) = @

) 91 Ny s (51 (V) )N, i, (2 (VD).
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Let v be a place of k. Suppose that v € S;. Then, by the choice, [k, (\/Z,), k] = 2.
Since k, is a local field, (b,¢) is split over k,(,/Z,) = Kk, (/7). Suppose that v & S;.
Then, by the choice of Sy, (b,¢) is split over x,. Hence, by the theorem of Albert-
Brauer-Hasse-Noether, (b, €) is split over x; = k(\/T).

Let a € Ry be alift of z, u; € Ro[X]/(X?—a) alift of y; and py € Ro[X]/(X?*—w)
a lift of y5. Since Ry is complete, there exists uz € Ry[X]/(X? — wd) which has a lift
ys such that [, Np,/m (1:) = u.

Since Ry is complete and (b, €) splits over k(\/7), (b,c) ® L, is split.

Since y; € N

K

(B (v (R (VD Vd)*), Ry is complete and py is a lift of yy,
€ Ny oy vay(Li(vw, Vd)*). Since (b,¢) ® Ly is split, D ® Ly = (w,7) ®
Ll(\/c_l). Hence p; is a reduced norm from D ® L;.

Let ¢ = 2,3. Since & is a global field, y; is a reduced norm from (b, ¢) ® x;. Since
Ry is complete, p; is a reduced norm from (b, ¢) ® L;(v/d) = D @ L.

Hence ay, p11, pi2, 3 have the required properties. O

5.5 Two Dimensional Complete Fields

Let Ry be a complete two dimensional regular local ring with m = (7, d) the maximal
ideal of Ry, ko = R/m and Fj field of fractions of Ry. Suppose that kg a finite field of
char not equal to 2. Let w € Ry be a unit which is not a square in Ry and d = w or
7. Let F = Fy(v/d) and R the integral closure of Ry in F. Then R is a regular local
ring with maximal ideal mp = (7/,0) with 7’ =7 if d = w and 7’ = /7 if d = 7 (cf.
Lemma 3.1 & Lemma 3.2, [22]).

Let D/F be a central division algebra of period 2 which is unramified on R except
possibly at (7') and (J). Since the residue field kg is a finite field of char(kg) # 2,

then the index of D is 2 (cf. Proposition 3.5, [31]).

Proposition 5.5.1. Suppose that D admits a F/Fy-involution. Then there exists a
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quaternion division algebra Dy/Fy such that D ~ Dy ® F and
i) if d = w, then Dy = (m,0);
it) if d = 7, then Dy = (w,0).

Proof. By (Proposition 2.22, [16]), there exists a quaternion division algebra D/ Fj
such that D = Dy ®@p, F'.
According to (Lemma 3.6 & Lemma 4.1, [31]) and considering the square classes

of Fy, Dy has the form (m, ) or (w,?). O

Let A = un"6® € Fy with u € Ry a unit and r, s € Z. Suppose that \ is a reduced
norm from D. In this section we construct quadratic extensions Lq, Lo, L3 of Fjy and
pi € L with [], Np,/m (i) = A and satisfying some other properties. These results
are used in the proof of the main theorem. Let €1, e € {0,1} such that r = 2r; + ¢
and s = e, + 2s; for some r1,s; € Z. Then \ = un 5 (7" §°1)2.

We begin with the following.

Proposition 5.5.2. Let Dy be a quaternion division algebra over Fy which is unram-
ified on Ry except possibly at (m) and (8). Suppose that A is a reduced norm from Dy.
Then there exist a; € Fy and p; € L; = Fy[X]/(X? — a;) fori =1,2 such that

1) ay = vr6®2 € F§ \ Fi? with v € Ry

2) as € Ry which is a unit at (7), (§), 0x(Dy) = Gy € k(m)*/k(m)** and ds(Dy) =
s € K(6)*/K(0)*

8) Nry 5y (1) Niyymy (p2) = A

4) ;i is a reduced from from Dy @ L; fori=1,2

5) 1o € Ro[X]/(X? — as) a unit.

Proof. By (Lemma 3.6 & Lemma 4.2, [31]), we have Dy = (v,7), (v,6), (v, ) or
(017, v90) for some units v, vy, vy € Ry. If Dy = (v, 7), let ay = v6*>+7. If Dy = (v,4),
let ay = vw? + 6. If Dy = (v,75), let ay = v. If Dy = (vy7,v20), let ay = v17 + vo0.

Then ay satisfies the property 5). By checking the square classes, Dy ® Ly is trivial.
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Suppose £\ are not squares in Fy. Let a; = —umd?, py = 7"\ /a,. Then, by
(Lemma 6.2, [21]), a1, az, 1 and ps = 1 have the required properties.

