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Abstract

On the Near-Field Reflector Problem and Optimal Transport
By Tobias Graf

In the near-field reflector problem, one is given a point source of light
with some radiation intensity and a target set at a finite distance. The de-
sign problem consists of constructing a reflector that reflects the rays emitted
from the source such that a given irradiance distribution is produced on the
target. In recent years, the optimal transport framework has been applied
successfully to various problems in the design of free-form lenses and re-
flectors. In this dissertation, the near-field problem is investigated in this
context. In particular, it is shown that the notion of a weak solution to the
near-field problem as an envelope of ellipsoids of revolution leads to a gener-
alized Legendre-Fenchel transform. Aside from some interesting properties
of this transform, it also gives rise to a variational problem that is naturally
associated with the near-field reflector problem. Furthermore, the resulting
variational problem resembles a generalized optimal transport problem and
exhibits interesting analogies to other optimal transport problems arising in
optical design and geometry, particularly to the far-field reflector problem
and the methods developed by Glimm, Oliker, and Wang. However, for the
near-field problem the solutions to the associated variational problem do not
solve the reflector problem in general. This situation is illustrated by a num-
ber of examples and numerical experiments and is in sharp contrast to the
problems that have been studied previously in the optimal transport frame-
work. Interestingly, a connection between the solutions to the near-field
problem and the variational problem can still be established. In particular,
for discrete target sets an approximation result is presented, which shows
that under a suitable choice of the admissible set the variational solution
produces an irradiance distribution arbitrarily close to the prescribed irra-
diance distribution from the design problem. The variational functional is
also compared to various functionals motivated by the geometric approach
to the near-field problem that was developed by Kochengin and Oliker.
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Chapter 1

Introduction

1.1 The Near-Field Reflector Problem

Consider a reflector system consisting of a non-isotropic point source of light
O, a perfectly reflecting surface (called the reflector) R intercepting the light
rays from O and redirecting them so that the reflected rays reach an object T’
located at a finite distance from O and produce on T a prescribed in advance
irradiance distribution. This situation is illustrated in Figure 1.1.

In practical applications the position of the source and its radiation inten-
sity, as well as the target set T" and the irradiance distribution on 7" are given,
and one needs to determine the reflector R. Usually, this problem is consid-

ered in the high frequency approximation when the geometric optics laws of
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Figure 1.1: An illustration of the near-field reflector problem in R®. The

radiation intensity of the point source at the origin O is given by a non-

negative function I € L'(S?). The design problem consists of finding the

reflector R such that the reflected rays produce the prescribed irradiance

distribution on the target set which is given by a Borel measure v.



propagation and energy conservation are applicable. This inverse problem
admits a rigorous mathematical formulation in Euclidean space R*™!, n > 1,
and can be stated analytically as a problem of solving a fully nonlinear equa-
tion of Monge-Ampere type on a spherical domain [23] (see also [24] where
this and other related problems are reviewed). Because the set T' is located
at a finite distance from O, and only one reflector is present, the problem is
referred to as the near-field (single) reflector problem. A geometric approach
to the solution of this problem was developed by Sergey Kochengin and
Vladimir Oliker in [18], where the authors introduced the notion of a weak
solution and proved its existence under the necessary condition of the energy
balance between the radiation intensity of the source and the irradiance dis-
tribution on the target set 7. It was also shown in [18] that this problem
has infinitely many solutions but under a natural additional requirement of
fixing a priori one point on the reflector uniqueness also holds. A provably
convergent algorithm for computing numerically a solution to this problem
was given by the same authors in [19]. Reflector design problems arise in
various applications such as illumination design, lithography, antennae de-
sign, and concentrating solar power. In recent years the Monge-Kantorovich

framework of optimal transport has been applied successfully to various op-



tical design problems, starting with the papers by Glimm and Oliker [11] and
Wang [36] for the far-field reflector problem. In [11] and [36], the authors
showed that a weak solution to the far-field reflector problem, defined as
an envelope of confocal paraboloids of revolution (see [6]), can be obtained
as the solution of a variational problem that corresponds to a dual optimal
transport problem. An important implication for the development of numer-
ical methods is the observation that for discrete irradiance distributions the
reflector design problem can be formulated as a linear program.

This dissertation continues the investigation of the near-field reflector prob-
lem which began in [32], [18], [19]. In particular, the problem is investigated
in the context of the optimal transport approach which in recent years has
been applied successfully to various problems in geometry and optical design;
see for example [11], [12], [26], [13], [10]. The near-field reflector problem,
particularly the regularity of solutions, was also investigated in [15]. To make
our presentation reasonably self-contained, we recall first, in section 1.2, the
main definitions from [18] and also establish some new properties of reflec-
tors in the setting of the near-field reflector problem. This is part of joint
work with Vladimir Oliker. As it was noted in [18], in studying the near-field

reflector problem it suffices to consider reflectors which are closed, convex



hypersurfaces and this is the case treated here. The case when the reflector
is a piece of a closed hypersurface reduces to this one; see [18], section 6. In
section 2.1 we consider a variant of the Legendre-Fenchel transform associ-

ated naturally with this problem and discuss its properties !

. Similarly to
the classical Legendre-Fenchel transform [29], [31], the new transform is a
duality relation between the radial and focal functions defining the reflector
(precise definitions are given in sections 1.2 and 2.1). A remarkable new
feature of this transform is that it defines the focal function implicitly. In
the framework of the Monge-Kantorovich optimal mass transport theory the
radial and focal functions are interpreted as the Kantorovich potentials, and
this new feature leads to a new type of a cost function depending on one of
the potentials and not just on the points in the domains where the given mass

densities are defined. To the best of the author’s knowledge, such phenomena

have not been observed in the classical and other forms of Legendre-Fenchel

!This generalized Legendre-Fenchel transform arises quite naturally from the notion
of a weak solution as an envelope of ellipsoids [18] in a way very similar to the optimal
transport problem associated with reflectors defined by envelopes of paraboloids in the
far-field case [6], [11], [36]. To the best of the author’s knowledge, this transform was first
mentioned by Vladimir Oliker at a conference in Oberwolfach in July of 2006 [25]; see also

[35].



transforms considered previously in the Monge-Kantorovich optimal mass
transport theory and its applications [2], [11], [12], [36], [26], [34], [35].
Furthermore, in all previously studied cases known to the author, when the
dual pair of functions enters the transform explicitly it is possible to define
naturally primal and dual functionals whose optima provide solutions of the
associated mass transport problems. See, for example, [8], [34], or [35] for an
introduction to the primal and dual problems in optimal transport; in [14]
some of the economic motivations for the development of optimal transport
theory are discussed. In section 3.1 we present examples showing that the
solution of the variational problem associated with the near-field reflector
problem and defined with the new transform does not in general solve the
reflector problem itself. This situation is in sharp contrast, for example, to
the variational problem associated with the far-field reflector problem [6],
[11], [36], the refractor problem [13], and the two-reflector problems [12],
[10]. On the other hand, we also show that because of the above mentioned
non-uniqueness of solutions to the reflector problem, we can always choose
the set of admissible reflectors such that the optimum of the dual functional
is arbitrarily close to a solution of the reflector problem by choosing the

admissible reflectors sufficiently large.



As an alternative to the mass transport theory approach, we present several
functionals, different from the one used in [18],[19], that can be used to
establish existence of weak solutions to the near-field reflector problem by the
method used in [18]. These functionals should be useful in the development
of algorithms for the numerical solution of this problem.

The results presented in this dissertation, especially the first two chapters
and the proof of the example in section 3.1.1, are part of joint work with

Vladimir Oliker.

1.2 Reflectors Defined by Families of Ellip-

soids

In Euclidean space R™"!, n > 1, fix a Cartesian coordinate system with the
origin at some point O. By S™ we denote the unit sphere with the center at
O. Let y € R*™ y # O. Denote by E(y,p) an ellipsoid of revolution with
axis Qy, foci O and y and focal parameter p € (0,00). Everywhere in the
following chapters the term ellipsoid refers to an ellipsoid of this kind with
one of the foci always at O. For convenience we often refer to O as the first

focus. Any such ellipsoid is uniquely defined by O,y and the focal parameter



p; its polar radius is given by

D y
r)=-————— Wwhere v €8", y=-"—, 1.1
py(1) =1 —e(p){z,y) ] 1)
and
N PP
ep)=4/1+%= — = 1.2
(p) v iyl (1.2)

is the eccentricity. Figure 1.2 illustrates these concepts for an ellipse in R2.
It is convenient to consider also ellipsoids with p = 0 or co. When p = 0 the
ellipsoid reduces to the segment [O, y]. Such an ellipsoid is called degenerate.
When p = oo, py(x) = oo and the ellipsoid is called improper. The closed,
convex subset of R"™! bounded by an ellipsoid E(y, p) is denoted by B(y,p).

In case of an improper ellipsoid, B(y, c0) = R*"1,

Definition 1.1 Let T be a compact subset of R™™ such that O ¢ T and

consider the family of ellipsoids

E(T,p) ={E(y,p(y)) | y € T}
such that the following conditions hold:

p:T — (0,00], p# o0, (1.3)

inf  dist(py(z)z,T) > 0. (1.4)

yeT, xzeSn



Figure 1.2: The focal parameter of an ellipsoid F(y,p) with foci O and y is
the distance from a focus to the ellipsoid along a ray perpendicular to the
axis O,y. The foci O, y and the focal parameter p determine £ completely.
Furthermore, we have E(y,p) = {py(z)x|z € S"}, where py, denotes the
radial function defined in (1.1). If p = 0 the ellipsoid degenerates to the
segment O,y. If the ellipsoid is improper, i.e. when § = oo, then Py = 00

and B(y,p) = R".
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The closed, convex hypersurface

r=0( () Bly.5v)) (15)

&(T,p)

is called a reflector (with the source O). The set of reflectors defined by an
arbitrary family of ellipsoids satisfying (1.3), (1.4) is denoted by R (T'). The

set bounded by a reflector R is denoted by B(R).

The ellipsoids in the family (7, p) are often referred to as generating el-
lipsoids. Note that since p #Z oo, the family £(T,p) includes at least one
ellipsoid which is not improper. Also, by (1.4) the family (7', p) contains no
degenerate ellipsoids. Therefore, the set B(R) is a compact, convex subset
of R™ with the origin O € int B(R), where int denotes the interior (relative
to the usual topology of R™™1) of a set in R"*!. Lemma 1.5 below shows that
for any compact set T C R"™™', O ¢ T, one can always construct a family of
ellipsoids satisfying (1.3) and (1.4). Before stating this lemma, we note the

following important property of ellipsoids.

Proposition 1.2 Let E(y,p) be an ellipsoid with 0 < p < co. Consider the

ellipsoid given by

cp - cp? cp
= ~ , E\CP) = 1 +— - T
— )y P v Ty

py(T)

where ¢ > 0. Then the foci of this ellipsoid are the same as those of E(y,p).
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Proof. Note first that the axis of revolution of this ellipsoid is the same as
that of E(y,p). Next, the distance from O to the second focus of E(y,p) is

ly| and for the modified ellipsoid it is equal to

cp B cp
1—e(cp) 1+ e(cp)
_cp(L+e(ep))  cp(l —e(cp))

py(y) — py(—y) =

1 —e(cp) 1 —€*(cp)
~ 2cpe(cp)
T -2
Observe that
2¢2p?  2cp c2p?

1 —é(cp) = R
(P) y? M y?

And therefore, we obtain

2cpe(cp)
= e(cp)
2cpe(cp)

2 (1@ )
Iyl( 14—3'2 |y|>

Using again the definition of €, we simplify the last expression to recover

py(y) — py(—y) =

2cpe(cp)

- 2epe(ep) - o

ry(y) = py(=y)

=lyl,

that is, the second focus of E(y,cp) isy. QED.
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Remark 1.3 Observe that because of the non-linearity of (1.2) in p, the

polar radius of E(y,cp) is not a rescaling of the polar radius of E(y,p).

For future reference, we recall from [18] the following behavior of the radial

function and the eccentricity with respect to the focal parameter.

Lemma 1.4 (See [18].) Fiz'y € T and let p € (0,00). Then the radial
function py(z) is strictly increasing as a function of p for each fired x and

the eccentricity €(p) is strictly decreasing.

For convenience, we set M := maxycr |y| and we will use this notation
for the remainder of our discussion. So far, we have defined what we call a
reflector and we noted some properties of the generating ellipsoids. We will
see that the reflectors of interest to us can be characterized through the focal
parameters of the generating ellipsoids. The next lemma provides a set of

reflectors in R, (7)) for a given target set T

Lemma 1.5 Let T be a compact subset of R™™! such that O ¢ T. For any
given constant ¢ > 0 and any function p : T — [2(M + ¢),o0] the family of

ellipsoids {E(y,p(y)), y € T} satisfies (1.3), (1.4) and

inf  dist(py(z)z,T) > c.

yeT, xeS™
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Proof. Fix some ¢ = const > 2(M + ¢)/M and let y € T. Put p = ¢M.

Then for the polar radius of the ellipsoid E(y,p) we have

. T
min py(z) = py(~y) = T+ ep)

=—>M .
5 = +c

p_ M
2

Applying the same argument to any y € 7', we conclude that the intersection
Nyer B(y;¢M) contains in its interior a closed ball of radius M + ¢ with the
center at @. On the other hand, the set T" is contained in a ball of radius M

with the center at O. QED.

We recall now the concept of a supporting ellipsoid introduced first in [18].

Definition 1.6 Let R € R}(T). An ellipsoid E(y,p), y € T, p > 0, is

called supporting to R if B(R) C B(y,p) and RN E(y,p) # 0.

Obviously, for a given R € R, (T) at every point z € R there exists at least
one ellipsoid from the family defining R which is supporting to R. However,
not every ellipsoid from such a family is necessarily supporting to R. A trivial
example of such a situation is a family of ellipsoids all of which are improper
except for one. On the other hand, at each point on a reflector we have at

least one supporting ellipsoid.

Proposition 1.7 Let R € R:(T). Then for each y € T there exists an

ellipsord with foci O and 'y supporting to R.
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Proof. Since R is compact, we can apply Lemma 1.4 and choose an ellipsoid
E(y,p) with p sufficiently large so that B(R) C B(y,p). Decreasing p con-
tinuously and, taking into account Lemma 1.4, we arrive at a situation when

RN E(y,p) # 0 for some 0 < p < oo while still B(R) C B(y,p). QED.

We define the focal function p : T — (0, 00) of a reflector R as the function
such that the ellipsoids E(y,p(y)) are supporting to R for each y € T. We

also put

Er(T) :=={E(y,p(y)) | y € T, E(y,p(y)) is supporting to R}.

It is important to note that in contrast to reflectors constructed from
paraboloids of revolution [6], two ellipsoids with different second foci sup-
porting to a reflector R € R%(T) may be tangent to each other at the
point of contact with R. A simple example can be constructed as follows.
Let T = {y1,y2}, y1,¥2 # O, y1 # y2, and consider the reflector R de-
fined by two ellipsoids E(y;,p;), i = 1,2, with focal parameters such that
y1,y2 € intB(y1,p1) N B(yz2,p2). Increase the focal parameter p; to some
value A so that E(ys,p2) C B(y1,A) and then decrease A so that E(yi,\)
is supporting to F(ys,p2). Then E(yi,A) is tangent to E(y2,p2). The

ray from O in direction z € S" corresponding to the point of tangency
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2z = py, ()T = py,(T)T is reflected by both ellipsoids in the same direction
and the reflected ray must pass through the foci y; and ys.
The following proposition provides a useful description of the intersection

of two ellipsoids with a common first focus.

Proposition 1.8 Let E(y;,p;), i = 1,2, be two ellipsoids with the same first
focus and let C' := E(y1,p1)NE(y2,p2) # 0. If n > 2 then C consists of only
one connected component which may reduce to a point. If C' is not a point
and E(y1,p1) # E(ya, p2) then C is homeomorphic to an (n—1)-dimensional
sphere. If n = 1 then C' consists of either one point or two points, or the
ellipses coincide. When n > 1 and C' reduces to one point then this point
is p1(Z)T = po(T)x, where p;(x), x € S, i = 1,2, are the polar radii of the

respective ellipsoids and

= si n(~ = ) D2€1Y1 — D1€2Y2 (’))
grpe = |D2€1y1 — Dr€2yo] '

In addition, the two ellipsoids are tangent to each other at that point.

Proof. Let n > 1. The radial projection Uy5 of C from O on S" is given by

Up := {x €S§" | pi(x) = pa(z)} (1.6)
= {x eS| az = P } |
1—€1<$,y1> 1—62<I,y2>
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or

Ug = {x € S" | (D2€1y1 — P1€2y2, ) = P2 — P1} - (1.7)
If |paeryn — preaya] = 0 then y; = yo and po = p; because of (1.7). In
this case, Ujp = S™ and the ellipsoids E(yi,p1) and E(ys,ps) coincide. If

|D2€1y1 — preay2| > 0 and n > 2 then it follows from (1.7) that Ujy is an

(n — 1)—dimensional sphere on S™ with center at

Ay — D2€1Y1 — D1€2Yo
12 = 7= =
|D2€1y1 — Dr€2y2]

(and at Ay; = —Aj2). Obviously, C is homeomorphic to this sphere. If
n = 1 then Uy, is either a point or two points. The remaining statements are

obvious. QED.

Recalling the physical interpretation of the near-field reflector problem in
the introduction, we note that the Proposition 1.7 implies that for any R €
R5(T) and any y € T there exists at least one light ray originating at O
which is reflected by R so that the reflected ray reaches y.

Let R € R} (T'). Obviously, B(R) is star-shaped relative to O and we can

describe R as the graph of its radial function given by

p(x) =sup{A > 0| \x € B(R), x € S"}. (1.8)
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Here z is treated as a point on S” and a unit vector in R"*'. The position
vector of the reflector R is p(x)z, x € S™. It follows from the definition of R

that

p(x) = inf Py)

Ty "5 (19)

Since for each y € T the ellipsoid E(y,p(y)) is supporting to R, we have

p(y) = sup p(z)(1 — e(p(y))(z,9)), y € T. (1.10)

xzeSn

It follows from (1.9) and (1.10) that

log p(x) —logp(y) < —log(1 — e(p(y))(z,y)), Yz €S", y € T, (1.11)

and for each x € S™ the equality is achieved for some y € T and for each
y € T the equality is achieved for some x € S".

Note that (1.8)—(1.11) hold actually for any reflector defined by (1.3) and
(1.5), regardless of the condition (1.4).

For R € R%(T) the reflector map ag : S" — T is the (possibly multivalued)

map given by

ar(r) ={y € T | p(y) = p(z)(1 — e(p(y))(z,y))}, v €S". (1.12)

In other words, the reflector map assigns each direction x € S™ the second

foci y € T of all the ellipsoids supporting to R in the point p(z)z. Clearly,
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ar maps S™ onto 1. The inverse of the reflector map is

ap'(y) ={z €S" | p(y) = plx)(1 — e(p(y)){z,y))}, ye T.  (1.13)

That is, the image of a point y in the target set is the set of all directions
x € S" in which the point y is wvisible (along a reflected ray) for the source.
For a subset w C T the set

Ve(w) = [ az'(y)

yEw

is called the wvisibility set of w. If T is contained in a hyperplane then it
follows from Lemmas 1 through 5 in [18] that for any Borel set w C T the set
Vr(w) is measurable with respect to the standard n—dimensional Lebesgue

measure on S™.

Remark 1.9 In [18] the cited results are proved for reflectors in R3. The

same proofs are valid verbatim for reflectors in R™*1.

A point X € R is called singular if there is more than one supporting
ellipsoid at X. Clearly, the map ar(X/|X]) is multivalued at singular X.
Proposition 1.8 implies that, depending on the set 7', a point X € R may be
such that there exists a unique tangent hyperplane to R at X and still there

is more than one supporting ellipsoid at X. Such a situation cannot occur
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for reflectors defined by paraboloids as in the far-field problem [11], [36]. A
point of a reflector R at which two supporting ellipsoids are tangent to each

other will be called singular of tangential type.

Proposition 1.10 Let T be contained in a hyperplane 11. Then the set of

singular points of a reflector R has n-dimensional Lebesgue measure zero.

Proof. Clearly, if X € R is a singular point on the reflector R and there are
at least two supporting ellipsoids at X that are not tangent to each other
then X is a singular point in the usual sense of convex surface theory [4]. By
a theorem due to Kurt Reidemeister ([28], and [4],§2) this set has measure
zero. On the other hand, if X is a singular point of tangential type then the
two corresponding second foci lie on a straight line through X. Hence, all
singular points of tangential type are contained in R NIl and this set has

n-dimensional Lebesgue measure zero in R. QED.

The assumption in Proposition 1.10 can obviously be generalized to target
sets T that are contained in a countable union of hyperplanes. However, the
following remark gives an example of a target set for which the conclusion in

Proposition 1.10 does not hold.