Suppose that one of £\ is a square in Fy. Suppose A is a square. Then ¢; = €5 = 0,
u = u? for some u; € Ry and A\ = uir?1§*1. Suppose Dy = (v, v90). Let a3 = w,

_ T1,,51 — —Tr1,,—S1
1 = vitus' %t and pe = wyvy oy Ul

Then ay,as, 1 and ps have the required
properties. Suppose Dy # (v1m,v20). Let a1 = w. Then Dy ® L is trivial. Hence
ai, as, i = urm 16°t and e = 1 have the required properties.

Suppose A is not a square in Fy. Then —\ is a square in Fy. Then ¢, = €5 = 0,

2r1§2s1 In particular

u = —u? for some u; € Ry, —1is not a square in Fy and A = —uiw
—1 is a reduced norm from Dj. Since —1 is not a square in Fy, it follows that Dy #
(vy7,v20). Let a; = —1. Since Ky is a finite field, there exists p' € Fy[X]/(X? + 1)
such that Np,/p (1) = —1. Then ay = —1 py = p'uym™6* and py = 1 have the

required properties. ]

Lemma 5.5.3. Suppose that d = w. Let ay = m+ d and az = day. There exist
ay = o162 € Iy \ F§? with v € RS and p; € Ly = Fy[X]/(2* — a;) such that

1) T Neym () = A

2) i is a reduced from from D @p FL;

3) w; € L; are units at m and § fori=1,2.

Proof. Since « is a finite field, Rj/R;* has only one non trivial class and it is given
by d = w. Since F' = FO(\/E), every element in Rj is a square in R. In particular
—1 € R*? and A\ = ulrn"6* for some u; € R with u} = u. Further Dy = (7, 9).

Suppose that A is not a square in F*. Then X\ = 7€ §2u37r?"1§%1. Since —1 € F*2,
both +\ are not squares in F*. Hence, by (Lemma 6.2, [21]), a1 = —un® 0, p; =
0% /ay, and py = p3 = 1 have the required properties.

Suppose that A is a square in F*. Then r = 2r; and s = 2s;. Suppose A is a square
in Fy. Then u; € R§. Since 7 and § are reduced norms from Dy and Dy ® Fy(,/a2)

is split, a; = w, py = 70°', uo = uy and p3z = 1 have the required properties.



50

Suppose that A € Fj?. Then u = du3 for some unit uy € Ry. Then a; = w,

=0, s = \/az ', jis = uar/az have the required properties. O

Lemma 5.5.4. Suppose that d = w. There exist a; = vr'6® € Fj\ F3? with v € R}
and py € Ly = Fy[X]/(2% — a1) and py € Ly = Fy[X]/(2? — w) such that

i) Noy/ry (1) Neyyry (p2) = A

it) p; 1s a reduced from from D @p FL;

iii) p € Ro[X]/(X? — w)*.

Proof. Since d = m, we have Dy = (w,d) (5.5.1).

Suppose both £ are not squares in F'. Then a; = —um“0, yu; = 7"0°"/a; and
w2 = 1 have the required properties (Lemma 6.2, [21]).

Suppose that only one of +\ is a square in F. Then —1 € F3? and A = +1 €
F}/F3? or A = 47 € F;/F;% Further Dy = (—1,0).

Suppose A = +1 € F}/F;% Then A = +u?r?1§%! for some u; € Rj. Let a; = —1
Since  is a finite field, there exists p; € Ly = Fy(y/a1) with N, /g, (pt1) = £1. Then
ay, py = uymt6% ph, and pe = 1 have the required properties.

Suppose A = +7 € Ff/Fi% Then ¢; = 1, ¢ = 0 and \ = eruin?"§% for some
u; € Ry and € = 1. Then a; = —7, g = w65 y/—7 , and py € Ly = Fy(v/—1)
with Ny, r,(12) = € have the required properties.

Suppose both +\ are squares in F. Then —1 € F*2. Since d = 7, —1 € Fj2.

Suppose ) is a square in Fy. Then a; = w, u1 = VA and o = 1 have the required
properties.

Suppose that A is not a square in Ff. Then d\ € Fj;? and hence A\ = wuin?" 4%
for some u; € R§. Then a; = wm, gy = wyn™0° Jwr , and p1g € Ly with Np, /g (1) =

—w™! have the required properties. O

Lemma 5.5.5. Suppose d is not a square and D is ramified on R at most at 7. Then

D ® Fy is split.
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Proof. Suppose d = w . Suppose D is non split. Then, by (5.5.1), D ~ (7,0) ® F.
Then D is ramified both at (7) and (0). This contradicts the assumption that D is
ramified at most at w. Hence D is split.

Suppose d = w. Suppose D is non split. Then, by (5.5.1), D ~ (w,d) ® F for
unit w € Ry which is not a square. Since F'/Fj is ramified, w € R is not a square. In
particular D is ramified at §. This contradicts the assumption that D is ramified at

most at m. Hence D is split. O
We end this section with the following.