Remark 1.11 If T is not contained in a hyperplane, the set of singular
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points of tangential type may have a positive measure. To see this, consider
the following example. Let T be the semicircle {y € R? : |y| = 1,351 > 0},
where vy, denotes the first of the Cartesian coordinates of the point y. Let
y = (1,0) and p = p(y) € R be large enough so that T is contained in
the interior of the convex body bounded by the ellipse E = E(y,p). Then the
singular points of tangential type on the reflector R = E form a set of positive
measure. This can be seen by tracing back to O the rays terminating aty and
passing through y € T. The intersection of such a ray with the reflector is
a singular point of tangential type and the union of all these singular points
has positive measure in R. Using the rotational symmetry we can generalize

this example to n > 2.

For the rest of this work, unless stated otherwise, it is assumed that T' is
contained in a hyperplane.

Let the intensity of the source O be a non-negative function I € L'(S"), I #
0. Following [18] for each reflector R € R, (1) we define a Borel measure on
T by setting

G(R,w) :/V( )[(:U)da(x), (1.14)

where ¢ is the standard Lebesgue measure on S™. It is useful to note that if
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we set
M(U):/Ul(x)da(a:), (1.15)

where U is any Borel set of S, then G is the push-forward of p with the map

ag, that is

ulag' (@) = G(R.w).

Remark 1.12 Observe that G(R,-) may fail to be a measure if T is not
contained in a hyperplane. The example constructed in Remark 1.11 can
be used again to show that in this case, G is not o-additive. Indeed, let T
and R be as in Remark 1.11. Decompose T into two disjoint Borel sets:
T = (T\y)Uy. Let Q C S' be the set of points corresponding to singular
points of tangential type on R. Put I(z) = 1 if v € Q and I(z) = 0 if
r €S\ Q, then

G(R,T) = / I(z)do.

Sl

However, we see that

G(R,T\y) + G(R,y) = /1(T\~)I(x)da—|—/1 I(z)do

Therefore, G(R,-) is not (o-)additive.
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In practical applications the most important case seems to be the one where
T is contained in a hyperplane. It is possible, however, to modify the def-
inition of G(R,-) so that it becomes c-additive even when 7' is a compact
subset of R™™! not necessarily contained in a hyperplane. For example, we

can introduce the notion of a strongly supporting ellipsoid as follows.

Definition 1.13 An ellipsoid E is called strongly supporting to a reflector
R in the point X € R if the convex body bounded by E does not contain any

ellipsoids that are supporting to R in X in its interior.

Then the measure G is o-additive even if T" is not contained in the countable
union of hyperplanes if we replace supporting ellipsoids by strongly support-
ing ellipsoids in the definition of the reflector and visibility map. We plan to
return to this issue in a separate investigation.

For future reference, we recall the following lemma [18] providing a useful
result on the weak convergence of measures associated with a sequence of

reflectors. The Hausdorff metric is defined in appendix 6.1.

Lemma 1.14 (See [18]) Let R, € RE(T),s = 1,2,..., be a sequence of
convez reflectors Ry € RE(T),s = 1,2,..., converging to a closed, convex

hypersurface R in the Hausdorff metric. Then the measures G(Ry,-) converge

weakly to the G(R,-).
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1.3 Weak Formulation of the Near-Field Re-

flector Problem

We recall now the weak formulation of the near-field reflector problem

18].

Problem 1.15 (Near-Field Reflector Problem) For a given set T, a
non-negative function I € L'(S™) as above and a given Borel measure v
on T, the near-field reflector problem consists of finding an R € R%(T) such
that

G(R,w) = v(w) for each Borel set w C T. (1.16)

We refer to such R which satisfies (1.16) as a weak solution of the near-field
reflector problem.

The existence of weak solutions to Problem 1.15 was shown by Kochengin
and Oliker in [18]. Their approach is discussed briefly in section 5.1, and a
modified version of the existence result is stated in Theorem 2.8. Further-
more, the geometric approach developed in [18] was adapted by the same

authors in [19] to describe a provably convergent algorithm.



24

Chapter 2

A Generalized

Legendre-Fenchel Transform

2.1 A Generalized Legendre-Fenchel Trans-
form and the Associated Variational Prob-

lem

The relations in (1.9) and (1.10) can be viewed as a variant of the Legendre-
Fenchel transform between the radial and focal functions of reflectors in
RE(T). In contrast to the classical Legendre-Fenchel transform (see, for

example, [29], [31], [34]) and other known transforms of this type ([3], [9],
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[5], [11], [36], [1]), the transform (1.10) defines the focal function p implicitly.
The following proposition shows that even in these circumstances we have

analogues of the usual duality properties typical for polar bodies [26], [29],

31).

Proposition 2.1 Let T be a compact set in R"™\ {O} and (p,p) € C(S") x
C(T) are continuous functions, respectively, on S™ and on T, satisfying (1.9)

- (1.10). Assume in addition that
I%inp($) >ly|VyeT. (2.1)

Then there exists a unique reflector R € R(T) with radial function p and

focal function p.

Proof. Let p,p be as in the proposition. It follows from (1.10) and (2.1)
that p(y) > p(=y)[1 + e(p(—=y))] > |y| Vy € T. Hence, both functions are

positive, and, in addition, we may consider the family of ellipsoids

E(T,p) ={E(y,p(y)), y €T}

and the convex hypersurface R defined by this family as in (1.5). Denote by
p’ the radial function of R. We need to show that p'(z) = p(z) for all x € S™.

It follows from (1.5) that p'(z) < p(z) Vo € S". If for some Z the inequality
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is strict then at the point p/(Z)z € R there is no supporting ellipsoid from
the family of ellipsoids defined by the function p. But this is impossible. On
the other hand, (1.10) implies that for any y € 7" the supremum in (1.10) is
achieved at some z € S". The condition (1.4) is satisfied because of (2.1).

QED.

Remark 2.2 The proof of Proposition 2.1 above is valid even if T is not as-
sumed to be contained in a hyperplane. For reflectors in R® this means that
T can, for example, be a cube. In such a situation, we have to redistribute
the source intensity, which is a function on S?, on a three dimensional ob-
ject. Aside from the physical questions on transparency and blockage which
immediately come to mind in this context, we have already observed mathe-
matically that in this case the map G(R,-) may fail to be a measure, as it
was noted in Remarks 1.11 and 1.12. The key observation in Remarks 1.11

and 1.12 was the existence of singular points of tangential type.

It is convenient to restate Proposition 2.1 as a sufficient condition on the

focal function.

Lemma 2.3 Suppose all the conditions of Proposition 2.1 are satisfied except
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for (2.1). Assume instead that

p(y) > 2aM for some constant a > 1 and ally € T. (2.2)

Then there exists a unique reflector R € R%(T) with focal function p and

radial function p satisfying the inequality

HSITiLIl p(x) > all. (2.3)

Proof. The inequality in (2.3) follows from Lemma 1.5 if we take ¢ =

(a — 1)M and then apply Proposition 2.1. QED.

The geometric significance of the choice of the constant a is as follows.
We will see in Lemma 2.3 below that the radial function of an ellipsoid
E(y,p) is bounded from below by £ and from above by 2p. Therefore, the
condition (2.1) in Proposition 2.1 can be replaced by a lower bound on p
which ensures that the convex body B(y,p) contains a ball of radius at least
M = supycp |y] in its interior. This in turn implies that (2.1) holds. This
situation is illustrated for an ellipsoid in R? in Figure 2.1.

We define now a variational problem which arises naturally from the gener-
alized Legendre-Fenchel transform (1.9)—(1.10). Consequently, this problem

18 also associated naturally with the near-field reflector problem.
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Figure 2.1: The lower bound in (2.2) for the focal function in Lemma 2.5
ensures that the convex body B(y,p) bounded by the ellipsoid E(y,p) con-
tains a ball of radius aM around the origin O in its interior. Therefore T is

also contained in the interior of B(y,p).
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Let T be a compact subset in R"*! contained in some hyperplane and

O ¢ T. Denote by v a Borel measure on T satisfying the condition
u(S") = v(T) £0, (2.4)

and where the measure p is defined by (1.15). Furthermore, we assume that
the support of the measure v, denoted spt v, does not reduce to a single

point. In other words, there is no y € T such that
spt v ={y}. (2.5)

For positive functions p on S™ and p on T" we introduce for brevity the
following notation:
p(x) := log p(z),
p(y) := logp(y),

K(x,y,p) :== —log[l — e(p(y)){z, y)]
forz eS", yeT.

For a fixed constant a > 1 the set of admissible functions is defined as

A, = {(p,p) € C(S") x C(T) such that
p(x) >0Ve eS", p(y) > 2aM Yy € T, and (2.6)

p@) = (y) < K(w,p.p), Ve, y) €8"x T} (27)
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Put

Qlp.r = [ pta)t@)do ~ [ iy (2.8)

T

Fix some a > 1 and consider the problem of finding a pair (pmax, Pmax) € Aa
such that
Qlpmas; Pmax] = sup Qlp pl. (2.9)
Before we prove the existence of maximizers, we will make an important
observation relating the set of reflectors R%(7') to the set A,. Every reflector
in R'%%(T) is naturally associated with the pair (p,p) € A, consisting of its
radial and focal function. On the other hand, with each pair (p,p) € A, such
that for each x € S™ there exists a y € T making (2.7) an equality and for
each y € T there exists a x € S” making (2.7) an equality, we can associate
a reflector in R7%(7T) with radial and focal function p and p, respectively.
Therefore, we can identify the set of reflectors R';(7T'), described by the pairs
of radial and focal functions, with a subset of A,, which we denote A?.
To prove the existence of maximizers for Q, we will need the following two

lemmas.

Lemma 2.4 If the supremum of Q is achieved in A,, then there exists a
reflector R € R%(T) such that sup 4, Qp,p] = Q[p, p|, where p and p are the

radial and focal function, respectively, of R.
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In other words, Lemma 2.4 states that

sup Q[p, p] = sup Qlp, pl.
Aa A

Proof. Suppose (p,p) € A, and (p,p) ¢ A%, i.e the functions p, p are not
the radial and focal function of a reflector. Then there exists some z € S™

such that
plx) = ply) < K(z,y,p(y)) Yy € T.
Consider the reflector R defined by the ellipsoids {E(y,p(y))}, y € T. Its

radial function is

() = in p(y)

T )@y T

Thus, for all z € S" we have p(z) < pg(z). This and (2.8) imply

Qlp,p| < Qlpr, pl-

QED.

The following lemma is based on a result in [18].