Proposition 5.5.6. Suppose that D is ramified on R at most at w. Let n > 1.
Suppose there exist a;; € For and piy € Lix = For[X]/(X? — aiz) for 1 < i < n such
that

i) T1; N jron (pim) = A

it) pix is a reduced norm from D & Lz for 1 < i <n.

Then there exist a; € Fy and pu; € Ly = Fy[X]/(X? — a;) for 1 < i < n such that
i) T Neoym (i) = A

it) p; s a reduced norm from D @ L; for 1 <i<n

ii1) aira; € ng for1<i<n

iv) there is an isomorphism

¢2L’L7T2L7,®Fﬂ'

such that ¢;(piz) s € (Li @ For)?" for allm > 1 and 1 <i < n.

Proof. Apply (5.2.2) to Ry, Fy and a;; with a = 1, and get a; € Fy as in (5.2.2).
Apply once again (5.2.2) to Ry, Fy, a; and i, get w; € L; = Fy[X]/(X? —a;) as in (
5.2.2).

Suppose d is not a square in Fy. Then, by (5.5.5), D is split and hence pu; are

reduced norms from D.
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Suppose d is a square in F. Then F' = Fy x Fyand D = Dy ® F = Dy x Dy.
Since p;; are reduced norms from D ®p FIL; = Dy ® L; X Dy ® L;. Hence p;, are

reduced norms from Dy ® L; and by (5.2.3), p; are reduced norms from D ® L;. [

5.6 Choice at Nodal Points

Let p > 3 be a prime and K be a p-adic field. Let Fy be the function field of a curve
over K and F = Fy(v/d) a quadratic field extension. Let D be a central division
algebra over F' with a F'/Fy-involution. Let A € Fiy N Nrd(D)*.

Let T be the valuation ring of K and k the residue field of K. Let 2y be regular
proper model of Fy over T" with the union of the ramification locus of D, support
of d, support of A and the closed fibre X, of Z; is a union of regular curves with
normal crossings. Further the integral closure 2 of Z; in F is a is a regular proper
model of F' (Proposition 8.3.8, [17]). Let Z be the set of codimension one points of
Zo consisting of support of d, support of A, the closed fibre X, and the ramification
locus of D on 2. Let P € 24 be a closed point. Then, by the choice of 2y, there
exist at most two codimension one points of Z; which are in Z and passes through
P. Further, since 2" is regular, there exists at most one codimension one point 7 of
Zo passing through P such that v, (d) is odd.

Let P € 2, be a closed point. Let Ii’o p be the completion of the local ring at P on
2o, mp the maximal ideal }A‘Zop, Fop the field of fractions of Rop and Fp = Fyp ® F.
Let wp € ]%0 p be a unit which is not a square in ]%0 p. Since the residue field x(P) at
P is a finite field, any unit in Rop is a square or wp times a square.

Let &, be the finite set of closed points of 2 consisting of the points of inter-
section of two distinct codimension one points in Z.

Let P € &y and ny,1m, € Z such that P € mﬂm Then mp = (7p,dp) with

m and 7y are given by primes 7p and dp respectively at P, d = d? or d = wpd? or
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d = wprpd? and A\ = upmhdy and D is unramified at P except possibly at (7p) and
(8p), for some up € Rop units, dy € Fy, 7 = v,,(\), 5 = v, (\). Let €1, 65 € {0,1}
and 71, s; € Z such that r = 2r; + €; and s = 2s; + €. Then A = uprpd3 (75 o5 )%
Suppose that period of D is 2. Then ind(D) < 4 (cf. [26]) and ind(D ® Fyp) <
2 (cf. [20]). Then, there exists a central simple algebra Dyp over Fyp such that
D ® Fop = Dop ® Fp and Dyp is unramified at P except possibly at 7, and 7.
Further if D ® Fyp is a split algebra, we choose Dop = Fyp and if D ® Fyp is not a

split algebra, Dop be as in (5.5.1).

Proposition 5.6.1. Suppose v, (d) and v,,(d) are even. Then there exist a;p, fip,
1=1,2,3 such that
1) a1p = vpmiad? € Fop \ Fj2, vp a unit at P, pyp € L1p = Fop[X]/(X? — a1p)
2) asp € Rop a unit at m and ng and O,,(Dop) = azp € k(n;)*/k(n;)** fori=1,2
3) asp = dayp,
4) wip € Fop|X]/(X? — a;p)* unit along m and 6 fori= 2,3
5) L Ni.p/rop (ip) = A, where Lip = Fo[X]/(X? — a;) fori=1,2,3

6) pip is a reduced norm from D ® L;p fori=1,2,3

Proof. Suppose D ® Fyp is a split algebra. Let vp a unit at P such that a1p =
vpTpdE € Fop \ Fgp. Then jup = mpop/aip, asp = 1, prop = (—vplup,1) =
Fop X Fop = Fyp[X]/(X? — 1) and uzp = 1 have the required properties.

Suppose that D ® Fyp is not a split algebra. Suppose d is not a square in Fyp.
Since vy, (d) and v,,(d) are even, d = wpds for some d; € Fjp. Then, by (5.5.1),
Dop = (mp,dp). Then aip, asp, ip as in (5.5.3) have the required properties.

Suppose d is a square in Fyp. Then F® Fyp = Fop X Fop and DR Fop = Dop X Dgh
for some quaternion algebra Dgp over Fyp. Further Dgp is unramified at P except
possibly at (7mp) and (dp). Let aip, asp and p; € L;p be as in (5.5.2). Let pusp = 1.

Then ayp, asp and p;p, © = 1,2, 3 have the required properties. O
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Proposition 5.6.2. Suppose v, (d) is odd. Then there exist a1p, asp, p1p, f2p Such
that
1) a1p = vpmad? € Fop \ Fip, vp a unit at P, pyp € L1p = Fop[X]/(X? — a1p)
2) agp € Rop a unit at P and 8,,(Dop) = asp € K(12)*/r(12)*>
3) tap € Rop[X]/(X? — asp)*
4) Niip/Eop (11P)Nigp/Fow (Hop) = A, where Lip = Fy[X]/(X? — ;) fori=1,2

5) wip is a reduced norm from D ® L;p for i =1,2

Proof. Suppose D ® Fyp is a split algebra. Let vp a unit at P such that a1p =
vpmRdE € Fop \ Fyp. Then up = Tpop\J/aip, asp = 1 and pop = (—v;luP,l) =
Fop X Fop = Fyp[X]/(X? — 1) have the required properties.

Suppose D ® Fyp is not a split algebra. Since v,,(d) is even, by the choice of
Z0o, Vpy(d) is even. Hence d = vprpd? for some vy € Rop a unit and d, € Fj. In
particular Dop = (wp,dp). Let asp = wp. Hence, by (5.5.4), there exist a;p =
vpm? € Fip \ Fyp with vp € Rgp and pp € Lip = Fyp[X]/(2* — a1p) and
pop € Lop = Fyp[X] /(2% — agp) such that

1) Niyp/rop (11P)Niyp/Fop (H12p) = A

ii) p;p is a reduced from from D ® L;p for i = 1,2

iii) pop € Rop[X]/(X? — agp)*.

Then ayp, asp, p1p and psp have the required properties. O

5.7 Choices at Codimension One Points and Curve
Points

Let p > 3 be a prime and K be a p-adic field. Let Fy be the function field of
a curve over K and F = Fy(v/d) a quadratic field extension. Let D be a central
division algebra over F' with a F'/Fy-involution. Suppose that period of D is 2. Let
A€ FfNNrd(D)*.
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Let 2y, Z°, ¥ and &, be as in section 5.4. Let n € X be a codimension zero
point. Let 7 be a parameter at . Then, by (5.4.1) and (5.4.2), we have D ® Fp, =
(b,c) ® (w, ) for some b,c,w € Fy,. Let Dy, = (b,c) ® (w, 7). Write A = un" for
some u € Fy, with v,(u) = 0. Let € € {0,1} and r € Z such that r = 2r; + e. Then

A = ur(7™)2. Let 2, = Py N {n}.

Proposition 5.7.1. Let n € X, be a codimension zero point. Suppose v,(d) and
vn(A) are even. For each P € &2, if d is a unit at P up to a square Fyp, let a;p and
wip, 1 = 1,2,3 be as in (5.6.1) and if d is not a unit at P up to a square in Fyp,
let a;p and pip, i = 1,2 be as in (5.6.2), agp = dasp and pugp = 1. Then there exist
A1y, G2, A3y € Fo, units at n and i, € Fo,[X]/(X? — ai,) such that

1) 1L Nioy 7o, (tin) = A

i) Wiy s a reduced norm from D @ Ly, fori=1,2,3

iii) ind(D @ Fy,) <2™ forallm>1, Pe€ &,,i=1,2,3

w) amap € Fgp, fori=1,2,3

v) for P € &, there is an isomorphism

sz’P,n : FOPJ?[X]/(XQ - ain) - FUPJ?[X]/(XQ - aiP)

such that

G (Hin)ttp € (Fopg[X]/(X? — aip))™”
forallm>1andi=1,2,3.
Proof. Since v,(d) is even, replacing d by d times a square in Fp,, we assume that
vy(d) = 0.

Let 7, be a parameter at n such that for every P € &7,, the maximal ideal at P

is given by (m,, dp) for some prime dp because of normal crossings.
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By (5.4.1) and (5.4.2), we have D ® F,, = (b,c) ® (w,m,) for some b,c,w € Fy,
which are units at 1. Let Dy, = (b,¢) ® (w,m,), uo, bo, co, dop and wy be the images
of u,b,c,d,w in k(n). Since A = un” with u € Fp, a unit at n and X is a reduced
norm from D & F),, by the norm principle of bi-quadratic extensions, we have u €
Ny (i) oy (/) (Fon (Vd, /0)). Hence to € Ny (yag, ) /o (5(1) (o, +/200)°).