Lemma 2.5 Fiz a constant ¢ > 1. Let, as before, M := maxyer |y| and let
E(y,p), y € T, be an ellipsoid with p > cM. Then the eccentricity of F

satisfies the inequality

€(p) < Vet+1—c, (2.10)
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and the radial function of E satisfies the inequalities

p

< pslx) <
_Py( )_l—i—c— /—1+02

In particular, the inequality on the left is strict if p > 0.

DO | =

< 2pVreS" (2.11)

Proof. The inequality on the left of (2.11) follows from (1.1) and the fact
that 0 < ¢(p) < 1. Now we prove (2.10). By (1.2) and because p > cM, |y| <

M, we have
2e(p)M _ _ 2pe(p)
L—le(@]* = 1= [e(p)?

This implies inequality (2.10) since

=|y| < M.

2ce
1—¢€2

<l 420 e—-1<0.

Solving the quadratic equation above for 0 < ¢ < 1 we obtain the estimate
in (2.10). The first of the inequalities on the right of py(z) in (2.11) follows
from (2.10) and (1.1). Finally, note that #@ is strictly decreasing if
¢>1and2—+2> % Therefore the second inequality on the right of py(x)

in (2.11) follows from the preceding inequality because ¢ > 1. QED.

The condition p > aM on the focal function implies a bound on the radial
function of the admissable reflectors from below. In the following theorem,
we will bound the radial function also from above. This allows us to prove

the existence of a maximizer of O.
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Theorem 2.6 Let a > 1, M := maxyer |y|, P € [2aM,00) and

Aap = {(p,p) €A, | ir%fp < P}.

The functional Q defined by (2.8) is uniformly bounded from above on A, p
and the sup 4, ,, Q is attained on some reflector R € Ri(T') with radial func-
tion p and focal function p such that (p,p) € A, p. Furthermore, the diameter

of R is bounded by a constant depending only on P.

Proof. Because of Lemma 2.4 it suffices to prove the theorem by considering
Q only for reflectors in R’ (T) such that the radial and focal functions satisfy
(p,p) € Aap.

Consider such a reflector R. Let y; be such that infr p(y) = p(y1). Since
p(y1) > 2aM, Lemma 2.5 implies that py, (z) < 2p(y1) < 2P Vo € S™.
Ify e T, y # yi1, and p(y) > 4P then Lemma 2.5 implies that py(z) >
2P Vx € S", that is, the ellipsoid E(y, p(y)) is not supporting to R. But this
is impossible, since p is the focal function of R. Therefore, the diameter of
R does not exceed 8P.

Each reflector R € R%(T) is a bounded convex hypersurface with the
origin strictly in the interior of the compact convex body bounded by R.

By Blaschke’s selection theorem, the uniform bound on the diameters of
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reflectors such that (p,p) € A, p implies that this set is compact. The

continuity of Q implies existence of a maximizer (and minimizer) of Q. QED.

Remark 2.7 A suitable statement of Blaschke’s selection theorem and ref-

erences can be found in appendiz 6.2.

Next, we study the relations between the variational problem (2.9) and
the near-field reflector problem (1.16). Such relations are geometrically more
transparent in the case where v is an atomic measure concentrated at a finite
number of points. The corresponding reflectors can be defined by a finite set

of parameters and form a class of E — polytopes [18].

2.2 E-Polytopes and Irradiance Distributions

Defined by Atomic Measures

In this section, the variational problem (2.9) is specialized to the case when
the target is a discrete set of the form 7" = {yi,ys,...,yx}, K € N, K > 2,
where y1,ys, ..., yx are distinct points in R"™ and O ¢ T'. In this case, a re-

flector is defined completely by any K ellipsoids E(y1, p1), .., (Y i, Di) satis-
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fying conditions (1.3) and (1.4). For a fixed set of points 7" = {y1,¥2, ..., Yx }
as above, we denote the corresponding set of reflectors by R, r(y1, -, Y )-

When there is no danger of confusion, we write R, ;. The reflectors in R}, ,

.....

The focal function of a reflector R € R j is completely defined by the

vector p = (p1,....,px) = (P(y1),-p(yx)) € RE, where RE = {p €
RK | p1, -, Pk > O}

The measure v in this case is assumed to be atomic and given by

K K
V:Z’/i(syw Zui:u(Sn), vi,...,vg > 0. (2.12)
i=1 i=1
The set of admissible functions is defined as

Aka={(p,p) | p€ C(S"), p €RY, p(zr)>0onS",

min  p; > 2aM, and (2.13)
ie{l,....K}

plr) —p; < I@(x,yi,pi) VeeS" i=1,.,K}, (2.14)

where a > 1 is a fixed constant. As in the general case, we define the

functional
K
Qxlp,p| = / pla)I(x)do — Y piv;. (2.15)
" i=1

The variational problem in this case consists of finding a pair (pmax, Pmax) €
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Ak o such that

QK [pmax> pmax] = sup QK [P> p] (216)

AK,a

For each a > 1 define a subset of reflectors RY, . (a) in RY ;¢ such that
p1 = 8aM, 2aM < p; <32aM for all i € {2,..., K}. (2.17)

It follows from Lemma 2.5 that RY -, (a) # 0. Indeed, for the ellipsoids
E(y:, pi) with p; = 8aM and p; = 32aM, i = 2, ..., K we have by (2.11) for

all z € S™
daM < py,(x) < 16aM and 16aM < py,(x) < 64aM when i =2, ..., K.

Then, clearly, the reflector R = {E(y1,p1), ..., E(yk, px )} reduces to E(yy, p1)
and a}gl(yl) = S". Therefore, G(R,y1) = u(S"), while G(R,y;) = 0 Vi =
2,..,K, and thus R € Rk, (@). It follows also from Lemma 1.5 that
reflectors in Ry i, (a) satisfy conditions (1.3), (1.4).

We give now a modified version of a result in [18](cf. Theorem 11 and 12

in [18]) that will be used in the following discussion.

Theorem 2.8 Suppose I € L(S"), I > 0,1 20 andT = {y1, ...,y }, where

K > 2 and the points in T are distinct. Let vy, ...,vg > 0 be such that
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Then for each a > 1 there exists a reflector R € R, ¢, (a) solving the near-

field reflector problem, that is,
G(R,yl) = U, 1= 1,2,,[( (218)

In addition, if I > 0 almost everywhere on S™ and a; # as the solutions
in Ry i, (a1) and R g, (a2) cannot be transformed into each other by a

homothety with respect to O.

Note that in [18] the radial functions of the admissible reflectors were
bounded by 2M from below and 32M from above since the focal param-
eters are restricted to p; = 16M and 4M < p; < 64M. In the definition in
(2.17) of the admissible set R} ., (@), we introduced the parameter a which
controls the bounds on the diameter of the admissible reflectors. Note that
for a = 2 we recover the situation in [18], while we obtain smaller reflectors
(with respect to the diameter) if 1 < a < 2.

Proof. Following the ideas in [18], we actually restrict our attention to a

subset of R} i, (@) by imposing the additional constraints

G(R,y1) > v, (2.19)

GRy)<v,Vi=2,... K. (2.20)
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Thus, we consider the set
R scp (@) = {R € Rl . (a) | (2.19) and (2.20) hold}.

Note that E(y;,8aM) = (8aM,32aM,...,32aM) € R}, ., (a) # 0. Follow-
ing again [18], we claim that the reflector

K

i=1
where
p1 = 8aM,

Di = inf Diy ©=2,..., K,

Refzg K.py (@)

solves the reflector problem. Assume it does not. Then there exists j # 1
such that G(R,y;) < v;. But this implies that there is also § > 0 such that

G(R%,y;) < v;, where
and

W=p,i=1... K i#].

Moreover, it follows that R’ € 7%% K., (@) in contradiction to the definition

of R. QED.
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The following simple example illustrates why the uniqueness does not hold
in general. Suppose I =1 on S"” and consider a set 7" = {y;,y2} containing
only two distinct points # O. Assume also that vy, vy > 0, v + 15 = p(S"),
where p is defined in (1.15). Fix p; = 16M. If we choose po = 64M then
B(y1,16 M) C B(y2,p2) and G(R,y1) = v1 + 1, and G(R,y3) = 0. Now,
decrease po until the ellipsoid E(ys2,ps) becomes tangent to E(yi,p;) and
then continue to decrease p,. By Lemma 2.5, when p, = 4M the ellipsoid
E(y2,4M) C B(yi,16M) and therefore G(R,ys2) = v1 + 1 and G(R,y;) =
0. The function G(R,ys) increases continuously with decreasing po ([18],
Lemma 9) and therefore for some p, we have G(R,y;) = v; for i = 1,2. Thus,
we obtained one weak solution to the near-field reflector problem. To obtain
another solution, we may take any a > 1 and repeat the same procedure
in R% x,,(a). Thus, it is possible to construct distinct solutions with an
arbitrary large diameter. Note that the same phenomenon occurs also in the
simpler case when 7' = {y}. In this case, any ellipsoid with foci at O and y is
a solution of the near-field reflector problem. However, in this case, any two
such solutions can be transformed into each other by a suitable rescaling of
the focal parameter of one of them. This is not true in general for a reflector

defined by more than one ellipsoid because the functions G(R,y;) may scale
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differently for different ¢« and the reflector after such transformation will not
be a solution of the same near-field reflector problem.
We now continue with the study of the behavior of the functional Qk in

the variational problem (2.16) relative to p. First we consider the case when

mingeqy,. k1 p; is large.

Lemma 2.9 Let 1 < a' <a®? < ... <a® < .., a® — ooass / oo, and
let {R*} be a sequence of solutions to the near-field reflector problems in
R kp (a®). Denote by p*,p* the radial and focal functions of the reflector

R®. Then (p°,p°) € Ak as and Qk[p®,p°] — 0 as s — 0.

Proof. The claim (p®,p®) € Ak, is obvious. We prove now the second
claim. Each of the reflectors R* defines a cover of S by closed visibility
sets V' = api(yi),i = 1,..., K, such that o(V;° (V) = 0 for i # j and
ap:(V?) = yi, G(R*)y;) = v;. Furthermore, by (1.13) we have equality in

(1.11) on each V;*. Therefore,

QK[PS7 ps]

n

K
P ()] (x)do =Y pivi
i=1

[
T

(2.21)

]~

{ﬁf (G(R®,)y:) — vi +/ K(f,yiapf)l(iv)da} .

1 Vi

7

Because the R* satisfy (2.18), the first term under the sum vanishes for all .

On the other hand, since p{ > 4a*M for each i € {1,..., K}, it follows from
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(1.2) that €(pf) — 0 as s — oo and therefore K(z,;,pf) — 0 for all i and

the proof of the lemma is now complete. QED.

We show next that the functional Qi attains a maximum on every set of
reflectors for which a solution of the reflector problem was shown to exist
(see Theorem 2.8).