Since v,(A) = 2ry, by the choice of a;p (5.6.1, 5.6.2), we have a;p = vpdp for
some unit vp at P and €, € {0,1}. Further a,p is not square in Fyp. Since Fyp,, is
the completion of Fyp at 1, a1p is not a square in Fyp,. Let xp = a1p = @pgjf.

Since pip € Rop[X]/(X?—a;p) ave units along n for i = 2,3 and [[} Ny, ./m, (ftip) =
A, it follows that v, (N, p/mp (i) = vy(A). Since Lip® Fop,, = Fop,[X]/(X?—aip)
is unramified and v, (Np,,/kp(11p)) = vy(A) = 2r1, we have jyp = ypm, for
some yp € Lip ® Fyp, unit in the valuation ring. Let y1p = v'p € Kk(n)ip =
K(n) X1/ (X7 — 2p),

For i = 2,3, let y;p be the image of p;p in k(n)p[X]/(X? — @2p). By the choice
(5.6.1, 5.6.2), we have asp = 0,(Dp,) = w and agp = dasp. Then yop = fiop €
k(n)zp = £(n)p[X]/(X? — G2p) = k(n)p[X]/(X? — @) and ysp = fisp € K(n)sp =
k() p[X]/(X? = asp) = K, [X]/(X? — dw).

Further we have

i) I Nitmyip /wmp (Yir) = U

i) 417 € Ny (vav iy (B PV VD)),

Hence, by (5.4.3), there exists a € 1:23,7, [y € Z:EO,][X]/(X2 —a), pg € ROH[X]/(XQ—
w) and g € Roy[X]/(X? — dw) such that

i) a is close to xp and fi; is close to y;p for all P € &y and i =1,2,3

ii) HZ NLin/Fon(,ui) = u, where Ly, = Fon[X]/(X2 — a), Loy, = Fon[X]/(X2 —w)
and Ls, = Fp,[X]/(X? — dw)

iii) (b,c) ® Ly, is split

iv) p; is a reduced norm from D ®p,, L, for i = 1,2, 3.
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Since D ® Ly, = ((b,¢) ® Ly,) ® (w, m,) ® Ly,) = (w,m,) ® Ly,), m, is a reduced
norm from D ® Ly,. Hence a1, = a, as, = w, as, = wd, pu, = pamt, pay = fo and

3y, = pg have the required properties. O

Proposition 5.7.2. Let n € X, be a codimension zero point. Suppose v,(d) is even
and v, (\) is odd. For each P € 2, if d is a unit at P up to a square Fyp, let a;p
and pip, i =1,2,3 be as in (5.6.1) and if d is not a unit at P up to a square in Fyp,
let a;p and pip, i = 1,2 be as in (5.6.2), agp = dasp and puzp = 1. Then there exist
A1y, A2y, Q3 € Fopy and piy, € Fou| X]/(X? — aiy) such that

Z) Hz NLm/Fon (Nin) = A

ii) iy s a reduced norm from D @ Ly, fori=1,2,3

iii) ind(D @ Fy)) <2 fori=1,2,3

W) Qina;p € Fgl%,n fori=1,2,3

v) for P € &,, there is an isomorphism
qjiP,n : FOP,n[X]/(X2 - ain) - FOP,n[X]/(X2 - aiP)

such that

G (Hin)ttip € (Fopg[X]/(X? = aip))™”
forallm>1andi=1,2,3.

Proof. Since v,(A) is odd, ind(D) is at most 2 and D ® Fy, = (w,m,) for some
parameter 7, at 7 and w € F; a unit at 7 (cf. Lemma 5.3.6; Corollary 5.6, [21] ).
Since v(\) is odd, £ is not a square in Fyp for all P € &2,. Hence, by the choice
of a;p and p;p, we have a;p) € Fé%n, PV € Fp,(y/arp)*. Further wasp € Fg]%’n,
azp = agpd, pip = plop = 1.
Let ai, = —A, agy = w, az, = dw, p1, = V=X and Moy = [, = 1. Since A
is a reduced norm from D, we have (\) - D = 0 € H*(F,uy). Since v(\) is odd, if
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D ® F, is not split, then by (Lemma 4.7, [21]), ind(D ® F(,/a1,) < ind(D ® F,). In

particular D ® F,(,/a1,) is split. Hence a1, = =X, ag, = w, as, = dw, p, = /—a,

and [, = i3, = 1 have the required properties. O

Proposition 5.7.3. Let n € X, be a codimension zero point. Suppose v,(d) is odd.
For each P € 2, let a;p and pip, i@ = 1,2 be as in (5.6.2). Then there exist
a1y, A2y € Fop and piy € Foo[X1/(X? — asy) such that

1) 1L Niiy/mo, (1in) = A

2) piy ts a reduced norm from D @ Ly, fori=1,2

8) ind(D @ Fiy) <2 fori=1,2

4) amaip € Fgp, fori=1,2

5) for P € &, there is an isomorphism

Girm - ForglX]/(X? = ain) = FopyX]/(X? — aip)

such that

Sip(pim)ttip € (ForyX]/(X? = aip))®"
forallm>1andi=1,2.

Proof. By (5.4.1) and (5.4.2), we have D ® F,, = (b,c) for some b, c € Fp,, which are
units at 7. Let Dy, = (b, ¢) and uy, by, co be the images of u, b, c in k(7).

Write r = 2r; + ¢ for some r; € Z and ¢; € {0,1}. By the choice of aip, we
have a1p = ijPﬂ'f?l for some wp € Fyp, unit at 7. Let = € x(n) be close to wp for all
P e #,. Let a € Fy, which maps to z in () and ay,, = amy'. Then ay,a1p € Fgfgm for
all P € &,. Let Ly, = an(\/m) and Lyp, = Fopy(y/a1p). Then Ly, ®@ Fyp, = Lipy,.
Let x(n)1 be the residue field of Ly,. Then x(n)p is the residue field of Fyp,(\/aip).

Since piap € Rop|X]/(X?—aop) is aunit along n and Ny, /5y, (1112) Niyp/mp (p2p) =
A, it follows that vy (N, . ke (t1p)) = vp(A) = 271 + €.
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Suppose €, = 0. Then Ly, /Fy, is unramified and 7, is a parameter in Fop,(y/a1p)-
Hence jp = fpm,! for some 0p € Fopy(y/aip) a unit at . Suppose €; = 1. Then
L,/ Fy, is ramified and /@1, 1s a parameter. Hence pp = QPWfil\/m for some
0p € Fop,(y/aip) a unit at n. In both cases, let 6 € (n); close to fp for all P € 2,
and ¢y € Ly, which lifts 0. If ¢; = 0, let p1,, = 017@? and if e; = 1, let py,, = (917rf71 1yy-
Then puymp € Ly p and AN, /g, (f11,) " is a unit at 7. Since v(d) is odd, F/Fy
is ramified at 1 and hence p, = ,u’lngfi for some pj, € F ® Ly, a unit at n and
9y € F'® Ly,. Since k(n); is a global field, p}, € k(n); is a reduced norn from
(bo, co) ® k(n)1 (Albert-Brauer-Hasse-Noether). Hence py,, is a reduced norm from
D® Ly,

Let 21 € k(n) be the image of ANy, /g, (pt1y) " and yzp be the image of pop in
k(n)2p = K(n)p[X]/(X? —asp). By the choice of iy, it follows that N,y /e » (V2pP)
is close to z;. Hence, replacing ysp by some element which is close to y,p, we assume
that Ny(y),p /e e (Y2p) = 21. In particular the quaternion algebra (Gsp, 21) is split over
k(n)p for all P € 2,. Hence asp is a norm from the extension x(n)p[X]/(X? — 21).
Let asp € r(n)p[X]/(X? — z1) with norm equal to asp. Let dy € r(n)[X]/(X? — 21)
be close to agp for all P € &2, and a, be the norm of a;. Then a, is close to asp
for all P € &,. Since the quaternion algebra (as, z1) is split, 27 is a norm from the
extension x(n)y = k(n)[X]/(X? — ay).

There exists o € £(n)2 which is close to yyp for all P € &2, such that Ny, k) (y2) =
2y since k(n)2 is a global field. Let ay, € Fy, be a lift of ay € k(n) and o, € Lo, =
Fon[X]/(X? — agy,) be such that Np, /g, (t2n) = ANL,, /5, (H1n) "' Since figy, is a unit
at n and D is unramified at 1, as above, p9, is a reduced norm from D ® Ly,,.

Hence ayy,), as,, p1, and pa, have the required properties. O

Proposition 5.7.4. Let P € %y be a closed point. Suppose that P & Zy. Let
n € D be the unique codimension one point with P € {n}. Let ay;, € Fy, and
fin € Liy = Fon| X]/(X?—aw) be asin (5.7.1, 5.7.2, 5.7.8). Then there exist a;p € Fyp
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and p;p € Lip = Fop[X]/(X? — a;p) such that
Z) Hz NLiP/FOP(:uiP) = A
i) pip s a reduced norm from D ® L;p
ZZZ) amaip € F(;k]%m

iv) there is an isomorphism

Gipm - ForglX]/(X? = ain) = Fopy[X]/(X? — aip)

such that

Gipa(pin)tiip € (FopalX]/(X? — aip))®”
for allm > 1.

Proof. Let mp be a prime defining n at P. Since there is a unique codimension one
point in &, the support of d at P and the ramification locus of at P is at most 7.