We define the following admissible set for a discrete target set; we put

AK,a7p1 = {(pa p) € AK,a| pP1 = 8CZM,
(2.22)

2aM < p; <32aM for all i =2,3,..., K}
and consider the analog of problem (2.16) on the set Ag,,. As a conse-

quence of Theorem 2.6 we obtain the following statement on the existence of

a maximizer. Furthermore, the supremum is achieved in a reflector.

Lemma 2.10 Let a > 1 and T,v, Qk, Ak, be as in (2.12),(2.15),(2.22).
Then there exists an FE-polytope Rpax € 7%% K,pl(a) with radial function pmax

and focal function pmax such that

Qk [Pmax: Pmax] = sup Qglp,p] = sup  Qx[p,p. (2.23)
AK,a,pl RTEL,K,pl (a)
Proof. The lemma is just a special case of Theorem 2.6. QED.

We recall that in the far-field case [11], [36] a weak solution of the reflec-

tor problem can be found by solving an optimal transport problem. More
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precisely, the maximizing pair of the cost functional for the far-field problem
corresponds to a weak solution of the reflector problem. We will show that

this is not true in general for the near-field problem.
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Chapter 3

Examples and Numerical

Experiments

In this chapter we present examples which show that the admissible solu-
tion of the reflector problem is not in general the solution of the associated
variational problem. This situation is in sharp contrast to the far-field reflec-
tor problem where the solutions to the reflector and the variational problem
coincide. We also present some numerical experiments to illustrate the situ-

ation for the near-field problem.
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3.1 Solutions of the Variational Problem May

Not Solve the Reflector Problem

In this section we give two examples for which we prove that the admissi-
ble solution to the reflector problem does not coincide with the variational

solution.

3.1.1 First Example

In the following we discuss an example for which the weak solution of the
near-field reflector problem is not a maximizer of the Monge-Kantorovich

functional Q. First, we state the following

Lemma 3.1 For a fived x € S*™ andy € T the function l@(az,y,p) evaluated
on ellipsoids E(y,p) is strictly increasing in p if (z,y) < 0 and strictly

decreasing in p if {(x,y) > 0.

Proof. We have

a%’@(x’y’p) _ iﬂr,y> Oe(p)

The statement of the lemma follows now from the fact that 8;—(? < 0 ([18],

Lemma 6). QED.
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Consider the reflector R defined by the following two ellipsoids in R"*!: F;
with foci O and y; = (1,0,...,0) and focal parameter p; and E, with foci
O and y; = (—1,0,...,0) and focal parameter py. It follows from Lemma
2.5 that in order to satisfy (1.3) and (1.4) it suffices to fix p; > 4a for
some constant @ > 1. It will be convenient to take p; = py = 4a and
consider the target set T' = {yi,y2}. By Proposition 1.8 the visibility sets

Vi = az'(yi), i = 1,2, are given by
Vi={s eS| (5,3) <0}, Vo= {z €S | {z,—3) <0},

where

— P2€1yY1 — P1€2Y2

|p261}’1 - P1€2Y2|

As usual, here ¢;, i = 1,2, are the eccentricities of F; and Ey which are equal
in the present case.

Assume that the intensity of the source at the origin is / = 1 on S". Then
the irradiance distribution produced by R on T' = {yi,y2} is given by the
atomic measure

V = V10y, + V20y,,

where 11 = v, = m = £[S"|. Thus R solves the near-field reflector problem for

such 7', I and v. The focal function of R is completely defined by the vector
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p = (p1,p2) = (4a,4a). Figure 3.1 shows the reflector and the generating
ellipses. It follows from Theorem 2.8 that R is the only solution of the near-
field reflector problem with these data and fixed E;. We will show that the
functional Q, is increasing at (p, p), where p is the radial function of R. The
needed variation is produced by increasing the focal parameter ps.

Let ph, be defined by log(ph) = log(ps) +t for t > 0. Note that p) = py = p;.
Denote by R! the reflector defined by the ellipsoid F; as before and ellipsoid
E% with foci O and y, and focal parameter pl. Let the radial functions of
E; and EY with respect to O be referred to by p; and pb, respectively. Let
p'(x) be the radial function of R* and p' = (p;,ph). Taking into account that

P = p1, we have

Q[ p'] = / #(z) do — 2pim — tm. (3.1)

We denote by Vi = apt (y1), Vi = api (y2) the visibility sets of yq, y» with
respect to the reflector R, respectively. Clearly, V¥ c V{ and V! c V!
when 0 < ¢t < ¢’ with the inclusion being strict when ¢t < t'. Therefore,
VinVi=Viand VoNVy = VY, where V; = V), i =1,2. Put V{, = VN V}.

7

For each ¢ > 0 the sets V1, V; and V{, form a cover of §", and furthermore,
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R=0(B(y1,p1) N B(y2,p2))

Figure 3.1: The reflector R generated by the ellipses F; = E(yi,4a) and
Ey = E(y»,4a) redistributes the light emitted from a homogeneous source

evenly among the target points y; and ys».
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they are disjoint except for a set of measure zero, that is
c(VinVy)=a(Vin Vlt,z) = ‘7<V1t,2 NVy) =0,

By (1.9), we have p'(z) = pi(z) when x € Vi UV{, and p'(z) = ph(z)
when = € V4. Using (1.9), (1.11), (3.1) and, again, taking into account that
p° = p,p = p1, we obtain

ol v - |

|41

pla) do s | palo) do

t
V1,2

+/ p2(x) do —2pym
V4

~ ~

= / ’C($,y1,p1)d0+/ ’C(may27p2>d0'
Vi Vit

1,2

+ /&(x,yg,pg)da. (3.2)

Vi
If t >0 and 2 € intV}, then (z,y;) < 0 and by Lemma 3.1, K(x,y2,p2) <
K(x,y2, p). Furthermore, in this case K(z, ya, pb) < 0 while K(z,y1,pl) > 0.
Since p, = p; on Vﬁ?, we obtain from the preceding observations and (3.2)

fort >0

~

Q5" P’ </ /C(:v7y1,p1)d0+/ K(z, y2, pb)do. (3.3)
V1UV1’£’2 V2t

Next, we apply the duality relation

plz) —ply) = K(z,y,p)
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on the visibility sets to recover the (logarithmic) radial and focal functions

from K on the right-hand side of (3.3). Thus, we have the following estimate:

Q" p'] < /C inla)de = pa(m+ (Vi)
1Y 1t,2

+ [ dbta) do - Vi)
Vi

(3.4)

Using the fact that p* = p; on the set Vi U Vf, and the decomposition

Vo = Vi UVY,, we rewrite the right-hand side of (3.4) to find that

%wy%</ﬁuwmwmemm+@wn

n

(3.5)
= [ @) do (o V] + o = IV
Recalling that ph = p; + ¢t we obtain from (3.5) that
Qulg %) < [ (w) do— (pum-+ 1|V |+ -+ e
— |Vl = [V
_ / P(x) do — (2pym + tm — V)
_ / P (x) do — 2pym — tm, + t|Vis)). (3.6)

Finally, comparing the right-hand-side of (3.6) with (3.1) we conclude that
Q[p’ P < Qalp’, P+ [V, (3.7)

Since t|V{,| = o(t), we conclude that Qs[p’, p’] > Qs[p, p] for any sufficiently

small ¢ > 0. In other words, the solution to the near-field reflector problem
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in the admissible set is not the maximizer of the functional Q.

3.1.2 Second Example

Observe that in the example discussed in section 3.1.1, the target set T" and
the source O are contained in the same hyperplane (this situation is excluded,
for example, in [19]). However, if we perturb one of the target points, say
yo, slightly, we can still construct an example where Qf is increasing in the

solution to the reflector problem. To see this, consider the perturbed focus

yh = (— cos(¢),sin(1)),0,...,0),

where 0 < ¢ < 7. Then the center of the visibility set of y} is given by

o (1 + cos(vp), —sin(v)), 0, ... ,O)‘
V(1 + cos(¥))? + sin®(¢))

Let V' be the component of S” contained between the two hyperplanes with

normal vectors ' and e; = y; = y—h, respectively. Now, we consider the

Yy

source intensity [ : S — R defined by

1, ifx e S"\V/,
I(z) =
0, ifzeV.
Using the measure v/ = m’(dy, + dy; ) where m' = (1/2)[S™\V’| on the target

set, we obtain again that Qg is increasing in the solution to the reflector
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problem.

3.2 Numerical Experiments

In this section, we describe some numerical experiments related to the exam-
ples that we discussed previously in section 3.1.1 and 3.1.2 using a Graphical

User Interface (GUI) in Matlab.

3.2.1 First Experiment

We consider again the reflectors R(p1, p2) generated by the ellipse E; with
focal points O, (1,0) € R? and fixed focal parameter p; = 4 and the ellipse
Ey with focal points O, (—1,0) € R? and variable focal parameter p,. Let
the target measure be denoted v = 11dy, + 120y,. In the following we use
Matlab to illustrate our analytical findings from Section 3.1 graphically in
the Euclidean plane. We already observed that if [ =1 and 1y = 1, = %m,

where m = fS" I do, then the solution to the reflector problem is given by

the symmetric reflector R = (p1,p2) = (4,4).
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Preliminaries

Since the focal parameter p, of the second ellipse plays the role of a free
parameter, we establish a priori bounds that can be used to determine a
suitable range of py for numerical experiments.We are interested in the case
when both of the generating ellipses are also supporting to the reflector.

Otherwise the reflector simply coincides either with E; or Es.

Proposition 3.2 (A priori bounds) Let R = R(p1,p2) = 0();,_,, B(E))
be a reflector generated by two ellipsoids with py = p fived, yo = —y1 # O.
Assume furthermore that p > 2|y| where |y| = |yi|, ¢ = 1,2. In order to
have

Vi=1,23x € S" : E; is supporting to R al p(z)x,

where p is the radial function of R, it is necessary that

Plow S D2 S Pup-

Here the constants piow, pup are the (positive) solutions to the following equa-

tions in po:
p(1 —e(p2)) _
vy P20
p(1 +€(p2)) _
=) "
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respectively.

Proof. To assure that the free ellipsoid Fs is not contained strictly inside the
body bounded by E; we need to enforce that min,egn p1(x) < max,egn p2().
Here p; denotes the radial function of the ellipsoid E;, ¢+ = 1, 2. Thus, we

obtain the constraint on the focal parameter of Fy that

p < P2
1+e(p) = 1—€(p2)

(3.8)

Since the right-hand side of (3.8) is strictly increasing for py > 0 there exists

a unique positive solution to the equation

p _ P2
L+ep) 1—elp2)

(3.9)

Equivalently, we can find the positive solution to

p(1 — e(p2))
1+ €(p)

—p2=0
as a lower bound for the parameter ps.