Hence, by (5.5.6), we have the required a;p and p;p. O

5.8 Choice of U

Let T be a complete discrete valuation ring with field of fractions K and residue field
k. Let F, be the function field of a curve over K and F = Fy(v/d) a quadratic étale
extension. Let D be a central division algebra over F' with period(D) coprime to

char(k).

Proposition 5.8.1. Let Zy be a normal proper model of Fy over T and X, the
closed fibre of Zy. Let n € Xy be a codimension zero point. Let A € Fy N Nrd(D)*,
m > 2 and M > 1. Suppose that for 1 < i < m, there exist a, € Fo,), iy € Lin =
Fo,[X1/(X? — aiy) such that

i) TI7" Nriy /5o, (1in) = A

i) iy s a reduced norm from D @ Ly, for all i
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iii) ind(D ® L) < M for all i.

Then there exist a non-empty open proper subset U ofm and a;y € Fou, piv €
Liv = Fou[X]/(X? — a;y) such that

i) ayay, € F57

it) there is an isomorphism
v, - FonlX1/(X? = air) = Fo o[ X]/(X? = aiy)

such that

¢i,n(NiU>Ni_nl € (FOPM[X]/(XZ - ain)>*2m

forallm>1andi=1,2,3.
Z’L’L) HT NLiU/FOU (/JJZU) = A fOT all 1
it) v is a reduced norm from D ® Ly for all i

iii) ind(D ® Lyy) < M for all i.

Proof. Since Fp, is the completion of Fj and char(k) # 2, there exists a; € F{J such
that a;a;, € Féan Thus, replacing a;, by a;, we assume that a;, = a; € Fg.

Since L;, = Fy,(y/a;) is the completion of L; = Fy(\/a;), there exists p; € L;
close to fiy; in Ly,. In particular 6; = Ny, /g (1) 'Ni,, /5o, (i) is close to 1 in Fy,.
Then 0 = [[7""6; is close to 1 in Fy,. Let Ay = ATV Np./m (1))~ € Fy. Since

[T Ni,, /5o, (1) = A, we have

Since 07" € Fy, is close to 1, 071 = Np,/r,, (¢') for some 6’ € L,y,, which is close

to 1. In particular ¢’ is a reduced norm from D ® L;,,. Hence replacing fiy, by fimn?’,



62

we assume that

Ni,. /5 (Hmn) = 1.

Hence, by (Lemma 7.2, [21]), there exists a nonempty proper open subset Uy of {1}
and fimu, € Ly @ Foy, such that Ay = N,k (lme,) and pmy, is close to finy, in
L ® Foy.

Since ind(D ® L;,) < M for all ¢, there exist nonempty proper open subsets U; of
{n} such that ind(D ® L) < M for all i.

Then U = (M;U;) NU, ay = a; for all 4, gy = p; for 1 < i < m — 1 and

Umu = Mmu, have the required properties. O

5.9 The main theorem

Theorem 5.9.1. Let p > 3 be a prime and K be a p-adic field. Let Fy be the function
field of a curve over K and F' = FO(\/E) a quadratic field extension. Let D be a central
division algebra over F with a F'/Fy-involution. Suppose that period of D is 2. Let
A € Fy N Nrd(D)*. Then there exist a; € F§ and p; € L; = Fo[X]/(X? — a;) for
1=1,2,3 such that

i) T Nroyro (i) = A

i) p; is a reduced norm from D ® L; fori=1,2,3

iii) ind(D ® L;) < 2.

Proof. Let T be the valuation ring of K and k the residue field of K. Let Z; be
a regular proper model of Fy over T with the union of the ramification locus of D,
support of d, support of A\ and the closed fibre X, of 2y is a union of regular curves
with normal crossings. Further the integral closure 2" of Z; in F is a is a regular
proper model of F'.

Let 2 be the set of codimension one points of 2, consisting of support of d,

support of A, the closed fibre X and the ramification locus of D on Z,. Let P € 2
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be a closed point. Then, by the choice of 2y, there exist at most two codimension
one points of Zy which are in & and passes through P. Further, since 2" is regular,
there exists at most one codimension one point 7 of 24 passing through P such that
vp(d) is odd.

Let &, be the finite set of closed points of 2, consisting of points of the inter-
section of the closures of any two distinct codimension one points in .

Let P € P and n,m, € 2 with P € {m} N {nz}. If vi(d) and v,(d) are even,
then let a;p, p;p for i = 1,2,3 be as in (5.6.1). If either v (d) or 1»(d) is odd, let
a;p, pip for i = 1,2 be as in (5.6.2) and asp = dasp, usp = 1.

Let n € Xy be a codimension zero point. If v(d) and v(\) are even, then let a;,, fu,
be as in (5.7.1) for i = 1,2,3. If v(d) is even and v(A) is odd, then let a;, w;; be as
in (5.7.2) for i = 1,2,3. If v(d) is odd, then let a;,, i, be as in (5.7.3) for i = 1,2
and as,, = ag,d, p3, = 1.