Similarly, we require that the minimal radius of the variable ellipse is
smaller than the maximal radius of the fixed ellipse max,esn p1(z), that is

Mingesn po() = 1+}€7?p2) < 17€(p) = max,esn p1(z). Hence, py is bounded from

above by the positive solution of

P2 _ p
L+e(pa) 1—e(p)
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or equivalently

p(1+ €e(p2))

— = 0.
I—e(p) *

QED.

Remark 3.3 Note that the above Proposition 3.2 holds for any dimension

n. However, the a priori bounds depend on the geometry of the target set.

To validate the numerical evaluation of the functional Qx we prove the

following property.

Proposition 3.4 Let R = {p(x)xz|x € S'} be the reflector generated by the

two ellipses E(y1,p), E(y2,p) where yo = —y1 and py = p2 = p > 2|y1].

Then

Qklp, (p,p)] < 0. (3.10)

Furthermore, we have lim, . Qk|p, (p,p)] = 0.

Proof. The proof is a straightforward computation using the symmetry of
the reflector. Recall that the center of the visibility set Vo = a~!(y3) is given

by Ay = % = y; where € = €(p) denotes the eccentricity of F; and
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Es.

Qulp.p] = | 1os(p(w)) do(a) = log(p)m
) ( [ o8t o) + [ tog(1 — el do<x>) ~ log(p)m
= 2/‘/ log(p) do(z) — 2/\/ log(1 — €(z,y9)) do(x) — log(p)m

_ —2/ log(1 — e(z, 1)) dor(z) < 0
a"y2)

since 1 <1 —e(x,y2) < 2 and therefore log(1 — e(z,yq)) > 0 for all z € V5 =

a~(y2). QED.

In the following we discuss some results that were obtained using Matlab.
The experiments were conducted using a GUI that displays two ellipsoids
in the plane with the first focus at the origin; furthermore, the generated
reflector is also displayed. The focal parameters (p;, pz) and second foci
(y1 and ys, sometimes also labeled Y7 and Y3) can be changed interactively
by the user, as well as the irradiance distribution on the target set, which
is given by the measure v = 140y, + 0dy,. Moreover, the functional Q, is

evaluated numerically, assuming a constant source intensity of 7 = 1 on S'.
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Numerical Investigation of the Functional Qj

First we display the solution to the reflector problem for the following data:

p = 4
vioo= (-L0),
Y, = (1,0), (3.11)
1 = 1,
v =vy = .

7

As discussed earlier, the solution to this reflector problem is described by
the focal parameters (p1, pa) = (4,4); see Figure 3.2. Note that the negative
value of the functional Q in Figure 3.2 agrees with our result in Proposition
3.4. We give here a brief description of the functionalities of the GUI; see
Figure 3.2 for the corresponding panels. The display panel contains a display
that is used to plot two ellipsoids (one in red, one in blue) with first focus
at the origin (marked by a yellow dot), their second foci (marked by an up-
ward pointing triangle for the red ellipse and a downward pointing triangle
for the blue ellipse), and the reflector R = 0 (B; N By) (plotted in green)
generated by the two ellipses in the plane. Besides the display panel the GUI

consists of a control panel and an output panel. The control panel allows
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the user to change the parameters of the two generating ellipses interactively.
The solution to the reflector problem (3.11) is given by the focal parameters
p1 = p2 = 4. Changing the parameters in the control panel results in an
updated graphical output in the display panel. The Discretization parame-
ter controls the number of points that are used to discretize the unit circle
S!. These are then used for the computations, since both ellipses and the
reflector can be described completely through their radial functions. The
third panel of the GUI, referred to as output panel, displays the value of the
functional Q, for the current geometry, as well as the actual values (second
column) and the proportions (third column) of the target measure (v) and
the measure induced by the reflector map (G), respectively, on the target
set. The ratios for the atoms of the measure v on the target set can also be
adjusted interactively by the user.

Figure 3.3 shows a perturbation of the solution to the reflector problem
(3.11) and the corresponding control panels. More precisely, the focal pa-
rameter of the second ellipse E5 has been increased slightly. Observe that by
increasing ps the value of the functional Qk has increased as well. This is in
accordance with our analytical results in section 3.1 where we showed that

the solution to the reflector problem does not solve the variational problem
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Figure 3.2: The solution to the reflector problem (3.11) and the corresponding
GUI panels. Top: display panel, bottom left: control panel, bottom right:

output panel
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(2.23).

Second, we run a script that evaluates the functional Qf in a prescribed
range for the focal parameter p, and plots the values of Qx over ps in one
display, as well as the values of G(Y]) and G(Y2) as functions of p, in a second
display. Again, the results illustrate graphically our findings in section 3.1
that is, the solution to the reflector problem (again at p, = 4) does not

maximize the functional; see Figure 3.4.

3.2.2 Second Experiment

We consider next the family of reflectors R(py,p2) generated by the ellipse
E; with focal points O, (\/5, \/5) € R? and fixed focal parameter p; = 4
and the ellipse £, with focal points O, (v/2, —v/2) € R? and variable focal

parameter p,. Let the target measure be denoted v = v1dy, + 12dy,. Again

we observe that if I = 1 and v; = 1 = %m, where m = fgnlda, then
the solution to the reflector problem is given by the symmetric reflector

R = (p1,p2) = (4,4). For future reference, we summarize the data of the
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L .q-_n_—.ﬂ‘ L

Figure 3.3: A perturbation of the solution to the reflector problem (3.11).
Note that the focal parameter of the second ellipse Ey (blue) has increased
compared to Figure 3.2while the value of the functional Ok has increased

compared to Figure 3.2.
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Qas afunction of p, Y,= (-1 0), p,= 4, Y,= (1 0) G(Y,) and G(Y,) as a function of p,; Y,= (-1 0), p,=4, Y,= (1 0)
-0 r r r 7
04 g 6
-05 g s
06 g aF
z
= <1
= 2
S 2
(3 iﬂ
z
o
=07 1 3
-0.8[- 1 2~
-09F - 1+
= L L L L L '\ L I I I}
25 3 35 45 5 55 25 3 3. 5 5 55

4 4
focal parameter p, focal parameter p,

Figure 3.4: The functional Qk and the measures G(Y71), G(Y2) as functions

of P2.
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reflector problem as follows:
= 4,
Vo= (V2V2)
Y, = (V2,—V2), (3.12)

1

Il
\.)—‘

V) = UlVy = .

Vs

The solution to the above reflector problem and the two generating ellipses
are shown in Figure 3.5, while Figure 3.6 shows a perturbation with higher
Q-value. The values of the functional Qk and the measure G(Y;), i = 1,2
over the focal parameter py are plotted in Figure 3.7. As previously, we see

that the solution to the reflector problem does not maximize Q.

3.3 Conclusions

We have seen in this chapter, that an admissible reflector which solves the
variational problem (2.23) does not in general solve the associated reflector
problem. However, in the numerical examples above, the variational solution
appears to be close to the solution of the reflector problem. It seems possible
that under certain assumptions one can obtain a priori estimates on how well

the variational solution approximates the desired solution to the reflector



Figure 3.5: The solution to the reflector problem (3.12).
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Figure 3.6: A perturbation of the solution to the reflector problem (3.12).
The focal parameter of the ellipse F(Y5,py) has been increased. Note that

the value of the functional O has also increased.
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Qas afunction of p,: Y,= (14142 1.4142),p,=4,Y,= (14142 -14142) G(Y,) and G(Y,) as afunction of p,; Y,= (14142 14142), p,=4, Y,= (14142 -1.4142)
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Figure 3.7: The functional Qk and the measures G(Y7), G(Y2) as functions

of p — 2 for configuration of O, Y;, Y5 in general position.
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problem. We have also seen in the previous sections, that obtaining good
estimates can be a complicated task as one may need to take into account
the geometry of the target set T and the particular distribution of the source
intensity, as well as the target measure v. We will come back to some of

these issues in the following chapters.
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Chapter 4

Large Variational Solutions as
Approximate Solutions to the
Near-Field Single Reflector

Problem

4.1 An Approximation Theorem

The example in section 3.1 shows that the maximizer of problem (2.23) is not
in general a solution to the near-field reflector problem. However, we will see

in this section that for even dimensions n the maximizer is arbitrarily close
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to a solution of the reflector problem if the parameter a is sufficiently large.
This includes the case n = 2 of reflector surfaces in R?, which is the most
interesting one for practical applications. We recall here briefly that the
parameter a controls the radius of a sphere centered at O that is contained
inside the convex bodies bounded by the admissible reflectors; see Figure 2.1.

In this chapter, we will prove the following statement.

Theorem 4.1 Let n be a positive, even integer. Furthermore, let T =
{y1,...,yx}, T € LNS*) and v = Y&, vidy, be as before, that is, T is
contained in o hyperplane, O ¢ T and [y, I(x)do(x) = S K v Then the
following holds.

(i) For any v > 0 there exists a > 1 such that for the maximizer Rp.x €

Bx.p, (@) of the functional Qx we have
|G(Rumax, ¥i) — vil < forallie{1,...,K}. (4.1)

(ii) For any v > 0 there exists a > 1 and a reflector R € R i, (a) which

1s a solution of the near-field reflector problem and

|Qk [P, ) — Q[P Pmax] | <7, (4.2)

where p,p are the radial and focal functions, respectively, of the reflector R

and Puax, Pmax are the radial and focal functions, respectively, of the reflector
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Rax on which the SUPRn  (a) Qi is attained.
S4,P1

Before we prove Theorem 4.1, we note an important property of the cost

function K.

Proposition 4.2 For any v > 0 there exists p > 0 such that for any p > p

< 7. (4.3)

0 -~
'pa—p/C(x, y.D)

Proof. The above property follows from the observation made in [18] that

the derivative of € with respect to p is given by

/ - 6(1 B 62)
W= arey

Hence, we obtain

o (rggten) = o (G ) -0 0

This proves the proposition. QED.

4.2 Lipschitz Property of the Measure G

We recall and extend an estimate on the rate of change of the visibility sets

that was proven in [19], Theorem 4, for n = 2.
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Theorem 4.3 Let yy,y2 € T be two distinct points, pi,ps,p2 + Apy €
[2aM,32aM|, and let R = (p1,p2) denote the reflector generated by the two
ellipsoids Ey = E(p1,y1) and Ey = E(pa,y2). Furthermore, assume that
I(z) < Ipax < 00 for almost all x € S™. If n = 2k, k € N\{0} then for any

a > 1 the measure G((p1,p2),y2) satisfies the Lipschitz condition

|G((p1, 2 + Ap2), y2) = G((p1,p2),¥2)| < C|Apy| (4.5)

with respect to ps for some positive constant C.