Let Uy, a;u, and p,y, be as in (5.8.1). If necessary, replacing each U, by a open
subset of U,, we assume that &y NU, = (. Let % = {U,}.

Let & = X, \ UyU,. Then &, is a finit set of closed points of &y C Z.

Let P € &2\ Z,. Then there is a unique codimension one point n € Z. Let a;p
and p;p for i =1,2,3 be as in (5.7.4).

Let P € & and U € % with P € m Then, by the choice of a;p and a;;y we
have a;p = 07p,a;y for some 0;py € Fjy; p. Hence, by (Proposition 7.4, [21]), there
exist 0;p € Fip and O,y € Fyy; such that 0,p, = 0;p0;7. Thus a;p0;7 = a;y6%; for
all branches (U, P). Hence there exist a; € Fj such that a; = a;p € Fip/F;? and
a; = ay € Fyy/FiE . Let Ly = Fy[X]/(X? — ;). Then, by (Theorem 5.1, [11]),
ind(D ® L;) <2 for all 7.

Let P € X, be a closed. Since x(P) is a finite field, there exists tp > 2 such that
#(P) has no 2»th primitive root of unity. Let ¢t > 2tp for all P € 2.

Let P € &2. We have u;p € Fop[X]/(X? — ;) and py € Fou[X]/(X? — a;) such
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that pippy € (Foup[X]/(X? — @;))?" for all m > 1. Hence pp = uiUﬂféfp for
some Siyp € L; ® Foup. By (Proposition 7.4, [27]), there exist f;p € L; ® Fop and
Biv € L; ® Foy such that Sy p = S fBip. In particular we have p; pﬁi_]f% = uiUﬁfét for
all branches (U, P). Hence, by (Proposition 6.3, [10]), there exist u; € L; such that
Hi = ,uiPB;PQ Y= ﬂiUﬁ?ét-

Let Ay = ANL, /m, (111) ' N,y (p2) ™! For ( € & U %, we have

A= ANLl/Fo(:ul)_lNla/Fo(NZ)_l
= Np,/Foc (116) NLy y7oc (H2¢) Ny yroc (3¢ ) Ny 7 (101) 7 Niy gy (112) ™

Niye 8o (1eb )Ny (2 ks ) Ny sro (1ac)

Since NLM/FO((Mlcufl)Nng/Fog(#zgﬂg_l) = x?t for some z, € Fye, we have \; =

t

NL3</F()<<$§2 “puse). Since ind(D @ Ls¢) < 2 and ps is a reduced norm from D & Lse,

[l?gzt_lﬂgc is a reduced norm from D ® Ls.. Further, for every branch (U, P), we have
o3 g™ gl € (Foup[X]/(X2 = ai)) "

Replacing puzc by l’gﬂgc we assume that Nz, (usc) = A1, ugpugUl € (Foup[X]/(X?*—
ag))*ZQt_l and g is a reduced norm from D ® L. for all ( € Z U %.

Hence, as in (Proposition 6.3, [10]; Theorem 3.2.3, [13]), there exists u3 € L3y =
Fy[X]/(X? — a3) such that Ny, g (13) = A1 and g3 is a reduced norm from D @ Ls.

Therefore a; and u; have the required properties. O

Corollary 5.9.2. Let K be a p-adic field and Fy a function field of a curve over K.
Let A be a central simple algebra over a quadratic extension F of Fy with period of A

equal to 2 with a F/Fy-involution . If p > 3, then SK U (A, T) is trivial.

Proof. By (Lemma 2, [15]), it can be reduced to the case that A is a central division
algebra over F. Choose an element a € X/ (A*) arbitrarily and write A = Nrd 4, r(a).
Then A € Fy N Nrd(D)*.

By Theorem 5.7.1, there are extensions L; of F' satisfying ind(A ®p, L;) < 2 for
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1=1,2,3. Let Ez = L;®p, F and E = AQp, L; = A®Ffi fori =1,2,3. Considering
the elements 1, po, and pus founded in Theorem 5.7.1, let Nrdz/z(gi) = u; for
1 =1,2,3 and some CZ € /Avl*

Since SU K (A;, T®id) is trivial (Proposition 17.27, [16]) and y; € L; fori = 1,2, 3,
we have d; € ZT@M(E*) . By (Proposition 4.3, [1]), Ny,/r,(1t:) = Nrdasr(d;) for some
d; € ¥;(A*) where i = 1,2,0or 3 . Therefore, by Theorem 5.7.1, A = [[, Nz, /r, (1t:) =
Nrdasp(l]; di) = Nrdasr(a).

Since ind(D) < 4 and cd(F) < 3, SK;(A) is trivial (cf. [20], Chapter 17 of
[16]). Then a™' - [],d; € SLi(A) = [A*, A*] C X,(A4*) (Proposition 17.26, [4]). Since
[ di € £,(A%), a € B.(A*). O
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