Proof. Denote by C,,_;7""! the (n — 1)-dimensional volume of a (n — 1)-

sphere with radius r. Furthermore, denote by r(p2) = r(p1, p2) the geodesic
. . . Ceq e | -1

radius of the intersection of the visibility sets C' = a, 1 (y1) Moy, 1 (¥2)-

Similarly, r(ps + Apy) = r(p1, p2 + Aps) denotes the geodesic radius of C4 =

1

Oy ot gy (Y1) 1 a(’pll’szrApz)(yQ). Assume for now that I = 1. Then

r(p1,p2+Ap2)
G((p1,p2 + Ap2),y2) — G((p1,p2),y2) = / Cha1 Sinn_l(g) do
0

7(p1,p2)
— / Cp_1sin" 1 (6) do
0

r(p1,p2+Ap2)
=Ch / sin"~1(6) df
r(p1,p2)

= Cp1 (q(r(p2 + Ap2)) — q(r(p2)))
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where ¢(6) is a polynomial in sin(6),cos(f) and, if n — 1 is even, 6. More

precisely, ¢ is determined by the recursion

for any m > 2.
(i) For n = 2 (see also [18]), the function ¢ is simply the cosine. Further-

more, by Proposition 1.8 we have that

P2 —P1
= . 4.7
COST(pl,pQ) ’]9261}’1 - p1€2)’2| ( )

Since the right-hand side of (4.7) is continuously differentiable with respect
to po, G is as well and (4.5) holds. (See also [18], Theorem 4.) If I is not

constant, then

|G((p1,p2 + Ap2),y2) — G((p1,p2), ¥2)| < Cno1lmax|q(r(p2 + Ap2)) — q(r(p2))]

(ii) We make the following observations. Let n > 2, and assume again that

I = 1. Then ¢ contains terms of the form

CcoSs r(pl ) pz) sin" 7"(]91 ) p2)

and possibly a term in r(py,p2). Note that for 0 < r(p;,p2) <,

sinr(pr, p2) = /1 — cos2r(py, pa). (4.8)
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Hence, we obtain

o . cos1(p1, p2) dcosr(p1, p2)
Sl T(plap2) - = ’
Op2 V1 — cos?r(p1, pa) Op2 (4.9)
_ cos(p1, pa2) . 0 cosr(pr, p2)
sinr(py, p2) Ops '

and it follows that the right-hand side of (4.9) does not exist if cos? r(p1, p2) =
1. The latter equality holds exactly if r(py,p2) = 0 or r(p1,p2) = 7, ie. if

one visibility set shrinks to a single point.

(iii) If m is odd, then

q(r(p1,p2)) = — Am_1cosm(pr, pa)sin™ L r(py, po)

— A,z cos(pr,p2) sin™ 2 r(py, pa) (4.10)

— oo — Ay cosT(p1, pa) sin® r(py, pa) — Ag cos7(py1, p2),

where the coefficients { A;} are constants depending only on m. Furthermore,
it follows from (4.7) and (4.8) that the derivative of sin® 7(p, p2) with respect

to py exists and is given by

0 cosr(pr, p2)

. 4.11
Ops (4.11)

o .
8_p2 sin? T(p17p2) = —2cos T(P1,P2>

Therefore, %q(r(pl,pz)) exists since (4.10) contains only even powers of

9 cos7(p1,p2)

sinr. Since =5 is bounded, aimq(r(pl,pg)) is as well, and G is Lipschitz
with respect to po. If I is not constant, then the Lipschitz property follows

as in (i). This proves the theorem. QED.
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In Theorem 4.3 we exclude the case of odd dimensions for n. If we look
back at the proof for even dimensions, we observe that if m =n — 1 in (4.6)
is even, then it follows from (4.7), (4.9) and (4.11) that %};’pz)) exists as

long as 0 < r < m. Note that

P2 —D1
|P2€1Y1 - p1€2}’2|

r(p1, p2) = arccos

is not differentiable when m = +1, i.e. when r(py,ps) = 0 or
r(p1,p2) = m. These latter equalities hold, when one of the visibility sets
shrinks to a point. Hence, at p, = pg or py = p, such that r(p;,py) = 0 or
r(p1, pr) = m, respectively, the graph of G' as a function of py has a vertical
tangent, and therefore GG is not Lipschitz with respect to py. Moreover, we

conclude that if I is not constant and there exists ¢ > 0 such that I > ¢

almost everywhere, then

G((p1,p2 + Ap2),y2) — G((p1,p2),¥2) = Cro1c(q(r(p2 + Ap2)) — q(r(p2))) ,

where we use again r(ps) = 7(p1, p2) for brevity. Therefore G is not Lipschitz.

The observations made above imply the following.

Theorem 4.4 Ifn =2k + 1, k > 1 and I(x) > ¢ > 0 almost everywhere

on S™ then there exists 2aM < d < D < 32aM such that the measure
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G((p1,p2),y2) satisfies the Lipschitz condition (4.5) with respect to ps on

[d, D] but not necessarily on [2aM, 32aM].

Remark 4.5 Note that the values of interest for py are the ones for which
one of the two generating ellipsoids is contained inside the other one. We
could use these values to impose stricter a priori bounds on the range of the
free focal parameters in our admissible set. However, this approach is not

very practical, since these bounds depend on the geometry of the target set.

The important case for applications, namely n = 2, falls within the scope
of Theorem 4.3. In the case of even dimensions for n we want to investigate
the relationship between critical points of the functional Qf and solutions
to the reflector problem. Next we will show that Qg achieves its maximum
in an interior point if the parameter a is sufficiently large.

We assume for the remainder of this chapter that n is a positive, even

nteger.

4.3 Large Maximizers Are Interior Points

We will show in this section that for a sufficiently large choice of the pa-

rameter a, the focal parameters of the maximizing reflector are not on the
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boundary of the admissible range.

Lemma 4.6 There exists a > 1 such that Ruy.. € int(RE ,, (a)) where

Ryax is the reflector on which the SUPRn  (a) QK is attained.
s 18,01

The idea of the proof is to show that for sufficiently large parameters a the

maximum of Q is not achieved on the boundary of the admissible set. The
boundary consists of all the reflectors for which at least one of the inequalities
in (2.17) becomes an equality.
Proof. For a > 1 the set of admissible reflectors RY, jc, (@) is characterized
by the conditions on the focal parameter vector p introduced in (2.17). Let
us show that Qg does not achieve its maximum in a boundary point, i.e. in
a reflector where py = 2aM or py = 32aM for some k € {2,..., K}.

Let R be a reflector and p, p the corresponding radial and focal function,
respectively. We define the variations R, p*, p* as follows: Fix j € {2,..., K}
and set
IS Dis ©F J,
P = pj +t,

(4.12)
ﬁt(x) = miﬂz‘e{l,.._,K}(ﬁﬁ""C(%Yi,pf)),

Rt = {p'(z)x|x € S"}.
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We need to investigate the change in Qf with respect to ¢, and therefore

we consider the term

/ﬁtlda—/ ﬁlda:/ (p" — p)I do. (4.13)

By Proposition 4.2 there exists a > 1 such that for all @ > a and all

7 =1,..., K we have

fvj pj%(x,yj,pj)f dcr‘ < min(5, v, ..., v5) > 0.
Assume a > a.

Case 1: Let R = (p,p) be a reflector and assume first that there exists
k€ {2,..., K} such that p, = 2aM. Then G(R,y;) = 0 and by the energy
conservation there exists j € {2,..., K} such that G(R,y;) > v; + 5. We
consider variations of R defined in (4.12) for ¢ > 0.

Since ¢ > 0 we have
Vi cVyand V; C V! for all i # j. (4.14)

Then we can decompose (4.13) using visibility sets, and we obtain the fol-

lowing;:

/(ﬁt—ﬁ)fdaz/ ﬁtlda—/[)lda
n Vjt Vs

J

+Z</Wﬁt1da—/plda>.

7 2
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Next we rewrite the right-hand side in (4.15) to obtain

/(ﬁt—,ﬁ)lda—/ (ﬁt—ﬁ)ldo+/ ﬁ[da—/ 5l do
Nid V}t ‘/}t V.

J
N J/ N J/
'

@) (i)

+Z/ pt— p)I do

G

+z</

N

(4.16)

(zzz)

ptlda—/ﬁtfda .
v;

J/

7

(iv)
Recalling the inclusions in (4.14) and the duality relation in (4.12) we can

simplify expression (i) and (iii).

For term (i) we obtain

[ =prao= [ @)1
v v

+/ (K(z,y;,05) — K(z,y;,p))] do
‘/}t

oy X
:t/ Ida+t/ i) aIC(:zc yj,p;i) L do+ o(t),
vt % 815}

oK
= (/ Ida+/ pj—(m,yj,pj)lda> “t+o(t), (4.17)
‘/jt Vjt ap
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and for term (iii) we find

Z/Vi@t‘ﬁ”d": Z/Vi(ﬁf—ﬁ?)lda

i#j i#]

Vi
=0 (4.18)
since pt = p; according to (4.12).

Before we continue with terms (ii) and (iv), note that because of the con-

servation of the total energy we have

/V‘tfda—/vjdazz:(—n- (/Vit[da—/wlda). (4.19)

j I i#]

Furthermore, we find for term (ii) that

/ﬁ[da—/ﬁ]da:(—1)~/ pl do

= > (-1)ila}) /V  qdo (4.20)

for some zf € V; NV}, i # j. Similarly, we have for term (iv) the equality

> /ﬁtldo—/[)tlda :Zﬁt(x;*)/ Ido (4.21)
v Vi Vv

it \"Vi z i
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for some x;* € V; NV}, i # j. Adding the right-hand sides in (4.20) and

(4.21) we conclude that

(i) + (i) = (0w = i) [ T (4.22)

i#]

Note that p* — p and o(V;NV}) — 0 as t — 0, and therefore, we can choose
the z7* such that 7* — x7 ast — 0 for all ¢ # j.

It was shown for even dimensions n in Theorem 4.3 that in this case the
measure G is Lipschitz in the components of p. Furthermore, for variations
of the form R' = (p,p1,...,p;e',...,pk) as defined in (4.12) we have the

estimate

IG(Ry;) — G(R,y;)| = < Cpje'lt| (4.23)

/ [da—/ Ido
vt Vi

J J

for some finite constant C'. Hence,

—1 /Ida—/[da
t Vjt ‘/g

G(R'y;) — G(R,y;)
/

< Cpje < o0, (4.24)

and therefore, we obtain the following limit from (4.22);

1 ALk Ak .
lim (Zm (%) = pla) /V Wﬂ“) —0. (4.25)

i
Combining (4.16), (4.17), (4.18) and (4.25), we conclude that the first vari-

ation of Qg with respect to ¢t in R is given by

oK
5QK[pt,pt]‘ - / Ido —v; —I—/ pja—(x,yj,pj)l do. (4.26)
t=0 V; V; p

J J



30

Since G(R,y;) > v; + %5 the expression (4.26) is strictly positive. Fur-

thermore, we can assume that j=k, where p, was the focal parameter on the
boundary of the admissible set, and therefore (4.26) is strictly positive and
Oy does not achieve its maximum when p; is on the boundary.

Case 2: Let us consider now a reflector R where p; = 32aM for some
j €42,...,K}. Then G(R,y;) = 0. Again, we consider variations of the
form defined in (4.12), this time for t < 0. We obtain the following relations

between the visibility sets of R and R':
V; Vi and Vi C V for all i # j. (4.27)

Using the inclusions in (4.27), we decompose S™ and use this decomposition

to rewrite the integral over S" as follows.

/(ﬁt—ﬁ)lda:/ ﬁtlda—/ ol do
n Vjt Vs

J

+ /ﬁtIdU—/ﬁlda .
([

7

(4.28)

Next, we use again the relations between the visibility set stated in (4.27) to

rewrite the right-hand side of (4.28).
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From (4.28), we obtain the following expression for the integral:

/(ﬁt—ﬁ)lda—/(ﬁt—ﬁ)fdaJr/ ﬁtldo—/ A do
Nig \V- 1% Vi

J J J

- N J/

g

(i) (i9)

+Z/ pt— ) do

z;éj Vi y (429)
(it1)
+Z</ plda—/vpfdcr).
7 i ‘

(iv)

Using similar arguments for the terms (i) — (iv) in (4.29) as in the first case
for (4.16), we obtain

oK
=T vooop (4.30)

oK
= —V-+/ pi—=— (2, y;,p;)I do
j v J8p< 3> Dj)
since G(R,y;) = 0. By our hypothesis a > a, and we have

oK

\/jpjﬁ_p(z7Yj’pj)] do| <v;

for all j # 1. Therefore, the expression in (4.30) is strictly negative. Hence,
Qk 1is strictly decreasing in R with respect to p; and does not achieve its

maximum when p; is on the boundary. QED.
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4.4 Large Maximizers Illuminate the Whole

Target Set

The following theorem tells us more about the properties of the maximizer
of Qk if the parameter a is sufficiently large. In particular, it says that every
point in the target set will be illuminated, though it may not receive the

energy prescribed by the measure v.

Theorem 4.7 Let [ € L'(S™), [ > 0 a.e., and v = Y1, v;0y, be as before.

For any v > 0 there exists a > 1 such that for the maximizer Ry.. €

Bk, (@) of the functional Qx we have
G(Rmax,yi) >0 foralli e {1,...,K}. (4.31)

Proof. The proof is almost verbatim the proof of Lemma 4.6. Let R be the
maximizing reflector. We only have to make the observation, that for any
i # 1 we have G(R,y;) = 0 if the ellipsoid E(y;,p;) is only supporting to
R in a set of measure zero with respect to o. In other words, there exist
p; such that for any p; > p! the ellipsoid E(y;, pf) is not supporting to R.

But then the same arguments that we used to show that for large enough
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maximizers the focal parameters cannot be on the boundary of the admissible
set (Lemma 4.6) imply that p; < pf for i # 1. Furthermore, we obtain a lower
bound on the p; as well since F(y1,p1) has to be supporting to R in a set of

positive measure as well. QED.

4.5 Proof of Theorem 4.1

After the preparations in the previous sections, the goal of this section is to
complete the proof Theorem 4.1.
Proof.[Theorem 4.1] By Lemma 4.6 there exists any v > 0 a a such that

Ruax € Int(RY g, (@) and

<7
T K-1

L i=2,..., K

oK
/Snpja—p(ﬂ%ijj)fda

for all a > a. Fix j € {2,..., K} and denote by p', p' variations of prax, Pmax
of the form (4.12).

As in the proof of Lemma 4.6, we obtain
oK

6QK[pmax;pmax]’ = /V Ido — Vj + /V pja_p<I7Yj7pj)Ido-’ (432>
t=0 ; i

J J

Hence, we obtain from (4.32)

g
—1

’G<RmaX7Yj) - Vj’ S K S Y
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for all j € {2,..., K}. Furthermore, we conclude that

K

> (G(R.y)) —v))

=2

|G(Rmaxay1) - V1| - S -

We conclude that (4.1) holds.

If I > 0 almost everywhere then there is a unique solution R of the reflector
problem in R, ., (a). Since |G(Rupax, w) — G(R,w)| — 0 as a — oo for any
Borel set w € T' (by (4.1)), we conclude that (4.2) holds. If S = sptl # S”

define for every m € N the L' function

I(x) - £2, z€5=5"0,

I () = (4.33)
L x € O,

m’

where O is the complement of spt/ in S”. Obviously, sptl,, = S"” and

lim,, oo I;m(z) = I(x) for all x € S*. Let R, and R™ denote the cor-

max

responding maximizing reflector and solution to the reflector problem, re-

spectively. Then R”, — Rp.c and R™ — R as m — oo. It follows from the

max

previous argument that (4.2) holds. QED.
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Chapter 5

Alternative Functionals: Weak
Solutions as Extrema of

Variational Problems

In this chapter we discuss alternatives to the functional Qk for a discrete
target set "= {y1,...,yx} (as before) which have the property that under
appropriate constraints on the admissible set a weak solution to the reflector

problem is attained in an extremum of the functionals.
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5.1 The Functional of Kochengin and Oliker

In [18] and [19] S. Kochengin and V. Oliker discussed existence and unique-
ness of weak solutions to the near-field reflector problem and described an
algorithm to find solutions numerically. The main observation is that weak

solutions are minimizers of the functional

K

Qxolp] = sz' (5.1)

=1

on the admissible set 7@% k(@) C RE i, (@) defined by

s (@) = (R € R, (0) | G(R31) 2 11,
(5.2)
G(R,y;) <v;, ¥Vj=2,...,K}.
Note that this is the admissible set that we used in the proof of Theorem

2.8. The main idea in the proof was to show that the reflector
K
i=1
where
]51 = SCLM,
pi= inf Di, 1 =2,..., K,
REREVK,pl (a)

solves the reflector problem. Obviously, the reflector R minimizes Qo in

R%,K,pl (a) :
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5.2 The Sum of the Logarithmic Focal Func-

tions

Recall that we introduced the functions p := log(p) and p := log(p) to
obtain an additive duality relation between the functionals. This suggests to

consider a functional defined by

K
Qilp] = ) _ log(p:)vi (5.3)
=1
or, similarly,
K
Qulp] = — Y log(pi)vs. (5.4)
=1

Using the same admissible set 7@%%@1(@) as in (5.2), we obtain a weak so-
lution of the near-field reflector problem as a maximizer or minimizer of the
functionals in (5.3) or (5.4), respectively. Since the logarithm is monotone
increasing, the reflector

K
R = m E(yi pi),
i=1

where

P = 8alM,

ﬁi: Ainf pi,i:2,...,K,
RGR%,K,M (a)

minimizes Q; and maximizes Qs in the admissible set.
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5.3 The Integral of the (Logarithmic) Radial

Function

Observe that the functionals defined in (5.3) and (5.4) correspond to the
second term of the functional Qf as defined in (2.15). This motivates the

consideration of the following functional which corresponds to the first term

n (2.15). We set

Qslp] = / log(p Ida—z / log ) (x)do(z) (5.5)

and consider again the admissible set 7@% K, (@) defined in (5.2). Similarly,

we can consider

Qulp] = / plda—Z/ z)do(x). (5.6)

Since the radial function py of an ellipsoid E(y, py) is strictly increasing with
respect to py, it follows from Sections 5.1 and 5.2 that the minimizer is again

a solution to the reflector problem given by

K
ﬂ (i, i),
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where

p1 = 8aM,

]51': AiIlf pi,i=2,...,K.
RERY, 1, (a)

5.4 Conclusions

We have seen in this chapter that there are several ways to obtain weak
solutions for the reflector design problem by finding an extremum of one of
the functionals discussed above. Observe that we obtain a solution to the
reflector problem as a maximizer of Qs, while we obtain the same solution as
a minimizer of Qs. Since Qk[p, p] = Qs[p] + Q2[p] as defined in (2.15), (5.4),
(5.5) , we cannot, in general, expect the solution of the reflector problem R

to be a maximizer of Q.
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Appendix

6.1 The Hausdorff Metric

We give a definition for the Hausdorff metric dy on the collection H of
nonempty, closed, and bounded subsets of a metric space (X, d). Let K7, Ky €

‘H and 6 > 0. The d-neighborhood of K;, i = 1,2 is defined by

U(K;,0) = | J B(x,9),

zeK;
where B(z,¢) is a ball in (X, d) with center 2 and radius 6. Then the Haus-

dorff distance between K; and K, is defined as
dH(Kl, KQ) = 111f{5 > O|K1 C U(K2,5) and Ky C U(K175)}
Equivalently, one can define the Hausdorff metric by

dy (K4, Ky) = max{sup inf d(z,y), sup inf d(x,y)}.

zeK, YEK?2 ek, YK

For more information, we refer to [21], [33] and [31].
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6.2 Blaschke’s Selection Theorem

In the following, we state a version of Blaschke’s selection theorem that is
convenient for our arguments in the proof of Theorem 2.6. See, for example,
[33] or [31] for more details.

Recall that a hypersurface S C R"*! is called a closed, convex hypersurface
if it is the boundary of a compact, convex body B with nonempty interior, i.e.
S = 0B (see, for example, [4]). We refer to [31] for a proof of the following

version of Blaschke’s selection theorem.

Theorem 6.1 From each bounded sequence of convex bodies one can select

a subsequence converging to a convex body.

We restate the theorem in a slightly modified form that is more convenient

for our purposes.

Theorem 6.2 Let {S,}nen be a sequence of closed, convex hypersurfaces in
R™*! and denote by B,, the convex body bounded by S,. Suppose there exist
0 <r< R < oo and two balls K, and Kr with radii v and R, respectively,
such that K, is contained strictly inside B,, and B, is contained inside Kg
for all n € N. Then {S,}nen contains a subsequences that converges to a

closed, convex hypersurface with respect to the Hausdorff metric.
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